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In this paper, we consider unitary representations of clas-
sical groups of equal rank (rankG = rankK) except type CI
with regular lambda-lowest K-type and get the necessary and
sufficient condition such that those unitary representations
considered have nonzero Dirac cohomology.

1. Introduction.

In the past twenty years, people are interested in unitary representations
with nonzero cohomologies, that is, (g, K)-cohomology and Dirac cohomol-
ogy. The former was studied by Vogan and Zuckerman in [10]. Since every
representation with nonzero (g, K)-cohomology has nonzero Dirac cohomol-
ogy, maybe it is this fact that motivates people to pay more attention to
Dirac cohomology.

In 1997, Vogan explained a conjecture on Dirac cohomology at MIT Lie
groups seminar. The conjecture can be stated as follows: Let G be a con-
nected semisimple Lie group with Lie algebra go and let K be the maximal
compact subgroup of GG corresponding to the Cartan involution 6. Suppose
X is an irreducible unitarizable (g, K )-module and (v, S) is a space of spinors
for pg. Here gg = €y + po is the Cartan decomposition of gg. Let z1,...,x,
be an orthonormal basis of pg, then the Dirac operator D = > m(x;) @ ()
acts on X ® S. Vogan’s conjecture says that if D has nonzero Dirac coho-
mology, which by definition is just Ker D, then the infinitesimal character
of X can be expressed in terms of the highest weight of a K-type of X.

The conjecture was proved by Huang and Pandzi¢ [2]. Furthermore, they
get that an irreducible unitarizable (g, K')-module X has nonzero Dirac co-
homology, say v C Ker D, if and only if the infinitesimal character A of X
is given by 7 + p.. To be precise, v has highest weight w(x — py), where
wis a K-type of X, w € W(K) such that w(u — p,) is dominant and
A = w(p — pn) + pe- One could ask: For what kinds of K-types does the
expression |w(p — pn) + pe|| reach the minimum? For what cases is p a
lambda-lowest K-type of X when w(u — pp,) C Ker D?
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In this paper, we will answer the above problems partially. We study
the representations of classical group G of equal rank except type CI, with
regular lambda-lowest K-type. First we recall the definition of #-stable data.

Definition 1.1 (Vogan [8], Definition 6.5.1). A set of #-stable data for
G is a quadruple (q, H, d,v), such that:

a) q = [H+uis a #-stable parabolic subalgebra of g. Let L be the normalizer
of g in G.

b) L is quasisplit, and H = T'A C L is a maximally split #-stable Cartan
subgroup of L.

¢) 6 € T is fine with respect to L.

d) veA.

e) Write A\X € t* for the differential of 6, and A = A +p(A(u, t)) € t* C b*.
Then A is strictly dominant for A(u, b).

There is a surjective map from the set of equivalence classes of irreducible
(g, K)-module to K conjugacy classes of set of #-stable data for G ([8],
Corollary 6.5.13). And following Vogan’s method ([8], Chapter 5), one can
construct #-stable data from any given irreducible (g, K)-module X.

Now we can state our main theorem.

Theorem 1.2. Let X be an irreducible (g, K)-module with regular lambda-
lowest K-type p. Then X is unitary and has nonzero Dirac cohomology if
and only if the parameter v in the 0-stable data (q, H,d,v) corresponding to
X is just % Zﬁierl B; under G-conjugation. Here, I'1 is a set of roots defined
by the lambda-lowest K-type p during the construction of 0-stable data (see
Section 3.1 for details).

The paper is organized as follows: We first collected some notations and
results on Dirac operator and Dirac cohomology in Section 2. Then we
followed Vogan’s method to construct #-stable data (q, H,d,v) for corre-
sponding (g, K)-module X. Actually, we found that the quasisplit subgroup
L is simple enough under our assumption. Locally L is a product of copies
of SL(2,R) and Euclidean space. In Section 4, we find out that if a lambda-
lowest K-type u of X is regular, then p — p, is dominant (Proposition 4.2)
and ||p—pn+pcll < ||w(p' —pl,)+pel|- Then X has nonzero Dirac cohomology
only if ||A|| = ||t — pn + pcl|- Fortunately, in this case, A is dominant. Then
Vogan’s result, Theorem 1.3 [9], implies that X is unitary, hence X has
nonzero Dirac cohomology by Huang and Pandzié¢’s result (Proposition 2.4)
since ||Al| = ||t — pn + pe||- Thus we get the main theorem.

