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NATASHA DOBRINEN

The Cohen algebra embeds as a complete subalgebra into
three classic families of complete, atomless, c.c.c., non-measur-
able Boolean algebras; namely, the families of Argyros al-
gebras and Galvin-Hajnal algebras, and the atomless part
of each Gaifman algebra. It immediately follows that the
weak (w,w)-distributive law fails everywhere in each of these
Boolean algebras.

1. Introduction.

Von Neumann conjectured that the countable chain condition and the weak
(w,w)-distributive law characterize measurable algebras among Boolean o-
algebras [Mau]. Consistent counter-examples have been obtained by Ma-
haram [Mah], Jensen [J|, Gléwczynski [Gl], and Velickovi¢ [V]. However,
whether von Neumann’s proposed characterization of measurable algebras
fails within ZFC remains an open problem.

In searching for possible counter-examples to von Neumann’s proposed
characterization of measurable algebras within ZFC, we investigated three
families of complete, c.c.c., non-measurable Boolean algebras, namely, the
Argyros, Galvin-Hajnal, and Gaifman algebras, to find out whether these
Boolean algebras sustain any weak form of distributivity. By the Cohen
algebra we mean the completion of any countable, atomless Boolean algebra.
By the k-Cohen algebra we mean the completion of the free Boolean algebra
on x-many generators. We found the following:

Theorem 1.1.

1) It is possible to construct both atomless Gaifman algebras and Gaifman
algebras with atoms.

2) The cf(2¥)-Cohen algebra embeds as a complete subalgebra into each
Galvin-Hajnal algebra.

3) The Cohen algebra embeds as a complete subalgebra into each Argy-
ros algebra and related variants, and into the atomless part of each
Gaifman algebra.

We show 1) in §4, 2) in §2, and 3) in §§3 and 5.
223
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Throughout this paper, let B denote a Boolean algebra and P denote a
partial ordering. Let Bt denote B\{0}. Galvin and Hajnal, and Argyros
constructed families of partial orderings and Gaifman constructed a family
of Boolean algebras to establish strict implications between various chain
conditions, including the c.c.c., the o-bounded c.c., and CUP(B™). Recall
the following definitions:

Definition 1.2 ([Ko]). P satisfies the countable chain condition (c.c.c.) if
for each pairwise incompatible subset X C P, |X| < w.

Definition 1.3 ([F]). P satisfies the o-bounded chain condition (o-bounded
c.c.) if there exist subsets X;, € P, n < w, such that P =, X, where
Vn < w each pairwise incompatible subset of X,, has cardinality < n + 1.

Definition 1.4 ([GP]). Let S C P be a nonempty set. For sg,...,s, € S,
not necessarily distinct, let

1
(1.1) a*(so,...,sn):mmaxﬂﬂ :ICn+1,3pePViels; >p}.

The intersection number of S is
(1.2) a(S) = inf{a*(so,...,Sn) : N EwW, So,...,5, € S}.

We say that CUP(P) holds if P is a countable union of subsets of P, each
of which has positive intersection number; i.e., there exist subsets X,, C P,
n < w, such that P =J __ X, and Vn < w, a(X,) > 0.

n<w

The above three notions are defined for a Boolean algebra B by replacing
P with BT in Definitions 1.2-1.4. Note that for a partial ordering P, the
above three notions are preserved under completions. That is, P satisfies
the c.c.c. (o-bounded c.c.) iff r.o.(P) satisfies the c.c.c. (o-bounded c.c.),
respectively, and CUP(P) holds iff CUP(r.0.(P)™") holds.

It is easy to see that CUP(P) implies the o-bounded c.c., which in turn
implies the c.c.c. Gaifman showed that CUP(P) is strictly stronger than the
o-bounded c.c. [Ga]. Galvin and Hajnal showed that the o-bounded c.c. is
strictly stronger than the c.c.c. [CN].

Definition 1.5 ([Ko]). B satisfies the weak (w,w)-distributive law (weak
(w,w)-d.1.) if for each family (bj;)i<w,j<w Of elements of B,

03) AVi=V A Vo

<w j<w frw—w i<w j<f(1)

provided that \/j<w by for each i < w, A, \/j<w ij, and A\, \/jgf(i) b;
for each f : w — w exist in B. We say that the weak (w,w)-d.l. fails
everywhere in B if there exist (bjj)i<w j<w € B such that A,_, \/j<w bij =1

and \/f;un Nicw \/jgf(i) bij = 0.
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Definition 1.6 ([Ko]). A Boolean o-algebra B is measurable if there exists
a function p : B — [0, 00) which is strictly positive (u(b) = 0 <> b = 0) and
o-additive (u(\,.,, bi) = Zicwp(b;) for all pairwise disjoint {b; : i < w} C
B).

Theorem 1.7 ([Ko]). Every measurable Boolean algebra B satisfies the
weak (w,w)-d.l. and the c.c.c.

Theorem 1.8 (Kelley, [Ke]). CUP(B™) holds iff B carries a strictly posi-
tive, finitely-additive measure pu : B — [0, 00).

The following Theorem 1.9 of Kelley completely characterizes measurable
algebras among Boolean o-algebras in ZFC by strengthening the c.c.c. to

CUP(B™).

Theorem 1.9 (Kelley, [Kel). If B is a o-algebra, then B is measurable iff
B satisfies the weak (w,w)-d.l. and CUP(B™) holds.

Theorem 1.10 (Folklore). The weak (w,w)-d.1. fails everywhere in the Co-
hen algebra.

Each of our complete embeddings of the Cohen algebra will involve the
following notions and lemmas:

Definition 1.11 ([Ko]). A subalgebra A of a Boolean algebra B is a reg-
ular subalgebra of B if for each M C A such that \/* M exists in A, VB M
exists in B and \/* M = \/B M.

Lemma 1.12. Let B be a Boolean algebra, P a dense subset of BY, and A
a subalgebra of B. A is a regular subalgebra of B iff Vp € P Ja, € AT such
that whenever a € A and a, N a # 0, then p A a # 0.

Definition 1.13 ([Ko]). A subalgebra A of a Boolean algebra B is a com-
plete subalgebra of B if for each subset M C A such that \/BM exists,
VA M exists and \/B M = \/* M.

Definition 1.14 ([Ko]). A monomorphism f : A — B is complete if for
each M C A for which \/* M exists, f(\/* M) = \/B{f(b):be M}.

The following lemma is a natural consequence of the Sikorski Extension
Theorem:

Lemma 1.15 ([Ko]). IfB is a complete Boolean algebra and A is a reqular
subalgebra of B, then there is a complete monomorphism from r.0.(A™) into
B.

