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BERND O. STRATMANN AND MARIUSZ URBANSKI

We study various aspects of tame finite parabolic iterated
function systems that satisfy a certain open set condition.
The first goal in our analysis of these systems is a detailed
investigation of the conformal measure on the associated limit
sets. We derive a formula that describes in a uniform way
the scaling of this measure at arbitrary limit points. The
second goal is to provide a metrical Diophantine analysis for
these parabolic limit sets in the spirit of theorems of Jarnik
and Khintchine in number theory. Subsequently, we show
that this Diophantine analysis gives rise to refinements of the
description of the conformal measure in terms of Hausdorff
and packing measures with respect to certain gauge functions.

1. Introduction

For a large class of fractal sets the idea of an iterated function system
has turned out to be a very convenient and efficient concept. Tradition-
ally, the development of fractal geometry was always very much inspired by
various phenomena that appear in conformal analysis and number theory.
In this paper we continue this tradition by studying metrical Diophantine
aspects of certain tame parabolic iterated function systems. This study
generalizes results for geometrically finite Kleinian groups with parabolic
elements (obtained in [S1], [S2], [S3], [SV], see also [HV], [Su]) and for
parabolic rational rational functions (obtained in [SU1|, [SU2]), which rep-
resent complex analytic analogues of Jarnik’s number theoretical theorem
on well-approximable numbers ([J], [B]) and Khintchine’s on a qualitative
description of the ‘essential support’ of the 1-dimensional Lebesgue measure
(IK)).

The paper is organized as follows: in Section 2 we first define the class of
tame finite parabolic iterated function systems that satisfy the Super Strong
Open Set Condition (SSOSC). We then recall a few immediate geometrical
implications of the bounded distortion properties. In Section 3 we study the
h-conformal measures arising from these parabolic systems. (Here, h denotes
the Hausdorff dimension of the limit set associated to such a system.) We
obtain a formula that describes in a uniform way the scaling of this measure
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at arbitrary elements of the limit set. As a by-product we obtain an estimate
on the local behaviour of the h-conformal measure at parabolic points. In
Section 4 we analyse the limit sets from a Diophantine point of view. Our
general approach here follows roughly the analysis given in [S1], [S2], [SV],
[SU1J, [SU2|. Nevertheless, the construction of the main tool, namely
the measure p on a Cantor-like subset of the limit set, is different. This
construction is simplified and its geometrical and dynamical significance is
clarified. Finally, we establish various limit laws leading up to the Khintchine
Limit Law for tame parabolic iterated function systems. Subsequently, we
show that these laws provide some efficient control on the fluctuations of
the h-conformal measure, giving rise to refinements of the description of
the h-conformal measure in terms of Hausdorff and packing measures with
respect to some gauge functions.

2. Preliminaries

We begin by giving a description of our setting. Let X be a compact subset of
some Euclidean space R? such that X has nonempty interior and is contained
in a bounded connected open set V. Suppose that there are countably many
conformal maps ¢; : X — X, ¢ € I, with [ having at least two elements.
Then the system S = {¢; : i € I} is called a conformal iterated function
system if and only if the following eight conditions are satisfied:

(1) (Open Set Condition) ¢;(Int(X)) N ¢;(Int(X)) = 0 for all ¢ # j.

(2) |#i(x)| < 1 everywhere except for finitely many pairs (i,z;), ¢ € I, for
which z; is the unique fixed-point of ¢; and |¢}(z;)| = 1. Such pairs
and indices ¢ will be called parabolic and the set of parabolic indices
will be denoted by ). All other indices will be called hyperbolic.

(3) Foralln > 1,w = (w1,...,w,) € I" we have that if w, is a hyperbolic
index or if wy_1 # wy, then ¢, admits a conformal extension to V' C R4
that maps V into itself.

(4) Ifiis a parabolic index, then (), ~, ¢in (X) = {x;} (Hence in particular,
the diameter of the set ¢ (X) tends to 0 for n tending to infinity.)

(5) (Cone Condition) There exist o, > 0 such that for every x € X C RY
there exists an open cone Con(z,uy,a,l) C Int(X) with vertex =z,
|luz|] = 1 and central angle .. Here, we have set Con(z,ug, o,l) :=
{y:0< (y—2,u;) < cosally —z| <1}

(6) There exists 0 < s < 1 such that for all n > 1,w € I" we have that if
wp, is a hyperbolic index or if wy,—1 # wy, then ||¢] || < s.

(7) (Bounded Distortion Property) There exists K > 1 such that for all
n>1lw=(w,...,w,) € I" and z,y € V we have that if w, is a
hyperbolic index or if w,_1 # wy,, then

6L ()] < K [¢,()]-
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(8) There are constants L > 1, > 0 such that
|05 ()| = 165 (@)l] < Llgillly — 2|* forall i€ and z,y € V.

Note that if Q = (), the system S is called hyperbolic, and that if Q # 0,
then S is called parabolic. Throughout this paper we shall always assume
without further notice that the system S is parabolic and the alphabet I is
finite.

We now state a few immediate geometrical consequences of the bounded
distortion properties (7), (8) and the cone condition (5). For the proofs of
these statements we refer to [MU1] and [MU3]|.

For all hyperbolic words w € I'* and all convex subsets C' of V' we have

(2.1) diam(¢,,(C)) < [, ||diam(C)

and

(2.2) diam(¢u(V)) < D¢l

Here, the norm || - || is the supremum norm on V, and D > 1 denotes a

universal constant. Moreover, for every z € X, 0 < r < Dist(X,dV), and
for every hyperbolic word w € I'* we have

(2.3) diam (¢, (X)) = D', |
and
(2.4) ¢ (B(z,7)) D B(du(z), K¢l |Ir).

Also, there exists 0 < § < « such that for all x € X and for all hyperbolic
words w € I*

(2.5)
¢o(Int(X)) > Con(¢u(x), B, D¢ ]) D Con(¢u(), 8, D~ *diame,,(V)),

where Con (¢, (z), 8, D™||¢,,||) and Con (¢, (), 3, D~*diam(¢,(V))) denote
some cones with vertices at ¢, (), angles 3, and altitudes D~!{|¢.|| and
D~2diam(¢,,(V)) respectively. Finally, for every w € I* (not necessarily
hyperbolic) and every x € X, there exists an altitude I(w,z) > 0 such that

(2.6) ¢ (Int(X)) D Con(dy(x), 8, 1(w, x)).

We emphasize that for d > 2 the conditions (7) and (8) with & = 1 can
be deduced from condition (3). For d > 3, this has been shown in [U1].
For d = 2, conditions (7) and (8) follow from Koebe’s distortion theorem
combined with the observation that complex conjugation in C is an isometry.

Let I* denote the set of all finite words in the alphabet I, and let I*° be
the set of all infinite sequences with entries in I. By condition (3), we have
¢, (V) C V, for every hyperbolic word w. For each w € I* U I®°, we define
the length of w by the uniquely determined relation w € I¥l. If w € I* U T
and n < |w|, then we write w|, to denote the word wiws...w,. In [MU1]
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it was shown that limy,—,cc Supjy,|—,{diam(¢, (X))} = 0. Hence, the map
m: 1% — X, given by m(w) = (1,50 Pwl|, (X), is uniformly continuous. Now,
the limit set J = Jg of the system S can be defined as the range of the map
m, that is, we define
J =7m(I%).
In order to introduce the notion of tameness we define, for every 7 € €,
Xi= |J oi(X).
jen\{i}
We call a parabolic conformal iterated function system S = {¢; : i € I}
tame if z; ¢ X;, for every i € Q and x; # x; if ¢ # j. Also, we say that
S satisfies the Super Strong Open Set Condition (SSOSC) if the following
condition is satisfied:

(2.7) X N Ji(X) ={wi i € 0},
i€l
Unless stated otherwise, for the remaining part of this section we shall as-

sume that S is a tame parabolic finite conformal iterate function system
satisfying (SSOSC). The tameness of the system S and formula (2.7) imply

(2.8) B< U (X)), 21%) C Int X.

ien\Q
Also, for each w € I* and every A C B(z;,2R) we have that
(2'9) ¢w(A)mJ:¢w(AmJ)'

Note that in order to derive the latter formula, we have to use the fact that
the system S is tame. Furthermore, for all ¢ € Q,w € I* we have

(2.10) 7 (7w (wi®)) = wi®™.
Following [MU1], given ¢t > 0, a Borel probability measure m is called

t-conformal for the system S if m(J) = 1 and if for every Borel set A C X
and for each i,j € I with ¢ # j, we have

(2.11) m(i(4)) = /A (6 tdm
and
(2.12) m(p;(X) N gbj(X)) =0.

