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RIEMANN MAPPING THEOREMS FOR BELTRAMI
EQUATIONS BY CIRCLE PACKINGS

SHI-YT LAN AND DAO-QING DAI

We use circle packing techniques to construct approximate
solutions to the generalized Beltrami equations with simply
and multiply connected regions in the plane. We show conver-
gence of the approximate solutions. This gives a constructive
proof for the existence of quasiconformal mappings with a
given pair of complex dilations.

1. Introduction

Circle packings— configurations of circles with specified patterns of tan-
gency and having disjoint interiors — came to prominence with analysts in
1985 when Thurston conjectured that maps between such configurations
would approximate conformal maps. Shortly, Burt Rodin and Dennis Sul-
livan [7] proved the convergence of Thurston’s scheme, and much research
on circle packings followed.

In [1], Z.-X. He used circle packing methods to solve the Beltrami equation

Ozf = A0.f.

In this paper we shall construct homeomorphic solutions w = f(z) of the
generalized Beltrami equation

(1) O=f = N0.f + ud-f, z€q.

We suppose that 2 is a simply or multiply connected Jordan domain in the
complex plane C and that U is either, as the corresponding case may be,
the unit disk with center at the origin or the unit circular domain obtained
from the unit disk by the deletion of a closed disjoint union of finitely many
closed disks and points. Further we assume that A, u : 0 — C are measurable
functions with

(2) Il + (]| o, = esssupeq (Al +[u]) < 1.

The homeomorphic solution in Ly to (1) and (2) is called a quasiconformal
mapping with complex dilations (A, p).

This paper can be viewed as a development of [1] in terms of both equation
and region. Our method of constructing functions is different from that of
[1], and avoids an essential difficulty that one is faced with in discussing the
Riemann’s existence theorem of Equation (1): namely, the composition of a
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quasiconformal map with complex dilations (A, 1) and a conformal map is a
quasiconformal map, but its complex dilations are different from (\, u) (see
[5], for example).

2. Construction of Approximate Solutions

We shall construct approximate solutions of Equation (1) in this section.
Let § be a small positive number. We use the grid

RL(6) = {z +iy:x =pd, y = %52¢6, (p.q) € Zx L}

to decompose C into a number of rectangles with side lengths ¢ and v/36/2,
and choose the side lengths of the rectangles in such a way that one is just
able to use the regular hexagonal grid of mesh d/n (n € N) to triangulate
it. Suppose €5 is the minimal Jordan domain containing all rectangles that
intersect €. Then Qs is a closed polyhedral Jordan domain, which is the
union of squares of side length § and v/36/2. It is obvious that Q C Qs and
Qs converges to {2 when § — 0 in the sense that any compact subset of ¢ \Q
is contained in C \ s for § small enough.
For any rectangle R in Qj, set

MR) = ﬁffR)\(z) dedy, R CQ,
0, otherwise,

u(R) = ﬁffg#(z) drdy, RCQ,
0, otherwise,

where A(R) denotes the area of R. Define piecewise constant functions
As, s 2 8 — C by

(3) As(2) = MR), ps(z) =u(R), ae z€RNQ.
Then
(4) %iir(l) As(2) = A=), }iir(l) us(z) = p(z), ae. ze€.

Suppose that R is an interior rectangle in Qs with R N Qs = (). Denote
by z1, 29,23 and z4 its lower left, lower right, upper right, and upper left
vertices, respectively. Let Ui : C — C be the map defined by

1+ A(R) + w(R)|
Ur(2) = 2
1—|A(R) + pu(R)|
It is easy to verify that 9;Ug(z) = A(R)0,Vr(2) + u(R)0,¥R(z). Since

INR) + n(R)] < I|A] + |pllloo < 1, the function Wg(2) is an affine conformal
homeomorphism with complex dilations (A(R), 4(R)) and maps the square R

((z = 21) + (A(R) + u(R))(Z — 71)).
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onto the parallelogram R’ with vertices z] = Wg(z1) =0, 25 = Ur(22) = a,
zh = WUp(z3) =a+0b, 2z = Up(z4) = b, where

Ve |1+ AM(R) + u(R)|
1 - |\(R) + u(R)|?

|14+ A(R) + w(R)| ,
6 b= V35(1 — (MR) + u(R))) .
(6) 2(1_‘A(R)+M(R)‘2) (1= (A(R) + n(R)))

Write n = 2[1/(26)], w = ¢™/3 and v = §/n. Let HL(y) denote the
regular hexagonal grid with mesh -, whose vertices form the lattice V(y) =
{yp +vqw : p,q € Z}. The neighbors of o € V() are the points o + yw*,
0 < k < 5. Suppose T'(v) is the complex obtained by using HL(v) to
triangulate the plane C. Then the 1-skeleton of T'(vy) is the nerve of some
regular hexagonal circle packing P, of the complex plane C formed by closed
disks of radii v/2.