Throughout this paper, let Pap, P4, and Bg denote members of the
families of Galvin-Hajnal partial orderings, Argyros partial orderings, and
Gaifman algebras, respectively. Galvin and Hajnal, Argyros, and Gaifman
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showed that in r.0.(Pgp), r.0.(P4), and Bg, respectively, CUP(B™) fails;
thus, by Kelley’s Theorem 1.9, these three Boolean algebras are not mea-
surable. However, this is not the only reason measurability fails in these
algebras. By Theorem 1.10, completely embedding the Cohen algebra into
r.0.(Pgy), r.0.(P4), and the atomless part of r.0.(Bg™") shows that no weak
form of distributivity holds in these Boolean algebras.

Remark 1.16. We thank the referee for pointing out the following: By a
result of Shelah, in c.c.c. Suslin forcings, adding a Cohen real is equivalent
to the weak (w,w)-d.l. failing everywhere [S]. Hence, to prove 3) of Theo-
rem 1.1, it would suffice to show that the weak (w,w)-d.l. fails everywhere in
the Argyros and Gaifman algebras. However, Shelah’s result does not apply
to the Galvin-Hajnal algebra, since Py is not Suslin.

For k = cf (2¥) in the case of Galvin-Hajnal algebras, and for k = w in
the case of Argyros algebras and the atomless part of Gaifman algebras,
the method we employ for completely embedding the xk-Cohen algebra is
the following: Choose x many independent elements {¢; : i < Kk} C B
in such a way that the subalgebra C, generated by {¢; : ¢ < k} satisfies
the conditions of Lemma 1.12. Then C, is isomorphic to the free Boolean
algebra on k-many generators and is a regular subalgebra of B. Since B
is complete, Lemma 1.15 implies that the completion of C,, the x-Cohen
algebra, embeds into B as a complete subalgebra.

2. A complete embedding of the Cohen algebra into the
Galvin-Hajnal algebra.

Galvin and Hajnal constructed a separative, atomless partial ordering Py
which satisfies the c.c.c. but not the o-bounded c.c. [CN]. To do this, they
used the following family of sets:

Recall that for a set S, [S]? = {{8,7} : 8,7 € S and 3 # ~}, the collec-
tion of all two-element subsets of S. In this section, we fix a well-ordering
on 2.

Lemma 2.1 (Galvin-Hajnal, [CN]). There is a family of sets {So : o <
2%} with the following four properties:
S1) Va<2¥ S, Cao
Sz) VOd < 2w [SOZ]2 g U'y<2w{{ﬂ77} : ﬁ € S’Y}v
S3) Va <2¥ o0.t.(5,) <w;
S4) IfSC2¥, [S)2C Uy<oe{{B,7} : B € Sy}, and 0.8.(5) < w,
then Jdo < 2% such that S = S,,.

~—~~ ~~ ~—~

The following properties of the collection of sets {S, : a < 2¥} will be
used extensively:
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Lemma 2.2. Suppose 1,( are ordinals with n,{ < 2* and |S,| = w. Then
there exist ( < a < 8 < 2% such that S, U Sg = 5.

Proof. Let X = {8y : o < ¢, Sa € Sy} U{S\Sa : o < (}. | X] < 2%,
so choose some S C S, such that S ¢ X and S,\S € X. [S]%[S,\S]? C
[S,)? C Ua<coe {8, a} : B € Sa}, by (S2). (S4) implies Jor, f < 2 such that

So =S and Sg = S5,\S. o, > (, since S ¢ X. O
Lemma 2.3. Given oy < 2%, there is a sequence apy < a1 < ag < -+ <
A < 2% of order type w + 1 such that for each i < w,

(2.1) Sair = {00, o}

Sy={a;: 0<i<w}.

Proof. Let ag < 2°. [{ao}]? = 0, so Jag < 2¥ for which S, = {ao}, by
(S4). (S1) implies o > ap. Given ap < --- < o, where for each 0 < j <n
Sy = 100, 051}, the set ({00, an}? € Uyeso ({80 : 1 € Sa}.
By (S1) and (S4), there is some ay, 41 > o, such that S, = {0, ..., a,}.

By our choice of the ay, [{a1,a2,...}]* € Uycou{{B, 0} : B € Sa}. By
(S1) and (S4), there is a A < 2 such that Sy = {®; : 0 <i <w} and A > ¢
for all j < w. O

Galvin and Hajnal constructed the following partial ordering Pgp: Va <
2¢ . let

(22) Va={f:2Y—=2:V8¢€ S.(f(8) =0), and f(a) = 1}.

That is, V,, is the collection of all functions from 2% into 2 which send each
element of S, to 0 and send « to 1. Let

(2.3) Pon = { () Va: F €29 and (] Va # @}.

acl acF

Py is the collection of nonempty intersections of finitely many of the Vs,
partially ordered by inclusion.

Theorem 2.4 (Galvin-Hajnal, [CN]). (Pgu,C) is a separative, atomless

partial ordering which satisfies the c.c.c., but not the o-bounded c.c.

Let e : Py — r.0.(Pgy) denote the canonical embedding of Pgy into
its completion r.o.(Pgp). We shall call r.0.(Pgp) the Galvin-Hajnal algebra.
Since the o-bounded c.c. fails in Pgy, CUP(r.0.(Pgy)™) fails. By Kelley’s
Theorem 1.9, r.0.(Pgy) is not measurable.

Theorem 2.5. The cf(2¥)-Cohen algebra embeds as a complete subalgebra
into r.0.(Pgp).
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Proof. Let £ denote cf(2*). We construct a subalgebra C, of r.o.(Pgn)
and show that C, is isomorphic to the free Boolean algebra on x-many
generators, and is a regular subalgebra of r.o.(Pgg).

Construction of C,: By Lemma 2.3, there exist xk-many sequences, each of
order type w + 1, of the form «(7,0) < a(i,1) < a(i,2) < -+ < a(i,j) <
a(i,j+1) <--- < A1), i < K, such that the following hold: Vi < k, Vj <
J < w, a(i,j) < ali,j’) < A@); Vi < i <k, AMi) < a(i,0); and Vi <
Kk, V0 < j < w,
(2.4) Sa(ij) ={ali, k) + k < j};

S)\(Z-) ={ai,j): 0 < j < w}.
Note that the sets {a(i,7) : j < w} U{A(3)}, i < k, are pairwise disjoint.
For each i < &, let
(2.5) = \/ e(Va(ij)

0<j<w

in r.o.(Pgp). Let
(2.6) C.=(c:1<k),
the subalgebra of r.0.(Pgp) generated by {¢; : ¢ < k}. The elements

V@), @ < £, will be used in Proposition 2.11 to ensure that the genera-
tors of C, are independent. The following simple facts will be useful:

Fact 2.6. Vp,q € Pgp, e(p) Ne(q) =e(pNq).
Fact 2.7. For each finite F' C 2¥, ( cp Vo # 0 iff (Upep Sa) NF = 0.
Fact 2.8. If {p; : i <w} C Pgy is infinite, then (), e(p;) = 0.