2. Preliminary.

Let G be a real semisimple group with Lie algebra gy and let K be the
maximal compact subgroup of G corresponding to Cartan involution 6. Let
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go = €y @ po be the corresponding Cartan decomposition of gg. Fix a maxi-
mally compact Cartan subalgebra h§ of go with decomposition h§ = t§ + ag.
Denote by be g, & p, h¢, t° and a® the complexifications of go, €, po, bf,
t5 and af, respectively. Let A(g, h¢) be the root system of g with respect
to h°. Fix a system of positive roots, AT (&, t), for A(E,t°) and choose a
compatible system of positive roots, A1 (g, h¢), for A(g, h¢) with the set of
simple roots IT = {aq,...,q;}. Let Gp be the identity component of G.

Definition 2.1 ([11]). Let (7, X) be a (g, K)-module, set S = S(pog), a
space of spinors of pg. Let x1,...,x, be an orthonormal basis of pg, then

the Dirac operator
D:X®S—XxRS

D=3 n(x) ® ().

which is a K-module homomorphism (sometime K-module homomorphism,
where K is a two-fold spin cover of K).
The Dirac cohomology of X is defined by

Ker D/(Ker D N Im D).

is defined by

When X is unitary, then Dirac operator is self-dual, then we can see that
the Dirac cohomology of X is just Ker D.

The following result of Pathasarathy is well-known. It can be found in
many papers.

Proposition 2.2 (Pathasarathy’s Dirac Inequality). Let X be an irreduc-
ible unitary (g, K)-module with infinitesimal character A. Fiz a represen-
tation of K occurring in X of highest weight p € (t)*, and a positive root
system A1 (g, t) for t¢ in g. Here t¢ is Cartan subalgebra of t. Write

pe=p(AT (6, 1), pn=p(AT(p,1)).
Fiz an element w € Wk such that w(p— py) is dominant for AT (€,t). Then
(W = pn) + pe,w(pe — pn) + pe) = (A, A).
The equality holds if and only if
A =w(p—pn)+ pe

The last assertion was obtained by Huang and Pandzié¢ [2].
We also have another similar inequality.

Proposition 2.3. Let V be an irreducible unitary (g, K)-module with Her-

mitian form (,) and infinitesimal character A. Assume p € K occurs in V.
Then

IAI? < i+ pell? = llpell® + Il
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Proof. Let {z;} be a orthonormal basis of p with respect to the Killing form.
For v € V,, we have

(ziv, z;0) > 0 = (zFv,v) < 0= ((c — cp)v,v) <O0.
Then the assertion follows easily. U

In 1997, Vogan explained a conjecture on Dirac cohomology, which was
proved by Huang and Pandzi¢ [2]. We summarize their results as follows:

Proposition 2.4 ([2]). Let X be an irreducible unitarizable (g, K)-module
with infinitesimal character A. Assume X ® S contains a K -type vy, i.e.,
(X ® 8)(vy) # 0. Then the Dirac cohomology of X, Ker D, contains (X ®
S)(v) if and only if A = v+ p.. Here v must be of the form w(u — py) for

some pn and K-type p contained in X.

3. Construction of @-stable data.
In this section, we will make the following assumption:

Assumption 3.1. G is a classical group with rank G = rank K, i.e., 0 is an
inner automorphism of go. Consequently h§ = t§.

We will follow Vogan’s method to construct #-stable data, actually, the
main work is to determine the structure of the quasisplit subgroup L.

3.1. Basic facts. First, we rewrite Proposition 5.3.3 [8], since we assume
rank G = rank K and h = t°.

Proposition 3.2 ([8]). For each A (&, t)-dominant weight p € T', there is
a unique element A € (t°)* having the following properties: Fiz a 0-invariant
positive root system AT (g, ) for t¢ in g, making u+2p. dominant; and write
p=p(AT(g,t%). Then X\ is dominant for At (g,t%), and there is a set

I'={p,...,3} C AT(g,t9)

satisfying:
a) If we put
X=p+ 20— p,
Ci = _(Xv /8;/)7
then
0 S Ci g 17
and

~ 1
A=Aty > ;.
b) If (A\,a) =0 for a € A(g, t°), then («a, ;) # 0 for some i.
c) The root (31 is noncompact and simple.
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d) Write
gt =g, p' = ()7
Then the positive system AT (g,t°) NP1 and its subset {Ba, ..., 3.} for

A(gh, b') satisfy these same conditions for g' and the weight Plgtnge-
e) Ifc; #0 and ¢; =0, then i < j.

