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ULRICH CLARENZ AND HEIKO VON DER MOSEL

Hypersurfaces of prescribed weighted mean curvature, or
F-mean curvature, are introduced as critical immersions of
anisotropic surface energies, thus generalizing minimal sur-
faces and surfaces of prescribed mean curvature. We first
prove enclosure theorems in Rt for such surfaces in cylindri-
cal boundary configurations. Then we derive a general second
variation formula for the anisotropic surface energies gener-
alizing corresponding formulas of do Carmo for minimal sur-
faces, and Sauvigny for prescribed mean curvature surfaces.
Finally we prove that stable surfaces of prescribed F-mean
curvature in R3 can be represented as graphs over a planar
strictly convex domain 2, if the given boundary contour in R3
is a graph over 9f2.

1. Introduction and main results.

Let X : M — R"" n > 2, be an immersion of class C3(M,R"*!) of an
n-dimensional smooth manifold M = M™ with boundary M into R**!. We
denote the corresponding unit normal by /N and the induced area element by
dA, and consider general parametric variational functionals F of the form

(1.1) F(X) = /M F(X,N)dA.

The integrand F of class CO(R™™! x R"1) 0 C3(R* L x (R*T1\{0})) is a
parametric Lagrangian characterized by the homogeneity condition

(H) F(y,tz) = tF(y,z) forall t>0, (y,z) € R" x R,
Note that (H) implies
(1.2) F..(y,2)z=0 forall (y,z)€R"" x (R"\{0});

hence we will identify the symmetric endomorphism F,.(y,z) : R**t —
R™*! with its restriction to the space

(1.3) zhi={CeR"™ (¢, 2) =0}

Important examples of parametric Lagrangians are given by the area in-
tegrand

(1.4) A() = e,

15
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and the integrand
(1.5) E(y,z) = [2| +(Q(y), 2)

appearing in the theory of capillary surfaces. Here, () can be chosen as
a differentiable vectorfield in R with divgn+1Q(y) = H(y), where H(y)
is a given function representing the prescribed mean curvature. Critical
immersions of the corresponding functionals

(1.6) A(X) = /MA(N) A = / dA

M
and

(1.7) £(X) = /M E(X,N)dA

are minimal surfaces and surfaces of prescribed mean curvature H(X), re-
spectively.
Another interesting example is

3
(1.8) F(z) =) /822 + 22, 6>0,
j=1

which serves as a regularized version of the discrete I'-norm used for numer-
ical computations involving the anisotropic mean curvature flow [7]. Fur-
thermore, in surface processing [3] such parametric functionals have become
an increasingly important tool to enhance edge structures within a suitable
surface evolution based on (1.6) and (1.8). For more examples of integrands
and applications in numerical analysis we refer to [8] and [6].

For general parametric integrals we recall the notion of the F'-mean cur-
vature

(1.9) HF(X, N) =Hp:=—tr (AFS),

as introduced in [2] and [4]. Here, S € End (T'M) is the shape operator
defined by DX oS := DN on the tangent bundle TM, and Ap € End (T'M)
is the symmetric endomorphism field given by

(1.10) Ap = (DX)"YF..(X,N)DX) on TM.

For the special parametric Lagrangians in (1.6) and (1.7) the F-mean curva-
ture Hp reduces to the classical mean curvature H, since Ap|r,amr = Id 7, 0r
for each w € M and F(y,z) = A(z), or F(y, z) = E(y, z), respectively. Here
T.wM denotes the tangent space of M at w € M.
The first author proved in [2] that the Euler equation for F can be written
as
n+1

(1.11) Hp =) Fui:(X,N).
1=1
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Consequently, given a general parametric Lagrangian F' = F'(y, z), critical
immersions of the corresponding parametric functional F may be viewed
as surfaces of prescribed F-mean curvature. In particular, we will regard
critical immersions of the specific parametric functional

(1.12) FUX) = / F(N) dA+/ (Q(X),N)dA,
M M

where divgnt1Q(y) = Hr(y) € CO(R™!) is a given function, as surfaces of
prescribed F-mean curvature Hp(X). This class of surfaces yields a natural
generalization of minimal surfaces if Hr(y) = 0, or of surfaces of constant
mean curvature if Hp(y) = H% € R. Let us point out that the parametric
Lagrangian F'(z) in (1.12) depends on z only, and that in case Hp(y) =
HY% € R the second integrand in (1.12) is linear in y and z and can be
interpreted as a volume term.

As a starting point for our investigations we will derive in Section 2 a
differential equation for the surface normal of an arbitrary immersion in
terms of the F'-Laplace-Beltrami operator of X

(1.13) Ap = div(Apgrad(.)),
where the differential operators are taken with respect to the induced metric

(1.14)
gu(V,W) =g(V,W):=(DX(V),DX(W)) for VW € T,,M, w e M,

i.e., div = div j; and grad = grad ,;.

Theorem 1.1. Let N be the normal of an arbitrary immersion X of class
C3(M,R™"1Y) and let F € CO(R"! x R*1) 0 C3(R"! x (R*1\{0})) be a
parametric Lagrangian. Then

(1.15) ApN +tr (ApS?)N = DX (div (SAF)).

