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CHEVALLEY COHOMOLOGY FOR KONTSEVICH’S GRAPHS

DIDIER ARNAL, ANGELA GAMMELLA AND MOHSEN MASMOUDI

We introduce the Chevalley cohomology for the graded Lie algebra of poly-
vector fields on R?. This cohomology occurs naturally in the problem of
construction and classification of formalities on the space R?. Considering
only graph formalities, that is, formalities defined with the help of graphs
as in the original construction of Kontsevich, we define (as the first and
third authors did earlier for the Hochschild cohomology) the Chevalley co-
homology directly on spaces of graphs. More precisely, observing first a
noteworthy property for Kontsevich’s explicit formality on R?, we restrict
ourselves to graph formalities with that property. With this restriction, we
obtain some simple expressions for the Chevalley coboundary operator; in
particular, we can write this cohomology directly on the space of purely
aerial, nonoriented graphs. We also give examples and applications.

1. Introduction

In this article, we study formalities on the space R, which are defined as fol-
lows. Let Tpoly(Rd)[l] be the space of polyvector fields on R? graded by |a| =
degree(o) =k —2 if « is a k-vector field (the [1] stands for this choice of translation
on degrees). Similarly, Dpoly([Rd )[1]) will denote the polydifferential operators on
R? graded by | D| =m — 2 if D is an m-differential operator. We view both spaces
as formal graded manifolds; see [Kontsevich 1997; 2003]. A formality is a formal
nonlinear mapping % between Tpoly([R{d)[l] and Dpoly(Rd )[1], intertwining their
natural vector fields Q and Q’.

The monomial functions oy .05 .. ... o, on Tpoly(Rd ) are elements of the space
S”(Tpoly([RRd)[l]) of symmetric n-polyvector fields on Tpoly(Rd )[1] (this means that
oy . = (—D)l®ll2lg . o5). The manifold Tpoly(Rd)[l] is equipped with the formal
bilinear vector field Q = Q», defined with the help of the Schouten bracket [ , ]s:

02 (ay - ) = (1) Ial=Dlealfg, gy,

Similarly, Dpoly([Rid )[1] is equipped with the formal vector field
0'=0)+05,
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defined by
Q1 (D)) =—duDy, Q4(D;.Dy) = (—=1)PI=DI2I[D, Dy6.

Here [ , ] is the Gerstenhaber bracket and dy denotes the usual Hochschild
coboundary operator: if D is an m-differential operator,

dHD(fh""fm-i-l)
= fiD(fas-os funt1) = D(fifas ooy fnr )+ (D" D(fi, ooy fin) fn

A formality % is then given by a sequence of mappings
Fn S (Tyoy RDI[11) = Doty R[1],

homogeneous of degree 0 and satisfying the formality equation

1
duy(Fp)(ay..... o) = > Z e (1, 1) O5(F 1y (atp) - Fiyy ()

IuJ={1,...,n}
1110, |10
1 ~ _
-5 D ekl 1. kL. )Ty Qo) ety T TR ).
k£t
Here, if I = {i; < --- <}, the notation o; means o;, ..... o,

We shall impose moreover the condition that & is the canonical mapping 9350)

from Tyoly (R?) to Dpoly(R?) defined by

1 n
FOE A ANEfry s ) = = > e@) [[&on U

ogES, i=1

for any vector field & and any function f;.

Now choose a coordinate system (x;) on R4. M. Kontsevich [2003] has built
explicitly a formality AU for R, using families of graphs drawn on configuration
spaces. A graph I' has aerial and terrestrial vertices. The aerial vertices are labeled
P1, - .., pn and are elements of the Poincaré half-plane

#H={zeC:Imz > 0}.

The terrestrial vertices g < - - - < g,, are on the real line. The edges of I" are arrows
starting from an aerial vertex and ending in a terrestrial or aerial vertex; there are
no arrows of the form p; p; and no multiple arrows. If we fix a total ordering O on
the edges of I', we get an oriented graph (I', O). We say that O is compatible if,
for all i, the arrows starting from p; precede those starting from p;;;. We denote
by GO, ,, the set of oriented graphs (I', O) with n labeled aerial vertices and m
labeled terrestrial vertices, and such that O is compatible.
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Consider such an oriented graph (I', O) € GO, ,,. Suppose there are k; edges
starting from the vertex p; (1 <i <n). Kontsevich [2003] defines a natural operator
B(r,0) assigning an m-differential operator B 0)(a1 ® --- ® @,) to an n-uple
(o1, ..., o) of polyvector fields «;. This operator vanishes unless, for each i, «;
belongs to Tk’_1 (R?) (o; is a k; -polyvector field). We first consider all the multi-
indexes (71, ..., fj) with |k| =) k; and 1 <t <d forall 1 <r < |k|. We denote
by end(a) the set of edges ending at the vertex a; if these edges are ¢;, ..., €j,,
we let dend(q) be the operator

al
axt-l e ax,ié '

i

Oend(a) =

Then, we denote by strt(p;) the ordered set ¢/, < --- < ¢, 3 of edges starting from

strt(p;)

pi and, if o; is a k;-vector field, by ¢, the follow1ng component of o;:

strt(p;) Ljy Ly,
i =q; .

Finally, if «; is a k;-vector field for each i, we set

B(F,O)(“l@"'@“n)(flv ceey fm) = Z Haend(p,)asm(pl)Haend(qj)fj

1<n,. l‘k|<d i=1

B(r,0) will be called the graph operator associated with (I", O).
The explicit formality AU of Kontsevich can now be written as a sum U= U,

with
WU, = Z Z wr,0)Br,0),

m>0 (I',0)eGOy,

where the coefficient w(r, ), the weight of (I', O), is an integral on a compactified
configuration space. To be precise, for 2n +m — 2 > 0, let Conf(n, m) be the
space of (n+m)-tuples consisting of n distinct points p; in # and m distinct points
q; on the real line d%. Consider on Conf(n, m) the action of the group G of
transformations z — az + b (a > 0 and b real), and form the quotient space

Cy.m =Conf(n,m)/G.

Kontsevich associates with each oriented graph (I', O) the form

n

1
T, 0) = o /\(dcbe’i /\---/\dCDE;Ci)
i=1



204 D. ARNAL, A. GAMMELLA AND M. MASMOUDI

on C, ,,, where {e’i < eé << e,';i} denotes the ordered set strt(p;) formed by
the k; edges starting from p;, k!:=k{!...k,! and, if eé = ﬁ)a,

1 a— p;
=05, = —Ar i

D —.
2w a—p;

i
¢

The weight w(r, o) is then defined as the value of the integral o o) on the con-
nected component Cnf m Of Cy pm for which g1 < -+ < gqy.

In this work, we are looking for graph formalities, that is, formalities on the
space R of the form & = >, Fn, where the &, are homogeneous mappings (of
degree 0) of the form

Fo=), Y, croBro,

m>0 (I',0)eGOy

with real coefficients ¢(r ). We shall use the notation %, = B,,, where y, is the

linear combination
=Y. Y. cro, 0.
m=0 (T,0)eGO,

Now assume we have found %y, ..., F,_; (with & = 950) =Al;) such that the
formality equation holds up to order n — 1. The next term %, if it exists, must be
a solution of an equation

dH (¢] @n = En,

that is,

.....

.....

of E,(aqi, ...,

under 0}50) of a polyvector field. Moreover, there exists an operator A, such that

n}) =(aoE,+dpo An)(a{l,...,n})-

.....

Now put
On = gl_] oaokE,,
that is,
on(aq.. ) =F; " (a(En(aqi,...n)));
then @, : S™ (Tpoty (RD[11) = Tpory(RY)[1] is homogeneous of degree |¢,| = 1.
In Section 2, we define the Chevalley coboundary operator 9 on Tpoly(Rd ). We

show that the mapping ¢,, described above is a Chevalley cocycle, and, if it is a
coboundary (¢, = d¢,—1), we can add to &,_; a Hochschild coboundary so that
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a(E,) vanishes and thus find a &, for which the formality equation holds up to
order n.

In Section 3, we establish a noteworthy property for the Kontsevich weights. For
any graph I' (with k; edges starting from p;), denote by A the purely aerial graph
obtained by removing the legs pid ; and the feet g; of I', and by ¢; the number of
aerial edges starting from p;. We prove that

1 2!
a( Z w(r,O)B(F,O)) = Z W(A.08)7 Z EE(F)B(F,O)-

(T,0)eGoSY, (A,04)eGOY ©(T,0)eGo),
(I, 0)D(A,04)

Here GO,(I},),, denotes the subspace of GO, ,, formed by the oriented graphs having
exactly one leg for each foot, GO,(ZO) is the set of purely aerial oriented graphs
(A, Op) with n aerial vertices and O compatible and &(I") is an explicit sign
depending only on I'.

