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We study expansion of reproducing kernels for Hilbert
spaces of holomorphic functions on the unit ball in C™ with
values in the antisymmetric tensor of the tangent and the
cotangent spaces. As an application we find the composition
series for the analytic continuation of certain families of holo-
morphic discrete series.

1. Introduction.

The expansion of reproducing kernels of Bergman spaces of holomorphic
functions on a domain D in C™ is of considerable interests. If the domain
admits an action of a compact group K, then naturally one would like to
decompose the space of polynomials into irreducible subspaces of K and ex-
pand the reproducing kernels in terms of the reproducing kernels of the finite
dimensional subspaces. In [5] Hua found the expansion of the Bergman re-
producing kernels on classical bounded symmetric domains. In that case the
domain is a Hermitian symmetric space D = G/K, and the Bergman space
forms also a unitary representation of the group G. Faraut and Koranyi [3]
have recently found the expansion of weighted Bergman reproducing ker-
nels on a general bounded symmetric domain and gave several implications.
Since the appearance of that paper there have been more interests in the
problem of finding the expansions.

In the previous papers [6] and [7] the authors studied the expansions of
reproducing kernels for spaces of vector-valued holomorphic functions on
classical matrix tube domains U(n,n)/(U(n) x U(n)), Sp(n,R)/U(n) and
O*(2n)/U(n) (for even integers n). The tangent spaces of the domains are
C"® C™ C"®C"™ and C™ A C" respectively. The holomorphic functions
considered there take values in the space C", which roughly speaking corre-
sponds to the half of the tangent bundle, or the spin bundle. In this paper
we take the simplest non-tube type domain, namely the unit ball B™ in C",
and consider G-invariant Hilbert spaces of holomorphic functions with value
in the antisymmetric p-tensor APV’ and g-tensor AV of the the cotangent
space V' and respectively tangent space V; they are viewed as holomorphic
sections of the respective bundles tensored with a line bundle.
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The spaces of cotangent vector-valued holomorphic functions appear nat-
urally in the study of the harmonic analysis on those domains, in particular
in Hodge theory. Also, if we consider the analytic continuation of a scalar
discrete series on a non-tube domain, the unitary quotients in the compo-
sition series are equivalent to space of vector-valued holomorphic functions;
see Remark 3.5. The other spaces that we consider in this paper are those
of tangent vector-valued holomorphic functions. Some of those spaces can
be realized as a relative discrete series of a weighted L?-space on the unit
ball B", cf. [13] and Remark 4.1. We find in this paper the expansion of the
reproducing kernels of those spaces. As a direct consequence of our result we
get the composition series for the analytic continuation of the holomorphic
discrete series; for a general bounded symmetric domain, the composition se-
ries is still not known and quite a mystery. See also [4] for a detailed study
of composition series of (scalar-valued) principal series representations of
some classical groups.

We remark that the problem of finding the expansion of matrix-valued
reproducing kernels has also been addressed in mathematical physics [10].
Furthermore, those spaces also provide some nontrivial and new examples
of Hilbert modules over the function algebra H*(B"), and might be of
independent interests; see [1] and [2].

As it is pointed in [12] our question is also related to Capelli type and to
the invariant differential operators on vector-valued functions on the sym-
metric domain; see further [11] Proposition 2.2. More precisely there corre-
sponds to each K-invariant (matrix-valued) polynomial an invariant differ-
ential operators on vector-valued functions on the unit ball B™. There are
various open questions [11] concerning invariant differential operators on
vector-valued functions on general bounded symmetric domains. We hope
that our result will shed some light in understanding those problems.