Under Assumption 3.1, we can get a stronger result.
Lemma 3.3. Let the notation be as above. Then
c; =0 or 1.
Proof. By Lemma 7.7.6 [1], we have
exp(2mv/—1 oY) = e,
where e is the unit of G. Then (i, ") is an integer. O
For convenience, we denote
Iy ={6; €T|e; = 1},
I'o={0i € I'|le; = 0}.
Let IT be the system of simple roots of At (g, t%). Set
21 = {a e\, aY) = -1},
o = {a e O|(\, oY) =0}
Now we can define [ by
A(L ) = {a € A(g, t9)|(\, ") = 0}.

Obviously, the Dynkin diagram of [ is a subdiagram of that of g if we choose
compatible orderings, i.e.,

AT(1,t9) € A (g, ).
Denote by II; the system of simple roots of I.

First we establish some lemmas.

Lemma 3.4. Let a and (3 be adjacent simple roots of the same length. Then
(A (a+5)") = 0.

Proof. 1If both a and @ are compact or noncompact, then o + 3 is compact,
SO

O\ (a+8)Y) = (1 (a+B)Y) > 0.

Thus we can assume « is compact and S is noncompact. Then

(Xa Bv) 2 -1

and

()‘aav) = (Maav) +1.
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So
A (a+B)Y) > (n,a") > 0.
J

Lemma 3.5. Let o, 3 and a+ 3 € A(g, ). If (\,a¥) >0 and (X, 8Y) >0,
then

(A (a+5)") = 0.
Proof. (a+ )Y = aa + bBY, where a and b are positive. O

Lemma 3.6. Assume p is reqular, i.e., (u,7") > 1, for all v € AT (&, t°).
Let a and 3 be adjacent simple roots. If (o, ) = 2(3, 3), then

A (a+8)") > 0.
If a and B have the same length, then
(A (a+8)") > 1.
Proof. Only the first assertion needs to prove. We treat it case by case.

Case 1. Both a and [ are noncompact.

N (@+8)Y) = (m(@+8)")+2—(p,2a" + ) > 1+2-3>0.

Case 11. « is compact while 3 is noncompact.

N (a+8)Y)=(\2a"+8Y)>4-1>3.

Case III. « is noncompact while 3 is compact.
X (@+8)Y)=(A2a" +8") > —2+2>0.
(]

Corollary 3.7. Let o € ¥, f € ¥1UXg. Then (o, ) = 0 for types
AIIT and Dy. If p is regular for AT (8, t°), then it is true for any type.

Lemma 3.8. Assume u is reqular for A(€,t°) and I' consists of simple roots
of A(g,t%). Then the simple roots of | are noncompact.

Proof. If a € 11 is compact, then

A aY) = aY) + %Zci(ﬂi,av) >2— g > 0.

The first inequality holds because « is adjacent to at most three simple roots
of the same length or two simple roots of different length. So a ¢ II;. O
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3.2. Main theorem. Now we can study the structure of [. Our purpose is
to prove the following theorem:

Theorem 3.9. Let o be a K-type of a (g, K)-module. Assume p is reqular
for A(€,t¢). Then:
1) For types AIIl , CII and Dy, the Dynkin diagram of | is discrete.
2) For types By and CI, the Dynkin diagram of | is either discrete or of
the form
A1 Xoeee XAl XBQ.
\—T_/Z—/
3) For type By. If u is reqular for A(g,t¢), then the Dynkin diagram of
is discrete.

Let’s deal with the problem case by case.

3.2.1. Type AIIl . In this subsection, we assume that the Lie algebra gg
is of type AIII .

Proposition 3.10.
1) Let a € At (g,t%). If (o, 8) = 0 for any B3 € X1, then
(A, aY) > 0.
2) Those (3; in Proposition 3.2 can be chosen to be simple.
3) If w is reqular for A(8,t°), then
I, =T.