Recall that a parabolic system S is called regular if and only if there exists a
t-conformal measure (cf. [MU1]). Then t = h is the Hausdorff dimension of
the limit set (see [MU1]). Combining Theorem 1.4 in [MU2] and Corollary
5.8 in [MU1], we immediately have the following result:

Theorem 2.1. A parabolic finite iterated function system is reqular.
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Hence, since the systems we consider in this paper are finite, it follows
that they are regular. The associated h-conformal measure will always be
denoted by m. We shall require the following distortion properties:

Lemma 2.2. There exists a positive constant R* < R such that the follow-
ing holds: for each hyperbolic word T € I™ and for every w € I*° we have
that ¢ is well-defined on B(w(w), R*). Moreover

|97(v)]
|67 ()|

<K forall z,y € B(m(w), R"),

and

K="y (m()|"m(B(r(w), 1)) < m(¢r(B(n(w),7)))
< K¢l (n(w)["m(B(n(w),r))

for every r € [0, R*].

Proof. The statement that ¢, : B(m(w), R*) — R? is well-defined and the
first distortion property of the lemma are immediate consequences of the
fact that R* < R < Dist(X,dV) and property (7) at the beginning of this
section. In order to derive the second distortion property of the lemma,
choose 0 < R* < R sufficiently small such that, for each i € ,

(2.13) B(6:i(X) N (R?\ B(z;, R)),2R*) C Int X.

If m(w) € ¢ps(X) for some i € Q, and if ||7(w)—=;| > R, then B(r(w),2R*) C
Int X. The proof in this case then follows immediately from a combination
of the conformality of the measure m and distortion property (7). In the
case that 7(w) € ¢;(X) N B(x;, R), it follows that B(w(w), R*) C B(xs,2R).
Using (2.9) and the conformality of m, we obtain

m(¢-((B(r(w),r))) = m(¢-(B(m(w), )N J)
= m((éT(B(ﬂ'(w), )N J))

-/ 19, Pdm = 9. dm,
B(n(w),r)NJ B(m(w),r)

and hence the first distortion property of the lemma gives the proof in this
case. Finally, if 7(w) ¢ (U;cq ¢:(X), then m(w) € ¢;(X) for some j € I\Q. In
this case (2.8) implies that B(m(w),2R*) C Int X, and hence the statement
of the lemma follows immediately from (7) and the conformality of m. This
proves the lemma. O

The following fact easily follows from the local analysis of parabolic points
done in [MU2]:
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Lemma 2.3. Assuming that R* > 0 is sufficiently small, there exists a
constant Cy > 0 such that for every i € Q and every r € (0, R*], the inter-
section J N B(x;,r) \ {zi} is contained in a central cone contained in Int X
with vertex x; and an angle < CyrPi.

As an immediate consequence of this lemma and (2.9) we get the following:

Lemma 2.4. There exists a constant C1 > 0 such that for every i € €,
every r € (0, R*], and every hyperbolic word w the intersection

J 0 B(u(xi), 7|, (z)])

is contained in a central cone with vertex x; and an angle < CorPi.
We are now in a position to prove the following distortion property:

Lemma 2.5. There exist constants p, R, > 0 such that for every i € (Q,
x € JN B(x;, Ry), and for each w € I* the map ¢, is well-defined on
B(z, plle — xi|) and

|60, (2)]
|40 (y)|

and furthermore, for every positive r < p|lx — z;|| we have
K"l (@)["m(B(x,r)) < m(¢u(B(z,r))) < K*|¢,(2)"m(B(z,r)).

Proof. In view of Lemma 2.3 there exists R, > 0 and p € (0,1/2) such
that B(x,2p||lx — x;]]) € Int X for all x € J N B(x;, Ry). Therefore, all
the maps ¢, : B(z,2p||x — z;||) — Int X are well-defined, and the second
part of our lemma follows from the first part. The first part in turn in the
case when d = 1 is contained in Lemma 2.6 of [U2]. In the case d = 2 it
follows immediately from Koebe’s distortion theorem and the observation
that the complex conjugation is an isometry. In the case d > 3 it follows
from the inequality following formula (4.9) in the proof of Theorem 4.13 in
[MUZ2] that, with Y = B(z, p|lx — z;||), W = B(x,2p|lx — x;||), one gets
16,(2)1/ |64, (y)] < 4. We are done. O

< K forall y,z € B(x,pl|lx — x4]),

The constants R, and R* of Lemma 2.2 and Lemma 2.5 will be crucial in
the sequel. For later use we define

R := min{R,, R*}.

3. The geometry of conformal measures

The main result in this section is the derivation of a ‘global formula’ for the
conformal measure associated with a tame parabolic finite iterated function
system. This formula describes in a uniform way the scaling of this measure
at arbitrary points in the associated limit set. Our elaboration of this for-
mula follows closely the discussion in [SV] and [SU2|, where we obtained
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this type of formula for geometrically finite Kleinian groups with parabolic
elements and for parabolic rational maps.

The section is split into two subsections. In the first we give an estimate
for the conformal measure around parabolic points. In the second we then
derive the global formula. Subsequently, as a first application of this formula,
we obtain a first rough description of how the conformal measure relates to
the geometric concepts Hausdorff measure and packing measure.

3.1. The conformal measure around parabolic points. We begin this
subsection by recalling the following estimates for tame parabolic systems.
For d > 2 a proof can be found in [MUZ2] (Section 4). For d = 1 the
estimates are obtained immediately from the considerations in [U2].

Proposition 3.1. Let S be a tame parabolic system. Then there exists a
constant Q > 1 and an integer ¢ > O such that for every parabolic index
i € I there exists an integer p; > 1 such that for every j € I\ {i} and for
all n,k > 1 we have

pi+1 pi+1

(31 Q7'n e <inf{|¢hyl}, e, diam(@in; (X)) < Qn P

(3.2) Q_ln_P%‘ < Dist(z;, pin (X)) < Dist(z;, pin (X)) < Qn_z%7

1

(3.3) Dist(¢in (X), 63 (X1)) < Qln 70 — k7 we].

Furthermore, for |n — k| > q we have

1

(3.4) Dist (¢ (X,), b (X3)) > Qln ™7 — k77 .

The following lemma gives the main result of this section:

Lemma 3.2. Let m denote the h-conformal measure of the finite parabolic
system S. For each k > 0 there exists C, > 0 such that for every parabolic
index © and for every x € J we have

Cl ||z — 2 |PH P < m(B(z, K|z — zi) < Ch ||z — ]|
In particular, the constant Cy, depends continuously on k.