This property suggests that we study what we call K-graph formalities. A K-
graph formality up to order n is a graph formality % at order n — 1 such that

On = 9**1_1 oao E, has the form

o= Y.  cwa00Ca0n
(A,04)eGOY

with real coefficients c¢(a,0,) and where

1 2!
Ca.0x) = - Z Hg(F)B(F,O)-
mz0"(,0)eGOo,
(T,0)2>(A,04)

In Section 4 we give some simple expressions of our Chevalley coboundary
operator. Then we restrict ourselves to K -graph formalities and study the Chevalley
cohomology related to the question of building such formalities.

In Section 5 we show that the coboundary operator d can be written directly on
the aerial part of the graphs.

We devote Section 6 to explicit computations and applications. In particular, we
prove the triviality of the cohomology for small values of n and give the restriction
of the cohomology for linear formalities.

2. Chevalley cohomology and formalities

We start by defining a graded Chevalley cohomology in a general algebraic set-
ting — that is, for cochains C : S"(g[1]) — IN[1], where g is a graded Lie algebra
and 91 a graded g-module. In fact two Chevalley coboundary operators are nat-
urally associated with the formality equation for RY. The first, 3’, is obtained
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by endowing Dpoly([R{d) with a Tpoly(Rd)—graded module structure; cochains are
mappings C : S"(Tpoty(R9)[1]) = Dpory(R¥)[1]. The other one, 9, is obtained
by considering Tpoly([R{d) as a graded module over itself; cochains are mappings
C : S"(TpoyRD[1]) = Tpory(RH)[1]. Using both d and ', we show that the
obstructions to formalities can be interpreted as cocycles for d.

2.1. Chevalley cohomology. Let (g, [ , ]) be a graded Lie algebra and 971 a graded
module over g. For reasons of homogeneity, we prefer to work with g[1] and 9[1].
Thus, we replace [ , ] and the action of g on 9 respectively by [ , " and [ , Jon,
defined for homogeneous «, 8 in g[1] of degrees |«|, |8] and for m in 90[1] of
degree |m| by

[, B] = (=1){1*+ DBl g,

[, mlom = (—1)Ue+DImlg

The space C" (g, ) of n-cochains consists of mappings C from S" (g[1]) to M[1].
The Chevalley coboundary dC of an n-cochain C, homogeneous of degree |C]|, is
the (n+1)-cochain defined by

3C(0(1 ..... Oln_H)
n+1
=Y (=Dl i 1 E o D], Clan e di o) gy
i=1

1 ~ .
~3 Zea(ij, 1...;j...,n+ 1)(—1)|C|C([ai, o] car...qa. .. .ozn+1).
i#]
Here the «; are homogeneous elements of g, |«;| denotes the degree of «; in g[1]
and for any permutation o of {1, ..., n}, &,(0) is the sign of o in the graded sense.
We shall denote by C [”q] (g, 91) the subspace of C" (g, 1) formed by the n-cochains

of degree ¢ and by H[’;](g, M) the corresponding cohomology group. Note that 9

sends Cj;(g, M) into quill](g, ).

Extending usual techniques to the graded case (See [Gammella 2001] for an
explicit computation), it is possible to prove:

Lemma 2.1. The operator 3 is a cohomology operator, that is, 3> =309 = 0.

We now return to the graded Lie algebras

(Tpory(RY), [, 1s) and  (Dpoy(R), [, 1),

where [ , ]s is the Schouten bracket and [ , ] the Gerstenhaber bracket. Let us
first make our conventions for these spaces and brackets precise.
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Let « be a k-vector field and {e;} the canonical basis of R¢. We put

_ JieJk . . - Jledk oo AL .
o= E o ;)R - -RQej = E o ejN---Nej,
Jlseees Jk J1<ja<-<jk
1
=— all~kej N Ne
k' 1 Jk
ek

For any k;-vector field «; and kjp-vector field o, (the degree of «; is k; — 1 in
Tpoly(Rd)), we define first a polyvector field | e &y with components

ki
1
ik -1 -1
oy e, = e E g(o) E (=D
=1

0 €Sk +hy—1

d
Ig(1)-lo(t=1)Sig (@)l k) —1) Ig(ky)e-lo (k) +ky—1)
X E o, " 05, ! R )

s=1

Now, [¢1, ap]s can be written as
[ar, cals = (=12 Vo ey — (=1 'y ).

(This choice for the Schouten bracket is denoted [ , ]g in [Arnal et al. 2002] and
[Manchon and Torossian 2003].)

On the other hand, for any m-differential operator D; and any m,-differential
operator D, (the degree of D; is m; — 1 in Dpoly(le)), we may write [Dy, D3] in
the form

[Dy, Dyl = Dy o Dy — (—=1)™=Dm=Dp, o py,

where

DioDa(fi,...s fin4ma—1) =

mi

D =D OGEID (f L fio Do Fiema—)s Fibmas o f4ma—1)-

j=1

Recall the canonical mapping 9750) from Tpoly(Rd) into Dpoly(Rd): each k-vector
field o can be viewed as a k-differential operator 9?50) (a) oforder 1, ..., 1:

70 _ A iy .
(F @) (fis s fi) = (. dfi A /\dfk)—k'a O, f1 .- 0 fr-

Now consider the action of Tpoly(Rd ) given by

a.D=ao[F”(@). D],  fora e Ty(R?) and D € Dyory(R?),
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where a denotes the usual skewsymmetrization of differential operators and [ , ]g
is the Gerstenhaber bracket. This action defines a Tpoly([Rid )-graded module struc-
ture on Dpoly([Rd ). Indeed, one can prove:

Proposition 2.2. The following equalities hold for any Dy, D;, D in Dpoly(Rd ),
any ky-vector field ay and ky-vector field oy in Tpoly([Rd):
(i) ao[Dy, Drlg =ao[Dy, a0 Dig;
oy g (0) _ a0 a0 .
() F 7 ([ar, azls) = ao[F,"(a1), F| (x2)]c;
(i) ao[F (o1, 02ls), D], = a0 [F (1), ao[F (@), Dlg],
—(=)®=DEDao [F (@), a0 [F (@), Dlg] -

From (iii) it follows that
[1, 0]s.D = a1.(@2.D) — (1)1 70 Vg (.,
and thus Dpoly(IRd) isa Tpoly(Rd)-module.

Now endow Dpoly(Rd) with the Tpoly(le )-graded structure described above. If
C:N\" ( poly(Rd ) S"(Tpoly(Rd)[l]) — Dpoly(Rd)[l] is a homogeneous mapping
of degree |C|, we can define its Chevalley coboundary 3’C. The latter can be
written using the vector fields Q and Q’, associated respectively with Tpoly([R{d)
and Dpoly([Rid ):

8’C(oz1 ..... Oln+1)
n+1

— Z(—l)'C”“”ea(i, 1oion+Dao 05 (F () . C@r .. ... app))

——Z&‘a(l], g .o.n+D(— 1)|C|C(Q2(a, o) .. of,'aj....anﬂ).
i#]

To simplify the writing, we will sometimes write ¢; instead of 97,50) (a;).

At the same time, considering Tpoly([R{d) as a graded module over itself, one
can define the Chevalley cohomology for Tpery(RY). If C : 8" (Tpory(R)[1]) —
Tpoly([R{d )[1] is an n-cochain, homogeneous of degree |C|, its coboundary 9C is

aC(ay e Opt1)
n+l1

= Z(—l)'c”“"|8a(i, Looiooon+DQs(ai . Clag .. di... o typ))

——Zea(zj, G+ DEDC(0a( ) TG ).
i#]
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Remark. For any ¢ : §” (Tpoly([R{d)[l]) — Tpoly([Rd)[l], we have
3 FVop)=FY 0.

2.2. Obstruction to formalities. The two Chevalley coboundary operators d and
9’ enable us to reformulate the formality equation. Indeed, suppose we want to con-
struct a formality & from Tpoly([R{d) to Dpoly([R{d). We thus need to solve recursively
the formality equation (see [Kontsevich 1997; Arnal et al. 2002] for notations)

1
duy(Fp)(ay..... an) == Z o (1, 1) O5(F 1y (atp) « Fryi ()
uJ={1,..., n}
[1>1,]J]=1
1 ~ __
—Ezaa(ke,1...ke...n)OJ,,_l(Qz(ak.ag).al ..... T .. - ),
ke

where dp is the Hochschild coboundary operator.

Now impose the condition that the first component % be @EO). Assume there are
mappings F», ..., F,_1, homogeneous of degree 0, and satisfying the formality
equation up to order n — 1. Denote by E,, the right-hand side of the equation at the
order n. Then E, is a Hochschild cocycle: dy E, = 0 (see [Arnal and Masmoudi
2002] for instance). Thus

E,=a0E,+dyC,

where a o E, is a differential operator of order 1, ..., 1 and E, is a coboundary if
and only if ao E, = 0. But

1
Ry ..00) =5 3 o, 1) Q) (Firi (@) - Fyy (@)

IuJ={1,....n},|1|>2,|J|>2

It follows directly from this expression that R, and a o R, both have degree 1:
|R,| = |ao R,| = 1. Moreover,

Theorem 2.3. The skewsymmetrization a o E, of E, can be identified through the
inverse mapping of ¥ with a d-cocycle. If this cocycle is exact, we can find F,_,
and F,,, homogeneous of degree 0, such that Fy, ..., Fn_p, F, _, F, satisfy the
formality equation up to order n.

