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Dedicated to the memory of Thomas H. Wolff, a true mathematical giant.

We study the dimension of harmonic measure for Wolff snowflakes.

1. Introduction

Denote points in Euclidean n-space R" by X = (x, t), with x = (x1, ..., x,—1) €
R*~! and r € R, and let dx and dX = dx dt denote Lebesgue measure on R"~!
and R". Let | X| be the usual Euclidean norm of X and B(X, r) the open ball in
this norm (of center X and radius r). Define k-dimensional Hausdorff measure in
R", where O < k < n, as follows: For fixed § > 0 and E C R", consider all covers
L(8) ={B(Xj, r;)} of E such that 0 < r; < § for all i, and set

93 (E) = inf > Ja(k)rf,

where «(k) is the volume of the unit ball in R¥. The k-dimensional Hausdorff
measure of E is then

HY(E) = lim ¢} (E),
where 0 < k <n.

A domain is a connected open subset of R"”. Suppose D C R"”, n > 2, is a domain,
that xg € D, and that p is the harmonic measure for D with respect to xg, defined as
usual by way of the Riesz representation theorem for continuous functions on 0 D
and a method of Perron, Wiener, and Brelot (see [Helms 1969]). In this paper we
study the Hausdorff dimension of u, denoted by H-dim p and defined as follows:

H-dim ;1 = inf {k : there exists £ C D with H*(E) =0 and u(E) = 1}.

Makarov [1985] showed that H-dim . = 1 for a simply connected domain D C R2.
Carleson [1985] showed that if D = R2 \ K, where K is a certain scale-invariant
Cantor set, then H-dim © < 1. He was also the first to recognize the importance
of faDn |Vg,|log|Vg,|dH", where g, is the Green’s function for D, with pole
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at xo and (D,) is an increasing sequence of smooth domains whose union is D.
Jones and Wolff [1988] proved that H-dim p < 1 when D C R? and p exists. We
also mention results of Batakis [1996], Kaufmann—Wu [1985], and Volberg [1993],
who showed that

Hausdorff dimension of 9D = inf {k : H*(9D) = 0} > H-dim ;1

for certain fractal domains and domains whose complements are Cantor sets.

In higher dimensions (n > 3) Bourgain [1987] showed that p is absolutely con-
tinuous with respect to H"~% on 9D for some ¢ = ¢(n) > 0 and any domain D
for which o exists. Wolff [1995] used Carleson’s idea and brilliant ideas of his
own to construct what are now called Wolff snowflakes in R3, for which either
H-dim p > 2 or H-dim u < 2. We outline his construction. Take the unit cube

Do ={(x, 1) : x|, Ix2]. 7] < 5}

in R? and decompose each face into Whitney squares whose side lengths are pro-
portional to their distance from the edges of d Dy. Next one graphs above each face
(i.e., in the normal direction to a face) a certain scaling and translation of a fixed
piecewise linear and compactly supported function, say ¥ (y) =¥ (y1, ¥2), in such a
way that the resulting graph function has support well inside each square. This can
be done in a unique manner provided one first specifies what sides on each square
are to correspond to the positive y; and y, axes under the scaling and translation.
Let D; be the domain whose boundary is the union of the above surfaces. We say
that D is obtained from Dy by adding blips to each subface. Next one divides
the faces of d D; into Whitney squares whose side lengths are proportional to their
distances from the edges of d D and then repeats the above construction in each
of the new Whitney squares, obtaining a domain D, for which 9 D, coincides with
the new surface. Iterating this process gives D = | J;_, D,,. This construction is
essentially unchanged in R". Thus we assume ¥ : R"~! — R for some n > 3 so
that D C R". Finally let u be harmonic measure for D relative to (0, 0).

Put Do = {(x,1) : 1 > ¥ (x)}. Let g denote Green’s function with pole at oo,
defined as the harmonic function in D, that is zero on d D, and equal to ¢ plus a
bounded harmonic function in a neighborhood of co. The existence of g., follows
from Schwarz reflection and the fact that ¢ has compact support.

Theorem A [Wolff 1995, p. 345]. Suppose  has sufficiently small Lipschitz norm
and set

L=/ |V goo! log |Vigoo| dH" ™.
0D

If L <0, the Wolff snowflake D obtained from \r by adding blips satisfies H-dim 1 >
n — 1, while if L > 0 then H-dim pu <n — 1.
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To prove this, Wolff used rate theorems for NTA domains to make estimates and
applied an ergodic theorem of Shannon, McMillan and Breiman. His proof was
for n = 3, but it works unchanged for higher n.

It is not difficult to show that one can approximate each Cgo([R”*l) function
on R"~! by a sequence (i,,) of piecewise linear functions with uniformly bounded
supports in such a way that ¥, — ¥ as n — oo uniformly in Lipschitz norm.
Using results of Dahlberg (see [Wolff 1995, Lemma 2.11]), it follows easily that
L, defined relative to i, converges to L as n — oco. Thus to construct Wolff
snowflakes where H-dim & > n — 1 or H-dim 4 < n — 1 it suffices to find a
Cg° (R"1) function ¥ where L < 0 or L > 0, respectively, and approximate v by
a piecewise linear function. Thus we assume v € C{° (R 1.

To continue, set ¢ (x, &) = e (x) + €26 (x), where v, 0 € C(‘)’O(R”_l), and let
g(x, 1, &) be Green’s function for D(e) = {(x,1) € R" : 1 > ¢ (x, &)} with pole at
oo. Clearly g(x,t,0) =t and D(0) = {(x, t):t> O}. Put

(1-1) 1(s) =f |Vg(-,e)|log|Vg(-,e)|dH" "
daD(e)

Using g(x, o (x, e), 8) = 0 on dD(¢e) and Schauder theory or just basic smooth-
ness results about harmonic functions one sees that / (¢) is infinitely differentiable.
When 0 = 0 Wolff shows that 7'(0) =0, I”(0) =0, and

(1-2) 1"(0) = / ((89%‘/’)3 ~3|Vy P agﬂ)dx,
Rn—1 ot ot

where P denotes the bounded harmonic extension of ¥ to D(0), V denotes the
gradient in x, ¢, and V denotes the gradient in x only. See Section 3 for details.

Given a Wolff snowflake D, let ji be harmonic measure for R” \ D relative to a
fixed point in R"\ D. Using Taylor’s theorem with remainder, one sees from (1-2)
that if 7"”(0) < O one can approximate ¢y, for 0 < ¢ < g, by a piecewise linear
function for which Wolff’s construction gives a snowflake with H-dim u > n — 1
and H-dim @i < n — 1, while if I"”7(0) > 0 one gets a snowflake with H-dim u <
n — 1 and H-dim &t > n — 1. Wolff obtained such examples for a piecewise linear
approximation to a Ci°(R") approximation of

1
(WP 1)

when n = 3. For this it is not difficult to show that I"/(0) < O when n > 3.
However for a given ¢ € C¢° (R*1) and n > 3 the sign of the integral in (1-2)
seemed rather mysterious (the integral is zero when n = 2 by Cauchy’s theorem).
To shed some light on this problem, we have the following theorem, which is
proved in Section 2.

xeR",

(1-3) Yx) =—

Theorem 2. Let Y € Cgo([RR”_l) be radial, nowhere positive, and nondecreasing
as a function of |x| on [0, 00). If ¥ £ 0 and 6 =0, then 1" (0) < 0.
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(Radial of course means that ¢ (x) = ¢ (y) if x = y.)

