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In this paper we develop a wave equation for graphs that
has many of the properties of the classical Laplacian wave
equation. This wave equation is based on a type of graph
Laplacian we call the “edge-based” Laplacian. We give some
applications of this wave equation to eigenvalue/geometry in-
equalities on graphs.

1. Introduction

The main goal of this paper is to develop a “wave equation” for graphs that
is very similar to the wave equation u; = Aw in analysis. Whenever this
type of wave equation is involved in a result in analysis, our graph theoretic
wave equation seems likely to provide the tool to link the result in analysis
to an analogous result in graph theory.

Traditional graph theory defines a Laplacian, A, as an operator on func-
tions on the vertices. This gives rise to a wave equation uy = —Awu (since
graph theory Laplacians are positive semidefinite). However, this wave equa-
tion fails to have a “finite speed of wave propagation”. In other words, if
u = u(z,t) is a solution, we may have u(x,0) = 0 for all vertices = within
a distance d > 0 to a fixed vertex, xg, without having u(zg, €) vanishing for
any € > 0. As such, this graph theoretic wave equation cannot link most
results in analysis involving the wave equation to a graph theoretic analogue.

In this paper we study what appears to be a new type of wave equation on
graphs. This wave equation (1) involves a reasonable analogue of uy = Au
in analysis, (2) has “finite speed of wave propagation” and many other basic
properties shared by its analysis counterpart, and (3) seems to be a good
vehicle for translating results in analysis to those in graph theory, and vice
versa. This wave equation cannot be expressed in the language of tradi-
tional graph theory; it requires some of the notions of “calculus on graphs”
in [FT99]. It does, however, have a simple physical interpretation — namely,
the edges are taut strings, fused together at the vertices. And in fact, the
type of Laplacian we use has appeared in the physics literature as the “lim-
iting case” of a “quantum wire” (see [Hur00, RS01, KZ01] for example);
but our type of development of the wave equation and its applications to
graph theory seem to have escaped the interest of physicists.
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A second goal of this paper is to point out that whereas in analysis there is
really one fundamental Rayleigh quotient, heat equation, and wave equation,
in graph theory there are always two. These two fundamental types for an
equation or concept result from the fact that graph theory involves two differ-
ent volume measures. So while in analysis there is usually one fundamental,
top (space) dimension volume, in graph theory one has a “vertex-based”
measure, V (a type of vertex counting measure), and an “edge-based” mea-
sure, £ (essentially Lebesgue measure on edges viewed as real intervals) (see
below and Section 2 for details); both V, £ seem to play a volume measure
type of role. So we get a “vertex-based” Rayleigh quotient, heat equation,
wave equation, etc. and their “edge-based” counterpart. (We can also form
“mixed” equations and concepts from these two pure types, as well as vary
coefficients, add lower order terms, etc.) However, sometimes it turns out
that one of the two types of equation or concept is less interesting. This
definitely seems to be the case in the wave equation, where the vertex-based
equation does not have finite propagation speed.

A third goal of this paper is to give some examples of how to translate
results in analysis to graphs and vice versa using the edge-based Laplacian
(including the wave equation). As an example, we give a simple proof of a re-
lation between distances of sets, their sizes, and the first nonzero edge-based
eigenvalue; our result can be better (or worse) than that of Chung-Faber—
Manteuffel; our proof also works in analysis, and rederives the results in
[FT| with a simpler proof. As another example, we show that the optimal
generalized Alon—Milman type bound is essentially achieved by a gener-
alized Chung—Faber—-Manteuffel bound derived by Chung—Grigor’yan—Yau.
We briefly describe how to convert graph theoretic results into analysis re-
sults. The results in analysis turn out to be independent of any discussion
of edge-based Laplacians, and hence appear as a short, separate article [FT]
(especially for analysts who wish to learn as little graph theory as possible).

In this paper we at times restrict ourselves to finite graphs; at other times
we insist that the graphs be locally finite, i.e., that each vertex meets only
finitely many edges; finally, some discussion is valid for arbitrary graphs.
We will indicate at the beginning of each section and/or subsection when
assumptions are made on the graphs therein.

The rest of this introduction, aside from closing remarks, is devoted to
giving an informal overview of the simplest form of our wave equation. If this
overview seems cryptic, the reader may wish to consult [FT99] or Section 2
of this paper.

Let G = (V,E) be a graph. Let G be its geometric realization, i.e.,
the metric space consisting of V' with a real interval of length 1 joining u
and v “glued in” for edge {u,v}. Let V be the vertex counting measure,
and & be Lebesgue measure on the edges. Then the (positive semidefinite)
Laplacian, as in [FT99], takes a function, f, and returns an “integrating
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factor” (essentially a measure, see Section 2),
Af=(Ayf)dV + (Agf)dE

where Ap is minus the usual real Laplacian (i.e., second derivative), and
Ay is essentially a sum of normal derivatives along edges incident with each
vertex. It therefore makes no sense to write a wave equation’

uy = —Au,

for the left-hand side should be a function, and the right-hand side an inte-
grating factor.
The vertex-based wave equation is

Ut dV = —Au.

This means that Agu = 0, and so u is “edgewise linear” (i.e., a linear
function when restricted to any edge). For such a u, Ayu coincides with
the traditional graph theoretic Laplacian, and we recover the wave equation
based on traditional graph theory.

The edge-based wave equation is the equation

Ut d€ = —AU,

or Ayu = 0 and uy = —Apgu. This equation has wave propagation speed 1,
and has many other properties befitting a wave equation.

When using an edge-based concept, one may speak of Laplacian eigen-
values. In this case one is referring to the set A of A with Agf = Af
and Ay f = 0. However, traditional graph theory deals with Ay, defined
analogously. Fortunately, it is easy to relate the two notions of eigenval-
ues, assuming we “normalize” the Laplacian Ay (see Section 3). Namely,
assuming Ay is normalized and our graph has all edge lengths one, we have

NeAp = 1-cosV) e Ay

where Ap is Ap with some “less interesting” eigenvalues (certain squares of
multiples of 7) discarded. Ay is a finite set of values between 0 and 2, and
A g is an infinite set of nonnegative values (whose square roots are periodic,
and whose values satisfy a one-dimensional Weyl’s asymptotic law).

In this paper we will mildly generalize this setup, allowing for edges of
variable “length” and “weight,” and vertices of various “weight.”

The rest of this paper is organized as follows: in Section 2 we review some
notions from the calculus on graphs of [FT99]. In Section 3 we discuss the
edge-based eigenfunction theory; it closely resembles standard eigenfunction
theory. In Section 4 we discuss the wave equation and its basic properties.
In Section 5 we give some applications of the edge-based Laplacian and the
wave equation.

1Recall that the minus sign appears in the wave equation since the Laplacian is positive
semidefinite.
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2. Calculus on graphs

2.1. The setup. We use a similar setting as in [Fri93], and we recall this
setting here. Let G = (V, E) be a graph (undirected), such that with each
edge, e € E, we have associated a length, £, > 0. We form the geometric
realization, G, of G, which is the metric space consisting of V' and a closed
interval of length /. from u to v for each edge e = {u,v}. When there is no
confusion, we identify a v € V' with its corresponding point in G and identify
an e € F with its corresponding closed interval in G. By an edge interior
we mean the interior of an edge in G.

Definition 2.1. The boundary, 0G, of a graph, G, is simply a specified
subset of its vertices. By the interior of G, denoted QO, we mean G \ 9G;
similarly the interior vertices, denoted f/, we mean V' \ 0G. We say that 0G
is separated if each boundary vertex is incident upon exactly one edge.

Boundary separation is a property whose analogue for manifolds is always
true. In most practical situations one can assume the boundary is separated.

Convention 2.2. Unless specified, in this article we assume all graphs have
a separated boundary.

In this article we will give “boundary condition” for functions to satisfy
at the boundary. Neumann or mixed boundary conditions (see the next
section) behave bizarrely unless the boundary is separated.?

Convention 2.3. By a traditional graph we mean an undirected graph G =
(V, E). In this article we assume our graphs are always given with:

(1) lengths associated to each edge,
(2) a specified boundary (i.e., a specified subset of vertices).

Whenever an edge length is not specified, it is taken to be one. Whenever a
boundary is not specified, it is taken to be empty. We refer to the geometric
realization, G, of the graph as the graph, when no confusion may arise.

An edge e = {u, v} of length, ¢, is a real interval of length ¢, and as such
has two standard coordinates, one that sets u to 0 and v to £, and the other
vice versa. Whenever we speak of a property such as differentiability, we
always mean with respect to these standard coordinates.

Definition 2.4. By C*(G), the set of k-times continuously differentiable
functions on G, we mean the set of continuous functions on G whose restric-
tion to each edge interior is k-times uniformly continuously differentiable

%It is not hard to see that the Neumann condition for a function, f, on a boundary
vertex, v, is equivalent to Ay f = 0 at v (see this section and the next). This is only
equivalent to the normal derivative at f vanishing along all boundary edges if v is incident
upon only one edge.
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(as a function on that real interval). The same definition applies with G
replaced by C*(G\ V).

We cannot differentiate functions on G without orienting the edges; how-
ever, we can always take the gradient of a differentiable function as long as
we know what is meant by a vector field. Recall that a vector field on an
interval is a section of its tangent bundle or, what is the same, a function
on the interval with an orientation of the interval, where we identify f plus
an orientation with — f with the opposite orientation.

Definition 2.5. By C*(TG), the set of k-times continuously differentiable
vector fields on G, we mean those data consisting of a k-times uniformly
continuously differentiable vector field on each open interval corresponding
to each edge interior.