Proof. The proof proceeds in three steps.
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Step 1. First we check that ao R, is a cocycle for 9”:

0 Can(Oll ..... Oln+1)
n+1
=Y (=DMley (i, 1...7...n+ 1)aQy(ci - aRu (s . ... T i)
i=1
1 .. ~ _
+§Zsa(l],1...1]...n+1)aRn(Q2(oz,~.ozj).ozl ..... Ailj e an+1)
i#]
n+1

- % Z ((_l)laiga(i, 1...7...n+1)
i=1
X Z g (I, J)aQ5 (e - aQ5(Fp () - 9:”(051)))>

IuJ={1...05..n+1}
[11>2,]J]=>2

1 ~
+Zz<ea(ij,1...z]...n+l)

i#]
X > ear (I, J)a Q5 (F r () -9'7J|(041))>
1UJ={0,1...5j..n+1)
[11=2,171=2
| I
= 5(D+ 7D,

where we have set ap := Q2(¢; . ), & = €a\{o;} AN E7 1= E(@Ufao})\ ez}
The term (I) above equals

n+1

Yoo Y (et G 1 7)aQh (aQh(Fin () - Fraes)) - ).

i=1 JuJ={1..7..n+1}
[1|22,|7]=2

By Proposition 2.2, aQ), satisfies the graded Jacobi identity; thus (I) equals

n+1

=YY (=nleltetebe, i1, T)a Qb (aQh(F () s i) - Fyy ()

i=1 JuJ={l..l..n+1}

[11>2,]J]=2
— > el 1, NaQh(aQh(ei - Fip () - Fy(es))
IuJ={1..1..n+1}
[11=2,]7]=2
==2 > eli. 1, N)aQy(aQ(e; - Fie) - Fiyi(ey)).

TuJ={l..7..n+1}
122,722
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Similarly, the second term, (II), is equal to

> ealij 1. ...n+1) > ear (1, 1)a Q) (Fi1(er) - Fyy (o))
i#j IuJ={0,1...7...n+1}
[11>2,|7|=2

=YY ealij, I, NaQy(Fi(Qale - )) - ay) - Fyy(@)))

i#]j 1= Ilu{O
LuJ={1..1[J...n+1}

+Z( > ea(ij ... ...n+ Dear(1,{0}, J))

oy J=J10{0
7 IuJI:{l.?.z’j{...}n+l} X an(gm(OH) < F Qo . aj) . 0111)))

=Z( > ealij. I, NaQh(Fi(Qaley o)) - ar) - Fpyyety)

i) I1=1,u{0)
LuJ={l..ij..n+1}

+ Z eq(ij, I, Jl)(_l)(lai|+\aj|+1)|a,|
J=J1U{0
1u11={1.f.%{...}n+1} x aQy (F 1) - Fy(Qa (e - @) °“11)))

=23 Y ewlij I DaQy(Fi(Qa(ei - ) cay,) - @m(an).

i#  1=1U{0)
LuJ={l..7j...n+1}

Putting (I) and (II) together, we get

3 (aR)(ay .. ... apy1) = 3D+ 3D
= Z ea(l', J)( Z oy (i, D05 (a0 (i « Fyyi () - Fyp ()
r'uJ={l..n+1} el
[J1>2,11'1>3 (I'=1ufi})

1 i ! (o o
+ 3 E Eaipyor, (] 1)aQ5(F i1 (Qa(ei - ) cap) - Fyy(ey)) ).
i£jel’ I'=hulij)
I1=1,0{0}

Now, Proposition 2.2 and the definition of 8’ yield

(%)
d'(aR)(ay .. ... Apt1) = — Z (1, 1)aQ5 (9 aF -1 (ap) - Fyy ().

I'uJ={l..n+1}
[J1=2, |I'|=3

On the other hand, since the formality equation holds up to order n — 1, we have

daF,_1+aR,=a(Ep) =a(dy(F,)) =0 forp<n-—1.
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But |I'| <n—1 for all I’ in the expression (x); thus

1
—0'aFp1 @) =R =5 D0 eag (S, TIaQ (Fis (@) - Fyr(ar)).

Ssur=r1’
[S]>2,|T|=2

Finally, () becomes

3/(Can)(061 ..... Oln_H)

1
=5 D E(SUT, Deag; (S, T)

SUTUJ={1..n+1}
1S|>2,|T|>2.]J|>2 x aQh(a Q5 (F s (as) - Fir(ar) - Fry(ey))

== > (8. T, NaQy(aQ5(F s (@s) - Fyri(ar)) - Fiyy ().
SuTuJ={1...n+1}
[S1>2,|T|>22,|J]>2

Thanks to the Jacobi identity, the quantity on the last line vanishes. Hence 3’ (aR,,)
and 9’(aE,) both vanish.

Step 2. Put
©n :%floaoEn.

Since
d'(ao Ey) =03'F (pn) = F1(3p,) =0,

@, is a cocycle for 9.

Step 3. Assume that ¢, = d¢,—1, where ¢,—1 : "~ (Tpory (R)[1]) = Tpory (R)[1].
Of course, dy F1(¢p,—1) = 0. Therefore, the mappings F, =F,, ..., F,_, =F,_2,
9?;_ | = Fn_1—F10¢,_ satisfy the formality equation up to order n—1. Moreover,
the Hochschild cocycle E, corresponding to these 97[) satisfies

aoE =aoE,— 3 (Fiopy_1) =aoE, —F(0¢p,—1) =0.

We are now able to find %), such that E,, = dy%,,. This ends the proof. O

3. Skewsymmetrization

The aim of this section is to prove a noteworthy property of Kontsevich’s weights
and the definition of K-graph formalities.

3.1. Skewsymmetrization and 1-graphs. Consider an m-differential operator D
on R, vanishing on constants. We can decompose D as

D=DpW —|—D(>1),
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where D™ has order 1 in each of its arguments and D1 has order greater than 1
in at least one of its arguments. The skewsymmetrization a(D) of D, defined by
1
a(DY(fis s f) = — D & @D (fom11)s - Fom1am),

“oeSy,
satisfies a(D) = a(DW) + a(D>D), and therefore
a(D)V = a(DM).

We assume D is defined with the help of graphs:

r

where the cr are real. To compute a(D)V, we need only consider

1
Dé(x)l ----- an) = Z CFBF(O[] ® T ®an)a

reGg®

where GV denotes the family of 1-graphs, that is, graphs having exactly one leg
for each foot.

However, as in [Kontsevich 2003], to define Br we need to choose a total or-
dering O on the set E(I") of edges of I'. To be precise, we first choose a labeling
on the aerial vertices of I', say py, ..., p,. Then we put away the arrows starting
from py, from p,, and so on, and finally from p,,. We get a total ordering of E(I")
compatible with the ordering p; < p» < --- < p, in the sense that the arrows
starting from p; precede those starting from p;yi.

From now on, we denote by GO, ,, the set of oriented graphs (I, O) with n
labeled aerial vertices, m labeled terrestrial vertices and compatible ordering O,
and by GO,E},L the subset of GO, ,, formed by the oriented 1-graphs. Our earlier
notation Y cr Br actually means

ZCFBF: Z cr,0)Br,0) and ZCFBF: Z cr,0)Br,0).
r

T,0)eGO, m reg® (F,O)EGOI(LI,)"

3.2. A noteworthy property of Kontsevich weights.

Kontsevich weights. Let (I', O) be an oriented graph in GO,(:,),, with aerial vertices

p1 < --- < p,. We denote by k; the number of edges starting from p;, by U; the
ordered set of legs starting from p;, and by V; the ordered set of aerial edges starting
from the same point. Let ¢; be the number of elements in V;, U; has m; = k; — ¢;
elements. By the definition of GO,S},)n, the number of legs is exactly the number of

terrestrial vertices; that is, m = Z?:] m;.
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Given (I", O), it will be helpful to consider the permutation sy defined by
S0:E(F)I—> V1U~--UV,1UU1U'--UU,1.

After this permutation we get a new (and no longer compatible) ordering O’ on
E(I") such that all the legs are put at the end, and we can define a permutation 7o
of the legs of (I, O’) by putting first the leg ending at g, then the leg ending at
g2, and so on, with the the leg ending at g, last. We extend the permutation 7y to
Viu...V,UU U---UU, by setting tp(v) = v for all v in | J V;. Finally, note
A the aerial graph obtained from I" by cutting the legs and the feet and by O, the
(compatible) ordering on A induced by O.

Let GO,gO) be the set of oriented, purely aerial graphs (A, Oa) with n vertices.