To sum up once again, if v is as in Theorem 2 and ¢ > 0 is small enough, £ can
be approximated arbitrarily closely in Lipschitz norm by a piecewise linear function
in such a way that the corresponding Wolff snowflake has H-dim & > n — 1 while
H-dim it <n — 1. If ¢ < 0 is small enough, the opposite inequalities hold. The
proof is quite simple; unfortunately it was only after considerable effort that we
conceived of the theorem and its proof. For a discussion of the motivation behind
Theorem 2 and the efforts involved in its proof; see the Remark on page 144.

If 1"7(0) = 0 for given ¥, 6 € Cgo([F\E”_l), the sign of 1””(0) becomes important
in Wolff’s construction. In this case it is remarked in [Wolff 1995, p. 363] that
(again when 6 = 0) if 1”(0) < 0, there is a piecewise linear function for which the
corresponding Wolff snowflake satisfies H-dimy >n—1 and H-dim g >n —1. If
I""(0) > 0, the opposite inequalities hold for H-dim w, H-dim f&. Wolff conjectures
that there exist examples where the fourth derivative has either sign, although he
notes that he has not computed /””(0) and this derivative looks complicated. Thus
he conjectures the existence of Wolff snowflakes in R", n > 3, for which harmonic
measure on both sides of the boundary can have Hausdorff dimension either <n—1
or > n—1. In Section 3 we compute the first four derivatives of I at & = 0 relative
to vy, 0 € C3° (R*1); see (3-20). In Section 4 we begin the proof of the following
theorem:

Theorem 3. Ifn >3, ¥ (x) = 2 —n)x; (x> + D2, x e R* ', 0 =0 and
4 3nm"2(n —2)*T (3 + 3)272!
FmT(n+3)n+1)

then 1" (0) = 0 and
A—l I////(O)
_[—IT@+HT-HTG-DTE+1)
A6 T+ E-HrE+h
n(16416n—72n—44n*—11n*+12n°) N 3n3+2n%+7n+2 0
X > 0.
n+1D2mn—-1) 2n+1
Here 1"7(0), I"”(0) denote the integrals in (1-2) and (3-20) rather than the
third and fourth derivatives of I (¢) in (1-1) (defined relative to the above V)
since for derivatives it is necessary that ¥ € Cg° (R"1). Let ¥, = ¢, where
0<¢,e€ C(‘)’O([R{”_l) is a radial bump function with ¢,,(x) = 1 when |x| < m
and ¢,,(x) = 0 when |x| > 2m. Also v is as in Theorem 3. We note that the
integral in (1-2) corresponding to v, is still zero. Indeed v, is an odd function
of x1, so using difference quotients we deduce first that (d/dt)P 1, is odd in x|

and then that the integrand in (1-2) is odd in x;. Thus our claim is true. Also,
choosing (¢,,) appropriately, one sees from Hardy space theory (see [Stein 1970,
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Chapter 7]) that the integral in (3-20) defining I””(0) relative to v, converges to
the corresponding integral defined relative to ¢ as m — oo. Thus there exists a
Cgo([R{”*l) approximation to ¥ in Theorem 3 for which I"”(0) =0 and 1”7 (0) > 0.
We can now argue as in [Wolff 1995] to get:

Corollary 1. There exist Wolff snowflakes in R", n > 3, with H-dim u <n — 1 and
H-dimp <n—1.

We do not know whether there are examples in R” of graph domains D(e) with
Ve Cgo([F\R”_l), 0=0,1"0)=0, I"(0) < 0. We tried numerous examples in R*
and all gave positive fourth derivative (see Section 6). However, by considering
more general graph domains we can answer Wolff’s main question. We prove the
following in Section 6:

Theorem 4. If  is as in Theorem 3 and 60 = Yrj;, then 1" (0) = 0 and
32T (3 + D) (n—2)* n? 3n® +2n% — 13n — 6)
T(n+HT M) 22 (n+1)2n+3)(2n + 1)

We note that 1”7(0) (see (3—14)) is independent of the choice of #. Using this
fact and repeating the argument after Theorem 3 (but approximating ey + 26
instead) we obtain:

I////(O) —

Corollary 2. There exist Wolff snowflakes in R", n > 3, with H-dim p > n — 1 and
H-dimp>n—1.

In view of Corollaries 1 and 2 we conclude that Wolff’s main conjecture is
valid. Finally we mention that in Section 6 we shall make three conjectures related
to Theorems 3, 4 and Corollaries 1, 2, as well as discuss some examples in R4
where the first two conjectures are valid.

2. Proof of Theorem 2

To lighten the notation we write ¥ = ¥ (x, ) for the bounded harmonic extension
P (x, t) of Y(x) to D(0) ={(x,t):t > 0}. Thus ¥ (x, 0) satisfies the hypotheses
of Theorem 2 and we can write ¥ (r, t) for ¥ (x, t), where r = |x|. Note that v
satisfies Laplace’s equation when ¢ > 0, so in cylindrical coordinates

2-1) P ) + e =0,
We shall need the following facts:

2-2) rlgr(l) Yr(r,t)=0 for0<t < oo,
2-3) Y,(r,t) >0 whenr,t>0.

Equation (2-2) can be seen using the fact that v (|x|, ¢) is infinitely differentiable
at x = 0 when ¢ > 0. One can also prove it, for t > 0, by differentiating under the
integral sign in the Poisson integral formula for ¥ and taking a limit as r — 0. As
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for (2-3), assume the contrary. From (2-2), the fact that v (r, 0) is nondecreasing
on [0, co) and the fact that v is infinitely differentiable in D(0) (as follows from
Schauder theory) we deduce that v, has a negative minimum (absolute) for some
(r,t) with r > 0, t > 0. At this value of (r, t) we have v, =0 and ¥, + ¥, > 0,
by the second derivative test from elementary calculus. Now (2—1) can be written
as ¥, + (n —2)r ', + ¥, = 0. Differentiating this with respect to r we get
Yyrr + (0 — 2)Wprr ' — (n — 2)r 24, + ¥4, = 0, which leads to a contradiction,
since from the remark above this expression must be positive. Thus (2-3) is valid.
Now if A = (0, o0) x (0, 00), we have

(2-4) / T WP = 302y 02 dr = / e dr
0 A

_ f (=392 Y0 + 69, W) " dr dt
A

+3f V2" dr dt
=L+ 1. A

To handle /; in (2-4) we use (2-1) and integrate by parts in » holding ¢ fixed. We
get

@) n= [ 326" Pydrars [ v, drdi=o.
A A

As for I, we again use (2—1) and write

@6 h=-3 [ vy drar
A

= —/A(r“wf)r drdt — 2(n—2)/Ar"3w,3 drdt < 0,

since the first integral is zero, as follows from integrating in r holding ¢ fixed,
while the second integral is negative, as follows from (2-2) and our assumption that
Y % 0. In obtaining (2-5) and (2-6) we have integrated by parts numerous times,
assuming v and its derivatives have rapid enough decay at oo to insure there are no
boundary terms. This is justified, as we see from simple estimates on the Poisson
integral of v and its derivatives, in view of the fact that ¥ (-,0) € Cg° (R 1.
Using (2-5), (2-6) in (2-4) we conclude that I’ (0) < 0. The proof of Theorem 2
is complete. |