Here, div (SAp) denotes the divergence of the endomorphism field SAp;
see Section 2 for details.

In Section 3 we consider hypersurfaces with bounded F-mean curvature
spanning! a given Jordan curve I' € R™"! ie., we take an immersion
X : M — R™! mapping the boundary OM topologically onto I

A parametric Lagrangian F(y, z) is said to be (uniformly) elliptic, if there
exists a constant My > 0 such that

(E) [21(C, Fez(y, 2)C) = Mu|¢™™ 2

!The existence of conformally parametrized F-minimizing surfaces under Plateau type
boundary conditions was proven in [14] and [15] for n = 2 and arbitrary co-dimension, but
these solutions might have branch points. For the restricted class of boundary contours
considered in Theorem 1.2, White [24] has constructed an embedded F-minimizing disk
in R®.
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for all (y,2) € R x (R*1\{0}), ¢ € R*"1 where (' := ¢ — ((, 2)2/|2|?.
Notice that A(z) and E(y, z) as defined in (1.4) and (1.5) are elliptic satis-
fying (E) with M; = 1.

Surfaces of vanishing F-mean curvature, where F' is elliptic, have the
convez hull property as proven in [2, Thm. 2.3]:

Theorem 1.2. Let F = F(z) € C°(R"*1)n C3(R"1\{0}) be a parametric
Lagrangian satisfying (E). Suppose X € C°(M,R"™1) N C%(M,R" ) is an
immersion of vanishing F-mean curvature, i.e., with Hp(X,N) = Hp(X) =
0. If X spans a Jordan curve I' C R™! contained in the boundary of a closed
conver set K C R then X(M) C K.

For surfaces of bounded (but not necessarily vanishing) F-mean curvature
spanning a given Jordan curve I' within the infinite cylinder

(1.16)
Zp = {(ml, T e Ry /(@1)2 4 4 (am)2 < 1} , h >0,

we restrict our attention to Jordan curves I' € R"*! with an orthogonal
projection onto an h-convex domain Q C Bj,-1(0) C R™. Following Sauvigny
[21] we call a bounded convex domain 2 C R™ k-convex for some £ > 0,
if for every wy € 99 there is a point & = §y(wp) € R™ such that the ball
By/x(€) C R™ contains (2 and such that wo € 9B ,(&o)-

Theorem 1.3. Let F=F(y,z) € COR" I xR*™HNC3 (R x (R*T1\{0}))
be a parametric Lagrangian satisfying (E). Suppose X : M — Z, of class
CO(M,R" 1) N C%(M,R"*Y) is an immersion of prescribed F-mean curva-
ture Hp € CO(R™Y), where Hp(y) satisfies

(1.17) HHF”CO(RnJrI) < Mih(n —1),

and X spans a curve I' C Zp,, whose orthogonal projection onto R™ lies in
an h-conver domain Q C By-1(0) C R™. Then

(1.18) X(B)C Zq:={(',...,a"H e R . (2, ... ") € Q).

In general one cannot expect that surfaces of bounded F-mean curvature
satisfying the conditions of Theorem 1.3 can be represented as a graph over
the h-convex domain 2 C R". For n = 2 and stable surfaces of bounded
mean curvature H(y) € C1%(R3), however, Sauvigny was able to prove such
a result [21] under a sign condition on 8%37{, and it turns out that the

same is true for stable surfaces of prescribed F-mean curvature in R?; see
Theorem 1.4 below.

Before defining stability in Section 4 we generalize do Carmo’s [1] sec-
ond variation formula for the area functional (1.6) to the parametric func-
tional (1.12). That is, we derive a general formula for the second varia-
tion 02F°(X,=) of the functional (1.12) at critical immersions X : M —
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R"™*1 in the direction of an arbitrary compactly supported vector field = €
C3(M,R™™1) containing normal and tangential terms? ; see Theorem 4.1.
For immersions X : M — R"*! of prescribed F-mean curvature Hy, how-
ever, the tangential term drops out (see Corollary 4.2), which additionally
implies a simplified differential equation for the normal N of such surfaces
derived in Corollary 4.3:

(1.19)  ApN + [tr (ApS?) — (Vg Hp(X), N)]N = — Vg1 Hp(X).

By means of this equation we are able to generalize Sauvigny’s result [21]
for surfaces of bounded mean curvature mentioned above to stable surfaces
of prescribed F-mean curvature in R3:

Theorem 1.4. Let F = F(z) € C°(R?) N C3(R3\{0}) be an elliptic para-
metric Lagrangian satisfying (E). Suppose X : B — Zj, is of class C3(B,R?)
NCY(B,R3) for some a € (0,1) and a stable immersion of prescribed F-
mean curvature Hp € C1%(R3), where Hp satisfies

(1.20) ||HFHCO(R3) < Mih.