With these notations, the Kontsevich weight associated with (I', O) can be writ-
ten as

€]

1 m
= — i j
Wr.0) = 178(s0)€(t0) o Ndoe g1 <+ <qy oriented /\dcb,,,jq],
n,0 r=1 by dgin--Ndq,  j=1

where k! =ki!...ky!, [€]:= Y i, ViU--- UV, :={ef <--- <efy} and i; stands
for the unique index i such that the leg arriving on g; is exactly p;q;.
The Kontsevich weight of (A, Oa) is just

@'=£...¢,". Thus

m
w(r,0) w(A,OA)k!S(SO)é‘(TO) /:]1<~-~<q,n0riented /\dcbpquj
by dql/\"'/\dqm ]:1

The S,, action on GO,(l,l,),,. Let o be an element in the permutation group S,,. With
any graph (I, O) in GO,(,},),I, we associate a new graph (o (I"), o (0)). We keep for
o (I') the vertices of I'. But, if E(I') ={e; <--- < ey}, we put E(o(I')) = {e/l <
-++ <€)}, where e := e, if e, is an aerial edge and ¢, := Pido(h if e, = piq, isa

leg (see Figure 1). In this way we get a free action of S, on GO,(,?,),l.

Lemma 3.1. Forall o in Sy, and all (T', O) in GO\,

B0 (0@ (f1s -y fn) = Br.oy @ (fotys -+ foem) [ € CCRY).

Proof. Let r; be the label of the leg arriving on g; in (I, O). In (o (I'), 0 (0)), this
leg has the same label r;, but it ends at g, ;). The aerial edges are kept unchanged.
The result follows easily. O
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P1 ig P2

q1 q2 q3 q4 qs
Figure 1. Left: (I', O). Right: (¢ ('), 0 (0)) with o = (2345).

Lemma 3.2. Let o be in Sy, and (T', O) in GO\"),. Then

£(s5(0)) =¢€(sp) and &(t5(0)) = €(0)e(T0).

Proof. When building (o ('), 0(0)), we get a bijective mapping from E(I") to
E(o(I')), say 0. In fact, s5(0) =0 050 0 &~!. Thus e(50(0)) = €(s0).

Now let Qais -+ Yaj,. be the feet of the legs starting from p;. By definition, 7o
is the permutation
— —
P14,)s P1dgls - -+ > Pn4ay, 7> Pird1s -« -5 PiyGm-
We may write
—1
o (L. m) e (af, ... dl ).

By the definition of (o ('), 0(0)),
‘L'U_(lo) :(1,...,m)—~ (o(all), e cr(a,’;n)).

Thus ‘L'U_(lo) o Tp = o. The result follows. O

A noteworthy property.

Proposition 3.3. We keep our notations. In particular, for any (I, O) in GO,(,},L

and any (A, Op) in GO,gO), we denote by w(r, oy and wa,0,) the corresponding
weights. Then

a( Z W(r,O)B(r,O)(Ol)>

(T, 0GOS,

1 A
= Z w(&%)Zﬁ Z Eg(SO)e(TO)B(F,O)(a)-

(A.0a)€GOY” m20 " ([,0)2(A,04)
(I,0)eGOS),

Proof. Skewsymmetrizing and using Lemma 3.1, we get
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ﬂ( Z w(r,O)B(r,O)(a))(fl®~-®fm)
(I 0)eGoy)),

1
=7 2.¢0) > w0 Br.oy @) (for1)y @ ® fo-iimy)

O ESm (,0)eGoh),
1
~m Z £(0) Z Wr,0)Be-1r),0-10) (@) (1@ - & fin)
O ESm (r,0)eGoh),
1
~ml e() Z Wio(r),o0)Br,o)y(@)(f1® - & fin).
oESy (,0)eGoSh),

By definition,
Il

Wio D), U(O))ZS(SU(O))S(TU(O)) / /\d e /|< <qmor1ented/\ q)pt’qf’

Cro r=1 by dqiA-Adgy  j=1

where i ; stands for the unique index i’ such that the leg arriving on ¢; is exactly
plqj Now A, dCIDP,qI =e(0) N\, d® 5 g.0,: then, by Lemma 3.2,

€1

W(e(T),0(0)) = (50)8(1'0)/ /\d‘beA /q1< -<qum oriented /\ d)p, 4o ()

nOr 1 by dgiA-Adg, =1

With the new variables q} ={o(j), We get

0
Wo(r).0(0) = 1WA, oA)S(S0)8(f0)f /\d‘Dp, 4

where D? is the domain q;_l(l) <. < q(;_l(m) oriented by dgj A--- Adq,,. Thus
a( Z w(I‘,O)B(I‘,O)(a))
(T, 0)eGo,5‘2,,

= Z Z w(AoA)k,S(S0)8(T0)/ /\dcbpl B, 0)(a)

"esm (,0)eGOSY),

= Z (AOA)i Z Z—:8(80)8(?0)(2/ /\d(pp, )B<r0)(01)

(A,04)€GOY T,00e60{), OESy

(I',0)D(A,04)

1 2!
= Z WA,08) Z —!8(50)8(10)3(1“,0)(06)- O
(A,04)eGOY T,0)eGo),

(T',0)D(A,04)
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3.3. K-graph formalities. Consider the explicit Kontsevich formality U=, WU,
on R?. If (T, O) is an oriented graph with O not compatible, we write, as in [Arnal
et al. 2002],

B(r,0) = £(0(0,00)) Br,00)
where Oy is any compatible orientation on I" and 0(¢, 0, stands for the permutation
of E(I") obtained by changing (I, O) into (I', Op). We also put

k!

C021‘,0) = WW(F,O) and wEF,O) =/ a)ér,oy

+

n,m

where k! = k;!...k,! and |k| = )_ k; if k; is the number of edges emanating from
the vertex p; of I', and o, 0) = d Py A+ - Ad Dy, if E(T') ={e1 <+ < ey}

We denote by GO, ,, the set of oriented graphs (I, O’), with O’ not necessarily
compatible. Then

U= D wr.onBa.on

m>0 (I",0)€GO,,
We write the formality equation for U as
Fy=E, —dy(QU,)=0.

Rewriting the proof of the formality theorem by Kontsevich, one can see that F),
looks like a sum over the faces F of the boundary dC,!, of C,",, (see [Arnal et al.
2002] for details):

Fo=Y" Y Y wWionBaon,

m>0 Fcyc,t,, (I',0)eGOoy, ,,

where w’ {F/’O,) is the integral over F of the closed 2-form o' 0.

That F,, = 0 then follows directly from the Stokes formula. In particular, we
have a(E,) =0.

Now, we saw that a(E,) = a(E,"). Thus, for a fixed face F of BCZm, the
corresponding term in a(E,) is a sum over 1-graphs of the form

/F
Cl( w (F/,O/)B(F/’Ol)>'
I,0heGo’'\

n,m

Each term of this sum satisfies our relation

F
Cl( w/(l—‘/’o/)B(]"”O/)(a))
(I'",0)eGO"}),
' F 1 ¢!
= Z WA, 08) Z 8(s0)e(t0) Br.0)(),

(A,04) " GOa(T,0)2(A,04)
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where w(y ) = [ @(a.04)- Let’s prove this:
A face is of either type 1 or type 2 (see [Kontsevich 2003] or [Arnal et al. 2002]).
We consider only the faces such that w’ {F/’O/) can be different from 0.

(i) If the face F has type 1: Two vertices p;, p; of I'/, related by exactly one

. . _ +
edge, are collapsing and the face is F' = Cyp, p,} X C{p,pl,...,pfﬁj ..... okt We

parametrize C,",, by

__|pj — pil , _ Pj—Di , _pr—Rep; , g;—Rep;
_—’ pj_— pr_— T
Im p; lpj — pil Im p;

With the signs computed in [Arnal et al. 2002], we can write

1F _ /
w(F/,0’>——/C dOp5; |, @m0
2

n—1,m

where I'; is the graph obtained from I'’ by gluing together p; and p; at the point p
and suppressing the edge pl_p> ;. This weight w’ (I}’,O/) corresponds to a limit when
p tends to zero. In fact, if we put

Chrne)=Cr, N{(p.q):p=¢),

we get
k!

w'h, o =lim — o on = lm w0 (e)
O = S0 k! Jerey )T e OO

This limit vanishes for graphs (I, O’) whose vertices p; and p; are linked by two
edges or no edges at all. We can thus also consider these graphs in our sum. Then

F . F
Cl( Z w/(F’,O’) B(F’,O/) (O[)) = Sh_r)% a( Z w/(F’,O’) (E)B(F’,O/) (O[)) .
@,

/ 1 1
T,0neG0'" 0)eGo""),

n,m

Passing to compatible orderings, we obtain

F .
a( Z w/([",O’)B(F/,O/)(a)) :‘!E;l'(l) Cl< Z wg«’O)(S)B(r,O)(O{)).