2. Preliminaries.

Let V = C™ be the complex vector space equipped with the standard Her-
mitian inner product (z,w). Let B = B™ be the unit ball in V. The vectors
in V will be written as column vectors. Let G = U(n, 1) be the Lie group of
linear transformations of C**! that are isometric with respect to the sesqui-
linear form |21 ]2+ - -+ |2n|? — |2n41]?. We write any element of G as a block
matrix Ccl Z under the decomposition of C**! = C" 4 C. It acts on the
unit ball B™ as biholomorphic mappings:

9(z) = (az+b)(cz+d)™', g€G, z€B"

B"™ is thus a symmetric space, B = G/K, where K = U(n) x U(1) is a
maximal compact subgroup of G.
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Let go and £, be the Lie algebra of G and K respectively. We denote by g
and € their complexifications. Then g = gl(n + 1, C), the Lie algebra of the
complex (n+1) x (n+1) complex matrices. Denote Ej; j, the matrix with 1 in
the (j, k)-entry and 0 in the rest, and E; = E; ;. We choose a Cartan algebra
h to be the space of all diagonal matrices with basis {F;,j =1,...,n+ 1},
and let {€;,7 = 1,...,n 4+ 1} be the dual basis of §’, ¢;(Ey) = J;x. The
roots of (g,h) are then e; —ey,j # k, and j,k =1,2,...,n+ 1. We choose
an ordering of the roots by requiring e; > €2 > -+ > e,41. Note that the
compact roots are €; — ¢y for j,k=1,2...,n.

The group K acts on V' = C" via the defining action. We let eq,..., e, be
the standard basis vectors of V. Let V' be the dual space of V' with the dual

basis vectors €], ..., e}, with the coadjoint action of K. V' will be realized

as the space of row vectors. When viewed as holomorphic tangent vectors

and forms we have e; = % and e;- =dzj, j =1,...,n. The representations
J

of K on V and V' are of highest weights 1 and —¢,,, with highest weight
vectors e and e, respectively.

Denote P = P(B™) the space of all holomorphic polynomials on B™.
There is a natural K-invariant Hermitian inner product on P whose com-
pletion is the so-called Fock space, namely

(. q) 7 = p(3)q"(2)],_,
where the polynomial ¢* is obtained from ¢ by taking the complex conjugate

of the coefficients of the monomials 27" ... 2. As a representation space
of K it is decomposed into

P = i Prm
m=0

where Py, is the space of all homogeneous polynomials of degree m, and

it has highest weight —me,, and highest weight vector v_p,., = \j% The
vector U_p,e, then has norm 1 in the Fock space. With this inner product

the whole space P has reproducing kernel e*®) and the spaces P,, have
(zw)™

m!
f W is any finite-dimensional vector space with a K-invariant inner prod-

uct we can equip as well the space P(W) =P @ W of all W-valued polyno-
mials on B™ with the tensor of the Fock norm on P with the given norm in

w.
We introduce now the Bergman operator on V'

B(z,w)=(1—(z,w))(1 — z®@w"),

where z®@w* stands for the rank one operator given by (z@w*)(v) = (v, w)z.
Viewed as a matrix it is

B(z,w) = (1 = (z2,w))(1 — 20"),
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where as before w’ is the transpose of w. The Bergman metric at z € B",
when we identify the tangent space with V, is (B(z,2) lu,v) for u,v € V.
We note that

(2.1) B(z,w) ™' = (1 - (z,w)) 21 - (z,w) + z @ w").
We denote BY(z,w) the dual of B(z,w) acting on the dual space V' of V.
When acting on vector in v/ € V' it is

Bl (z,w)v" = (1 — (z,w))v'(1 — 2@).

3. Hilbert spaces of holomorphic differential forms and the
Dirichlet space.

For 1 < p < n let APV’ be the anti-symmetric tensor of V', viewed as
the constant holomorphic differential p-forms on B™. The space APV’ is
equipped with a natural Hermitian inner product induced from that of V’,
so that

1
(dz1/\---/\dzp,dzl/\-~-/\dzp):5!.

Let dm(z) be the Lebesgue measure on B™ and
dpy(2) = (1 = [2[*)" 7" 1dm(2)

be the weighted measure. For v > n — 1 we consider the space A,, =
L2(B™, APV’ 11,,) of APV'-valued holomorphic functions f on B" so that

1= [ (@Bl 2)' ) S (z) < o0

where

v I'lv+p—n)
v+p T(v+p)
Here and after ®” B'(z, z) on APV’ denotes the induced action of B!(z, 2) on
V'. The inner product (®PB(z, 2)! f(2), f(2)) is the one in the space APV".
With the above normalization, the constant function dz; A- - - Adz, has norm
1 in the weighted Bergman space. The computation of the normalization
constant is done below.