Remark. Our interest in Theorem 2 stems from work in [Lewis and Vogel 1991;
2001], where blips were added to a ball in such a way as to produce an example (for
n > 3) of a bounded domain D C R" distinct from the ball and satisfying u = H"~!
on 0D, where p is harmonic measure defined relative to 0 € D. In the first of
these papers we showed that D can be chosen homeomorphic to a ball, while the
second improved on this result by showing that D can be the image of a ball under a
quasiconformal mapping of R". In this construction the sign of the integral in (1-1)
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was crucial. In [Lewis and Vogel 1991] certain multiples, scalings, translations,
and C§° (R"~1) approximations of the function in (1-3) (restricted to R"~!) were
used to construct our blips, while in [Lewis and Vogel 2001] it was necessary
for the construction of our quasiconformal mapping to add spherical blips. As a
consequence we had to prove Theorem 2 when v (x) = — max (1 —|x|?, 0) on R*~!.
To appreciate the simple proof in Theorem 2 we briefly outline our efforts to prove
the theorem for this .

We first used Maple to obtain strong evidence that /"' (0) <O whenn=2,4, 6, 8,
and 10. Then using separation of variables and integrals of Bessel functions we
found a representation of i, via hypergeometric functions. Let I' be the Euler
gamma function. If r = |x|, then for 0 <r < 1,

1 1 2
—I/IZ(F,O):—C,,F(%,—E,%—E,F )

where F(a, b, c, 7) is the hypergeometric function and
B 2I'(3)
T o Iype3y
FrG-2re)
Using properties of hypergeometric functions we found many nice formulas in-
volving ;. For example, if n = 2k, where k > 2 is an integer, v, (r, 0) equals

2(—1 k=2 dk—2 1 1 3
— (1 -2t ln< +r>(___r>+3
7k —1)!(1—r2) d(r?)k-2 1—r/\2r 2
whenever 0 < r < 1. However none of our formulas were of much help in calcu-
lating the integral in (1-2).
Finally we tried asymptotic estimates as n — oo of I"’(0) using
n

—F(4, -5.2-4r)>—-1 +m(1 —(1=rH'?).

Cn

From this estimate and Stirling’s formula we found after a lot of work that 1"’ (0) <
0 for n > 10. Based on this example, we conjectured that if — is radial, positive,
and smooth on R"~' with compact support, then I"(0) < 0. This was disproved
with the following example. For fixed (x,#) € R* and 0 < a,a # 1, let

_ 1 a’
SRR+ e+ xP++a)?

Clearly 1 is harmonic in R"\ { (0, —1), (0, —a)} and ¥ (x, 0) is radial. Also for 0 <
a < 1 one can show that —y(x, 0) > 0 and that the corresponding integral in (1-2)
is 0. Although v (x, 0) does not have compact support it turns out that for a given a
this function can be approximated by an infinitely differentiable nonnegative radial
function with compact support in such a way that the integral in (1-2) remains
zero (see Section 6 for more discussion of this example). Reworking the statement
above, in light of this example, we formulated Theorem 2. The simple proof was
only found after trying several more complicated arguments.

(2-7) —¥(x,1)
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3. The fourth derivative

In this section we find the fourth derivative of I (¢) at ¢ =0 (defined as in (1-1) for
v, 0 € CgO(R"_l)). To begin, as in Section 1, put ¢ (x, €) = ey (x) 4 £20(x), set
D(e) = {(x, t):t>¢(x, e)} for e € [—1, 1], and let g( -, ¢) be the corresponding
Green’s function for D(g) with pole at co. Following [Wolff 1995, pp. 360-362]
we observe from Schauder-type estimates that g( -, ¢) is infinitely differentiable
in D(¢) x [—1, 1] as a function of (x, £). Also, since g(x, p(x,¢e),e) =0 when
x € R"~!, we get from differentiating with respect to x;, 1 <i <n — I, that

(3-1) Ve(x, p(x, ), e) = —gi(x, p(x,8), &) (eV (x) + VO (x)),

where once again V denotes the gradient in x only. Differentiating with respect to
¢ and using the chain rule gives, for all x e R""! and ¢ € [—1, 1],

(3-2) ge(x, p(x,8).8) + g (x. p(x, ), ) (V(x)+2e0(x)) =0,
where g.(x,t, &) denotes the partial of g(x, ¢, ) with respect to €. Evaluating
(3-2) at e = 0 yields
(3-3) 8:(x,0,0) = —g(x,0,0)¢ (x) = =¥ (x),
since g(x,t,0) = t. Furthermore since g.(x, ¢, ¢) is harmonic in (x, ) we see
that g.(x,t,0) = =Py (x, t), where Py as defined earlier denotes the bounded
harmonic extension of i to D(0), that is, the Poisson integral of ¥r. Asin Section 2
we write ¥ (x, t) for Py (x, t), and likewise 0 (x, t) for PO (x, t). Taking another
derivative with respect to ¢ in (3—2) gives, forall x e R*~! and ¢ € [1, 1],
2
(B-4)  gu(x. p(x.8), ) (¥(x)+20(x))
+2g[g(X, ¢(.X', 8)5 8) (W(x) + 289()()) +g88(-xa d)(x’ 8)a 8)

+20(x)g(x, P (x,¢),¢) =0.
Evaluating at ¢ = 0 yields
(3-5) 8ee(x,0,0) =29 (x) Y (x,0) —20(x), xR

From this equality and the harmonicity of g.. we conclude that

(3-6) Gee(x,1,0) =2P(WYhy —0)(x, 1), (x,1) € D(0).

Next observe that

(3-7) I(S)Z/Rn_. Va(x,d(x,8),6)|log|Ve(x, ¢ (x, ), )|y 1+ |V x, )| dx.

Also, (=V (x, £), 1) (14]V¢[2) " is the inner normal to dD(e) at (x, ¢ (x, &)
and Vg(x, ¢ (x, €), €) is parallel to this inner normal. Thus at (x, ¢ (x, £)) we have

V1+|VeP

Vgl =
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where (-, -) denotes the usual inner product on R"~!. Substituting this expression
into the integrand in (3—7), canceling the square roots, and taking logarithms we
obtain

(—(Ve. V) +g:) (log(—(Vg, V) +g1) — 5 log(1 +|V (x, &) ]")).
Using (3—1) and the above equality the integrand in (3—7) now becomes
(1+1Ve(x, )1%) & (log(gn) + 3 log(1 + [V (x, e)*))

at (x, p(x,€)), x e R"1: We expand this expression in ¢ at O through powers of
%, since our goal is to find I"”(0). For this purpose let

gi(x,p(x,8), &) =1+aie +are® +aze’ +ase* +- -

and set
w =a18+a282+a383 +a484+--- .
The logarithm of g, then becomes w — %wz + %w3 - %w‘* +---. Also,
Ve (x, )" = 21992 (x) +26°(Vr (x), Vo)) +£*| V0 (x) |
and

log(1+ V¢ (x, )1) = |V (x, &) — LIV (x, &)+ --
= 2| Vy (o)) +283(Vy (x), VO () + &4 (IV0 ()2
3V @)+