(,00eGo"", (I0)eGoy"),
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By Proposition 3.3, we get, as announced,

F
Cl( Z w/(rv’O/)B([‘”O’)((x)>
a,

0)eGo'),

| I
= glgr(l) — Z Wi 0, (&) Z ES(SO)E(TO)B(F,O)(O()
" (A,04)€GOY r.0)e60),
(I, 0)D(A,04)

1 0!
= Z w(FA,OA) Z 58(50)8@0)3(1“,0)(06)-

m!
(A,04)eGOY T,0)eGoY,
T, 0)D(A,04)

(ii) If F has type 2: Since our graphs (I'/, O’) have exactly one leg for each foot, F
is isomorphic to C,J[] my X C,j; o with n, > 0 and n; > 0. This case corresponds to
the subcase 1 of [Arnal et al. 2002]. Suppose that p; , ..., Pin, and ge41, -+ Getm
are collapsing on ¢ € R. Denote by p; the first aerial vertex of I'” that is not a p; ,
and impose the condition p; = /—1. The other parameters are then fixed and we
get a parametrization of our configuration space C,jf . DY variables a,, by, g; (see

the notation of [Arnal et al. 2002]). We put a;, = ¢, b =Im p;,, and

’ _Pik_q

_ qe+r — 4
P =" —0

Q<k=<n), qu,= b (I<r<m.

That is, p;, =bp’;, +qb and g¢1, =q’4,, +qb, and when b tends to zero, the p;,
and the g/, tend to g. We finally set

Crne)={(p.q)eC,/, :b=g¢}.
We get

wFy — lim & o on = lim w', . (e)
I, 0") e—0 |k|' Ciim(e) (.07 e—0 (1,0"

If I'” has a bad edge, the weight w’ g,’ o) vanishes. We can thus consider also these
graphs in our sum. Now, a computation similar to that of (i) gives the result.

From now on, for any aerial oriented graph (A, Oa) in GO,(IO), denote by C(a 0,)
the operator C(a 0, : Tp%’f’y([R{d ) = Dpoty (R = T (R?) defined by

1 2!
Caon@® @)=Y — 3y  e60)E0)Bro@® @),

m=0 """ (1 ,0)eGoL}),
(I,0)2(A,0n)

where ¢(sp) and &(7p) have the same meaning as above.
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Remark. The definition of C(a ¢, can be extended naturally to the space GO’ flo)
of aerial graphs (A’, O’,) with O, not necessarily compatible just by putting

1 1l
Cwv,0p = Z o Z 1 £60)e(o) B0
mz0"""(r 0)eGo,
(I,0)D(A,04)

‘We will need to use this extension in Section 5.
Summing up:

Proposition 3.4. Consider the explicit Kontsevich formality O on R?. The formal-
ity equation can be read as

Fn = En —dHOu,n = 0,
and the skewsymmetrization of E, has the form

ao En = Z Z Z w/g'",O’)B(F/~O/)’

m=0 F faceof 8C;;, (I7,0€GO'D),

F
where W' o = fFeSC,Tm W(r.on- Then, for each face F,

' F F
a( Z w (rr,o/)B(r/,o/)(Ol)> = Z Wip 00 Cia,04)(@).
(17,0060, (A,04)€GO,”

This proposition suggests that we define:
Definition 3.5. A mapping ¢ from Tpory(R)®" to Dpoty (R =~ T (RY) is
called a K-graph mapping if it can be written
o= Y. c@n00Ca 0
(A,04)€GO)”

with real coefficients ¢(a,0,). Such a mapping is homogeneous of degree s if
ca,0,) =0 for all A such that # E(A) +s # 2n — 2.

Definition 3.6. A K -graph formality & at order n is a graph formality up to order
n — 1 such that ¢, = 9?1’1 oao E, is a K-graph mapping.
4. Symmetrization

4.1. Expressions for 3. If B is an n-linear mapping B : Tyoly (RY)®" — Tpory (RY),
we define SB by setting

1
SBe1® @) =— ) £a(0)B(@o) @+ @),

" oes,
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and say that B is symmetric if $B = B. Any symmetric mapping can be viewed
asamap @ : S”(Tpoly(le ) — Tpoly([Rd ). With this symmetrization operator S, the
expression of the Chevalley coboundary operator can be conveniently simplified:

Proposition 4.1. Let ¢ : S”(Tpoly([Rd)[l]) — Tpoly(le)[l] be an n-cochain for o,

homogeneous of degree |¢|. Then we can write

99 = S(d),
where g is given by

(@1 @ @) =+ D(p( @ @) @ Ay
+ (=Dl 0 (e ® - ® tur1) + (=D g1 ey ® a3 ® -+ @ a1,

or else by an expression imitating the Hochschild coboundary operator :

(1 ® - ®api1) = (n+ 1)<<p(a1 Q- ®an) @Ay
n+1 ‘s
+ (DS T @ @ @k ek ® - Batnt)

= + (=D e p(@r® - ®an+1>>.
Proof. By the definition of 9, we have

dpar..... 1) = (1) +(2)+ ),

M=) ea(l...i.ntlDpar....di....an) o,

n+1
@) =) (=Dl 1.0t Doy e @ v. . di. .. v aup1),

i=1
(3) = Z(—l)""'“sa(ij, Lo ..nt Do @ . . G0 ..« O]
i#]
Now, put
Y@ @ @apyr) = m+HDe(@1 @ - Qo) @y,
Vo1 ® - @ay1) = (=D 4+ Dy e o2 @ - - - ® 1),

Y3 Q- Qo) = (—I)WHI(H—}—l)ngo(a] oy ® - Q@py1),
n+1
Vi ® - @atyyy) = (D! Z ((_1)Z'§;f lers|
k=2 X‘ﬁ(“l@"'®Olk_1ootk®--~®an+l)).
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First
(n+1)
Swl (Oll ..... Oln+l) = m Z 8(1(0’)(/)(0((7(1) ..... ag(n)) ® Uy (n+1)
" ’ 0ESn+1
1
(n+1) &
= i+ Z Z €a(0)P( oty - - - - Ao (n)) ®
" "i=1 o0 (m+D=i
1
(n+1) n+
~ (n+1)! Y Y ca(Too)e@ray .- Oz (0y(n))) @ i -

i=1 t:t(i)=i

Here o; is the permutation of S, sending (1, ...,n+1)to (1,...7...,n+1,1).
And, denoting by T the restriction of T to {1, ...7...,n+1}, we easily get

SYi(age.... Qn+1)
n+1
LS b
= — Ea\(o;} (D) ()@ (az(1) oo - e A7 (nt1)) @
(n+ D= zes,
1
(n+1) s N ) A
= n! E ea(l...t...n+1, D)oy e ... ..y o = (1).
!
(D1 =

With exactly the same argument, we obtain

Syo(ar..... apy1) = (2).
Now,
Sys(ay o Qn+1)
1
= > TV @) Do) st @) @ - ® o)
OESnt1 " )
=Y Y (e Ve le),< DY (- 1n
i#j oo (D=i0(2)=] P 0a; @ ®Us3) ® * ® Uy (nr1)))
=Y > (el e +1>v £a(0:) (=D (n+ D
i#j vt()=i,t(j)=j ¢(ai 0 ®at(0[j(3)) e ®05t(0,-j(n+1))))a
where o;; is the permutation of S, sending (1 Ln+D)to (G, 1...17...n+1).
Now, if T denotes the restriction of  to {1, . ., n+1}, we get
Sys(aye.. .. Qn+1)

Dlel+1
Z% Y (eal0ip)ea(D)

rr=ir()=y P o @z @ - &Gl -+ @ Uz (ns1)))
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=Y (=DM le G, 1. it Do ey ... G . . ap1) = (3).

oy
Finally,
Slﬂé(O{] ..... O{,,_H)
+1 n+1
Y e DD eto)

0ES 11

<P(Oéa(1) ® QU (k-2) ® Ao (k1) @ Uo(k) @+ * ® Ao (nt1)))
+1
(—D)lel+! . k=2
D DD DENEED DEENCO R C1C
: k=2 i#j o:o(k=D=i,0l=] @ty - Q0 ® - ®Ota(n+1)))-

Let ai’; be the permutation

of i (Loontl) > (Lo k=200, jok— 1k, ... n+1).

Then
(DS Yl .. ... Un+1)
=LY (TR 1
25’?5&?“ P1® - ®ap—2) O 00 ® - @ Uy+1))
_ l Z ((_1)215;12 |“5|ga(o'ij)ga(pl{(j)(p(0ll‘ 0 QuQ-- '®Oln+1)(—1)aijk)»
iz

with a;jx = (Jo; | + o | + 1)(Zf;f |aS|). Here 0;; = (ij1...7j ...n+1) and ,0{‘]. is
the permutation

Pk Gl ) e (L k=200 ok =1k, D)

k

thus we have used the composition o; ;= pfj o 0;j. Now, since

. . k72
Sa(pfj) — (_1)(|a,\+|a,|)(2v=1 |0l.v|)’
SYs@r ) = ) (=DM e (o) 0 e @ ® - @ any1) = (3).

i#]
This ends the proof. U
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P1 53 P2

q1 q2 q3 q4 qs
Figure 2. Left: (I', O). Right: (o ('), 0(0)) with o = (12).

4.2. Symmetrization on graphs. We now want to describe the symmetrization di-
rectly on the space of graphs. Since we are mainly interested in K-graph for-
malities, we will restrict ourselves to linear combinations of graphs for which the
associated operator is a K -graph mapping (see Section 3.3).

