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We use Liu-Tian’s virtual moduli cycle methods to con-
struct detailedly the explicit isomorphism between Floer
homology and quantum homology for any closed symplectic
manifold that was first outlined by Piunikhin, Salamon and
Schwarz for the case of the semi-positive symplectic manifolds.

1. Introduction.

1.1. Background and motivation. It is one of the exciting mathematics
achievements in the last few years that the Floer and quantum homologies
were established for all closed symplectic manifolds (see [FuO, LiT, LiuT1,
R, Sie] and [HS2]). (Less general versions had been obtained before by
Floer [F|, Hofer-Salamon [HS1], Ruan-Tian [RT1] and McDuff-Salamon
[McS].) The purpose of this paper is to construct detailedly an explicit
ring isomorphism between them. Such an isomorphism was first outlined
by Piunikhin, Salamon and Schwarz in the semi-positive case [PSSc|. Our
argument is based on Liu-Tian’s virtual cycle methods in [LiuT1]-[LiuT3].
The isomorphism is necessary and convenient for studies of some symplectic
topology problems, e.g., the topology and geometry of the group Ham (M, w)
of Hamiltonian automorphisms of a symplectic manifold (M,w). Let G be
the group of pairs (g,§) consisting of a smooth loop g : S — Ham(M,w)
such that ¢(0) = Id and a lift § : £L(M) — L(M) of the action of g to a
covering of the space L(M) of contractible loops in M (see §1.2 below). In a
beautiful paper [Se| by Seidel, for every pair (g,9) € G there is assigned an
automorphism H F, (g, g) of the Floer homology H F,(M,w); he constructed
a homomorphism ¢ from G to the group QH,.(M,w)™ of homogeneous even-
dimensional invertible elements of the quantum homology ring QH.(M,w)
and proved his main result:

HF.(g,9)(b) = ¥ (a(g,9)) *pp b

for any (g,9) € Gand b€ HF,(M,w). Here xpp and U are the ‘pair-of-
pants’ product in HF,(M,w) and the canonical isomorphism QH,(M,w) =
HF,(M,w) constructed in [PSSc]| respectively. A key step in the proof of
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his main result is Theorem 8.2 on the page 1080 of [Se|, whose proof was
based on the arguments of [PSSc].

Schwarz [Sch3] defined and analyzed a bi-invariant metric on Ham(M, w)
with the construction of such an explicit isomorphism on a closed sym-
plectic manifold (M,w) with c1]r,nr) = Wlrry = 0. Recently, Oh [Oh]
obtained the corresponding results on arbitrary closed symplectic mani-
folds. As pointed out in §5.3 of [Oh] it would seem more natural to use
the Piunikhin-Salamon-Schwarz map in the definition of his mini-max value
function p. Entov [En| studied the relations between the K-area for Hamil-
tonian fibrations with a strongly semi-positive typical fiber (M,w) over a
surface with boundary and the Hofer geometry on the group Ham(M,w).
Such a ring isomorphism was used to obtain a key estimate in his work.

Since these applications used the Piunikhin-Salamon-Schwarz isomor-
phism in [PSSc| our detailed generalization to arbitrary closed symplec-
tic manifolds may be used to generalize their results to the desired forms
more directly and conveniently. Moreover the method to construct the ring
isomorphism has actually more uses than the isomorphism itself because
not only the isomorphism itself but also the map of Piunikhin-Salamon-
Schwarz’s type in the chain level were used in some applications. The con-
struction of another ring isomorphism was given by Liu-Tian [LiuT3] (a
less general version was announced before by Ruan-Tian [RT2]). With-
out doubt different construction methods of the ring isomorphisms between
Floer homology and quantum homology have respective advantages in the
studies of different symplectic topology problems.

1.2. Outline and the main result. For a smooth nondegenerate time-
dependent function H : M x R/Z — R one may associate a family of the
Hamiltonian vector fields Xg, by w(Xg,,:) = —dH; for t € R and Hy(-) =
H(t,-). Let P(H) be the set of all contractible 1-periodic solutions of the
Hamiltonian differential equation: #(t) = Xg,(z(t)). Denote by J(M,w)
the space of all almost complex structures compatible with w. It determines
a unique the first Chern class ¢; = ¢1(T'M,J) € H*(M,Z) via any J €
J(M,w) ([Gr]). Let ¢¢,,¢o : H5(M) — R be the homomorphisms by
evaluations of ¢; and w respectively. Here Hj (M) denotes the image of
mo(M) in Hy(M;Z) under the Hurewicz homomorphism modulo torsion.
As usual let £(M) be the set of all contractible loops = € C*(S!, M).
Consider a pair (x,v) consisting of x € L(M) and a disk v bounding z.
Such two pairs (z,v) and (y,w) are called equivalent if x = y and ¢, , du
both take zero value on vf(—w). Denote by [z,v] the equivalence class of

a pair (x,v) and by L£(M) the set of all such equivalence classes. Then the
latter is a cover space of £(M) with the covering transformation group I' =
HS(M)/(ker ¢, Nker ¢,). Tts action is given by A - [x,v] = [z, Afv] for any
A €T, where Affv is understood as the connected sum of any representative
of A in mo(M) with v. In this paper we shall denote [z, v] by T and [z, v§A4]
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by z§A for A € T'if it is not necessary to point out the bounding disk v and

no confusion occurs. Let P(H) be the lifting of P(H) in the space £(M).
It is exactly the critical set of the functional

—_~—

1
Fu: L(M) - R, [z,v] — —/Dv*w —i—/o H(t,z(t))dt

—_——

on L(M). Given 7+ = [, vE] € P(H) denote by
(1.1) Mz, 7T H,J)

the space of all connecting trajectories v : R x S' — M satisfying the
equation 9y pu = dsu + J(u)Ou + VHy(u) = 0 with boundary conditions
limg 400 u(s,t) = 2F and [zF,v"fu] = [2+,vT]. After making a small
generic perturbation of H; outside some small neighborhood of the graph
of the elements of P(H) one may assume that for any two 2+ € P(H) the
space M(z~,21; H,J) is either an empty set or a manifold of dimension
w(@) — w(@t) ([F]). Here u(Z) is the Conley-Zehnder index of T ([SZ]).
Denote by Pi(H) := {Z € P(H)|u(F) = k}. Consider the chain complex
whose k-th chain group Cx(H, J; Q) consists of all formal sums > & -z with
& € Q and T € P(H) such that the set {Z € Pp(H)|& # 0, Fu(Z) > ¢}
is finite for any ¢ € R. Then C.(H,J;Q) = ®rCx(H, J;Q) is a graded
Q-space of infinite dimension. However its dimension as a module over the
Novikov ring A, = A,(Q) is finite. Here A, (Q) is the collection of all
formal sums A = 3" A4 - e? with A4 € Q such that the set {A € '| g #
0,w(A) < ¢} is finite for any ¢ € R. Its action on C.(H, J;Q) is defined
by (A% &)z = > ser Aaé(—a).7 and the rank of Ci(H, J; Q) over A, is equal
to fP(H). When (M,w) is a monotone symplectic manifold and p(z7) —
wu(zT) = 1 Floer proved that the manifold in (1.1) is compact and thus first
established his Floer homology theory [F|. Later on his arguments were
generalized to the semi-positive case by Hofer-Salamon [HS1] and Ono [O],
and the case of the product of semi-positive symplectic manifolds by author
[Lul]. Note that the space in (1.1) is not compact in general case. It is this
noncompactness that impedes the establishment of Floer homology theory
on all closed symplectic manifolds. Let us outline Liu-Tian’s method to
overcome this difficulty since we shall choose their method to realize our
program. Replacing the space in (1.1) they considered M(z~,z7;J, H)
the space of the equivalence classes of all (J, H)-stable trajectories from
T~ to 7 (cf. Def. 2.1), and used it to construct a suitable relative virtual
moduli cycle C(M"(Z~,7%)) of dimension u(Z~) — u(@t) — 1 (see §2.2).
If w(z7) — u(@*) = 1 the virtual moduli cycle may determine a rational
number ﬁ(C(ﬂV@’,E*))) (see [LiuT1]). Then for each £ = > - &7 in
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Ckx(H, J;Q) they defined

(1.2) ofe= > | D> HeM'@)) ¢

w@)=k—1 | p(@)=k

and proved it to be indeed a boundary operator. Let HF,(M,w; H, J,v; Q)
be the homology of the above chain complex. Using Floer’s deformation
ideas they proved that this homology is invariant under deformations and
also isomorphic to H.(M,Q) ® A, i.e., the quantum homology of M.

For the construction of our isomorphism let us firstly fix a Morse function
ho on M and a small open neighborhood O(hg) of it in C*°(M) such that:

(i) For some € > 0 any two different points a and b of Crit(hg) = {ai,...,
am } have a distance d(a,b) > 4e with respect to some distance d on
M;
(ii) any two different critical points a® and b" of h € O(hg) have a distance
d(a”, ") > 3e;
(iii) each h € O(hg) has a unique critical point a/ in each ball By(a;,€) =
{c € M|d(a;,c) < €} and no other critical points (hence §Crit(h) =
m);
(iv) for any h € O(hg) the Morse index pu(a?) = p(a;), i =1,...,m;
(v) the function
O(ho) — Bglai,€) X --- X By(am,€), h (a?,... a)

m

is a smooth surjective map.

Take h € O(hg) and a Riemannian metric g on M such that (h,g) is a
Morse-Smale pair. As in [PSSc| we may use the solutions vy : R — M of

(1.3) Y(s) = =VIh(y(s))

to construct a chain complex expression of the quantum homology H,. (M, Q)
®A, as follows: For every integer k let us denote by

(1.4) QCL(M,w;h, g; Q)

the set of all formal sums ¢ = Z s((a,Ay)=k G(a,4)@ © A such that {(a, A) €
(Crit(h) xT)k | {(a,a) # 0, h(a)—¢,(A) > c}is afinite set for all ¢ € R. Here
(Crit(h) x )i := {(a, A) € Crit(h) x ' | u({a, A)) := p(a) — 2¢1(A) = k}.
The action of A, on QC.(M,w;h,g; Q) is given by

(1.5) Ax( = Z Z aEBAC )-b,B—A) <bv B>

(b,B)eCrit(h)xT \2c1 (A)=pu((b,B))—k
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The boundary operator 8,? : QCK(M,w;h,g;Q) — QCL_1(M,w;h,g;Q) is
given by

(1.6) R, A) = > nlab)bA),
p(b)=p(a)—1

where n(a,b) is the oriented number of the solutions of (1.3) from a to b.
It is easily checked that A x( € QC.(M,w;h,g;Q) and that the latter is
a graded vector space over A, (Q) according to the multiplication defined
in (1.5), and that 99 is a boundary operator and also A, (Q)-linear with
respect to the multiplication. Consequently, (QC.(M,w;h,g;Q),0%) is a
chain complex. Let us denote its homology by

QH.(h,9;Q) := H.(QC.(M, w3 h, g;Q), 99).

It is easy to derive from [Sch4] that there exists an explicit graded A,-
module isomorphism between QH., (h, g; Q) and H,(M;Q) @ A, ([Sch2]).

To construct an explicit A,-module isomorphism between QH.,(h,g; Q)
and HF,(M,w; H, J,v;Q) we shall associated two rational numbers nf (a,
78(—A)) and n” (a,z8(—A)) in (3.2) to both (a, A) € Crit(h) xI" and T €
75(H ), and then mimic [PSSc]| to construct formally two maps on the levels
of chains

(1.7) ((a, A) = > nf (a,7(-A)F,

1(@)=p({a,A))

(1.8) U@ = Y 0¥ (a,TH(—A)){a,A).

p({a,A))=p()
Indeed, in Remark 3.7 we shall show that ® and ¥ are A, -module chain ho-
momorphisms from QC,(M,w; h, g; Q) to Ci(H, J,v; Q) and from C,(H, J, v;
Q) to QC.(M,w;h, g; Q) respectively. Our main result is:

Theorem 1.1. ® induces a A, -module isomorphism
b, QH.(h,9;Q) - HF.(M,w; H, J,v;Q)
with an inverse V,.

Remark 1.2. As concluding remarks we point out that Theorems 3.1, 3.7
and 5.1 in [PSSc| may easily be extended to any closed symplectic manifold.
Such an extension of Theorem 3.1 was actually carried out in [LiuT3].
Following the lines in [PSSc] and combing the methods in [LiuT3| with
ones in this paper we easily complete the extension of Theorem 5.1 in [PSSc]
to arbitrary closed symplectic manifolds (in fact, a long exercise). Hence the
isomorphism in Theorem 1.1 is also a ring isomorphism.

Section 2 introduces the moduli spaces of stable disks and constructs the
virtual moduli cycles associated with them such that they are compatible
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with Liu-Tian’s relative ones. Section 3 deals with the intersections of these
virtual moduli cycles with stable and unstable manifolds. The proof of
Theorem 1.1 is completed in §4.

2. The disk solution spaces and virtual moduli cycles.

2.1. Moduli space of stable disks. We begin with the disk solution
spaces introduced in [PSSc|. For J € J(M,w) and [z,v] € P(H) let
M, ([z,v]; H,J) be the set of all smooth maps u: R x S — M such that

(2.1) Bsu(s,t) + J(u)(Bpu — By (8) X g (£, 1)) = 0,

oo 1
u(+o0) =2 and Ey(u) ::/ / lasugjdsdt < 400,
—o0 J0

(2.2)
ufi(—v) : S — M represents a torsion homology class in Ho(M;Z).

Here a smooth cut-off function 34 : R — [0, 1] is given by

0 as s<0
ﬁ+(s):{1 as 551 2> [ (s) >0, for 0<s<1.

Since F4(u) < 400, u extends over the end of s = —oo by removable
singularity theorem. So the connected union uf(—v) in (2.2) is well-defined.
If M ([z,v];H,J) # 0 its virtual dimension is dim M — u([z,v]).