Using these equalities, multiplying out the expression above and collecting powers
of € up to order 4 we have for the integrand in (3-7)

(3-8) eai+1e?(2ax +al + |V )
+ L (6as + 6a1ar — ai +9a; VY | +6(Vy, V6))
+ A&t (24a4 +24aja; + (36|Vy > — 1247 + 12a2)az
+(2a? + 1219y P)a? + 6Ty [* + 12901+ 72(Vy, ﬁeml)
+0(),

where the last term denotes a bounded term in &> on [—1, 1]. From Taylor’s theo-
rem and the smoothness of g and its derivatives on D(¢), we deduce that k! a; =
k!ay(x) is the k-th derivative of g,(x, ¢ (x, €), t) evaluated at ¢ = 0. This k-th total
derivative in ¢ is easily seen to be equal to the operator (¥ +2¢0)(d/9¢)+(d/de) ap-
plied k times to g; at (x, ¢ (x, €)). Using this fact and (3-3) we deduce at x € R"—!
and ¢ = 0 that

(3-9) ar = ger = — V1.
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From (3-7)-(3-9) we conclude that

(3-10) I'(0) = / ay=— Y (x,0)dx =0,
Rn—1 Rr—1

as follows from Green’s first identity (the integral is the normal derivative of a
harmonic function) using smoothness of derivatives of i, in D(0) and the fact that
vy (x, 1) = 0((|x|2 + tz)*("“‘)/z) in a neighborhood of co. Here 8* denotes an
arbitrary k-th partial of v, in either x or ¢. Also, using the harmonicity of g, and
(3-3) we get at x € R"~! and t = 0 = ¢ the relation

G-1D)  2ay =g +2082 +20 8o + 802 = 2 AY + gexr.
Using (3—11), (3-7)-(3-9), Green’s first identity and integrating by parts we find,

in view of the above decay estimates,

(3-12) 1”(0):/ (af +2a2 + VY %)
Rn—l
=/ (V7 + 20 AV + g2, + VY ?) dux
Rn—l

- /R,,_. (7 —IVy[*)dx =0.

The last integral is zero from a Rellich-type identity; see [Stein 1970, Chapter 7].
Next we note from (3-3) thatat x e R* ' andr =0 =&,

(3-13)  6a3 =Yg +6Y0gs + 30 ge + 3V g + 83, + 60812

=3y AY; — 3V Ag.2 + g5, + 60 Ay
Using (3—13), (3-11), (3-7)—-(3-9), integrating by parts using the harmonicity of
derivatives of g;, as well as Green’s first and second identities (to handle the terms
in g.3, and g,2,), we conclude that

(3-14) 1’”(0):/ (6as + 6ajar — a; +9a1 |V |* +6(Vy, VO)) dx
Rnfl

= -/Rnl (31#2 Ay — 3 Ag + g3, — 3U QU AY + g,2,)
+ 92 =99 | VY )P+ 60AY +6(V, 69)) dx

— | 3wy ) ax

We note that the derivatives in (3—10), (3—12), (3—14) agree with those in [Wolff
1995] even when 6 = 0. Finally observe for x e R"~!, t =0 =¢, that
(3-15) 24ay =Yg + 4y g4 + 12097 g 4+ 1207 g+
61//288213 +A4Y g + 8ot + 240V 8.3 + 120822
=4S AAY — 6V Ago, +4V g+ 8o, +2400 Ay, — 120 Ag,o.
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Using (3—15), (3—-13), (3-11), (3-7)—(3-9) we deduce that at x € R e=0
we have

(3-16)
1””(0):/ 1(24a4+24ala3+(36WW—12a]2+12612)642+(2a]2+12|W|2)a]2
. +6|Vy [ +12|VO> — 72(Vyr, Vo) w,) dx
= f l(—4w3 AAY —6Y 2 Age +4Y 82+ 8o +240Y Aty — 120 Ag,
(VB =3 Bt g, +6OAY)
+(I8IVY =6y +3Q¢ Ay +2.2)) QY A +8.2,)
F2U 12|V P2 46 VY [*+12|V01* = 72(V ), 69)%) dx.

Using Green’s first identity we see that the term in g,4, integrates to zero. Also
using Green’s second identity we deduce that the terms in g.3,2 and g3, taken
together integrate to zero. Thus the only terms left involve at most two partials in
&. As for these terms we observe that

(3-17) (129 Ay + 18|VY|* — 6y ) ge, — 6Y2Age,) dx
Rnfl

= fw_l 6(1VY > — ¥7) gez, dx.

Also combining the two terms in Ag,» we see from (3-5) that the sum can be
written as 6g,2Ag,. Using this fact, (3-5), integration by parts, and the Rellich-
type formula mentioned after (3—12) we see that

(3-18) / (68:2 Ag.> +3(g.2)?) dx
Rnfl

= [ (61Tgal + 3 dx = [ ~3Tgaltax
R”71 Rnfl

=12 [ (VTP T 2000 (T, T

+ |VO]> = 2(Vyr, VO, — 29 (Vy, 69)) dx.
Next note that

(3-19) / (—4y  AAY + 1292 (Ay)?) dx:/
Rn—1

RVL

—24y |V |> Ay dx.
Using (3—17)—(3-19) in (3—-16) we get
(3-20) 1"(0)= fR (1201 PRy 249y Ty, Ty +60TY 12— v7) g

2y + 12Ty Py +61TY 1 —24(Vy. o)y, ) dox.
which we use for computations in the next two sections.
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4. The bad integral

Leth(x,t) = (Ix >4t + 1)2) 1=n/2 be the fundamental solution to Laplace’s equa-
tion in R" with pole at (0, —1) and recall that § = 0, while

-1 Vet) = oh(x,t) B 2—n)x;
) 0x1 (|x|2 + @+ l)g)n/z

is the function in Theorem 3 when # = 0. Also as pointed out in Section 1, the
integrand in (1-2) or (3—14) for this v is odd in x;. Thus, I”/(0) = 0. In this
section we begin the calculation of the integral defining " (0) in (3-20) for ¥ in
(4-1), 6 =0, by finding the “bad integral”

4-2) | 6090 = 7).

We begin by computing g..(x,0). To do this we note that the solution F to the
Neumann problem for the Laplacian in D(0) = {(x, HeR":t> 0} with boundary
function f (see [Stein 1970, Chapter 7]) can be written as

1—n/2

4-3) Foun=co [ (k=sP+2) "R 10y

provided f is sufficiently smooth and has rapid enough decay at co. Here
(n—2)c, =" (An)yn "2,

where I" is the Euler Gamma function. We shall often use the fact that for x, y > 0,

C . ') (y)
2x—1 2y—1 _
4-4) /0 sin™* " "¢ cos ¢do = —2F(x )
Taking f = 2y, we see that
(4-5) fFeC®R*™ and |f(x)|<c(d+xD'™? forxeR!

and some ¢ > 1. Using (4-3), (4-5) and Hardy space theory (see [Stein 1970,
Chapter 7]) we deduce that

0gee .02 2, 2\1-n/2
4 = —2¢, lim — — "
(4-6) = (x,0) = —2¢, lim - /Rn](pc Y+ 2y (y, 0 dy
=2¢y lim Al(lx =y + D21y (v, 0) dy
r— Rn—l

=2, [ P BOne— 3,00 dy.