When p = n, the space is the usual weighted Bergman space of scalar
holomorphic functions f(z) = f(z)dz1 A -+ A dz, so that

112 =3 [ 1RO = R dm(e) < oc

for B(z,2)ldzy A -+ Ndzp = (1 — |2[)"Tldzy A - A dzy.
The group G acts on A, via

(3.1) T (9) f(2) = Jy-1(2) 71 (dg ™ (2))! (97" 2),

d,=7"
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where J -1(z) stands for the complex Jacobian of g~' and (dg~'(2))" :
APV! — APV’ the pull-back of the differential dg=(z) : V' — V. The
reproducing kernel of the space A, is

(1= (z,w))™ & (B'(z,w)) ™

this can easily be obtained by the transformation rule of the kernel under
G. To find the expansion of the reproducing kernel we need to find the
orthogonal decomposition of the space A, ;, under the compact group K.
The space P(APV') of all APV’-valued holomorphic polynomials is dense in
the space A, p, and as representation space of K it is

[e.e]
PNV =) Pp @ V.
m=0
We can further decompose it into irreducible representations of K. Let
g = n — p. Recall that P,, has highest weight —me, and APV’ has highest

weight —eg41 — -+ — g,. Thus, if m > 1, P, ® APV’ is decomposed into
a sum of two modules with highest weights —me,, — €441 — -+ — &, and
—Mmep — €g — -+ — En—1; We denote the two modules by V™—™men a1 —en
and V' ~"en"8¢T " En—1 regpectively. That is

P® APV = io: YV TMEn e 1T " En gy V—msn—sq—-~~—sn,1’
m=0
where it is understood that V ~™&»=%¢==&n~1 for m = ( will not appear.
Note that for p = n the second summand does not make sense and only the
first summand appears.

This next result is similar to Lemma 1 in [7].

Lemma 3.1. The highest weight vectors of the above spaces are given by
v = p—!zmdz A~ ANdz
—MEn—Eq41— " —En — ml°n q+1 n

V—mey—gq——En—1

and

n

p! - .
:\/(m—l)!(m+p) D () I T g A Az A A d,
J=q

where d/z\J indicates that the term is missing in the wedge product. The two
vectors are unit vectors with respect to the Fock norm.

Proof. The first formula is clear. We prove that the second vector is anni-
hilated by the positive root vectors. Observe that, for j < k,

(32) Eijde = —dzk, Engle = 0, l 75 ]
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and
(3.3) E;rzy 1z] = 2"z, Ej,kz,T_lzl =0,1+# 7.

n

Consider a positive root vector Ej 1o, jo < ko. If jo < ¢ it annihilates every

term in the sum. Let ¢ < jo < ko. If kg < n — 1 we have
Ejokodzg A+~ Ndzj A+ Ndzy = 0

for j # ko and

Ejokodzg A+ Ndzgg A+ Adzy = (—1)dzg A+~ Adzgg A+~ Adzgg A+ Adzy

with dzi, appearing in the joth position. We rewrite it as

Ejo kodzgA- - - Adzgg A - - Adzn = (=1)070dz, A Ndzjg A - - Adzgy A+ - - Adzg

by moving dzy, to the koth (empty) position. Using (3.2) and (3.3) we see
that Fj, g, acting on v_pme, ¢, —...—¢,_, 18, disregarding the normalization
constant factor,

— (=)o dzg A A CTZZ) A= Ndzy
+ (=1)nko(—pyko=dom=l oy dzg A A d/z;) A Ndzy,
which is clearly 0. The case when ky = n can be proved similarly. O

For any highest weight m1e1 4+ - -+my,e, appearing in the space P(V’) we
let Kppyey+tmne, (2, w) be the reproducing kernel of the space with respect
to the Fock norm. To find the expansion of the reproducing kernel in terms
of Kmyei+-+mne, We need to calculate the norm of the highest weight vector
in the space.

The computation of the norms of the highest weight vectors in the case
p = 1 differs somewhat from the case p > 1. We start with p = 1.