Correspondingly, for [z,v] € P(H) we denote by M_([z,v]; H,J) the set
of all smooth maps u : R x S — M such that

(2.3) Osu(s,t) + J(u)(Opu — By (—8) Xp(t,u)) =0,
00 1
u(—oo) =2 and E_(u) ::/ /0 lﬁsulszSdt < 400,

(2.4) wfu:S? — M represents a torsion homology class in Ho(M;Z).

Similarly, if M_([z,v]; H, J) # () its virtual dimension is u([z,v]). As above
we here have extended u over the end of s = +00. Recall that:

Definition 2.1 ([LiuT1]). Let (3,]) be a semistable F-curve with z_ =
21, -3 2ZN,+1 = %+, as those double points connecting the principal compo-
nents (cf. Def. 3.1 in [LiuT2]). A continuous map f : X\ {z1,...,2n,41} —
M is called a stable (J, H)-map if there exist [z;,v;] € P(H), i =1,...,
N, + 1, such that:

(1) On each principal component P; with cylindrical coordinate (s,t) (ob-
tained by the identification (P; \ {2, zix1};l) = (R x St {t = 0})),
F= Flp—{z,204,} satisfies:

() Osff + J(f1)0uff + VH(fF) = 0, and
(ii) lims— oo f¥(5,t) = 2;(t) and lims_ oo fF(5,1) = 2431 (2).
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(2) The restriction fJB of f to each bubble component B; is J-holomorphic.

(3) [vit1) = [vi] + [fF] + Z [ B] as relative homology class of (M, z;41),
where the domain of may be joined to P; by a chain of the bubble
components not 1ntersect1ng with other principal components.

(4) All homotopically trivial principal components and homologically triv-
ial bubble components are not free.

The equivalence class of f = (f,3,1) is denoted by (f, 3, 1) or simply (f)
(see [LiuT1] for its definition). To compactify the disk solution spaces we
introduce:

Definition 2.2. Given a [z,v] € P(H) and a semistable F-curve (3,1), a
continuous map f : ¥\ {22,...,2n,41} — M is called a stable (J, H),-
disk with cap [z,v] if there exist [z;,v;] € P(H), i = 2,...,Np + 1, with
[#,v] = [*N,+1,VN,+1], such that:

(1) On each principal component P; (i > 1) with cylindrical coordinate
(s,t), fF' = flp_ {zz,th} satisfies (i) (ii) in Definition 2.1(1), but f{’
does (2.1) and ff(+00) = 29 and E, (ff) < +oc.

(2) If N, > 1, for each i > 1 as relative homology classes of (M, x;11),
[oue] = [ + + 1+ 325005] and o] = [#7]+ 52517

(3) All requirements for the bubble components f; B in Definition 2.1(2)(4)
still hold. Moreover, all homotopically tr1v1al principal components
fF (i > 1) are not free and do not appear in the next way.

Remark 2.3. Actually, flp may not be constant. So, if f has at least two
components then there exist at least two nonconstant components. This
also holds for fﬁp in the following Definition 2.4. The energy of such a map
is defined by

(2.5) Ei(f) = Z//R . |8sf@P!§stdt+Z/3 (fi5)"w
i X i,j %)

Definition 2.4. Given a [z,v] € P(H) and a (X,1) as before, a continuous
map f : X\ {z1,...,2n,} — M is called a stable (J, H)_-disk with cap
[, v] if there exist [x;,v;] € ﬁ(H), i=1,...,Np, with [z,v] = [z1,v1], such
that:

(1) On each principal component P;(i < N,) with cylindrical coordinate
(5,1), f = flpi—{zs,z1) satisfies (i) (ii) in Definition 2.1(1), but f{
does (2.3) and pr( o0) = xn, and E,(fﬁp) < +o00.

(2) If N, > 1, for each 1 < ¢ < N, — 1, as relative homology class of
(M, i), [vi] = [vin] +[f]] +E i ] and [vw, ] = [f§ ]+ 35;[/R, 1
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(3) All assertions for the bubble components f;- in Definition 2.1(2)(4)
still hold. Moreover, all homotopically trivial principal components
fF (i < N,) are not free and do not appear in the next way.

We still define the energy E_(f) of such a map by the right side of (2.5).
As before we may define their equivalence classes. Let us denote by (f, >, )
or simply (f) the equivalence class of (f,3,1). The energy of (f) is defined
by that of any representative of it. The direct computation shows that

(2.6) Ey(fs) < FFu([r,v]) + max|H]|.

The notions of the (effective) dual graph for the stable (J, H)y-disks may
also be defined with the same way as in [LiuT1]. Let My (%; H,J) be
the spaces of the equivalence classes of all (J, H).-stable disks with cap =
respectively. By (2.6),

(2.7) :t/ v*w > —2max |H| as My ([z,v]; H,J) # 0.
D2

One may equip the weak C* topology on M (7; H, J) according to the def-
inition given by (i)(ii)(iii) above Proposition 4.1 of [LiuT1] unless we allow
the compact set K in (ii) to be able to contain the double point z_ (resp. z)
on the chain of principal components of the domain of (us) € M (Z; H, J)
(resp. M_(7;H,J)). Carefully checking the proof of Proposition 4.1 in
[LiuT1] we have:

Proposition 2.5. The spaces My (7; H,J) O Mx(%;H,J) are compact
and Hausdorff with respect to the weak C*-topology.

Notice that we have two natural continuous maps
(2.8) EVy(Z) : My(@H,J) = M, (fi) = fe(ez)

with respect to the weak C*°-topology. Correspondingly, the notions of the
dual graphs of the stable (J, H)4-disks with a cap  may be introduced in
similar ways. Let D4 (Z) be the sets of their dual graphs respectively. Both
are finite.

Now we are in the position to introduce the notions of positive and
negative L¥-stable disks with cap Z. As usual it is always assumed that
k — ]% > 1. In principle, we may proceed as in [LiuT1]. For example, for

each DT € D, () let (f,%,1) be a stable (J, H)-disk as in Definition 2.2
and with the dual graph D*. Then a positive L -stable disk with cap T and
of DT is a tuple (f,%,1), where f : ¥\ {z2,...,2n,41} — M is locally L,
map such that (2) (3) in Definition 2.2 and the following are satisfied:

(1) ]?,P = flP—{zi,201} (i > 1) satisfy (ii) in Definition 2.1(1) and suitable

exponential decay condition along ends z; and z;11 as in [LiuT1], but
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ff only satisfies limg_, 4 ff(s, t) = xz2(t) and the exponential decay
condition along the end z5.

We still define its energy E(f) by (2.5). The equivalence class of it can
also be defined similarly. Denote by B’i’k (z; H) the sets of equivalence classes
of those Li—stable disks with cap Z and of the dual graphs in D4 (Z), and
whose energy are less than FFy(Z) + max|H| + 1 (because of (2.6)). As
in [LiuT1] one can equip the strong L}-topology on small neighborhoods
Wy (7, H,J) of My(Z; H,J) in B’i’k(%, H) and prove that it is equivalent to
the above weak C*-topology on M (7; H,J). Once these are well-defined
we can use Liu-Tian’s method to construct the virtual moduli cycles

29) MU @HH=Y o {m* M (@ H,J) = Wi @, J)}

IGN(5)+| I|
of dimension dim M — u(z) in W4 (z; H, J), and

(2.10) M (z;H,J) = Z I‘i {WI_ M (% H,J) - W_(T; H, J)}
IeN(i)_‘ I‘

of dimension wu(z) in W_(z; H,J) (cf. [LiuT1, LiuT2] and [LiuT3]). It

should also be pointed out that the maps EV in (2.8) can be naturally

extended onto the spaces W4 (z; H, J). By composing them with the ob-

vious finite-to-one maps from MY (%; H,J) to W (; H,J) that forget the

parameterization we get two continuous and stratawise smooth evaluations

7V:‘: ~
(2.11) EVY (7): ML (3 H,J) — M.
Notice that the choices of different small v* give the cobordant virtual
-

moduli cycles M. (Z; H,.J) and corresponding evaluations EVf.

However, notice that the boundary operator 0% in (1.2) depends on the
choice of v. As pointed out below Remark 4.2 of [LiuT1], for 9% in (1.2)
being indeed a boundary operator the choices of v in all relative virtual

moduli cycles MY (z,y) (u(x) — p(y) < 2) must satisfy suitable compatible
conditions, i.e.,

(2.12)
a(c (M”@(af,@)): 3 c(ﬂ”@a(z,a)xo(mﬁ@(z@)

(@) =n(@)-1

holds for all pairs (Z,y) with u(y) — u(x) = 2. Now in order to guarantee
that the maps ® and ¥ constructed in (1.7) and (1.8) commute with 9%
and the boundary operator 99 in (1.6), we also need to carefully choose
v* in (2.9) and (2.10) so that they are compatible with all v chosen in the
definition of & in (1.2).
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2.2. Compatible virtual moduli cycles. In this subsection we shall first
complete Liu-Tian’s arguments in detail, i.e., proving (2.12), and then out-

line how to construct all virtual moduli cycles ﬂi (z; H,J) compatible
with all relative virtual moduli cycles in (1.2). For convenience of the later
proof we need to recall briefly the construction of the relative virtual cycle

C (M”(z,7)) in [LiuT1).

Step 1: Local construction. For a representative f of (f) € M(,y; H,J)
one may construct a stratified Banach orbifold chart (W (f),T £, 7f) around
(f) in B(Z,y) = BL(,y), where 'y = Aut(f). There exists a natural strati-
fied Banach bundle £(f) — W (f) with a stratawise smooth right T f-action
such that the usual 0 J,H-operator gives rise to a I'g-equivariant stratawise
smooth section of this bundle, still denoted by 0 J,H- Let I denote the dual
graph of f and R(f) C (Z(f)f)f be the cokernal coker(Dd; g (f)). Take a
smooth cut-off function F(f) supported outside of the e-neighborhood of
double points of the domain ¥;. Then each v € Rc(f) := {B(f) - £|€ €

R(f) } may naturally determine a section of the bundle £(f) — W(f), de-

noted by 7, such that for each g € W(f) the support of 7(g) € (L(f))g is
away from the gluing region of the domain ¥, of g.

Step 2: Global construction. By the compactness of M(%,7; H,J) one can
choose finite points (f1), ..., (fm) such that the union W := U™ W ((f;)) is
an open neighborhood of M(z,y; H, J) and £:= U™ L((f;)) is an orbifold
bundle over W. Let N (Z,y) be the set of all subsets I = {i1,...,4} of
{1, ce ,m} with W] = mieIW(<fi>) 7& (Z) Let VIV W(fz) — W((ffL)) be the
natural projections. For each I € N(Z,y) they defined the group I'y :=
[Lic; Ty, and the fiber product

(2.13) Wit = {(ui)ig e[[wr) ‘ mi(ui) = mj(ug) Vi, j € 1} :
iel
Then the projection 7y : WIF I — Wp has covering group I';. Moreover,
for J C I € N(Z,7) there is an obvious projection 7% : W[FI — W;J
satisfying the relation 7 o 7r§ = 7;. Repeating the same construction from
L(f;) one obtains the bundles ZE  and thus a system of bundles (£, W) =
{(E?’,WIFI) T, T ‘ JcClI E/\/'(i,@)}. Take open sets Wl cc W((f;)),
i = 1,...,m and the pairs of open sets WZJ cC Uij, 1,7 = 1,...,m, such

that U™, W1 still contains M(Z,7; J, H) and that

(2.14) Wl ccU ccw? ccU?---cc W™ cc W({fi).
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In [LiuT1], for each I € N (Z,y) with cardinal number |I| = k, they defined
(2.15) Vi = Nier Wi\ Uk Cl (e, UF )

and proved that the open covering {V;|I € N(z,7)} of M(Z,y; H, J) satis-
fies

(2.16) Vic WiVl e N(f,@, and
Cl(Vi)NCl(Vy) #0 onlyif I CJ or JCI.

Set Vi = (77)"1(V;) and E; = (m1)"Y(L|v,), one gets a system of bundles
(2.17) (ET, VT = {(Eff,f/ff) P ‘ JcIeN(, g)} .

Taking I' ¢,-invariant stratawise smooth cut-off function v(f;) on W( fi) such
that

(2.18) Y(fi) =1 in m (W),

)

then each v; € R(f;) determines a smooth global section 7; of (ET,VT).
Set

(2.19) R5({fi}) = {v € &L Re(fi) | [v] < 6}

for a small § > 0. The bundle system (ET x Rs({fi}), VT x R5({fi})) has a
well-defined global section

(2.20) Opm+e: (ur,v) = dymur+ Y (7i)1(ur)

i=1
for any (uz,v) = (ur, (v1,...,vm)) € Vi X R§({fi}). Moreover, each v €
R§({fi}) yields a smooth section 5;}1 = {(5ZH)1 | I € N(z,9)} of (EV, V1),

(2.21) (5;,H)I(UI) = 5J7HU] + Z<17i)1(ul) Yur € ‘7[.
=1

Theorem 2.6 ([LiuT1)). The section in (2.20) is smooth and transversal
to the zero section. Therefore when 6 > 0 is small enough, for a generic
choice of v € R§({fi}) the section 8571{ is transversal to the zero section.

Thus the family of perturbed moduli spaces MY = Mv”(f,gj) = {/{/lv? =
(g(l/]’H);l(O) |1 € N(Z,9)} is compatible in the sense that wh(MY) = MY N
(Imn}) for all J C I € N(Z,7).