If {p; : i < w} is infinite and ¢ € (), e(pi), then every f € ¢ must take
infinitely many elements of 2* to 1. There are no such ¢ € Pgg.

Fact 2.9. Given i < k, if F' is a finite subset of 2* and ,cr Sa 2 S\,
then e(,ep Va) < —¢i. In particular, Vi < &, e(Vy)) < —¢;.

Suppose U,cp Sa 2 Sa)- Then Vp € e(,ep Va), Vf € p, V0 < j < w,
f(a(i, 7)) = 0. However, ¥q € ¢, 3f € ¢ and 30 < j < w such that
fla(i,j)) = 1. So e(Naep Va) Nei = 0.

Fact 2.10. Vi <k, ¢; = Uy j<, €(Va(ij))-

Proof. Clearly, ¢; 2 Uy jcy, €(Vagij))- Suppose p & Ugc iy €(Vagi)- Let
F be the finite subset of 2 such that p = (,cp Va- V0 <j <w, p € Vo)),
s0 Sy N F = 0. By Lemma 2.2, 3y < # < 2¥ with v > sup(F U {A(i)})
such that S, U Sg = Sy;). By Fact 2.7, V, N VN p # 0. By Fact 2.9,
e(V, NVgNp) € —c;, so e(p) € ¢;. Since ¢; is an open subset of Pap,
e(p) € ¢; implies p & ¢;. Thus, ¢; C U0<j<w e(Vaig))- U
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Next we show that the generators of C, are independent.

Proposition 2.11. For finite sets I,J C k, N\,crci A /\jeJ —cj = 0 iff
INJ#0.

Proof. Let I,J C & be disjoint, finite sets, and let r = (V;c; Vag1) N
mjeJ Vi) Fact 2.7 implies 7 # 0. By Fact 2.9, A,c;ci A /\jeJ —cj >
Nier eVa@in) A Njese(Vag)) = e(r) > 0. 0

Since C,; is generated by cf(2*)-many independent elements, C is iso-
morphic to the free Boolean algebra on cf(2*)-many generators.

The next proposition will aid us in constructing elements ¢, satisfying the
conditions of Lemma 1.12.

Proposition 2.12. Given p € Pgp, there are at most finitely many i < &
for which either e(p) A c; =0 ore(p) A —¢; = 0.

Proof. Suppose p € Pgy and let J C  be defined by j € J < e(p)Acj = 0.
VjedJ,

(2.7)

0—€@WVU—dmﬂ< LJ€WMMQ>— LJ(dmﬂdWmm»,
0<k<w 0<k<w

the second equality following from Fact 2.10. Thus, Vj € J, V0 < k <
W, p N Va(],k) = @

Let I be the finite subset of 2 such that p = [\, cp Va- The following
can be shown by an easy induction argument using Fact 2.7: If e(p) Ac; = 0,
then either a(j,0) € F or Sy(;) € Uyer Sa

a(j,0) € F for at most finitely many j < k, since F' is finite. By (S3),
0.t.(Uner Sa) <w-w, 50 S)\j) € Uyer Sa for at most finitely many j < &.
Hence, e(p) A ¢j = 0 for at most finitely many j < . Thus, |J| < w.

Let I C k be defined by i € I < e(p) A —¢; = 0. Then

@8 e < (Na=(1 U eVaur)= U Ne(atoen
el i€l 0<k<w g:I—w\{0} i€l

where the first equality follows from Fact 2.10. If I is infinite, then Fact 2.8
implies that Vg : I — w\{0}, Nic;e(Va(igy)) = 0, contradicting p # 0.
Thus, || < w. O

Now we use Proposition 2.12 to show that C, satisfies the conditions of
Lemma 1.12.

Proposition 2.13. Vp € Pgy Jc, € Ci such that Ve € Cy, if ¢, Ac# 0,
then e(p) A c # 0.
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Proof. Fix p € Pgy and let F' be the finite subset of 2“ such that p =
Nacr Va- Let I,J C & be the finite disjoint sets of Proposition 2.12. Let
ep = (Nier &) N (Njes —¢j)- e € C.. ", by Proposition 2.11. (c, is actually
the minimal cover for e(p) in C.)

Suppose ¢ = (Apcr k) N (N\jer, —c1) € Cw and ¢y Ac # 0. Then I N
L=JNnK=10. JNK = ( implies Vk € K, 30 < m;, < w such that
PN Vakmy) 7 0. By Fact 2.7,

(2.9)

(FU{a(k,mk):keK} (US U{a(k,m): ke K, m<mk}>—®
a€l

INL =0 implies Vi € L, e(p) £ ¢. Thus, VI € L, VO < n < w, e(p) £

e(Va(i,n)), which implies a(l,n) ¢ F. Therefore,

leL

Using Lemma 2.2, VI € L choose (3, a; > sup(F U {A(n) : n € K UL})
such that Sq, U Sp, = Syq). Let

(2.11) r= () Vathame) N [ Ve N V).

keK leL
r # 0, by Fact 2.7. e(r) < ¢, by Fact 2.9. Furthermore, r Np # (), by
Fact 2.7, (2.9), (2.10), and the fact that VI € L, o, are larger than
sup(FU{A(n) :ne€ KUL}). Hence, 0 <e(rnp)<ec soe(p)Ac#0. O

It follows from Lemma 1.12 and Proposition 2.13 that C, is a regular
subalgebra of r.0.(Pgg). Thus, by Lemma 1.15, 1.0.(C,"), the x-Cohen
algebra, embeds into r.0.(Pgp) as a complete subalgebra. That is, Pon
adds cf(2*)-many side-by-side Cohen reals.

