THE MONGE-AMPERE EQUATION WITH
INFINITE BOUNDARY VALUE

Bo GuaN AND HUAI-YU JIAN

Volume 216 No. 1 September 2004



PACIFIC JOURNAL OF MATHEMATICS
Vol. 216, No. 1, 2004

THE MONGE-AMPERE EQUATION WITH
INFINITE BOUNDARY VALUE

Bo GuaN AND HUAI-YU JIAN

This article concerns the Monge—Ampeére equations with
infinite boundary value in convex domains in Euclidean space.
‘We were able to characterize the growth rate conditions, which
are nearly optimal, for the existence/nonexistence of solutions
to the problem.

1. Introduction

Let Q be a domain in R™ and ¢ a positive function defined on Q2 x R x R". In
this paper we study the Dirichlet problem for the Monge—Ampere equation

(1.1) det D?u = ) (x,u, Du) > 0 in Q,
with the infinite boundary value condition

(1.2) u = +o00 on Jf.

We will look for strictly convex solutions in C*°(£2); it is necessary to assume
the underlying domain 2 to be convex for such solutions to exist.

This problem was first considered by Cheng and Yau ([5], [6]) for ¢ (z, u) =
eKv f(z) in bounded convex domains and for ¥(u) = €?* in unbounded do-
mains. More recently, Matero [11] treated the case 1) = 1(z,u) for bounded
strictly convex domains, generalizing a result of Keller [8] and Osserman [12]
for the Laplace operator; his results were further extended by Salani [13]
to some Hessian equations. (See also [9], where problem (1.1)—(1.2) was
studied for ¢ (z,u) = e"f(z) and Y(zr,u) = wPf(x).) For the complex
Monge-Ampere equation with 1(z, u) = % f(2) the corresponding problem
was also treated in [5] in connection with the problem of finding complete
Kéahler—Einstein metrics on pseudoconvex domains. In this article we will
consider more general cases, including allowing domains that are unbounded
and not strictly convex when ¢ = 9 (z,u). Our main results are stated as
follows:

Theorem 1.1. Let 2 be a bounded strictly conver domain. Suppose that
P € C®(Q x R x R™) satisfies 1 > 0,

(1.3) M(z%)P <4(x,2,p), V(,2,p) € AxRxR",
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where p >mn, M >0, 27 = max{z,0}, and finally
(1.4) Y(z,z,p) < V()1 +[p|"), V(z,2,p) € A xR XR",
where W is a smooth positive function and

(1.5) supe ““V¥(z) < 400
2<0

for some € > 0. Then there exists a strictly convex solution u € C'“i(Q) to
(1.1)—(1.2). Moreover, there exist functions h,h € C(R™Y) with h(r), h(r) —
oo as r — 0, such that

(1.6) h(d(z)) < u(z) < h(d(z)), VzeQ,

where d is the distance function to 0S2.

When 1 does not depend on Du, Theorem 1.1 holds under weaker con-
ditions. In particular, £2 need not be bounded or strictly convex:

Theorem 1.2. Let Q@ C R" be a conver domain not containing a straight
line. Suppose ¢ € C*°(Q x R) satisfies ¥ > 0, as well as (1.3) for some
p>n and also

(1.7) sup e “FiY(z,z) < +oo
ze, z<0

for some e > 0. Then (1.1)—(1.2) has a strictly convex solution u € C*°(Q)
that satisfies (1.6). In addition, when § is bounded, assumption (1.7) can
be weakened to allow e = 0.

Remark 1.3. Suppose ¢, > 0 and there exists a convex supersolution u €
C?(Q) satisfying

(1.8) det D*u < (z,w, Du) in Q,
% = oo on JS).

Theorems 1.1 and 1.2 then remain valid, with @(z) in place of the function
h(d(x)) in (1.6), without assumption (1.3).

The following nonexistence results complement Theorems 1.1 and 1.2 and
indicate that the growth conditions in Theorems 1.1 and 1.2 are nearly
optimal.