Let W™ be given by (2.14). For sufficiently small v we can also require
that

(2.22) MY C N, LW,

(2
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Let M?’DT (resp. ./K/lv?’DB> be the top strata (resp. the strata of “broken”

connecting orbits) of ./{/lv? Then M?C = M?DT U ./\/lVDB is a smooth

manifold of dimension u(Z) — u(y) — 2 and with boundary 8/\/1?’0 = M?’DB .
Formally writing

_ 1 ~pe 1~
CM(T,9) = > WM?Ca M@= > WMD
reNGg "~ ! reNGy) !
the former was called the relative moduli cycle in [LiuT1]. Later we call the
compatlble family MY (Z,%) in Theorem 2.6 a derived family for C(M" (Z, 7))

and M" (Z,7). It is clear that C(M” (T, 7)) = M’ (Z, J) in the case
w(@) — u(§) < 2. For the sake of clearness C'(M”(Z,7)) will be denoted

by C (MV@@ (ff)) below. If u(Z) — u(y) = 2, then for every z € P(H)
with () — p(2) = 1 one has also the associated relative moduli cycles
C (M (xj( ,A)) and C (./\/l Zm( ,@)) The relative virtual moduli cycles
satisfying (2.12) are called compatible.

Proof of (2.12).  To construct such relative virtual cycles, note that there
are only finitely many z € P(H), saying 21, . . ., Z,, such that u(z;) = p(x)—1
and M(3,2; H,J) # 0, MGy, 9 H,J) # 0 for ¢ = 1,...,r. Let (f1?) e
M(F, 7 H,J) and (f*V) € M(Z,,5:H,J), s =1,...,mg, t =1,... ng, be
finite points from which one can construct the relative virtual moduli cycles

——v(TZg) f~ ~ - 1 v (TZq),c
(2.23) C (M (x,zq)) = ¥ R )|M ,
IeN (Z,zq) -1
—v(Z ~ 1 v(Z4Y),c
(2.24) C(MEp) = 3 - M
TEN Ga.d) |
For the future convenience we assume that for ¢ =1,...,r,

(225)  W(f19) cc UN((f19)) - e T (£0))
cC Wh((f{1D) ca W), s =1....,m,

and
(2:26) W) cc UN(FP)) - cc UL (P
cc W ((fE) cc W((f27), t=1,....nq

are respectively the open sets as defined in (2.14) that are used to construct
the relative virtual moduli cycles in (2.23) and (2.24) above. By (2.15)-(2.17)

we get the corresponding bundle systems (EF<1Q) , ?F(lq)) and (EF<2q) , ?F(Zq)),
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g=1,...,r. As in Theorem 2.6 let
(2:27) V(3%,) = I u(E,)s € R({fIP))  and

v(Zgd) = @)% G € RS
be such that the smooth section 5;7(22‘) of the bundle system (Er(lq) , ‘N/F(lq))
and that gl}(ff@ of (Er(zq) 17F(2q)) are transversal to the zero section respec-
tively. Here7 v(TZq)s € Re( (IQ)) and v(Zgy): € Re( (2(1)), s=1,...,my and

t=1,...,nq In fact, as in (2.21) we can also require v(zz;) and v(Z,y) so
small that

MG C ey (r0) N W(F10)) VT € N(T 7).
M Qe (n?)HI(PD) VT € N G )

For g = 1,...,r we set fs(g = fslq iz, (2(1), =1,...,mg t =1,...,n,4
Clearly, these ( fs(f)> belong to M(z,%; H,J). Moreover, the automorphism

group Fgg) of fs(tq) can be identified with the product T x F%Zq) of the au-

tomorphism group PSQ) of fs(lq) and that Fng) of ft(Qq). By the construction
of the local uniformizer in §2 of [LiuT1] we easily construct a uniformizer

W(fif)) such that
(2.28) WD () € W)
and that the restriction of Fg)—action over W(f(t)) to W(fs(1Q))ﬁW(ft(2q)) is

exactly that of F(lq) XF(Qq) over W(f (1) )ij(f )) in the obvious way, where
W( fs (1q))ij( i, ) denotes the set of all join functions at z, of functions in
W( §1‘1)) and W(ft@q ). (One may increase mg, n, and shrink W(fslq ) and
W( t(QQ)) if necessary.) Since each M(Z, zy; J, H)iM (2,4, 7; J, H) is compact
and Up_  M(7, 24; J, H)EM (24, y; J, H) are disjoint unions we can require

that the above uniformizers W (f (q)) satisfy

(2.29) WD VW) =0 Ya#d.

By the definition of the index set N (Z,y) above (2.13) it easily follows
from (2.29) that the corresponding index set N°(Z,%) with the collection
{W(f (Q)) |1 <s<my, 1 <t<mng 1<gqg<r} musthave the following
form:

(2.30) NUZ, ) = U N (7, Z) x N (g, 7).

Notice that every W ({ fs(f)>) determines an open neighborhood W ({ f§5)>)1
of ({7} in B(7,Z,) by

{(91) € B@.2,)|3(g2) € B, 5) st (g1292) € BE D N W(AD) |
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and that W((f(q)>)2 of <ft(2q)> in B(z4,y) by

{(92) € Bz,%) | 31} € B ) st g1tg) € BEH N W (A}

Thus (2.28) implies that

WD) c WD)y and WD) ¢ W((FD),

for all ¢, s,t. By this, (2.25) and (2.26) we can, as in (2.14), choose pairs of
open sets Wj(<f( )>) cC U](<f( ))) j=1,...,m= 37 _  mgng, such that

(2.31) wﬂ«ﬁ?»cctﬂ«ﬁ?»ccwﬂ«ﬂ@»~-
cc W) cc W)

and that Wt ((£7)) ¢ WL(f{P)1 and Wra((f27)) € W)z for
all ¢,s,t. As in (2.15) and (2.17) we use (2.30) and (2.31) to construct a
bundle system

(B,V) = {(Epxra Vinxrs) | h x I € N°(7, )}

As in (2.18) we take I‘gg)—invariant smooth cut-off function ~( fs(g)) on
W((f(f)>) such that fy(fs(f)) = 1in (7%)” (Wm(<f >)) Note that the

S
supports of v(7z;)s and v(Zgy): in (2.27) are away from double points on

their domains. So the support of v(Zy)Y, := v(TZ,)siv(Z4y): is away from
all double pomts of the domain of f; t) and thus v(Zy)% sits in the fibre of
Z(fs(t ) at fst , LY 1(/\01((f5(t))*TM)). As before we can use v(fgf)) and

v(zy)% to get a global section
V@)% = { (@D n | 1x I € NO(E,) |

of the bundle system (E, V). Let us set

r Mg TNg r Mg TNg

v(@y)° = ZZZ ()4, and v(z9)° ZZZV:U@

q=1 s=1 t=1 q=1 s=1 t=1

As in (2.21) we get a global section of the bundle system (E, V),

83(9@ {(0;7(1@) )I oI = 5J,H + (W)lelz | L x 1y e NO(EJAJ)} :

Then it easily follows from (2.29) and the choice of this section that

-1
@), TG~ TvEn)° [ (av@ED)°
MYTDgALED) - AT ((a )hm) (0)

1><12 s
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—1,(777)0
for T x Iy € N(7,%;) x N(z4,7), and that each section (83(;}@ )1y xIp 18
transversal to the zero section at all points of

M;l(ﬂﬁzq)ﬁMg(zq@ C WIVl(ﬂﬁzq)ﬁWIVQ(qu
The last set consists of all points (usfvt)(s)er, x1, N

[T wuhoew )

(s,t)elL X 12

such that ng)(usﬁvt) = (?t),(us fop) for any (s,t) and (s',t') in Iy x Io.
By the stability of a surjective map under small perturbation we can show
that there exist Fg)x ,-invariant open neighborhoods of M?l(xzq)tt/\/lg(zq‘m in
‘/}1 X 1o

(232) ‘/I(:)[XIQ CC ‘/Illxlg

)

— (770
such that the section (8;(2@ )I ; is transversal to the zero section at
1X12
points of
v (EY)°
(233) VI1><12 thXIz

So the space in (2.33) is a cornered and stratified Banach variety that has
the dimension given by the Index Theorem on all of its strata. Moreover,
the collection

{Mﬁ% | Iy x I € N(F,Z,) x N(zq,@}

also satisfy the compatibility as in Theorem 2.6. In particular the open
neighborhoods in (2.32) can be chosen to guarantee that the collection

{VI1><12 ﬂMllf?I) | L x 1y e N(‘T Zq) X N(Zq,@}
satisfies the compatibility. Note that the projection image of VI1 Iy ﬂ/\/l;l(‘z?2
in B(Z,y) is not compact in general (unlike in Theorem 2.6). We denote by

ad] @Y\
(‘/IIXIQ N MIIXIQ > )

the union of the top and 1-codimensional strata of VI1X LN M?iyl , then
it is a smooth manifold with boundary of dimension u(z) — u(y) — 1 that is

contained in the smooth locus of VI w1, M I(m@ and that has the boundary

0 (Vir, N MG ) = My T Prgagy G or

1X12 1

it Iy x I € N(z,%;) X N(Z4,y). In the following we shall extend
{VIIXIz NME)  hx b e N(fﬁﬁ)o}
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into a virtual moduli cycle for M(Z,y; J, H) under the condition that
{V[lXIQ ﬂMle:’j) ’ Il X 12 EN(.’L’ @/) }

is not changed. Since both M(2,7;J, H) and
Ugmt M(F, Zg5 J, H)EM (Z4, 53 T, H)
are compact we can take points (h1),..., (h,) in
M(E, 5 J, H) \ Uy M(Z, 245 J, H)EM(Z4, 55 T, H)
and their open neighborhoods W((h;)) = W;Ey(W(hj))a j=1...,n,in

B(z,y) such that all W((h;)), W((fg?}) form an open covering of M(Z,7;
J, H) satisfying the conditions for the construction of the virtual moduli
cycle above. Let us choose I'y -invariant smooth cut-off functions v(h;) on

W(hj) such that
mj(suppt(y(h;))) N VI?xIQ =0 Vi<j<n I xI)e N(f,@o

where VI «I, 18 the projection image of ‘710X1 in B(z, 7).

Let (E(Zy), V(Z7)) and N'(Z,7) be the corresponding bundle system and
index set to this covering. Assume that

v@)h = {(v@)%), 11 eNGD |

is a global section of this bundle system obtained by the cut-off function
(&) and v(zy)?, as in Step 2. Of course, for each v; € R, 2e(hj) we still
denote by 7; = {(7;)r|I € N(z,y)} the global section of (E E(@y), V(7))
obtained from 7(h;) and v; as below (2.18).

For § > 0 we assume that Z§({h;}) is a d-neighborhood of zero of
@®j_1 Re(hj). As before we have a bundle system (£ E(Z7) x Z5({h;}), V(Z7) x
Z§({h;j})) and a well-defined global section of it

r Mg TNg

Ojmg+eé: (urv) +—>8JHUI+Z vi)(ur +ZZZ< xyst> ur)

q=1 s=1 t=1

for (ur,v) = (ur, (v1,...,vy)) € V(TY) x Z§({h;}). Notice that our choices
above imply this section to be transversal to the zero section for § > 0 small
enough. It follows that for a generic choice of v € Z§({h;}) the section of

(E(xy), V(7)) given by
r Mg TNg

(2.34) ur — dypur + Z vj)1(ur) + ZZZ ( mm“) )

g=1 s=1 t=1

for u; € V(Z§)1, is transversal to the zero section.
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Setting v(ZY) = (Bf—; Gty B2 w(TY)Y) ® (®)_,v;) then it belongs to
(o1 @?;&(félq)m(ffq )) @ (@, Re(h;)), and the section

5P - {(57), 11 e M)
~v(F7)

of (E(Zy), V(Z7)) is transversal to the zero section. Here (QLH )I is given

by (2.34). Denote by C (ﬂy(im (z, 37)) the virtual moduli cycle constructed
from this section. It is easy to see that its boundary is given by

Z Z Z 1 Mu(azzq DTrLMV Zq¥), DT

- CR?] o]
q=1 [1eEN(Z,zq) I2EN (24,7) I
which can be identified with

Z ¥ 3 1 My Dr o RGP

e TR1 I
q=1 I eN(Z,z4) I2eN (Z4,7) I
But the latter is just 3/ _, C (./\/l (WQ)(:)? Eq)) x C <ﬂy(gqg) (Eq,@). (2.12)
is proved. ~
Now we first construct all relative virtual moduli cycles C' (ﬂy(g@ (z, g}))
for all 7,7 € P(H) with u(F) — u(§) = 1, such that

(2.35) HOM(2,7))) = H(C(M(Th(~A), JE(—A))))

for any A € I'. Then we follow the above methods to construct all relative

virtual moduli cycles C (./\/l C’@( A)) for all #,5 € P(H) with u(%) —
1(y) = 2. The family of the relative virtual moduli cycles are compatible

and thus satisfy the requirements in the definition of 9%

Remark 2.7. Asin [LiuT2] and [LiuT3] we need the virtual moduli cycles
of dimension more than one in this paper, and can use the notion of local
components in [LiuT3] to construct a desingularization of the bundle system

(EF,WF), a new bundle system (ZF,WF) = {(EI;I,WIFI> | I e N(z, g)}
such that each EI;I (resp. /[/[7[1“ ! ) is a stratified Banach manifold (resp. bun-
dle). Then replacing (EF,WF) everywhere by (EF ,Wr) in the previous
construction of the virtual moduli cycles one can get a virtual moduli cycle
1 ——V
3 {m MY W}, still denoted by M (Z,7),
IeN (z,y) | 1]

such that each ./\/l? is a cornered smooth manifold. We can use the same
method to make suitable modifications for the above arguments and in the
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case () — p(y) = 2 obtain the conclusion corresponding with (2.12), i.e.,

oM P @p = Y. MPEHxMTEy.
WD) =()-1

Hence we can replace j:tC’( v x@( 37)) by tM” @( ,y) in (1.2).