Proof. Since the support of m is equal to .J, we may assume without loss
of generality that ||z — x;|| < A for some fixed 0 < A < R. Let z = 7(w)
and w € I*® be given. Then w = i"j7, where j # i, n > 1, and 7 € I*°.
Assuming A to be chosen sufficiently small, (3.1) implies that

(3.5) n>2Q%k 1

For the proof of the first inequality in the measure estimate of the lemma,
let

T = {k : Dist(dyn;(X), dinj (X)) < sz — 2| — diam(¢m;(X))}.
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Using (3.1), we deduce that

m(B(a.nllz—ail) = 3 mlou; (X)) Y int{jl [} = 3 Q7R

keT keT keT

Using (3.2) and (3.1), we have that if

1 _ 1 pitl
<kQ 'n P —Qn P,

1 1
Q‘ n pi —k Pi
then it follows that & € T'. Hence in particular, if £ > n and if

P+l

(3.6) Q(n_f%i—k_f%i)</<aQ n Pz —Qn P,

then k € T. Clearly, the statement in (3.6) is equivalent to

p;+1

Qk 7 = (Q=rQ I 7 +Qn .

p;+1

Also, (3.5) implies that Qn~ 7@ < k(2Q) " 'n"~ Pz. Therefore, if k > n and
Qk_f%i > (Q — /ﬁQfl)n_p%' + H(2Q)*1n_f’1i, or equivalently if k& > n and
k< (1 — %)_P%‘, then £ € T. It now follows that there exists a constant
C\. > 0 (which depends continuously on x) such that

1

(1-55) 7
—_h _pitly
m(B(z, kllz—zil])) = Q ook ow
k=n
> @ (1= 2L (1 ) RO )
B pi 2Q
~ __ht+(h=D)p;
>Cgn 7

1
Hence, since by (3.6) we have ||z — z;|| < Qn »i, it follows that
BT m(B e —wil)) > Cu@t DR g — g o+

In order to prove the second inequality in the measure estimate of the lemma,
1 _
note that Qk~ 7 < (14k)|lz—x| if and only if k > (Q~1(1+k)|jz—z;|) "
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Using this observation, (3.2) and (3.1), we obtain
m(B(z, kllz = will)) < m(B(zi, (1 + #)|lz — i)

<> > m(gg;(X))

J# k=(Q 1(1+k)|z—a;|)Pi

<y 3 1"

J7#1 k=(Q71(14k)[|z—a;) =P
pitl,

IR SR

JF k=(Q 7 (1+k)[|z—a]) P

pit+l -1
§2Q<kh v 1)
(q_pitl
< QM1 + W)l —ag) P (5
— Colle — IR

where C,; < oo denotes a positive constant depending continuously on x. [

Corollary 3.3. There exists a constant C' > 1 such that for each i € Q and
for all 0 < r < 2diam(X) we have

CL =P < o (B(4, 7)) < C i,

Proof. Let j # 4, and choose n > 1 to be the least integer such that
1
Q 'n 7 < r. Let & € ¢m-1;(X) be fixed. By (3.2) and Lemma 3.2,
we have
m(B(zi,r)) < m(x, 2|z — zi)

bt (h—1 _ht(h=1)p;
< Cylla —ai|HOVP < 0y Qn— 1) w

 ht(h—D)p; h+(h—1)p;
<n  n < (g) pht(h=Lpi,

1
Now, let & > 1 denote the least integer such that Qk »i < r/2, and let
Y € ¢;(X) be fixed. Similar as above, (3.2) and Lemma 3.2 imply that

m(B(zi, r)) 2 m(B(y, |y — zi]))

h+(h—1)p; h+(h—1)p; _ht(h=D)p;
> C ||y — zi||PHIP > 0y Q=P
S (k B 1)_h+(f;1)pi > 2_(h+(h—1)pi)rh+(h_1)pi‘ 0

Lemma 3.4. For every k > 0 there exists D,;, > 1 such that for each i € €2,
for every sufficiently small v > 0, and for all x € J N B(x;, k~'r) we have

D;l,r_h-i-(h—l)Pi < m(B(z,r)) < DNTth(h—l)pi_
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Proof. Since B(xz,r) C Bz, ||z — x| + ) € B(xi, (L + £ 1)r), it follows
from Corollary 3.3 that

(38) m(B(.l" r)) < C(l + K—l)h+(h—1)pirh+(h_1)pi

Now, if 7 < 2[|z — (|, then r = a||lz — ;|| for some « such that k < a < 2.
By Lemma 3.2, we have C, < C :=sup{C; : t € [k, 2]} < co. Hence, using
Lemma 3.2 once again, it follows that

(3.9) m(B(z,r)) = m(B(z, a||z — z;]|) > C; |z — a;|[PH—Dp:
ht(h—1)p;
on (a> (h=1)ps
> T maxc (i~ (HE=0p0) o= (b (h=1)pi)y phot(h=D)pi
Otherwise if 7 > 2||x — z;]|, then Corollary 3.3 implies
m(Bla,r)) = m(Blai,r/2)) = 0 (1) = comtet e o
Combining this last estimate with (3.8) and (3.9), the lemma follows. O

3.2. The global formula for the conformal measure. An element w €
I is called preparabolic if and only if o*w = i® for some k > 0 and some
i € Q. The set of all preparabolic elements will be denoted by 1;°. Also, a
limit point that is not a preparabolic element will be referred to as radial,
and we write I2° to denote the set of all radial points.

For each w € I we fix an increasing sequence of integers {n](w)}f(:i)
as follows: assume that n;j(w) is defined, then we define nj;1(w) to be the
smallest index greater than nj(w) such that either Wn; ., (w) 18 hyperbolic
O Wy 1 (w) 7 Wnyi(w)—1 (nOte that ny(w) is well-defined). In case nj+1(w)
does not exist, then j = k(w). Note that if nj1(w) > nj(w) + 2, then
there exists a unique parabolic index i = i(w,j) such that w; = ¢ for all
nj(w) <1 < njpi(w). Furthermore, if nj11(w) = nj(w) + 1, then i(w, j)
denotes some arbitrary element of Q. Observe that k(w) = oo if and only if
w € I*. For each j, we define

and we refer to the sequence {r; (w)}f(:wl) as the hyperbolic zoom of w. Note

that by the chain rule and by property (6) of Section 2, {r;(w )}J [ is a
strictly decreasing sequence. Hence, for each w € I>° and every positive

r < R=min{inf {|¢}| : i ¢ O}, inf {|¢;] :i € Q,j #i}},
there exists a unique j > 1 such that rj11(w) < r < r;(w). For a given w and

r, the neighbours 741 (w) and 7;(w) thus determined in the hyperbolic zoom
of w will be denoted by r,(w) and 7*(w) respectively. Also, in this situation
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we shall write i(w,r) to denote the parabolic element i(w,j). Finally we
define the function (, given for w € I° and r > 0 by

m(B(z,r))
——

C(w,r) =

,
The following theorem is the main result of this section:
Theorem 3.5 (Global formula for conformal measures). Let S be a tame

parabolic finite iterated function system satisfying the (SSOSC). Then, for
each w € I° and every 0 < r < R, and setting i = i(w,r), we have

(i) secersraalci)
(w) (

<T*7‘ )hl for r.(w) grgr*(m(r*(w))pill.

Proof. Letw e I’ and 0 < r < R be fixed. For ease of notation, throughout
the proof we shall suppress the dependence on w in some of the appearing
quantities. Let j be determined by the condition r* = r;. Hence, ry, = 7;11.
By (3.2), we have

C(w,r) =<

Im(0™w) = @ill = Im(Snja-ni-a,, | (W("HW))) = il < (njyr —ny) 7.

Using the chain rule and (3.1), we obtain

I=rjn |¢L|nj (W(Unjw))’_l |¢/Unjw|n.

IRRLC

Ti+1 pitl T pitl
= ( - )(nj+1 —nj) v = ({) (njr1 —mng) 7.
’r‘j T
Hence,
1
(3.10) (;) = |7 (0™ w) — z;]).