Proof.
1) Let @« = a; + -+ + ag. If a is not adjacent to any § € ¥, then «y,
ap ¢ 21, 50 (A, ") > 0 by Lemma 3.4.
2) Choose a maximal subset Xf of ¥y such that the elements of X, are
orthogonal to each other. Then we claim that the set I' = X; U X satisfies
the condition of Proposition 3.2.

Firstly, we choose I'; containing ;. By 1) we have

rh=3%.

Secondly, we choose I'y containing ¥j,. If @ = o; + - - - + oy, is orthogonal
to X1 U X{ and

1) (a¥) =0,

then a;, o ¢ X1 UX[. We claim that «;,...,a; € ¥p. By Lemma 3.4,
we have (X, (g1 4 -+ ag)¥) > 0. The equality holds and «; € X by
Equation (1). Furthermore, for the same reason we have (X, (a; +aip1)Y) =
0, that is a;41 € ¥p. Then our claim follows. But one can easily see that

the claim contradicts the fact that 26 is maximal.
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3) Obviously, I' C II;. Let « € II;\I'. By Lemma 3.8, « is noncompact.

Then o must be adjacent to some 8 € T, so (X, (a 4+ 8)¥) > 1. Hence
(A, @) > 0. Contradiction. O

Corollary 3.11. If p is regular for A(g,t°), then X is strictly dominant for
A(u), that is,

A\ a’)>0
for any o € A(u).
Proof. Just follow the proof of the above proposition. O
3.2.2. Types B; and C].

Proposition 3.12. Assume p is reqular for A(¢,t°). If (o, ) = 0 for any
B € X4, then
(X aY) >0.

Proof. First assume g is of type B;. Let v € A(g, t°). Assume (o, 3) = 0 for
any 0 € 3. If a = o + aj+1 + - - - + ag, then «; ¢ ¥q. Similar to the proof
of type AIII , one can get (A, a") > 0.

Now we assume a = o + -+ + o1 + 204, + - - + 20y, s0 oy, ¢ Xy, If
o ¢ 31, then we have

A (i + -+ a)¥) >0

and

A\ (ap+-+a)’)>0

by Lemmas 3.5 and 3.6. Hence (X, av) > 0.
If a;j ¢ X1, the proof is similar. So we just need to check the case that «;,
a; € ¥1. Obviously i +1 =k <l and ;1 ¢ ¥1. We have

oY) = (4 +a 1) +a)) >0.

This completes the proof for type B;. And the proof for type Cj is similar.
O

This Proposition tells us that those (3;, which satisfy (X, B)Y) < 0, can
be chosen to be simple, that is, I'y = ¥;. Then we get the element \ =

A+ % ZﬁiEFl Bi-
Lemma 3.13. The simple roots of | are noncompact simple roots of A(g, t°).
Proof. If «v is compact simple, then
~ 1 3
(N a’)=(\a)+5 > clBiaY) =2 - 5 >0

The first inequality follows from that « is adjacent to at most three simple
roots of the same length or two simple roots. So « ¢ II;. O
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ai,...,oq—1 generate a subsystem of type A;_1. Let II} = A([t°) N
{ai1,...,0;-1}. Then we have:
Lemma 3.14. Let 3; € II;N%; and « € IT}. Then (B;,a") = 0.

Proof. If « is adjacent to 3, then a + ﬂ is compact and we have

A (@+8)Y) = (a+8)") + 5 Zczﬁz,ﬁv+ Zczﬁz,

1

This leads to a contradiction. O

>1+4+c¢—

Corollary 3.15. The Dynkin diagram of I1{ is discrete.

Proof. If it is not true, then there exist two adjacent noncompact simple
roots «, (3 € II}. By the above Lemma, neither of them is adjacent to some
B; € II{ N ;1. Then a + [ is compact.

Casel. a; ¢ 3.
(2) Mn@@+B)Y) =N (a+8)Y)>1+2-2=1.

CaseIl. ap € 3.

1) If g is of type Cj, then a;_; ¢ II; by the following Lemma 3.16. The
inequality (2) is also correct.
2) If g is of type By, then

~ 1 1 1
M@+ 8 = N (a+B)) + (e (@t 8)) 2 1+2-2-5 = 2.
Thus for all the cases, we have (A, (o + 3)¥) > 0. Contradiction. O

a;—1 and a; generate a subsystem of type Bs = (o, 3), where « is the
long root.