Theorem 1.4. Let Q) be a bounded convex domain in R™. If

(1.9) 0<4p(z,2,p) < M(1+ (z7)P) (1 + [pl?), V(z,2,p) € A xR xR",
for some p,q >0, p+ q < n, there exists no convez solution to (1.1)—(1.2).
Theorem 1.5. Let Q be a convex domain in R™. If

(1.10) Y(z,z,p) > M(1+ |p|")*, V (z,2z,p) € 2 xR xR",

where e > 1 and M > 0, and Q2 contains a ball of radius a > (M(a—l))_l/n,
there exists no convex solution to (1.1)—(1.2).
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Note that € is not assumed to be bounded in Theorem 1.5.

Theorem 1.6. Assume € is an unbounded convex domain that contains
a straight line. If ¢ > 0 satisfies (1.3), where p > n, there is no convex
solution to (1.1)~(1.2) in C%(Q).

The article is organized as follows: we start with some comparison prin-
ciple and uniqueness results in Section 2. In Section 3 we construct some
radially symmetric functions that will be used as barriers in proving our
theorems. Section 3 also contains the proofs of Theorems 1.4-1.6, while
Theorems 1.1 and 1.2 are proved in Sections 4 and 5.

2. The comparison principle and uniqueness

Throughout this section 2 C R™ is assumed to be a bounded convex domain
and u,v € C?(1) are convex functions satisfying

(2.1) det D*u > ¢(z,u, Du) and det D*v < ¢(x,v, Dv) in Q,
where 1), ¢ € C?(2 x R x R™) and
(2.2) Uv(x,z,p) > d(x,2,p) >0, Y(zr,2,p) € 2 xR xR".

For later reference we recall the following comparison principle, which will
be used repeatedly:

Lemma 2.1. Assume u,v € C(Q) and u < v on Q. If either 1. (z, z,p) >
0 or ¢.(x,z,p) >0 for any (x,z,p) € A X R x R™, then u < v in Q.

Proof. Assume that
u(y) —v(y) = rnélx(u —v)>0

for some y € 2. Then det D?u(y) < det D?v(y), as the Hessian D?(v — u) is
positive semidefinite at y. On the other hand, we have

det D*u(y) < ¢(y, v(y), Dv(y)) < 9 (y, u(y), Du(y)) < det D*u(y),
since u(y) > v(y) and Du(y) = Dv(y). This contradiction shows u < v in Q.
O

We have the following comparison principle and uniqueness for solutions
of problem (1.1)—(1.2):

Theorem 2.2. Assume u = 400, v = +00 on 0 and v is strictly convex
in Q. Suppose § contains the origin in R™ and ¢ satisfies

(2.3)
ﬁC'Dzw(%Z’p) SO? P'D;ﬂﬁ(%sz) 207 V(x,z,p) €N x R x R".

If, in addition, either
(2.4)  p(x, zT,p) > NW(z,2,p), VA>1, (z,2,p) € QxR xR",
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where p > n, or there exists € > 0 such that
(2.5) V. (x, z,p) > ev(x, z,p), Y(z,z,p) € 2 xR xR",

then uw < v in Q. In particular, problem (1.1)—(1.2) admits at most one
strictly convex solution in C%(Q).

Remark 2.3. Assumption (2.4) implies that ¢» = 0 where z < 0. Thus
any strictly convex solution of (1.1)—(1.2) must be positive when (2.4) is
satisfied. Note also that ¢, > 0 wherever ¢ > 0 if either (2.4) or (2.5) holds.

Remark 2.4. If ¢,(z,2z,p) > 0, then (27)Pe(z,2,p) satisfies (2.4) and
e“*)(z, z, p) satisfies (2.5).

Proof of Theorem 2.2. Let u € C?(£) be a convex solution of (1.1)—(1.2).
Consider for 0 < A <1,

ur(x) = Au(Ax) —a, x € Qy,
where Q) = {x € R" : A\x € Q} and
{a =0, a=2n/(p—n), if (2.4) holds,
a=0, a=c"A"CFn if (2.5) holds.
We calculate
(2.6)  det D?uy () = APT" det D?u(Az)
= AZFeny (Az, u(\z), Du(Az))
= A (A, A= (up (x) + a), A1) Duy ()
> )\(2+a)"w(a:, A" %(ur(z) + a), Dux(z))
> p(z,up(z), Duy(z))

