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Let A be a prime ring whose symmetric Martindale quo-
tient ring contains a nontrivial idempotent. Generalized skew
derivations of A are characterized by acting on zero prod-
ucts. Precisely, if g,0: A — A are additive maps such that
o(x)g(y) + d(x)y = 0 for all z,y € A with zy = 0, where o is
an automorphism of A, then both g and § are characterized
as specific generalized o-derivations on a nonzero ideal of A.

1. Results

Let B be a ring with a subring A. An additive map §: A — B is called a
derivation if 0(xy) = 6(x)y + xd(y) for all z,y € A. In a recent paper Jing,
Lu and Li proved the following result [6, Theorem 6]:

Let B be a standard operator algebra in a Banach space X containing the
identity operator I and let §: B — B be a linear map such that §(AB) =
5(A)B + Ad(B) for any pair A,B € B with AB = 0. Then 6(AB) =
§(A)B + A6(B) — AS(I)B for all A,B € B. If in addition §(I) = 0, then o
s a derivation.

The result says that an additive map on a standard operator algebra
is almost a derivation if it satisfies the expansion formula of derivations
on pairs of elements with zero product. Since standard operator algebras
involve many idempotents, from this point of view Chebotar, Ke and P.-H.
Lee studied maps acting on zero products in the context of prime rings [2].
To state their results precisely we must first fix some notation.

Throughout, unless specially stated, A will denote a prime ring with cen-
ter Z, extended centroid C' and symmetric Martindale quotient ring ). The
maximal right and left quotient rings of A will be denoted by Q. and @,
respectively. See [1] for details. Theorem 2 of [2] says this:

Let §: A — A be an additive map such that 6(x)y + x0(y) =0 for z,y € A
with xy = 0. Suppose that Q) contains a nontrivial idempotent e such that
eA U Ae C A.

() If 1 € A, then §(zy) = §(x)y + zé(y) — Azy for all x,y € A, where
A=46(1) € Z. In particular, if §(1) =0, then ¢ is a derivation of A.
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(IT) If deg A > 3, there exists A € C such that §(zy) = 0(z)y+xd(y) — Azy
for all x,y € A.

Generalized derivations and o-derivations (or skew derivations) are two
natural generalizations of derivations, and are defined as follows. Let o be an
automorphism of A. An additive map §: A — Q,,; is called a o-derivation
if §(zy) = o(x)d(y) + d(x)y for all z,y € A. Basic examples are derivations
and o — 1. Given b € A, the map 0: x € A — o(x)b — bz obviously defines
a o-derivation, called the inner o-derivation defined by b.

An additive mapping ¢g: A — Q. is a generalized derivation if there
exists a derivation d: A — @y such that g(zy) = xg(y) + d(z)y for all
z,y € A. As basic examples we mention derivations, generalized inner
derivations (maps = — ax + xb for a,b € A) and left A-module mappings
from A into itself. From this one easily sees that a map ¢ as in Theorem 2
of [2] (see bottom of previous page) is indeed a generalized derivation. In
this paper we will generalize that theorem from a different point of view.
We start with a definition of generalized skew derivations, generalizing both
skew derivations and generalized derivations.

An additive map g: A — @,y is called a generalized o-derivation, where
o be an automorphism of A, if there exists an additive map §: A — Qnu
such that g(zy) = o(z)g(y) + 0(x)y for all z,y € A. It is clear that ¢ is
uniquely determined by g, which is called the associated additive map of g.
It is easy to check that ¢ is always a o-derivation (see [10]). We are now in
a position to state our main result:

Theorem 1.1. Let A be a prime ring with symmetric Martindale quotient
ring Q). Suppose that QQ contains a nontrivial idempotent and that g, 6: A —
A are additive maps. If o(x)g(y) + 0(x)y = 0 for all x,y € A with xy = 0,
where o is an automorphism of A, there exist a nonzero ideal N of A and a
o-derivation d: A — Q such that

g(x) =d(z)+o(z)b and o(x)=d(z)+ ax

for all x € N, where b € Qpy and a € Qumy. In addition, we can take N = A
if eAU Ae C A for some nontrivial idempotent e € Q).