This implies that if

then
|¢L|nj (ﬂ'(o‘njw))’ Nr(e™w) — x| <7 < |¢L}|nj (W(o.n,iw))‘7

and hence
Im(o™w) — @] < 4 <1.

9L, ((emw))] =
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Now, using property (7) (note that ¢,,, is hyperbolic) and Lemma 3.4, it
J
follows that

m(Blr(w),r)) = [ofy, (x(o" )| m(B(r(s"w).r |6, (x(o"w)] )
_1)h+(h71)pi _ rh<—>(h Dp; _ T.h<7>(h—1)pi.

This proves the first case in the theorem. We are now left to consider the

case in which )
T
r <r*(w) re(@) 7 .
r*(w)
Because of (3.10) (after arranging for appropriate constants), this means
that

[y, (TP W) < v < pldl, (w(0™w))] - [m(o™w) — ail,

where 0 < p < 1 is the constant obtained in Lemma 2.5. Therefore, there
exists nj < u < njqpq1 — 1 such that
u+1 w)

u+1

ploLy, , (m(@ W) | Im (" w) —wil| <7 < pld],, (7(c"w))|-|m(0"w)—zi].

In particular, this implies that
(3.11) r=p |l (m(o"w))| - m(o¥w) — 2.

Thus, by using the conformality of m, Lemma 2.5 and Lemma 3.2, it follows
that

(3.12) m(B(n(w),r) = |6, (w(0"w))|"m(B(r(0"w), p|lw(0"w) — ,])))

u

= W’LM(W o w))\h||7r(a w) — a; || =P

u

= P (0%w) — x| P

On the other hand, the chain rule, (3.1) and (3.2) imply that
-1

/ u /

wu(ﬂ'(O' W))‘ ¢0’ w|n]+1 u—1

/ -1 pitl
oL, (r(o"w))|

-1

1 =741 (m(0"H w))

=Ty (nj+1 - u) Pi,

as well as
p;+1

= (njp1—u) i
These two latter comparabilities together with (3.11) show that

(o) =i~ 4

r=rm(otw) = 2| TP (o tw) — @il| = rallm(0w) — @il 7
Hence, ||7(c%w) — ;]| = (4 /r)'/Pi, which together with (3.12) implies that

m(Blr(w),r) = (2)"

This proves the second case in the theorem. O
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The following corollaries are immediate consequences of the previous the-
orem.

Corollary 3.6. If w € I2°, then for each 7 > 1 we have
m(B(r(w), 75 (w))) = rj(w)".

Corollary 3.7. The conformal measure m is a doubling measure. This
means that for every ¢ > 0 there exists B > 0 such that for each z € J and
every r > 0 we have

m(B(z,cr)) < Bm(B(z,71)).

Finally, as a first nontrivial application of Theorem 3.5 we derive an al-
ternative proof of the following geometrical fact, which was obtained under
slightly weaker assumptions in [MU2]. For this let H" and P! denote the
t-dimensional Hausdorff and packing measure respectively.

Theorem 3.8. If S is a tame finite parabolic system satisfying the
(SSOSC), then the following hold:

(a) If h > 1, then 0 < H*(J) < oo and P"(J) = .

(b) If h =1, then 0 < H"(J),P"(J) < cc.

(c) If h < 1, then 0 < P"(J) < o0 and H"(J) = 0.
Additionally, if either measure H" or P" is finite and positive, then its nor-
malized version is equal to the conformal measure m.

Proof. In [MU1] (Lemma 5.6 and Theorem 5.7) it was shown that for a tame
finite parabolic system satisfying the (SSOSC) the h-conformal measure m
is atomless. This combined with Corollary 3.6 and the inverse Frostmann
lemma (see [MU3]) implies that H*(.J) < oo and P*(.J) > 0. Now, if h > 1,
then Theorem 3.5 immediately gives that, for every = € w(12°),

m(B(z,r))

lim sup " < 1,

r—0 r

which implies that H*(.J) > 0. If in addition x = 7(w), for w € I contain-
ing arbitrarily long blocks of ¢’s for some ¢ € €2, then

1
B % i1
li121_)i(1]1f Tn(r(hx’r)) < hgliélfC (w,pr*(w) <:*EZ§> pi+ >
(h=1)p;

—liminf<r*(w)> R

r—0 r* (w)

Now, by ergodicity of the measure m (see [MU2], Corollary 5.11) and since
m is positive on open sets, it follows that m-almost everywhere we have
B
lim inf M
r—0 T

=0.
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We conclude that P"(.J) = oo, which proves case (a) of the theorem. Case
(b) is an immediate consequence of Theorem 3.5. The proof of case (c) is
analogous to the proof of case (a), and we omit it. O

4. Metrical Diophantine analysis

In this section we give a metrical Diophantine analysis for tame parabolic
finite iterated function systems. In the first subsection we calculate the
Hausdorff dimensions of certain subsets of the limit set that are of zero h-
conformal measure. These sets are comprised of radial elements that under
the system have a rather rapid approach to the parabolic points. In partic-
ular, these sets are the natural analogues of the sets of well-approximable
numbers. In the second subsection we derive various limit laws that give
useful approximations of the ‘essential support’ of the h-conformal measure
associated with a tame finite parabolic iterated function system. Subse-
quently, we show that these laws lead to good estimates on the growth of
the function ¢ in the global formula (Theorem 3.5), which in turn give rise
to a refined description of the conformal measure in terms of Hausdorff mea-
sures and packing measures with respect to some explicit gauge functions.

4.1. Iterated function systems in the spirit of Jarnik. We first have

to introduce the notion of a canonical ball. For ¢ € 2, § > 0 and a hyperbolic
word w € I*, we define

B, (i) = By = B(¢u(@:), Rl (:)]),
B)(i) = B}, = B(¢u(z:), (RI¢],(x:))' ).
The closed ball B,, will be referred to as the canonical ball associated with

the hyperbolic word w.
Our main interest in this section will be focused on the sets

=N U U B

q21 n2q |w|=n

J? = U J?.
1€Q
The main result in this section is stated in the following theorem. The proof
of this theorem will occupy the remaining part of this section. It will be

given in several steps, some of which are formulated in separate lemmata.

Theorem 4.1. Let S = {¢; : i € I} be a tame parabolic finite iterated

function system satisfying (SSOSC). Then, for every i € Q the following
hold:

(a) If h < 1, then

and

h
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(b) If h > 1, then
h

D(J}) =
h + (5;01‘ .
—— if 6<h-1.
L+(1+p;)
In particular, with pyi, := min{p; : i € Q}, we have
115 5> h—1,
D(J%) = B+ 6pmi
Pmin__— 45 < h—1.

1 + (5(1 + pmin)
The first step in the proof is to give an upper bound for HD(J{S ).

Lemma 4.2. For each i € Q and every § > 0 we have

1+6 1461+ p;)

Proof. For n > 1, let H,, denote the family of all hyperbolic words of length
n. For every € > (0 we have

D) < lmint Y0 3 (Rl (a );)Hé))m“

n>qweH,

< Rhte+9) hmlnfz Z ¢, (z |h+6 (1+6)

n>qweHy

HD(J?) < min{

From Lemma 4.3 and Theorem 4.6 in [MU1] we deduce that there exists
n (h + €(1 4 9))-semiconformal measure v. We then apply Theorem 5.1
n [MU1], which gives that v is in fact (h + ¢(1 4 §))-conformal, and that

v(xzj) > 0 for some j € Q. From the definition of the limit set J it follows

that there exists a hyperbolic word 7 € I* such that ¢.(z;) € B(z;, R).

