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Let Ω be an open subset in Rn (n ≥ 3). In this paper,
we study the partial regularity for stationary positive weak
solutions of the equation

(1.1) ∆u + h1(x)u + h2(x)uα = 0 in Ω.

We prove that if α > n+2
n−2

, and u ∈ H1(Ω) ∩ Lα+1(Ω) is a
stationary positive weak solution of (1.1), then the Hausdorff
dimension of the singular set of u is less than n−2α+1

α−1
, which

generalizes the main results in Pacard 1993 and Pacard 1994.

1. Introduction.

Let Ω be an open subset in Rn (n ≥ 3). In this paper, we prove a partial
regularity result for positive weak solutions of the equation

∆u+ h1(x)u+ h2(x)uα = 0 in Ω,(1.1)

where α > n+2
n−2 , hi ∈ C1(Ω), ai ≤ hi(x) ≤ bi, 0 < ai < bi and |∇loghi(x)| ≤

β (i = 1, 2) for x ∈ Ω. As we know, there is not much known about the
properties of the weak solutions of (1.1).

We say that u is a positive weak solution of (1.1) in Ω if u(x) ≥ 0 for a.e.
x ∈ Ω and for all φ ∈ C∞(Ω) with compact support in Ω,

−
∫

Ω
u∆φdx =

∫
Ω
[h1(x)u+ h2(x)uα]φ(x)dx.(1.2)

We say that a weak solution u is stationary, if it satisfies

(1.3)
∫

Ω

[
∂u

∂xi

∂u

∂xj

∂φj

∂xi
− 1

2
|∇u|2∂φ

i

∂xi
+

1
2
u2∂h1

∂xi
φi +

1
2
h1u

2∂φ
i

∂xi

+
1

α+ 1
uα+1∂h2

∂xi
φi +

1
α+ 1

h2u
α+1∂φ

i

∂xi

]
dx = 0

for all regular vector field φ with compact support in Ω (summation over i
and j is understood).
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For weak solutions in H1(Ω)∩Lα+1(Ω) this identity is obtained by assum-
ing that the functional E(u) is stationary with respect to domain variations,
that is,

d

dt
E(ut)|t=0 = 0

where

E(u) =
1
2

∫
Ω
|∇u|2dx− 1

2

∫
Ω
h1u

2 − 1
α+ 1

∫
Ω
h2u

α+1dx

and ut(x) = u(x+ tφ(x)).
Let u ∈ H1(Ω)∩Lα+1(Ω) be a positive weak solution of (1.1). We denote

by Σ the set of points x ∈ Ω such that u is not bounded in any neighborhood
W of x in Ω. If u is bounded in a neighborhood of x then the classical reg-
ularity theory ensures that u is regular in the neighborhood of x. Therefore
Σ is the singular set of u. Moreover, Σ is a closed subset of Ω.

If α < n
n−2 , a simple bootstrap argument shows that all positive weak

solutions of (1.1) are regular. It is well-known that the singular set may not
be empty if α ≥ n

n−2 . Pacard [Pa2] constructed solutions with singular sets
of Hausdorff dimension d < n − 2α

α−1 . Schoen and Yau proved in [SY] that
the singular set of a positive weak solution of (1.1) is not always as simple
as in the examples given in [Pa2].

In [Pa1] and [Pa3], Pacard showed that the Hausdorff dimension of the
singular set of a stationary positive weak solution u of the equation −∆u =
uα in Ω is less than n− 2α+1

α−1 .
In a recent paper [GL], we considered the compactness for positive solu-

tions of Equation (1.1). Using the ideas in [LT1] and [LT2], we obtained
the measure estimate of the blow up set of a sequence of positive smooth
solutions {ui} of (1.1) with {‖ui‖H1(Ω) + ‖ui‖Lα+1(Ω)} bounded. We applied
such result to a semilinear eigenvalue problem

−∆u = λ(u+ uα) in Ω, u = 0 on ∂Ω(1.4)

when Ω is a smooth star-shaped domain and obtained that any branch of
positive solutions (λ(s), u(s)) of (1.4) must converge to a (singular) positive
solution u0 of the equation

−∆u = λ0(u+ uα) in Ω(1.5)

as λ(s) + ‖u(s)‖L∞(Ω) → ∞, s → ∞, where λ0 = lims→∞ λ(s) and 0 <
λ0 < ∞. The existence of such branches of positive solutions is obtained
by Rabinowitz. It was proved in [BDT] and [Da] that some branches are
simple curves.

In this paper, we shall prove a partial regularity theorem for a stationary
positive weak solution of (1.1) with α > n+2

n−2 .
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Theorem A. Let α > n+2
n−2 . If u ∈ H1(Ω)∩Lα+1(Ω) is a stationary positive

weak solution of (1.1), then the Hausdorff dimension of the singular set of
u is less than n− 2α+1

α−1 .