The proof of the theorem depends on both the Lie structure of rings and
the theory of functional identities, and will be given in the next section. As
an immediate consequence of Theorem 1.1 we have the following generaliza-
tion of Chebotar, Ke and P.-H. Lee’s theorem [2, Theorem 2]:

Corollary 1.2. Let A be a prime ring with extended centroid C and sym-
metric Martindale quotient ring Q). Suppose that Q contains a nontrivial
idempotent. If §: A — A is an additive map such that x6(y) + d(z)y = 0
for x,y € A with xy = 0, then there exists a nonzero ideal N of A such that
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d(z) = d(z) + Az for all x € N, where A\ € C and d: A — Q is a deriva-
tion. In addition, we can take N = A if eAU Ae C A for some nontrivial
idempotent e € Q).

The following corollary gives Jing, Lu and Li’s theorem [6, Theorem 6] in
the context of prime rings:

Corollary 1.3. Let A be a prime ring with extended centroid C and c € A.
Suppose that A possesses a nontrivial idempotent. If §: A — A is an additive
map such that x6(y) + d(z)y + zcy = 0 for x,y € A with xy = 0, then there
exist a deriation d: A — AC and p € C such that 6(x) = d(z) + (u — )z
for all x € A.

Proof. By assumption, we have z(d(y)+cy) +d(x)y = 0 for all z,y € A with
xy = 0. In view of Theorem 1.1, there exist a derivation d: A — Q, a € Qumy
and pt € Qpy such that 6(z) = d(x) + ax and §(x) + cx = d(x) + zp for all
x € A. Choose a dense right ideal p and a dense left ideal A of A such that
ap CAand A\p C A. Let x € p, z€ Aand y € A. Then xzy € pAANC pNA.
Thus (a + ¢)z,ypu € A and ((a + ¢)z)zy = xz(yp). By Martindale’s Lemma
[11], y and ypu are C-dependent for y € A. It is now easy to prove that
€ C. Thus a = pu — ¢ follows and so 6(x) = d(z) + (u — ¢)z for all z € A.
In particular, we have d(A) C AC, proving the corollary.

The next application is to generalized polynomial identities. An additive
map f: A — Ais called an elementary operator if there exist finitely many
a;,b; € AC such that f(x) = )", a;xb; for all x € A.

Corollary 1.4. Let A be a prime ring with extended centroid C. Sup-
pose that its symmetric Martindale quotient ring ) contains a nontriv-
ial idempotent. If f and g are two elementary operators of A satisfying
xf(y) + g(x)y = 0 for z,y € A with zy = 0, then there exist a,b,q € AC
and such that f(y) = [q,y] + yb and g(x) = [q, x] + ax for all z,y € A.

Proof. Since f, g are elementary operators, there exist finitely many a;, b;,
ci,d; € AC such that f(z) = >, azb; and g(z) = 3, cjzd; for all z € A.
In view of Theorem 1.1, there exist a nonzero ideal N of A, a derivation
d: A — Q and elements a € Q ., b € Q.1 such that

>_iaiybi =d(y) +yb and ), cjzd; = d(z) + ax

for all z,y € N. It is well-known that d can be uniquely extended to a
derivation of @, into @y and Y, a;yb; = d(y) + yb for all y € Quy (see,
for instance, [9, Theorem 2]). In particular, we set y = 1, implying that
b=>",a;b; € AC. An analogous argument proves a € AC, so d(AC) C AC.
Applying Kharchenko’s Theorem ([7, Lemma 1] or [8, Theorem 2]), we
conclude that d is X-inner; that is, there exists ¢ € @ such that d(y) = [¢, y]
for all y € A. Thus qy —yqg = Y, a;yb; — yb for all y € A. Applying
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Martindale’s Lemma [11], ¢ lies in the C-linear span of the elements b;’s, b
and 1. Thus g € AC + C. Since, for g € C, [q¢+ 8,y] = [q,y] for all y € A,
we may take ¢ € AC, proving the corollary.