3. A complete embedding of the Cohen algebra into the Argyros
algebra.

Agyros constructed a separative, atomless partial ordering P 4 in which the
o-bounded c.c. holds but CUP(P 4) fails, and, assuming CH, property K3
also fails [A]. He constructed P 4 using three basic types of elements. In this
section, let 2* denote the set of functions from w to 2. For X,Y € [w]<¥, let

(3.1) Bx ={fe2¥:Vz e X f(x) =1},
By ={f€2“:VyeY f(y) =0}

For the third type of element, Argyros constructed a tree T' C [w]? as follows:
Let {Spm : n < w, 1 < m < 3"} be a family of sets such that Vn,m < w,
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Spm € [w]? and Sy NSy = 0 whenever (n,m) # (n’,m’). For each n < w,
let Lev(n) = [, <,,<3n [Snm]?. For each n < w, index the elements of Lev(n)
as spj, 1 <j < 37+, The partial ordering on 7T is defined at level n + 1 as
follows: For s = s,; € Lev(n) and t € Lev(n+ 1), s <t < t € [Sht1,]%
Let T'= |, ., Lev(n). (T, <) is the Argyros tree.

For s = {k,l} € T, let

(3.2) K, = (B{k} N E{l}) U (B{l} N E{k})

K is the set of all functions in 2“ which are nonconstant on s. Let Br be
the set of all branches (finite and infinite) of 7. For o € Br, let

(3.3) A, = ﬂ K.

seo
A, is the set of all functions in 2* which are nonconstant on every node
s €o. Let

(34) Py= {BX N EY N ﬂ A XY € [w]<w and X € [Br]<w}\{®},
oeEY

the collection of all nonempty intersections of finitely many elements of the

three forms By, By, and A, partially ordered by inclusion. We call (P 4, C)

the Argyros partial ordering.

Theorem 3.1 (Argyros, [A]). (Pa,C) is a separative, atomless partial or-
dering which satisfies the o-bounded c.c. but not CUP (P4), and, assuming
CH, does not satisfy property Ks.

Let e : P4 — r.0.(P4) be the canonical embedding of P4 into its com-
pletion. We shall call r.0.(P4) the Argyros algebra. By Argyros’ Theo-
rem 3.1, r.0.(P4) is a complete, atomless Boolean algebra which satisfies
the o-bounded c.c. but not CUP(r.0.(P4)"), and hence, by Kelley’s Theo-
rem 1.9, is not measurable.

Definition 3.2. We will say that s,t € T are siblings if s 2t and Jv € T
such that s and ¢ are both immediate successors of v. s,t,u € T are triplets
if they are pairwise siblings.

Note: If s and t are siblings, then there exist unique m,n < w such that
5,t € [Spn)?, and Ks N Ky # 0. If s,t,u are triplets, then s = tAu (the
set-theoretic difference of ¢t and v in w), and K; N K; N K, = 0.

Remark 3.3. The elements of P 4 are not uniquely represented by the form
Bx N By N(\,ex Ao For instance, if s = {k, 1} € o € Br, then By N A, =
By N E{l} NA, = E{l} N A,. We shall hold to the following convention:

Given S C T and X,Y € [w]<¥, the representation Bx N By N Nses K of
a subset of 2¥ is said to be in the normal form if and only if X NY = (),
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Vs € S(sN(XUY)=0), and S contains no triplets. If Bx N By N(\,cg Ks
is the normal form representation of some By N By N vex Ao € P4, then
X2U, YDV, XNY =0,and S C |J{o : 0 € X}. Tt is not hard to see
that for each element p € P4 there is a unique normal form representation
of p. The normal form is not necessary for the proceeding proofs, but rather
serves to simplify notation.

Lemma 3.4. Letp = Bx ﬂgyﬂﬂses K be a subset of 2¥, (not necessarily
in the normal form, and not necessarily in P ). Then p # () iff the following
four conditions hold:

(Ll1p) XNnY =0;

(L2p) VseS, sZ€ X and s ZY;

(L3 p) S does not contain any triplets;

(L4 p) Ifs,t €S are siblings, then either (sAt)NX =0
or (sAt)NY = 0.

In particular, if p = Bx N By N Nses Ks is in the normal form, then
p#0.

Proof. The forward direction is trivial. Assume (L1 p)-(L4 p) hold. We
show there is a partial function f,, with domain X UY U(J S such that every
total extension of f, is in Bx N By N Nseg Ks-

By (L1 p), Bx N By # (. By (L3 p), we can divide S into two disjoint
sets: I' = {s € S : s has no sibling in S} and © = {s € S : s has exactly
one sibling in S}. Vs € T', by (L2 p) s € X and s € Y. Hence, there is a
partial function fs such that dom(fs) = XUY Us, fs [ X =1, fs [Y =0,
and fs [ s is nonconstant. Every extension of fs; to a total function is in
Bx N By N K.

For each pair of siblings ¢, u € ©, there is a partial function f;, such that
dom(fiu) = XUY UtUu, fru | X =1, fru ['Y =0, and every extension
of fiu to a total function is in Bx N By N K; N K,. To define such an fru
on t Uw while preserving f;,, | X =1 and f;, [ Y =0, we consider 3 cases.
If (tAu)NX # 0, then (tNu)NX =0 by (L2 p), and (tAu)NY = 0 by
(L4 p); solet frqy | (tAu)=1and frq [ (tNw) =0. If ((Nu)NY # 0, then
by (L2 p) (tAu)NY = 0; so let fr, | (tAu) =1 and fip, | (tNuw) =0. If
(tAu)NX and (tNu)NY =0, let fr,, | (tAu) =0 and fi, [ (tNu) =1,

Since two elements of S have nonempty intersection only if they are sib-
lings, the partial function f, = J{fs : s € I'}UU{ fr.u : t,u are siblings in ©}
is well-defined. Every total extension of f, is in Bx N By NN ses Ks. O

Theorem 3.5. The Cohen algebra embeds into r.0.(P 4) as a complete sub-
algebra.

Proof. We construct a countable, atomless, regular subalgebra C of r.o.(P 4).
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Construction of C. Choose an infinite branch of T" and call it Gy. Vn < w,
let ¢, be the unique element in Gy N Lev(n), and choose one s,11 € T\ (o
such that s,11 and t,41 are siblings. V0 < n < w, let 8, be an infinite
branch in 7" which contains s,. For 0 < m <n, By, N B = {to,. ., tm-1}
Define the following sets:

(3.5) TC—{teT: te Uﬁnortisasiblingofsomese Uﬁn},

n<w n<w

(3.6) Nc=|JTc={k <w:3l <wsuch that {k,1} € Tc}.

Tc € T and N¢ C w. Let Brc denote the set of all branches (finite and
infinite) of Tc. Brc is countable, since T has only countably many infinite
branches. Let

(3.7)
C = {BX QBY N ﬂ A, ePyu: XY € [Nc]<w and X € [Brc]<w} .
oceX
Let
(3.8) C = ({e(p) : p €C}),

the subalgebra of r.0.(P,4) generated by the set {e(p) : p € C}. Note that
|C| = w, since N¢ and Brg are countable.