The S, action on GO, ,, and GO,(IO). There is a natural action of S, on GO,
and GO,(,O), which we now define. Let o be a permutation in S,. Let (I", O) be
in GO, ,,; for the moment, denote by P; the set strt(p;), ordered by O. Let or
be the permutation of the ordered set E(I") of edges of I' sending Py U---U P,
to Py1y U---U Py(,y. We denote by er(or) the sign of or and by o(I', O) :=
(0(I'), 0(0)) the graph with aerial vertices p| = ps (1 ..., P), = Po(n) Oriented
by or(E(I')) (see Figure 2). We apply the same definition to aerial graphs in
GO(O) Clearly, o sends GO, , (and GO(O)) onto itself.

This §,, action on GO,E m 1s entirely different from the action of §,, defined in
Section 3. But there is an analog of Lemma 3.1:

Lemma 4.2. Forall o in S,, all (T, O) in GO( and all polyvector fields o;,

Beom),oon(@1 @+ Qay) =Bro)(ts1) @+ Q@ g(n)).

Proof. With our notations,

B(F’O)(ao'(l)®' . '®ao(n))(f1a ey fm)z Z 1_[ aend(p,)Olg(,) l_[ aend(q,)fj

1<iy, .. l;lk‘<dl 1

Since the permutation o does not affect the order inside each P;, we have

B(F,O)(Olg(l)@' . ‘®ao(n))(flv .. fm) - Z l_[ aend(pg(,))ag(l) 1_[ aend(qj)f]

1<iy .. l[‘k‘<dl 1

n m
Yo [ Benaper™ [T %enaan i
j=1

1<y gy <d i'=1

=Bor,0)(01® - Q) (f1,..., fm). 0O
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Symmetrization for K -graph mappings.

Definition 4.3. Let

6, O5) = Z ca,00)(A, Op)
(A,04)eGOY

be a linear combination of aerial graphs with n vertices. We say that (§, Oj) is
symmetric if

C(U(A),O’(OA)) = SA(O'A)C(A,OA) for all (A, OA) and o € Sn.

Proposition 4.4. If (8, Os) = Z(A 01)€GO® ca,0,) (A, Op) is symmetric, so is
the corresponding K -graph mapping

Coon= Y. c@a.00Ca.00-
(A,04)eGOY

Proof. Let o be in S, and let a, . .., &, be n polyvector fields on R?. By Lemma
4.2 and using the fact that § is symmetric, we have

C,05 (@) ® - Qo))

1 £!
= Z C(A,04) Z% Z Eg(SO)g(TO)B(U(F),U(O))(al®"'®Oln)

(A,0n0) m=>0 ‘(F,O)D(A,OA)
1
= Z C(rl(A),a—'(oA))Zﬁ Z
o~ 1(A,04) m=>0 o~ I(T,0)D071(A,0p)

Al
ES(%*I(0))8(7071(0))B(r,0)(011 - Qay)

= Z eM%)Cm,ogZ% Z

(A,0) m>0 """ ([,0)D(A,04)

2!
ES(SU—I(O))S(TU—I(O))B(F,O)(QI Q- Qay).

Extending o to E(I') in the obvious way, we can write

To OSpo = OA O'UJ—I(O) OSJ—I(O) OO'Fl.
Thus

Cs (1) ® - @ Ug(n))
1 Iy
= Z C(A,OA)ZE Z er(or) 5e(s0)e(t0)Br.o)(@1 ® - - @ o).

(A,00) m>0 """ ([,0)D(A,04) k!
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Since each er(or) clearly coincides with the sign &, (o) of o, we get
Cé(aa(l) Q- ®aa(n)) = Sa(O’)Cg(Ol] Q- ®an)-

This proves the result. O

5. Chevalley cohomology for graphs

We will now prove that, on K -graph mappings, the Chevalley coboundary operator
can be nicely reduced to an operator acting on purely aerial graphs.

5.1. Purely aerial and compatible oriented graphs. For any (A, OA) in GO,(lO)
with vertices p; < --- < p,, we still write ¢; = #strt®(p;). We also put [A| =

2=l

Fix two indexes i # j. We say that an aerial graph (A’, Oa’) in GO’ 51(21 (with
O not necessarily compatible) with vertices p’l < < p;l . reduces to (A, Op)
in the indexes i, j if the two following assertions hold:

(i) The vertices p; and p;. of A’ are linked by only the edge pl’—p>;

(i) the new graph (A, O A obtained by gluing together the vertices p;, p
of A’, by suppressing the edge pl/_p>3 and considering the induced ordering,
coincides with (O, A).

We say that (A’, Oa’) reduces properly to (A, Ox) in the indexes i, j if (A’, Oar)
reduces to (A, Op) in the same indexes and in addition

inf (#strt™ (p}) +#end® (p)), #strt™ (p}) +#end® (p))) > 1.
In the situations above we write
(A, 0p) =i j (A, 0n) and (A, 0p) =777 (A, Op),
respectively. We use the same notation for graphs (I', O) in GO,E},)n.

Definition 5.1. If (A, O,) is an aerial oriented graph in GO,”, we define the
coboundary d(A, Op) of (A, Oa) by

(A, 0p) = (=DAF S~ > (A, Onr, A, 0p) (A, Op).
I#] (N, 00T (A,04)

Here e(A’, Oar, A, O4) is the sign of the permutation of E(A’), that consists in
putting first the edge pl’_p);, then the other edges starting from p/ (with the ordering
induced by Ox), then the edges starting from p;. (also with the induced ordering),
and finally all the remaining edges (with the ordering given by Ox).
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We extend 9 by linearity to all combinations (8§, Os) = Z( A0y C(A,08) (A, Op).
Note that the restriction of d to symmetric combinations of graphs is an operator
of cohomology.

More precisely:

Proposition 5.2. With the same notations as above and for any symmetric combi-
nation of graphs (8, Os), we have

0(Cs,05) = Cy(s,05)-

Proof. First, C(a,0,) is a linear combination of m-differential operators B(r, o)(«),
for certain k;-vector fields «;:

n n
m —2: ‘B(F,O)(Oll ® . '®an)| = Z |C(,'| + |B(F,0)| = Zkl _2n+ |B(F’0)|’
i=1 i=1

where | | stands for the degree in Tpoly(Rd )[1] and Dpoly(Rd)[l]. Now, since the
graphs (I', O) occurring in C(a,0,) are 1-graphs, we have k; = ¢; +m; for each i
and m =Y _._, m;. Thus

n
|Br.oyl =Y _ & =|A| mod2.
i=1

Now, by the definition of d on operators,

3C(A’0A)(OK1 ..... O[,,+1)
n+1
= 28“(1 .. f ..n+1, j)C(A70A)(Ol1 ... .O(Aj e .O{,H_l)OOlj
j=1

n+1
+ D (=Dl (1L it Day @ Cia 00 @1« i Gpr)

i=1
D DA ey i, 1 it 1)Cia,0,) (@ 00 01 G - Ony1)
i#]
= (1) + (i) + (1iD).

We first consider the term (iii). We have

Caon(ojeaj....aiaj....0u41)

1 a .y
:Z% Z ES(SQ)S(‘L’Q)B(F,O)(O{,‘O(X]'....Oti(Xj....(Xn+1).
mz0""" Goh,3(I,0)2(A,04)
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Now, we can write (see [Arnal et al. 2002] for details)

B(r,o)(ozioaj <0 ....Oln_H) = Z (—I)ZFHIB(['/’O/)(OM ..... O{,H_]),
(F’,O’)—),‘,J’(F,O)

where £ denotes the position of the edge pl’_pz in I, and the sign (— Dt =1 comes
directly from the definition of e.

Next consider a graph (I'’, O’) that reduces to (I', O) in the indexes i, j. We
permute the edges as follows: we put first the edge pl’—p>3, then the other edges

starting from p, then the edges starting from p}, and finally we put all the legs at
the end in order of their feet. This gives a sign that can be written as

ea(ij. 1... 77 ...n+ (=D le(s0)e (o).
Starting from (I"", O’), one can also place the legs at the end in order of their feet,
preceded by the aerial edges starting from p; and those starting from p;, and then
by the aerial edge ﬁ at the first posmon If we denote by A’ the aerial part of
I and by £/ the position of the edge p P ;in A, the resulting sign is
e(s0)e(ToNe(A, A)(=D >,
These two permutations of the edges of I'” obviously coincide; thus
ea(ij, 1.0 . ..n+ (=D le(sp)e(to) = e(so)e(to)e (A, A) (=1L,

It follows that

C(A,OA)(O‘I' o ....0A ... cOpt1)

! 0
:Z% Z Sa(ljln+1)( Z ES(SO,)S(.L—O/)(_I)[A/fl

m=0 """ (r,0)eG0), (I",0') (T, 0)
(T,0)>(A,04) " /
E(A s A)B(F/’o/)(al ..... Otn_H))
=eq(ij. 1...n+1) Y — < Y (=DfTleal A
m>0 (A, 0pr)=i,j(A,0n)
14
> E00)(T0)Br.on(@i - anH))
(I,0")D(A,0,)
=eo(ij, 1...n+1) > (=D Te(A', AYCiar 0, (@1 .- Uni1).