We assume that X spans ' C Zy, where I is a Jordan curve given as a graph
over the boundary 0S) of an h-convex domain Q C R% Then X (B) C Zq,
and X (B) can be represented as a graph over Q, if a%gHF(y) > 0 for all

y=(y"'y"y") e R
The proof of this result can be found in Section 5. For minimal surfaces

this result is due to Radé [19]. Gulliver and Spruck [13] generalized Radd’s
theorem to surfaces of constant mean curvature.

Remark. For simplicity of presentation we have assumed throughout this
paper that the surfaces are immersed up to the boundary. The strong
smoothness hypotheses of Theorem 1.4, however, allow us to exclude bound-
ary branch points for the specific boundary configurations considered in The-
orems 1.2 and 1.4 with n = 2; see the corresponding remarks in Sections 3
and 5. That is, a conformally parametrized surface of class C1%(B,R3) with-
out interior branch points does not have boundary branch points if it either
has vanishing F-mean curvature with boundary contour I' C 0K for some
convez set K C R3, or if it has prescribed F-mean curvature Hp satisfying
(1.20), with boundary contour T' C 25, as in Theorem 1.4.

A general boundary regularity result, however, guaranteeing C*“-smooth-
ness up to the boundary is currently only available for F-minimizers; see
[16], but not for F-critical points.

2Theorem 4.1 contains as special cases the corresponding second variation formulas
of Sauvigny [21] and Réawer [20] who consider only normal, or F-normal variations,
respectively.
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2. Preliminaries and a differential equation for the normal.

In terms of the induced metric g : T,,M x T, M — R defined in (1.14) we
can express an arbitrary tangent vector V € T,,M as

(2.1) V = g"g(V,0;),

and its image under the isomorphism DX : Ty M — Tx ()M, where M :=
X (M) c R as

(2.2) DX(V) = g"g(V,0;)0,X.

Here g*7 are the coefficients of the inverse of the metric tensor gk; and

0 0
{81,...,8n} = {axl,,axn}

is the coordinate basis spanning T, M. Let x (M) be the space of vector fields
of class C? on M and denote by Vi the covariant derivative in the direction
of Ve x(M). We set V; := Vy,, i = 1,...,n. We will frequently use the
following versions of the product rule:

(2.3) U(g(V,W)) = g(VuV, W) + g(V,Vy W),
(2.4) VU(AV) = (VUA)V + A(VUV),

for all U,V,WW € x(M) and all differentiable endomorphism fields A €
End (T'M). As a consequence of (2.3) we obtain for symmetric A € End(T'M)
and ¢ € C*(M)

(2.5) U(d¢(AV)) = g(Vu(Agrad¢),V) + dé(AVyV),

where g(grad ¢, V') := d¢(V), V € T,, M, defines the gradient of the function
¢ on M as usual. Using the fact that (DX (V), N) = 0 one can show that

(2.6) U(DX(V)) = DX(VyV) — (DX (V), DX o S(U))N

for all U,V € x(M). The trace of an endomorphism A € End (T'M) in local
coordinates is given by

(2.7) tr A = g% g(Ad;, ).

In particular, we will denote

(2.8)  tr(AV.V) = g¢*g(AV,V,8;) for A€ End(TM),V € x(M).
For A :=1d we obtain the usual divergence of a vector field W € x(M)
(2.9) div W = div ;W := tr (VW) = ¢%Fg(ViW, 9y).

The divergence Div Z of a (not necessarily tangential) vector field Z : M —
R"™*1 is given in local coordinates by

(2.10) Div Z = ¢**(DZ(8;), DX (0))).
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For Z := DX(W), W € x(M), we get DivZ = divI¥V by (2.9) and (2.10).
We will also use the notion of the divergence of an endomorphism field div A,
A € End (T M), with adjoint A*, given by

(2.11) g(div A, V) := tr (V  A*V) = ¢**g((V; A%V, y,).
In local coordinates we can write
(2.12) div A = g™*(V;A)dy,

where V;A denotes the covariant derivative of the tensor A; see [9, Def.
2.60].
If we denote the coefficients of the second fundamental form of (M, g) with

hij == —g(0;, 5(0;)), and, correspondingly, the coefficients of the F'-second
fundamental form by
(213) hpij = —g(@i,AFS(aj)) = —<F228iX, 8jN>,

then the F-mean curvature Hp defined in (1.9) can be written as
(2.14) Hp = —tr (ApS) = —9"9(9;, ArS(9;)) = g hpij.
Introducing the second order differential operator

(2.15) Op = Ap —divAp,

where Ap is given by (1.13), the first author could prove in [2] that
(2.16) OpX = HpN

holds for any immersion X € C?(M,R™*!). This equation reduces to the
classical identity AX = divgrad X = HN, if F(y,z) = A(z), or F(y,z) =
E(y, z), respectively; see (1.4), (1.5). Moreover, © is uniformly elliptic if F’
satisfies the ellipticity condition (E), which leads to the enclosure theorems
proven in [2], and which will be used in the proofs of Sections 3 and 5.