Notice that a vector field is not defined at a vertex, only on edge interiors.

Definition 2.6. For f € C*(G) we may form, by differentiation, its gradi-
ent, Vf € C*~1(TG). For X € C¥(TG) we can form, by differentiation, its
calculus divergence, Veq. - X € CK=1Y(TG\ V).

Definition 2.7. A subset ) C G is of finite type if it lies in the union
of finitely many vertices and edges. A function on G is of finite type if
its support (i.e., the closure of the set where it does not vanish) is of finite
type. We set Cﬁl (G) to be those elements of C*(G) of finite type; we similarly
define CF (G \ V) and CF (TG).

Definition 2.8. An f € CF (G) is said to satisfy the Dirichlet condition if
f vanishes on 0G. We let C’{%ir(g) denote the set of such functions.

Definition 2.9. Lip(G) denotes the class of Lipschitz continuous functions
on G, i.e., those f € C°(G) whose restriction to each edge interior is uni-
formly Lipschitz continuous. We similarly define Lipg, (G) and Lipp;, (G).
2.2. Two volume measures. In analysis concepts such as Laplacians,
Rayleigh quotients, and isoperimetric constants are defined using one volume
measure; in calculus on graphs we use two “volume” measures.

Definition 2.10. A vertex measure, V, is a measure supported on V with
V(v) > 0 for all v € V. An edge measure, £, is a measure with £(v) = 0
for all v € V' and whose restriction to any edge interior, e € F, is Lebesgue
measure (viewing the interior as an open interval) times a constant a. > 0.

Traditional graph theory usually works with the traditional vertex and
edge measures, V1 and &, given by Vp(v) =1 for all v € V and a, = 1 for
all e € E, i.e., &7 is just Lebesgue measure at each edge.

Convention 2.11. Henceforth we assume that any graph has an associated
vertex measure, V, and an edge measure, £. When V is not specified we take
it to be Vr; similarly, when unspecified we take £ to be &r.
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In this article we write / fd€ and / fdy for / fd€ and / fav.
g g

2.3. Integrating factors. In this paper a somewhat formal notion will
become extremely important.

Definition 2.12. By an integrating factor on G we mean a formal expres-
sion of the form p = adV + [ d€ where « is a function defined (at least) on
the vertices of G, and 3 € C%(G\ V).

The continuity assumption on 3 is not essential, but it makes things nicer
for the following reason: an integrating factor as above determines a linear
functional £, on CP,.(G) via

Luz/fu:/fadVJr/fﬁd&

We say that two integrating factors p; = a;(z) dV + Bi(z) d€ for i = 1,2 are
equal if the £, are equal; clearly this amounts to a1 = g at the interior
vertices and 31 = 33 everywhere on G\ V (since the (3; are continuous there).

We will sometimes wish to insist that a; = a9 on boundary vertices as
well; this corresponds to viewing integrating factors as linear functionals on
C°(G). In this case we will speak of boundary inclusive equality.

In the calculus on graphs we have two measures, and thus a need for inte-
grating factors, i.e., the need to mark functions with a dV or d€ to remind
us how to integrate the function against other functions. For example, we
shall soon see that the divergence of a vector field or the Laplacian of a
function is an integrating factor. Consequently, any wave or heat equation
is most correctly regarded as an equation between integrating factors. (In
traditional graph theory, all integrating factors have a vanishing d€ compo-
nent, i.e., 8 = 0 in the above, and they may be considered as functions on
the vertices, i.e., they may be identified with «’s values on the vertices.)
2.4. Regular graphs. In this article, r-regularity has a slightly more gen-
eral meaning than in traditional graph theory where all vertices and edges
have weight 1 (in other words £ = &1 and V = Vr).

Here we mean the following:

Definition 2.13. We say that a graph G is r-regular if for any v € V we
have p(v) = r, where
p(v) = V()Y Ee).
esv

Clearly graphs that are r-regular in the traditional sense are regular with
our definition. The quantity p(v) arises quite naturally when we consider
edgewise linear functions, i.e., continuous functions whose restriction to each
edge is a linear function. For these functions we clearly have

/ FdE = L(f(w) + F(v))E(e)
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for each edge e = {u,v}. Hence

(2.1) /fdé::/;fpdv.

2.5. The divergence. The divergence of a vector field and the Laplacian
of a function can be defined in terms of concepts that are already fixed,
namely a graph (encompassing measures £ and V) and the gradient. Inter-
estingly enough, the divergence turns out to be different from the “calculus
divergence” described earlier.

Before defining the divergence we record a “divergence theorem” for the
calculus divergence.

Let X € CYTG). For any edge e = {u,v} let X|. denote X restricted
to the interior of e and then extended to u and v by continuity. We clearly
have

/Vcalc - X dE = ae(ne,u ’ X‘e(u) T ey - X‘B(U»?

where n. ,, n., denote outward pointing unit (normal) vectors. Hence we
obtain:

Proposition 2.14. For all X € C'f (G) we have

(2.2) / Veale - X d€ = / i X dv,

where

@ X)(v )Y aenc, - Xle(v).

esv

Let C%. (G) denote those functions in Cf (G) that vanish on the boundary
of G.

Definition 2.15. For a vector field, X, its divergence functional is the lin-
ear functional Ly : C3;.(G) — R given by

Lx(g) = —/X -Vgd€.
Proposition 2.16. For any X € C1(TG) and g € CF;,(G) we have

Lx(g) = / (Veate - X)g dE — / (- X)gdv,

i.e., the divergence functional of X is represented by (Vcale-X) d€E—(n-X) dV
(viewed as a linear functional via integration).

Proof. We substitute Xg for X in Equation (2.2), and note that
Veale " (Xg) = gVeale - X + X - Vg.
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Definition 2.17. For X € C1(TG) we define its divergence, V - X, to be
the integrating factor

(Veale - X)dE — (n- X) dV.
If X is edgewise constant, so that V. - X = 0, we will also refer to
—n-X
(a function defined only on vertices) as its divergence, and write it V - X.
We conclude:

Proposition 2.18. For any g € C4 (G) and X € C}(TG) we have

/g(V-X)g+/X-ng5:O.

To make this look more like analysis we can write this as:

/g\ag(v'X)g-i-/X-ngE:/BQ(ﬁ.X)ng

2.6. The Laplacian. In graph theory we usually define positive semidefi-
nite Laplacians. So we define

Af=-V-(Vf).
As integrating factors we have
Af=(Agf)de+ (Avf)dV,
with Apf = —Veue - Vfand Ay f =n-Vf. It is easy to see that:
Proposition 2.19. For all f € C?(G) and g € C}(G) we have

(2.3) /(Af)g - /Vf Vgde.
If also g € C2(G) we have
(24) J@ng= [@or.

The link with the traditional graph theoretic Laplacian is as follows:
Proposition 2.20. For f € C?(G) edgewise linear we have
Ve Vf =0, hence Af=mn-VfdV.
Viewing Af as a function on vertices we therefore have:

(2.5) @AHw=vey" Y oW
e~{u,v} €
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When restricting to edgewise linear functions, it is common (in graph
theory) to write A as D — A, where D is the diagonal matrix or operator
(classically the “degree” matrix) whose v, v entry is

Lw)=V)™ > ac/te,
e~{u,v}
where we omit e’s that are self-loops from the summation, and where A is
the “adjacency” matrix or operator given by

(AN ) =V)™ D (ac/te)f(u),

e~{u,v}

again omitting self-loops, e.

2.7. Variable integrals. We shall wish to consider the derivative at t = ¢y
of the function

ﬂﬂ—é@ﬂ%wﬁmh

where ¢ is a real parameter, S(t) is a decreasing family of open subsets of
G, and f(x,t) is continuous in x (taking values in G) and differentiable in ¢
(taking values near ty).

For this paper we only need consider S(t) given by the set of points within
a distance 7 — ¢t from a fixed set A C G, with 7 fixed and 0 < tg < 7. We
will assume S(¢) is of finite type for ¢ near ¢y, and that 0S(tp) is finite and
contains no vertices.

With the above assumptions, the formula for Z'(¢y) is very easy. We
will discuss more general variants of these formulas later. These more gen-
eral variants are not needed in this paper, but are interesting to consider
and compare with the co-area formula and its problems at the vertices as
described in [FT99].

Calculus says that if a,b,c are constants with ¢ > 0, and f = f(z,?) :
R? — R is continuous in = and differentiable in ¢, then
b—ct

f(z,t)de = —c(f(a+ct,t) + f(b—ct,t)) + / fi(z,t) du,

a+-ct

d b—ct

dt a+ct
where f; = 0f/0t. If we replace a + ¢t by a in the above integral, the
f(a+ ct,t) drops out, and similarly for b — ct replaced by b.

Summing the above calculus equality over all edges yields the following
easy proposition:

Proposition 2.21. Let S(t), f(z,t),t0,Z(t) be as above. Then

(2.6) T(t))=— >,  flzto)cae+ fi(x, to) dE ().

S(to)

(z,e) s.t. edx,
z€dS(to)

In other words, the above sum is over all boundary points, z, of S(to), and
tnvolves the edge, e, on which x lies.
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Finally, we remark that if S(¢) does not decrease “linearly” with speed ¢
everywhere, then we simply replace ¢ by the speed at with 9S(t) moves at
x in the summation of any of the above formulas.