By (5), (6) and the fact that [A(R)+ u(R)| < [[|A| + |/l < 1, it is
easy to deduce that the angle zjz]z} of the parallelogram R’ is bounded
from below, the distance between 22} and )24 is v/35/2 and the lengths
of sides of R’ are between cd and K¢, where 0 < ¢ < 1 and K > 1 are
constants depending only on |||A| + |u|[|sc. So one can suppose that H(R')
is the collection of all triangles of 7" () lying in R’ and having distance at
least /2 from OR’, where T(") (y) = T (), for § = arg(1+ A(R) + u(R)).
Thus H(R') is a simplicial complex and |H(R')| is some polyhedral Jordan
domain in R'.

Since triangles in H(R') have length 6 /n one gets, as in [2], a triangulation
T(R') on R’ that agrees with the triangulation H(R') on |H(R')| and whose
restriction on each side of R’ is the triangulation consisting of n 1-simplexes
of equal length, the length lying between c¢d/n and Ké/n.

Set (T(R),t) = (T(R'),(¥g)™'). Then (T(R),t) is a K-quasiconformal
affine triangulation on the rectangle R, and its restriction on each side of
R is the affine triangulation with n 1-simplexes of equal length. So these
affine triangulations can be glued together to form a K-quasiconformal affine

triangulation for
OG= |J R

RNON=0¢

(5)

§(1+ X(R) + u(R)),

In addition, by intersecting the region
ﬁ(g \ int ﬁg = U R
Rm?ﬁg#d)

with the regular hexagonal triangulation HL(7) of the plane, one gets an
affine triangulation (T}, I) for Qs \ int €25, where I denotes the identity map.



142 SHI-YI LAN AND DAO-QING DAI

Pasting together the affine triangulations above for Qg and € \ int ﬁ(s, we
obtain an affine triangulation (T, ts) for Qs.

Denote by Ly, (R) the subcomplex of H(R) = ¥}'(H(R')) consisting of
faces of triangles with the property that G(Ts, v, m) C H(R) for each vertex
v of A, where G(Ts,v, m) is m generations about v in the complex Ts. From
the preceding discussion, it is not difficult to obtain:

Lemma 1.

(a) For Qs = URm8§:¢> R, one has %iH(l] A(Q\ Q&) =0.

(b) Let m be a nonnegative integer with m < cn, for any square R in ﬁg.
Then

A(JH(R)\ Lin(R)]) < cA(R)(m +1)/n,
where A denotes area.
In addition, for the hexagonal circle packing, we have:

Lemma 2. Let H, be the n-generation of a circle packing P about some
circle ¢y of P such that H, is combinatorially equivalent to H),, where H]
is the n-generation of some regqular hexagonal circle packing about one of its
circles, say c. For n large enough, there is a quasiconformal mapping ®
from the complex plane C to C that maps the subpacking H), of H], (with
m ~ n/2) to the corresponding subpacking H,, of H, and whose restriction
(I)‘DE) to the closure D of the interior of ¢ is Lipschitz and can be expressed
by ®|p; = (r/r'(z = af) + ao) + h(z)/n, where ag, aj, r, v’ are the centers
and radii of cy, ¢y, and |h(z)| is bounded above by a positive constant M.

Proof. By the transformation ¢ = m(z) = r/r'(z — af)) + ap, H,, becomes
HJ'. 1t is clear that H] is combinatorially equivalent to H] and ¢ = co,
where ¢ = m(c{). Since H], is combinatorially equivalent to H,, so is H)'.
We now construct the quasiconformal mapping ®. Fix any three mutually
tangent circles ¢f,cy,c4 in H)'_; and the corresponding circles ¢y, 2, ¢3 in
H,_1. Let ¢ be the orientation-preserving Mobius transformation sending
cjNej, to cjNeg, where (j, k) is any pair in{(1,2), (1,3),(2,3)}. Obviously, ¢
maps the interstice bounded by ¢/, ¢j and ¢ to that bounded by ¢, c2 and
c3. These conformal mappings may be glued together to form a conformal
mapping from the union of interstice bounded by circles of H//_; to the union
of interstice bounded by circles of H,,_1. The mapping maps each circle of
H!'_, to the corresponding circle of H,_s. Next, we extend the mapping
radially on each disk bounded by circles of H]_, and the result is a K-
quasiconformal mapping 1 from the union of interstices and disks bounded
by circles of H/! 5 to the corresponding union bounded by circles of H,,_.
Finally, by a property of quasiconformal mappings, 1 can be extended to
a Kj-quasiconformal mapping ®; : C — C with ¥ (00) = oo such that
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equals ¢1 on the union of interstice and the disks bounded by circles of H)/,,
where m = [(n — 3)/2]. From [2], we obtain ®1[py(¢) = ( + h1(()/n, where
|h1(¢)] < M and M is a positive constant. Let ®(z) = ®1(m(z)); then
®[p, = (r/r'(z — af) + ag) + h(z)/n, where h(z) = hi(m(z)). From the
construction of @, it is easy to get that ® is Lipschitz on Df. So ® is the
desired mapping. O