Now we will conclude this section with:

Proof of Theorem 1.1. Apply (2.5) to ¢ := N',i=1,...,n+1, and A :=
Ap € End (T M) to obtain by (2.6) and (2.4)
9(Vu(Apgrad N),V) 5 U(DN(ApV)) — DN(ArVyV)
UDX(SAFV)) — DX(SArVyV)
(2:6) DX (Vy(SApV))
" —(DX(SARV),DX o S(U))N
—DX(SApVyV)

o DX (Vy(SAp)V) — g(SAp(V),S(U))N.
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Choosing U = 0;, V = 0y we obtain by (1.13), (2.9), (2.12) and (2.7)

ApN = div (Ap grad N)
(1.13)
ik
o ! 9(Vi(Ap grad N), O)
= 9" DX(Vi(SAR)) — 9" g(SAR (%), S(D:))N
= DX(div(5AF)) - tr (ApS®)N
(2.12),(2.7) (div(S4r)) PRSI,

where we have used the symmetry of Ap and S to obtain the last term. [J

Using the Codazzi equation (cf. [18, p. 30])
(2.17) (VyS)W = (Vw SV
one can show that
(2.18) divS = —grad H.

Thus in case of the functionals (1.6) or (1.7), where Ap is the identity, we
obtain

AN +tr (S*)N = —DX (grad H).
Therefore (1.15) is a generalization of [21, Hilfssatz 1].

3. Proofs of the enclosure theorems.

For the convenience of the reader we recall the Proof of Theorem 1.2 from
2].

Proof of Theorem 1.2. Since Hp (X, N) = Hp(X) = 0, we infer from (2.16)
that

(3.1) Or(t(X)) =0
for all affine linear functions
(3.2) t(y) := (a,y) +b, acR" beR.

Taking an arbitrary supporting half plane of the convex body K character-
ized by an affine linear function tx, we have tx(X) < 0 on M, and hence
by (3.1) and the maximum principle [11, p. 32], tx(X) < 0 on M, ie.,

X(M)CK. O

Remark. For n =2, M := B = B1(0) C R? and X immersed only in the
interior of B but given in conformal parameters, i.e., with

(3.3) 1 Xu?=|X,> and (X,,X,)=0 on B,



ON SURFACES OF PRESCRIBED F-MEAN CURVATURE 23

we can exclude boundary branch points. In fact, introducing polar coordi-
nates (r,9) in B and fixing wy € 9B we can apply Hopf’s boundary point
lemma [11, p. 34] together with (3.1) to obtain for t : R® — R as in (3.2)

0
@[t(X(w))]\ _ = {a, X;(wo)) > 0.
w=wq

Therefore we have | X, (wp)| > 0. Rewriting (3.3) in polar coordinates we

conclude | Xy(wp)| > 0 which shows that wq is not a branch point.

Proof of Theorem 1.3. For the function R(x) := (z')%24--- + (2™)? we com-
pute similarly as in [5, p. 7] using (2.1), (2.15), (2.16), (2.12) and (E)

1 S e %
5O (R(X)) bt ZX div (Ap grad (X))
(2.15) =1
(2.12)

+ Z g(grad (X"), Ar grad (X*))
i=1

=D X(div Ap) (X
i=1
(2.15) D X'Op(X') + ) glgrad (X7), Ap grad (X))
' i=1 i=1
16) > Hp(X,N)X'N'+M; Y g(grad (X7), grad (X))
2.16 =1 —
(E)

—|Hp(X)[VR(X) + Mi(n—1)
Mi(n = 1) = [Hellcogs)h ™"

AVANAY]

on M, since X (M) C 2Zj; see (1.16). Notice that we have used the rela-
tion p¥ = g(grad (X?), grad (X)), where P = P(w) = (p¥)(w) : R**! —
Tx (w)M is the orthogonal projection onto the n-dimensional tangent plane
of M = X (M), with 37! p = n, so that

" glgrad (X7), grad (X7)) = n — g(grad (X"*1), grad (X™+1)) > n — 1.
=1

Thus ©p(R(X)) > 0on M due to (1.17), and the maximum principle implies
R(X(w)) < h=2for all w € M, since R(X) # h~2 in M. Following Sauvigny
[21] we now argue as follows: Assuming that there is some point w* € M
with X (w*) € Zq we infer that z* := (X(w*), X?(w*)) € Q. Let y* € 0Q
be a point with |y* — z*| = dist (z*,Q) > 0. (If 2* € 9Q take y* := z*.)
Since () is h-convex there is a point 7. € R" such that Q C By, () and
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y* € OBy /p(ns). Thus X (w*) & Zp, (n.) and we can look at the 1-parameter
family of cylinders {Z()) := ZBl/h()\n*)}OS)\Sl’ for which
X(B) ¢ 2(0) = 2,
and
X(B)Nnoz(1) = X(B)NOZp, ,(m.) # 0.

By continuity we find \g € [0, 1] with

(3.4) X(B) C Z(\) and X(B)NOZ(X\g) # 0.