We finish this subsection by describing what happens when 9S(ty) con-
tains vertices. If so, then the left and right derivatives of Z(t) at to will exist
but won’t usually be equal. Equation 2.6 will essentially hold, but different
(z,e) pairs appear in the sum. So consider pairs (z,e) with x € e U dS(tp)
(remember we identify an edge with its closed interval in G, so x may be
a vertex); we call a pair future active if €’s interior intersected with S(t¢)
contains an open interval ending at z. In other words, the picture of S(t)
near x and along e is changing for ¢ > tg near ty (since S(t) is decreasing in
t). We say that a pair (z,e) is past active if either x is not a vertex, or x is
a vertex and (z,e) is not future active, see Figure 1. (Geometrically, since
S(t) is decreasing in t, we are saying that for ¢ near ¢y and at a boundary
point, x, the picture of S(¢) always changes when x is not a vertex, and
when z is a vertex it changes along some edges in the future (t > tp) and
other edges in the past (t < tp).)

o past active edges
i
7 L ° e vertex in S(¢)
o — A~

o vertex not in S(t)
— edge (or partial edge) in S(t)

future active édges - - - edge (or partial edge) not in S(t)

Figure 1.

Summing the calculus formula shows that the right derivative of Z at ¢
exists and equals

(2.7)  T'(t+0)=— > f(z, to)cae + filw, to) dE(z).

S(to)

(z,e) future active

Similarly the left derivative is the same, with future active replaced by past
active pairs (z,e).

Notice that the notion of “future active” essentially arose in the definition
of the area of the boundary of a subset, in [F'T99], Section 2, in connection
with the co-area formula.

3. The edge-based eigenvalues and eigenfunctions

In this section we discuss some facts about the “edge-based” Laplacian and
its eigenpairs, i.e., pairs (f,A) with Agf = Af and Ay f = 0. Such pairs
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are crucial to understanding the solutions to the wave equation and invari-
ants associated with it. We concern ourselves with the basic cases at first,
later illustrating fancier boundary conditions and mixed edge and vertex
Laplacians.

It is worth mentioning that the equations Agf = Af and Ay f = 0
describe the modes associated with a physical object with a metal string for
each edge, with strings being fused together at the vertices. For example,
if we “pluck” such an object, it would produce tones with the frequencies
of VX with A ranging over the edge-based eigenvalues (this is seen from
considering the wave equation of the next section).

3.1. Basic existence theory.

Definition 3.1. We say that (f,\) is an eigenpair for the “edge-based”
Laplacian if f € C°°(G) and satisfies Agf = Af and Ay f = 0. We say
that f satisfies the Dirichlet condition if f vanishes at all boundary points;
the similarly for the Neumann condition, where f’s normal derivatives along
its edges evaluated at any boundary point vanish.

Notice that the condition Agf = Af implies that f’s restriction to each
edge is given by A cos(wz + B), where A, B are constants, w = A2 and z
represents one of the two standard coordinates on the edge.

The existence of a complete set of eigenpairs for the Laplacian is well
understood in analysis for compact domains, and the same techniques carry
over to our setting, for finite graphs, with almost no modifications. We only
summarize the theory, and refer the reader to [GT83] or [Fri69].

Proposition 3.2. Let G be a finite graph. There exists eigenpairs (fi, A\;)
for the edge based Laplacian, such that:

(oM< A<

(2) the f; satisfy the Dirichlet condition,

(3) the fi form a complete orthonormal basis for L. (G,E), and
The same statement holds with Dirichlet replaced by Neumann and
L%, (G,E) replaced by L*(G,E).

Proof. Consider the Rayleigh quotient

Vf|?dE
r(f) = LIV
J1fI2de
which is certainly defined for f € C'(G). Let ui,us,... be a minimizing

sequence for R in Cp. (G), i.e., u; € C. (G) with

R(u;) — inf  R(f).
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We may assume [ |u;|?d€ =1, and thus that [ |Vu;|> d€ are bounded. Let
H. (G) be the closure of CJ. (G) under the norm

112 = / (VA2 + £ de:

H}. (G) can also be described with Fourier transforms, or as the set of L?
functions with a weak derivative in L?; it is well-known to be a separable
Hilbert space, therefore having a weakly compact unit ball. Hence by passing
to a subsequence we may assume that the u; converge weakly in H! to a
u € H]%)lr(g)

The u; are uniformly Hélder continuous of exponent 1/2. To see this let
x,y € G be of distance p, and fix a path v of length p from z to y. We have

% %
lui(2) — ui(y)| S/]Vui\dé’g </ d8> (/\Vuiﬂdé’) < Cp Pl
Y Y v

where C' is the maximum over edges e of a. 172 Hence our claim holds, and
by Ascoli’s lemma we can pass to a further subsequence and assume that
the u; converge uniformly to a u that is Holder continuous of exponent 1/2;
since the u; vanish on the boundary, so does .

We have (by the uniform convergence and the weak H' convergence)

R(u) < liminf R(w;),

and so equality must hold and u minimizes R over all of Hp, (G).

Now we claim that w is our desired eigenfunction, and A = R(u) its
eigenvalue. This is seen by setting A = R(u) and considering R(u + ew) for
various w € Hp,. (G) and taking ¢ — 0. We conclude that

(3.1) /Vqu A€ = /\/ uw d€

for all w € Hllmr(g). Now standard estimates for elliptic equations (e.g.,
Lemma 15.4 of [Fri69]) show that in fact u is C*° at all edge interiors, and
satisfies

(3.2) Apu = Au.

Hence u’s restriction to any edge is given as A cos(wz + B) for w = A/2 and
A, B are constants depending on e (and which of the two standard coordi-
nates we place on e). Since u is Holder continuous on G, it is certainly con-
tinuous everywhere, including all its vertices. Hence u € Cg;,(G). Finally,
given a vertex, v, let us show that (Ayu)(v) = 0. From Proposition 2.19 we
know that

/vu-Vw dE = /(AEu)w d5+/(Avu)de = )\/uw dé’—i—/(Avu)wdv.
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From (3.1) and (3.2) we obtain
(3.3) / (Avu)wdV =0,

We choose w € C},(G) in Equation (3.1), such that w(v) =1 and w(v') = 0
on other vertices and conclude

(Ayu)(v) =0.

Letting h — 0 we conclude that u is an “edge-based” Laplacian eigenfunction
satisfying the Dirichlet condition, with eigenvalue A.

Set fi = u and \;y = A. Now repeat the same argument, except mini-
mizing R over those functions that are orthogonal to f;. With the same
argument, we find an eigenpair (f2,A2) with Ay < Ay and f; orthogonal
to fa. Now repeat again, minimizing over functions orthogonal to f; and
f2. In this way we get a sequence of orthogonal eigenpairs (f;, ;) with \;
nondecreasing in 1.

Next we show that \; — oo. Otherwise the H! norms of the f; are
uniformly bounded, and so the f; are uniformly Hoélder continuous, and so
a subsequence of the f; converges uniformly to a g. But since the f; are
orthogonal, g would be orthogonal to all f; and therefore to itself, so g = 0.
This contradicts the uniform convergence of the subsequence of f; to g.

It remains to show that the f; are complete. If the f; are not complete,
there is a nonzero g € LQDir(Q) orthogonal to all the f;. By convolving g with
smooth approximations to Dirac’s delta function, and modifying it at the
vertices, we can find a g. € C3;.(G) for any € > 0 with ||g— gc|| 2 < €. Hence
for small € the function, A, which is the projection of g. onto the complement
of the fi’s, is: (1) nonzero, (2) orthogonal to all f;, and (3) lies in HY, ().
Now R(h) must upper bound the \;, by their minimizing property. Hence
A; are bounded, which we know is impossible.

We finish by remarking that the same proof holds for the Neumann con-
dition, except that we begin by working with C'(G) instead of C}, (G). O

The same theorem holds for more general “mixed” boundary conditions.
Namely, we consider the condition that a function, f, satisfy the mixed
condition

(3.4) f=0 on Kj,
(3.5) n-Vf+of=0 on Ky,

where K1, Ko are a partition of G and where ¢ is nonnegative. Then the
same theorem and proof hold, provided that we replace C%ir(g) by

{feCYG)| f=0o0n K},
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and replace the Rayleigh quotient, R, by

VP [y, of?dV
(3.6) R(f) = TP de

We mention that V does not enter in any essential way into the edge-based
eigenvalues. Only &€ should affect those eigenvalues.
We can get mixed edge-vertex Laplacians. So consider the Rayleigh quo-

tient:
R(f) = SV fP?de
Jaf2dv+ [Bf2dE’
with «, 3,7 continuous, nonnegative and y differentiable and never vanish-
ing. Its successive minimizers satisfy

(3.7) — V- (yVf) = M(adV + BdE).

The theorem above gives us a complete eigenbasis for L?(G, u) with p =
aV + BE. This basis is infinite provided that 3 is not identically zero.

Finally, we mention that it is easy to modify the above to work for mixed
boundary conditions with mixed edge-vertex Laplacians.

3.2. Weyl’s law. One fundamental result about edge-based eigenvalues
that is true for any finite graph is that their growth rate is determined, to
first-order, by the sum of the lengths of their edges. In analysis the analogous
quantity is the volume of the subdomain or manifold, and Weyl’s proof of
this fact (see [Wey12]) in analysis immediately carries over here.

For a finite graph, G, let Np;(A, G) be the number of Dirichlet edge-based
eigenvalues < A for G, and similarly for Nxeu (A, G).

Proposition 3.3 (Weyl’s Law). Fix a finite graph, G. Let N(\) be either
Npir(A,G) or Nneu(A, G). There is a constant, C, such that

IN() = LAV /| < €,
where L is the sum of all the lengths of the edges in the graph.