Our result covers the main results in [Pa1] and [Pa3]. The proof is quite
different, we used the duality of a weighted Hardy space and a weighted
BMO, which was used in [CLL] to get a partial regularity result for a weak
heat flow.

When h1 = 0 and h2 is a constant, it is not hard to construct solutions
of (1.1) which are singular (see [Lin] and [Re]). However, when h2 is not a
constant, the problem is much harder. A singular solution was given in this
case by Johnson-Pan-Yi [JPY]. Let Ω = BR, here BR ⊂ Rn (n ≥ 3) is a
ball with center at 0 and radius of R > 0. Consider the equation

∆u+K(|x|)uα = 0 in BR(1.6)

with K(|x|) satisfying the following conditions in [JPY]:
(K1) K ∈ C1[0,∞), K ′(0) = 0, K(r) > 0 for r ≥ 0, and limr→∞K(r) =

K(∞) > 0;
(K2) There is a δ > 0 such that lim

r→∞
rδ(K(r)−K(∞)) = 0, lim

r→∞
r1+δK ′(r)

= 0;
(K3) K ′(r) ≤ 0 for r > 0.

It is proved in [JPY] (Theorem 1) that the equation

∆u+K(|x|)uα = 0 in Rn

has a singular solution U0(r) with r = |x|, which satisfies

lim
r→0

r
2

α−1U0(r) =
[

1
K(0)

· 2
α− 1

(
n− 2− 2

α− 2

)] 1
α−1

,

lim
r→0

r
2

α−1
+1U ′0(r) = − 2

α− 1

[
1

K(0)
· 2
α− 1

(
n− 2− 2

α− 1

)] 1
α−1

.

It is clear that U0(|x|) for x ∈ BR is a singular solution of Equation (1.6).
Throughout this paper, C will denote a universal constant depending only

on α, β, n and ai, bi (i = 1, 2), unless it is explicitly stated.

2. H1
w(Rn) and M ]

1,νg(x).

In this section we review definitions and properties of the space H1
w(Rn) and

the function M ]
1,νg(x). See Strömberg & Torchinsky [ST] for more details.

Let µ be the Lebesgue measure in Rn and dµ(x) = dx. Let ν be a
weighted measure with respect to the Lebesgue measure in Rn with weight
w(x). Then

H1
w(Rn) = {f ∈ S ′(Rn) : M1(Fφ) ∈ L1

w(Rn), ‖f‖H1
w

= ‖M1(Fφ)‖L1
w
},
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where

Fφ(x) =
1
tn

∫
Rn

f(y)φ
(
y − x

t

)
dy,

φ is any smooth function with support in the unit ball and M1(Fφ(x)) =
supt>0 Fφ(x).

For g ∈ L1
loc (Rn), define

M ]
1,νg(x) = sup

t>0

1
ν(B(x, t))

∫
B(x,t)

|g(y)− (g)x,t|dy,

where

(g)x,t ≡
1

B(x, t)

∫
B(x,t)

gdy,

and B(x, t) ⊂ Rn is the ball centered at x with radius t. It follows from
Theorem 2 in Chapter IX in [ST] that for f ∈ D̂0, g ∈ L1

loc (Rn) and ν ∈ Dd

for some d > 0 (see Doubling Dd condition in Chapter I in [ST]), there
exists C > 0 independent of f and g such that∫

Rn

f(x)g(x)dx ≤ C

(∫
Rn

M1(Fφ(x))M ]
1,νg(x)w(x)dx

)
.(2.1)

Since D̂0 is dense in H1
w(Rn) (see Theorem 1 of Chapter VII in [ST]), we

conclude that (2.1) holds for f ∈ H1
w(Rn) and g ∈ L1

loc (Rn).
In this paper, we define w(x) = |x|−2/(α−1) and dν(x) = |x|−2/(α−1)dx.

Then ν is a doubling weighted measure with respect to the Lebesgue measure
of Rn with weight |x|−2/(α−1) and ν ∈ Dn− 2

(α−1)
. Moreover,

ν(B(x, t)) =
(α− 1)ωn

n(α− 1)− 2
tn−

2
α−1 ,

where ωn is the area of the (n− 1)-dimensional unit sphere in Rn.