Remark 3.6. The idea behind the choice of T and N¢ is as follows: T¢
was chosen so that for any finite set of branches ¥ C Brg, ey 40 # 0.
However, the subalgebra generated by {e(,cx As) : X € [Bre]<*} is not
a regular subalgebra of r.0.(P4). To enlarge it to a regular subalgebra, we
chose N¢ so that we can tell exactly how elements of the form () .y As,
Y € [Brg]<¥, interact with members of P 4. This allows us to find for each
p € P4 a minimal cover for e(p) in C, and thus ensure that C is a regular
subalgebra of r.0.(P4).

The following are two simple facts which we shall use without mention in
subsequent proofs:

Fact 3.7. Vz € w, —e(By,)) = e(B(y).

Fact 3.8. Vp,q € P4, e(p) Ne(q) =e(pnq).

Proposition 3.9. {e(p) : p € C} is dense in CT.

Proof. Every element of C is a finite disjunction of elements of the form

(3.9) e <BX NByn () Ag> A\ —e(Ay),

ocED yel’
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where X, Y € [N¢]<% and X, T € [Brg]<¥. Let ¢ € CT be of the form (3.9),
and let p € P4 be such that e(p) < c. For each vy €T, e(p) Ne(4,) =0 =
p C Us@(Bs U By). Fix f € p. For each v € T choose an s, € I' for which
f€(Bs,UBy). DefineI" ={yel': fe B, }and " ={y el : f € B, }.
Let

(3.10) 4= Bxus,very) 0 ByuUis,nery 0[] Ao
oex

f € q, s0 ¢ # 0. By its construction, ¢ € C. Furthermore, Vy € I,
G(BSV) < _6(A7)§ Vyel”, e(BS'y) < _e(A“/>? and g C BXﬁBYﬂﬂO’EE Ao
Hence, e(q) < c. O

Proposition 3.10. C is atomless.

Proof. Tt suffices to show that {e(p) : p € C} is atomless. Suppose p € C and
Bx N By N[\ eg Ks is the normal form of p. Choose some z € N¢\(X UY)
such that z is neither in any member of S nor in any sibling of any member
of S. Then By N By N Nses Ks is the normal form of p N By,y; so by
Lemma 3.4, p N By,y # 0. Hence, pN By, € C.

To see that e(p N By.)) < e(p), note that —e(By;y) Ae(p) = e(Bx N
EYU{Z} N Nses Ks). This is strictly greater than 0, by Lemma 3.4, since
Bx N Byygzy Nyeg K is in the normal form. O

‘We now show that C satisfies the conditions of Lemma 1.12.

Proposition 3.11. Vp € Py, 3¢, € C* such that Ve € C, if ¢, Ae # 0,
then e(p) A c # 0.

Proof. Let p = Bx N By N Nees Ks € Pa. p # 0, so by Lemma 3.4, (L1
p)-(L4 p) hold. Let X’ = XN Ng, Y = YN Ng, § = SN Tc, and
g = Bx' N By' N Nyecs Ks- g 2 p, and ¢ € C since S’ is a finite union
of branches in Tc. Let ¢, = e(q). ¢, € CT and ¢, > e(p) > 0. (¢, is
actually the minimal cover for e(p) in C.) It suffices to show that Vr € C, if
cp Ne(r) > 0, then e(p) Ae(r) > 0.

Suppose r = By N By N(\,ew Kw € C and ¢, A e(r) > 0. Then

(3.11) gnNr = B(X’UU) N E(Y’UV) N ﬂ K # 0.
teS'UW
Thus, Lemma 3.4 implies
(Llgnr) (X'UU)NY'UV) =0
(L2gnr) Vse SSUW, sZ X'UU and sZY' UV,
(L3 gnr) S"UW has no triplets;
(L4 gnr) s,t are siblings in S UW = ((sAt)N(X'UU) =0 or
(sA)N(Y'UV) =0).
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It suffices to show that p N r # (). First, note that

(312)  pNn7 = Bx\xyuxuo) N Byyuyuvy N ﬂ K,
SE(S\S")US'UW

where (X\X')NN¢ = (Y\Y')NN¢ = 0; X'UU, YUV C Ng; (S\S')NT¢ =

@; and S"UW C Tc.

Claim. (L1 pnr)-(L4 pNr) hold.

(L1 pnr) and (L2 p Nr) follow naturally from (L1 p), (L1 ¢Nr), (L2
p) and (L2 ¢gNr). S"UW and S\S’ each contain no triplets, by (L3 ¢ Nr)
and (L3 p), respectively. S\S' C T\T¢c and S’ UW C T¢ imply S\S’ and
S’ UW have no common siblings. Hence, SUW contains no triplets, so (L3
pNr) holds.

Suppose s,t are siblings in S U W. Then either s,t € S\S’ or else s,t €
S"UW. Suppose s,t € S\S'. Then (sUt)N Ncg = 0, so (sAt) N (XU
Y'UU UV) = (. Further, (L4 p) implies either (sAt)N X = @ or else
(sAt)NY = (. On the other hand, if s,t € S’ U W, then s Ut C Ng, so
(sut)N((X\X)U(Y\Y")) =0. By (L4 gNr), either (sAt)N (X' UU) =0
or else (sAt)N(Y'UV) = (). Thus, in both cases, either (sAt)N(XUU) =
or else (sAt)N (Y UV) = (. Hence, (L4 pNr) holds.

By Lemma 3.4, pNr # (. Thus, e(p) A e(r) > 0. O

By Proposition 3.11 and Lemmas 1.12 and 1.15, r.0.(C") is a complete
subalgebra of r.0.(P4). This completes our construction of a complete em-
bedding of the Cohen algebra into the Argyros algebra.

Remark 3.12. We are very grateful to the referee for suggesting that we
investigate Argyros’ other variants of this example in which stronger chain
conditions hold, to see whether the Cohen algebra completely embeds in
these. We have found that it does.

Theorem 3.13 (Argyros, [CN], p. 156.). For each 2 < m < w, there is
a family of atomless, separative partial orderings P,, such that each P,
satisfies the o-bounded c.c. and property K,,, CUP(P,,) fails, and, assuming
CH, property K41 fails.

Our preceding construction can be easily modified to completely embed
the Cohen algebra into each r.o.(P,,).

Theorem 3.14. For each 2 < m < w, the Cohen algebra embeds as a
complete subalgebra into r.0.(Py,).