Proof. Consider the graph, Gy, where every vertex is a boundary point. Then
the edge-based eigenvalues of G; are found by minimizing the same Rayleigh
quotient over a more restrictive class of functions. Hence, by the min-max
principle,

Npir(A, G1) < Npie(MN, G).
Similarly,

NNeu(A, G) < NNeu(N, G1),
for Nneu(A, G1) corresponds to a Rayleigh quotient over the space of func-
tions that needn’t be continuous at any vertex. For similar reasons we have

NDir()‘7 g) S NNeu()\a g)>
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the former N corresponding to the same class of functions as the latter
except the latter need not vanish at boundary vertices. To summarize, we
have shown

NDir()\a gl) S NDir(Avg) S NNeu()\, g) S NNeu()\agl)-

Hence it suffices to prove the proposition for G.
But the values of the Gy eigenfunctions don’t interact across vertices, so

Npir(N,G1) = Z Npir(A, e),

ecE

where edges, e, are also viewed as graphs. If e is an edge of length ¢,
its Dirichlet eigenfunctions are f,(x) = sin(nzw/f) for n = 1,2,..., with
eigenvalues \, = (n7/f)%. Hence we have

Npir(\, e) = [AY2¢/7].
It follows that for some constant C > 0,

Noie(A,G1) = ~C + (\2/m) 3" b = ~C 4 LAV2 /.
ecE

For similar reasons the result also holds for Nxeu(A, G1), where the eigen-
functions on an edge are f,(z) = cos((n — 1)aw/{) for n = 1,2,..., with

eigenvalues A, = ((n — 1)7r/€)2. O

Again, a similar result holds for mixed boundary conditions. To see this,
we shall show that for any fixed mixed boundary condition (as in the end of
the previous subsection)

NDir()\vg) < Nmixed<)\7 g) S NNeu(Aa g):

where Npixed counts eigenvalues with a mixed condition. Indeed, Np; can
be viewed as having the same Rayleigh quotient, as in Equation (3.6), as
Nmixed, €xcept over a smaller space (i.e., the space of functions vanishing
over all of 9G, not just K7). Furthermore, the Rayleigh quotient for Nyixed
is no less than that for Nyeu, and the space for the former is more restrictive.
Hence the claim that Npir < Nnixed < NNeu, and hence the asymptotic law.

To get an asymptotic law for mixed edge-vertex Laplacians (as in Equa-
tion (3.7)), the above arguments show it suffices to consider Dirichlet and
Neumann eigenvalues for an edge, e. Partition e into k intervals, Iy,... I,
and on a fixed interval, I;, set ymax to be the maximum value of 7y there, and
Bmin similarly. The Rayleigh quotient with ymax replacing v and Bupin re-
placing 3 is never smaller, and so the Dirichlet eigenvalue counting function
on I; for the Rayleigh quotient with 3 and v is at least

\‘Al/2|lj| BminJ

Ymax7
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We conclude that for any € > 0 we have that the Dirichlet eigenvalue count-
ing function on e is at least

N2 /m) (et [ Bl de ),

where x is a standard coordinate on e. We conclude a similar upper bound
for the Neumann eigenvalues, and conclude that N(\) ~ \/2C /7, where

_ B=) ;.
C_z;/e’v(af)d '

3.3. A condition on edge-based eigenfunctions.

Proposition 3.4. Let G be a locally finite graph. Let (f,w) be an edge-based
eigenpair for the Laplacian, and let w = A2, Let v be an interior vertex
such that wl. is not a multiple of m for any e incident upon v. Then

u) — cos(wle) f(v
$ g L) coslete) 0

sin(wl)

=0.
e~{v,u}

If the degree of v is infinite, the theorem still holds provided the above
sum converges absolutely (and Ay is understood in the natural way).

Proof. This is a simple consequence of the fact that if f is an eigenfunction
then Ay f(v) = 0 at any interior vertex. Fix an edge e ~ {v,u}, and let
x be the standard coordinate on e with z(v) = 0 and x(u) = .. We have
f’s restriction to e with coordinate x, fo = fe(z) = Acos(wx + B) for some
A, B. Hence
f(v) = fe(0) = Acos B,
and
f(u) = fe(le) = Acos B cos(wl.) — Asin Bsin(wl,),

and the outward normal derivative of f at v is

f(u) — cos(wte)f (v)

/ _ . _
f'(0) = —Awsin B w Sn(wiy)

Since Ay f =1n-Vf at v is V(v)~! times the sum of the above times a., we
conclude the proposition. O

Using this proposition one can rather easily determine all the edge-based
eigenpairs in terms of the eigenpairs of the “normalized” adjacency matrix of
the graph, provided that all edge lengths are equal; the w’s will turn out to
be periodic of period 27w. However, we do not know of such a determination
when edge lengths vary; we shall show that a graph with two vertices joined
by three edges of varying edge lengths will not have periodic w’s.
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3.4. The equilength case. In this subsection we consider a finite graph,
G, all of whose edges have length 1 (however the a. can vary). We can
similarly deal with any graph whose edge lengths are equal.

For any v € f/, let a, be the sum of the a. over all edges, e, incident with
v (these edges, e, may be incident with boundary vertices). We will assume
that G is connected with at least one edge, so that a, > 0 for all v. Let A
be the “normalized” adjacency matrix, which is just the adjacency matrix
of Section 2, normalized by dividing each row by its corresponding a,. A
represents a Markov chain if and only if G has no boundary vertices (and
it always represents a Markov chain if we add in the boundary vertices and
make them “absorbing” states).

Our main result describes the edge-based eigenvalues in terms of A and
the number of edges and interior vertices. We state this first, and then prove
it in a series of propositions. First we set

Z>o={0,1,2,3,...},
so that for any 7 € R we can write
T+ 21Lso = {7, 7+ 2m, 7+ 4m, ... }.

Theorem 3.5. Let G be a connected graph with at least one edge, and let A
be its normalized adjacency matriz, as above. The edge-based eigenvalues is
the multiset sum® of the following sets: for each eigenvalue, \, of A, there
is a unique cos~*(\) € [0, 7]; corresponding to this A\ we have eigenvalues

(3.8) cos () + 27Zs>o, and 21 — cos (A + 27 Z>o.
Additionally, the sets
(3.9) T+ 27Z >0, and 27 + 27Z>9

occur with multiplicity |E| — |V|. This means that if |E| — |V| = —1, i.e.,
G is a tree without boundary, then we subtract the list in Equation (3.9)
once from the union over Equation (3.8); i.e., nm for nonnegative integer n
occurs with multiplicity one.

Let us mention that if G has separated boundary, then the Neumann
condition at a boundary vertex is equivalent to considering that vertex to
be an interior vertex. Hence our theorem really also handles the case where
we impose a Dirichlet condition on some vertices, and a Neumann condition
on the rest, assuming the rest are separated.

Proof. The proof of this theorem occupies the rest of this section. We prove
it in a sequence of propositions. Notice that our proof provides a method
for finding a basis for the eigenspaces.

3i.e., if A occurs five times in the lists below, then its multiplicity is five.
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Proposition 3.6. Let w € R\ (7Z). Then w? is an edge-based Dirichlet
eigenvalue if and only if cosw is an eigenvalue of A. If s0, w?’s multiplicity
is that of cosw in A, and for each corresponding eigenfunction, f, of A
(therefore defined on the vertices), we may extend f along each edge (as
Acos(wx + B) for some A, B and standard edge coordinate ) to an edge-
based eigenfunction.

Proof. If w € R\ (7Z) has w? an edge-based eigenvalue, then by Proposi-
tion 3.4 we have for each v

Z ae f(u) = cos(w) f(v) Z e.

e~{v,u} e~{v,u}

In other words, since f is Dirichlet, Af = cos(w)f; that is, cosw is an
eigenvalue of A. N

Conversely, let cosw # £1 be an eigenvalue of A with eigenfunction g.
We claim that for any fixed e = {u, v}, there is a unique way to extend g
to a function along e of the form Acos(B + wx), where z is the standard
coordinate on e with z(v) = 0. Indeed, consider the equations in A, B for
fixed g(u), g(v):

g(v) = Acos B, g(u) = Acos(B + w).

Since
(u) — g(v) cosw

AsinB =7 - ,
—sinw

Acos B and Asin B are uniquely determined by g(u), g(v). From what we
know of polar coordinates, this means either A = 0 and B is arbitrary, in
which case ¢’s extension along e is by 0 (and g(u) = g(v) = 0), or there
is a unique positive A = Ag and unique B = By modulo 27 satisfying
the equations, with the only other solution being A = —Ay and, modulo
27, B = By + w. Since the function Acos(B + wx) is the same for these
solutions, and does have the right value at + = z(v) =0and z = z(u) =1, ¢
can be extended to satisfy Agpg = w?g. Also clearly g satisfies the condition
in Proposition 3.4, which is equivalent to Ay g = 0.

To sum up, we know that w? is an edge-based eigenvalue for w € R\ (Z)
if and only if cosw is an eigenvalue of A. We know that the restriction of
any Ap eigenfunction gives an A eigenfunction, and we know that (given w)
a A eigenfunction g has a unique extension to a Ag eigenfunction. Hence
the multiplicities of w? in Ap and cosw in A are equal. O

The story when w € 7Z is less elegant. Indeed, there are many edge-based
eigenfunctions, f, whose restriction to the vertices vanishes.

Let Y, be the eigenspace corresponding to the Dirichlet edge-based eigen-
functions with eigenvalue w?,

Y, =Y,(9)={f € O (G) | Apf = W*f,Avf =0},
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and let Z, be those elements of Y,, vanishing on all vertices,
Zw=2,9)={f€eY,| flv=0}.
We reduce the study of Y, for w € nZ to that of Z, by the following
proposition:

Proposition 3.7. Y, /Z, for w € 277 is one-dimensional if 9G = 0, and
otherwise zero. Similarly for w € ® + 277, except that we require G = ()
and that G is bipartite.