3. A monotonicity inequality and blow up.

In this section, we first recall a monotonicity inequality for stationary pos-
itive weak solutions of (1.1) established in [GL], using this monotonicity
inequality and a blow up argument, we then obtain a decay property of the
scaled energy. Assume henceforth that u ∈ H1(Ω)∩Lα+1(Ω) is a stationary
positive solution of (1.1).
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For any x0 ∈ Ω and r > 0, define

Eu(x0, r) ≡
(α− 1)
2(α+ 1)

eCrr−µ

∫
B(x0,r)

h2u
α+1dx

+
1
4

(
eCr d

dr

(
r−µ

∫
∂B(x0,r)

u2ds

))

+
1
4

(
eCrr−µ−1(−1 + Cr)

∫
∂B(x0,r)

u2ds

)

+ C

∫ r

0
eCξξ(α+1)/(α−1)dξ,

where µ = n− 2α+1
α−1 and C depends only upon α, β, n and ai, bi (i = 1, 2).

It is proved in [GL] that Eu(x0, r) can be written to the equivalent forms:

Eu(x0, r) ≡
1
2
eCrr−µ

∫
B(x0,r)

|∇u|2dx− 1
2
eCrr−µ

∫
B(x0,r)

h1u
2dx

− 1
(α+ 1)

eCrr−µ

∫
B(x0,r)

h2u
α+1dx

+
1

(α− 1)
eCrr−µ−1

∫
∂B(x0,r)

u2ds

+
C

4
eCrr−µ

∫
∂B(x0,r)

u2ds+ C

∫ r

0
eCξξ(α+1)/(α−1)dξ

and

Eu(x0, r) ≡
(
α− 1
α+ 3

)
eCrr−µ

[
1

(α+ 1)

∫
B(x0,r)

h2u
α+1dx

+
1
2

∫
B(x0,r)

|∇u|2dx− 1
2

∫
B(x0,r)

h1u
2dx

]
+

1
(α+ 3)

d

dr

(
eCrr−µ

∫
∂B(x0,r)

u2ds

)

+
(
C

4
− C

(α+ 3)

)
eCrr−µ

∫
∂B(x0,r)

u2ds

+ C

∫ r

0
eCξξ(α+1)/(α−1)dξ.

All the derivatives in the above expressions are to be understood in the sense
of distributions. Lemma 3.1 and Lemma 3.2 below are proved in [GL].

Lemma 3.1. If u ∈ H1(Ω)∩Lα+1(Ω) is a stationary positive weak solution
of (1.1), then Eu(x0, r), defined above, is an increasing function of r.

Lemma 3.2. Eu(x0, r) is a continuous function of x0 ∈ Ω and r > 0.
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Now we show the following lemma:

Lemma 3.3. There exist 0 < r0 < 1 independent of x0 ∈ Ω and some
constant C > 0 depending only upon α, n, such that the following inequality
holds:

r−µ

∫
B(x0,r)

|∇u|2dx ≤ CEu(x0, 2r) ≤ CEu(x0, r0) for r < r0/2.(3.1)

Proof. We consider the last one of the three equivalent formulations of
Eu(x0, r) given above. By Lemma 2.3 in [GL] we know that there exists
0 < r0 < 1 such that

Eu(x0, r) ≥ 0 for all x0 ∈ Ω, 0 < r < r0,(3.2)

and for r < r0,

1
2

(
α− 1
α+ 3

)
eCrr−µ

∫
B(x0,r)

h1u
2dx

(3.3)

≤ C

∫ r

0
eCξξ(α+1)/(α−1)dξ +

1
2(α+ 1)

(
α− 1
α+ 3

)
eCrr−µ

∫
B(x0,r)

h2u
α+1dx.

We denote by φ(r) = r−µ
∫
B(x0,r) |∇u|

2dx. Since Eu(x0, r) is an increasing
function of r, we integrate it from 0 to r < r0 and obtain that for almost
every x0 ∈ Ω, (note that eCr > 1)

α− 1
2

∫ r

0
φ(ρ)dρ+ eCrr−µ

∫
∂B(x0,r)

u2ds ≤ (α+ 3)Eu(x0, r)r for r < r0.

(Here we have used limr→0 r
−µ
∫
∂B(x0,r) u

2ds = 0 a.e. x0 ∈ Ω. This fact is
proved in [GL].) Now we use Remark 2 in [Pa1] and we see that there exists
some σ ∈ [r/2, r] such that

φ(σ) ≤ 8
r

∫ r

0
φ(ρ)dρ ≤ CEu(x0, r),

for some constant C > 0 depending only upon α, β and n. In addition we
have φ(r/2) ≤ 2µφ(σ), if σ ∈ [r/2, r]. This gives us the desired result for
almost every x0 and, by continuity, for every x0.

Proposition 3.4. Assume that there exist x0 ∈ Ω and 0 < r1 < r0 such
that Eu(x0, r1) ≤ δ. Then

r−µ

∫
B(y,r)

|∇u|2dx ≤ Cδ,(3.4)

for all y ∈ B(x0, r1/8) and 0 < r < r1/4, where C only depends upon n, α,
β.
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Proof. Let 0 < r < r1. We know that for any y ∈ B(x0, r/2), B(y, r/2) ⊂
B(x0, r) ⊂ B(x0, r1). Thus,∫

B(y,r/2)
|∇u|2dx ≤

∫
B(x0,r)

|∇u|2dx.