According to the circle packing theorem [8], given an abstract triangula-
tion T of a topological sphere, there exists a circle packing P on the Riemann
sphere S? having the combinatorics of T. P is unique up to Mobius trans-
formations of S2. We further obtain:

Lemma 3. Let T be a simply or multiply connected complex in the plane.
There exists a circle packing P in the unit disk or some unit circle domain,
as the case may be, whose tangency graph is isotopic to the 1-skeleton of T .
Moreover, P is unique up to Mébius transformation.

Proof. If T is simply connected, the conclusion of the lemma holds from [7].
If T is a multiply connected complex, by adding an ideal vertex for each hole
and connecting each ideal vertex and boundary vertices of T" neighboring
it with disjoint Jordan arcs, we get the augmented complex 7™, which is
simply connected. By the result in the simply connected case, there exists
a circle packing P* in the unit disk whose tangency graph is isomorphic to
the 1-skeleton of T*. By removing the circles corresponding to the ideal
vertices in P*, we obtain a circle packing P in the unit circle domain with
the combinatorics of T and P is unique up to Mobius transformation.  [J

For the affine triangulation (Tj,ts5) of Qs, by Lemma 3, there is a circle
packing Pj in the closed region U, which has the combinatorics of T and is
unique up to Mobius transformation of the unit disk, where U is the unit
disk or the unit circle domain.

We construct approximate solutions of Equation (1) as follows:

(a) For any |Ln,(R')| C |Ts|, with L,,(R') = Ur(Ln(R)), let ¢ be any
vertex of L,,(R’). There is an m-generation of some regular hexagonal circle
packing about one of its circles, say, ¢y of center (y and radius 6/(2n), which
is combinatorially equivalent to some m-generation of the circle packing Pj
about one of its circle, say cj, in U. We define gs : Dy — D}, by g5 = ®|p,,
where @ is as in Lemma 2 and Dy, D, are regions bounded by ¢ and ¢. By
pasting these mappings, we obtain a quasiconformal mapping from the union
of disks bounded by the circles whose centers are the vertices of L,,(R') and
whose radii are all equal to §/(2n) to the corresponding union of bounded
circles of P; in U. We then extend linearly the mapping to the interstices
bounded by these circles and the result is a K-quasiconformal mapping Gy
from the union of interstices and disks bounded by circles whose centers
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are the vertices of L,,(R’) and whose radii are all equal to §/(2n) to the
corresponding union of bounded by circles of Ps in U. Let G5 = G(;“ Lon (R

Then Gy is a K-quasiconformal mapping from | (R)| to the corresponding
portion of |carr(Ps)|, where carr(Pj) denotes the concrete geometric complex
in U formed by connecting the centers of tangent circles of Ps with line
segments.

(b) For |Ts| \ (UR08§=¢> | L (R)|), let Gs be the map sending any vertex
of Ts \ (U Rsn00=0 Lm(Rs)) to the center of the corresponding disk and
then extend it linearly on each simplex of Ty \ (U Rsnd0—¢ Lm (Rs)). Then

Gy is a K-quasiconformal mapping from |Tj| \ (URm8§:¢ |Li(Rs)]) to the
corresponding portion of |carr(Fy)|.

(c) By pasting G5 and the (3}, we get a K-quasiconformal mapping Hs from
|Ts| to |carr(P5)| € U. Let F5 = Hjot;', then Fs is a homeomorphic
mapping from Qs to |carr(Ps)| C U.

We next prove that fs converges to some solution of the generalized Bel-
trami equation (1) as ¢ approaches 0.

3. Convergence of approximate solutions

In this section, we show the existence of homeomorphic solutions for the
generalized Beltrami equation (1).