The following example shows that the existence of nontrivial idempotents
in @ is essential to Theorem 1.1.

Example 1.5. Let A be a prime ring, not a domain, with center Z and let
My ={a € A|xay =0 whenever z,y € A with xy = 0}.

Suppose that M4 is noncentral. Choose an element ¢ € M4 \ Z. Let
fig: A — A be additive maps defined by f(z) = cxc and g(x) = x for all
x € A. Then zf(y) + g(x)y = 0 for z,y € A with zy = 0. We claim that
f, g cannot assume the forms given in Theorem 1.1. Indeed, suppose there
exist a derivation d: A — ) and a nonzero ideal N of A such that

f(z) =d(x)+2b and g(z)=d(x)+az
for all z € N, where a € Qpr and b € Q. Then d(z) = (1 — a)z for all
x € A, implying d = 0. Thus zb = czc for all x € A. Applying Martindale’s

Lemma [11], we see that ¢ € C, the extended centroid of A, and so c € Z, a
contradiction.

Such prime rings do exist. One example is due to Dubrovin [3]. Another
is A= K{x,y}/(z?) [5, pp. 105-108], where K{z,y} is the free algebra over
a field K in two noncommuting indeterminates = and y. In this example,
A is a prime ring and Kz + zAz + (2%)/(2?) coincides with the set of all
elements of A with square zero. Let T = z + (2?) € A. Then azb = 0
whenever a,b € A with ab = 0. Thus Z lies in M 4 and is noncentral.

2. Proof of Theorem 1.1

Lemma 2.1. Let I be a nonzero ideal of A and let f: I — Qpu be a left
I-module map. Then there exists ¢ € Quy such that f(x) = xq for all z € I.

Proof. Notice that QI is a dense left ideal of Q. We define the map

f: Qmil — Qmi by >, xia; — >, zif(a;), where z; € Qpy,a; € I. Then f
is well-defined. Indeed, let )", z;a; = 0, where z; € Q.y1,a; € I. Choose a
dense left ideal J of A such that Jx; C I for each i. Then, for y € J, we
have

0=f(y>;mia) = fF(X;(yzi)ai) =, yaif(ai) = y(3; @i f(ai)),

implying . x; f(a;) = 0. Thus fis well-defined. It is clear that fis a left
Q-module map extending f. We remark that the maximal left quotient
ring of @ coincides with itself. Thus there exists a ¢ € Quu such that
f(z) = zq for all z € QpuuI. In particular, f(z) = xzq for all x € I. This
proves the lemma.
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Lemma 2.2. Let I be a nonzero ideal of A and let f, g: I — Qpyu be two
additive maps. Suppose that f(x)y + o(z)g(y) =0 for all x,y € I, where o
is an automorphism of A. Then there exists a € Qpy such that f(x) = o(x)a
and g(y) = —ay for all x,y € I.

Proof. Let x,y,z € I. By assumption,

fzr)y +o(zx)g(y) =0 and  o(2)(f(x)y + o(x)g(y)) = 0.
Thus (f(zx) — o(2)f(z))y = 0 and so f(zx) = o(z)f(x) since A is prime.
Note that ¢ can be uniquely extended to an automorphism of ),,,;. Consider
the map ¢: I — Q, defined by ¢(z) = o~ (f(x)) for € I. Then ¢ is a left
I-module map. By Lemma 2.1, there exists b € @, such that ¢(z) = xb
for all z € I. That is, f(xz) = o(x)a for all x € I, where a = o (b) € Q. It
is clear that g(y) = —ay for all y € I. This proves the lemma.