WOLFF SNOWFLAKES 151

We note that

@7 (n(=2%) " AW Yz, 0)

92 n+1 2\—n a2 —(n+1)
-2 (- | ) 2 (1412
81%( = (1+12P) +azf( +12P)

—n+ (1 +122) "k n+2) (14 12) "
_ <32f1 9% f

a_z%+8_z%+f3+f4>(z)'

Using (4-7) in (4-6) we see that at (x, 0),

10 92
(4-8) (2n(n—2%) " B% = (P 4+ B+ B+ B,
ot 8x1
where
4-9) Fi(x) = cn/ WP i —y)dy forl<i<d,
Rnfl

and to get F, F, on the right-hand side of (4—8) we have interchanged the order of
differentiation and integration in the corresponding integrals, which is permissible
as we see from (4—5). We now introduce spherical coordinates in R*~!. Let r = |x|,
p = |y| and y; = pcos6. From rotational symmetry we deduce that each F; is
radial. Using this and writing F;(r) for F;(x), 1 <i <4, we see for n > 3 that each
F; has the form

T pOO sin"_39
4-10 F; =d; dop do
(4-10) (") L/nfofo Ep el

where

dy=—n+1/2n), kH =n,

d=1, ky=n+1,
(4-11)

dz =—(n+3), ks=n+1,

d4=2]’l+2, k4=n+2.

To evaluate the integrals in (4—10) we shall use contour integration and complex
notation. Let z=x +iy and let A g be the boundary in the complex plane (oriented
counterclockwise) of {z=x+iy:y>0}N{z:|z]| < R}. If

f@r0)=0+r*—2rzcosf+29)7*
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and k > n is a positive integer, then from the residue theorem and simple estimates
we have

T OO n—3 0
4-12 1 = dp db
( ) w1 /0 /0 (1472 —=2rpcos + p2)k P

/2 R
= / sin" 36 lim fz,r,0)dzd
0

R—o00 AR

/2 n
zzm'/ sin" > @ Res f(-,r,0)|; db
0

where z; is the pole of f (-, r, 0) withImz; > 0. To find this residue we note from
the quadratic formula that

fz,r,0) =@ —20"% -2,

where
zZ1=rcosf+iv1+r2sin?0 and zp=17.
Thus
. 1 gkt — 1 T2k —1) 12k
Res f(-,r,0)l;, = —— G Didi -(z—z22)" = (=1 W(&—zz)
'k
—i2!- 2’<¥(1+r25in9)1/2—k.
[ (k)?
Using this equality in (4—-12) we get
4-13)
1y = 22 o D2k — 1)/ n"39
['(k)? (l—i—r2 sin® 9)k—1/2
rQRk—1) [~ 2 (1/2—k)
— (14 r1/2-k -2 LD si" 01— ——cos?0) df
r? Jo 1472

Next we expand the integrand in (4—13) in a series, using the binomial theorem, and
use (4-4) to integrate term by term. If (a)g =1 and (a),, =a(a+1)...(a+m—1),
for m a positive integer, we find that

- T3 B r2 5 \1/2-k)
4-14) sin" " 61 cos“ 6 do
0

1+r2

_1 2 m T2
( 2)m ( r 2) / sin" 30 cos?™ 0 d@)
m! 147 0

r(Hrin—1 (_ a1 )
rt(n—1y) 27 272 20 1+r2)

“'”ﬁMg

[
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where again

F(a,b,c,w) = Z Mwm

— m! ()

is the hypergeometric function. Using (4—14) and (4-13) we conclude that

1 1 n 1 r
4-15 1) = A1+ 72 VHF(—, k—- 2o )
( ) (r) K)A+r7) 5 22712

where

Fr(HrGn—1)T2k—1)
rdn-Hrw?
Next, from (4—15), (4—-11), (4—10), we deduce that

n+1 o 12em i1 1l n 1 7

F =__A 1 / nF<_? __’ ___’ —>’

1) 2 AW+ 2" 2T 142
2

nl r)
" 2’1+r

A(k) — 21—2k

1 1
FZ(F)=A(n+1)(1+r2)—n—1/2p( e
2 2
(4-16) 2
F3(r) = —(n+3)A(n+ 1) (1+r%) """/ (1 Il n 1 r )
3 27 2’ 2 2’ 1+r2 N
3 n 1 2

F4(r)=(2n+2>A(n+z>(1+r2)—n—3/2F(l nid ).
22722 2 142

To compute derivatives of I (r) we note that if z = r2 /(1 4+ r2), then I(r) can be

written as a constant multiple of (1 — 2)PF(a, b, c, 7) for suitably chosen a, b, c.
Then dz/dx; = 2x;(1 — z)? and

F
8ixl(a—z)bF(a, b.c,2)) = 2x1(1—z)b+1(—bF(a, b, z)—i—(l—z)aa—z(a, b.c. z))

=2x1(1—=2)"* Y (a—c)(b/c), F(a, b+1, c+1).

Differentiating this equality once again we find with x; = r cos 6 that

92 1 1l n 1 72
—1(r) = B(k)(1 2—k“/zF(—,k - =+, )
92 (r) = Bk)(1 +r) kt sty e
1 3 n 3 2
C k) cos? 0 r2(1 2"“3/2F(—,k 2242 )
+Ck) cos™6 (1 +717) PRI N R N g
where

r(Hré&rek—1
I'(%+3)Tk)?

FrHré&+nrek—1)

FrG+Hrk?

B(k) = —(2k — 1)21 72

C(k) = (4k> — 1)2!~%*
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From these equalities we see that

(4-17)
a2 (n+1) S 1 1 7
—n—1/2
a0 = B (1+r)™" 2 F (3. n+— )
(n+1) 2 2 2 _ _3 2 1 3 I’l 3 r2
C 0r2(1 n=3/ F< 2 )
g, Clmeosmori(i4rs) PRI AT I N g
= G11(r)+G2(r) cos> 0,

92 1 3 n 1 2
2 FEe) =B+ 2—"—3/217( > )
g2 20 =B DAY PR A

1 5n 3 r?
242 2y-n-5/2 2 n
+Cm+1)cos”Or - (1+r)™" ( +2 2+2 1—|—r2)

= G21(r)+Gxn(r) cos> 6.

Combining these two equalities with (4-16), we see that dg../dt is calculated in
terms of the hypergeometric function.

Next we write (|Vy|> — ¢7)(x, 0) in polar coordinates. If r = |x| and x| =
r cos 6, we have
(4-18)
Tyl — 2, 0) = 2*(n - 2)%r? 02052 6 nn —22)31’2 colsz 0 (nz— 2)?
(rz2+ Dt (r*+ 1t (r=+1)"

= g1(r) cos® 0 + g»(r) cos® 6 + g3(r).