by assumption (2.3), when either (2.4) or (2.5) holds.
Now note that Q € Q) and v —uy = +ooon 0N for all 0 < A < 1. We
claim that v > uy on 2 for all 0 < A < 1. Indeed, assume that

ux(y) —v(y) = méiX(U)\ —v)>0
for some y € Q. Then

¢(yaUA( ) DU)\ ) w(y;’U )
> ¢ (y, v( (y)) > det D?v > 0.
It follows that ¢ (y, ur(y), Duy)(y) > 0; see Remark 2.3. Consequently, we

obtain a contradiction as in the proof of Lemma 2.1. This proves our claim,
that is, v > uy on € for all 0 < A < 1. Letting A — 1 we obtain v > u. [
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3. Barriers

The main purpose of this section is to construct some radially symmetric
strictly convex functions that will be used as barriers in proving our main
results. Using these barriers we present proofs of Theorems 1.4-1.6 at the
end of this section.

Let u(z) = u(|z|) be a radially symmetric function. A straightforward

calculation shows that

u/

-1
(3.1) det D*u = <—)n o', v =zl
r
Thus Equation (1.1) takes the form
(3.2) ()" = "l (, u, )
for radially symmetric functions.

Lemma 3.1. Letn € CY(R) satisfyn(z) >0, 7'(z) > 0 for all z € R. Then,
for any a > 0, there exists a strictly convexr radially symmetric function
v € C?(B,(0)) satisfying
(3.3) det D?v > en(v)(1 + |Dv|™) in By(0),

v =400 on dB,(0).

Proof. Consider the initial value problem

(3.4) o = (exp(r”e“"n(cp)) - 1)1/n, r>0
©(0) = 0.

Let [0, R) be the maximal interval on which the solution to (3.4) exists. We
claim that R is finite. Indeed, by (3.4) we have

o' (r) > r(e‘p(r)n(cp(r)))l/n > r(e‘p(r)n(O))l/n, 0<r<R,
since ' > 0, ¢’ > 0 and p(0) = 0. It follows that

P P
nzn(t— e O = [ e = o) [Crar
0 0

= L))"
for any p < R. This proves that R < oo. Moreover, by the theory of

ordinary differential equations we see that ¢ € C2[0, R) and ¢(R) = +0c0 as
¢ is strictly increasing. Rewriting (3.4) in the form

log (14 (¢')") = r"e?n(y),
we obtain by differentiation

n—1,.1

/
L+ ()"
In particular, ¢”(r) > 0 for 0 < r < R.

= (r”e‘pn(gp)), > nr"le?n(p), 0<r<R.
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For given a > 0, let v be defined by
v(@) == p(Alz]) — 2n(—log \)*, = € Ba(0),
where A = R/a. Note that ¢’(0) = 0. We see that v lies in C?(B,(0)) and is
strictly convex since ¢ € C2[0, R) and ¢” > 0. By (3.1) and (3.5) we obtain
in B,(0)
Alz))" " (A=)
(Afz[) =t
> N2re? N (o(A2)) (1 + (¢'(Alal)")
> )\Znev(m)+2n(—10g>x)+77(v(x) + 2n(—log )\)—l-) (1 + )\—n‘Dv(x”n)
> e”(x)n(v(x)) (1 + [Dv(z)[").
In the last inequality we used the fact that 7 is nondecreasing. The proof of
Lemma 3.1 is complete. O

/
det D%v(x) = \*" (#(

Remark 3.2. In the sequel we will denote the function v € C?(B,(0)) in
Lemma 3.1 by v®". We will also write v*"(x) = v®"(|z|), since it is radially
symmetric.

By Lemma 2.1 we have:

Lemma 3.3. Let u € C?(Q) be a strictly convex solution of (1.1)—(1.2),
where Q0 is a bounded conver domain contained in a ball By(xy). Suppose

P(z,2,p) < en(z)(1+[p|"), V(z,2,p) € QxR xR",

where n € CY(R) satisfies n(z) > 0 and n/(z) > 0. Then u(x) > v (z — x0)
for all x € Q.