Hence, by Lemma 2.2, we have

|0 ()| < Ko, (o ()] = Ko7 ()7 |97 ()]

for every hyperbolic word w € I*. Combining this estimate with the confor-
mality of v, it follows that for each ¢ > 0 and every n > ¢ we have

SN @) < (K| () EST ST gl () [P0

n>q weHy, n>q weHy,

<N vyl !

n>q |wl=n
< v(z)"v({oy(z)) W = g +I7l}) < vl
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Hence, Hﬁﬂ(ﬁ) < v(z;)7!, and consequently HD(J?) < % +e By
letting € tend to 0, we derive that HD(J‘S) < 1+5

In order to obtain the second upper bound, note that by Lemma 2.4
the intersection J N B(¢u(x;), (R|#,(z;)|)19) is contained in a central cone
with vertex ¢, (z;) and angle < CoRY™|¢/ (x;))°P =< (R|.,(z;)|)%, or
equivalently the radius of the base < (R| ¢l (x;) )@+, Thus J N

B (¢u(x;), (R|¢L,(2:)])'+°) can be covered by at most const (R|¢., (x;)|) =P
balls of radii (R|¢/,(x;)|)' @+, Therefore, for every € > 0 we have

h6p

H (o) +€(JZ§)

< liminf 7 3 ((Rlef (o)) 4009 TS0 (R (1))~

n>q weH,
- hm mfz Z |¢ |h+e(1+5 1+p2))
n>q weHy,
Now the proof follows exactly in the same way as in the first part. O

As a first step towards the proof of the lower bound in Theorem 4.1, we
obtain the following lemma:;:

Lemma 4.3. There exists a universal constant b(d) > 1 such that the fol-
lowing holds: for every open set G C Int X and each n > 1, there exists a
finite set Ig, C Uj>n I7 of mutually incomparable hyperbolic words, which
has the properties that m(UweIG,n B.,) = b(d)"'m(G) and that the balls in

{By, :w € Ig,} are pairwise disjoint subsets of G.

Proof. Fix ¢ € 2. We define

Joo = ({w e I®\{7i®:7€I*} : w contains arbitrarily long blocks of i’s}).
Then, since the conformal measure m is positive on nonempty open subsets
of J, Corollary 5.11 in [MU1] implies that m(Js) = 1. Now, let ¢ > 1
be sufficiently large such that ¢ (X) C B(x;, K~ 'R). It follows from the
definition of J that if x € J, then there exists an increasing infinite
sequence {l;}; with I; > n for all j > 1, a sequence {¢;}; with ¢; > ¢+ 1
for all j > 1, and words wl@) e T41% guch that for all j > 1 we have
x € ¢ (X), wl(j]) # 4 and alfw]qj =% . It now follows that

S %(j)\ljﬂ(B(%K_lR)) C Bt

that w( |1;+1 is a hyperbolic word, and that lim; . diam(B,_;)) = 0. Hence,
the set G N Jo can be covered by canonical balls B, for which |w| > n.
Let I" denote such a cover of G N Jy. By the Besicovitch Covering Theo-
rem, there exists a universal constant b(d) > 2 such that I" contains b(d)/2
subfamilies, each consisting of pairwise disjoint elements, such that G is
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contained in the union of all balls in these subfamilies. It follows that
for at least one of these subfamilies, say I'g, we have m(U Boely Bw) >
2/b(d)m(G N Jx) = 2/b(d)m(G). Since there clearly exists a finite subset
I'y of T'g having the property that m(UBweFf Bw) > %m(UBweFO Bw), the
conclusion of the lemma follows. O

Proof of Theorem 4.1. Our next step in the proof of the theorem is the con-
struction of a Cantor set contained in J,f . Crucial for this will be a certain
increasing sequence {n;};>¢ of nonnegative integers, and it will become clear
during the construction how one has to choose this sequence. We begin by
defining for [ > 0 the sets I; C I'* by induction as follows: let By := B(z;, R)
and Iy := {0}. Suppose that I; has been defined, and let w € I; be fixed. By
Lemma 4.3 there exists a finite set w* consisting of hyperbolic words such

that
w* C U I*
k>max{|w|+1l,nj41}

and the family {B;}rc,+ consists of pairwise disjoint balls such that B, C
Int BY for every 7 € w* (note that 7||w] = w). In addition

(4.1) ( U B- ) >4447nd1nt35)>>7n(35)

TEW*

Here, the latter inequality follows from the conformality of m, Lemma 2.2
and Corollary 3.3. Put
Il+1 = U w*.

wel;
Now, let {F;};>1 denote the family of nested nonempty compact subsets of
By given by
= () B.-

wel;
Note that we have in particular that
F=(F#0.
>1

Next, for each [ > 1 we construct a Borel probability measure u; supported
on the set F;_q as follows: let py := ﬁrrﬂ By, and assume that the measure
0
w has already been defined for some [ > 1. Recall that
wi=A{r €l Ty, =w}
for w € I;. Now, for each w € I; and every Borel set A C B, we put

Y rcw M(ANB;)
ZTEw* m(BT)

(4.2) pi41(A) =
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This defines a Borel probability measure p;+1 on Fj having the property that
wi+1(By) = i (By,) for every w € I;. A straightforward inductive argument
gives that p4(B.) = w(By) for every ¢ > I. Also, since for each w € | J;~q i
the set B, N F is an open subset of I’ , we conclude that the weak limit
w = lim;_, oy exists and is supported on F, and that u(B,) = w(B,,) for
each [ > 1 and every w € [;. Forw € I; and j <[, let k; = kj(w) < |w]
denote the unique integer determined by wly, € I;. Using (4.1) and (4.2),
a straightforward inductive argument gives that for every I > 1 and every
w € I; we have

(4.3) w(By) = m(By) = ﬁ (Bt
i1 ZTG“"Zj,l m(B7)
= m(B.,) T m(Bw"“j) 1
j=1 ZTEw\zj m(Br) m(B(z;, R))
-1 m(Bw\kj)
=) [ 5.5 (00
) [] el exp(O())
“ i1 | ;ij (i) [P (B, (R!%mj (zi)])?))
-1

= m(Bo) [ | m(B(ws, (RI6[,, (@))") " exp(O(1).

For every n € (J;5;_1 I; define

[T Hm zi (Rl (@:))")
-1

Since
(4.4) lim sup {|¢,,(z;)| :w € I"} =0,

it follows that there exists ng > 1 such that for each w with |w| > ng we
have

(4.5) (Rl (i)' < g RIG, (@1)].
Since the set [; is finite, it follows from (4.4) that there exists a positive
number R < R such that if w € [; and if R|¢.(z;)| < R for some 7 € w*,

then |w| > ng. For fixed z € F and 0 < r < R/3, consider the family F of
all words w € (J;5¢ f1+1 for which

(4.6) BuNB(zr)NJ #0, Rlg, ()] <3r, R, (zi)] >3

w\k
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We shall now see that the family 7, = {w|;, : w € F} is a singleton, and
that if this is the case with {7} = Fi, then it follows that

(4.7) B(z,r) C B,.

For this, fix some element v € F, and w € F such that v = wl|j, and such
that y € B, N B(z,7) N J. Clearly, by construction of the set J, we have
Y€ Bfi. From (4.5) and (4.6) we deduce that if x € B(z,r), then

[z = (@)l < llz — 2| + Iz — yll + |y — ¢ (i) |
<r4r+ (R|¢,(x:)])'T°
< 2r + 3R|¢(zi)| < 3R, (x| + 3RIeL, ()]

wlk, wlg,

= Rl (2i)| = R|¢% ()]

Hence we have proved (4.7); in particular, using (4.6) and the construction
of the set F', we obtain F, = {7}.