71/:‘: ~
Now we begin to construct all virtual moduli cycles My (z; H, J) in (2.9)
and (2.10) which are compatible with the relative virtual cycles used in

(1.2). We only consider ﬂf(f; H,J). Denote by Tﬂf(f; H,J) and
Bﬂf (z; H,J) its top strata and 1-codimensional strata. If dimﬂfr (z;
H,J) =dimM — u(z) > 0, then any el element f, of BM?(%H J) must
have a form f; = (h4,g). Here g € M *(y, @ H,J) and p(y) — p(z) = 1,

+
and hy € T./\/lif1 (y; H,J). So we can construct each /\/lJr (z; H, J) induc-
tively with respect to dim M — p(z). In fact, if these have been constructed
for dim M — ;u(Z) = 0, then for cach ¥ € P(H) with dim M — pu(Z) = 1, we
can use them and M" (¥, %; H,J) used in (1.2) to construct

BMY (% H,J) = Upymp@ 1 TMY (5 H, J) x MY(3,%; H, J).
Next as done in the Proof of (2.12) we can extend B./\/lljr+ (z; H,J) into a
derived family Mf (z;H,J) = {./\/lf(i7 H,J)|I € NT(2)} for a virtual
moduli cycle ﬂf (z;H,J). Let {HV: (#:H,J)|Z € P(H)} be all virtual
moduli cycles constructed by induction. Then it holds that

BMY (@ H,J) = Up@yep@ 1 TMY (§: H, J) x MY(3,%: H, J).

Consider the natural orientations on them again we can write

14

—vt ——V e~ ——vt
(2.36) BMY (3 H,J)= Y HCM(3,7) TM} (5 H,J).
w(@)=p(@)+1
Here the rational numbers #(C(M" (7, %))) is as in (1.2), and the identity in
(2.36) is understood as follows: Since the sums at the right side of (2.36) are

finite we can take L > 0 to be the smallest common multiple of denominators
of all rational numbers #(C(M" (7, ))). Then (2.36) is equivalent to

L-BM (& H,J) = Y. (LM (5,7)))) - TM (G H.J).
1(G)=p(T)+1
For this identity the left side is understood as the disjoint union of L copies
of Bﬂf (z; H,J), and the right side is also the disjoint union that con-
tains, for each § = [y,u] with u(7) = w(@) + 1, L-4(C(M"(¥,T))) copies
of TM' (F:H.J) as H(C(M'(7,)) > 0, and (L) - H(C(M" (7,7)))
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7l/+ ~ S Vi~ ~ 7V+ ~
copies of TM_ (y;H,J)* as §(C(M (y,2))) <0, where TM_ (y; H,J)*
R
is TM', (y; H, J) with the orientation reversed. In other words, it is under-
stood as the topological sum. With the same methods we can construct the
compatible M” (&; H,J) and obtain

(237) BM (mH J)= Y. HCM'(77)) TM” (% H,J).
n(@=p(@-1

3. The intersections of virtual moduli cycles with stable and
unstable manifolds.

For the materials on Morse homology the readers may refer to [AuB, Sch1]
and [Sch4]. Given a Morse-Smale pair (h,g) on M with h € O(hg) the
stable and unstable manifolds of a critical point a € Crit(h) are given by

W=(a, h,g) :=={y:[0,00) = M|[4(s) + VIh(v(s)) = 0, y(o0) = a},

W*a,h,g) == {7 : (—00,0] = M|[4(s) + VIh(y(s)) = 0, y(—00) = a}.
There are two obvious evaluations
(3.1) E: :W?a,h,g) — M, v+~ ~v(0) and

EY :W"a,h,g) — M, v+— ~(0).

Both are also smooth embeddings into M. Throughout this paper we fix
orientations for all unstable manifolds W*(a, h, g), then the orientation of
M induces orientations for W#(a, h,g) and W"(a, h,g) N W*(b, h,g). We
wish to study the intersection numbers of the maps in (2.11) and (3.1)
under some conditions. As usual we need their compactifications of the

following versions. Consider the disjoint union W*(a, h, g) := W%(a, h, g) U
SWu(a, h,g), where SWu(a, h,g) is the disjoint unions

U]\/Za,al(h,g) X oo X ]\/Iai%’ai(h,g) x W (a;, h, g)

for all critical points ag = a,...,a; with the Morse indexes u(ag) > --- >
p(ag). Similarly, in the disjoint union W*(a, h,g) := W*(a, h,g) U SW ' (a,
h,g) the second set SW*(a, h, g) is the disjoint unions

UWS(ai,h,g) X Hai,ai,1(h,g) X X ]/w\al,a(h,g)

for critical points ag = a, . .., a; with the Morse indexes p(ag) < -+ < p(a;).
As usual the compactness and gluing arguments in Morse homology (see
[AuB] and [Sch1]) give:

Lemma 3.1. The sets Wu(a, h,g) and Ws(a7 h,g) may be topologized with
a natural way so that they are the compactifications of W*(a,h,g) and
W*(a, h,g) respectively, and that OW " (a,h,g) = SW " (a,h,g) and OW " (a,

h,g) = SW’(a,h,g). Moreover these compactified spaces both have the
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structure of a manifold with corners, and maps EY and E; may smoothly
extend to them, denoted by EZ and EZ, which also give natural injective
immersions from these two compactified spaces into M.

The following lemma, slightly different from Theorem 4.9 in [Sch4], may
be easily proved (cf. [Lu2]).

Lemma 3.2. Let R be the set of all Riemannian metrics on M. Then
for any smooth map x from a smooth manifold V to M there exists a Baire
subset (OXR)reg C O(ho) xR such that for each pair (h,g) € (O(hg) X R)reg
and a € Crit(h) the maps ES and E* are transverse to x. Consequently, the
spaces

M3 a(hs9) = A{(p,7) € V X W(a, h, 9) | x(p) = Eq(v) = ¥(0)},
M alhs ) = {(p,7) €V x W(a, h,g) | x(p) = E;(7) = ~(0)}
are respectively smooth manifolds of dimV — p(a) and dimV + p(a) — 2n.
As usual, if V, M, W*(a, h, g) and W*(a, h, g) are oriented then M., (h, g)
and MY, ,(h,g) have the natural induced orientations. Specially, if M3.,(h,g)
and MY, (h, g) are of dimension zero we have the oriented intersection num-

bers x - E and x - EY which counts the algebraic sum of the oriented points
in M3, (h,g) and MY, (h,g) respectively. Note that the 1-codimensional

stratum of W (a, h, g) (resp. W' (a, h, g)) is given by

Z n(a,b) - W*(b, h, g) resp. Z n(e,a) - Wé(c,h,g) |,
w(b)=p(a)—1 p(e)=p(a)+1
where n(a,b) and n(c,a) are as in (1.6).

Since there are only countable manifolds involved in our arguments using
Claim A.1.11 in [LO] we can always fix an h € O(hg) such that all transversal
arguments hold for a generic Riemannian metric ¢ on M. By Lemmas 3.1
and 3.2 and these remarks we immediately obtain:

Proposition 3.3. If u(a) = pu(x) then for a generic Riemannian metric g
on M the maps E,, and EVIr (Z), and E., and EVY" () are transversal, and

their intersection numbers are the well-defined rational numbers EZ-EVZL+ (7)
and E, - EVY (Z).
From now on, for the sake of clearness we denote by
(3.2) n*' (a,%) = n" (a,%; H,J; h,g) :== Eu -EVY (%),
n (a,%) =n” (a,%; H,J;h,g) := E, -EV” (Z).

The standard arguments show that these numbers are independent of small
regular v*. Later, we no longer state this and often omit »* without occur-
rence of confusion. It easily follows from (2.7) that:
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Proposition 3.4. If ni(a, [z,v]) # 0 then £ [, v*'w > —2max |H|.

Using (2.36), (2.37) and Lemmas 3.1 and 3.2 we can obtain the following
two results:

Proposition 3.5. If u(a)—pu(x) = 1 then for a generic Riemannian metric
g on M the fibre product

_ — ot

Wu(aa h¢g) XEZ:EV1+(E) M-l— (.Q?; H, J)
is still a collection of compatible local cornered smooth manifolds of dimen-
ston 1 and with the natural orientations. Its boundary is given by

(Uutr=ata 1@ ) (Wb B g) oo o) MYy (@5 H..0)) U

(_ Uu(@:u(f)—i—l ﬁ(c(ﬂ’/(g’ 5))) (W (CL, h, g) XEZ:EVZj @) M-i— (gv H, J)))

Notice that the projection onto M x W,(z; H,J) of this set is a finite set.
= —vt
Let us denote by $§(O(W (a, h,g) X BBVt (@) M, (x;H,J))) the number

of elements of this finite set counted with appropriate signs and rational
weights. Then this number must be zero, and it follows that

S o) 0 E = Yl (@)) HCM(78).

p(b)=p(a)-1 w(@)=p(@)+1

Remark that the fibre product in Proposition 3.5 has boundary. But
we assume its dimension to be 1. Hence its boundary agrees with the 1-
codimensional stratum of the fibre product. This remark is still valid for
the following proposition:

Proposition 3.6. If u(z) —p(a) = 1 then for a generic Riemannian metric
g on M the fibre product

W(a,h,g) X =s M

B _pv @ M- (@4, )

is a collection of compatible local cornered smooth manifolds of dimension 1
and with the natural orientations. Its boundary is given by

(Yntay=uy-12(0, @) - (W3 (0., 9) X g ) MZ (T H,T))) U

v

- Up@rmuir1 OO (3,2) - (W (0, k) X g o MY (5 H, ).

v

Consequently, t(d(W" (a, h, g) x ~ M_ (z;H,J))) =0 implies that

E'=EVY™ (%)

Yo HCM(3,2)) 0 (a,7)= Y Y (b,F) n(ba).
p(E)=p(@)-1 (b)=pu(a)+1
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Remark 3.7. Using Proposition 3.4 it is easily proved that & and ¥ are
A,-module homomorphisms (see [Lu2]). Moreover, using Propositions 3.4,
3.5, 3.6 and (2.35) we can prove that @08,? =0 o® and Vod! = 8,?0\11 for
every integer k. That is, ® and ¥ also induce the homomorphisms between
two corresponding homology groups (see [Lu2]).

4. Proof of Theorem 1.1.

Theorem 1.1 may follow from the following Theorems 4.1 and 4.9 immedi-
ately.

Theorem 4.1. V¥ o ® is chain homotopy equivalent to the identity. Conse-
quently, ® induces an injective A, -module homomorphism from QH.(h, g; Q)
to HF.(M,w; H, J,v; Q).

Proof. We shall prove it in four steps.
Step 1. For every (a, A) € Crit(h) x I with u({(a, A)) = k we have

‘IIO(I)«(Z,A)): Z mi,—(<a7A>;<bvB>)<baB>a

p((b,B))=k
where m’ _({a, A); (b, B)) is given by
(4.1) S nf (@, 7H(—A) -0 (b,3H(-B)).
w@)=k
Notice here that (a, A) and (b, B) satisfy
(4.2) p(a) — p(b) + 2¢1(B — A) = 0.

Firstly, we claim that the sum in (4.1) is finite. In fact, if # € Pj(H) is such
that

(4.3) n (@, F(~A)) -0’ (b,F4(-B)) £ 0,
by Proposition 3.4 we have

(4.4) w(A) —2max |H| < / v*'w < w(B) + 2max |H|.
D2

It easily follows that the number of such # € P(H) is finite. Let them be
Z1,...,Ts. Then for a generic (h, g) € O(hg) x R, it holds

(45)  mf (@A) (b, B) = 3 (a, Fit(—A) - (b Fit(—B))

Note that for each € Pj,(H) the product nf(a,fﬁ(—A}) -n” (b,24(—B))
can be explained as the rational intersection number

(4.6) (Ey x Ey) - (EVY (#4(—A)) x EVY (#4(~B)))
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of the product map

EVY (#4(~A)) x VY (#4(~B))
from MZ: (z4(—A); H,J) <M (z8(—B); H, J) to M x M and the evaluation
(4.7) E. xE;:W"a,h,g) x W’ (b,h,g) — M x M

for a generic (h, g) € O(hg) x R. But the intersection number in (4.6) is the
number of the oriented points with rational weights in the fibre product

(48)  (W"(a,h.g) x W*(b.h.g)) x5 (M"] (F(~A)) x M (#(~B)).

Here R is representing EVZ: x EVY" = E, x E;, and we have omitted H,.J

in ﬂf (-3 H,J). However, because of dimension relations the fibre product
in (4.8) is an empty set for a generic (h,g) € O(ho) x R if p([z,v]) # k. As
usual we still understand the intersection number being zero in this case.
Hence (4.1) and (4.5) become

(4.9) m¥_((a, A); (b, B))
= Y (B, x Ey)- (EVY (34(-A)) x EVY (#(-B))).
TeP(H)

Step 2. We need to give another explanation of the intersection number
in (4.6). To this goal we note that for a given D € I' a positive disk uy €
M (y; H,J) and a negative disk u— € M_(yf(—D); H,J) may be glued
into a sphere in M along y, denoted by uifu_. Using (2.2) and (2.4) one
easily checks that it is a representative of D. Let us denote by Mp(y; H, J)
by the space of all such uyfiu_. Clearly, it can be identified with the product
space My (y; H,J) x M_(y(—D); H,J). Therefore, its virtual dimension
is equal to dim M + 2¢; (D). We denote by

Mp(H,J) = Uggﬁ(H)MD<g§ H,J).

As in (4.3) and (4.4) it is easy to prove that the union at the right side
is only a finite union. That is, there only exist finitely many %1,...,%, in

P(H) such that Mp(y;; H,J) # 0 for i = 1,...,r. Thus
(4.10) Mp(H,J) = U_ 1 Mp(y;; H, J).

In particular, (4.3) and (4.4) imply that

(4.11) Mp_a(H,J) =U_Mp_a(z;#(—A); H,J).