(A", 0p1) =i, (A, 0n)
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Finally,
(i) =(=DAF YT DT A Cw 0,0 @1+ as)
(A’,OA/)—H’/-(A,OA)
= (=D'AH! > (A, Onr A, 0p)Ciar0,)(@1 + - .+ O p).

(A, Op)—i,j(A,0n)

Now let (8, Os) = Y _c(a.0,)(A, Op) be a symmetric combination of graphs
and put
Cs,05) = ()5 + (iD)5 + (i)
We have to prove that —((i); + (ii)s) coincides with the nonproper terms of (iii)s,
that is, with

Y caon (DAY > (=D le(A”, 0a) (A, On).

(A,0n) i#] (A’,OA/)H?,(}"pmp(A,OA)
Consider first the term

(i)=Y c@on P (=D™e G, 1. nt1)oi0Ca 00 (@1 ... di ... ur1).
(A,04n) i=1"

We identify C(a_ 0,)(c) with a polyvector field, and put
C(A,OA)(oq .. .O?i .. .Otn_H) = (C(AyoA)(Oq .. .O?l' .. .an+1))r"“rm8,] VANGEIEIVAN arm.

Thus

;e C(A,OA)(OQ .. .0?,' .. .an+1)
I—1 i1...s---kl.,1 A~ rle.dm
:ZZ(—I) O{i (C(A,OA)(Oll...8S(Olj)...06i...06n+1)) !
J# <k
Qiy A v - iy NOp A= A Dy,

Let o be the permutation (j1...7j...n+1) and (A%, Oac) be the aerial graph
obtained by relabeling the vertices of A in the ordering given by o. Then

Ca,om (o ... 0s(etj) ... di...ang1) = C(ar,0,0)Os(aj)ory ... QiCj ... 0tyg1).
But (8, Os) is symmetric; thus
C(A7,000) = C(A, 00 Ea (s 1. 1] .. n+1).
Hence,
([is= Y D (=DAIle, 1. nt Doy Y (=D ey
(A,04) i#] t<k;

(C(A,OA)(BSozjozl - Oﬁaj - an+l))r|...rm Oy Ao A 8,',(1.71 ANOp A== ND

Tm*
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It is now easy to see that —(ii); coincides with certain nonproper terms of (iii); —
more precisely, with those corresponding to the graphs A’ with

(A, On) =i j (A, 04) and (#stt® (p]) +#end™ (p)) = 1.

(In this case, £o’ = 1.) In the same way, one can check that —(i); coincides with the
remaining nonproper terms of (iii);, that is, with the nonproper terms corresponding
to the case

(A, Ox) =i (A, 0n) and  (#strt™ (p)) +#end® (p})) = 1.
The result follows. O

5.2. Purely aerial and nonoriented graphs. We say that a graph is nonoriented
if there is an ordering only on the aerial vertices but no ordering on the edges of
the graph. We are now interested in translating our cohomology on nonoriented
graphs. Let A be an aerial nonoriented graph with n vertices p; <- - - < p,,. We still
write £; =strt®(p;) and £!=£;!...£,!. We order the edges of A lexicographically:

ab <d'b' ifand only if (¢ =a"anda <b') or (a <a’).

This yields a compatible ordering on A, called the standard ordering. We denote
by (A, OSAtd) the resulting oriented graph.
Now put

1
A= ) #00g0,)(A On).

" 0a(A,04)€GOY
By the definition of d on compatible oriented graphs, we have:

1
IA = —( Z E(O_(OSA”’,OA))(_I)MH]

]
¢! 0a:(A,04)eGOY
Z Z e(A', Oar, A, Op) (A, 0A’)>-
I#] (A, 04777 (A,00)
Note that the sign
E(A, A :=e(0X, 0)e(A, Oprs A, 04) (0, On)

does not depend on Op or O. This yields a very simple expression for the
coboundary dA of A:

1 ~ / /
M:EZ > EAL M)A
i#j ADA

We extend 9 to linear combination of graphs § =), caAA.
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Now, if A is a nonoriented graph with vertices p; < --- < p, and if o is a
permutation in S,,, we denote by o (A) the nonoriented graph with vertices ps (1) <

- < Po(m)- A linear combination § = ), caA of nonoriented graphs with n
labeled vertices is said to be symmetric if for any o in S,, we have cao = co(a).
Our operator 9 restricted to symmetric § is clearly a cohomology operator.

More precisely, for an aerial nonoriented graph A, let

CA = % Z 8(U(OsAld)’0A))C(A’0A).
Oa:(A,040)eGOY

Extend this definition by linearity to all linear combinations. Then, by computa-
tions similar to those we did before for oriented graphs, we can prove:

Proposition 5.3. For any symmetric combination § =) _ , cACa of graphs with n
labeled vertices, we have

9(Cs) = Cys).

5.3. Examples. Let A be the graph with only one vertex p;. Let o be a k;-vector
field. Then

1
Care) = s > e(s0)e(to)Bir.oy ().

8 GO, 5T, 0)oA,

There is only one graph occurring in this sum, namely the graph I" with one aerial
: . — —
vertex pj, kj terrestrial vertices g1, ..., g, and k; edges p1qi, ..., piqk,. For
any o in S, denote by (I', O?) the graph I" endowed with the ordering given by
P14o(1) - - - P1qo(k))- Clearly,
1

(k1 1)?

Ca () = Y e(0)Br.om (o) =F (@) > ay,

GESkl

and Ca, just corresponds to the identity mapping.
Now let A, be the aerial graph with two vertices p; < p, and one edge ﬁg.
Let o1 be a k;-vector field and «, a kp-vector field. Then

1 1
Cp, (01 Q@an) = m Z WE(SO)S(TO)B(F,O)(M Qa).
(F,O)DAz
T,0)eGo),

There are exactly (k;+ko—1)!/ ((k1 —1)! kz!) graphs I containing A; and having
exactly (k;—1) legs starting from p; and k, legs starting from p,. For each of them,
we choose a compatible ordering. There are k! k;! possibilities to do it. Thus, there
are exactly kj (k1+k,—1)! compatible oriented graphs (I, O) occurring in Ca,. For
each of these graphs, €(sp) corresponds to the permutation of S, that consists in
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putting the aerial edge of (I', O) at the first position and e(tp) corresponds to the
permutation of Sg,4+x,—1 that consists in putting the legs in the order of the feet.
There is thus ky (k] + k2 — 1)! terms in Ca,, each of which looks like

1
g e(tp)B = Dt e
ko — Dk S0eo)Broy = rmr s (F D7 e(o)
O[llﬂ(”mlw_l)”a(l)ml”(kl_])85 (alzn(kl)'“l”(kﬁkz_l))ainm Q- 8is(k1+k2—1)'

Thus
Car,(1 ®@ap) = Gf(lo)(otl o) o o).

Now consider the aerial graph A" with two vertices p; < p> and one edge pg_p>1.
In the same way as above, one can see that

Caz (@ @) = (=D"“ar 0.

In other words, Cj, Ay coincides with Q,.

The identity map Id and Q> are thus easy examples of K-graph mappings, and
the fact that Q> is the Chevalley coboundary of Id can be checked directly on the
graphs. Indeed, we have with our notations:

0AL =&(A2, ADAr+E(A27, ADA™ = A+ A5

Hence,
Q2=Cp,yp; =Con, =0Cx, =01d.

6. Triviality of the cohomology for small n

Our first example proves that the first cohomology group H'! is trivial, since, for
n =1, there is only one purely aerial graph, namely A;.

Now suppose n = 2. There is one graph A with two vertices and with degree 0
|A] = 0, the nonconnected symmetric graph denoted A; x A; without any edges.
Its coboundary does not vanish; in the obvious notation, we have

(A1 x A =S((AF + A7) x Ap+ Ay x (A3 +A3)) #0.

In degree 1 (|A| = 1), there is only one symmetrized graph, A; + A5 . Our second
example shows that this graph is a coboundary.

Finally, there is no graph with degree larger than 1; indeed, the number of edges
for a graph with 2 vertices is at most 2, but there is only one graph A with |[A| =2,

the graph A, » given by
P1<>P2
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But the symmetrization of this graph is Ay» — Az = 0. Thus the second
cohomology group H? vanishes.

It is possible to prove with elementary arguments that H3 = 0 too. For that, we
consider the different cases, |A| =0, ..., 6, then we define the order of a graph in
the following way:

We define the order o; of a vertex p; as the pair (¢;, r;) of number ¢; of edges
starting from p; and the number r; of edges ending at p;, we shall say that o = (¢, r)
is smaller than o’ = (¢/, r’) and note 0 < o’ if and only if £+r < &'+r" or b+r =0'+1'
and £ < £’

We define then the order o(A) of a graph A as o(A) = (oy, ..., 0,) if A has
n vertices. The order o(8) of a linear combination § = ) ca A of graphs is the
maximum of 0(A) for cp # 0 for the lexicographic ordering. We define the symbol
of § by

symb 6= Z CACA.
o(A)=0(8)

Case 1: |A| =0. There is only one graph, disconnected and symmetric: the graph
A1 x Ay x Ay. Itis not a cocycle since

(A x Ay x A =S((AT+AT) x Ap x Ay) #0.