The modification is as follows: Let m be given. Argyros constructed a
family of trees T such that each T is an (m + 1)-branching tree of height
w with the following properties: For each node o € T, there is a finite
subset, dom(o) C w, such that o is a set of functions from dom(c) to 2. All
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siblings have the same domain, and any two nodes which are not siblings
have disjoint domains. Any m siblings have nonempty intersection, but the
intersection of (m + 1)-many siblings is empty. (See [CN] p. 156 for the
precise definition of T;,,.) For o € T, let A, = {f € 2 : f | dom(o) € o}.
P, = {BxNBy Nyex 4o : X,Y € [w]< and ¥ is a finite set of branches
in T}\{0}, partially ordered by inclusion.

To construct a countable, atomless, regular subalgebra of r.o.(P,,), take,
as before, w-many infinite branches §; in T such that for each node o €
Ui<w Bi» 0 has at most one sibling in (J,_, 3;. Let Tc be the subtree of
T consisting of |J;., B and all siblings of nodes in J;, 8. Let Nc =
U{dom(o) : 0 € Tc}. Let C be the subalgebra of r.0.(P,,) generated by the
elements of the form Bx N By NNyex; Ao such that X, Y are finite subsets of
N¢ and X is a finite set of branches in Tc. The proof that this subalgebra
is atomless and regular proceeds as before.

4. Atomless and non-atomless Gaifman algebras.

Gaifman constructed a family of Boolean algebras B¢ as follows [Gal: Let
Clop(2(®1)) denote the clopen subsets of 201, For X, Y € [(0,1)]<¥, let

(4.1) By = {f €20V . vy e X, f(z) = 1},

By:{fEQ(O’l): Yy €Y, f(y)zo}.

Let {T; : 2 < i < w} be an enumeration of the open subintervals of
(0,1) with rational endpoints. For each 2 < i < w, choose i>-many dis-
joint, open subintervals of T; and label them T;1, 7o, ..., T;2. We let Ty =
(0, D\ Uy<j<i2 Tij, so that {T3; : 0 < j < i’} is a partition of (0,1). Let
I be the set of those elements of Clop(2(%1) of the form By N By such
that for some 2 < i < w, X intersects at least i-many of the open intervals
Ti, ..., Ty2. Let T be the ideal generated by I in Clop(2(%1). The Gaifman
algebra is the quotient algebra

(4.2) B¢ = Clop(2(%V) /7.

For ¢ € Clop(2(®1)) we shall denote the equivalence class of ¢ in B¢ by [c].
Notice that the set {[Bx N By|: X,Y € [(0,1)]<¥ and Bx N By ¢ 1} is
dense in Bg™. We will use this fact implicitly in this and the next section.

Theorem 4.1 (Gaifman, [Ga]). Bg satisfies the o-bounded c.c., but does
not satisfy CUP(Bg™).

By Kelley’s Theorem 1.9, B¢ is not measurable.
Depending on how the T;’s and Tj;’s are chosen, B may or may not have
atoms. To show this, we will use Lemmas 4.2 and 4.4 and Fact 4.3.
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Lemma 4.2 (Gaifman, [Ga]). For each Bx N By € Clop(2®V) with X N
Y=0,BxNBy el iff Byel.

The next fact follows easily from Lemma 4.2.

Fact 4.3. Suppose [By N By] < [Bx N By] in Bg". Then X C U and
(VUY)NU = 0. If in addition U\X # ), then [By N By] < [Bx N By]|.

The following lemma gives necessary and sufficient conditions for an ele-
ment of BT to be an atom:

Lemma 4.4. b € Bg™ is an atom <= for some X,Y € [(0,1)]<¥, b =
[Bx N By] > [0] and for each z € (0,1)\(X UY), Bx N B,y € T.

Proof. Suppose b is an atom. Then there must exist X,Y € [(0,1)]< such
that b = [BX N By] If 9z € (0, 1)\(X U Y) such that Bx N B{a}} ¢ 7,
then by Lemma 4.2 and Fact 4.3, [0] < [Bx N B, N By] < [Bx N By].
Contradiction. B

Conversely, suppose b = [Bx N By] > [0] and Vz € (0,1)\(X UY),
Bx N By, € Z. Suppose also that [By N By] is such that [By N By] A
[Bx N By] > [0]. Then X NV =0, so Vv € V\Y, By N B,y € Z. Thus,
[By\y] = [Bx]. Furthermore, By N Bx ¢ Z, so U must be contained in X.
Therefore, [Byy N By] > [Bx N By|. Hence, b is an atom. O

Depending on the intervals T;,T;; used in the construction, a Gaifman
algebra may have atoms. The following is an atom in many Gaifman alge-
bras:

Example 4.5 (Some Gaifman algebras have atoms). Let 75 = (0, 1), T3 =

(0,31), and Ty = (0, 32), and choose the following 7};’s in these T}’s:

{Ton, ... Tou} = { (0,4, (38) (5 16) (18 1) }

{Toge Troy = { (0.45) . (5. 85) (55 3%) - (o f5) (55 85) - (3o 1)

{Tuy,...,Tui6} = { (0,33) (33, 3%

2 32 32 2
(32,58),(8,1), (5,11, (1, 19), (18,2
(%.3).(35).35.&5. &}

Let
1 3 5 10 14 18
(4.3) X = { ffffff } _
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For many choices of T5,Tg,T7’s, [Bx] is an atom in the corresponding

Gaifman algebra. For instance, if T5,Tg, T7 C (%, 1), then no matter how

the T; for ¢ > 8 and Tj; for ¢ > 5 are chosen, [Bx] > [0]. Furthermore, for
any = € (0,1)\X, Bxu{z) € Z, since z must lie in at least one of the 15 ;’s,
T3 j’s, or Ty j’s (j > 1) which X does not intersect. Thus, by Lemma 4.4,
[Bx] is an atom. O

Remark 4.6. Every Gaifman algebra has at most countably many atoms,
since the c.c.c. holds.

Every Gaifman algebra has a large atomless part. Let
(4.4) E= |J (Tw\int(Ti)).
2<i<w

E is the set of all endpoints of the intervals Tj;, 2 <i < w, 1 <j < i2.

Lemma 4.7. If z € (0,1)\E, then there are no atoms in Bg below [By,].

Proof. Suppose z € (0,1)\E and [0] < [By N By] < [By,;]. Then z € U,
by Fact 4.3. For each i > 2 let j(i) < i* be such that z € int(T} (),
and let N = [U| + 2. Then int(Nye;cny T3 ) # 0, so choose a 2’ €
int(Mycicn Tij@)\(U U V). V2 < i < N, 2,2" € Tjju, so UU {2}
has nonempty intersection with at most (¢ — 1)-many Tj;’s. Thus, [0] <
[Byugzy N By]. Fact 4.3 implies By, N By] < [By N By, since 2/ ¢ U.
Hence, [By N By] is not an atom. O

Remark 4.8.