Proof. We may assume xg = 0. For any r > a, note that u — v™" = 400
on 0f). Lemma 2.1 implies that v > v™7 in Q. Letting r — a we obtain
u > o®7, O

We next construct a function on B, (0) that will serve as an upper barrier
when ) satisfies (1.3) with p > n. A straightforward calculation shows that
when p > n the function

w(w) = (1— ‘$|2)(n+1)/(nfp)
is strictly convex and satisfies the inequality
det D*w < C(n,p)w? in By(0),
where C(n,p) = p[2(n+1)/(p — n)]"*1. By rescaling, we have:

Lemma 3.4. Let a, M >0 and p > n and define w»™ € C>(B,(0)) by

wiM (z) = Aw (2) , T € B,(0),
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where

\ C(n,p) 1/(p—n)
a?" M '

Then
det D*w»M™ < M(w*M)P in B,(0).
Proof. One calculates directly
)\n
det D?w®M (z) = —5,- det D?w (E)
a n

< %C(n,p) (w (2))10 = M(w“’M(x))p.

This completes the proof. O

From Lemmas 3.4 and 2.1 we derive the following comparison lemma:

Lemma 3.5. Let u € C?(Q) be a strictly convex solution of (1.1). Suppose
that 1 satisfies (1.3) with p > n and that Q contains a ball By(xo). Then
u(z) < wM(x — x9) for all x € €.

The second inequality in (1.6) now follows from Lemma 3.5:

Corollary 3.6. Let u € C?(Q) be a strictly conver solution of (1.1) where
Q is a convex (not necessarily bounded) domain in R™. Suppose 1) satisfies
(1.3) withp >n and M > 0. Then

u(x) < h(d(x)), Yz €Q,
where d is the distance function to O and h € C*®(R™) is given by
(3.6) h(r) .= w"M(0), > 0.

We next construct subsolutions to (1.1) defined on the whole space R”
when 1) satisfies (1.9) with p+ ¢ < n.

Lemma 3.7. Assume p,q >0, p+q <n and M > 0. Then there exists a
strictly convex radially symmetric positive function uw € C*°(R™) satisfying

(3.7) det D%i(z) > M (1 + (@(z))?) (1 + |Dii(x)[9), ¥z € R

Proof. Without loss of generality we may assume M = 1. Let us consider
separately three cases: ¢ =0, ¢=nand 0 < g < n.

Case i: ¢ = 0. Consider the initial value problem
(3.8) go':r(1+g0p)1/n, r >0,
p(0) = 1.
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It is easy to see that when p < n there exists a unique smooth solution ¢
to (3.8) defined for all » > 0 and strictly increasing. Indeed, suppose ¢ is
defined on [0, R). For any p < R, by (3.8) we have

2o ("o [” ¢'(r) .

p—z/o d 2/0( (())p)l/nd

/p AR 10g7;0(p), p=mn;
(ip(r))p/n — p(w(p))("*m/n, p<n.

It follows that lim,_r ¢(p) = 400 if and only if R = +-00. We rewrite (3.8)
in the form

>

()" = 1" (14 ¢P)
and take derivatives of both sides to obtain
()" =" 1+ o).
By (3.1) we see that the function u(z) := ¢(|x|) is strictly convex and

det D?u > (1 +@P) in R™.
Case ii: ¢ = n. In this case p = 0. Let ¢ € C>°(R™) be given by

o(r) = /07“ (exp(r™) — 1)1/ndr, r>0.
Then
(3.9) ' (r) = (exp(r™) = D™ >0, r>0.
Moreover ¢ is strictly convex and ¢(0) = ¢'(0) = 0. Rewriting (3.9) as
log (1+ (")) ="
and taking derivatives, we obtain
()" =" 1+ (O)")
x €

Consequently, the function u(z) := 1+ ¢(|z|),
strictly convex, satisfies

det D*u = (1 + |Du|") in R™

R"”, which is smooth and

Case iii: 0 < ¢ < n. Let ¢ be the solution defined in some interval [0, R) of
the initial value problem

(3.10) o = (L) =) e >0
¢(0) = 1.
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Then ¢'(0) > 0 and ¢'(r) > 0 for » > 0. Moreover,
¢ < (L4 r(1+ )/
< (14 @P)Y =01 4y (=a) < o op/ (=) (1 4 )1/ (2=0)
Since p + ¢ < n, we see that ¢ is defined for all » > 0. Rewriting (3.10) as
(14 ()" = 1 (1 4 )
we obtain by differentiation
(n =)&) =" 1+ ") (1+ ()"
> (14 ) (1 + (¢)9).