Let € > 0 be fixed. Since Tp :=sup {[[(7) : 7 € I;_1} < 00, we obtain for
n; sufficiently large and for all € I; that

To exp(O(1)) < |¢y, ()] °.
Combining this estimate and (4.6), it follows that
(48) [I) exp(0) < .
-1

To complete the proof of Theorem 4.1, it now suffices to show that u(B(z,7))
can essentially be estimated from above by r—2¢r?, for

= — or = —.
1446 146(1+ pi)

We split this estimate into three cases:
Casel: r> (R \¢’7($i)])1+6. Using (4.7), (4.8) and the conformality of m,
we obtain
1(B(z,7)) < w(By) = m(By)
< m(By) [[(v) exp(O(1) = |, (x:)|" [ [(7) exp(O(1))

-1 -1
€

h
< \(b'v(xi)]hr_e L ri+s

which completes the discussion for this case.
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Before dealing with the remaining cases, note that, using (4.3), (4.6), (4.8)
and Corollary 3.3, we have

(49) w(B(z,r) < Y u(Bu) =) m(Bu) [[(w)exn(O))

weF weF l

< m(B(z,7r)) [[ () exp(O()

l

= m(B(z,7r)) [ [ (@) exp(O(1) (m(B(zs, (BRI, (x:)])*) ")

-1
rC ) ()| PO IP) (B2, Tr)).

Case 2: 1 < (R|¢’7(xl)|) and r > K2RQPH2(R|¢) (x )|)1+6+5p1 From
(4.7) and Lemma 2.2 we deduce that

r < RI¢ (2:)] < KR, (n("7))],
where z = 7(7) and 7|, = 7. This implies that
(4.10) r/K < R|¢y (n(0"7))] = R|,(x(o"7))].
Now, since z € By N J, we have z € Bfi, and therefore
7(o"7) € Bz, K(R |¢fy(m’i)|)6)'

Let o"7 = 9w, with w; # 4. By Proposition 3.1 (formula (3.2)), we
1 1
have ||7(o™7) — 2;]] > Q¢ ?i. Hence, using the fact that Q!¢ »i <
K(R |gZ>’7(xz)])‘S and Proposition 3.1 (formula (3.1)), we obtain
(1) R|6 (0™ )] = BRI (r(0" )] - Bl (o))
1
< R‘qﬁ w(o"T) ‘Qq P;
< KRQ;DHQ (R’(by( )’)1+5(pz+1)
<r/K.
It follows that
(r/K)" = R|¢)(n(c"7))],

Choose a small k > 0 to be specified in the course of the proof. Without
loss of generality we may assume that z ¢ JZ-‘H”. Thus by choosing r > 0 to
be sufficiently small, we can assume that z ¢ Bg*””, and hence in particular
that w(o"7) ¢ B(zi, K (R|¢) (2 )])°TF). Since

(r/K)s=R|¢, nratln)).

(o

7"n+q+1(

_1
Im(o"7) = @ill < Qq
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1
by Proposition 3.1 (formula (3.2)), we have Qq 7 > K~ '(R|¢, (z;)[)° ™.
Hence, using Proposition 3.1 (formula (3.1)), we obtain

(4.12)
R }¢;‘n+q+1 (Tr(o-n+q+17—))‘ =R |¢{Y(7T(O'n7'))| ’ |¢;qw1 (77(0'(41))|
> K7 RI¢(2,)|Q g 7
> (R(KQ>pi+2)_1(R ‘(ﬁ/ (xz-)’)l"‘(‘s'i‘fﬂ)(pi-‘rl)'

Write r = ¢(R|¢/,(z:)|)1 70, for 0 < n < dp; and 1 < ¢ < K*RQPiT2.
Suppose first that the first part of the global formula (Theorem 3.5) holds
for the centre z and radius /K. Using (4.12), we obtain

“H(RIG () ) O

‘r‘n+q+1( (O-n+q+l7_))| T{H
R|¢%(m (o))

[
> R|¢),(m(0"7))| (

(R|¢>/ (z; )|)1+(6+n)(101+1)> Ti—l

1/ (s pit2\—
> RK ¢l ( z)|<(R(KQ) ) Rl¢!,(m(omT))]

- |¢/7(xi)|1+5+n‘

Note that if » > 0 is chosen to be sufficiently small (and hence the word
length of v is large), we have n < 2x. Then, applying Theorem 3.5, (4.9)
and Corollary 3.7, we obtain

u(B(z,1)) < v~ ()| (B (z, v/ K))
T/K >h 1

(/r
= rh!¢7(xz)\ —o(h+(h=1)pi) (‘ > o

:rferh+(hfl)p¢|¢ ( )‘ d(h+(h— 1 —(h—1)p;

=r Th|¢7($l)| —8(h+(h=1)pi)

= r_erh“h—l)pir_é(hﬂhl}r)fi)n e r_er%W
Note that we have
hp;n — h+h h

1+6+1 “1+0
if and only if
n(hp; — pi + hpid — pid + hd) > —e(1 4+ 6 + 7).

Clearly, since n < 2k, the latter inequality is satisfied if we choose k > 0 to
be sufficiently small. Hence, we can assume without loss of generality that
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(4.13) holds. It then follows that
u(B(z,r)) < 7'%7267

which gives the Case 2 assuming the first part of the global formula.

Now suppose that the second part of the global formula (Theorem 3.5)
holds for the centre z = 7(7) and radius /K. Then (4.9), Corollary 3.7 and
Theorem 3.5 imply that

(4.14)  u(B(z,1)) < r¢|¢] (2:)| PP (B(z, 1/ K))
et o b thyprn (/KT
<16} x2) gt (55

= 17er]gh ()| OO g )

n+q+1 (71'(0'

If h < 1, then using (4.12), we can continue the estimate in this case as
follows:

w(B(z,1)) < T_ET‘(bfy(xi)’_6(h+(h_1)pi)]9i’¢fy(xi)|(h_1)(1+(5+5)(p+1))
— T—€T|¢’7(l.i)|h+hﬁpi+hﬁ—ﬁpi—1—5—fi
— rfer|¢iy(xi)’h7176+an,

where we have set a := hp; + h — p; — 1 < 0. Hence,

e h—1—d+4ak e h4+n+arx e h+tak
w(B(z,r)) < r ey F5En = Sy itetn < 188

where in the last inequality we used the assumption that h < 1. Now, by
choosing k > 0 to be sufficiently small, it follows that

u(B(z,r)) < r%_%.

This completes Case 2 for h < 1.

If h > 1, then using (4.11), we can continue the estimate in (4.14) as
follows:

w(B(z,1)) < r_Er‘gbfy(xi)|—5(h+(h—1)Pi)|¢{y($i)|(h—1)(1+§(p+1))

h—1-6 _ h+4n
=r Er‘d)fy(xl)’h 1-6 _ r~Crpititn = ¢ Spitotn
ho, ,
rI+s fo>h—-1
< h-+6p;

T1+5(1+;i) iféd<h-1.

Here, the latter inequality is obtained by using the facts that n < dp; and

that for § < h — 1 it holds that 1?—3117 decreases if 7 increases.