Thus, (note that eCr > 1)

Eu(x0, r) ≥ 2−µ

(
α− 1

2(α+ 1)(α+ 3)

)(r
2

)−µ
∫

B(x0,r)
h2u

α+1dx

+
(
α− 1
α+ 3

)
eCrr−µ

(
1
2

∫
B(y,r/2)

|∇u|2dx− C̃rn

)

+
1

(α+ 3)
d

dr

(
eCrr−µ

∫
∂B(x0,r)

u2dx

)

+ CeCrr−µ

(
1
4
− 1

(α+ 3)

)∫
∂B(x0,r)

u2ds+ C

∫ r

0
eCξξ

α+1
α−1dξ.

Define ψ(r) =
(

r
2

)−µ ∫
B(y,r/2) |∇u|

2dx. By the argument similar to that in
the proof of Lemma 2.3 in [GL], we have, for almost every x0 ∈ Ω,

2µ−1(α− 1)
∫ r

0
ψ(ρ)dρ ≤ (α+ 3)Eu(x0, r1)r.(3.5)

Using Remark 2 in [Pa1] again, we see that there exists some σ ∈ [r/2, r]
such that

ψ(σ) ≤ 8
r

∫ r

0
ψ(s)ds ≤ CEu(x0, r1),(3.6)

for some constant C > 0 only depending upon α, β and n. It is clear that
ψ(r/2) ≤ 2µψ(σ). Since

ψ(r/2) =
(r

4

)−µ
∫

B(y,r/4)
|∇u|2dx,(3.7)

we have the desired result for almost every y ∈ B(x0, r1/8). By continuity,
we see that it holds for every y ∈ B(x0, r1/8).

Define

Fu(x0, r) = r−µ

∫
B(x0,r)

|∇u|2dx+ C

∫ r

0
eCξξ(α+1)/(α−1)dξ,

where C
∫ r
0 e

Cξξ(α+1)/(α−1)dξ is the function in the formulations of Eu(x0, r).
Then we have the following lemma:

Lemma 3.5. We have that

r−µ

∫
B(x0,r)

h2u
α+1dx ≤ CFu(x0, r) for all x0 ∈ Ω and 0 < r < r0
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and

r−µ

∫
B(x0,r)

h1u
2dx ≤ CFu(x0, r) for all x0 ∈ Ω and 0 < r < r0,

where C depends only upon α, n, ai and bi (i = 1, 2).

Proof. We only show the first inequality, the second can be obtained by a
similar argument. Since Eu(x0, r) ≥ 0 for all x0 ∈ Ω and 0 < r < r0, it can
be seen from the second of the three equivalent formulations given above
that

r−µ

∫
B(x0,r)

h2u
α+1dx ≤ C

(
Fu(x0, r) + r−µ−1

∫
∂B(x0,r)

u2ds

)
,

for some constant C depending only upon α, n, ai and bi (i = 1, 2). On the
other hand, the trace embedding theorem gives

H1(B(x0, r)) ↪→W
1
2
,2(∂B(x0, r)) ↪→ L

2(n−1)
n−2 (∂B(x0, r)).

Therefore,
‖u‖

L
2(n−1)

n−2 (∂B(x0,r))
≤ C‖u‖H1(B(x0,r)).

By Hölder inequality,

r−1

∫
∂B(x0,r)

u2ds ≤ C

(∫
∂B(x0,r)

u
2(n−1)

n−2

)n−2
n−1

≤ C‖u‖2
H1(B(x0,r)),

so we obtain

r−µ−1

∫
∂B(x0,r)

u2ds ≤ CFu(x0, r).

This implies that the first inequality in the lemma holds.

Theorem 3.6. There exist constants 0 < ε0, τ < 1, 0 < r2 < r0/4, such
that

Eu(x0, r) ≤ ε0(3.8)

implies

Fu(x0, τr) ≤
1
2
Fu(x0, r) for all x0 ∈ Ω and 0 < r < r2.(3.9)

Proof. It follows from Proposition 3.4 that if Eu(x0, r) ≤ ε0, then for η <
r/4,

η−µ

∫
B(x0,η)

|∇u|2dx ≤ Cε0.