Proof. If f € Yar, with n € Z, and e = {u,v} is an edge, then f(u) = f(v),
since f’s restriction to e is of the form A cos(B + 27mnx). Hence f must be
constant on V. This implies that Y, /Z, is at most one-dimensional, and
must be zero if G # (. On the other hand, if 3G = () then the function
whose restriction to each edge is cos(wz) gives a nonzero element of Y, /Z,,.
The case w = (2n + 1)7 is handled similarly. O

The next two propositions essentially finish our work in this section.

Proposition 3.8. For w > 0 there is a natural isomorphism of Y, with
Yio4or that restricts to an isomorphism of Z,, with Z,4o.. The same is true
if w+ 2w is replaced by w + mw, provided that G is bipartite.

Proof. For an arbitrary f € Y, let ¢f be the function whose restriction to e
is ACOS(B + (27 + w)x), where A, B are given by f’s restriction to e being
Acos(B+wzx). Then Ay f = Ay (vf)w/(w+27) so Ay (¢f) = 0. From here
it is clear that ¢ is the desired isomorphism. O
Proposition 3.9. Let G’ = GU{e} be the graph formed by adding an edge,
e, to G. Then Z,(G) naturally injects into Z,(G"), and the quotient is of
dimension 1 or zero.

Proof. If f € Z,(G), we simply extend it by zero on e to get a member of
Z,(G"). Member of Z,(G’) restricts to Asin(wzx) along e for some A, and
hence any two of them are scalar multiples of each other modulo Z,(G). O

First a corollary of these two propositions:

Corollary 3.10. Let b be the number of +1’s that appear among A’s etgen-
values, i.e.,

0 if0G #0,
b=0b(G) =<1 if0G =10 and G is not bipartite, and
2 if 0G =0 and G is bipartite.
Then )
dim Yy + dim Ya, + 2(|V| — b) = 2|E].
Hence, if G is bipartite, we further have

dim Yy = dim Yo, = |E| — |V| + b.
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Proof. The first part follows from the above and Weyl’s law. The second
part follows from Proposition 3.8. (|

To prove Theorem 3.5, first note that since we are working with the
Dirichlet condition we can assume the boundary is separated —if not, we
just give each boundary edge its own boundary vertex.

The corollary above shows that the theorem is true for a tree. Any con-
nected graph is the union of a tree and a number of edges. Hence it suffices
to show that if the theorem is true for G then it is true for G with an edge
thrown in, G’ = G U {e}.

So assume the theorem is true for G. If b(G) = b(G’) then dim Yz +dim Ya,
increases by 2. But each dimension can increase by at most 1, so they
increase precisely by that much, and the theorem holds for G'.

The only change in b that can happen by adding an edge is that b(G) = 2
but b(G") = 1, i.e., G is bipartite but G’ isn’t. In this case dim Y, + dim Ya,
remains the same. While Z; cannot decrease in going from G to G', Y. /Z,
goes from one to zero-dimensional from G to G'. Since Yar/Zs, remains
one-dimensional, Zo, increases by one. Once again we see how the Z,’s and
Y., /Z,’s change for G’ and it is easy to see the theorem holds there. O

4. The wave equation

In this section we usually only assume that the graphs are locally finite. This
is because the wave equation has finite propagation speed, and “cannot tell”
whether or not a graph is finite (in any fixed interval of time).

Definition 4.1. Given a graph, fix nonnegative o, 8 € C°(G), nonnegative
v € C1(G), and an interval I C R. A function u = u(x,t) : G x [ — R is
said to satisfy the wave equation with coefficients «, 3, v if:

(1) w is continuous on G x I and u(-,t) € C?(G) for all t € I;

(2) for all z € G and t € I the derivative uy exists at (z,t) and is contin-
uous in z; and

(3) for fixed t we have
(adV + BdE)uy =V - (YVu)
as integrating factors.

If w vanishes on 0G x I we say that u satisfies the Dirichlet condition;
similarly for the Neumann condition if Vu vanishes along all edges at all
boundary vertices.

Having the equality above as integrating factors means that
auy = —yAyu
at all (z,t) with 2 € V and ¢ € I, and that
Buy = —vAgpu + Vv - Vu
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at all (z,t) withz € G\ V and ¢ € I.

In the above definition we may also allow mixed boundary conditions as
in Equations (3.4) and (3.5).

The the vertex-based wave equation, we mean the wave equation with
coefficients « = v =1 and § = 0. In this case Agu = 0 and so u must
be edgewise linear. As remarked in Section 2, Ay on a finite graph can
be viewed as a bounded operator on L%ir(g , V). As such, for any edgewise
linear f € L3, (G,V) we can form

u(x,t) = cos(t Av)f:f—tQAVf/2+t4A%/f/4!—---

and we easily see it satisfies the wave equation with u(z,0) = f(x). The
boundedness of Ay implies that if f = x, is the edgewise linear character-
istic function® at v, then for fixed x,

u(z,t) = cos(tv/Ay )xe = (—1) 4N, /(2d)! + O(t*4F2)

where d is x’s distance to v and N, is the number of paths from x to v
of length d. It follows that u(x,t) > 0 for small ¢, and so the vertex-based
wave equation does not have a finite wave propagation speed.

Since traditional graph theory is based on Ay restricted to edgewise lin-
ear functions, the above explains why approaching the wave equation with
traditional graph theory leads to unsatisfactory results.

A much better model of the wave equation appearing in analysis is the
edge-based wave equation, where § = v = 1 and a = 0. We will show in
the next subsection that these waves propagate “along the edges” and have
finite wave speed equal to 1.

4.1. The energy inequality. Many basic properties of the wave equation
follow from well-known energy inequality, which we state and apply in this
subsection.

If A C G, then the energy of u = u(x,t) over A at time ¢ is defined to be

Energy(A;t) = / (v(Vu)? d€ + ui (adV + BdE)).
A
For real h > 0 let
Al = {z € G| dist(z, A) < h}.
Now fix coefficients «, 3,7 for a wave equation and let ¢ be the smallest
constant such that v < ¢?3 throughout G (we assume this ¢ exists).

Theorem 4.2. Let A be an open set with A% of finite type for some tg > 0.
Then if u is a solution to the Dirichlet or Neumann wave equation we have

Energy(A°;0) > Energy(A;tg).

“i.e., this function is 1 on v, 0 on other vertices, and edgewise linear.
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The same holds of the mized boundary condition, as in Equations (3.4)
and (3.5), provided we add

/ you? dV
KonA

to the energy.

This theorem will be proven in the next subsection; its proof is virtually
identical to its well-known proof in analysis.

We remark that the wave equation has a time symmetry, in that if «
satisfies the wave equation then so does w(z,t) = u(z, —t). We may therefore
conclude the symmetric fact that

Energy(A;0) < Energy(A®°; ).
From the energy inequality we easily conclude the following proposition:

Proposition 4.3. Assume G is locally finite, that 3 is strictly positive on
G, and that c exists as before (i.e., v < 3 everywhere). Let u be a solution
to the wave equation on G x [0,T] with u(z,0) = 0 and u(x,0) = 0 for all
x within a distance ct to a fired y € G. Then u(y,t) = 0.

Proof. For any € > 0 we have
Energy ({y}*~;0) = 0,

We conclude that wu(y,s) vanishes from s = 0 to s = t — 2¢, and hence
u(y,t — 2¢) = 0. Now we let ¢ — 0 and use the continuity of w. O

Some immediate corollaries of this are:

Corollary 4.4. If u,w are two solutions to the wave equation such that u
and w agree at time t = 0 on all points within distance ct to y, and the same
for up and wy, then u(y,t) = w(y,t). In other words, the value of u(y,t)
depends only on the value of u at a fized time in the “space-time cone of
speed ¢ at y”. In other words, this wave equation has finite speed of wave
propagation bounded by c.

Corollary 4.5. Fizing u(-,0) and w(-,0), there is at most one solution,
u(x,t) fort >0, to the wave equation.

4.2. A proof of the energy inequality. Let I C R be an interval. By a
(graph-time) vector field on G x I we mean a pair (G, F') where F' = F(t) is
an integrating factor on G and G = G(t) is vector field on G both depending
on t € I. By its divergence we mean

Ve - (G, F)=V-G+F,

which is an integrating factor that depends on time, t, where by F; we mean
the partial derivative of F' with respect to t, i.e., we differentiate F’s dV
component and its d€ component with respect to time.
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Proposition 4.6. Consider a divergence free graph-time vector field,
(G,F), i.e., V-G + F, = 0 as a boundary inclusive equality. Write F =
Fy dV + FgdE. Assume that Fyy > 0 at all vertices and that cFg > |G| on
(G\V) x I. If A is any open set with A0 of finite type, and if 0,tg € I,

then
(1) = / F(t)
Ac(tg—t)

is a nonincreasing function in t € [0, to].
The energy inequality in Section 4.1 follows almost at once by taking
F =~E(Vu)? + (aV + BE)u? and G = —2yu;Vu,
adding you?V|k, to F for the mixed boundary condition.

Proof. Let S(t) = A=t If 9S(t) contains a vertex, then Z(t) is right
continuous at ¢, and has a jump (if any) from the left of

I(t-0)-I(t) = >  Fy(x)V().
zeVNaS(t)
Next partition 0S5(t) into interior and boundary points,
B=0St)NG and  B?=0S5(t)Nog.