Hence, the proof of Case 2 is complete.
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Case 3: 1 < KZRQPi*2 (R\gb’v(xi)])pr“api. From (4.9) and Corollary 3.7
we deduce that

(4.15) W(B(z,r)) < 1|l () [PV DPIm(B(z, 1/ K))
= el ()T )
5(h+(h—1)p;)

< r~rhy” - (2,1 /K)
h+dp; 6
= 7‘1+5+51’z C(z,7/K).
If h > 1, then we can apply Theorem 3.5, and we obtain

h+dp;

w(B(z,7)) < ri¥oon

If h <1, we can assume i = imax, which means p; = max{p; : j € Q}. Let
k > 1 be the index in the hyperbolic zoom associated with the point z and
with the radius /K. If ng1 = ni+1, then we can proceed as in the previous
case to obtain the desired result. Hence, suppose that ngi 1 # ngp + 1. It
follows that o"*1 = j“71,, 41 for some j € 2, u > 1 and 7, +1 # j. Now, for
€ [(r/K)., (r/K)*] we write {(z,t) = t*®). Then

pi(h—1) + pj(lfh)llsggg(r/K)*) for (r/K)*>r> (r/K)* <§:§g:>pjlﬂ7
T\ O0) gor ), << (R (000 ) B
From this we deduce that « has its minimum at ¢ = (r/K)* (E:?g:)”]il

Therefore, we can assume without loss of generality that

(4.16) (r/K) = (r/K)" (E;g) i

Also, by choosing x > 0 sufficiently small, we can assume that z ¢ JOT%.
For r > 0 small, we then have z ¢ B6+“( p;). Now, by the same arguments

as those leading to formula (4.12) in Case 2, we have
(4.17) (r/K)s > (R(KQ)PT2)=Y((r/K)*) O +m) i +1),

Hence, Theorem 3.5 and (4.16) imply that

(h—1)p;

(4.18) C(z,7/K) < <E:;§§:> Pl
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Now write
(h=1)p;

(50 <oome ()

and for every t € (0, 1) consider the number «(t) determined by the equation

(h=D)p;

We are interested in a sufficiently good lower bound on a(r/K’). And indeed,
solving Equation (4.19) for «(t), one easily deduces that the function ¢ —
a(t) is increasing throughout the entire interval (0,1). Therefore, invoking
(4.17), we may assume that

(r/ ). = RUKQP )7 (/K" 00
< RUKQP2)7 (/K )"y #0041
Combining this and (4.16), we obtain
(r/ ) < (r/K)*((r/K))° = ((r/K)*)",
Then by combining this, (4.18) and (4.17), we get

pj(h=1)(5+x)

Clarr/E) < ((r/K)) PO < (/)
Substituting this latter inequality in (4.15), we obtain

h+8p; +5pj(h71) xpj(1—h)
p(B(z,7)) < rHoton TS T
A straightforward calculation, using the facts that p; > p; and h > Apj T
shows that pj +
h + op; 5pj<h— 1) > h
1+ 6+ 6p; 1+6 ~ 146
Hence, if x is chosen sufficiently small, we finally obtain
h
w(B(z,1)) < ris €, O

4.2. Limit laws for iterated function systems. Define the set
L={i"j:i€Q,j#i,n>1}U(I\Q).

A word w € I*® can be written uniquely as an infinite word in elements from
I, if and only if w is not of the form 7¢> for any ¢ € (2 and 7 € I*. Let
" I° —IX
denote the shift map on I2°. Also, for i € Q and w € I° define
n if wy =4"j for some n > 1 and j # i,
Ql(w) =

0 otherwise.
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In [MU1] we proved that the iterated function system S* = {¢,, : w € I*}
is hyperbolic, and that S* is regular if and only if S is regular. The shift
map o* can be interpreted as the symbolic representation of the system S*.
As in the previous section, in this section we shall always assume that S is a
tame parabolic finite iterated function system satisfying (SSOSC), and that
m is the associated conformal measure for S. Clearly, m is also conformal
for S*. Hence, there exist Borel probability measures m and p* on I2°
that are equivalent to each other (with uniformly bounded Radon—Nikodym
derivatives) such that m = mo 7! and pu* o (¢*)~! = pu* (see [MU1]). For
ec€R, 7€ Q and n > 1, we define

Ain(0) = {w € I : Qs(w) > nA0 T}
and
Aioo(€) i={w € I : 0™ (w) € Ajpn(e) for infinitely many n}.

Lemma 4.4. Fori € Q and e € R we have m(A4; «(€)) > 0 if and only if
€ > 0.

Proof. Using the definition of m and the conformality of m, we obtain

(4.20) D (0 M (Ain(€) = D 1 (Ain(e) = > m(Ain(e))
n>1 n>1 n>1
PiJrlh

:Z Z -

—€

=) n

n>1

k>nh+(h Dp;
h+(h 1)171

Since h + (h — 1)p; > 0 (see [MU2]), it follows that the series

> (@) (Ain(e))

n>1

converges for € < 0. Thus, the “weaker part” of the Borel-Canteli lemma
gives that p.(A; oo(€)) = 0, which then implies that m(A; (€)) = 0. This
proves one direction of the equivalence in the lemma.

In order to prove the remaining part of the lemma, recall the following
well-known result from elementary analysis:

o Let (X,),cn be a sequence of events in a probability space (X, P). If
> nen P(Xn) = o0 and if P(X, N X}) < P(X,) P(X}) for all distinct
n,k € N, then P (limsup,,_,., Xp) > 1.



386 B.0. STRATMANN AND M. URBANSKI

By again using formula (4.20), the ‘if-part’ of the lemma follows from this
general result once we have shown that for all n, &k € N with n > k we have

m((0*) F(Aik(€)) N (0™) ™ (Aine)))
< m((0") F(Aip(e) m((0%) " (Ainle))).

Since p* and m are equivalent, and since p* is o*-invariant, it follows that
in order to obtain this latter inequality it is sufficient to show that

A (Ask(€) N (0%) "M (A(€))) < (Ai(€)) (A (€)).

Since the set A; (€) can be written as a union of S*-cylinders of length 1,
it can be written also as a union of cylinders of length (n — k). If A; (e) =
|J Bi(¢€) denotes such a representation by cylinders of length (n — k), then
by the o*-invariance of p* and by the Bounded Distortion Property (7) and
the conformality of m, we have for each w € A; ,(€) and 7 € By(e) that

m((0") " (Aip(€) N (0¥) " (Ain(e)))
= m((0*)~ ") (A;,,(e)) N By(e))
= |9 (m ()M Ain(€)) N (0*)"F(Bi(e))).
This implies that
m((0*) """ (Ain(€) N Bi(€) _ ¢ (m(w)["m(Ain(c))
m(By(€)) |64 (7 (w)) "
or equivalently that
m((0%) "M (Ain(€)) N Bi(e)) = m(Ain(e) m(Byle)).
If in this latter inequality we sum up over all sets Bj(€), we obtain
m((0%) " (Ayn(€)) N Air(€)) = M(Ain(€)) (A g(€)),

which in particular gives the desired inequality. O

= m(Ain(€)),

Lemma 4.5. Fori € Q and € > 0 we have m(A; o (€)) = 1.

Proof. Let i € Q and € > 0 be fixed. Clearly, 0*(A4; 0 (€)) C Aj oo(€). Hence,
using the ergodicity of the map ¢* and the previous lemma, the statement
of the lemma follows. O

Theorem 4.6 (Limit Law I). For m-almost every w € I2° and for alli € Q

we have

. log Qi((0")"(w)) Di
1 _ ‘
lgl_ilip logn h+(h—1)p;

Proof. In order to obtain the lower bound for the ‘limsup’ in the lemma,
fix some ¢ € Q and note that by Lemma 4.5 we have m(4; (0)) = 1. If
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w € Aj 0 (0), there exists by definition a sequence (k) en of natural numbers
k;, such that (o*)ki(w) € Ajk,;(0) for all j € N. This implies for all j that
N> i/ (h+(h—1)p;
Qil(0) (w)) 2 /T,

and hence that

. log Qi((0™)" (w)) pi

1 > .

lrrfisolip logn “h+(h—1)p;

In order to obtain the upper bound for the ‘lim sup’ in the lemma, let € < 0
and i € ). By Lemma 4.4, there exists a set Fj(€) such that m(Fj(e)) = 1,
and such that if w € Fj(e) then there exists a number ng = ng(w) € N with
the property that (¢*)"(w) ¢ A;n(€) for all n > ng. Hence, for w € Fj(e) we
have for all n > ng that

. log Qi((c*)" (w)) pi
| < —
lfisolip logn “h+(h—1)p;

If we put I =, F;(—2), then m(F;) = 1 and for each w € F; we have
o Q@) n
Hence, for w € A; o (0)NB; we obtain the equality stated in the theorem. [

€.