1. By Lemma 4.7, [Bx N By] is an atom only if X C E. Moreover, if
[Bx N By] is an atom, then X C Us<;<|x|41(Zio\int(Z50)).

2. Atomless Gaifman algebras do exist. For example, if the Tj;’s are
nested so that (i < k, 0 <j <i?, 1<1<k? and Tij NTy #0) =
T}y C Tj;, then the resulting Gaifman algebra is atomless.

5. The Cohen algebra completely embeds into the atomless part
of each Gaifman algebra.

In this section, we work in the atomless part of Gaifman algebras. Let Bg
be a Gaifman algebra. We identify Bg™ with its image under the canonical
dense embedding of B¢t into r.0.(Bg™) and work in r.0.(Bg™). Let

(5.1) a=[1] \ <\/ {bero. (Bg"):bisan atom})
in r.0.(Bg™), and define

(5.2) Ag =r.0.(Bgh) | a.
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Ag is the atomless part of r.o.(Bg™). Since r.o.(Bg") satisfies the o-
bounded c.c., Ag also satisfies the o-bounded c.c. Since CUP(r.0.(Bg™)™)
fails and r.0.(Bg™) has at most countably many atoms, CUP(Ag") must
fail. Thus, by Kelley’s Theorem 1.9, Ag is non-measurable.

To avoid confusing notation between elements of r.0.(Bg") and Ag, we
will hold to the convention that [Bx N By]| always refers to an element of
r.0.(Bg™). We will often use without mention the fact that {{Bx N By] €
r.0.(Bg™) : [0] < [Bx N By] < a} is a dense subset of Ag™.

Lemma 5.1. If FF C (0,1) s finite and [Bx N By] € Ag™, then 3z €
(0, D\(FU X UY) such that [0] < [Bxyi.y N Byl

Proof.

Claim. V [BxNBy] € Ag*, 3z € (0,1)\(XUY) for which [0] < [Bxyy.3N
By]. Suppose [Bx N By] € Ag™. Since Ag is atomless, I[ByNBy| € Ag™
such that [ByNBy] < [BxNBy]. By Fact 4.3, U D X, so [ByNnBy| = [ByN
Byuy]. Since Ag is atomless, Lemma 4.4 implies 3z € (0,1)\(UUV UY)
such that Bpyyp,y ¢ Z. Lemma 4.2 implies [Byq,y N Byuy] > [0]. Hence,
the Claim holds.

Let n = |F|. By the Claim, we can inductively choose a sequence of
distinct elements zo, ..., 2, € (0,1)\(X UY) such that [0] < [Bxy(z,....z0} N
By]. Thus, there is some 0 < ¢ < n such that z; ¢ FUX UY and
[0] < [Bxugz,) N Byl O

Theorem 5.2. The Cohen algebra embeds as a complete subalgebra into
Ag.

Proof. We construct a countable, atomless, regular subalgebra C of Ag.
Recall that E denotes the set of all endpoints of the intervals Tj;, 2 < i <
w, 1 < j <42 (see (4.4)). Our construction uses two types of sets: Fj’s
which keep track of elements of E, and X;’s which keep track of elements of
(0,1)\E. We start by constructing the F};’s recursively.

Construction of C. Let Ey = Tyo\int(T2o), the endpoints of the open
intervals 151, 159, Th3, Toy. Let

(5.3) Fy = B

Let E3 = T30\ (int(T30) U F3). Recall that a is the complement of the supre-
mum of the atoms in r.0.(Bg™) (see (5.1)). VF C F; for which [Br]Aa > [0],
choose one xr € (0,1)\Fy such that [Bpy,,1] Aa > [0]. This is possible by
Lemma 5.1 and the fact that {{Bx N By] € r.0.(Bg") : [Bx N By] < a} is
dense in Ag™". Let

(54) F3:E3U{£L'F2FQF2, [BF]/\(I> [0]}
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Given Fy, ..., F,, let B, = Tn+1,0\(int(Tn+1,0)UU2§i§n F;). Again, VF C
Ua<i<n Fi for which [Br| Aa > [0], choose one zp € (0,1)\(Uy<;<, F3) such
that [Bpufa,.3] Aa > [0]. Let

(5.5) Fpy1 =EnpUSap: FC | Fi, [BrlAa>[0]
2<i<n

The sets F; are finite and have the following properties:

(F1) EC U2§i<w Fi;

(F2) V2<i<j<w, F;NE; =0

(F3) V2 <j <w, VF C Uy<p; Fi such that [Bp] A a > [0], there is an

rp € Fj for which [Bry,,3] Aa > [0].

Taking the F;’s into consideration, we construct finite sets X; recursively.
For i > 2, let
(5.6)

i+1 i+l
Ji = {s =(s(2),...,s(i+1)) € [[ (K*+1) : int (ﬂ Tk,sw)) a @}-
k=2 k=2

Ji # 0, since V2 < k < i* + 1, {Ty; : j < k?®} is a partition of (0,1) into
finitely many open intervals and a finite union of closed intervals. For each
s € J;, choose one x5 € int(ﬂzgkgﬂ Tk,s(k))\(U2§k<w Ey, UU2§k<i Xp). Let
(5.7) X; = {CL'S ENS Jz}

The sets X;, F; have the following properties:

(XF1) (Uz<icw Xi) N (Uagjcw £5) = 0;

(XFQ) V2 <1 <) <w, (XiUFi>ﬂ(XjUFj) = 0.

For each 2 < i < w, define (in r.0.(Bg™))

(5.8) ¢ = \/ [Biay] v \/ [Bipy] | Aa.

zeX; fer;
Note that by Lemma 4.7, for each x € Uy<;, Xi, [B{s)] € Ag, since z ¢ E.
Hence, ¢; =V, cx,[Biay] V (V e, [Bisy] A a). Let
(5.9) C={¢:2<i<w}),
the subalgebra of Ag generated by {¢; : 2 < i < w}. By our notational

convention, the complement of ¢; in Ag will be written as —¢; A a, where
—c; denotes the complement of ¢; in r.0.(Bg™).