B will contain no vertices for all but finitely many ¢. If B contains no vertex,
then using Proposition 2.21 we see that

T'(t)=— Y Fp(z,t)cac+ / Fy(t)
xeé esx S(t)UBa

(where F} contains both a dV term and a d€ term). By taking S(¢) and
adding to it 0S(t) as new vertices each of weight 1, we get a graph, Gy;
taking Fyy = 0 at all new vertices, we may write:

[ mo-[ Ro--[ v
S(tuB® G/\B G/\B

:/Eﬁ-G(t): S e Gl b,

xGé,eBx

using the divergence theorem.
Recalling that n. , is a unit vector, we have

—Fp(z,t)c+ne, -Gz, t) < —Fg(z,t)c+ |G(x,t)| <0
for all x,t. Hence

T'(t)= Y ac(~Fplz,t)c+ne, G(x,t)) <0.

meé,eax
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We have shown that Z(¢) is nonincreasing at all but finitely many points
(i.e., the t’s with B containing a vertex), and at these finitely many points
we know that Z(¢) is continuous or has a decreasing jump. Hence Z(t) is
nonincreasing. O

The proposition is usually proven (in analysis) by invoking a space-time
divergence theorem on a truncated cone in space-time (or graph-time here),
such as those (z,t) with dist(z, A) < c(to —t) (see, for example, [Smo83|
Chapter 4 or [CH89]). While this approach also works, setting up a graph-
time divergence theorem seems like more trouble than it’s worth for our
purposes at this point.

4.3. More general wave equations. One can generalize the uniqueness
results for the wave equation, i.e., Corollaries 4.4 and 4.5, to the same results
for a wave equation of the form

(@dV + BdE)uy =V - (YVu) +6 - Vu + eu,

where ¢ is a C? vector field and € is a C? function, and we assume (3 never
vanishes. The proof is a simple adaptation of the analysis proof given in, for
example, Smoller’s book [Smo83]. We define the energy exactly as before
(ignoring ¢ and €), but now prove

(4.1) eXEnergy(A;0) > Energy(A4; to)

for some constant K depending on 4, €, provided that w,u; vanish on A
at t = 0. Uniqueness with “propagation speed” at most ¢ follows as before.

We shall outline the proof of Equation (4.1) when § = 0; the general
case is a bit messier but similar (see [Smo83| for details). First we notice
that if all is the same as in Proposition 4.6 except that V - G + F} does not
necessarily vanish (where by F and G we mean F = v&(Vu)? + (aV + 3€)u?
and G = —2yu;Vu), then we have

Z(t) < Z(0) +/0 /Ac(tos)(v -G+ F)ds.

Hence setting
E(t) = Energy (A=, ¢)
for 0 <t < ty, we have for such ¢

¢

(4.2) E(t) < E(0) — 2/ / eu(x, s)u(z, s) dE(x) ds.
0 JActo—s)

The integral on the right-hand side can be bounded by

/;/AC%S) uuy S//u2/2 + //uf/z.

The u?/2 term integrated over space is bounded by a constant times F(t)
(since 3 vanishes nowhere), and the u?/2 can be bounded by a constant
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times ¢? times a u? integral by Poincaré’s inequality (see [Smo83]). It
easily follows that the double integral in Equation (4.2) is bounded by a
constant times fot E(s)ds, and hence

E(t) < E(0) + K/tE(s) ds
0

for a constant K. Gronwall’s inequality implies E(t) < e®*E(0), which is
just Equation (4.1).

4.4. Differentiability and the wave equation. In this subsection we
show how to prove the existence of a solution to the wave equation for suffi-
ciently “differentiable” initial conditions. On the circle, i.e., R/(27Z), there
is a rough correspondence between differentiability and having Fourier coef-
ficients decaying. We shall use the same for graphs, to give a nice description
of when we are sure that the wave equation has a solution.

Let fi1, fo,... be the eigenfunctions of Ap with eigenvalues A1, Ao, ...
with some boundary conditions of any type specified before. Let D* (which
depends on the boundary conditions) be those formal sums ), a;f; with
>, i%la;| < oo (here k is any real, although typically a nonnegative integer).
Let B* be the same, except that the a;’s are subject to the weaker condition
that i*|a;| is bounded in i. Let Diff* be those functions f € C* such that
for j =0,...,k — 1 we have:

(1) fY(v,e) depends only on v if j is even, where fU)(v,e) is the j-th

derivative of f at v along e.
(2) The sum of £\ (v, e) over all e for fixed v is zero for all v, if j is odd.

It is not hard to prove the following facts:

Proposition 4.7. We have natural inclusions B*1+¢ c D¥ ¢ B* for any
k and € > 0, and inclusions D* c Diff* ¢ B* for any nonnegative integer k.

We remark that Diff*’s compatibility with D* B¥ makes it, in some sense,
a better notion of differentiability than C* defined in Section 2.

Proof. The first inclusions are straightforward. The inclusion DF ¢ Diff*
follows by viewing the formal sum as an absolutely convergent sum of func-
tions whose derivatives up to k-th order also form an absolutely convergent
sum (here we use the periodic nature of the eigenpairs). Finally the inclu-
sion Diff* ¢ B* follows by integration by parts of the inner product (f, fi)
for an f € Diff* along each edge: fol f(x)Ae cos(wx + Be) is proportional to
the integral of w=* f(¥) () times sine or cosine of plus or minus wz 4 B, plus
boundary terms. The boundary terms at v € V are proportional to sums
over e of fU) (v,e) A, times sine or cosine wz + B.. Knowing that A, cos(Be)
is independent of e (for a given v, with x = 0 corresponding to v), and
knowing that the sum of A, sin(B.) vanishes (since Ay f; = 0 for all i), we
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see that the boundary terms at 1% disappear; similarly we see that boundary
terms at boundary vertices vanish. Now we use Weyl’s law and the fact that
f € C* to see that i*(f, f;) is bounded. O

We now state an existence theorem in terms of D?; it follows from the
above proposition that our theorem also applies to the class Diff*, which is
easier to understand, in a sense, than D?.

Proposition 4.8. Let g,h € D% If g=> a;fi and h = >_b;f;, then
bi
(4.3) u(z,t) = ZZ: fi (ai cos(v/Ait) + I sin(\/)\jt)>

is a solution to the wave equation with u(-,0) = g and u(-,0) = h.

Proof. We need to know that uy exists, and if g,h € D? then the sum of
twice differentiated terms is absolutely convergent and this wuy exists. The
rest is an easy verification. U

Any g, h in L?, say, will have eigenfunction expansions. It makes sense to
define u(zx,t) by the formal sum above (in Equation (4.3)), which for fixed
t will always lie in L? (although wus need not exist).

4.5. Chebyshev polynomials and the wave operator. We again as-
sume that G is finite in this subsection. Let f;, A; be as in the Section 4.4,
and set Summ to be D in the notation of the previous section, i.e.,

Summ = {Zaifi Z|a¢| < oo}.

Elements of Summ may be viewed as formal sums, or we may identify them
with the bounded function on G to which they converge (since the f; are
uniformly bounded). Summ is the set of functions with a summable eigen-
function coefficient series; it is easy to see that it contains, for example,
H'(G). The map sending f; to its restriction on vertices extends to a con-
tinuous map from Summ to L*°(G,V). Since G is finite this gives rise to a
continuous map Mg_y : Summ — L?(G, V).
If g € Summ with g = " a;f;, then

(cos \/AE)g = Zai(cos \/)\7)}‘}
lies in Summ, and we know

Mp_y(cos /Ag)g =" ai(cos /X ) Mp_vf;.

Since 1 — cos v/ A; is the Ay eigenvalue corresponding to Mg .y f; and A=
I — Ay, we have

AMp_y = Mg_y cos/Ag
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as maps from Summ to L?(G,V), assuming all edge lengths are 1. It follows
that for any polynomial, P, we have

P(A)Mp_yv = Mp_yvP(cos \/Ap).
If T}, is the k-th Chebyshev polynomial, given by
Ty (cos z) = cos(kz),

we have B
Tk (A)MEHV = MEHV COS(]C\/ AE )
We conclude the following theorem:

Theorem 4.9. Let all edge lengths be 1. Let g € Summ, and let u be the
formal solution to the wave equation as in Equation (4.3) with h = 0. Then
for any integer k and interior vertex v we have

u(v, k) = Tk (A) ME—>Vg-

So if we wish to know this wave equation solution at vertices and at only
integral times, we need only know the initial condition at the vertices. The
values of the solution there are given in term of Chebyshev polynomials of
the normalized adjacency matrix. Notice that knowing the values of u at
nonintegral times requires knowing f along the edges.

Notice that Theorem 4.9 is valid for infinite (locally finite) graphs, since
the wave equation solution is determined locally for any finite time, and the
equality in Theorem 4.9 is a local statement as well.

We finish this subsection by remarking that if we ignore the map Mgy,
we can say that A “acts like” cos\/Afg. Noting that A is I — Ay for an
appropriate graph theoretic Laplacian, Ay, we can see that I — Ay “acts

like” cosv/Apg.

4.6. Wave propagation through vertices. Using Theorem 4.9 it is not
hard to see what happens when a wave is sent through a vertex. More
precisely, let G be the infinite d-regular star,® i.e., G’s vertices are vg union
v;; with @ = 1,...,d and j a positive integer, and G’s edges are {vo,v;1}
for all 4, and {v; j,v; j4+1} for all < and for all positive j (see Figure 2).

Taking g to be a function which is zero on all vertices except vy ; for some
j > 2, we apply Theorem 4.9 to see that of the “wave” traveling towards vg,
we have (2/d) — 2 of the wave comes back along the ¢ = 1 edge, and 2/d of
it travels down each 7 > 1 edge.