To find the integrals with integrand involving g;(d/0¢)gee, for 1 <i < 3, we first
consider integrals of the form

[ 2
Jb.hk = [ Fa 2*’1*’<F( kb, —— )dr,
( ) /0 r'(+ro) 2 17 r
when / equals n —2,n,orn+2,and h, k >0 with h + &k > 2n + % Interchanging
the integration and summation signs in this integral (which is permissible by the
Tonelli theorem) and using the substitution » = tan ¢, we get

00 (l)m(k)m fe'e) r2m+l
@19 Jehkh=2, Gty T

Z ( )‘m(k)m / ( cos ¢)2h+2k—2—l (Sil’l ¢)2m+ld¢
=0 m. (b)m 0

_Th+k=5-Hrd+h i G+ Dm (3)m )
B 2T (h + k) (h+ k) (D)mm!

m=0
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We first use (4-18) with/ =n—2and b =5 — % to get
Fh+k-2+Hrg-H & Z (3)m (k)m
2I' (h + k) ¢ (k+ )y m!
F(h+k—2+2)F(2 2
2F(h—|—k))F(2,k h+k, 1)

_TG-Prei+k—5+DTh—3)
2F(h)l“(h+k—%)

4-20) J(E—1 hkn—2)=

Here we have used the fact that

@21) Fap.y. )= 0= PO s 0andy—a—p > 0.

I'(y—a)T'(y—5)
From (4-20) withh =nand k =n+ %, (4-16) for F3, and (4-4) we get

o0 b
(4-22) H; = / / sin" 30 Fs(r) g3(r)r" 2 dr
0 0

—DTI
=—(n—-2)*(n+3)An +1)% (%—%,n,n+%,n—2)
= —8(n+3)(n—2)>n>D,
where
n_ 1\2r(3n _1
423) _ G- DTG+ DI —5)

242 - DT (n+1)3

Likewise from (4-20) withh =n and k =n + %, (4-16) for Fy, and (4-4) we get

o0 b
(4-24) Hy = / / sin" 30 Fy(r) g3(r)r" 2 do dr
0 0
=2(3n+2)2n+ n(n —2)>D

Next we put b = % — % and [ = n in the sum on the last line of (4—-19). We deduce

> (ngly (1
Z 5+ D m(EK)m — F(L k. h4k)+

————— —F(3. k+1,h+k+1).
=+l (s — 3)mm! (h+k)y(n—1) G )

Using this together with (4-21) and (4-19) we find after simplifying that
425 J(5—5.hkn)

_Thtk—5- DrE+Hre-

—1)(2h —3)+2k
4n—DT(h+k—5HT M) (( h=3)+28).
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Using (4-25) withb =% — 1, h=n+2,k =n+ 1 and | = n, together with (4-16)
for F3 and (4-4), we get

oo pm/2

@2 H= [ [ ocoso g 2
0 JO

(n—DIrG-3)

_ @n=DGn+) (=2’ (n+3) |
B 2(n%—1) '

=2n*(n=2)*(n+3)A(n+1) J(E—L n+2,n+1n)

Arguing as above with b = 5 — % h=n+2k=n+ %, [ = n, we also obtain

oo pm/2
(4-27) Hy= / / sin" 36 cos? 0 Fa(r) g1 (r)r"2dr
0 0

_ P =2’Cn =D’ +n+2)BGn+2)Gn+4)
B 8(n+1)2(n—1) '

Next with b, as above, h=n+1,and k =n + % we find

oo pm/2
(4-28) Hs= / / sin" 2 6 cos? 0 F3(r) g2 (r) rdr
0 0

_(2n2 —n+2)nn —2)3(n+3)D
n—1 '

Alsoforb,lasaboveandh:n—l—l,k:n—{—%,

oo pm/2
(4-29) Hg= / / sin" 3 6 cos? 0 Fy(r) go(r)r"2dr
0 0

_n(=2°CGn+2)n’ —n+4)
N 2(n—1) '

To continue, we note that if b = % + % and / = n in the sum in (4—19), one deduces
as in (4-20) that

T(h+k—4%—DTG+HT(R—3)

4-30 T+ hkon)=
(“4=30) (G+3 ) 2T (h+k— 1)

In view of (4-30) withb =2+ %, h=n+2,k=n+1%,1=n, we find from (4-18)
and the first equality in (4—17) that

oo pr/2
(4-31) H;= / / sin" 3@ cos?0 G1(r) g1 (r)r" 2 dr
0 0

_ BGn+2)@n—-1n— 2)3n?

D.
2(n—1)
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With b, h,[l asin (4-31)and k =n + % we deduce as above that

oo pm/2
@) = [ [ 0o e G g 2ar
0 JO
_ (=G +2)CGn+HAn’ — 1)
- 8(n— 1)(n + 1)2 :

Next we repeat our program for the integrals in (4-31), (4-32) with h =n+1 and
all other parameters as in (4-31), (4-32) respectively. We get

oo pm/2
(4-33) Hy= / / sin" 36 cos? 0 Gi1(r) g2 (r)r"2dr
0 0
~ (n=2*(n+1)2n — l)nD

n—1

’

oo pm/2
(4-34) Hp= / / sin" 2 60 cos? 0 Gy (r) g2 (r)r*Ldr
0 0

_n(n— 2)*Bn+2)2n—1) b
2(n—1) '

As in (4-30) we see thatif / =n+2 and b = % + %, then

Ph+k=5=DTG+HTh—7)
MW (h+k— 1) |

@-35)  J(3+3hkon+2)=
Using (4-35) with b,/ asin (4-30)and h=n+2,k=n+ % we find

oo pr/2
(4-36) Hj = / / sin" 36 cos* 0 G1o(r) g1 (r)r*2dr
0 0
_3Gn+2)(n—2)n @4 —1)
N 8n+1)2(n—1)
Also for b, [, as in (4-35) we have withh =n+2,k=n+5/2,

oo pm/2
(4-37) Hpp = / / sin" 3 6 cos* 0 Gar(r) g1 (r)r2dr

0 0
_ 33n+2)Bn+4)(n—2)°n*@n* — 1) b
N 16(n2 —1)(n+1)2

Next we repeat the argument that gave us (4-34), (4-35) with b, [, k as in these
displays and 4 = n + 1. Doing this we get

oo pr/2
(4-38) Hjz= / / sin" 36 cos* 0 G12(r) g2 (r) r" 2 dr
0 0

__3m— 2)*n?@2n—1) D.
2(n—1)
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(4-39) Hjs= / / n" @ cos’ 0 G (r) ga(r)r"2dr

3(2n +3)Bn+2)(n —2)*n?2n — 1)
82 —Dn+1)

Next we note from integrating by parts and radial symmetry that

/2 82
(4-40) / / sin”_39g3(r)—2(F1+F2)(r)r"_2d9dr
0 0

77/2
/ / nt 30

= Hi5+ Hjg,

(r) (F1+F>)(r)r"=2do dr

with
n—2

/2
H15_—2n(n—2)2/ / n"" 39(1”1—1-1”2)(r)ma'9

n

/2
_ 2 .13 2 r
H16—4n(l’l+1)(l’l—2) /(; /(; sin” > 0 cos 9(F]+F2)(")Wd9

To find H;s we first write this integral as a sum of two integrals involving Fy, F.
Wethenuseb:%—%,h:n—l—l,k_n—— l_n—21n(4 20) to evaluate the
integral involving F; and then b = 5 — %, h=n+1,k=n+ —, [ =n—21in (4-20)
to evaluate the integral involving F;. Altogether we get