Note that if Q;(w) = n, then it follows from (3.3) that |z; — w(w)| =<
(n+1)~Y/Pi. This now leads to our second limit law.

Theorem 4.7 (Limit Law II). For m-almost every w € Ig° we have for all
1 € Q) that

Cleg{(0") (@) — ] i
1 p— .
lin_?ip logn h+ (h—1)p;

Proof. Fix w € I° and ¢ € Q. By definition of @); and using (3.3), we have
for n € N that

Im((0*)(w)) — 23] = (Qi((6™)"(w)) + 1)~/
Hence, it follows that

i | = loglm((0%)" (W) — @] log Qi((0")"(w))
n—00 logn Di logn

Using Limit Law I, we find that, for m-almost all w € I2°,

lim sup — log 71'((10' )" (w)) — @il — 1 lim sup log Qi((c*)" (w))
n—eo ogn Pi n—oco logn
1
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Since m is ergodic and positive on nonempty open sets, we have that m-
almost every point in I2° has arbitrarily long blocks with parabolic entries
only. Taking this observation into account, we now modify on a set of
full measure the definition of the hyperbolic zoom (r;(w)); as follows: for
a given ¢ € ) we include only those elements in the hyperbolic zoom for
which n;(w) > nj_1(w) + 2 and i(w,j) = i. In other words, we consider
subsequences (7, (w)), and (nj, (w)), such that nj, (w) > nj, —1(w) 4+ 2 and
Wny 1(w) = 7. Such subsequences will be referred to as the i-restricted
hyperbolic zoom and the ¢-restricted optimal sequence, respectively.

Theorem 4.8 (Limit Law III). For each i € Q the i-restricted optimal se-
quence at m-almost every w € I has the property that

Jimn sup log(nj, +1(w) — nj, (W) _ pi '
k—o0 log ji, h+ (h—1)p;

Proof. Let i € Q and w € I*. Define the function N, : I® — N by
(0*)"(w) = oV @)(w), for every n > 1. Then we see by induction that
Nj(w) = nj(w), for all j € N (this follows, since ni(w) = Ni(w) and, as-
suming that n;j(w) = N;j(w), since nj41(w) = n;j(w) + N (w)(e™ @) (w)) =
Njy1(w)).

Using Limit Law II and the fact that |x(o™V“)(w)) — ;| = (Njo41(w) —
Nj, (w))~1/Pi it follows that for m-almost all w we have

lim sup log(nyy-+1(w) = ny, (@) = limsup log(Nj,+1(w) — Ny, (w))
k—o0 log jk PR log jk
—pi log |m (o™i @) (W) — a4

= lim sup .

k—oo log]k

— s *\ Jk S

ey P 1B [7((0) (@) — i

k—oo log]k

Di

= O

h + (h — 1)])1

Theorem 4.9 (Limit Law IV). For each i € Q the i-restricted hyperbolic
zoom at m-almost every w € I has the property that

lmsup 28U /T (@) - T4pi
k—so00 log ji h+(h—1)p;

Proof. For i € Q) and w € I° we saw in the proof of Theorem 3.5 that

i, (w)

- (. — (1+pi)/pi
Tjk—i-l(w) (n]k"!‘l(w) Ny, (L«J))
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for k € N. Combining this estimate with Limit Law III, it follows for m-
almost all w € I2° that

lim sup log (s, (w) ,/Tj’“ W) = limsup L+ pi log(”jwl(w)._ 1y, (w))
k—oo log]k k—o0 Di lOg]k
1+ p;
pa— _— D
h + (h — 1)pz

The following theorem presents the main result in this section:

Theorem 4.10. (The Khintchine Limit Law for parabolic iterated function
systems). The hyperbolic zoom at m-almost every w € I2° satisfies

lim sup log (Tj (w)/ le—i-l (w)) _ 1+ pmax ’
j—00 ].Og lOg 7 h + (h - l)pmax

75 (w)

where we have set pmax 1= max{p; : i € Q}.

Proof. For m-almost all w € IZ° we have

logr(w) _ . 1089, (m(e™ W)

lim = | -
j—oo ] j—oo J
log |y, 0 ((0 ) @)
= l1im
log |y, o (7(0" Y ()]
= m = 5
joo j *

where the last equality follows from the Birkhoff Ergodic Theorem, using
the ergodicity of the system (I2°,0*, u*) and the definition

= [ 1o |9, (r(0") )] () > o

Hence,

1
rj(w)

log log
j—00 logj
The theorem follows by combining this equality with Limit Law IV and
noting that

i 1+ p; _ 1 + pmax
ieQ h+ (h - 1)]71' h+ (h - 1)pmax.

Corollary 4.11. For the function ( of the h-conformal measure m (see
Theorem 3.5) associated with a tame parabolic finite iterated function system

satisfying (SSOSC) the following hold:
(i) For h =1, we have for allw € I3° and 0 < r < diam(Ig°) that

C(w,r) =< 1.

O
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(ii) For h < 1, we have for m-almost every w € I2° that

1 ]- - h max
T sup 28 (W{) _ _)p .
r—0  loglog ; h+ (h — 1)pmax

(iii) For h > 1, we have for m-almost every w € I° that

10g C(wu T) — (1 — h)pmax
r—0 log ]og% h+ (h — 1)pmax.

Proof. Statement (i) is an immediate consequence of Theorem 3.5. In order
to prove statement (ii), let w € I° and r > 0 sufficiently small be given.
Without loss of generality we may assume that rj11(w) < r < 7;(w) and that
Wn(w)+1 = &, for some ¢ € €2. For r in this range, an elementary calculation
shows that the maximal value of {(w,r) is achieved if r is comparable to

7 max (W) = rj(w) ( i (w) > 1/(14p:) |

rj(w)

For this value of » we have
ri(w) )(l—h)pi/(1+pi)

i) = (2175

As we have seen above in the proof of the Khintchine law, for m-almost all
w € I it is sufficient to restrict the discussion to those indices j for which
W (w) = 1, with p; = pmax. It follows that for all € > 0 and for m-almost all
w € I we eventually have

(1—¢ (1 +p)
h+ (h - 1)pi

9

j 1 14 p;
) _(Q9ep), o 1
ri+1w) = h+(h—1)p; rj(w)
(where ‘<j,.’ indicates that the inequality holds ‘infinitely often’, i.e., for

some infinite sequence of values of j). Hence, the estimate above implies
that

<

1
log log (@) <i.o. log
J

(1—€)(1—h)pmax (1+e€)(1—h)pmax

1 1 h+(h—1)pmax < 1 1 h+(h—1)pmax
og r; (w) i.o. C(wa Tj,max(w)) < | log r; (w) .

This proves statement (ii) in the corollary. Statement (iii) follows from a
similar argument, and we omit its proof. O

We are now in the position to derive a refinement of the description of the
geometric nature of the h-conformal measure given in Theorem 3.8 . Namely,
using the latter corollary, we have the following statements concerning its
relationship to the packing measure Py, and Hausdorff measure Hy,, with
respect to the dimension function ¢,. Here, the function ) is given for
A € R and positive r by

1)(1+)\)(17h)pmax/(h+(h71)pmax)

Ua(r) == rh (log -
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Corollary 4.12. If S is a tame finite parabolic iterated function system
satisfying (SSOSC), we have the following table:

Avs. h h<1 h>1

A>0 m< Hy, and Hd,/\(J):OO dE), s.t. m(E)\):l, P¢>\(E)\>:O

A0 | TFy s.t. m(Fx)=1, Hy, (F\)=0 m< Py, and Py, (J)=00

The symbol ‘K’ indicates absolute continuily between two measures.
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