With the same computation as before we deduce for Ro(x) := (z —Aoni)?+
oo (2™ — Xon™)? the inequality ©(Ro(X)) > 0 on B; hence by (3.4) and
the maximum principle Ro(X(w)) = h~2, which is absurd. Thus we have
shown (1.18). O

4. A general second variation formula and stability.

In this section we consider C3-perturbations X (., €) : M x (—eg, €g) — R
of an immersed hypersurface X € C3(M,R"™!) with

(4.1) X(,0)=X and

0 =
(4.2) EX(" 6)‘5:0 =¢oN+DX(V)=:E,

where ¢ € C3(M), V € x(M) with compact support. Notice that we
admit a non-vanishing tangential component in the variational field = €
C2(M,R™1) as in [1] but in contrast to [21, p. 64]. The second variation
§2FY (X, E) of the functional F¥ defined in (1.12) at X in the direction of =
is defined as
d2
20y =) . & 0

(4.3) GFI(X,E) = deQ}- (X(.,e))‘€:0.
Theorem 4.1. Let F = F(z) € C°(R"*1) N C3(R"1\{0}) be a parametric
Lagrangian. Suppose X € C3(M,R"1) is a critical immersion for the func-
tional (1.12) and = € C2(M,R""Y) is a variational field of the form (4.2).
Then

(4.4) 6*°FYX,=2)
= [ {atargradg.gradi) - (e (4r?)
— (Vgns1rHp(X), N)) + og(div (SAp) + grad Hp(X), V)} dA.

Note that only first order derivatives of X (.,€) with respect to e, i.e.,
merely = defined in (4.2) enters the formula for the second variation which
justifies the notation on the left-hand side of (4.3).
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Proof of Theorem 4.1. Using the identity

0 0 _
%X(,€+n)‘n:0 == &X(.,G)‘Eze
we obtain
2.0 d? 0
d F (X7 ‘:‘) = @f (X(we))‘e:[)

i(dcff()( (- 6+n>>,7=0) o
i<5f0< (, 6)’56)(("6)6:6))6:0’

Hence, by the first variation formula proved in [2, pp. 5,6] applied to (1.12)
and evaluated at X (.,¢€) in the direction %X(., €)‘7 ,

€=€

(4.5) &*FYX,2) = i(/M { <(§6X(.,e)E:€,N(.,e)>
[HR(X(,9) = He(X(: 0 NGO faa))

where N(.,¢€) is the unit normal and Hp(X(.,€), N(.,€)) the F-mean curva-
ture of the perturbed immersion X (.,€) € C3(M, ”“).
According to [2, Lemma 1.1] one has

3}

(4.6) SN,

= —-DX(grad ) + DN(V),

where ¢ € CZ(M) and V € x(M) with compact support determine the
normal and tangential component of = defined in (4.2). From (2.14), on the
other hand, we infer

(47) O Hr(X (NG,

9 4 g

= 1+1I,

where the argument € indicates that the corresponding quantity belongs to
the perturbed immersion X(.,¢€). In particular, we write, e.g., g*/(0) = g%/,
01X (.,0) = 0, X, etc. On account of g/ (e)g;s(e) = 0% for all € € (—ep, €9) one
has

aaegij(e) = —g"(e) <§€gkz(6)> g"(e),
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and therefore by (4.2) and (2.6) for U := 0, 0, respectively,

o .
agj(e)\

-~ {{gaxto.ax)+(ax Sexto) e

5y 9" AGON +O(DX(V)), 0X) + (O X, 0N + AUDX (V) } "

5 209" hag? — H (DX (ViV),0X)g” — g (DX (ViV), i X)g”

e=0

Thus we obtain for the expression I in (4.7) by the symmetry of the map-
pings Ar and S

0 i
(4.8) I= <8€g ](€)> ‘e— hFij
= 209" hig" hpi; — g* (DX (ViV), 01X ) g" b
- glk (DX( ) > hF’L]
lj

5T 209 g (O, S(@)) 9(9i, ApS(9;))

+9%g(ViV,01)9" g(0s, ApS(9y))
+ 9" g(ViV,0k)9" g(0s, ApS(9;))
= 209" g(S(0k), g7 g(SAR(8:),0;)0,)
+ 9" g(SAF(9;), g 9(Vi V. 0,)0;)
+ 99(g"g(V1V, 0k)0i, ApS(9;))

o 209" g(ApS*(0k), 0;) + g™ g(SAF(0:), ViV)

+gg(V,V, ArS(9;))
o 2ptr (ApS?) + tr ((SAF + ApS)V,.V).
(2.8)

Furthermore we need to compute

(4.9) hFU( ) _

< .,6 ‘ 81X,6jN
(2 13) e=0

)
fon[ o o)
(s 2
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0
“ 2) o) <86(FZZ<N(’ 6))\6:082')(’ 8]-N>
— (Fz2(N)0i [pN + DX (V)],0;N)
— (F2:(N)0:iX, 05 [=D X (grad @) + DN (V)]) .
Since (0; N, N) = 0 we have by (2.6)
(410)  (Fo.(N)3i[oN + DX(V)],9;N) = o(F..(N)9;N,;N)
+ (Fz(N)DX(ViV), 0;N),
and also by (2.6) and on account of DN = DX o S
(4.11)
(F2:(N)0iX, 0j|=DX (grad ) + DN(V)])
— —(F..(N)3:X, 0, DX (grad ¢)) + (FL.(N)9,X, 0, DX (S(V)))
— —(F..(N)3:X,0;DX (grad ¢)) + (F..(N)2: X, DX (V,(S(V)).