Note that the right sides of both (4.10) and (4.11) are all disjoint unions.
In order to compactify Mp(H,J) we introduce:
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Definition 4.2. Given § € P(H), D € T, a semistable F-curve (3,1)
with at least two principal components (cf. Def. 2.1), a continuous map
J:X\{22,...,2n,} — M is called a stable (J, H)-broken solution with
a joint y and of class D if we may divide (X, ) into two semistable F-curve
(X4,017) and (X_,17) at some double point z;, between two principal com-
ponents, 2 < iy < N, such that f|x,, and f|x_ are the stable (J, H)-disk
with cap y and stable (J, H)_-disk with cap y#(—D) respectively. Further-
more, a tuple (f,X,1) is called a stable (J, H)-broken solution of class
D if it is stable (J, H)-broken solution with a joint y and of class D for some

yeP(H).

It is easily seen that if a stable (J, H)-broken solution (f, ¥, ) with a joint
y and of a class D has at least three principal components then it is also
such a broken solution with another joint different from 7 and of class D.
As usual we may define the equivalence class of such a broken solution in an
obvious way. But it should be noted that two equivalence classes of a given
stable (J, H)-broken solution (f, X,[) with a joint y as a stable (J, H)-broken
solution with a joint y and as a stable (J, H)-broken solution are same. We
still denote by (f) the equivalence class of (f, 3, [). Define the energy of such
a (f) by Ep((f)) = Ep(f) = E4(fls.) + E—(f|s_). Then (2.6) yields that
Ep({f)) < w(D)+2max |H|. Let us denote by Mp(y; H, J) and Mp(H, J)
the spaces of all equivalence classes of the two kinds of maps respectively.
Then

(412) MD(Ha ‘]) = Ugeﬁ(H)ﬂD (:’7, H, J)

However, one should also note that Mp(y; H,J) and Mp(z; H,J) have
probably nonempty intersection for two different iy and z. Thus we cannot
affirm the above unions to be the disjoint unions. But each stable (J, H)-
broken solution has at most 2n = dim M joints. Asin (4.3) and (4.4) we can
prove the union at the right side of (4.12) is actually a finite unions, i.e., other
Mp(y; H, J) are empty except finitely many 3 € 75(H), saying yi,...,y,t >
r because of (4.10) and the fact that Mp(y; H,J) C Mp(y; H,J). Then
we get that

(4.13) Mp(H,J) = U_ 1 Mp(y;; H, J).

Note that by the above assumptions if ¢ > r then Mp(y;; H,J) = () for
r < 4 < t. Unlike in (4.10) the union at the right side is not neces-
sarily disjoint. However, as in Proposition 2.5 one easily shows that the
spaces Mp(y; H,J) and Mp(H,J) equipped with the weak C*-topology
are the Hausdorff compactifications of Mp(y; H,J) and Mp(H, J) respec-
tively (cf. [LiuT1]). Moreover, the notions of the corresponding stable Lf-
broken maps may also be introduced in the similar way. Let My (7; H, J)
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and ﬂg (H,J) be the corresponding virtual moduli cycles to them respec-
tively. Consider the evaluation maps

EVY,(§) : Mn(§: H, J) — M x M and EVY, : M%(H, J) — M x M

given by EV,(y)(f) = (f(2-), f(21)) and EV(f) = (f(2-), f(24)), where
z_ and zy two double points on the chain of the principal components of

the domain of f (cf. Def. 2.1). For the map E, x Ej in (4.7), if
(4.14) (@) — u(b) +261(D) = 0,

then for a generic (h,g) € O(hp) x R we get two (rational) intersection
numbers

(4.15) n%(a,b,7) := (Es x E;)-EV%(7) and
np(a,b) i= (B, x By) - EVp,
which are independent of choices of generic v and (h, g) € O(hg) x R.

Proposition 4.3. Under the above assumptions it holds that

(4.16) n%(a,b,7) = n'{ (a,7) -1 (b,F4(~D)),
(4.17) n'h(a,b) =Y nih(a,b, 7).
=1

From these it easily follows that (4.5) and (4.9) become
(4.18) mY _({a, A): (b, B)) = (E, x E}) - EVi_y4.

Proof of Proposition 4.3. We first prove (4.16). By the definition in (3.2)
the rational numbers nf(a,@ and n” (b,yt(—D)) are independent of the
choices of generic small v and v~. Therefore, we only need to prove (4.16)
for suitable regular v and v*. Notice that Mp(y; H,J) can be identified
with the product

My (y;H,J) x M_(yt(—-D); H, J)
by the map (f,%,1) — ((f|s,, 24+, 1"), (fls_,$_,17)). More generally, let
By, H), BYMGH) and BP*(yt(—D); H)

be the corresponding Li—stable map spaces then the first one can be iden-
tified with the product space Bi’k(ﬂ; H) x B’i’k(gjlj(—D); H) by the natural
map

(419) GL: (<f+72+,L+>7 <f7,27,é_>) = <f+ Uy f*aEJr U 277[’_ UZ—>
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We shall prove that a virtual moduli cycle MVQ@; H,J) for Mp(y; H,J)
naturally induces the virtual moduli cycle ./\/li (y; H,J) for M (y; H,J)
and that M” (g4(—D); H,J) for M_(g4(—D); H,J) such that
(4200  Mp(y: H,J)

= {Fsbo|(fr f-) € M (5 H,J) x M (G#(=D); H, )}
Once it is proved. Note that for f = fit,f- = (f4, f-) € Mp(¥; H, J),

v vt vo
EVp@)(f) = (EVE (9)(f+), EVZ (4 ( D))(f-))-
By (4.15) and (4.20), for a generic choice of (h,g) € O(hy) x R we have
np(a,b,9) = (B4 x Ey) - EV)(7)

= (Eq x By) - (BVY (5) x BV (74(=D))

= (B, EVY @) x (B - EVZ (74(-D))

=Y (@) -n” (b, JH(=D)).
Namely, (4.16) holds. In order to prove (4.20) we follow [LluTl7 LiuT2] and
[LiuT3] to choose ﬁnitely many points (f;7) = (fi, Zj,ll ) € My(y; H,J)
and (f;) = (f;,%;,1;) € M_(g4(~D); H,J), and their open neighbor-
hoods W;" = W; () in BYM@H) and those W; = Wi ((f;))
in B’i’k@ﬁ(—D);H), i=1,...,my, 7 =1,...,m_, such that the following
hold:

(i) W (y) := U W, and W~ (gt(—D)) = m’lW_ are, respectively,
open neighborhoods of M, (y; H, J) in Bp’ (y; H) and those of
M_(5t(=D); H, J) in B2 (73(—=D); H).

(i) W.* and W, have the umformlzers (W+ 't 7)) and (W o m)

7 Y 7 ) fL ] ) .]
respectlvely, i=1,....mp,7=1,....,m_.

(iii) {(W+ I, ;L) }Z J; and {(W ,F] )T )}Zn__l constitute the orbifold

atlases on W (y) and W~ (y#(—D)) respectively.
(iv) There exist the local orbifold bundles [,+ — VV+ and [, — W with

uniformizing groups F;r and I';" respectively.
(v) There exist two obvious smooth sections

EIH Wty — £t = U?Q{ET and
Oy W (GH(=D)) — L~ = U5 L
such that their zero sets are M (y; H,J) and M_(y(-D); H, J) re-
spectively, and that they may be lifted to the collections {(‘9 1
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of T’/ -equivariant sections of Zj‘ — V[N/iJr and those {5;131};”:‘1 of I'; -

equivariant sections of EN; — /V[7]7 respectively.

As defined above (2.13) we have corresponding index sets
NE = {Ic{1,....mT} | W = N WE # 0}

For I = {i1,...,ip} € NT and J = {j1,...,J;} € N~ we denote by
rf =1Lk, ij and I'; = [[{_; ;. Correspondingly, we have also the
fibre products

~F+ ..

Wit ={af = (@ ier |7 (2]) = ) (xir) € Wi, Vi, i’ € T},

—r- _ _ -, _ N

W, ={y; = (yj )j€J|7rj (y; ) = Wj'(yj’) ceWy, Vi, 5" € J}

—~ 71+ P

and the projections 7 : WIF’ — W, and 7 : W;" — Wy . ForI,LI' e N*
with I € I’ and J,J' € N~ with J C J’ we have also obvious projections
w}rl, and 75 5 satisfying 7r;7 o 7TI+I, = 7r;r and 7, om;;, = m;. Follow-

ing [LiuT3] we may construct the desingularizations of W and W~ as
follows:

WP+:{/I/[7?+,W}L’I,|ICI'EN+} and
wr™ = {Wf_,wjj,u C J’eN*}.

By (2.15) and (2.16), for every I C N'* (resp. J C N7) there exists a subset
V;" Cc W} (resp. V; C W) such that:

(a) M (i H, J) C Upen Vit (resp. M_(5(—D); H, J) C Ujenr-Vy):

(b) VANV #0 (vesp. V;, NV, #0) only when I C I’ (resp. J C J').
—~71t —~T1 ~
Then one can obtain from VVIF I (resp. W;J ) the desingularization VIF

~T— —t -

resp. V7)Y of the restriction of W’ resp. WY to Vi resp. V; ). Let
J 1 J 1 J

us denote by

+
I

~ ~7F
v = {V[F’ T ’ Icr e/\ﬁ} and

v = {?fJ,w;J, JcJ e/\/—}.
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+ /\F+ ~T~
With the same way we may use £+ and E to construct £I , L7 and L7,

L J" for I € NT and J € N, and obtain the following systems of bundles

—~ 1t
(W) (ZT?,WIFI> (IeN*} and

)~

(£ .vm) {(ﬁfﬁﬁ) \fe/v*},
)~
-1

( ,WF <E~TJ,W§;> ‘JE./\/'} and

gt AP

() = {(87.957) |ren}.
In particular, (EF+,VF+> and (EF_,?F_) are also the systems of the
stratified Banach bundles. For i = 1,...,my, j = 1,...,m_ , let (fi;) =
(f{tyf;) and

Wiz = {{g7y97) | (g7) e W;", (g7) e W} and

Wi ={g"tyg |gT €W, g~ e W}
Then (f;;) € Mp(y; H,J) and {W;;|1 <i<m,1<j<m_} is a covering
of Mp(y; H,J). Moreover, each W;; has a uniformizer (W;;,I';;, m;;) with

Dy =T xT; and mj;(g*t,97) = GL(x, (¢7), 7, (97)).

The action of I';; on Ww is given by (¢7,07)-(9,97) = (¢ - g, 07 -g7).
As in §2 we ve may construct the local orbifold bundle £;; — W;; uniformized
by Llj — VVU with uniformizing group I';;. Moreover, there exists a natural
section 8H7J W — E U; ;W;; whose zero set is M p(y; H, J) and that lifts

to a collection { | 1<i<my, 1< < m_ } of I';j-equivariant sections
of Ezj — WZJ Here 8J 8JH and 8JH satisfy: For g = g*t,9~ € Wij and
fe(L Z])g =If (/\0 Yg*TM)) it must hold that

Dzy

7+7i 7_7_7
5 €= (0 m(Els+))8(05 1 (Els-))
because two terms at the right side are the same when restricted to X NX .
Here X and ¥~ are the domains of g™ and g~ respectively. For given f, €

BY¥(G; H) and f- € BP*(G#(~D); H) the elements £+ € LE_ (AY!(f1TM))
and £ € LY (A%Y(f*TM)) might not be glued into one of
LY (N (faty f-)TM)).

Thus we might not glue £+ and £~ in general.
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Also denote by N = N* x N~. For (I,J) and (I',J') in N we say
(I,J) c (I'yJ')if I c I'" and J C J'. Corresponding to this covering we
have Wy jy = GL(W; x W), T(; 5y =7 @ T and the system of bundles

AT Ty ) (', J7)
(W) = { (255 W05 ) smasmin) | (L) € (1L J) e N}
AT Ty T plan 74570
L5 V) = {(E5) V55 ) smans iy | (L) € (1,0 e N}
Let fij = /" 8,f;” and R(fij) be the cokernel of D (8757 ) (fiy) in (L),
as before. Take smooth cut-off functions 3 (f;") on the domain X of f;" and
ﬁe(f_) on that X of f_ supported outside of the e-neighborhood of their
double points. Then Be(f;F) and Be( fi ) naturally determine a smooth cut-off

function, denoted by Be(fi;) = ﬂe(ff)jjﬁe(fj ), on the domain ¥;; = thth_
of f;; supported outside of the e-neighborhood of their double points. As in
Step 1 in §2.2 and (2.19) we may use these to define corresponding spaces

R(fij) and  R({fi;}) = &2% ©j2; Re(fij)-
Now as in (2.18) we take the smooth I'j -invariant cut-off functions v(f;")
on WJr and I'; -invariant cut-off functions y(f;) on W such that for each

vij € Re(fij) (whlch may be written as Vj_ﬁl/j for some v;” € R((f;") with
domain X} and v; € Re(f;") with domain X7),