Lemma 3.16. Let the notation be as above.
1) If « € ¥4, then (\,8Y) >0, i.e., B & I1,.
2) If B € X4, then (\,a¥) >0, i.e., B ¢ I1,.

Proof. Thanks to Lemma 3.13, we can assume that § is noncompact. Then
«a + 3 is compact and

(A (@+8)") = 1+2—(p,2a" + 8Y) = 0
1) @ € ¥;. Then (X, BY) > 2¢c. For type By,
A BY)>2+ 5 ( BY) =

For type C},

O8%) 2 24 0, 0%) + 52,8 = 5.
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2) B € %y. Then (A, 3Y) = —1. Since
(A (a+8)") >0,

then
~ 1
A aY) > =,
( 7a ) — 2
Consequently
(A\aY)>1

since (X, V) is an integer. Then

(A aY) = (X,av) + %(ﬁ, a’) >

N | =

namely, a ¢ 7. O

If ap_1, oy ¢ X1, that is,
(}v‘v ay—l) 2 07 (Xv 042/) = 07
then
()‘7 (al—l + al)v) = 2()\7 al\/fl) + ()‘7 04?/) > 0.
Here the equality holds if and only if

(>‘7 O‘l\/—l) = ()‘a OZE/) =0.
Now we assume g is of type B;. First we prove a lemma.

Lemma 3.17. Assume g is of type By. If oy is noncompact, then (p.,oq) =
0.

Proof. The compact root a which is adjacent to a; must have one of the two
forms: 1) a =a;+-- 4+ o1, 2) a = a; + -+ ay—1 + 2. Two such forms
occur in a pair. A simple calculation leads to the lemma. O

If ay_1 ¢ 37 and p is regular for A(g,t°), that is, (u,a) # 0 for any
a € A(g,t9), then (1 + 2p¢, ) > 1 since (p + 2pe, ') is an integer. Then
ap ¢ ¥y, If ay_q, oy € TI}, then we have (X, ) = (X,al\/) = 0, that
is, (14 2pc,00” 1) = (1 +2pc,0)') = 1. Then (1 + 2pc, (-1 + )¥) =
(1 (-1 +0)") + (2o (11 + 1)) = (1, (@11 +n)¥) +2 = 3. So we get
(p, ") = 0, which contradicts the assumption that 4 is regular. Actually,
we have proved:

Theorem 3.18. Assume g is of type B; and p is reqular for A(g,t¢). Then
the Dynkin diagram of | is discrete. Consequently,

T =TI,



UNITARY REPRESENTATIONS WITH NONZERO DIRAC COHOMOLOGY 295

3.2.3. Type D;j. Since all roots of D; have the same length, some results
on AIIl can be applied and we can get some similar results.

Proposition 3.19. Assume p is reqular for A€, t°).
1) Let a € At (g,t°). If (o, B) =0 for any B € X1, then

(X a¥) >0.
2) II; = T'. Consequently, I consists of simple roots.

Proof. 1) Let {aq,...,q;} be the simple roots. If & = a; + ;11 + - - + a,
similar to the proof of Proposition 3.10, one can easily get (X, a¥) > 0. Now
we assume a = a; + -+ a1+ 20 + -+ 209 + -1 + .

If £ >i+1, then oy, oy ¢ X1. So we have

(X, (4 +a1)Y)>0

and

A (o + -+ o+ o)) > 0.
Hence (X, a") > 0.

Ifk=i+1, that is, « = a; + 241+ - - +20q_9 + ;1 + o, then we have
ajt+1 ¢ ¥1. In this case we may have a; € X1, If ag_1 ¢ X1 or o ¢ X4, the
proof is similar to the above. Now we assume «o;_1, o € 31, then ay_o ¢ X;.
If oy_3 ¢ ¥4, then we write

a=(a;+ - +o-g)+ (g1 + -+ ) + (-2 + ).
If aj_3 € ¥4, then a4 ¢ X1, then write
a=(oi+- -+ a_g)+ (g1 + -+ oz) + (3 + 2019 + a1 + ay).