(2.6)
Inserting (4.9)-(4.11) into the expression for II in (4.7) leads to
I = —g¥ <§(FZZ(N(.,6))) 01X, ajN> — g (F,.(N)9;N,9;N)
€ e=0
— g7 (Foe(N)DX (ViV),9;N) + g7 (F..(N)9:X, 0; DX (grad ¢))

g
— g7 (F22(N)9; X, DX(V;(S(V))))

o) —g" (oo (Fa(N ()| _ 0%, ajN> — 97 9(ArS(9:), 5(95))

— 9"g(Ap(ViV),8(9))) + g7 (F:.(N)9:X, 0; DX (grad ¢))
~ 9"9(Ap(95), V;(S(V)))-

By the symmetry of Ap and S and by (2.7) (and (2.4) for the last term) we
may rewrite this as

412 T g (PN DX 0N ) — pir (4rS7)
€ e=0
—tr (SAFVeV) + ¢Y(F..(N)9;X,0; DX (grad ¢))
—tr (ApSVeV) —tr (Ap o [(VeS)V]).
(4.8) and (4.12) in (4.7) and using the symmetry of F, we arrive at
0
EHF(X(a 6)7 N(? 6))

Adding

(4.13) L
= ptr(ApS?) + ¢7(9;X, F..(N)d;DX (grad
(4.8),(4.12) ptr (ApS7) + g% ( ,F.2(N)0; (grad ¢))

_ g <§6<FZZ<N<., )i, ajzv> —tr (Ar o [(VaS)V]).
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By virtue of (1.10), (2.6), (2.9) and (1.13) we may rewrite the second term
on the right-hand side as
(4.14) ¢g7(9; X, F..(N)9;DX (grad ¢))
= g7(0:X,0;{F:.(N)DX (grad p)})
— 97(9:X, 0;(F.-(N))DX (grad ¢))

W10) 9"9(0i, Vj(Ar(grad¢))) — 7 (9, X, 0;(F.-(N)) DX (grad ¢))
(2.6)
o BFP 97(0: X, 0;(F.-(N)) DX (grad )).
(1.13)

Moreover, by the symmetry of F,, we have

(4.15)
97(0:X,0;(F.-(N))DX (grad o)) = g (9;(F:-(N))9; X, DX (grad ¢)),

i (F:
and by (2.6), (1.10), (2.4) and (2.11) for general W € T,,M
(4.16) 9(0;X,0;(F..(N))DX(W))

= ¢7(0;(F.-(N)DX () — F..(N)DX(V;8;), DX(W))

(2.6)

iy 9" OHDX(Ar(@9) = DX(AR(Y;0), DX (W)
5y 9/ DX((V545)0:), DX(W))

(2.6)

= gijg((VjAF)ai, W) (2:12) g(div AF, W)
Summarizing (4.13), (4.14) and (4.16) for W := grad ¢ we arrive at
0

(417) EHF(X(-NE),N(-,G))‘E:O
= App + ptr (ApS?) — g(div Ap, grad ¢)

19

g Z
7 ( G P (N )

Now writing out components one calculates

6:08@-X, 8]N> —tr (AF O [(V.S)VD

0
E(lezk (N(, 6)))‘6:08iXk8le

= FZszZS(N) <§€Ns(., 6)‘
0 s k
= 03P () (N0, ) 0"

) d: X*0; N

e=0
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whence by (4.6), (4.15) and (4.16) for W := S(V') — grad ¢,

419 g (EN ) 20N

= g7(0;(F22(N))9iX, DX 0 S(V) — DX (grad )

= g(divAp, S(V) — grad ¢).
Next we claim that for any V € T,, M
(4.19) g(div (SAF), V) =tr (Ap o [(VeS)V]) + g(div Ap, S(V)).
This together with (4.18) and (4.17) leads to

(420) SH(X(,0), N0, = Arp + pir (ArS?) — g(div (SAF). V).

By (4.5) we then conclude using (4.2)

(4.21) °FUX,Z) = — /M o{App + ptr (ApS?) — o(Ven1 Hp(X), N)
— g(div (SAF) + grad Hr(X), V) } dA,

which proves Theorem 4.1. Notice that the other terms obtained by carrying
out the differentiation with respect to € in (4.5) and evaluating at € = 0
vanish, since

Hpr(X(.,0),N(.,0)) = Hp(X,N) = Hp(X)

because X is a critical immersion for (1.12).
It remains to show (4.19). By (2.11) and the symmetry of Ap and S

g(div (SAp),V) o g g(Vi(SAR)*V, 0)

= g"g((ViAp)S'V,0k) + ¢ g(AL(ViS")V, O)

(2.11) g(div Ap, S*V) + g% g((ViS)*V, Ap(0y))