This implies limη→0 η
−µ
∫
B(x0,η) |∇u|

2dx = 0. (Otherwise we can choose ε0
smaller to deduce a contradiction.)
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If the result were false, there would exist balls B(xk, rk) ⊂ Ω with rk → 0
as k →∞ such that

Fu(xk, rk) ≡ λ2
k → 0,(3.10)

whereas

Fu(xk, τrk) >
1
2
λ2

k,(3.11)

for τ > 0 selected as below. We rescale our variables to the unit ball
B(0, 1) ⊂ Rn as follows: For z ∈ B(0, 1), we set

vk(z) ≡ r
2/(α−1)
k

(
u(xk + rkz)− ak

λk

)
,(3.12)

where

ak ≡
1

|B(xk, rk)|

∫
B(xk,rk)

udy = (u)xk,rk
,

(|B(xk, rk)| = Vol(B(xk, rk)) denotes the average of u over B(xk, rk), k =
1, 2, . . . .)

Using (3.10), (3.11) and (3.12) we have

sup
k

∫
B(0,1)

|vk|2dz <∞, sup
k

∫
B(0,1)

|∇vk|2dz <∞,

but
1
τµ

∫
B(0,τ)

|∇vk|2dz >
1
2
− eCτ2α/(α−1) ≥ 1/4 (k = 1, 2, . . . ),(3.13)

if we choose τ <
(

1
4e
−C
)α−1

2α . In fact, we know that

C

∫ τrk

0
eCξξ(α+1)/(α−1)dξ ≤ CeC(α− 1)

2α
(τrk)

2α
α−1

and since C
∫ rk

0 eCξξ(α+1)/(α−1)dξ < λ2
k, it holds that

C(α− 1)
2α

r
2α

α−1

k < λ2
k.

Thus, it follows from (3.11) that

λ2
k

(
τ−µ

∫
B(0,τ)

|∇vk|2dz

)
≥
(

1
2
− eCτ

2α
α−1

)
λ2

k.

The sequence {vk}∞k=1 is thus bounded in H1(B(0, 1)), so there exists a
subsequence (still denoted by {vk}) such that

vk → v strongly in L2(B(0, 1))(3.14)

∇vk ⇀ ∇v weakly in L2(B(0, 1)).(3.15)
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Choose any function w ∈ C∞0 (B(0, 1)). Define

wk(y) ≡ w

(
y − xk

rk

)
, (y ∈ B(xk, rk)),

h1(y) ≡ h̃1

(
y − xk

rk

)
,

h2(y) ≡ h̃2

(
y − xk

rk

)
.

Since u is a weak solution of (1.1), we have∫
B(xk,rk)

∇u ∇wkdy =
∫

B(xk,rk)

(
h1(y)u+ h2(y)uα

)
wk(y)dy.(3.16)

Thus, ∫
B(0,1)

∇vk ∇wdz =
∫

B(0,1)

[
r2kh̃1(z)

(
vk(z) +

ak

Ak

)
(3.17)

+ λα−1
k h̃2(z)

(
vk(z) +

ak

Ak

)α]
w(z)dz,

where Ak = λkr
−2/(α−1)
k . Since

I1
k : = r2k

∣∣∣∣∣
∫

B(0,1)
h̃1

(
vk +

ak

Ak

)
wdz

∣∣∣∣∣
≤ r2k

(∫
B(0,1)

h̃1

(
vk +

ak

Ak

)2

dz

)1/2(∫
B(0,1)

h̃1w
2dz

)1/2

≤ r2k

[
λ−2

k r−2
k

(
r−µ
k

∫
B(xk,rk)

h1u
2dx

)]1/2

‖h̃1w
2‖L2(B(0,1))

≤ Crk‖h̃1w
2‖L2(B(0,1)) → 0

(here we used Lemma 3.5) as k →∞ and

I2
k : = λα−1

k

∣∣∣∣∣
∫

B(0,1)
h̃2

(
vk +

ak

Ak

)α

wdz

∣∣∣∣∣
≤ λα−1

k

(∫
B(0,1)

h̃2

(
vk +

ak

Ak

)α+1

dz

)α/(α+1)

·

(∫
B(0,1)

h̃2|w|α+1dz

)1/(α+1)

≤ λα−1
k

(
λ
−(α+1)
k r−µ

k

∫
B(xk,rk)

h2u
α+1dx

) α
α+1

‖h̃1/(α+1)
2 w‖Lα+1(B(0,1))
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≤ Cλ
(α−1)/(α+1)
k ‖h̃1/(α+1)

2 w‖Lα+1(B(0,1)) → 0

(here we used Lemma 3.5) as k →∞.
Letting k →∞ in (3.17), we get∫

B(0,1)
∇v ∇wdz = 0.(3.18)

Hence v is harmonic function, and hence smooth, and we have the bound

‖∇v‖L∞(B(0, 1
2
)) ≤

C

|B(0, 1)|

∫
B(0,1)

v2dz <∞,(3.19)

where |B(0, 1)| =Vol (B(0, 1)). We will show in next section that

∇vk → ∇v strongly in L2

(
B

(
0,

1
4

))
(3.20)

then we have,

1
τµ

∫
B(0,τ)

|∇v|2dz ≤ Cτn−µ <
1
4

(3.21)

provided 0 < τ < min
{(

1
4C

) α−1
2(α+1)

,
(

e−C

4

)(α+1)/(2α)
, 1

4

}
, which contradicts

(3.13).