Consequently the function u(z) := cp(|z|), where ¢ is a constant, is smooth,
strictly convex and satisfies (3.7) when c is large enough. (]

We conclude this section with proofs of Theorems 1.4-1.6.

Proof of Theorem 1.4. Let u € C?*(2) be a convex solution of (1.1)—(1.2),
where  is bounded and 1) satisfies (1.9). Let u € C*°(R") satisfy (3.7) in
Lemma 3.7. Note that u — Cu = oo on 92 for any C > 0. Since u > 0, we
can choose C' > 1 such that

u(y) — Cu(y) = Hgn(u —Cu) <0

for some y € €.
By (1.9) we have
det D*u(y) < + (u™(y))?) (1 + |Du(y)|9)
< M(1 + (Cu(y))?) (1 + CDu(y)|?)
< C"M(1+ (i(w))?) (1 + |Dii(y)|7) < €™ det Di(y).

since C > 1, p+q < n and Du(y) = Du(y), contradicting the fact that
D?(u— C7)(y) is a positive semidefinite matrix. The proof is complete. [

Proof of Theorem 1.6. We follow an idea of Cheng and Yau [6]. Assume {2
contains the line

L:a ==z, 1 =0.
Since Q is convex, it contains a solid cylinder {x := (2/,x,) € R" : |2/ < ¢},
for some 6 > 0, where 2’ = (x1,...,2,—1). For any A > 0, let E) be the
ellipsoid
Lo
<1
2 toag s

and consider the function

wy(x) == A M (2! A y,), x e Ey
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&M

where o = 2/(n — p) and w*™ is as in Lemma 3.4. We have

det D?wy (z) = A" 2 det D?w’M (&' A" a,,)
< M()\O‘w5’M(aL", A l2,)) = M(wa(2))’, Vz € Ey.

Now assume that v € C?(£) is a convex solution of (1.1)—(1.2) in €2, where
1 satisfies (1.3). Since wy = 400 on OF) C 2, Lemma 2.1 yields

wy > u in E)y.

Note that o« < 0. Letting A — oo, we see that u = 0 on L. It follows that
Uz, z, = 0 on L, contradicting the positivity of det D?u everywhere in Q. O

Finally, Theorem 1.5 follows from the comparison principle (Lemma 2.1)
and the following lemma:

Lemma 3.8. Let a > 1 and a > 0. There exists a strictly convex radially
symmetric function i € C%(B,(0)) satisfying

1
2— —n\o .
(311) det D*u = m(l‘f‘ |DU| ) m Ba(O),
ou

o +o00 on 9B, (0),

where v is the unit normal to 0By (0). Moreover, if « > (n + 1)/n then

u € C%(B,(0)).
Proof. Let 8 > 0 and consider the function ¢ defined by
o(r) = / (1— =P — 1)1/ndr, 0<r<l.
0

Then

and
(@,)n_lso// _ Br”_l(l + (¢/)n)(ﬁ+1)/ﬁ

We see that ¢(0) = ¢'(0) = 0, that ¢”(r) > 0 for all 0 < r < 1 and that
lim, _; ¢/(r) = co. Note also that if 5 < n,

(p(r)</ (1—r”)_6/"dr</ (1—7“)_6/"617“37” , Vr<1.
0 0 n—p

Taking 3 = 1/(a — 1), we obtain the desired function u(z) := ap(a™t|z|),
for x € By(0). O
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4. Proof of Theorem 1.1

By assumption (1.5) we may find a positive nondecreasing function 7 in
C>°(R™) satisfying

(4.1) e“n(z) > max U(y), VzeR.
Yysz

For simplicity we will assume throughout this section that € = 1; this may
be achieved by rescaling.
We first assume €2 to be smooth. For each integer k£ > 1, consider the
Dirichlet problem
(4.2) det D*u = (x,u, Du) > 0 in Q,
u =k on 0.