This motivates the following theorem. We state this theorem in terms
of the length 1 d-regular star, by which we mean the graph, G, as above,

®Note that the wave equation effectively ignores vertices of degree 2, i.e., one gets the
same equation if one treats the two edges incident with the vertex as one longer edge. So
the infinite d-regular star is equivalent to a graph with one degree d vertex and d edges
of infinite length.
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——————— V1,2 V1,1 V0, Vd,1 Vd,2 -------

Figure 2.

except we restrict j to take on only the value 1. We endow the edges of G
with standard coordinates z1,...,z4 where z;(0) = vg and x;(1) = v; .

Theorem 4.10. Let u(z,t) be the solution to the wave equation for 0 <t <
1/4 given by

w(n) = {f(m +1) fori=1,

0 otherwise,

where f is any twice differentiable function supported on (1/4,3/4). Then
the solution for 0 <t <5/4 to the wave equation exists and is given by

ity = L@ D (/D) =)t —w) fori=1,
i (2/d)f(t = 2i) otherwise.

Notice that this theorem tells us how waves propagate through vertices.
Also, notice that we know that u is unique.

Proof. Clearly wu satisfies the wave equation on edge interiors. At vg, the
only vertex of interest for ¢ < 5/4, we have u is continuous (taking the
limiting value 2f(t)/d along each edge at vg) and satisfies Ayu = 0 there.
Hence u satisfies the wave equation. O

4.7. Finite propagation speed of wave operators. There are a num-
ber of operators on L?(G, &) that arise from the wave operator, which have
a “finite speed of propagation”. We mention one classical one, and a gener-
alization of it. First we need some definitions.

By the support of a function, f, in L?(G, &) we mean the complement of
the union of those open sets, U, for which f = 0 almost everywhere in U.

Definition 4.11. Let A; be a family of bounded (everywhere defined) oper-
ators on L?(G, £) indexed on t > 0. We say that A; have speed of propagation
at most c if (A.f,g) = 0 for any f,g € L*(G,€) and t with the supports of
f and g a distance at least ct apart.
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Definition 4.12. A subset, D, of LQ(QLE) is called supportingly dense if
for any f € L*(G,&) and € > 0 there is f € D such that [[f — f|[2 < € and
(each point of) the support of f is within distance € of the support of f.

In our propagation speed definition, rather than requiring f, g € L?(G, &),
it suffices to take f,g € D where D is any supportingly dense subset of
L?(G,&). We also remark that standard mollification arguments show that
for any k, Diff* is supportingly dense; it follows that B¥ and D¥ are, as well.

Consider the operator

Wy = cos(t\/g).

By the spectral theorem this can be viewed as an operator on L?(G, £) whose
norm is bounded by 1. We know by Proposition 4.8 that W; restricted to
D? N L?(G, &) has propagation speed at most 1. Since D? is supportingly
dense in L%(G, ) we see that W; has speed of propagation < 1.

Next for any a € R consider the operator:

Wia = h(*(A - a)),
where

T 72 3 {COS \/SE if £ >0,

Mz)=1— s+ -—+— 5+ =
() 21 41 6! cosh/—z if x <0.

So Wi is just W, as above. Since A is positive semidefinite, ||[W 4] <
cosh(t\/&). The analogue of Proposition 4.8 for the wave equation uy =
—Au + au is easily verified, and we conclude (using Subsection 4.3) as we
did for W; that:

Proposition 4.13. For fized a, the propagation speed of Wy, is < 1.

5. Applications

In this section we give examples of how to apply our edge-based approach
to get graph theoretic results from analysis results. We give a new bound
on eigenvalues based on set distances in graph theory; the bound it gives
on diameters can be better or worse than the well-known bound of Chung,
Faber, and Manteuffel (in [CFM94)); our technique is very simple and works
in analysis (to give the result of Friedman and Tillich in [FT]). We also show,
for example, that the graph diameter inequalities of Chung, Grigor’yan, and
Yau in [CGY96, CGY97|, which mildly generalize that of Chung, Faber,
and Manteuffel (in [CFM94)), is optimal to first-order, in a certain sense, for
small Laplacian eigenvalue. We give other results that illustrate our ability
to translate from analysis to graph theory, although these other results do
not improve the best known graph theory results.
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5.1. Distances and diameter: using old results. A number of arti-
cles have inequalities relating distances to sets or diameters of a space to
Laplacian eigenvalues, both for manifolds and graphs (see [AM85, Moh91,
LPS88, CFM94, CGY96, BL97, CGY97]). In [FT] the philosophy that
I — Ag “acts like” cos +Ag of the preceding section is used to apply graph
theoretic techniques (namely those of [CGY97]) to analysis and get an im-
proved eigenvalue bound based. Here we go the other way, taking analysis
results or more general results, and apply them to get graph theoretic re-
sults. The result we obtained is not the best known, but it is better than
some results, especially one that can be derived from the same technique
using the vertex-based Laplacian. However, in the next subsection we give
a distances/eigenvalues technique that yields new results in graph theory.
Consider the result of Bobkov and Ledoux, which states that for any
metric probability space, (M, p, 1), and disjoint Borel sets X,Y we have

(5.1) VA p(X,Y) < —log(uX pY)

where p(X,Y) is the distance from X to Y and X is the optimal constant
in the Poincaré inequality (in other words, A is the first nonzero Neumann
eigenvalue in the case of a compact manifold or finite graph). Let us apply
this to bounding the diameter of a graph.

One way is to directly apply Equation (5.1) to the vertex-based situations,
with A = Ay, the vertex-based Laplacian eigenvalue. We get uX = |X|/n,
and we take X,Y to consist of single points of distance D where D is the
diameter. We conclude that v/ Ay D < log(n?) = 2logn, or

2logn
N

Here Ay is the first nonzero eigenvalue of the Laplacian I — A where A is
the normalized adjacency matrix. Notice that if our graph is d-regular, then
Ay = Ar/d where Ap is the first nonzero eigenvalue of the traditional graph
theoretic Laplacian. We conclude:

D < 2logny/d/\p.

Alternatively we may apply Equation (5.1) to the edge-based Lapla-
cian. Notice that the similar and slightly weaker inequalities of [CGY 96,
CGY97]| require the Laplacian, A, to have cos (t\/j) extend supports of
functions by a distance at most t. So our edge-based Laplacian could be
used with these earlier results, whereas the vertex-based Laplacian could
not. We take X,Y to be balls of size 1/2 about two points of distance D,
the diameter. We conclude:

Vg (D —1) <log(n?) = 2logn.

D<
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Seeing as v/ Ag = cos™ (1 — Ay), we have
2logn
cos~H1 —Ay)’
But it is easy to see that cos_l(l —a) > V/2a for any a. Hence we have
D—-1< \/Q/TV logn.
In the d-regular case this gives
(5.2) D —1<+/(2d)/Ar logn.

We conclude:

D—-1<

(1) With the same technology, i.e., using Equation (5.1), the edge-based
technique does better than the vertex-based technique by roughly a
factor of v/2.

(2) In previous Laplacian bounds (e.g., [CGY96, CGY97]) the edge-
based technique can be applied whereas the vertex-based technique
cannot (by support extending restrictions that are equivalent to the
wave equation having propagation speed 1).

It is interesting to note that the edge-based diameter bound we derived
(in Equation (5.2)) improves the original Alon-Milman bound® of

D <2|\/(2d/Ar) logyn]

(see [AMSS5]), in the case where d/Ar and n are large. Similarly we have
improved Mohar’s improvement (see [Moh91]) of the Alon-Milman result,
taking Ao, < 2d (the highest Laplacian eigenvalue)”). But the result of
Chung, Faber, and Manteuffel (see [CFM94]) improves on our edge-based
result by a factor of 2. In fact, it is precisely this factor of 2 that we gain
in applying the result in Chung, Faber, and Manteuffel to analysis, in [FT],
using the relation in this paper between graph Laplacians and analysis-like
(e.g., edge-based) Laplacians.

5.2. Distances and diameters: new results. In this subsection we give
a new way of proving distance/eigenvalues or diameter/eigenvalue results.
Graph theoretically this yields a new result, which is an edge-based analogue
of the Chung, Faber, and Manteuffel (see [CFM94]) result; our new results
cannot be compared to that of Chung, Faber, and Manteuffel —it can yield
better or worse results. This proof also carries over to analysis, where it
gives a different (and in some sense shorter) proof of the Friedman-Tillich
result in [FT]. But however different our proofs or results are, they can be

5Tt is interesting that this bound is often misquoted, as the authors use [a] to denote
la] (the greatest integer < a) without ever explicitly saying so in the paper. Many authors
incorrectly guess the meaning of [a].

" Since we are thinking of d/Ar as being large, it seems reasonable to expect that Ao
should not be far from 2d.
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viewed as variants of older results stemming from the same basic technique
used in [CGY97] and [FT].

Let Xy denote the constants in L?(G, ), and X7 the orthogonal comple-
ment of Xg; for ¢ = 0,1 let m; denote the projection onto X; (so mp + 71 is
the identity). Let W; , be the operators defined at the end of Section 4, and
fix a = Ag to be the first nonzero eigenvalue of A.

Proposition 5.1. If f, g are two functions whose supports are at a distance
of at least d, we have

cosh(d\/g) > M
= [Imof oyl

Proof. By Proposition 4.13 we have

0= Waaf,9) = Waamof,m0g) + (Waum1 f, m9).
Now
(Waamof, Tog) = + cosh(dv/Ag ) 7o/ [|mog|
since m f, mog are both constants. Since Wy, restricted to X; has norm at
most one, we have

|(Waami fomig)| < lmfllllmgll,

and the proposition follows. O

Corollary 5.2. Let X,Y be disjoint measurable subsets of distance > d.
Then

_ E(XC)E(Ye)
dy/ g <cosh™! [ | 2t L),
Fe ( ECDEY)
Proof. Take f, g to be the respective characteristic functions of X, Y. (|

We finish this subsection with a discussion of the above proposition and
its corollary.