WD Wglsr =95 vt and () viglys =) vy

will give rise to the global section

i =l = {(wlsr), = (), 11 en}

of (L, V1) and that

;: Vij|2.‘ = {(Vij|z.—)J = (f)b] | J GN_}
of (L=, V™) respectively. Then v(f;")#y(f;7) - 73; (defined by (v(£;")tv(f;)-
Vzg)( 19;) =(f) 9 () g;) - vig (gz tg; ) can yield a global section

v ={(Wi5) 1,01 (I, J) € N} of (L, V). For § > 0 small enough, it follows as
before that for a generic choice of v € R§({fi;}) the global section

v 14 =D _
52}1 = {SD(LJ) =+ | (L J) € N},
transversal to the zero section. Fix such a regular v. We obtain a virtual
moduli cycle
— 1 v
Mp(y; H,J) = Z T { M(”)( ;H,J)—>W}.
uen Tl
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Here MV(I D H,J) = (SV(I )~=1(0). Note that v can be expressed as
B EB VZ]WIthI/Z]—I/ jju € R(fij),i=1,....omyandj=1,...,m_.
We put

moy m4 m_ m_
(4.21) vt = E Vij’zj = E v and 7 = E Z/Z'j‘E; = g v
i=1 i=1 j=1 j=1

They are the global section of (£, V1) and that of (£, V™) respectively.
We assert that 5; g + Ut (resp. 5;7 g + 77) is also transversal to the zero
section of (LF, V1) (resp. (£, V™)). We only prove the assertion for 5IH+
vT. Firstly, using (4.19) it is not hard to check that f € Mgl"]) (y; H,J)
it and only if f = fT#,f~ for some f* € (9} + 7)"'(0) and f~ €
(075 +75)71(0). Next, by (4.21) we have

m4 m4 my
=) vy = {Z(Vﬁj!zg)l ’ I €N+} = {Z(V?)I ‘ I €N+}-
i=1 i=1 i=1
For a given f* € (ng + 77)7(0) we choose any f~ € (9, + ;) (0)
and obtain a f = f*§,f~ € Mgw) (y; H,J). Note that we can always
extend any ¢t e (2+)f+ into an element £ € (A( 7))y Since E?H + 1)
V( 1,J) — £( 1,7) is transversal to the zero section we have n € TfV( 1,7) such

that D(E)J’H + 7(1.0)(n) = & This implies that D(Q‘LH + 77 ) () = €T
The assertion is proved. In particular we obtain two virtual moduli cycles

M) = Y 1+{7T1+¢M:’+(?7;H,J)—>W*},
IeENT 7
I 1 B o -
M G0yt = 3 oy MO G-y — )
Je/\/*| /|

Here M7 (3 H,J) = (0 + 77)71(0) and M™ (§4(~D); H,J) = (D3 +
77)71(0). Now (4.19) and the facts that m(; ;) = mf x 7; and [I'7y| =
T} x T =|T]||T;]| together lead to

MG H, J) = M (G H,J) x M (§i(~D): H,J).
This is equivalent to (4.20).

Next we prove (4.17). The ideas are similar to the proof of (4.16). Denote
by Ui = [yi, wz] By (4.13), fori = 1,. .., t, we take small neighborhoods I/Vl(i)
centred at (fl ) € Mp(y;; H,J) in Bp (Uis H), l =1;—1+1,...,li—1+1; with
lo = 1, such that {Wl(l }l:liilJr1 constitutes a finite covering of Mp (7;; H, J)

satisfying the requirements to construct the virtual moduli cycle. Let El(i) —
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W(i) be the local orbifold bundle uniformized by El(l) — Wl(i) with uniformiz-

i) (4)

ing group I‘( and projection m;”, and

o W= | W go= (] £,

I=l;_1+1 I=l;—1+1
D t l; t l; )
Baw=J U woc-J U
i=11=l;_1+1 i=11=l;_1+1

be the obvious sections whose zero sets are Mp(y;; H, J) and Mp(H, J) re-
spectively. Let N be the nerve of the covering {Wl(z) }éi:li—l 1 of Mp(ys H
J),i=1,...,t,and N be that of the covering Uﬁzl{W/l(i)}ﬁi:li_1+1 of Mp(H

J) as before. The elements of NV and those of N are denoted by I and
I respectively. Correspondingly, we have the bundle systems

@
(£r vy = {(ﬁléﬁ),vﬂﬂ”> ‘I(") e/\/“)},
(L8 VY = {(L, Vi) [ Te N

As in (2.18) let Re({fl(i)}) =, @iizli—l-i-l Re(fl(i)) be the corresponding
finite dimensional space that is used to construct the virtual moduli cycles
from (£', V) and 5IJ)7H. Then for a generic small v € R°({f, Z)}) we obtain

. _ 5 D _
a global section 7 : VI' — LT such that S% = {S¥ = Oyp+7r|l e N}
is transversal to the zero section. As above we may prove that ¥ induces a
global section (9 : VI 5 2T such that

e , ,
SI/()_{SDI() 8‘(])[—[D+7§Z()2 ‘ I(Z)GN(Z)}

is also transversal to the zero section for each 7. Let

Mp(H, J) = T |{m MP(H,J)— W} and

IeN
A LI B0 oy 0)
Mp s H,J) = Y 7 ™ MB @ HT) = WO
1oenv® [Fid
i =1,...,t, be the corresponding virtual moduli cycles, where

z) (4) 1
ME(H,J) = (S)7(0) and Mp" @i H,9) = (S57)(0).
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P (%)
By (4.10) the top strata of M, (H,J) can only contain those of Mp (7;;
H,J),i=1,...,r. Other top strata are all empty. Thus

——v —u(®
TMp(H,J)=VU_TMp (y;; H,J).
The union is also disjoint because y;, i = 1,...,r, are different. Since (4.14)

implies that the intersections in (4.15) may only occur in the top strata we

arrive at
T

(Ey x By) - BV =Y (B, x Ey) - EVH ().
i=1
This completes the proof of (4.17). O

Step 3. Now we need to introduce a kind of deformation spaces for under-
standing the right side of (4.18). For p > 0 and f: R x S' — M we define

d5,m,f by

(4.22) Oym,f(s,t) = 0sf(s,t)
+ J()Of — (Br(s+p+1)-Br(p+1—35)Xul(t, f)) =0,
where (34 is as in §2. For such a map f we define the energy of it by

00 1
(4.23) E,(f) ;_/_ /0|8sf\f“dsdt.

By the removable singularity theorem, E,(f) < +oo implies that f can be
extended into a smooth map from CP! ~ {—0o} UR x S' U {cc} to M
which is also J-holomorphic near 0 and oco. For a given D € ' we denote
by Mp(H,,J) the space of all maps satisfying (4.22), having finite energy
and representing the class D. To compactify it we introduce:

Definition 4.4. Given D € I" and a semistable F-curve (3, [) with a unique
principal component (cf. Def. 2.1), a continuous map f : X — M is called a
stable (J, H,)-map of a class D if it represents D in the usual sense and
also satisfies:

(1) On the unique principal component P with cylindrical coordinate (s, ?),
P = flp—q-_ ..y satisfies: d5,u, ¥ =0and E,(fF) < +oc.
(2) The restriction fiB of f to each bubble component B; is J-holomorphic,

and the domain of each homologically trivial bubble component is
stable.

_ We may also define the equivalence class of such a map. Denote by
Mp(H,,J) the space of all equivalence classes of such maps. The energy of
f is defined by

BN = | Z /O 0w dsdt + > /B e
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From the arguments in [Sch3, 4.2] it follows that
(4.24) E,(f) < w(D) +2max |H|.
As usual, for any p > 0 we may construct the virtual moduli cycle
ME’LA(HP, J) of dimension 2n + 2¢;1(B — A) corresponding to the space
Mp_a(Hp,J). Consider the evaluation

B Mg a(Hp, J) = M x M, = (f(2-), f(2)).

By (4.2), for a generic (h,g) € O(hy) x R we get a rational intersection
number

(4.25) n'y (a,b,h,g;Hy J) = (B, x Ep)-E%_,.
Deﬁne (\II o (I))p : QC*(M7w7hag7Q> - QC*(M7w7h7ng) by
(T o ®),((a, A)) = > nfa(ab g HyJ) - (b, B).

1((0,B))=p({a,A))
Proposition 4.5. For every p >0, (Vo ®), is a chain homomorphism.
Proof. Firstly, note that if n'giA(a, b,h,g;Hy, J) # 0 then Mp_a(H,,J) #
() and thus it follows from (4.24) that 0 < w(B — A) 4+ 2max |H|. Using the
fact, as in Step 1 we can prove that (¥ o®), indeed maps QC (M, w; h, g; Q)
into itself.

Next, we show that (¥ o ®), commutes with the boundary operator 9%
in (1.6). It suffices to prove that do (¥ o ®),({a, A)) = (Vo ®),00%((a, A))
for each (a, A) € (Crit(h) xI')g. The direct computation shows that the left
equals

> > nldonf_jla,dh,g; Hp,J)| - (c, B),
wl(e,B))=k—1 [ u(d)=p(c)+1
and the right does

Z Z n(a, b)ng’_A(b, ¢, h,g;H,, J)| - (c, B).
n((e,B))=k=1 | u(b)=pn(a)—1
Therefore we only need to prove
Z n(d, c)nlg_A(a, d,h,g;H,,J)
pu(d)=p(c)+1
= Z n(a, b)ng’_A(b, c,h,g;Hp,, J).
p(b)=p(a)—1

This can be proved as Propositions 3.5 and 3.6. In fact, by
pu(a) = p(c) +2c1(B — A) = p((a, A)) — p({c, B)) =1,
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for a generic (h,g) € O(ho) x R the fibre product
(Wu(av h, g) X WS(Cv h, g)) XEZXEz:Equ_A ﬂE—A(I—IP? J)

is a collection of compatible local cornered smooth manifolds of dimension
1 and with the natural orientations. Its boundary is given by the union

(Uu(b):u(a)—ln(a7 b) ! (Wu(ba hag) X WS(C7 ha g)) X Rpe MUBp—A(Hpv J)) U
(= Un(@=u(e)+1 n(d, ¢) - (W*(a, h, g) x W (d, b, 9)) X g,y M§5_4(Hp, J))

because M B—a(H,,J) has no components of codimension 1. Here R, and

Ry, are representing E X Ed = EY , and Eb X E = E% ,. Hence as
before the conclusions can follow from

$0(W"(a, h,g) x W' (e, h, 9) X g oo ME_a(Hp, J)) =0
(]

Our purpose is to prove that (¥ o ®), is chain homotopy equivalent to
W o ®. To this goal let us consider the space

Mp-a({H,}, J) = Upzo{p} X Mp_a(Hp, J).

From the arguments in [HS1, S1, S2] and [Sch2] it is not hard to derive
that for any sequence u™ € Mp_4(H,,,,J) with p,, — 400 there must exist
a subsequence (still denoted by u™), finitely many elements Zi,...,Z €
P(H), and ug € M+(§c'1;9,J), u; € M(fj,§j+1;H, J), 7 =1,...,k—1,
ur € M_(Ty; H,J), and sequences —p,, — 1 = s < -+ < sk = p,, + 1,
such that u™(s + si,,t) converge modulo bubbling to wu;(s,t) for i =
0,...,k (see [S2] for the precise definition of this term). Moreover, if w!,
i=1,...,14;, are all bubbles attached to u;, then the connected sum of all u;,
wli, l=1,...,i;,i=0,...,k, represents the class B — A. This convergence
result shows that the stabilized space of Mp_a({H,},J) is given by

(4.26) Mp-a({Hp}, J) = Upeo, 40011} X Mp_a(H,, J),

where Mp_A(Hj oo, J) is understood as Mp_4(H,J) in (4.11) with D re-
placed by B — A, and [0, +o0] = [0,+00) U {+0o0} is the compactification
of [0, +00) equipped with the structure of a bounded manifold obtained by

requiring that
h:[0,400] — [0,1], t — t/\/1+ t?

is a diffeomorphism. Then by the standard arguments we can prove that
the space in (4.26) is compact and Hausdorff with respect to the weak C*°-
topology. In addition, one has the obvious continuous evaluation map

(4.27) Ep_a: Mp_a({H,},J) — M x M

given by Zp_a(p, (f) = (f(22), f(24)) for (f) € Mp_a(H,,J) with p €
0,400), and Zp_a(+o0, () = (f(2-), f(24)) for (f) € Mp—a(Hyoo, J)-
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__As above we can construct an associated virtual moduli cycle
My_4({H,},J) of dimension 2n + 2¢1(B — A) + 1 with the boundary
OMp_A({H,}, J) = (=Mp_4(Ho, J)) U M3 (Hyoo, J).

Moreover, the evaluation map in (4.27) can naturally be extended onto the
virtual moduli cycle, denoted by

B Mp_a({Hy},J) — M x M.
Let n? ,(a,b, h, g; Ho, J) (vesp. n'g>(a,b,h g,H+OO,J)) denote the inter-
section number of E, x Ej and the restriction of Z% , to Mpy_4(Ho,J)
(resp. M54 (H o0, J)). Note that M54 (H 0, J) is just a virtual moduli
cycle associated with the space Mp_a(H,J) defined in (4.12). By (4.18)
we get
(4.28)  Wod((a,A)) = > 0’5 (a, b, hy g3 Hyoo, J) - (b, B).

p((b,B))=p((a,A))

As in [F, SZ] and [S2] we wish to define a homomorphism

P QC*(M7wahaga Q) - QO*(M7w7h‘ag7Q)

such that
(4.29) Vod— (Vod)y=0% + 0d?.
For h € O(hy), (a,A) € (Crit(h) x I'); and (d,D) € (Crit(h) x I')gt1,

the equality p(a) — p(d) + 2¢1(D — A) + 1 = 0 implies that for a generic
(h,g) € O(hg) x R the evaluations E, x Ej and Z% _, are intersecting
transversally. So the rational intersection number

np-ala,d, h,g; {Hy},J) := (Eq x Eq) - Ep_4
is well-defined. Then it is not difficult to check that ¢ defined by
(4.30)  ¢((a,A)) = > np_ala,d, h,g;{H,},J) - (d, D)
n((d,D))=p((a,A))+1
is an endomorphism of QC,(M,w;h, g; Q) and satisfies (4.29). That is,
Vo d((a, A)) = (Yo ®)o((a, A)) = 8% ((a, A)) + 3% ((a, A))

for each (a, A) € Crit(h) x I". In fact, by the direct computation it suffice
to prove

(431) n%+oj4(a7 b, h, 9; H+007 ']) - nlllgofA(aa b, h, g; Hy, J)
= Z nB—A(aa C7h>g; {HP},J)TL(C, b)
w(O)=(b)+1

— > n(a,d)np_a(d, b, h,g; {H,},J)
m(d)=p(a)—1

/-\
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for each (b, B) € Crit(h) x I" with u((b, B)) = u({(a, A)) To prove it we take
a generlc (h,g) € O(hg) x R so that the evaluations E, x E;, E. x E. and

E; x E, are transversal to =% 4. By Lemmas 3.1 and 3.2, for a generic

(h, g) the fibre product

(W*(a,h, g) x W (b, h.9)) Xz, Mpa({H,}, )

is a collection of compatible local cornered smooth manifolds of dimension
1 and with the natural orientations. Its boundary is given by

(_(Wu(av h, g) X Ws(ba h7g)) XEZXEEZE;(LA ﬂgLA(H()? J))

U ((Wu(a7 h,g) x Ws(b7 h,g)) XEZXEEZEVVB A MV+OO A(Hyoo, J))

U U  n@d) (W a hg) x W(d, h,9)) X r,y Mp_a({H}, )
m(d)=p(a)—1

U U n(e,b): (W (e hy 9) x W (b hy 9))x Ry M a({Hp}, 7).

p(c)=p(b)+1
Here Ryg = E, x Ej = Z%_, and Ry, = E, x E; = Z%_,. This implies
(4.31). To sum up we have proved:

Proposition 4.6. Vo ® is chain homotopy equivalent to (¥ o ®)y.