= g(Sdiv AR, V) + g™ g(V, (ViS) Ar(01)).
The Codazzi Equation (2.17) and the symmetry of S and Ap imply now

9% g(V, (ViS)Ar(9r)) = ¢"g(Ar o (ViS)V, )

o AR e [(VaS)V)),

which proves the claim. O

As a consequence of Theorem 4.1 we can state:



30 U. CLARENZ AND H. VON DER MOSEL

Corollary 4.2. Let X € C3(M,R"™Y) be a immersion of prescribed F-
mean curvature Hp € CH(R™1), where

F = F(2) € COR™) N C3(R™1\{0})
s a parametric Lagrangian. Then
(422)  div(SAp) = —grad Hp(X), and
(4.23)  SFX,E) = /M {o(Ar grad g, grad o)
- [tr (ApS?) — (VgniiHp(X), N)] ¢2} dA,

where 2 = N +DX(V), p € C3(M), and V € x(M) with compact support.
In particular, the second variation of a parametric integrand depends on
normal variations only.

Proof. The symmetry argument we use here is due to White [23]. Consider
the surfaces

X(-,e,n)=X+e(eN+DX(V))+n(yN + DX(W)),

where p, ¢ € C§°(M) and V,W € x(M) with compact support. Similarly
as in (4.5) we have

oo [P )

4L {(eenaoen)

[Hp(X(.,6,0)) — Ho(X(,6,0), N(., e, 0))]} dA>

(4.24)

e=0

Hence by (4.20) we obtain

d d

&‘6:0 [d77n0

- /M B{=Ar — ptr (ApS?) + g(div (SAR), V)}
- p(Vgnir Hp(X), oN + DX (V)) dA.

P Cen)]

Since

d d 0 B d d 0
dele=o [dnno]: (X(wev”))} = dyln=o [dﬁsof (X(,em)|,
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we arrive at

@25) [ wadiv(SAR).V) + (V. grad Hr (X)) dA

= /M wg(div (SAr), W) 4+ pg(W, grad Hp(X)) dA

for all p,¢ € C§°(M) and V,W € x(M) with compact support, where we
used that

/ B(—App — ptr (ApS?)) dA = / o(—Apip — tr (ApS2)) dA.
M M

Equation (4.25) is only possible if div (SAr) = —grad Hr(X), for if not, we
could choose W = 0 to have a vanishing right-hand side in (4.25), and ¢ and

V appropriately to obtain a positive left-hand side and thus a contradiction.
O

Inserting (4.22) into formula (1.15) of Theorem 1.1 for the normal of an
FO-critical immersion we obtain:

Corollary 4.3. Let N be the normal of an immersion X € C3(M,R"H1)
of prescribed F-mean curvature Hp(y) € CH(R™ 1), where F = F(z) is a
parametric Lagrangian of class CO(R"™1) N C3(R™"1\{0}). Then

(4.26)  ApN + [tr(ApS?) — (VWHHF(X),N)]N = Ve Hp(X).
The above corollary generalizes [21, Satz 1].

The notion of stability is defined as follows:

Definition 4.4. Let X € C3(M,R"™!) be an FY-critical immersion, where
FVis defined in (1.12) with a parametric Lagrangian F = F(z) € C°(R**1)N
C3(R™1\{0}). Then X is called stable if 62F°(X,Z) > 0 for all = €
C3(M, R, If 62F°(X,E) > 0 we say X is strictly stable.

5. Graph representation of prescribed F-mean curvature
surfaces.

The Proof of Theorem 1.4 is based on a maximum principle for elliptic
equations of the form Lu = (a%uy;),i + Buy + cu. Usually it is required
that the coefficient ¢ be nonpositive. As was carried out in [21] for the
Laplace operator this condition may be replaced by assuming that the first
eigenvalue of L is nonnegative. Our proof of the corresponding lemma for
general elliptic equations is related to [12, Lemma 1], but we assume less
regularity of the coefficients:

Lemma 5.1. Let Lu = (0¥ uy;),i + Blug: +cu < 0 be a linear elliptic equa-
tion in a domain @ C R™ with smooth boundary, where o', 3¢, ¢ € COH(Q)
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and with o = o?® fori,j = 1,...,n. Assume that the first eigenvalue of
L is nonnegative on Q. If for u € C%(Q) N C%Q) we have Lu < 0 and
ujgn > 0, then infgu > 0.

Proof. On account of the continuity of u we can assume that there is a
smoothly bounded domain 2y CC 2 with ujpn, > 0. The first eigenvalue A
of L in a domain €7 with Qo CC Q7 CC ) is simple and therefore strictly
positive, since otherwise we could apply [11, Thm. 8.38] to find a positive
eigenfunction £ € Io{m(Ql) on ©; with £ = 0 on 09;. Extending £ by zero
outside of 1 we would obtain 5 € ]EIIQ(Q) with Lg—i— )\g: 0, ggé 0 on
with € = 0 on Q\Qy, contradicting [11, Thm. 8.38].

The regularity of the coefficients o'/, 3¢, ¢, leads to £ € C1#(Q1); see e.g.,
[10, Theorem 3.2].