First of all, these proofs carry right over to analysis, where they yield the
results of Friedman and Tillich (in [FT]) with a considerably simpler proof;
however, the basic idea that (W4, f, g) = 0 based on the supports of f, g the
the speed of propagation of W appears before.

Second, the above proposition and corollary can be generalized to k func-
tions or k sets for any £ > 2, with the same technique that appears in
[CGY96], also used in [CGY97, FT]. In the analysis case we recover the
results for k functions or sets that appear in [F'T]. For graphs, our corollary
would read that if Xi,..., X were disjoint measurable subsets any two of
which had supports of distance > d, then

dv/ A g < mi h! _—
B =00 E(X)EX;)
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Our proposition would read similarly.

Finally, we remark that the above corollary yields a diameter result that
can be better (or worse) than that of Chung, Faber, and Manteuffel (see
[CFM94]). Similarly our corollary can be better or worse than the compa-
rable theorem in [CGY97]. For example, the Chung, Faber, and Manteuffel
result states that in a regular graph

2 v
An — Ay
where D is the diameter, n = |V, and Ay, A, are respectively the smallest

and largest positive Ay eigenvalues. Taking balls of radius 6/2 about two
points of distance D and applying Corollary 5.2 we get

(D — 8)\/Ag < cosh™'(2n/6 — 1)

for any § < 2. It follows that the result obtained here, taking § = 2, is
better than the result in [CGY97], provided that Ay and 2 — \,, are both
< ¢/ logn for a constant, ¢ (using cos/Ag =1 — Ay).

(D —1)cosh™? <1 + ) < cosh™'(n —1),

5.3. Invariants. A typical spectral invariant studied in the analysis liter-
ature is the wave invariant

W (t) = Trace(cost\/Ap) = Z(cost\/)\»j),

J

with A; running through all Laplacian eigenvalues. This sum can be under-
stood in several ways; here we think of

W)= (V)
J
as a complex analytic function defined on the subset of complex numbers
with positive imaginary part, and then we extend W analytically to the
whole complex plane; W is just the real part of .

It is well-known that in analysis the real singularities of W are at t =0
and t being (plus or minus) the length of a closed geodesic. If all edges
of a graph have length one, then we know we have a1, ..., ag g such that
the edge-based eigenvalues (with their respective multiplicities) are precisely
those squares of o + 27Z>p. We have

N . 2B

_ it

W(t) - 1— 627rit Zel .
i=1

This has a pole at tR precisely when ¢ = 0 or ¢ is an integer with Y e?% £ 0.

To understand the vanishing or not of } e consider that the a;’s are
of two types; one type is a (m,27) pair coming from an edge and interior
vertex count, and such «a;’s cancel in the sum ) cos(itey) for ¢ an odd
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integer and contribute 2 when t is even; the other type is a «a, 27 — « pair
with

et 4 2m=a) — 9 cos(ta)
for ¢t an integer. Hence this sum is essentially the trace of the t-th Chebyshev
polynomial in A.

It follows that the first odd ¢ > 0 for which W has a pole is the length of
the smallest odd cycle. However it doesn’t seem like such a simple statement
holds for higher odd values of ¢ or even values, and so the invariant W is
not entirely analogous to its analysis counterpart.

It is natural to ask if any spectral, edge-based invariants (such as those
whose analysis analogues are interesting, for example) yield new and inter-
esting graph invariants. Such invariants would, in particular, include traces
of Chebyshev polynomials of A when the edge lengths are one.

5.4. Cheeger’s inequality. In this section we mention that Cheeger’s in-
equality holds for the edge-based Laplacian as well as the vertex-based, but
the second one, at least for r-regular graphs yields the first one. We will
require some notions from [FT99].

Consider an open subset of A C G whose boundary contains no vertices,
and let A(OA) be the “area” of A’s boundary (see [FT99]); this is just the
sum of a, for each boundary point of A lying on e. Also £(A) is just the
total £ measure of A, and we set

L AR
gA)<E@)/2 E(A)

The co-area formula of [FT99] and the arguments to prove Cheeger’s in-
equality immediately carry over here to yield:

(5.3) A\g > h% /4.

We can compare this to Cheeger’s inequality for the vertex-based case (i.e.,
Dodziuk’s inequality, see [Dod84, FT99)]),

(5.4) v > hi /2
for the 1-regular graphs (see Section 2), where
, L EEBBY)

v BCV, V(B)< V(V)/2 V(B)

where F(B, B¢) denotes the set of edges with one endpoint in B and one in
Be.

Let us compare these two Cheeger’s inequalities, in case the graph is d-
regular in the traditional sense (each vertex is the endpoint of d edges) with
unit edge lengths and weights. We consider now the graph G derived from
it, where V at any vertex is taken to be d so as to make the graph 1-regular.

We shall need a simple lemma:
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Lemma 5.3. For a 1-regular graph hy > hg/2.

Proof. Let B be the subset of vertices of size smaller than V(V')/2 for which
E(E(B, B))

V(B)
For a subset X of vertices we denote by X; the set of points lying on edges
that have both endpoints on B or are within a distance ¢ from X. Note that

E(Byj2) +E(B ) = E(G).
It follows that the measure of one of these two sets is smaller than or equal
to V(G)/2.
. A(9B12) ey
Case 1: E(Bys2) < V(G)/2. Here By ) > hg. Since E(E(B, B°)) =
A(0B;5) and V(B) <2&(By ), we obtain
E(B(B.BY) _ AWOB)5)
V(B)  — 2&(Byj)

hy =

hy =

> hy/2.

Case 2: V(B 3) < £(G)/2. This implies that
V(V)/4=E(G)/2 2 V(B 2) 2 V(B)/2,

so B¢ is also of measure smaller than or equal to V(V)/2, and therefore
V(B) = V(B¢) = V(V)/2. This means that

E(E(B, B"))
hy =
V(B°)
By using the same arguments as in the previous case (with B¢ replacing B)
we also get hy > hg/2. O

Now notice that
Mg = (cos 11— \y))2 > 2\p.
Hence
g > 2\y > b3 > hi /4.
In other words: for 1-regular graphs Cheeger’s inequality for vertices, (5.4),
implies the Cheeger inequality for edges, (5.3).
5.5. Optimal distance bounds. In this section we prove the following
theorem:

Theorem 5.4. Let C,Cq, Co be constants such that the following holds: for
any graph with edge lengths one, whose diameter D is realized by two ver-
tices, u, v, we have

(5.5) D-1< C2V(V)2> .

o 5
= V2w 4O 2 V()

Then C > 1/2. The same is true if we insist that the graph is 1-regular.
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The bound of Chung, Faber, and Manteuffel (in [CFM94]) implies Equa-
tion (5.5) with C' = 1/2 assuming V is constant; the generalization to general
V is implied by the results in [CGY96, CGY97| (with different constants
(5 in the two articles). Actually, there they assume the edge weights are in-
tegral; but this assumption clearly implies the same for rational edge weights,
and therefore arbitrary real edge weights. So regarding Ay as small, these
inequalities are optimal to first-order.

Our proof is based on a standard metric probability space, the “expo-
nential distribution on the nonnegative reals,” or on a standard Riemannian
manifold, the surface of revolution of y = e™* with « nonnegative. We model
this on a graph by taking a sequence of edges with edge weight exponentially
decreasing. These analysis examples (the exponential distribution and the
surface of revolution of y = e™*) prove a bound in analysis that is analogous
to the bound C' > 1/2 in the theorem above (see [FT)).

Proof. Fix a small n € (0,1), and let » = 1 — . Fix an integer D > 0.
Consider the graph, G, whose vertices are the integers, V = {0,1,..., D},
with an edge from i to i + 1 of weight 7 for all nonnegative integers i < D.

Making G into a l-regular graph is done by taking V(i) = r~1 4+ r? for
i # 0, D, dropping one of these summands when 7 = 0 or ¢ = D. Here the
vertices furthest from each other are 0 and D, and therefore

D142
V(V)2 4(1 lr—'r )
1 ——— | =1 ————" | < K(r)—Dlogr.
©8 <V(u)V(v) ©8 1-rP < K(n) 08T
We obtain a lower bound on Ay by using Cheeger’s inequality (5.4). Ob-
viously to find Cheeger’s constant hy we just need to consider vertex sets
that are connected, i.e., of the form B = {a,a + 1,...,b}.
We have to distinguish between two cases: a > 0 and a = 0. In the first
case

E(E(B, B°)) rt 1 pyrt 1 1—r

VB) et h 2Tk gyt 20T 2

In the second case we get the same lower bound with a slightly more tedious
calculation. First we note that in this case b # D (since V(B) < V(V)/2)
and therefore

) b—1 ' 1—’["D+1
(5.6) V(B) ="+ ZZ;T <V(V)/ —
This implies that
1 D+1
(5.7) P>
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We use the previous upper bound on V(B), and this lower bound on r? to

obtain
EE®B,BY) _ (A 4rPThH-r) 1-r

V(B)  V(B)T 1+r(1-rPH)y T 2
By using (5.4) it follows that

Av > (1—r)?/8 =18,
and therefore

C
D-1<——— (K(r)=Dlogr).
< o G (K () ~ Dlogr)
Taking D — oo we conclude
C
1< —————— log(l —n).
<R T CRs g(l—n)
Taking n — 0% yields 1 < 2C. O
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