4. Compactness.

In this section we turn our attention to (3.20). We choose a smooth cut-off
function ζ : Rn → R satisfying

0 ≤ ζ ≤ 1,

ζ ≡ 1 on B

(
0,

1
4

)
,

ζ ≡ 0 on Rn\B
(

0,
5
16

)
.

Lemma 4.1. The sequence {ζvk}∞k=1 is bounded in M ]
1,ν(R

n,R).

Proof. We first show that for 0 < r < r0 < 1,

Eu(x0, r) ≤ CFu(x0, r) for all x0 ∈ Ω.(4.1)
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In fact, it follows from the second of the three formulations of Eu(x0, r)
given above that

Eu(x0, r) ≤
1
2
eCrr−µ

∫
B(x0,r)

|∇u|2dx+
1

(α− 1)
eCrr−µ−1

∫
∂B(x0,r)

u2ds

(4.2)

+
C

4
eCrr−µ

∫
∂B(x0,r)

u2ds+ C

∫ r

0
eCξξ(α+1)/(α−1)dξ.

By the trace embedding theorem and the argument similar to the one used
in the proof of Lemma 3.5, we obtain

r−µ−1

∫
∂B(x0,r)

u2ds ≤ CFu(x0, r).(4.3)

Note that eCr < eC . Our claim can be obtained from (4.2) and (4.3).
Fix any point z0 ∈ B(0, 3

4) and any radius 0 < r < 1
8 , set

yk = xk + rkz0 ∈ B
(
xk,

3
4
rk

)
.

By the claim above and an argument similar to the one used in the proof of
Lemma 3.3, we obtain that

1
(rrk)µ

∫
B(yk,rrk)

|∇u|2dy

≤ CEu

(
yk,

1
4
rk

)
≤ C

(
r−µ
k

∫
B(yk, 1

4
rk)
|∇u|2dy + C

∫ 1
4
rk

0
eCξξ(α+1)/(α−1)dξ

)
≤ CFu(xk, rk) = Cλ2

k.

Rescaling this estimate we obtain,

r−µ

∫
B(z0,r)

|∇vk|2dz ≤ C(4.4)

for k = 1, 2, . . . , all 0 < r < 1
8 and z0 ∈ B(0, 3

4). This implies that

1

rn− 2
α−1

∫
B(z0,r)

|vk − (vk)z0,r|dz ≤ C <∞(4.5)

for k, r and z0 as above. This implies vk ∈ L1,n− 2
α−1 (B(0, 3

4)) and

L1,n− 2
α−1 (B(0, 3/4)) is a Campanato space (see [Gi]). Since B(0, 3

4) is type
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(A) ([Gi], Chapter III, Definition 1.3), Proposition 1.2 in Chapter III in [Gi]
implies that

sup
z0∈B(0,3/4), 0<r<1/8

1

rn− 2
α−1

∫
B(z0,r)

|vk|dz(4.6)

≤ C sup
z0∈B(0,3/4), 0<r<1/8

1

rn− 2
α−1

∫
B(z0,r)

|vk − (vk)z0,r|dz ≤ C.

Since ζ is smooth, then

|(ζvk)z0,r − ζ(vk)z0,r| ≤
Cr

|B(z0, r)|

∫
B(z0,r)

|vk|dz on B(z0, r)(4.7)

for any ball B(z0, r). Thus, if z0 ∈ B(0, 3
4), 0 < r < 1

8 , we have,

1
|B(z0, r)|

∫
B(z0,r)

|ζvk − (ζvk)z0,r|dz(4.8)

≤ 1
|B(z0, r)|

∫
B(z0,r)

|vk − (vk)z0,r|dz +
Cr

|B(z0, r)|

∫
B(z0,r)

|vk|dz.

On the other hand, if z0 ∈ Rn\B(0, 3
4), 0 < r < 1

8 , we have∫
B(z0,r)

|ζvk − (ζvk)z0,r|dz = 0.(4.9)

It follows from (4.6), (4.8) and (4.9) that

ζvk ∈ L1,n− 2
α−1 (Rn).(4.10)

This also implies that {ζvk}∞k=1 is bounded in M ]
1,ν(R

n,R) for k = 1, 2, . . . .

Proposition 4.2. The rescaled functions {∇vk}∞k=1 converge strongly in
L2(B(0, 1

4)).