Lemma 3.2. The norm of v_me, —e, and V_me, —c, , in the weighted Berg-
man space is given by the following:

1

v+1
[ W+ 2)m [DE—
m

(V)m—i-l.

Proof. Consider first the vector v = v_p., —c,. We have
1
(B(z,2)"v,v) = (vB(z,2),v) = - 212 (12012 = 12 P).

The norm then becomes, disregarding temporarily the normalizing constant

and %,
dm(z)
2 +112 2\v+1
L = - ey
Recalling that (see e.g., [9], Prop. 1.4.9)

U
3

—_——
I\

~

7

>_k—.

o

3—.

kn — |z
R e e e
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with

we find the above integral is
Cos < mt (m+1)! ) — O m! v .
v+1m v+ 1)me v+1Dpmrv+m+1
Putting these calculations together we find

1
2 _ A —
ol = lv-men—eulle = 75~
B I U
Now let v = V—mep—en—1 — (m—1)!(m+1)

(3.4)

( 1
= (1= 1) (=en 1 — 2 2nmre) (I = 27)

(1= |21 (znen 1 — 2p'en—12' — 21" 2n-1ep + 2 201 %)
= (1= 1) (znen 1 — 2 2nten)

which is remarkably simple. Thus
(B(z, 2)w, w) = |22 + |20z [2
The rest is straightforward computation. U

Consequently, we have:

Theorem 3.3. The reproducing kernel (Bt(z,w))™1(1 — (z,w))™" has the
following expansion:

(B'(z,w)) ™ (1 = (2,w)) ™"

o0
v
= I + Z |:(V + 2)mem€n*€n (Z7 w) + (V)j:—i]il Kmen*En—l(z’ w)

m=1

We can then determine the composition series by reading off the order of
the poles of the g-invariant Hermitian structure on P ® V'’ for all parameters
v.

Theorem 3.4. The representation P @ V' of g is reducible if and only if
v =0 orv < —2is an integer, in which case we have a composition series

0=My,C M; CM2:P®V/,
and the only unitarizable quotient is My /My = My when v = 0. The K -types
in composition factors are described as follows:
Ml — V/ + Z V—man—an

m>0
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if v =0;
My =V 4 Venmenm
ifv=-2; and
My=V'+ Y ymeeng N pmenensn
1<m<—(v+1) 1<m<—v
if v < =3.

Remark 3.5. When v = 0, the expansion becomes
[e.e]
(B (z,w)) ' =) (V4 2)mK ey, (2,w)
m=0

the corresponding unitary representation M; consists of K-types —me, —¢&y,
m =0,1,..., and it realizes the so-called Dirichlet space. Consider the ana-
lytic continuation of the scalar holomorphic discrete series with reproducing
kernel (1 — (z,w))™" with the corresponding action of G. When x = 0, the
space P of all polynomials is reducible and the space C of constant function
is a submodule, considered as representations of g¢. The quotient P/C is
also unitarizable and is equivalent to our module M; with v = 0; so the
quotient is no longer a continuation of the scalar discrete series. The inter-
twining operator from the quotient P/C onto M; is f — Jf. We remark
that Theorem 5.4 in [3] gives the equivalence of the top quotient of a com-
position series at the reducible point in analytic continuation of a scalar
discrete series, with another highest weight module of the same series. How-
ever, the theorem, as it stands there, holds only for tube domains. For
non-tube domains the quotients there is equivalent to an analytic continu-
ation of the vector-valued discrete series, since the highest weight given in
that theorem is not one-dimensional; the case of the unit ball is as explained
here. One of the authors (GZ) pointed this out to Professor Jacques Faraut
in Mittag-Leffler institute in May 1996, who immediately realized that the
theorem should be modified for non-tube domains.

Remark 3.6. When v = —2, the expansion reads as follows:
(3.5) (B'(z,2)) "1 = |22 =1 2K _., ., _,(2,2).
The representation —e,, — &,_1 is the space of anti-symmetric tensor of V'
with V', and as polynomials it has orthogonal basis z;e’; — zje;, i < j. One
can easily compute the reproducing kernel and finds that
(36) Koepens = 5(eP =20 27)"
On the other hand, by (2.1) we have

(B'(z2) ML= o) = 1= [P +202") =1 (2P + 22",
which clearly coincides with (3.5) and (3.6).