So we need only to show

(3) (N, (g + 202 + 1 + oy)”) > 0,

where a;_3, aj_1, oy € 1. If y_o is compact, then (X, o) 5) > 2. (3) holds.
If a5 is noncompact, then o;_3+ a;_o and a;_1 + oy_o are compact, hence

(N aY) =\ (s +a2)Y + (g +ag)Y + ) > 1
(3) holds.
2) Let a € II;. If « is adjacent to 3; € ¥y, then o + 3; is compact. Then

O a+5)Y) = (ot B)) + 5 SelBe %) + 5 3 ex(Bi0)
>1+Cj—lcj—1:1.
- 2 2

For the first inequality, we use the assumption that u is regular. But it

contradicts the fact that o € II;.
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Now let «, B € II; be adjacent. Then neither a nor § is adjacent to
elements in >;. Again the fact that a+ 3 is compact implies it is impossible.
So the Dynkin diagram of [ is discrete. We must have

M, =T.

Combining the above results, Theorem 3.9 follows.

4. Dirac cohomology of unitary representations with regular
lambda-lowest K-types.

In this section, we will consider the simple group G of types AIII (SU(p, q)),
BI(BII) (SO0(p,q), p+q odd), CII(Sp(p,q)), DI (SOu(p,q), p and ¢ even),
DIII(SO*(2n)), that is all the classical groups except CI(Sp(n,R)) with
rank G = rank K. Also we will make the following assumption:

Assumption 4.1. pu is regular for A(g, t°).

4.1. The dominance of p — p,,. Since we assume p is regular for A(g, t¢),
we can choose the following positive root system for A(g, t%): o € AT (g, t9)
if (p+2pe, @) >0or (u+2pe,a)=0and (u,a") > 0. Set p, = p — pe.

Since p € K is a lambda-lowest K-type, then the associate fine L N K-
type with respect to L is u* = pu — 2p(unp). Since AT ([, t¢) = II; consists
of noncompact imaginary roots, we have A™(I,t¢) C A™(p, t%), hence

AT (p, t9) = AT(1L, ) U A(u, t°).
So p(uNp) = pp — pt = p — pc — pr. Consequently,
p" = p—2puny)
= p+2pc — 2(p — po).
So
(/'LL7ﬂzv) =1- C;

for g; € I1;.
Proposition 4.2. p — p, is dominant for AT (,t°).

We have to deal with it case by case.
Proof of the case AIII . We just need to prove N is strictly dominant for
A(E,t9), that is,

(N a’)>1

for any a compact. Let II = {«a1,...,q;} be the simple roots of AT (g, t°).
Then the system of simple roots IT; of A1 (,t°) consists of two kinds of

elements
I, = II. UII,.
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II. consists of those compact simple roots of II. Elements of II,, are of the
form
o =05+ -+ g,
where «; and ay, are noncompact and «;41, ..., a1 are compact. If a € 11,
then
(A V) > 2.
If a € I1,,, we treat it case by case.
Casel. a = a; + a;41, where «;, a1 are noncompact. Then

MhaV)>1+2-2=1.

Casell. a=a;+---+ ag, where kK — ¢ > 2. In this case a;41 and ;49 are
compact. Then

(X,OZV) =\ (i +ap))+ N (Qipr 4+ +ag-1)Y) > 1

Case III. o = a; + ajy1 + 2. Here ayy1 is compact. Then (X, a’) > 0.
If (\, ") =0, then

Aai) = (N i) = =1, (A, @ip1) = 2.

Thus both (u, ;) and (u, ciy2) are integers. (pe, o + oy s) = (pe, V) —
(P, o’y1) = 0 implies that (u, " 4+ o, 4) = 0, which contradicts the choice
of positive roots. U

Proof of the case B;. Let a € Il; be simple. Then o must be one of the
forms in the following cases:

Casel. a = a; € II. Then (p — pp, ) > 1.

Casell. a = a;+---+ ap, where o; and oy are noncompact and others are
compact.

If £ < I, the proof is similar to that of A.[VII. N

If k = [, that is, oy is noncompact, then (A, ") = (A, 2(a) +-- -+ ) +
o). If i <1 —1, we can get the result easily. If i = — 1, then (p¢, o)) =0
implies 2(pe, ;) = 1 and (p, ) > 1. Since p is an integral weight and
the choice of positive root system depends on u, we have

(4) (:U’v O‘l\/—l) > 0.
Since
(5) (1, ') = 0,

and the equalities (4) and (5) can’t hold at the same time, we have

(A (g1 +a)¥) > 1.