(4-41) His = (8n°(n —2)*’(n+ 1) —2n(n —2)*(2n — )(3n +2)) D
Next we use (4-25) and argue as above to find
(4-42)
20+ D(n— 2)2n(2n*+n — 2) Bn+2)(n—2)*n*2n—1)
His = 1 n—1 b
n J— —_—

Combining the integrals in (4—22)—(4-42) and simplifying we find from (4—8) that

@ | g”(|v¢| —y2)dx

/2 poo ag 16
=q, / f sin" 3 6 8;’"’3 (r, Q)r"_zdrd0:12n(n—2)ZZHi
0 0 i=1

3n3(n—2)*(16+ 16n — 72n*> —44n> — 11n* + 12n°) b
= — s
" 4n—1(n+1)3

where
27.[n/2—1

re—1

oy =
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5. Proof of Theorem 3

We first calculate the integral involving the rest of the integrand in /””(0) and then
use Stirling’s formula to finally get Theorem 3. To begin we note as before that if
x € R*!and r = |x|, then

(n—2)2 (- 2)2n%x?  (n—2)nx?

(r2—|- Hn (r + 1)n+2 (r 1)n+l

(5-1) VY| (x, 0) =

and
2(n —2)*n%x7  2(n—2)°nx} 20 —2)n3x}
(,,2 + 1)2n+2 (}’2 + 1)2n+1 (r + 1)2n+3
m—2*  (m—2*n*x}  (n—2)%n%x}
(,,2 + 1)2n (r ])2n+4 (r 1)2n+2
Introducing spherical coordinates x| =r cos 6 in (5-2) and integrating the resulting

expression term by term, using once again the substitution » = tan¢ as well as
(4-4), we obtain

(5-2) VY |*(x,0)=—

3(n —2)>(3n* 4 81 4+ 133n2 +392n + 336) E
16(n+1)2n+3)2n+1)

(5-3) / 6|V |*dx =
Rn—]
where «,, is defined after (4—43) and

VAITA+n/QTF +3)  alU+n/2T 4+ 5)

(5-4) E= —
I'(2n) T ()T (n+ $)22n-1

El

by Legendre’s duplication formula for the I function. We note that
(n —2)%n%x?
(rz +1 )n+2 ’
Multiplying (5-5) by (5-1) and integrating we find that
3(n—2)°(3n’ +n?+4n+24)(3n 4 1) -

(5-5) Yl (x, 0) =

56 [ 120ATyPdx=

82n+1)(n+1)(2n +3)
Also squaring (5—4) and integrating we find
9(n —2)°n*Bn+1
(5-7) / 2yt dx = ay o= 2 Gn D
-1 16(2n+1)(2n +3)

Next we note that

n(n—2)x n(n? —4)x

(5-8) Ay (x,0)=— (2 1)r/2H + (r2 + /242"

Multiplying together (5-8), (4-1), (5-1) and integrating we get

9(n —2)3(3n* +4n® +n% +32n +48)
82n+12n+3)(n+1)

(5-9) / 129 |Vy > Ay dx = —ay,
Rn—l
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To handle the last term in the integral observe that

\V/ 2
(5-10) a|va;p| (x,0)
_ 21(n—-2*  2n*(n—2)*(n+2)x>  2n(n—2)*(n® —2)x?
- (r2 + Dntl (r2 + 1)n+3 - (r2 + 1)n+2

Multiplying together (5—10), the positive square root of (5-5), (4—1) and integrating
using (4-2) we obtain
(6-11)

3334 T2 —2n—
/ 2, (Vi ﬁt/mdx:af(” 2)3(3n°+7n*—-2n—12)(3n+1)
Rn—1

4(n+1)2n+1)(2n+3)
Adding together (5-3), (5-6), (5-7), (5-9), and (5-11) we conclude that

(5-12)
[ 20T IR B+ 2400 (T 9 T+ 20+ 12T P97 + 61T 1) dx

3B +2n2+7Tn+2)(n —2)3
2 +1D)@2n+1)

= Uy

Combining this with (4-43) we get
3n3(n—2)*(16+ 16n — 72n% —44n3 — 11n* + 12n°) b
4n—1Dm+1)3
3@ +2n24+Tn+2)(n—2)>

(5-13) I"(0) = —ay

IR TP § Yo Py
4 <_LLn(16+16n—72n2—44n3—11n4+12n6)
16 (n+1)2(n—1)
334202+ 7Tn+2
2n+1 )

where
A 3no,m(n —2)*T (% — DL+ 127272
FmT(n+3)n+1)
L _TO+HPe—HTE-DLG+1
P+ DM+ DG -HrE+5H’

In order to show that (5—13) is positive we need to estimate L from above. Substi-
tuting F(%” +1)= 37” F(%”) and I'(n 4+ 1) =nI"(n) once gives

L 3[@+DMe =TG- DIG)
T2TGA DTG - DG+ 5’
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This gives four ratios of Gamma functions, in the order they appear, of the form
I'z)/T'z+ %). Using Stirling’s formula (see [Ahlfors 1978, p. 203]) we see that

I'(2) =< < )Z&eJ(z)J(erl/Z)
'iz+1/2) z+%

Z12

where

1 * < 1 1 1 n 3n
J(Z):;A n2+Z210g1_e_27rnd77 forz=n+§,n—§,§—l,7+l.

Next observe that

(=57) =en(sm(1- 557 ) =o0(c ) =enn(—5—r)
=explzIn(l——) ) <exp(z <exp(—
1l P 2241 P21 ="\ 26—

for all z occurring above. Therefore,

—2(n—-2)/(n—1) 2 3 2/ (n=2)
(5-14) L<3 ¢ ‘ S < V3e S

Jo+He-HE-nE+) /- 5)0-2)
for n > 3, where S stands for

exp(J(n+H)—J(n+D)+J (=D —T () +J E—D)—J E-H+T -T2 +D)).

We estimate J(z) — J(z+ %) using the formula above and the mean value theorem
(z<E<z+3):

/oo n2_§2 | ( 1 )d
7l g e

- 1 / o i 1 dn < 1 - 1
og—— — < —

Soger ), BTz NS 42 = 042

where we have also used the fact that the last integral is 77 /12 (see [Ahlfors 1978,

p. 205]). Again using that the least z above is z = %(n —2) we see that

1
|J(Z)—J(z+%)|=2—

G- 1 4 2
eEXp ——mmm= =CXp —m—m—m—=.
=\FPuc-e P3n—2)

Using this inequality in (5-14) we have

ﬁexp<n32+3(n32)2).