Proof. Subtracting (3.18) from (3.17) we obtain∫
B(0,1)

(∇vk −∇v) ∇wdz(4.11)

= r2k

∫
B(0,1)

h̃1

(
vk +

ak

Ak

)
w + λα−1

k

∫
B(0,1)

h̃2

(
vk +

ak

Ak

)α

wdz

for w ∈ C∞0 (B(0, 1)). Hence it holds for w ∈ H1
0 (B(0, 1))∩L∞(B(0, 1)). We

now insert w ≡ ζ2(vk − v) into (4.11). The left-hand side of (4.11) is

Lk ≡
∫

B(0,1)
ζ2|∇vk −∇v|2dz + 2

∫
B(0,1)

ζ(vk − v) (∇vk −∇v)∇ζdz

≥
∫

B(0, 1
4
)
|∇vk −∇v|2dz + o(1)
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as k →∞, in view of (3.14) and (3.15). The right-hand side of (4.11) reads

Rk ≡ r2k

∫
B(0,1)

h̃1

(
vk +

ak

Ak

)
ζ2(vk − v)dz

+ λα−1
k

∫
B(0,1)

h̃2

(
vk +

ak

Ak

)α

ζ2(vk − v)dz

= R1
k +R2

k.

R1
k ≤ r2k

(∫
B(0,1)

h̃1

(
vk +

ak

Ak

)2
)1/2(∫

B(0,1)
h̃1ζ

4(vk − v)2dz

)1/2

= Cr2k

(
λ−2

k r
4

α−1
−n

k

∫
B(xk,rk)

h1u
2dx

)1/2

≤ Cr2k(r
−2
k )1/2 = Crk → 0

as k →∞.
Now we show that

ζ
(
vk +

ak

Ak

)α
∈ H1

w(Rn)(4.12)

for k = 1, 2, . . . . We first consider

M1

(
ζ

(
vk +

ak

Ak

)α)
(z) := sup

t>0

1
tn

∫
Rn

(ζ1/αfk)α(y)φ
(
y − z

t

)
dy

where fk(y) := vk(y) + ak
Ak

, φ is a Schwartz function with nonvanishing
integral (see [ST]).

If t ≥ 1 + |z|
4 , we have

1
tn

∫
Rn

(
ζ1/αfk

)α
(y)φ

(
y − z

t

)
dy

≤ 1
tn

∫
B(0,1)

(
ζ1/αfk

)α
(y)φtdy

≤ 1
tn

(∫
B(0,1)

(
ζ1/αfk

)α+1
dy

)α/(α+1)(∫
B(0,1)

φα+1
t dy

)1/(α+1)

≤ C

tn

[
λ
−(α+1)
k r−µ

k

∫
B(xk,rk)

uα+1dx

]α/(α+1)

≤ C

tn
λ

α(1−α)
α+1

k

≤ C

(4 + |z|)n
λ

α(1−α)
α+1

k .
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Therefore, ∫
Rn

M1

(
ζ

(
vk(z) +

ak

Ak

)α)
w(z)dz

=
∫
Rn

M1

(
ζ

(
vk(z) +

ak

Ak

)α)
|z|−2/(α−1)dz

≤ Cλ
α(1−α)

α+1

k

∫
Rn

|z|−2/(α−1)(4 + |z|)−ndz

≤ Cλ
α(1−α)

α+1

k .

If t < 1+ |z|
4 , we have, if |y−z| < t, then |y−z| < 1+ |z|

4 and |y| > 3
4 |z|−1.

Therefore, if |z| > 8/3, then |y| > 1. Thus, for 0 < ε < 1 and z ∈ B(0, 3),

1
tn

∫
Rn

(
ζ1/αfk

)α
φ

(
y − z

t

)
dy

≤ 1
tn

(∫
B(z,t)

(
ζ1/αfk

)α+1−ε
dy

)α/(α+1−ε)

·

(∫
B(z,t)

φ
(α+1−ε)/(1−ε)
t dy

)(1−ε)/(α+1−ε)

≤ C

(
M
((
ζ1/αfk

)α+1−ε))α/(α+1−ε)

,

where M(·) is the Hardy-Littlewood maximal function. If z ∈ Rn\B(0, 3),

1
tn

∫
Rn

(
ζ1/αfk

)α
φtdy = 0.