Case . a=a;+ -+ ap+2(ags1 + -+ ), where a;, o and a1 are
noncompact and the others are compact.
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Since a; + - - - + a € 1lg, we need only to prove

(>‘a (ak+1 + -4+ Oél)\/) Z 07
which is obvious thanks to Lemma 3.17. O

Proof of the case CII. Since g is of type CII, ¢ has no center and oy must
be a compact root. Let o € Il be simple. Then a must be one of the forms
in the following cases:

Case 1. Similar to type By.
Case Il. @« = a; + - - - + oy, where k < [. Similar to type B;.

Case III. o = 2(c; + -+ - + oy—1) + «y, where only «; is noncompact.
Since (A, ") = (A, + -+ + '), the conclusion is clear. O

Proof of the case D;. Let a € Il be simple. Then o must be one of the
forms in the following cases:

Case 1. Similar to type B;.

Case II. « = o+ -+ (k <1 —-2), 0« = o+ +q_1 or a =
Q; + -+ a0+ apor a1 + ag_g + . Still similar to type B;.

CaseIll. « = o + - - - + oy, where «;, ay_1, o;_1 and «; are noncompact and
others are compact.

The only hard case is that ¢ = [ — 3. Since at least one of a;_3, ay_1 and
oy is not in X1, all the simple root of £ is one of the three forms:

1)a;ell,i<i—3.
o+ o k<l—2.
3) q_z+ o2, g+ a1, g+ agor a3+ g+ a1+ a.
In this case t is a sum of two simple Lie algebras of type Dy, say ¢ = £, Dt
and ITy = Iy, UIlg,. One can easily see oy_s+a;—9 and aj_3+aq_o+a—_1+oy

belong to the same subsystem, say Il¢,, while oy_o + aj_1, aj—o + o € 1lg,.
And they play the role of a;_1 and a;. One can easily see that

(pcvayfl) = (pc,al\/) =0.
Then (p, 0 1) > 0 and (p, ") > 0 and (pe, o) o) = 1. If p is an integral

weight, then a;_1, oy ¢ 3. The assertion follows.

Case IV. a = «a; + -+ + a + 2(ay1 + -+ + ag_2) + ay_1 + oy, where
a;+ -+ ag (kK <1—2)is a compact root in case IT and a1, oy—1 and o
are noncompact. We can easily get the (u — pp, ") <O0. U
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4.2. The dominance of A. Let A = \ + %chﬂi =+ > ¢ifi. Then we
have:

Proposition 4.3. A is dominant for A™* (g, t°).

Proof. Let o; € W(g,t°) be the reflection with respect to 5; € I'. Set
A" = {a € At (g,t)|a ¢ T'}. Then A’ is stable under each o; and their
product o = 01...0y.

A = o()\) is dominant for A’ if and only if A is dominant for A’. The
assertion follows by the following lemma. O

Lemma 4.4. X is dominant for A'.

Proof. In the above subsection, we have proved that A s strictly dominant
for AT (€, 1), so the only left is to check our assertion for noncompact roots
in A,

Let o € A’ be noncompact. If « is not adjacent to any element in X,
then B

A oY) =\ aY) >0.

Now assume « is adjacent to 6 € %1. If a+ (3 is a root, then it is compact.

So we have B
Ala+d)”) > 1.

One can easily get (X, aV) > 0. If y = a — § is a root then

(Xv av) = (X’ (7 + 6)\/)
Also we have (X, ) > 0if (,7) > (3, ) or v is not a simple compact root.
So we just need to consider the case that (v,7) < (8, 3) and ~ is a simple

compact root. Obviously, g is of type B; and v = «; + - -+ + ;. According
to the proof in Chapter 3, the assertion follows. O

4.3. The representations of L. Let L be the commutator subgroup of
L. Tt is a connected semisimple Lie group by [8, Lemma 4.3.4]. Then
L =TL; (see [8, Lemma 0.4.2]) and 71 =T N L, is a finite product of Zs.

Let (6,V) € T and &; = 8|7,. Then (6;,V) € T. Define (7, H) = n(P,J @ v)
and (m,H1) = m(P1,d ® v), where P =TAN, P, =T1AN and v € A.

Lemma 4.5. 7|r, = m as representations of Li. Consequently, m is irre-
ducible (resp. unitary) if and only if w1 is irreducible (resp. unitary).