Step 4. We need to make further homotopy. For 7 € [0, 1] we define

Dyrmou(s, t) =0su(s,t) + J(u)(Opu — 7(B+(s + 1) - B (1 — ) X (t,u)) = 0.
In Definition 4.4 we replace 0 J,H, With 0 JrH, and define the corresponding
stable (J,7Hg)-map of class D. Let Mp(7Hy,.J) be the space of all equiv-

alence classes of such maps. For (f) € Mp_a(7Hy,J), as in (4.24) we can
estimate

1
E"(f) ::/0 asfP|3stdt+Z/]3_(fiB>*w < w(B — A) + 2r max |H]|.

As above we can construct a virtual moduli cycle My 4({THo},J) of the
compact space U, ¢ 11{7} X Mp_a(7Ho, J) of dimension 2n+2¢;(B—A)+1
and with boundary

OM_ 4 ({THo}, J) = (—Ms4(0,J)) UM_4(Hy, J).

7111 —
(Actually, Mz_ 4(Ho,J) can be chosen as Mg _4(Hyp, J).) For 7 =0,1 and
a generic (h, g) € O(hg) X R, using the evaluation map

Bl a: Mp_a(THo,J) — M x M, f s (f(2-), f(z4)),
we get the well-defined rational intersection number

n%‘r—A(avbahvg; THOa J) = (EZ X EZ) : %T—A'
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By (4.25) we have
n_a(a,b.hygs Ho, J) = n'f_s(a,b, h,g; Ho, J)
since they are independent of the generic choices of v and (g, h). Therefore,

as in Step 3 we can easily prove that (¥ o @)y and thus ® o ® are chain
homotopy equivalent to (¥ o ®)° defined by

(432)  (To®)’((a,A)= > nh a(a.bhg0,J) (bB).
p((b:B))=p((a,A))
Here as in Proposition 4.5 it can be proved that (¥ o ®)? is a chain ho-

momorphism. We omit it. Now Theorem 4.1 can follow from this and the
following result:

Proposition 4.7. The numbers ngf)_A(a, b,h,g;0,J) at (4.32) satisfies
1 ifa=band A= B,

0 otherwise.

n%O—A(a’ ba h’ga Oa ‘]) = {

Proof. Case 1: A # B. 1In this case Mp_4(0,.J) contains no constant
maps. Moreover, the domain of elements of Mp_4(0,.J) is only O-pointed
semistable F-curves with at least a principal component and the operator
J is invariant under action of the automorphism group of the domain of
a semistable F-curve. Thus as in [LiuT2] the associated virtual moduli

— 0
cycle My 4(0,J) can be required to carry a free S'-action under which the

evaluation is invariant. Hence for a generic (h,g) € O(hg) x R the fibre
product

—u =5 —0
(W (a,h,g) x W (bv hvg)) X MB—A(OaJ)

(EZXEZ):EE(LA

must be empty under the condition (4.2). We get n‘éO_A(a, b,h,g;0,J) =0.

Case 2: A= B. Now Mp_4(0,J) can naturally be identified with M and
_ 0 _

thus Mp_4(0,J) may be taken as Mp_4(0,J). Note that p(a) = p(b) in

the present case and that W"(a, h,g) "W’ (b, h, g) carries a free R-action if

it is nonempty. The conclusions follow naturally. O

Summing up the above arguments we complete the proof of Theorem 4.1.

Remark 4.8. If the Morse function A has only critical points of even in-
dex then @ is a right inverse of ¥ as the chain homomorphisms between
QC.(M,w;h,g;Q) and C.(H, J,v;Q). Indeed, carefully checking the proof
of Th. 4.1 one will find that n'5>,(a, b, h, g; Hyoo, J) —n'5_ 4(a, b, h, g; Ho, J)
= 0in (4.31). The same reasoning yields n%l_A(a, b,h,g; Hy, J) = n”Bf)_A(a, b,
h,g;0,J). By Proposition 4.7 and (4.28) we get that ¥ o ®(({a, A)) = (a, A)
for each (a, A).
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Theorem 4.9. ® o U is chain homotopy equivalent to the identity. Conse-
quently, ® induces a surjective A,-module homomorphism from QH,(h, g; Q)
to HF.(M,w; H, J,v; Q).

Proof. The proof is similar to that of Theorem 4.1. We only give main steps.

Step 1. For every € Py(H) the direct computation gives

PoW(@) = Y m’ (F7)-7
@)=k
m’ @) = > Y (a,3(—A)) Y (a,TH(-A)).
p({a,A))=k

As in the proof of Theorem 4.1 using Proposition 3.4 we can easily prove
the second sum to be finite. That is, there are only finitely many (a, A) €

(Crit(h) x I')g such that n” (a,z§(—A)) - nf (a,yt(—A)) # 0. Actually,
there exist finitely many A € ', saying A1,..., As, such that

M_(TH(~Ai); H, J) # 0 and M (gh(—A:); H, J) # 0
for i =1,...,s. Note that the product n” (a,zZf(—A)) -nf (a,yt(—A)) can
be explained as the intersection number of the product evaluations
EVY x BV« MY (@A), H, J) x M’ (§4(—A); H,J) — M x M
and E) x E : W' (a,h,g) x W*(a,h,g) — M x M,
(B, % By) - (BVY @(~A) x EVY (§3(-A)))
for a generic (h,g) € O(hg) X R, and that the fibre product

v

(W (a.h,g) x W"(a,h.9)) x5 (M (@(~A): H..T) x M (G(~4): H,J))
is an empty set for a generic (h,g) € O(ho) x R even if p((a, A)) # k =
(%) = (7). Here R = E x Bt = EV”" x EVY'. Thus
(4.33)

mi,+($a@

=3 oty ccie(n)r(Ba X By) - (EVY (F8(=A)) x EVY (74(~A)))

= S uccnin(n Soi1 (Ea x By) - (EVY (F(—A)) x BV (BH(—A)))).

Step 2. To understand this sum, for (h,g) € O(hy) xR and p > 0 we denote
by

M, (h,g) = {7 € C%([=p, p], M) | ¥ + V4h(y) = 0}.
It is a compact manifold of dimension 2n and Mg(h,g) can naturally be
identified with M. Using the gluing techniques in the Morse homology (cf.
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Theorem 6.8 in [Lu2]), the natural weak compactification of the noncompact
manifold U,>o M (h, g) of dimension 2n + 1 is given by

UpZOMp(ha g) = U?)iOMp(hv g)a
where
Moo(ha g) = UaECrit(h)Ws(a7 h, g) X W“(a’ h, g)

and the weak convergence of a sequence {vy,} C M, (h,g), pm — 00, to-
wards a pair (u,v) € Moo (h, g) is understood in an obvious way (cf. [AuB],
[Sch1] and [Sch4]). The space has the structure of a manifold with corners
and with boundary

0Upz0M,(h, g) = (=Mao(h,9)) U (Ugecriem W (a, b, g) x W (a, h, g)).
Moreover, there exists a smooth evaluation
Vg UpoM,(h,g) — M x M
given by evp, 4(7) = (v(—p),v(p)) for v € M,(h, g) such that
evh:g|Ws(a,h,g)><Wu(a,h,g) =E. x E, for each a € Crit(h).

We also denote by ev/, , the restriction of evy, 4 to M,(h,g) for 0 < p < oo.
To make further arguments we need to assume that

(4.34) EVY (F#(—A4;) D EVY (08(—4:), i =1,...,s.
These can actually be obtained for a generic small (v~,v") € R x R} by in-
creasing some points f;- e M_(zf(—A;); H,J) and f;r € My (yi(—A;); H, J)

and enlarging the spaces BT in the construction of the virtual moduli cycles.
Using these, for a generic pair (h,g) € O(hg) X R the fibre product

Upmo Mo () % iy (U MY (F4(—Ai); H, J) x M, (5, wh(—Ay); H, J)

is a collection of compatible local cornered smooth manifolds of dimension
1 and with the natural orientations. Here R3 represents ev(h,g) = EV” x
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EVT. Its boundary is the union of the following four sets:
5V i~ —vt
— Mo(h, g) xR, (Uimg M2 (Z8(=Ai)) x ML (y4(=44))),
( U W’(a.h,g) x Wu(a,h,g))

a€Crit(h)
Xy (U MY (@(—A0) x MY (FH(—A2))),
U -m@ - | Mhg)

wZ)=p(z)-1 p>0
%y (VMY (GH(—A0) x M (FH(-A0)) ),

U mE.5- Mg

p(Z)=p(y)+1 p>0
xry (UMY (FH(-A9) x MY (T4~ A1)

Here R; and Rj represent evg’ g = EVY x EV’f and evZ‘fg =EVY x EVi+

respectively, m(Z,2) = 4(C(M"(Z,2))) and m(Z,5) = #H(C(M"(Z,7))).
Lt

Hereafter we omit H,.J in M. (-; H,.J) without confusions. Note that

j:t(( U Ws(a,h,g)qu(a,h,g)>

aeCrit(h)
<R, (O M (@(-40) x ML (@t(-40))
is exactly the number in (4.33), and that because of (4.34),
8(Mo(h, g) xm, (Ui M (FH(—A) x M (FH(~4:)))
is exactly the sum of the intersection numbers
(4.35) f}Evz‘(fﬁ(—Ai)) CEVY (58— 47)).
=1

As in the proof of Theorem 4.1 the above boundary relations lead to:

Proposition 4.10. ® o U is chain homotopy equivalent to the homomor-
phism defined by

(436) BoU(@) = (ZEVT(TL‘ﬁ(Ai))-EVf@ﬁ(Ai)))-ﬂ-

n@=n(@ \i=1
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Now we also need to prove that ® o W is a chain homomorphism from
C.(H, J;Q) to itself yet. The ideas are the same as those of Proposition 4.5.
Let us outline its proof as follows: Firstly, (2.6) implies that if the sum in
(4.35) is not zero then

Fu(y) < max|H| — min w(4;) and Fg(Z) > —max |H| — max w(A4;).
1<i<s 1<i<s
From these it easily follows that ® o W maps C,(H, J; Q) to itself. Next, by
the direct computation we easily reduce the proof of ® o W 0 =9 odo U
to proving that for given = € Px(H) and z € Py_1(H) the following holds:

Z S BV @A) - EVY (JH(-4)) - ni(@. %)

'Ll,u,f])k

Z Z (BVY (F4(—Ay)) - EVY (ZH(—A2)).

Here and in the followmg unions nz(az E/) = H(C(M”(TH(—A;), Z4(—A))))
and n;(7,2) = #(C(M"(Gh(—4;),74(—A;)))). In fact, by (4.34) the fibre
product

M (@H(—A) X pgyom EVV+M+ (28(—4))

is a collection of compatible local cornered smooth manifolds of dimension
1 and with the natural orientations. Its boundary is given by

(Ui @, ) - (M (20— A0) gy g M (H(—A1))))
U (= Uuok M @A) Xyt My @A) 07 ))

Notice that the sum in (4.35) is exactly
P— ~ rewl + o~
(UMY @A) Xy s MY (E(—A)))
They together lead to the desired conclusions.
Step 3. To understand the number in (4.35) we introduce:

Definition 4.11. Given 7,7 € P(H) and a semistable F-curve (3,1) with
at least two principal components (cf. Def. 2.1), a continuous map

foE\A{z1, . zii1, 21, 2N 41 = M

is called a stable (J, H)-broken trajectory if we divide (X,1) into two
semistable F-curve (X_,17) and (X,l7) at some double point z; between
two principal components, 1 < i < Np+1, then f|s._ and f|sx, are the stable
(J, H)_-disk with cap  and stable (J, H),-disk with cap ¥ respectively.
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We can also define its equivalence class in an obvious way. Denote the
space of all such equivalence classes by M_ (Z,y; H,J). Let M_(2,7;
H, J) be its subspace consisting of those elements whose domains have only
two principal components and have no any bubble components. Then the
former is the natural compactification of the latter, and has the virtual
dimension u(z) — p(y). We can, as before, construct an associated virtual
moduli cycle M”_ (,7; H, J) of dimension p(F) — pu(3). Specially, if u(Z) =
wu(y) this virtual moduli cycle determines a well-defined rational number
n” (z,y; H,J) which is independent of a generic choice of v in the obvious
way. As in the proof of Theorem 4.1, by carefully checking the construction

of the virtual moduli cycle we can prove that
n’ (%,;H,J) = EVY (%) -EVY (7).
Moreover, as showed in Step 1 there exist only finitely many A; € T" such

that M_, (Z#(—A;), y8(—A;); H, J) # 0,3 =1,...,s. So the virtual moduli
cycle associated with Uj_; M_ (Z8(—A;), y(—A;); H, J) can be taken as

U MY (T8~ A, TH(—Ad); H, ).