TENSOR-VALUED HOLOMORPHIC FUNCTIONS 311

Consider now p > 1. Let v = v_pe, ¢, —e, and write v = \/%w.
We first compute B(z, z)w,

®P B(z, 2)'w

n
= (1— |2*)P2" | dzgy1 A=+ Adzy — Z dzgr1 N Nzjz" N+ Ndzy, |,
J=q+1
where in the summation the term z;2* appears in the jth position. Indeed,
®P B(z,2)'dzg1 A -+ Ndzy,

= (1= [2P)(dzgs1 — 2g112") A -+ A (A2 — 202

n
=(1—|2|*)?P [ dzgg1 A~ Adzy — Z dzgr1 N Nzjz" N Ndzy
Jj=q+1
since all other wedge products contain two factor of z* and are vanishing.

Consequently
(®RPB(z, 2)'w, w)

2
= (1— [af2ap

n
dqu/\---/\dzn—Z dzgr1 N Nzjz" N Ndzp,w
J=q+1

1 2 2 - 2
= (= [T 1= > Izl
' j=q+1
We can compute its integration, noticing that the integral involving
|2n|?™|2;]? for j = n is different from that for j # n,

11
ol = o [ =1 (12
- Ay

n—1
= > |zl - |Zn!2m|2n\2>(1— |2[%) 7" dm(2)
J=q+1
1 1a"T(w+p—n) m!
~ mld, T(v+p) <(1/+p)m

—(p—l)( m! B (m+1)!>
V+pmit (VA D)mi
_ 17" T(w+p—n) 1 (1_ p-1 m+1>
d, T(w+p) @+pm vip+m v4ptm
1 a"T(v+p—n) 1 v
d, T@w+p (@WH+pmrv+p+m

1
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Next let v = v_pe,—¢,——c,_, and write v = m w. We have
(B(z,2)w,w) = (1= |z2P(&P(1 — 2 ® 2w, w).
However,

®P (1 — 2 ® 2*)'w

n
= Z(—l)”sz:f‘*lzj(dzq —2gZ") N A ciz\] A A (dzy — 227)
J=q

n n
=w— Z Z (—)" e idzg Ao N zizt A Ndz A A dzy,
J=q i#ji=q

so that

(@P(1 — 2 ® 2*)'w, w)
n n
= (w,w) — Z Z (—1)”7322”‘*1252'1‘
J=q i#ji=q
: (dzq/\"'/\Z*/\"'/\d/,z\j/\"'/\dzn,w).
We prove that the second double sum actually vanishes. Indeed writing
2" = Z1dz1 + - - -+ Zpdzy, we see that only the term Z;dz; + Zjdz; contributes
to the wedge product and then the inner product, namely
(dzg A A2 N Ndzg A~ A dzn,w)
= (dzq/\~-/\(Eidzi—i—ijdzj)/\---/\ciz?j/\-"/\dzn,w).

Furthermore

dzg A+ A (Zidzi + Zjdz) A - Adzj A -+ Adzy
= Zidzg A Adz A Ndzg A+ A dzy
tZidzg Ao ANdzp A Adz A Adzg
= Zidzg A Adz A ANdzg A+ Adzy
F2(=1) T g A Adzg Ao Adzg A A dzy,

where in the last term we move dz; in the ith position to the jth empty
position (leaving the ith position empty). The double sum is then
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n

n
Z Z (—1)”_jz$_1zj|zi]2(dzq Ao Ndzg N+ Ndzj N N dzp, w)

Jj=qi#
n
Z zlz] (=177 Ndzg Ao Adzg Ao Adzj Ao A dzg,w)
n

qi#ji
=>. Z - >“-Jz::‘—1zj|2|zz~|2];
. =qi .

y 1
*Z Z G 1)]_1_1277_123'%53‘23?71%];

J=q i#£ji=q
=0.