Therefore,∫
Rn

M1

(
ζ(z)

(
vk(z) +

ak

Mk

)α)
|z|−2/(α−1)dz

≤ C

∫
B(0,3)

[
M
((
ζ1/αfk

)α+1−ε)]α/(α+1−ε)
|z|−2/(α−1)dz

≤ C

(∫
B(0,3)

[
M
((
ζ1/αfk

)α+1−ε)](α+1)/(α+1−ε)
dz

)α/(α+1)

·

(∫
B(0,3)

|z|−2 α+1
α−1dz

)1/(α+1)

≤ C

(∫
B(0,3)

(
ζ1/αfk

)α+1
dz

)α/(α+1)(∫ 3

0
rµ−1dr

)1/(α+1)
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≤ Cλ
α(1−α)

α+1

k ,

where we used the facts that µ > 0 if α > n+2
n−2 , and∫

B(0,3)

[
M
((
ζ1/αfk

)α+1−ε)](α+1)/(α+1−ε)

dz

=
∫
Rn

[
M
((
ζ1/αfk

)α+1−ε)](α+1)/(α+1−ε)

dz

≤
∫
Rn

(
ζ1/αfk

)α+1
dz,

because
M
((
ζ1/αfk

)α−1+ε)
(z) ≡ 0 for z ∈ Rn\B(0, 3).

It concludes that
(
ζ1/αfk

)α
∈ H1

w(Rn). Therefore, it follows from (2.1)
that

R2
k ≤ λα−1

k

∫
Rn

M1

((
ζ1/αfk

)α)
M ]

1,ν(ζ(vk − v))|z|−2/(α−1)dz

≤ Cλα−1
k

∫
Rn

M1

((
ζ1/αfk

)α)
|z|−2/(α−1)dz

≤ Cλα−1
k λ

α(1−α)
α+1

k

= Cλ
α−1
α+1

k → 0

as k →∞.

5. Proof of Theorem A.

In this section we shall prove Theorem A. We recall the definition of function
space Lp,q(Ω):

Lp,q(Ω) =

{
v ∈ Lp(Ω) : sup

x∈Ω,r>0
r−q

∫
B(x,r)∩Ω

updx < +∞

}
.

This is called Morrey space (see [Gi]). Now we recall a theorem in [Pa2].

Theorem 5.1. Let u be a positive weak solution of (1.1), assume that u ∈
Lα,λ+θ(Ω) for λ = n− 2α

α−1 and some θ > 0 then u is regular in Ω.

Note that Pacard [Pa2] proved this theorem only for the case that h1 ≡ 0
and h2 ≡ 1 in Ω, but we can easily see from his proof that this theorem still
holds in our case.

Set
V ≡ {x ∈ Ω : Eu(x, r) < ε0 for some 0 < r < r2},
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where ε0 and r2 are constants in Theorem 3.6. Furthermore, using Theo-
rem 3.6, we can show that (cf. [Gi]), if x ∈ V , there exists r∗ > 0 sufficiently
small such that

Fu(y, r) ≤ Crγ(5.1)

for some 0 < γ < 2α
α−1 , C > 0, all y near x, and all sufficiently small radii

0 < r < r∗. It follows from Lemma 3.5 that

r−µ

∫
B(x0,r)

uα+1dx ≤ CFu(x0, r)(5.2)

for all x0 ∈ Ω and 0 < r < r0. Note that γ < 2α
α−1 , by (5.1) and (5.2), we

have

r−µ

(∫
B(y,r)

(
|∇u|2 + uα+1

)
dx

)
≤ Crγ(5.3)

for all y near x, and 0 < r < r∗. Now we show that

u ∈ Lα,λ+θ0(B(x, r ∗ /2))(5.4)

for some θ0 > 0. In fact, choosing θ0 = αγ
α+1 , we have, for 0 < r < r∗,

r−(n+θ0)

∫
B(x,r)

uαdy ≤ r−(n+θ0)

(∫
B(x,r)

uα+1dy

)α/(α+1)

r1/(α+1) ≤ C.

This implies (5.4) and therefore, by Theorem 5.1, u is regular at x. Hence
u is regular in V .

Define Σ = Ω\V . Then

Σ ≡ ∩r>0{x ∈ Ω : Eu(x, r) ≥ ε0}.
It is proved in [GL] that

Σ ⊂ ∩r>0

{
x ∈ Ω :

∫
B(x,r)

(
uα+1 + |∇u|2

)
dy ≥ Cε0r

µ

}
.(5.5)

Thus, standard covering arguments imply that the Hausdorff dimension of
Σ is less than n− 2α+1

α−1 . This completes the proof of Theorem A.

Remark. The conclusion of Theorem A still holds for the stationary posi-
tive weak solutions of the equation

∆u+ h1(x)uκ + h2(x)uα = 0 in Ω

where 0 < κ < α, α > n+2
n−2 . It should be very interesting to know whether

our partial regularity theorem holds for the equation

∆u+ h(x)f(u) = 0 in Ω

where f(s) satisfies that f(s) > 0 for s > 0 and f has the growth rate
α > n+2

n−2 . The main difficulty is how to establish the monotonicity inequality.
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