(5-15) L<

We also have forn >3
n(16 + 16n — 72n* — 44n3 — 11n* 4+ 12n%) - 12n7

= 12n*.
n+D2(n—1) =703 "

(5-16)
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Combining (5-16) and (5-15) we deduce that

517, 1 T+ PTa—prG-Dr&+0

16 Tm+DTE-HrE+d)
n(16+16n —72n —44n3 — 11n* +12n°)
% n+ 12(n—1)

2 1
n—2+6(n—2)2) - 320>+ Tn+2

Ty

for n > 100, as is easily seen. From (5-17) and (5-13) we conclude that I"(0) > 0
for n > 100. For 3 <n < 100 one can check (5-13) directly to see that 7”7 (0) > 0.
This is easily done using a computer. In fact it turns out that (5-17) is valid for
n > 23 so that one need only verify directly that (5—13) is positive for 3 <n < 23.
The proof of Theorem 3 is now complete. O

3n%y/3 exp(

6. Proof of Theorem 4

Let i be as in Theorem 3 and put 8 = ;. From (3—5) we have g,> =050 g,2, =0
and the “bad term” in the last calculation now vanishes. Also note that

(6-1) An_l<§¢’§(‘”‘”f)>‘”’d": /_I|W|2w,2dx+ /R (Y, Vy) Y dox.

R» n—1
Multiplying by —24, substituting into (3—20) and collecting terms we see that

(6-2) 1””(0):/ (129 VY Ay + 2y, — 12|Vy 2y +6|Vy|*) dx.
Rn—l

Subtracting (5-6) from the sum of (5-3), (5-7), (5-9), we conclude that
(n —2)’n(3n*+2n* —13n — 6)
2+ D2n+3)2n+1)
32T (2 (n — 2)* n? (3n3 +2n% — 13n — 6)
T+ DT 22+ (n+ 1) (2n +3)(2n + 1)

The proof of Theorem 4 is now complete. (]

6-3)  I"(0) = —3a,

Remark. Equation (3-20) can be written as

(uwwﬂxw + 2499, (VYr, Vi)

+ 12(IVY Py ) P(n), + 2y + 12|V Py}
+6[Ty [t — 120, (1Vy > — y2) — 24(Vy, ?9)1//,) dx.

64) 1"(0)= /

Rn—1
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Note that 6 occurs linearly in this integral and only in the last two terms. Thus
since we can always multiply 6 by a large positive or negative constant it would
suffice to prove the following conjecture in order to obtain examples where 1" (0)
has both signs.

Conjecture 1. Given 0 # ¢ € C°(R™™"), n > 3, with 1"'(0) = 0, there exists
0 € CP R with

0+ (126, (IVy P—y D) + 24(Vy, VO, ) dx
Rn—l

:/Rnl(129t (|§1/f|2—1/f[2) — 126 (|§1/f|2_1/f[2)t) dx

= / 120A(|Vy > — ¢}) dx.
D(0)

Let

G
722 —n)
for fixed y € R"~!. Using this 6 in Conjecture 1 and letting r — 0 through positive
values we see from well-known facts about the Poisson integral that the conjecture
is equivalent to the inequality

0(x, 1) (x —y> 42"

n—1

(IVY1>=97) (3,00 #2 Y R, ¥1)(y,0)  when y e R"~,
i=1

where each R;(x) = (F(%)/n”/2)(x,-/|x|), for 1 <i <n—1,is a Riesz transform
and R; f denotes the convolution of R; with f. A less likely conjecture is:
Conjecture 2. Given € C{° (R* 1Y with I"(0) = 0 and 6 = 0, it is always true
that the integral in (3-20) is positive.

The following examples, all with n =4, lend some credence to these conjectures.
The first example involves

1 a?

V= a0 Prarar

where 0 < a < 1 and r> = x? 4+ y? + 7. For this ¥ we find, using residues, that
I""(0) = 0 for all a. The remaining calculations in this section are all from Maple.
The fourth derivatives are

1 72 (3a*+22a+3) (a—1)*

1), (0) = = ,
9=0(0) 2 PRPEST
o 1 (3a2—|—26a—|—3) (a—1)*n?
19=1//¢z(0)= Z a (Cl+1)5 :
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These derivatives are positive and unequal, supporting both conjectures. To find
1;”,(0) for this example we needed to calculate g;., which we did by using partial
fractions on 2y, and then solving a system of equations based on the observation
that g.. can be realized as a linear combination of ¢ derivatives of

1 1
= d v=s——.
2re+rn? M VTR G ra2

One obtains more evidence for Conjectures 1 and 2 from the following examples,
which also imply, along with the preceding one, that /;” sy, (0) may have either
sign. All the examples involve linear combinations of derivatives of the u just
defined. Again, this makes finding g,. possible when 6 = 0 using derivatives of u.
We always use an odd number of x derivatives so that I”’(0) =0

Here is a table of some derivatives.

v 2@/ AL, (0)/7°
Uy = —2xu’ % 2(3)
= 8x(t + Du’ Pase — 48051
Uy = —48x3u* + 24xu3 —3012285%41063 —%
Uy = —48u4 (t + 1)2x +8 udx 46%%&%61 _75368450143
T —3840u6x5 + 3840 u5x3 —720 u4x 47394216036225625 _ 423801029860625

We also computed many 1;”,(0) and I;”, , (0) for many linear combinations
Y. For example, for ¥ = u,; + auy.y, we get

19”’2/0(0)—627200(504673605a +760731228 a* +444523278 4 +120281560a+13576136)

and

I 4, (0) = 2227 (15323931 0% 42371821347 41415013947 438902124+ 448476).

In all these examples of linear combinations we found that ;" (0) > 0, supporting
Conjecture 2, while 1;” vy, (0) < 0, supporting Conjecture 1, and showing along
with the example at the bottom of page 163 that 7;” sy, (0) may have either sign.

Another way to generate examples is to use separation of variables in (7, ).
Then for any A > 0 the functions e~* sin(Ar)/r are harmonic in [R{i and, with
appropriate integrability,

e(r 1) =/2/7 f sm(m ¢ A rda

represents the harmonic function with boundary values

g(r.0) =/2/n f h Smi“) FOydn
0




WOLFF SNOWFLAKES 165

So one can calculate examples in the variables (r, t) using Fourier sine transforms
when n = 4, or by using Hankel transforms in higher dimensions. The examples
we worked out did not lead to anything new.

Finally let w, it denote (as in Section 1) harmonic measure defined with respect
to the above D, R"\ D. Since both these measures are doubling measures it follows
easily from a monotonicity formula of [Alt et al. 1984] (see also [Friedland and
Hayman 1976]) thatif x € 9D, 0 <r <1, then

w(B(x, ) l(B(x, 1)) < cr?2,

where ¢ depends only on n. Now for i, D as in Corollary 1 and almost every
x € supp u it follows from Wolff’s argument and Theorem 3 that

. Inp(B(x,r))
hm —_— < n

—1.
r—0 Inr

A similar statement holds for fi. Using these equalities in the monotonicity formula
we reach a contradiction unless p and & are mutually singular. On the other hand
there is no contradiction to the above inequality if w, i, D are as in Corollary 2.
Thus we conjecture:

Conjecture 3. There exists a Wolff snowflake for which 1, fi are not mutually
singular.

In two dimensions (see [Bishop et al. 1989]) a necessary and sufficient condition
for these measures to be mutually singular in a Jordan domain is that the set of
boundary points with tangents has H' measure zero. Clearly Wolff snowflakes
have this property, so i, fi are always mutually singular in R?.
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