So that only the first term contributes to the integral, and

1 vVr—nm—
lwl? = d/B(w,w)(l—\z|2)f”+ Ldm(z)

T/ Zrzm Ly (1= |22 ()

1 17r”F( —|—V—n) _— (m—1)! m!

B dz/ p! ’/an(p"‘ V) <( q) (V +p)m * (V +p>m>
1 1aTp+v—n)m-1! m

S ) ( (n—q+m).

We find eventually

2
wl; = .
We have thus established the following expansion; the case p = n reduces

to the known expansion for the weighted Bergman reproducing kernel (1 —
(z,w))"vntl:

Theorem 3.7. Let 1 < p < n. The reproducing kernel @ (B*(z,w))™1(1 —
(z,w))™" has the following expansion:

& (B'(z,w)) (1~ (2,w)) ™"

oo
=1+ [(u D+ DK ey —cpus—en (2, W)

m=1
+ l/(l/ + p + 1)m—1K—msn—sq—...6n71 (Za ’U))]
where ¢ = n — p.

Similar to Theorem 3.4 we have:
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Theorem 3.8. Let 1 < p < n. The representation P @ NPV’ is reducible if
and only if v = 0 or v < —(p+1) is an integer, in which case the composition
factors 0 = My C My C My =P @ APV’ are described as follows:
oo
Ml _ Z VT men—€g+1——¢n
m=0
ifv=0;
My = V= fartmmen L menTEqmmen
ifv=—(p+1); and

Ml _ Z VT men—gqt1——€n + Z | —men—gq——én
0<m<—v—p—1 1<m<—v—p
ifv<—(p+1).
It is interesting to observe that when v = 0 we have
o
@P(B'(z,w))" ! = Z (VAP + DK ey —egpq e (2,0)
m=0

so that there exists a unitarizable submodule of P(APV’) consisting of the
K-types —mey, — €g41 — -+ — €p, for all p = 1,...,n; only when p = n is
that a discrete series, namely the Bergman space.

4. Hilbert spaces of holomorphic vector-fields and antisymmetric
tensor fields.

Let 1 < ¢ < n. In this section we study the space B, , = L2(B", A1V, ),
v > 2q + n, of A9V -valued holomorphic functions f on B" so that

12 =5 [ (B2 1), FE)dilz) < o0

and its analytic continuation in v. Here
ZJv—q—1—n)(v—1-n)
L(v—q)
Notice that if ¢ = n the space A"V is one dimensional and the above space is

the weighted Bergman space of holomorphic functions f(z) = f(z)e1A---Aey
so that

b, =7

12 =5 [ 1£GIRO = P~ 2dm(e) < oo,

v

The group G acts on B, 4 via

(4.1) T f(2) = Ty (2)7H (dg ™ (2)) (g1 2).
The reproducing kernel of B, 4 is then
(1= (z,w))"" N B(z,w).
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Remark 4.1. Let ¢ = 1. The space L2(B"™,V, u,) appears also naturally in
the study of discrete spectrum of Laplace-Beltrami operators on line bundles
over the unit ball. Indeed consider the L?-space L?(B",u,) on B"™ with
respect to the weighted measure p,. The group G acts unitarily on the
space and there is an G-invariant (nonpositive) Laplace-Beltrami operator.
It has some discrete spectrum, if v > n + 1, the biggest discrete spectrum
corresponds to the weighted Bergman space L2(B™, 1,,); if v > n+2, the next
one, say Ay (B™) gives an invariant subspace consisting of non-holomorphic
functions, see [14]. The invariant Cauchy-Riemann operator D is the unitary
intertwining operator from AY(B") onto B,, = L2(B™,V, u,); see [8] and
[13].

The space of P(A?V) all A9V -valued holomorphic polynomials is

o0
PAIV) =P @AV =Y P @ AV.
m=0
As a representation of K the space AV is an irreducible representation
with highest weight e1 +--- +&4. Thus the polynomial space is decomposed
further as

oo
P ANV = yerttes Z (V—m6n+61+-~~+£q + V—man-i-al—i---~—|-aq_1-|-€n)7
m=1
where it is understood that V ~"enteit+eq-1+en for m = ( will not appear.
We give now formulas for the highest weight vectors of the spaces above.
For ¢ = 1 they are proved in Lemma 1, [7], the general case is similar and
we omit the proof.