Thus in 9 we can write u = £ v, and due to the regularity of v and & we
obtain a.e. on (2y:

L(&v) = v(a7€,5) 0 + £(070,5) 51 + 20704385 + 08 Egi + 80,1 + cv€
= UL& —+ g[(aijvxj>:pi + ﬂlvx’] + 2aijvmi§mj
= 5[ (aijvxj)xi + ﬁivxi + (2/5) aijgwj Ugs — )‘U]

Thus we obtain an elliptic differential inequality for v:
0< / [0, — (Bvg — M) da
Q2

for all nonnegative ¢ € C3(Q2), where 3l = B+ (2/€)alie,; € L°(Qy) for
i =1,...,n. Thus the weak maximum principle [11, Thm 8.1] holds for v
and we have infg, v > 0. By the strong minimum principle [11, Thm. 8.19]
we obtain the strict relation infg, v > 0. U

Proof of Theorem 1.4. According to our assumptions on I' and €2 in Theo-
rem 1.3 there is a function f € C?(99), such that T' = {(z, f(z)) : € 0Q}
is (positively) oriented by setting

(51) Pk = ([Ek,f(.%'k)), k= 1,2,3,

where x, € 002, k = 1,2, 3, are chosen in positive orientation with respect
to R2.

Since X is immersed on B we may assume without loss of generality
that X is conformally parametrized, i.e., satisfies the conformality rela-
tions (3.3). (Otherwise we can perform a diffeomorphism w : B — B of
class C2%(B,R2?) N C1*(B,R?) such that X := X o w™! is conformally
parametrized; see e.g., [17, Corollary 3.1.2].) Performing a suitable M&bius
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transformation on B we may assume that X satisfies the three-point condi-
tion

(5.2) X(wk) = Pk k= 1,2,3,

where w1, wy, w3 are fixed distinct points on JB.

Fix some point wg = €° € 9B. Since 2 is h-convex there is a point
1o € R? such that Q C By ;(10) and such that yo := (X! (wo), X*(wo)) € 09
is contained in 9B p,(no). Without loss of generality we may assume that
no = 0. By Hopf’s boundary point lemma we then obtain for the function

R(z) = (z')” + (2?)?

0
5, RX @), _,. >0
i.e., in polar coordinates (r,v)
. 2 XZ XZ
(5.3) Z O

which implies | X, (wo)| > 0, and by conformality also
(5.4) | X (wo)| > 0.
Since R(X (wg)) = h™2 > R(X(w)) for all w = " € OB we obtain

2
(5.5 0= ;ﬁﬁo(R(X(e”))) = ;Xi(em)ggXi(em)ﬁﬂo'

Since I' = {(x, f(z)) : © € 90}, f € C*(95), we have
X351 = 1 for X5 + Fo2 X3| < IV Flleoeyy/ (XH? + (X3)2,

where f € C? (R?) is an extension of f onto R? with controlled C2-norm;
see [11, p. 137]. Hence, by (5.4),

(5:6) 0< [Xo(w), _ < (1+ IV [ (X3 ) + (X3(w))?]

By (5.2) the mapping (X', X?) : 0B — 09 respects the positive orientation,
thus we infer from (5.5) and (5.6) that there is a constant o > 0 such that

w=wq

Xj(wo) = —0X*(wo), Xj(wo) = o X (wo).
Therefore, by (5.3)
X (wo) X3 (wo) — X7 (wo) X (wo)

= 0(X " (wo) X, (wo) + X*(wo) X7 (wo)) > 0,
(53)
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which means that X} (wo)X2(wo) — X} (wo)X2(wp) > 0, i.e., the third com-
ponent of N3 of the normal N is positive on B. Moreover, by Corollary 4.3,
N3 satisfies the elliptic differential equation

ApN? + (tr (ApS?) — (VesHp(X), N))N3 = ———"(X).

Using the assumption on H(X) this relation is given in coordinates by
LN? = 0i(v/99" ajrg™ ON?) + \/g(tr (ApS?) — (VesHr(X), N))N® <0,

which we regard as a linear elliptic equation for N3 with the differential
operator L associated to the second variation formula (4.23). Here, g =
det(gij), ajr = (F>2(N)0;X,0,X) and the remaining coeflicients are of class
C%(B), and the leading coefficients of £ are symmetric. Since X is stable
we have §2F%(X,Z) > 0; hence the first eigenvalue of £ is nonnegative.

Thus Lemma 5.1 is applicable and we have N3 > 0 on B.
Since X : 9B — T is a topological mapping, we can apply Sauvigny’s
reasoning involving degree theory as in [21, pp. 53,54] to conclude the proof.
O

Remark. We have seen in (5.3) and (5.4) that there are no branch points
on the boundary by the simple Hopf maximum principle argument, which is
applicable because of our regularity assumptions up to the boundary. Con-
sequently, it would suffice to assume that X is conformal and has no interior
branch points and maps the boundary dB only weakly monotonically onto
I", but at this point it is an open question if one can relax the smoothness
assumptions to X € C°(B,R?) N C3(B,R3).
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