It follows that
B Mo (T8(—A0), Bt (= Ai); H, J))” =Y (F8(—Ay), (= A4); H, J).
i=1

Thus (4.36) becomes

(437)  DoW(@) = > HU M (TH(—A), TH(—A); H, J))” - 7.
w(@)=p(@)

Step 4. Furthermore, for p > 0 and f : R x S' — M we define 5J7pr by

Qe f(s,t) = 0sf(5,4) + J(f)(Oef — (Bs(s = p) + B (=5 = p)) Xu(t, f)) = 0,
where (34 is as in (4.22). For such a map f we still define the energy of it
by (4.23).

Definition 4.12. Given [z, v], [y, w] € P(H) and a semistable F-curve (X, 1)
as in Definition 2.1, a continuous map f : ¥\{21,...,2n,4+1} — M is called a
stable (J, H)’-trajectory if there exist [z,v] = [z1,u1],.. ., [TN, 1, uN,+1]
= [y, w] such that (1), (2), (3) in Def. 2.1 are satisfied unless (i) in Def. 2.1(1)
is replaced by 0 JHP f,fD =0and E,( f,f ) < 400 in some principal component
P,.

Let M(Z,y;J, H?) denote the space of equivalence classes of all stable
(J, H)P-trajectories from Z to y. As in §2 we can prove that this space
is compact according to the weak C°°-topology and construct the corre-
sponding virtual moduli cycle M"(Z,7; J, H?) of dimension u(Z) — u(y).
Specially, if 4(Z) = u(y) we can associate a rational number to it, denoted
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by m"(z,y;J, H?). Consider the space U,>oM(Z,7; J, HP). As before one
easily shows that the natural weak compactification of it is given by

(UpoM(@, 55 J, H?)) U (Ui My (T8(—As), GH(— Ai)s H, ).

Using it we can construct a virtual moduli cycle of dimension 1 and prove:

Proposition 4.13. ® o ¥ in (4.37) is chain homotopy equivalent to the ho-
momorphism given by

(@ow)(@) = > w5 H) -7
w(@)=p(T)

Here we have assumed that (® o W)Y is a chain homomorphism from
C.(H, J;Q) to itself. It can be proved as above. We omit it. As in [F, SZ]
and [LiuT1], by taking a regular homotopy from (J,H) to (J,(B+(-) +
By (—))H) we can prove that (® o ) is chain homotopy equivalent to the
homomorphism defined by

0, ~ —— Ve~ ~
(PoW) (@)= > HCM (@5 H)) 7.
1(@)=p(Z)
Since u(y) = w(F) it is easily checked that #(C(M"(Z,7;J,H))) = 1 as
T =7, and §(C(M"(Z,7;J,H))) = 0 otherwise. That is, ((I>o\Il)0 = ud.
This fact, Proposition 4.13, (4.37) and Proposition 4.10 together prove The-
orem 4.9. ]

Acknowledgements. The author is very grateful to Professors Gang Tian
and Dietmar Salamon for their help in his understanding of Floer homol-
ogy in past years. He would also like to thank Professors Dusa McDuff,
Yong-Geun Oh, Yuli B. Rudyak, Matthias Schwarz and Claude Viterbo for
sending him their preprints on Floer homology and the Arnold conjecture.
Finally, he is also grateful to referees for their many very good improvement
suggestions.

References

[AuB] D.M. Austin and P.J. Braam, Morse-Bott theory and equivariant cohomology,
The Floer Memorial Volume, Progress in Math., 133, Birkh&user, Basel, 1995,
123-183, MR 96i:57037, Zbl 0834.57017.

[En] M. Entov, K-area Hofer metric and geometry of conjugacy classes in Lie groups,
Invent. Math., 146 (2001), 93-141, MR 2002k:53170.
[F] A. Floer, Symplectic fized points and holomorphic spheres, Comm. Math. Phys.,

120 (1989), 575-611, MR 90e:58047, Zbl 0755.58022.

[FuO] K. Fukaya and K. Ono, Arnold conjecture and Gromov-Witten invariant, Topol-
ogy, 38 (1999), 933-1048, MR 2000j:53116, Zbl 0946.53047.


http://www.ams.org/mathscinet-getitem?mr=96i:57037
http://www.emis.de/cgi-bin/MATH-item?0834.57017
http://www.ams.org/mathscinet-getitem?mr=2002k:53170
http://www.ams.org/mathscinet-getitem?mr=90e:58047
http://www.emis.de/cgi-bin/MATH-item?0755.58022
http://www.ams.org/mathscinet-getitem?mr=2000j:53116
http://www.emis.de/cgi-bin/MATH-item?0946.53047

362
(Gr]

[HS1]

[HS2]

[LO]

[LiT]

[LiuT1]
[LiuT?2]

[LiuT3]

[Lul]
[Lu2]

[McS]

[RT1]
[RT2]

S1]

GUANGCUN LU

M. Gromov, Pseudoholomorphic curves in symplectic manifolds, Invent. Math.,
82 (1985), 307-347, MR 87j:53053, Zbl 0592.53025.

H. Hofer and D.A. Salamon, Floer homology and Novikov rings, The Floer
Memorial Volume, Progress in Math., 133, Birkhauser, Basel, 1995, 483-524,
MR 97£:57032, Zbl 0842.58029.

, Rational Floer homology and the general Arnold conjecture, in prepara-
tion.
Lé Hong Van and K. Ono, Cup-length estimate for symplectic fixed points, in ‘Con-
tact and Symplectic Geometry’, ed. by C.B. Thomas, 268-295, Publication of the
Newton Institute, Cambridge Univ. Press, 1996, MR 97m:58078, Zbl 0874.53030.

J. Li and G. Tian, Virtual moduli cycles and Gromov- Witten invariants of general
symplectic manifolds, in ‘Topics in Symplectic 4-Manifolds’ (Irvine, CA, 1996),
47-83, First Int. Press Lect. Ser., I, Internatinal Press, Cambridge, MA, 1998,
MR 2000d:53137, Zbl 0978.53136.

Gang Liu and Gang Tian, Floer homology and Arnold conjecture, J. Differential
Geom., 49 (1998), 1-74, MR 99m:58047, Zbl 0917.58009.

, Weinstein congjecture and GW invariants, Commun. Contemp. Math., 2
(2000), 405-459, MR, 2001k:53172, Zbl 1008.53071.

, On the equivalence of multiplicative structures in Floer homology and
quantum homology, Acta Mathematicae Sinica, English Series, 15 (1999), 53-80,
MR 2001g:53154, Zbl 0928.53041.

Guangcun Lu, The Arnold conjecture for a product of weakly monotone manifolds,
Chinese. J. Math., 24, 2(1996), 145-158, MR 97{:58057, Zbl 0858.58014.

Guangcun Lu, Arnold conjecture and an explicit isomorphism between Floer ho-
mology and quantum homology, math.DG /0011155, revised V3, 23 Aug 2001.

D. McDuff and D. Salamon, J-holomorphic curves and quantum cohomology,
University Lec. Series, 6, Amer. Math. Soc., Providence, 1994, MR, 95g:58026,
Zbl 0809.53002.

Yong-Geun Oh, Mini-max theory, speciral invariants and geometry of the Hamil-
tonian diffeomorphism group, math.SG /0206092, V2, 10 Jun 2002.

K. Ono, On the Arnold conjecture for weakly monotone symplectic manifolds,
Invent. Math., 119 (1995) 519-537, MR, 96a:58046, Zbl 0823.53025.

S. Piunikhin, D. Salamon and M. Schwarz, Symplectic Floer-Donaldson theory
and quantum cohomology, in ‘Contact and Symplectic Geomerty’, edited by C.B.
Thomas, Newton Institute Publications, Cambridge University Press, 1996, 171-
200, MR 97m:57053, Zbl 0874.53031.

Y. Ruan, Virtual neighborhood and pseudo-holomorphic curves, Turkish J. Math.,
23 (1999), 161-231, MR 2002b:53138, Zbl 0967.53055.

Y. Ruan and G. Tian, A mathematical theory of quantum cohomology, J. Differ-
ential Geom., 42 (1995), 259-367, MR 96m:58033, Zbl 0860.58005.

, Bott-type symplectic Floer cohomology and its multiplication structures,
Math. Res. Letters, 2 (1995), 203-219, MR 96a:57074, Zbl 0844.57023.

D. Salamon, Morse theory, the Conley index and Floer homology, Bull. London
Math. Soc., 22 (1990), 113-140, MR 92a:58028, Zbl 0709.58011.



http://www.ams.org/mathscinet-getitem?mr=87j:53053
http://www.emis.de/cgi-bin/MATH-item?0592.53025
http://www.ams.org/mathscinet-getitem?mr=97f:57032
http://www.emis.de/cgi-bin/MATH-item?0842.58029
http://www.ams.org/mathscinet-getitem?mr=97m:58078
http://www.emis.de/cgi-bin/MATH-item?0874.53030
http://www.ams.org/mathscinet-getitem?mr=2000d:53137
http://www.emis.de/cgi-bin/MATH-item?0978.53136
http://www.ams.org/mathscinet-getitem?mr=99m:58047
http://www.emis.de/cgi-bin/MATH-item?0917.58009
http://www.ams.org/mathscinet-getitem?mr=2001k:53172
http://www.emis.de/cgi-bin/MATH-item?1008.53071
http://www.ams.org/mathscinet-getitem?mr=2001g:53154
http://www.emis.de/cgi-bin/MATH-item?0928.53041
http://www.ams.org/mathscinet-getitem?mr=97f:58057
http://www.emis.de/cgi-bin/MATH-item?0858.58014
http://arXiv.org/abs/math.DG/0011155
http://www.ams.org/mathscinet-getitem?mr=95g:58026
http://www.emis.de/cgi-bin/MATH-item?0809.53002
http://arXiv.org/abs/math.SG/0206092
http://www.ams.org/mathscinet-getitem?mr=96a:58046
http://www.emis.de/cgi-bin/MATH-item?0823.53025
http://www.ams.org/mathscinet-getitem?mr=97m:57053
http://www.emis.de/cgi-bin/MATH-item?0874.53031
http://www.ams.org/mathscinet-getitem?mr=2002b:53138
http://www.emis.de/cgi-bin/MATH-item?0967.53055
http://www.ams.org/mathscinet-getitem?mr=96m:58033
http://www.emis.de/cgi-bin/MATH-item?0860.58005
http://www.ams.org/mathscinet-getitem?mr=96a:57074
http://www.emis.de/cgi-bin/MATH-item?0844.57023
http://www.ams.org/mathscinet-getitem?mr=92a:58028
http://www.emis.de/cgi-bin/MATH-item?0709.58011

(SZ]

[Sch1]
[Sch2]
[Sch3)]
[Sch4]

[Se]

[Sie]

FLOER AND QUANTUM HOMOLOGIES 363

, Lectures on Floer homology, Symplectic Geometry and Topology (Park
City, UT, 1997), IAS/Park City Mathematics Series, 7, Amer. Math. Soc., Prov-
idence, RI, 1999, 145-229, MR 2000g:53100.

D. Salamon and E. Zehnder, Morse theory for periodic solutions of Hamiltonian
systems and the Maslov index, Comm. Pure. Appl. Math., XLV (1992), 1303-
1360, MR 93g:58028, Zbl 0766.58023.

M. Schwarz, Morse Homology, Progress in Mathematics, 111, Birkh&user, Basel,
1993, MR 95a:58022, Zbl 0806.57020.

, A quantum cup-length estimate for symplectic fized points, Invent. Math.,
133 (1998), 353-397, MR 99e:58041, Zbl 0951.53053.

, On the action spectrum for closed symplectically aspherical manifolds,
Pacific J. Math., 193(2) (2000), 419-461, MR 2001¢:53113.

, Equivalences for Morse homology, Contemp. Math., 246 (1999), 197-216,
MR 2000j:57070, Zbl 0951.55009.

P. Seidel, w1 of symplectic automorphism groups and invertibles in quantum
homology rings, Geom. Funct. Anal., 7(6) (1997), 1046-1095, MR 99b:57068,
Zbl 0928.53042.

B. Siebert, Gromov-Witten invariants for general symplectic manifolds,
dg-ga,/9608005.

Received November 20, 2001 and revised June 6, 2003. The author was supported by the
NNSF 19971045 and 10371007 of China.

DEPARTMENT OF MATHEMATICS
BEIJING NORMAL UNIVERSITY
BEiNG 100875

P.R. CHINA

E-mail address: gclu@bnu.edu.cn


http://www.ams.org/mathscinet-getitem?mr=2000g:53100
http://www.ams.org/mathscinet-getitem?mr=93g:58028
http://www.emis.de/cgi-bin/MATH-item?0766.58023
http://www.ams.org/mathscinet-getitem?mr=95a:58022
http://www.emis.de/cgi-bin/MATH-item?0806.57020
http://www.ams.org/mathscinet-getitem?mr=99e:58041
http://www.emis.de/cgi-bin/MATH-item?0951.53053
http://www.pacjmath.org/2000/193_419.html
http://www.ams.org/mathscinet-getitem?mr=2001c:53113
http://www.ams.org/mathscinet-getitem?mr=2000j:57070
http://www.emis.de/cgi-bin/MATH-item?0951.55009
http://www.ams.org/mathscinet-getitem?mr=99b:57068
http://www.emis.de/cgi-bin/MATH-item?0928.53042
http://arXiv.org/abs/dg-ga/9608005
mailto:gclu@bnu.edu.cn