Since €2 is bounded, we may choose r > 0 sufficiently large that Q C B, (0)
and v™" < 1 on 9NQ. It follows from Lemma 2.1 that v™"7 < u < k in , so

lu| < Cy

for any convex solution u of (4.2), where C} is a constant depending on k.
By a result of Lions [10] (see also [4]), there exists for each k a strictly
convex function u; € C?(Q2) satisfying
(4.3) det D?uy, > U (Cy)(1 + |Dug|™) in Q,

ur = k on 0.

Note that ug is a subsolution of of (4.2). By a theorem of Caffarelli-
Nirenberg—Spruck [4] there exists a strictly convex solution u, € C*(Q)
of (4.2) satisfying uy > uy in 2 for each k > 1. Moreover, uy, satisfies the

a priori estimate

where C(k) > 0 depends on k. We next need to derive a priori interior
estimates which are independent of k.

Proposition 4.1. For an arbitrary compact subset K of €0, there exists a
constant C independent of k such that

(4.5) ukllc2amy < C, V21
The proof of this estimate is based on the following lemma and some

well-known results in the theory of Monge—Ampere and more general fully
nonlinear elliptic equations.

Lemma 4.2. There exists a > 0 depending only on Q and a decreasing
sequence ap, — a (k — o0) such that

(4.6) v* "M a —d(z)) < up(z) < h(d(z)), Ve, k>1,
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where d is the distance function to the boundary of €. (For the definitions
of h and v*" see (3.6) and Remark 3.2.)

Proof. The second inequality follows from Corollary 3.6. Next, let a > 0 be
the smallest number such that for any point Z € 92 there is a ball B,(xq)
of radius a with Q C B,(z0) and Q N 9B, (x¢) = {T}; such a number exists
since () is bounded and strictly convex. Choose a; > ag > -+ > ap > -,
ar — a as k — oo, such that v*"(a) = k for each k > 1. For z € Q,
choose T € 0N and a ball B,(zp) such that d(z) = |z — Z|, Q C B,(x0) and
QN OB, (x0) = {T}. Since v¥%"(x — 1) < ug(x) for all x € 9O, Lemma 2.1
gives
vz —xg) < up(x), Vel

This proves the first inequality in (4.6). O

For convenience let us now introduce some notation. Let h,v; denote the
functions defined in 2 by

h(z) := h(d(z)), vp(z) = v"*"(a—d(x)), =€ Q.
For [ > 0 and k£ > 1 write
Hy:={z € Q:h(z) <1},
Uk ={z € Q:uy(z) <1},
Vig i ={z € Q:v(z) < 1}.
By (4.6) we have H; C Uy C Vj,; for each k > 1.
Proof of Proposition 4.1. Let K be a compact subset of 2. We may choose

[ > 0 and then ko sufficiently large so that K C H;/, and Vko,4l C Q. From
(4.6) we see that

(4.7) lug| < Cp in Uk’gl, YV k> ko,
where Cj is independent of k. Moreover, by the strict convexity of uy,
— 21
(4.8) max |Dug| = max |Dug| < max — ui(x)
Uk U 21 TEWVkg a1 dlSt(ngl, 8Vk074l)
h(z) — 2l
< max ——=
zE€V a1 dlSt(Vk’Ql, 8Vk074l)
< h(zx) — 21 e

max ———
TEWVkg a1 dlSt(Vk(),Ql, 8Vk074l)
for all k£ > kg, where the last two inequalities follow from the relations uy < h
and Uy, 21 C Vi1 C Vi 21, since vy, > vy, for k& > ko.

Next, applying Pogorelov’s interior estimates (see [7]) we obtain
Co

4. D? <

V€ Uka,k = ko,
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where (3 depends on Cp,Cy and the C? norm of 1), as well as min1, in
Qx{z < Co} x{|p| < C1}, but is independent of k. Since H; C Hy C Uy 2,

diSt(Hl, aUk,gl) > diSt(Hl, 8H21).
It follows from (4.9) that
Cy
< ——F—
- diSt(Hl,aHQl)
Finally, by the Evans—Krylov theorem (see [3]) we have
(4.11) ||D2uk\|ca(ﬁl/2) < C3, Yk >ko

(4.10) ||D2Uk||00(ﬁl)

where C3 is independent of k. Now (4.5) follows from (4.7), (4.8), (4.10)
and (4.11), combining with (4.4) for k < ko. O

By Proposition 4.1, there exists a subsequence {uy,} and u € C**(1)
such that

Jim luw; = ulloza ) =0
for any compact subset K of 2. We see that u is strictly convex and solves
(1.1). From (4.6) we obtain
(4.12) h(d(z) :=v*"(a — d(x)) < u(z) < h(d(z)), Vze.