Lemma 4.2. We have the following formulas for the highest weigh vectors
in the respective spaces:

|
/¢!
Vemeptertteg = ﬁz,’?el N Neg

! n
V(m— 1)@—1—71 —q) 2 A e Aega e,

J=q
The two vectors are unit vectors with respect to the Fock norm.

and respectively

V—men+er+-+eq—1+en =

We now compute the norm of the highest weight vectors in the weighted
Bergman space. Let ¢ = 1. Notice that

(4'2) (B(za Z)_IU*m€n+€l7U*mEn+€1)

1 - _
= — (=) + (= ) P17
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its integral against du, is

1 m! (m+1)! m! B 1
nu@(a“Wy—1%;+a“%y—mmH(m+4y)_(y—nm'

Similarly,
(4.3)

(B(Z’ Z)ilv—min-‘rsn ) U—man-i-an)
1
— 1— 2\—1 2. m—1|2 1— 2\—2 4)_m—1 )
On*DKm+n+1ﬂ 2[7) 7 2 l2n 1T A (L= [2]7) 7= e )

To calculate its integral against the measure du, we write |2|>=1—(1—|z|?),
the above is then

= o (R R R ),

We calculate the integral of (4.2) of the term in the parenthesis, and find
(m—-1! b0y (m—1)!

(V - 2)m—1 (V - l)m—l

'v—1) (m—-D!(m+n-—-1)

v—1-n Tw+m-2)

b0, o

v

Thus the norm of v_,., 4+, is

||2:F(V—1) 1 _ 1
Y v—1-nTw+m-2) Ww—-1-n)v—1)m-1)

||U_m5n +en

We have the following expansion for the reproducing kernel:

Theorem 4.3. The reproducing kernel B(z,w)(1 — (z,w))™" has the fol-
lowing expansion:

B(z,w)(1 — (z,w))™"

=1+ Z (v = Dm K mepte; + (v =1 =n)(V = D)1 Kme,4e,] -

m=1

Theorem 4.4. The representation P ® V of g€ is reducible if and only if
when v =n+1 orv <1 is an integer; it has a composition series

O0=MyC M CM=PRYV,

the composition factor are given as follows:

oo
My =) yomenter
m=0
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if v =n+ 1, and the composition factor are given as follows:
My = Ve + Z V —menter + Z meenﬂfn;
1<m<2—v 1<m<3—v
the submodule My is unitarizable if and only if v = n + 1 and no quotient

My /M of the composition series is unitarizable.

Remark 4.5. We mention here that in the analytic continuation for the
scalar holomorphic discrete series, the composition series has two factors at
the reducible points, and the quotient is always unitarizable. Thus we see
here that the unitarizable property behaves differently in the vector case.

Corollary 4.6. The Bergman operator has the following expansion:
B(z,2) =1 —K_¢c,4ey — (1 +n)Ko+ (1 +n)K_2c,4c,

where
1

2 *
n+1|z |z ® z*.

1 1
2 * *
K_c 4e, = |z]* — EZ®Z , Ko = EZ ® 2", K_9e, e, =

Remark 4.7. The above formula has the following nice explanation: Con-
sider the space of V-valued polynomial space

Ml — V€1 s V_5n+51 @ VO ® V_25n+5n‘
Under the G-action
9f(z) =9¢'(2) " flg-2)

where g € G and f is in the polynomial space, the space has an invariant
Hermitian (non-unitary) form for which B(z, z) is the reproducing kernel.
Corollary 4.6 gives an expansion of B(z,z) in terms of the reproducing
kernels in each irreducible K-spaces. Actually M7 is G-equivalent to the Lie
algebra g€ with the adjoint action of G; and the above decomposition of M;
is simply the decomposition of g©

cC=pratlasop

with respect to the action of K. Here 3 is the center of £C, which is one-
dimensional. Clearly this can be done for all the bounded symmetric domain,
we have thus given a different property of the Bergman operator.