Although the next lemma has a more general version, for our purposes
we need only the following special form:

Lemma 2.3. Letd: M — @ be a o-derivation, where M is a nonzero ideal

of A and o is an automorphism of A. Assume that there exists a nonzero
ideal J of A such that d(m)J + Jd(m) C A for allm € M. Then d can be

uniquely extended to a o-derivation from A into Q.

Proof. Replacing J by M N J, we may assume from the start that J C M.
Let a € A. Define a map v¢,: MJ — A by the rule

Va (ZZ mm) =) dlami)x; — Y, o(a)d(m;)z; € A,
where m; € M and x; € J. We claim that 1, is well-defined. Indeed,
> mix; = 0 implies ), (am;)z; = 0, so
0 =22 d((ami)zs) = 32 (0(ams)d(xi) + d(am) ;)
=2 dlami)zi — 32, 0(a)d(mg);,

since

2. o(ami)d(zi) = 32, o(a)o(mi)d(z:)
2. o(a)(d(mizi) — d(mq)xi)
o(a)d (3 miwi) = 32 0(a)d(mi)x;
— 2 o(a)d(mi)m;.
The claim is proved. It is clear that 1), is a right A-module map. Thus v,
is defined by an element d(a) € Q,, the right Martindale quotient ring of A.
That is, d: A — @, has the following property: d(a)m = d(am) — o(a)d(m)
for a € A and m € M. Let a,b € A and m € M. Then d(abym =
d(abm) — o(ab)d(m). On the other hand, since bm € M we have

(o(a)d(b) + d(a)b)m = o (a)(d(bm) — o(b)d(m)) + d(abm) — o(a)d(bm)

= d(abm) — o(ab)d(m).
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Thus d(ab) = a(a)c?(b) + c?(a)b)v proving that d is a o-derivation. Clearly,
d(m) = d(m) for all m € M, so d is an extension of d. Notice that Jo (M) is a

nonzero ideal of A. Let a € Aand m € M. Then d(ma) = o(m)d(a)+d(m)a
and so

Jo(M)d(a) C Jd(M) + Jd(M)A C A,
implying that d(a) € Q. Hence, d: A — @ and the lemma is proved.
We are now ready to prove the main theorem stated in §1.
Theorem 1.1. Let A be a prime ring with symmetric Martindale quotient
ring Q. Suppose that Q contains a nontrivial idempotent and that g, §: A —
A are additive maps. If o(x)g(y) + 0(x)y = 0 for all x,y € A with xy = 0,

where o is an automorphism of A, there exist a nonzero ideal N of A and a
o-derivation d: A — @ such that

g(x) =d(z)+o(z)b and 6(x)=d(z)+ ax

for all x € N, where b € Qpy and a € Q. In addition, we can take N = A
if eAU Ae C A for some nontrivial idempotent e € Q.

Proof. Let e be a nontrivial idempotent of (). Choose a nonzero ideal I of A
such that Ie+el C A. We consider the additive subgroup E of () generated
by the set {f € Q | If + fI C A and f? = f}. Then e € E. We claim that
0# I?[E,E|I? C E+ E2
We follow Herstein’s argument [4, Proof of Lemma 1.3]. Let f € E and
x €l Then f+ fx(1—f), f+(1— flzf € E and so
[froal =+ fa(L=f) = (f + (1= flzf) € E.
Thus [E,I] C E. Indeed, [E, E|I? C [E,EI*| + E[E,I*] C E + E?, and so
I’|[E,E|I? C [I%|E,E)I*] + |E,E|I* C [I>, E+ E?|+ E + E*
Since [I%,E + E?] C E + E?, we see that I*[E,E]I? C E + E?. Finally,
0 # [e, e+ eI?*(1 —e)] C [E, E], proving our claim.
Let z,y € [ and f = f? € E. Then zf, (1—f)y, z(1—f), fy belong to A.
By assumption,
(1) S(xf)(L=fly+o@flg(l—fly) =0  and
§(x(X = f))fy+olx(l - f))g(fy) =0.
Solve the two equations by Lemma 2.2: there exist two unique elements
u, v € Qmi, depending on f, such that

(2) 6(xf)(X = f) =o(@)u, o(f)g((1—[fly)=—-uy  and
6(z(1 = f))f = o(@)v, o(1=flg(fy) = —vy.