Consequently, © = +o0o on 0f2. This completes the proof of Theorem 1.1
when 2 is smooth.

Suppose now that ) is not smooth. We choose a sequence of smooth
strictly convex domains

such that

For each k > 1, let u, € C*°(€);) be a strictly convex solution of the problem
(4.13) det D*u = ) (x,u, Du) in Q,
u =00 on 0f).
We have
(4.14) v (a — d(z)) < ug(z) < hdg(x)), Vo € Qy,

where a is as in (4.12) and dj, is the distance function to 9. Using this in
place of Lemma 4.2 we can derive the estimate (4.5) as before, and therefore
obtain a subsequence that converges to a solution u € C*%(Q) of (1.1)-
(1.2) satisfying (4.12). That u lies in C*°(2) follows from elliptic regularity
theory. The proof of Theorem 1.1 is complete.
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Remark 4.3. As an alternative approach, one may first prove the existence
of a convex weak solution and then apply the strict convexity and regularity
theorems of Caffarelli [1], [2] to prove Theorem 1.1.

5. Proof of Theorem 1.2

The proof of Theorem 1.2 follows that of Theorem 1.1, except that we have
to reconstruct lower barriers when 2 is unbounded or not strictly convex.
To this end we consider the equation

(5.1) det D*u = F(u) in Tt := {z € R : ; > 0},
where F is a positive nondecreasing function. When F(u) = e2*, Cheng and

Yau [6] observed that u(x) := —log(x;...z,) is a strictly convex solution
of (5.1) in I'". Inspired by this we look for solutions to (5.1) of the form

u(z) = p(a—log(zr...zn)), ©=(z1,...,3,) €TT,

for some function ¢, where a is a constant. We calculate

/
Uy, = %, Uiz, = wilxj (" + ¢'b;5).
It follows that
det D%u = W(gp’)”l(mp" + ¢).
Equation (5.1) thus reduces to
(5.2) ()" g + @) = TIR(p).
Lemma 5.1. Let a > 0 and F € C*°(R) satisfy F' >0, F' >0 and
(5.3) F(z) > M(z")P, VzeR,
where p > n. There exists a strictly increasing function p € C*°(R™) with
(5.4) (@) g + ¢') > VR (p(1), Vit >0,
and
(5.5) tlg—noof(t) = +00.

Proof. We construct ¢ from F. For convenience we write f := A(e2a )/,
where A is an undetermined constant, and define

() ? dz
g(z) = —.
o f(z)
We see that g is a strictly increasing function defined for all z € R. Let g~
denote the inverse function of g and define

(5.7) o(t) =g {(B—e),

(5.6)

1
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where [ is a constant to be determined and
B = / h ﬁ < 00
by assumption (5.3). It is clear that ¢ satisfies (5.5). We calculate

Bt
£V )

= Be P f(p(t) >0, VtER,

and

(58) ") = Be " (f' (1) (t) — Bf(e(t)))
= 3% P f (M) (™ f(9(1) = 1) = =A™ f(2(1)),
since f'(¢(t)) > 0. It follows that

(5.9) ()" g + &) = B7(1 = nB)e " (f(2(1)))".
Taking 3 < 1/n and A = $~1(1 — nB)~Y/™ we obtain (5.4). 0
A slight modification of this proof yields the following:

Lemma 5.2. Leta > 0 and F(z) = e**n(z), wheree > 0 and n € C>*(R) is
a positive nondecreasing function. There exists a strictly increasing function
© € C™®(RY) satisfying (5.4) for allt € R and (5.5). Moreover, ¢ is a convex
function. B

Proof. As in the proof of Lemma 5.1 we define ¢ by (5.7). Note that here
we still have B := [;° dz/f(z) < +00. Write s = ¢(t). By (5.7) we have