Theorem 1. Let A\, pu be two measurable functions with |||A] + |l < 1.
For any positive sequence 0y, with 6 — 0, let f5. : 8 — U be the sequence
of map constructed for each & through the procedure in Section 2. Then
fs, has a subsequence converging uniformly on every compact subset of § to
some quasiconformal homeomorphism f : Q — U that solves the generalized
Beltrami equation

0:f(2) = N0 f(2) + uo.f(z), ae. z€q.

Proof. First, tgl : Qs — |Ts| is an affine map, and from its construction we
see that Fy = Hsot;' : Q5 — |carr(Ps)| is a K-quasiconformal homeomor-

phism. Set f5, = Fj5, = H;s, o tgkl, where 6, — 0. Then f5, = fgk\g Q—-U
is K-quasiconformal, too. Based on the convergence theorem for quasi-
conformal maps (see [4] or [5]), there is a subsequence of fs,, still denoted
by fs,, that converges uniformly on every compact subset of €2 to f, where
f is some quasiconformal homeomorphism from €2 to U.

Next we show that f has complex dilations (A, x). Suppose that my is a
sequence of positive integer such that my — oo and my/ny; — 0. For any
z € 0 C |Ly, (R)|, by the definition of f5, , we have f5,(2) = Hs, o td_kl(z) =
Hj;, o Wp(z). There are two situations for Ug(2):
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(i) Ug(2) lies in some disk Dy of center (o and radius 79 = 0 /(2nx). Then
f5.(2) = (ro/ro(¥r(2) = o) + wo) + h(Vr(2))/mu,

where wg and 7, are the center and radius of the corresponding circle in P, .
Taking partial derivatives of f5,, we get

0z f5,(2) = ro /100 r(2) + Ozh (¥ R(2)) /My,
025, (2) = 14/100:V R(2) + O:h(VR(2))/my.

Since 0:VR(2) = A5, 0:VYRr(2) + 15,0V R(2), we have

(7)  0zfs,(2) = X5, 0= 5, (2) + 116, 0= f5,,(2)
+ (0zh(YR(2))/mi + 2Re(0:h(Yr(2)))/m4);

by Lemma 2 and the definition of ¥r(z), we conclude that 9zh(¥r(z))
and 0,h(Vg(z)) are bounded on Ly, (R). Combining with (4) and letting
k — oo, because r{/ry converges to the modulus of the derivative of some
Riemann mapping function [6], we obtain from (7)

0:1(2) = A0. (=) + ud-J (2).

(ii) Ug(2) lies in the interstice bounded by three circles cg, ¢y and co. Then
Up(z) =1 —=1t)" +t(", where 0 <t <1, €cp,and (" € ¢, for I =1 or
[ =2. Write (5 and r;j (j =0, 1,2) for the center and radius of ¢;. It follows
from the definition of fs, (z) that

(8)  fs.(2) =1 =t)((ro/ro(¢ = o) +wo) + h(() /)
+t((r)/ri(C" = Q) +wi) +h(¢ ")/m )
= r0/roVR(2) + (r] — 70)/1a(YRr(2)) + ¢(Pr(2)) +
where
4(Tr(2)) = t¢" = Ur(z) — (1 = )¢, q(VYr(2)) = (1 = )A() +th(¢"),
C = (1 —t)(wo —70/r0C0) + t(w; — 11/11¢)
and w; and r (j = 0,1,2) are the center and radius of the corresponding
circle. By [6 ] and [2], we have (r; — r()/m = 7(/rO(1/my), and note
that Ozq(Vp(z )), 9:q¢(Yr(2)), 0:q(Yr(2)) and 9.¢(¥r(z)) are bounded
on |Lp, (R)|. Asin (i), it follows from (8) that
0:f(2) = A0:f(2) + p0:f(2), k — oo.
Thus, for any R C ﬁgk, we obtain from (i) and (ii) that

D=f(2) = . f(2) + pBF (=), 2 € |Lmg (R, k — oo,
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On the other hand, for any z € Q\ Lg, where L, = Ugnoq, =g [Lm, (B)];
k
we get easily from Lemma 1 that

lim A\ Ly) = 0.

Therefore, as k — oo, we conclude that

0:f(2) = N0, f(2) + o, f(z), a.e. z€,
that is, the complex dilations of the quasiconformal mapping f are (A, p).
O

Theorem 2. The maps fs constructed in Section 2, as & — 0, converge
uniformly on each compact subset of Q to a solution f:Q — U of (1).

Proof. By their construction, the fs must converge to a homeomorphic map
Q) — U as § — 0. Using Theorem 1, we can get that the f5, as § — 0,
converge uniformly on every compact subset of {2 to some solution f : Q — U
of (1). O
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