We consider now the case ¢ > 1. Let v = v e, 1oy 4.4e,- Using (2.1)
and by similar consideration as in §3 we have

1 q
(44) (@B(2,2)v,0) = — (1= [P (1= a2+ Y |
| 2
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It is now easy to compute |[v|?. If 1 < ¢ < n, |[v]?
normalization constant,

el KR E R (R oL

=B S5 ) )

is, disregarding the

(W"F(V—q—n) m! +q7r”F(V—q—1—n) m! )
I'(v—q) (v —q@)m v—q-1) (v—q—1)m+1
mT(v—q—1—n)
F(l/—q—l—m) (Z/_n)v
and that )
2
||, = ——.
= =g

If ¢ = n, Formula (4.4) becomes

1
(8B(z,2) 10,0) = (1= [3f2) 022

and
ol = o=
which is the known formula for the norm of \7;% in the scalar weighted
Bergman space with weight (1 — |z|?)V =272,
Finally consider v = v_ye, te;+-teq_1+e,- Write w = Z] 1S WARERNA

eq—1 N ej.
B(z,2)"'w — |z

-z

5= 2q®q( |2 + 2 @ 2*)w

?) "z
—|—sz <Zel/\--~/\zz-z/\~-/\ej+61/\~-/\eq_1/\zjz>
':q =1

where in the summation > 7 1 the factor z;z appears in the ¢th position.
Therefore (B(z,z)"'v,v) = |zn Y2(1 + I0), with

(m— 1)!(m+n—q

I=(1-z% qZ‘ZJ‘Q
q—1
II=q¢'(1— |2 qu<ZJZ€1/\“-/\ZiZ/\"'/\6j

i=1

+|zj|%e1 A Aegoa /\z,w>;
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moreover,

n
(szel/\'--/\ziz/\--~/\ej,w)

Jj=q \i=1
n q—1
2
.ZZ!%! |2
Jj=q i=1
n q—1
> ro ) ().
j=q i=1

n
z-2el/\~-/\e_1/\z,w
J q

n
:ZZ]zj]2(61/\---/\eq_l/\z,el/\--~/\eq_1/\ek)

J=q k=q
2
n
2 2
D YT
Jj=q k=q Jj=q
and the summation of the inner products in II is
2
1 (¢ RS 2 &= 2 2% 2
2
P dDolEl o+ i PETR RO B E R E
" \s=q " \JU=a i=1 i=q
Eventually we find
(B(z2)0,0) = 1 2P
’ ’ (m =1 (m+n—q)
n
Dol =1z + (= 2 2P
Jj=q

- g Z )
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which has a simpler form. The norm ||v]|? is given by

bTr”F(V—q—l—n) 1 (n—q)(m—1)!+m!
C o Tw-q-1) (m-Dim+n-q  (¥=qg-Dm
:bﬂ'”F(V—q—l—n) 1 (n—q+m)(m—1)!
T Tw=q-1) (m-Dim+n-q (-qg-1m
1

Cv=1-n)V—@Qm1

Thus we have:
Theorem 4.8. Suppose 1 < g < n. The following expansion holds:
®q B(Za w)(l - (Z’ w))—u

o
=1+ Z(V - q)mK—m6n+a1+--~+eq

m=1
[eS)

+ (V=1=n)(V = @Qm-1K meptert-teq_1+en
m=1

if ¢ <n. For ¢ =n we have the known expansion for the weighted Bergman
kernel

R"B(z,w)(1 — (z,w))™" = (1 — (Z7w))—(u—n—1)

Theorem 4.9. Let 1 < g < n. The representation P @ N1V is reducible if
and only if v =n+1 or v < q is an integer, in which case the composition
factors 0 = My C My C My =P @ APV’ are described as follows:

oo
Ml — E V—m5n+€1+~~+€q

m=0
ifv=n+1;
M, = VE1+-~~+€q + V61+~~~+6q71
if v =gq; and
]\41 — Z V—m€n+€1+"'+€q + Z V—m€n+€l+"'+€q71+€n
0<m<qg—v 1<m<q—v+1

ifv <gq.
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