Case 2: |A| = 1. There is, up to the ordering of vertices, only one symmetrized,
disconnected graph: § = S(A;r x Ay1). This graph is a coboundary:

(A x A)) =3S((AT +A)) x Ay) = 36.

Case 3: |A| = 2. There is, up to the ordering of vertices, a disconnected graph
Ajz2 x Aj and three connected graphs, listed below. (We choose the ordering
of vertices that maximizes the order, and for a given order maximizes, for the
lexicographic ordering, the set E(A) of edges of graphs A.)

Aspg with E(Az21) = {p1p2 173}
Aspa with E(Az22) ={p2p1, p1p3)s
Asps with E(A323) ={p2p1, p3p1)-

After symmetrization, we get S(Az2 X A1) =0, S(A32.1)) = S(A323) =0and
symb S(A322) = ¢A322,  0(S(A322)) = ((1, 1), (1,0), (0, ).

When we compute d(S(D)), we have to consider the blow-up of each vertex of
each graph in S(A). If the vertex p has order o = (¢, r), we get a few graphs with
two vertices p’ and p” at the place of p; these vertices have order o' = (¢, '),
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0” = (£”,r”), with conditions
O+r =2, "+¢r">2 0+ =¢+1, r+r'"=r+1.

Then we look for 0(dA). If r > 0, the maximal possible order among those (o', 0”)
is ((Z +1,r—1), (0, 2)); if r =0, itis ((K, r), (1, 1)) = ((K, 0), (1, 1)).
Thus 0(9(S(D32,2))) < ((2, 0), (0, 2), (1, 0), (0, 1)); more precisely,

symb d(S(A322)) = ¢A',  E(A) = {pip2, pipa, p3pa),
and, since there is only one graph in the symbol,

0(8(S(A322))) = ((2,0), (0,2), (1,0), (0, ).
No vector in this case is a cocycle; d is an one-to-one mapping.

Case 4: |A| = 3. From now on, all our graphs are connected. Repeating the
argument of the preceding case, we get the following results:
They are, up to a permutation of vertices, four graphs:

Aszi with  E(A330) ={pip2, pips, papi)s
A33n with  E(As32) ={pip2. p2b1. P3p1),
As33 with E(As33)={pip2. p1p3. P23},
Asz4 with E(A334) ={p1p2. p2D3. P3p1}-

Their symmetrizations do not vanish:

0(S(A33,0) = (2,1, (1, 1), (0, 1),
0(d(S(A33,1)) = ((3,0), (1, 1), (0,2), (0, D)),
0(S(A332) = ((1,2), (1, ), (1,0)),
0(d(S(A332)) = (2, D, (1,1),(0,2), (0, D)),
0(S(A333) = ((2,0), (1, 1), (0,2)),
0(8(S(A333))) = ((2,0), (2,0), (0,2), (0,2)),
0(S(A334)) = ((1, 1), (1, 1), (1, 1)),
0(d(S(A334)) = (2,0), (1, 1), (1, 1), (0,2)).

Then 0 is still a one-to-one mapping on that space of graphs.

Case 5: |A| = 4. They are, up to a permutation of vertices, four graphs:
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Asay with  E(A341) ={pip2. p1P3. P2P1, P3p1},
Assp with  E(A342) ={p1p2, p1P3. P2P1. P2D3)},
Aszs3 with  E(A343)={p1p2, p1P3. P2p1. Paba)s
Asss with E(As44) ={p1p2. p2P1, P3p1. P3b2}-

Their symmetrizations do not vanish:

0(S(A34,1)) = ((2,2), (1, 1), (1, 1)),
0(3(S(A34,1)) = (G, 1), (1, 1), (1, 1), (0,2)),

0(8(A342) = (2, 1), (2, 1), (0,2)),
0(3(S(A34,2))) =
0(S(A343)) = (2, 1), (1,2), (1, 1)),

0(3(S(A3.43))) = ((3,0), (1,2), (1, 1), (0, 2)),
O(S(A3,4,4)) = (1’ 2)’ (19 2)7 (2a 0))’
0(3(S(A344))) = ((2.1), (1,2), (2,0), (0, 2)).

(
(
(
(3,0), 2. 1),(0,2),(0,2)),
(
(
(

Then 0 is still a one-to-one mapping on that space of graphs.

Case 6: |A| = 5. Up to a permutation of vertices, this space contains only one
graph:
Assi with E(Ass1) = {pipa. P13 P2pi. P2bs. P3bi)-

Its symmetrization does not vanish,

0(S(A351)) =((2,2), 2, 1), (1,2)),
0(8(S(A36,0) = (3, 1, (2, 1), (1,2), (0,2)).

Then 9 is still a one-to-one mapping on that space of graphs.
Case 7: |A| = 6. In this last case, there is only one graph:

Ase1 with E(Ase1) ={pip2. P1P3, P2B1. P2P3: P31, P3P2}-
But its symmetrization does vanish.

This proves:

Proposition 6.1. The three first spaces H', H*> and H? of the Chevalley cohomol-
ogy for graphs vanish.
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7. Canonical cocycles for the linear case

We first recall the construction of the relevant cocycles for the cohomology of the
Lie algebra of vector fields %(R?) associated to the Lie derivative of smooth func-
tions; see for instance [De Wilde and Lecomte 1983] for an explicit presentation
of this cohomology. _

A basis of the Lie algebra A" (gl(d, R)) of multilinear, skewsymmetric, invari-
ant forms on gl(d, R) is given by

YDA A YD) with ji odd and ji < ja- - < j, < 2d,
where the ¢/ are the mappings
D (AL ..., A) =a(Tr(Ar ... A)).

Then, for each odd n, the linear form 6 defined on /\" Z(RY ) by

01, 6, ..., &) =" (Jac(), ..., Jac(&,))

is a cocycle for the coboundary operator associated to the Lie derivative:

do&. . ... E)=) (1)L 0(..... Eiv... £,)
i=0 1 o .
+5 2 CDMIO(E €] b &)
i#]

This cocycle is not a coboundary; see [De Wilde and Lecomte 1983].

Let W be an n-cochain on Tpoly([Rd) with values in the space Tpoly(Rd )~! (that
is, in C*®(RY)), and let Y be its restriction to %(R?). Then the restriction of W to
X (RY) is exactly d.

For instance, we consider the “wheel without an axis”, the graph A of this form:
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Denote by § its symmetrization, which defines a cochain ¥ = C;. By construc-
tion, on vector fields &;, we get

VE .. ... EN)=W(E..... E)=Cq&..... £,)
- % XS: £(0)d;, 60 106y - - Oi Bt
- 9(;6. L £,
Thus
CosEo---- - £)=03Cs(&p- ... E)=0W(5..... £,)

We now restrict ourselves to the space of linear polyvector fields. This is a
subalgebra of Tpoly(Rd ) equipped with the Schouten bracket; thus we can restrict
our coboundary operator to cochains defined on this subalgebra. We get a new
operator dji,. Our previous computation tells us that the graphs happening in 9§
are of the following forms:

For linear polyvector fields, only the first case appears. Then By, (5)(cto.. . ..0)
vanishes if one of the «; is not a vector field. And

By,so .. ... &) =Cyo..... &) =0.

Since the mapping y + B, is one-to-one, 9jj,8 = 0.

Now, suppose § is a coboundary d = djj, 8. Then 8 has n — 1 vertices and n — 1
edges. At each vertex there ends exactly one edge. If there is a vertex p from
which no edge emanates, denote by l?p the edge ending at p. Since the graphs
in B can be deduced from the graphs d;i,8 only by proper reduction, there is no
reduction at the vertex p, and in dj;, 8 there remains a unique edge ;7p But there
is no such graph in §, so we can eliminate in § all the graphs with a vertex without
emanating edges (we consider only ‘“nonhanded” graphs). Now from each vertex
of a graph in B, there is exactly one edge starting. As previously, the restriction of
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dpB to the vector fields coincides with dji, 8, and

dCsp..... &) =0Cg(p..... &) =Coppo..... &n)
= CopGo - £) =Cso-.... &) =0E0..... &n)-

This is impossible.

Thus any “wheel without an axis” A having an odd number of vertices gives
rise to a canonical true cocycle for dyjy.

Remark. Suppose we want to build a linear formality & from the space of lin-
ear polyvector fields to the space of multidifferential operators. As we saw in
Section 2, the obstruction to such a construction is a mapping ¢, of degree 1, with
n > 4 arguments. Such a mapping corresponds to purely aerial graphs with n
vertices and 2n — 3 edges; in the linear case, we should have 2n — 3 < n, which is
impossible. Every linear formality at order n can be extended to a linear formality.
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