Locally, L; is a product of some copies of SL(2,R), i.e., there exists a
canonical covering map:

p:Li=SL(2,R) x -+ x SL(2,R) — L4

with finite kernel Z. Then m can be regarded as a representation of L
with Z acting trivially. Let T = p~'(7}). Then 6; can be regarded as a
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representation of T). Let 7 = W(ﬁ, 91 ® v), which is equivalent with m; as
representations of j)vl . Obviously, m; is a tensor product of representations
of SL(2,R). Then 7 is unitary (irreducible, resp.) if and only if every
component of the tensor product is unitary (irreducible, resp.). We can
easily get the unitaribility and irreducibiliby of representations of L since
the representations of SL(2,R) is so clear. Let us recall the following:

Theorem 4.6 ([4], Theorem 16.3). The only irreducible unitary represen-
tations of SL(2,R) up to unitary equivalence are:

a) The trivial representation;

b) the discrete series Df, n > 2, and the limits of discrete series ch,

c) the irreducible members of the unitary principal series, PH% with y
real and P~ with y nonzero real,

d) the complementary series p* with 0 < x < 1.

~

Moreover the only equivalences among these representations are PTW =
PH=W gnd P =2 PTW,

The fine representation u° (see [8], Corollary 5.4.7) corresponding to p is
just 10 = p—2p(unp) = p—2p(p) +2p(1) = (u+2pc) — 2(p — p(1)). Then
we have

(/Loaﬁz\/) =1-g¢,
that is, u® is weight 0 of those [(3;) for 3; € T'y (Here [(3;) is the TDS
generated by f;) and weight 1 of those [(3;) for ; € T'g. Consequently
L(B;) = SL(2,R) since L(;) is either SL(2,R) or PSL(2,R), but the rep-
resentations of the latter has no odd weight.

4.4. Proof of Theorem 1.2. Let X be an irreducible (g, K)-module with
lambda-lowest K-type u satisfying p is regular for A(g, t¢). By the discussion
above, we have known the following facts:
1) A=pu+2p.—p+ % Zﬁierl Bi. Let ¢ = [+ u be the parabolic associated
to p. Then the Dynkin diagram of [ is discrete.
2) p— pyp is dominant for AT (€, t€).
3) A=(\3 >_per, Bi) is dominant for AT (g, t°).

Now we assume the #-stable data corresponding to X is (q, H, ¢, v), where
v=1 >_per, Bi- Consider the standard (g, K)-module:

RY(XL(P,0 ®v)).
v))

By Theorem 6.5.12 [8], X = RS (X[ (P,é ®v))(u) and a canonical cohomol-
ogy class is Y = X (P,d ® v)(u — 2p(uNp)), which is unitary as one can
easily see. R¥(Y) is a submodule of R (XL (P,d®v)). We have X C R5(Y)
since they have the same lambda-lowest K-type p. Since (A, ") > 0, then
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R5(Y) is unitary and irreducible (it is nonzero since it contains X), hence
X =R5(Y) is unitary. By Dirac inequality, we have

(w(p' = pyp) + pe;w(p’ — o) + pe) = (A, A),

for all K-type u/ of X, all p/, and for some w € Wg. Note that pu — py, is
dominant for AT (€, t¢) and

M_pn+pc:Aa

we have the equality holds. Using tv, 0 < t < 1, instead of v, one can see
that X7, (0 ® tv) is unitary since it is a tensor product of complementary
series and discrete series of SL(2,R). Let Ay = (A, tr). Then Ag = X and
Ap = (1—t)Ag +tA;. Hence (Ay,a) = (1 —t)(\, ) +t(X, o) > 0, for all
a € A(u). Then by Theorem 1.3 [9], we have

R (Xp(6 @ tv))
is unitary. So we have

(W' — pp) + pe;w(p’ — pr) + pe) = (Ae, Ay),

for all ¢t € (0,1) by Dirac inequality. Since all the K types of X¢(q, H,J,v)
are independent of the choice of v, when t tends to 1, we get

(Wt = pn) + peswlp’ = pr) + pe) > (A A)

which implies (11— pp + pe, 1t — pn+ pe) = (A, A), hence X has nonzero Dirac
cohomology.

Conversely, if X has nonzero Dirac cohomology, then the infinitesimal
character of X is u— pn, + pe. = (A, ) by the same argument. One can easily

show that v = %Z,@ierl Bi.
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