* dz 1 oo n

Ft=B—g(s) = e > A(62a77(s))1/n/8 e~y = 70
since n is nondecreasing. Next,
A2 F! () _ Are?%e%5 (en(s) + 1'(s)) o e A"e?F (s) _ ef(s)
n(f(s)) n(f(s)) — n(f(s)" ! n’
since > 0. Consequently, ¢”(t) > 0 by (5.8). Finally, taking 3 = A~! =
we have

(@) Mg + &) = (/)" = B e P (f(p(t)" = ¥ F(p(t))

for all t € R. U

£s) =

n

Remark 5.3. Let ¢ be the unique solution of (5.2) satisfying the initial
data

(5.10) ©(0) = (0), ¢'(0) =¢'(0).
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We have ¢(t) < ¢(t) for all ¢ > 0 where ¢(t) is defined. Equation (5.2) can
be recast as
(5.11) (e (")) = e F(yp),

so 0 < ¢'(t) < ¢(t) for all t > 0 where ¢(t) is defined. By the extension
theorem we see that ¢ is defined for all t > 0. However, ¢ may be bounded
above on all of R, so we cannot replace ¢ by ¢ in the construction below.

Proof of Theorem 1.2. As in the last part of the proof of Theorem 1.1 we
choose a sequence of bounded smooth strictly convex domains 2; C Qo C
<o CQp C - C QO such that Q = | Qx and we consider, for each k,
(5.12) det D?u = tp(x,u) in Q,

u =k on 0Q.

Let up € C*°(Q4) be a strictly convex solution of (5.12); the existence of uy
follows from [4]. By assumption (1.3) and Corollary 3.6 we have

(5.13) ug(x) < h(dg(x)), Vz € Qy,

where dj, is the distance function to 9€2;. We need an a priori lower bound
for ug, which is derived below (Lemma 5.4). With the aid of such estimates,
the rest of proof proceeds as that of Theorem 1.1. O

Lemma 5.4. There exists an increasing sequence of functions hy € C(R™T)
such that

(5.14) lim lim hg(r) = 400

k—oo r—0

and
(5.15) ug(z) > hi(d(z)), YV a e Qy,
for all k sufficiently large, where d(z) = dist(x, 0%2).
Proof. By assumption (1.7) we may find a function n € C*°(R) with n > 0,
7' >0 and F(z) := e**n(z) > ¥(x, z) for all (z,2) € Q x R, where ¢ > 0 as
in Theorem 1.2. We consider two cases.
Case i: € > 0. We apply Lemma 5.2 with a = 0 to obtain ¢ € C*(R)
satisfying (5.4) and (5.5). By the assumption that € contains no straight
lines we may assume Q C 't = {x eR": z; > O}. For a fixed point xy € 2
let T be a point on 9 such that d(z¢) = dist(zg, Z). We may assume T lies
on the hyperplane 1 = 0. For each integer k£ > 1 let

ug(x) := g(— log ((xl +bg) - (zn + bk))), zelt,
where by, satisfies p(—nlogb;) = k. Then u; € C°(I'") is strictly convex
and

det D?uy,(x) > F(ugp(z)) > ¥(z, up(x)), =€ Q.
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Note that up < up on 0. By Lemma 2.1 we obtain
(5.16) u < ug in Q.

In particular, ug(zo) < ug(xo) if k is sufficiently large and z¢p € Q. The
function

hi(r) := min ug ()
|x—Z|=r,zel't

then has the desired properties.
Case ii: € =0 and € is bounded. We may assume that
QCQ:={zeR":0<z;<p,1<i<n}CR"

and T = (0, %p, ey %p), where p is the diameter of 2. Applying Lemma 5.1
to F with a = ay := nlog(p + by), where by > 0 is to be determined, we
obtain ¢, € C°(R™) satisfying (5.4) for ¢ > 0 and (5.5). Let

ug(z) = or(ar —log((z1 + bg) -+ (zn + bi))), = € Q,

and choose a decreasing sequence by such that ¢y (ay —nlogby) < k for all
k sufficiently large. We now can proceed as in the previous case. O

This completes the proof of Theorem 1.2. Finally, it is clear that with
minor modifications the proof yields Theorems 1.1 and 1.2 with assumption
(1.8) in place of (1.3) when 1, > 0. (See Remark 1.3.)
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