Thus, by (2), we see that

B)  (@)f —d(xf) =o(x)(v—u) and o(f)g(y) —g(fy) = (v —u)y.
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By (3) and the definition of E, there exists an additive map d: E — Qu
such that
(4)  d(z)m —d6(zm) = —o(z)d(m) and o(m)g(y) — g(my) = —d(m)y
for all z,y € I and all m € E. Let my, mg € F; then

()
0(x)mg — d(xmz) = —o(x)d(me) and §(z)my — §(zmy) = —o(x)d(mq)

for all z € I. Let x € I?; then zm; € I. By (5) we have
d(xmy)mg — d(xmime) = —o(xmy)d(ms) and
—6(xmy)ma + §(z)mima = —o(x)d(my)ma.
Thus
6)  S()mams — 6(a(mims)) = —o(x)(o(mi)d

—

TTLQ) + d(ml)mg)

On the other hand, let y € I?; then moy € I. By (4) we have
o(m1)g(may) — g(mimay) = —d(m1)may,
o(mi)o(mz)g(y) — o(mi)g(may) = —o(mi1)d(m2)y,

implying that

(7) a(mimz)g(y) — g((mima)y) = —(d(m1)ma + o(m1)d(ms))y.

This means that d can be extended to E + E? in such a way that
6(x)m — d(zm) = —o(x)d(m) and o(m)g(y) — g(my) = —d(m)y

for all z,y € I? and all m € E + E?. Moreover, d(mimz) = o(mq)d(msz) +
d(mq)ms for all mq, mo € E. Repeating the argument above, we can extend
d to E+ E? + E3 + E* in such a way that

(8)  d(x)m —d(xm) = —o(x)d(m) and o(m)g(y) — g(my) = —d(m)y
for all x € I* and all m € E + E? + E3 + E*. Moreover,
9) d(uwv) = o(u)d(v) + d(u)v

for all u,v € E+ E2. Let M = I*|E, E]I? # 0. Then M is a nonzero ideal
of A contained in E 4 E?2.

Let m € M. By (8) we see that o(I*)d(m) C A and d(m)I* C A. Thus
d(m) € @ follows, showing that d: M — @ is a o-derivation satisfying

(10)  d(z)m — é(xm) = —o(x)d(m) and o(m)g(y) — g(my) = —d(m)y

for all z,y € I* and all m € M. Set J = o(I*) N I*. Then J is a nonzero
ideal of A and, moreover, d(m)J + Jd(m) C A for all m € M. In view of
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Lemma 2.3, d can be uniquely extended to a o-derivation from A into Q.
Thus we can rewrite (10) as

(11) S(am) — d(zm) = (5(x) — d(x))m,
a(m)(g(y) —d(y)) = g(my) — d(my)
for all z,yy € I* and all m € M. Consider the map ¢: I* — Q defined by
z eIt — ¢(z) =6(x) —d(z).

By (11), ¢ is a right M-module map. Thus it is a right A-module map by the
primeness of A. By Lemma 2.1, there exists a € @, such that ¢(z) = az
and so d(x) = d(z) + ax for all x € I*. By an analogous argument, there
exists b € Q such that g(z) = d(x) + o(x)b for all z € I*. We are now
done by setting N = I*.

Suppose, in addition, that eA U Ae C A for some nontrivial idempotent
e € Q. Then I = A in our construction. Moreover, FA + AF C A.
Therefore, (11) remains true for all z € A. So the map ¢: I* — Q can be
replaced by ¢: A — . Now our conclusion holds trivially. This proves the
theorem.
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