Proposition 5.3. The generators of C are independent.
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Proof. Suppose K, L are finite, disjoint subsets of {2,3,4,...}.
(5.10)

/\ ci N\ /\(—Cl /\a) = /\ \/ [B{u}] A [EUZEL(XZUFZ) N a.

keK leL keK \ueX,UF,

If K =0, the right-hand side of (5.10) becomes [EUleL(XlUFZ)} A a, which is
greater than [0]. Suppose K # (). It suffices to find a sequence (xy : k €
K) € ek Xk for which [By, .kerxy N By,., x,ur] > [0]. Let n = |K|+1.
Order the elements of K as ky < k3 < --- < ky,. Fix an x5 € Xj,. V2 <1:¢ <
kn+1, let s(i) < i? be such that x5 € T} 4;). By (F1) and (XF1), 22 & E, so
w2 € Int((No<jcp, 11 Lis(s))- Thus, V3 <m <n, (s(2),8(3),...,s(kn + 1)) €
Sk, s 80 choose y, € X, Nint(Ngcicp, 11 Lisi)- Let X ={zm :2<m <
n}. For each 2 < i < n—1, k; > i, so {w2,®i-1,...,2,} all lie in T} ;).
Therefore, X intersects at most (i — 3)-many T;;’s. Since |X| < |K| < n,
Bx ¢ I. By (XF2) and Lemmas 4.2 and 4.7, a > [Bx N EUleLXlUFl] >
[0]. O

By Proposition 5.3, C is atomless.

Proposition 5.4. For each d € Ag™, there exists a c¢q € Ct such that
whenever ¢ € C and ¢ A ¢q # [0], then ¢ A d # [0].

Proof. Tt suffices to show the proposition for all d € Ag™ of the form [Bx N
By]. Let d = [Bx N By] € Ag*t. By (XF2), we can fixan N > [X UY| +1
such that (X UY)(Uycico(Xi U F;)) = 0. Define I = {2 < i < N :
XN(X;UF)#0tand J={2<i< N: XN (X;UF;) =0} Let

(5.11) Cq = /\ci/\ /\(—cj/\a).

icl jed
¢q > [0] by Proposition 5.3. (Unlike in our constructions of complete embed-
dings of the Cohen algebra into the families of Galvin-Hajnal and Argyros
algebras, ¢q4 is not necessarily a minimal cover for d in C.)

Suppose ¢ = Aci ¢k A Njer,(—cNa) € CT, where K, L are finite subsets
of {2,3,...}, and ¢gAc > [0]. Then by Proposition 5.3, (IUK)N(JUL) = 0.
Let K' = Kn{2,...,N} and K" = K\K'. KNJ = () implies K’ C I. Since
d < a,

(512)  end= A VBl | A [Bx0Broy,com) -
keK \ueX,UF}

Vk € K', (X UFg)NX # 0, since K" C I. Thus, by Lemma 4.2, to show
that cAd > [0], it suffices to find a sequence (uy, : k € K”) € [[;cxn(XpUFy)
for which:
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(a) [Bug:kexryux] > [0]; and
(b) {ur : ke K"y UuX)N (Y U (XiUF)) =0.

Let m = |K”| — 1 and list the elements of K" as N+1 < ko <k; <--- <
k. There are two cases for (a).

If X C E, then since £ C Uyejep, Fi and X N (Uycicw Fi) = 0, it
follows that X C Uy Fi- [Bx] A a > [0] and (F3) imply 3fx, € Fy, such
that [Bxyyq fko}] A a > [0]. By induction using (F3), we obtain a sequence

(fros- -+ fom) € [o<j<m Fk; for which [BXU{ka,.--,fkm}] Aa > [0]. Thus, (a)
holds for the sequence (fy : k € K").

If X\E # 0, then fix an element © € X\E. Let s € Hzgigkarl(iZ +
1) be such that z € int(Noc;<p, 11 Lis(s)- For each 0 < j < m, since
int(ﬂ2§i§kj+1 T;,5(i)) # 0, our construction of X guarantees that Jzy, €
Xi; N int(ﬂQgigij T; s(iy)- Choose one such xy,. For 2 < i < N + 2,
X U{xg : k € K"} intersects exactly the same Tj;’s as X; hence, X U
{zr : k € K"} intersects less than i-many T;;’s. For N 4+ 3 < i < ky,,
{zp 1k € K", k> 1i— 1} lies in T} 4;), as does . Hence, X U{x}, : k € K"}
intersects at most (i — 2)-many T;;’s. Since |X U {zy : k € K"}| < ky,, (a)
holds for the sequence (xy : k € K”).

Y N (Uncico Xi UUncicw Fi) =0 and KN L = 0. Hence, (Uye g (Xi U
F)N(YUUep (XU E)) =0. XNY =0, since d > [0]. XN (Upejep, Xi U
F;) C U/ (X,UF) and INL = 0 = XN (U, XiUF,) = 0. Thus, (b) holds
for the sequences (f; : k € K”) and (z, : k € K”). Thus, ¢ A d # [0]. O

Proposition 5.3 shows that C satisfies the conditions of Lemma 1.12.
Hence, C is a regular subalgebra of Ag. By Lemma 1.15, the Cohen algebra
r.0.(CT) embeds as a complete subalgebra of Ag.

6. Remarks and acknowledgments.

Remark 6.1. After the completion of the work in this paper, it was brought
to our attention that A. Kamburelis has done some similar work on these
three Boolean algebras in an unpublished paper [Ka]. Our work extends
some and gives a new perspective on some of his results in that paper.
Specifically, Kamburelis used forcing methods (in contrast to our construc-
tive, purely Boolean-algebraic methods) to show that the weak (w,w)-d.l
fails in the Galvin-Hajnal, Agryros, and Gaifman algebras.

In this paper, Kamburelis mentions K. Skandalis’ remark that his proof
of the failure everywhere of the weak (w,w)-d.l. in the the Argyros algebra
can be easily modified to produce a Cohen real. By the result of Shelah [S]
mentioned in Remark 1.16, we now know that Kamburelis’ proof of the fail-
ure everywhere of the weak (w,w)-d.l. actually implies the Argyros algebra
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adds a Cohen real. In addition, Kamburelis showed that the Gaifman alge-
bra adds a Cohen real, although to do this, he assumed that the Gaifman
algebra contains no atoms, which, as we showed, is not always the case.

Acknowledgment 6.2. We are enormously grateful to the referee for many
detailed and helpful comments and suggestions. In particular, we would
like to thank the referee for pointing out that our original proof that the
Cohen algebra completely embeds into the Galvin-Hajnal algebra, in essence,
showed that it actually adds cf(2¥)-many Cohen reals, and for suggesting
that we investigate the variants of Argyros’ algebra.

Acknowledgment 6.3. Infinite gratitude goes to my thesis advisor K.
Prikry for his idea of trying to completely embed the Cohen algebra into
the Argyros, Galvin-Hajnal, and Gaifman algebras. Thanks also goes to him
for pointing out the connections between von Neumann’s problem and weak
distributivity in c.c.c. Boolean algebras, and for many helpful discussions.
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