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The category of finite-dimensional representations of a finite poset over an
arbitrary field k is shown to have k-wild representation type if and only
if it has k-endo-wild representation type. Included are some characteri-
zations of representation type in terms of existence conditions on infinite-
dimensional generic representations and their endomorphism rings.

1. Introduction

Let k be an arbitrary field and (S, <) a finite partially ordered set (poset) with a
partial order relation <. Throughout we write simply S instead of (S, <), and we
assume that S has a unique maximal element, denoted by co. We are interested in
the category fpr(S, k) of S-filtered finite-dimensional k-linear representations of
S with objects U = (Uy; s € §), where each Uy is a finite-dimensional k-vector
space and U; C U; C Uy if s <t in S. A morphism from U = (Us; s € S) to
V =(Vs; s € §)is ak-linear map f : Uy, —> Vi such that f(U;) C V, for each
ses.

Notice that fpr(S, k) is an additive Krull-Schmidt k-category, and it is the cat-
egory S’-sp of §’-spaces over k studied in [Simson 1992], where S’ = S\ {00} is
viewed as a subposet of S.

We recall that the category fpr(S, k) is equivalent to a full subcategory of the
category mod kS of finitely generated modules over the incidence k-algebra kS of
the poset S with coefficients in k; see [Simson 1992, Chapter 5]. Many properties
of fpr(S, k), such as the existence of almost split sequences, are inherited from
mod kS. On the other hand, fpr(S, k) has properties not enjoyed by mod kS, or
more generally mod A for a finite-dimensional k-algebra A, without some restric-
tions. For example, the classical Kleiner—Nazarova characterizations of represen-
tation type and a tame/wild dichotomy theorem for fpr(S, k) are independent of k
[Nazarova 1975; Zavadskij and Nazarova 1977; Zavadskij 1987; 1991; Arnold and
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Simson 2002], while the only known tame/wild dichotomy theorem for mod A,
where A is a finite-dimensional k-algebra, has the assumption that &k is an alge-
braically closed field [Drozd 1979; Crawley-Boevey 1988].

In this paper, we study two other properties of fpr(S, k). The first asserts that
k-wild representation type is equivalent to k-endo-wild representation type for
fpr(S, k), where k is an arbitrary field (Theorem 2.4).

We recall from [Han 2002] that k-wild representation type need not be equivalent
to k-endo-wild representation type, for the category mod A of finite-dimensional
A-modules, even under the assumption that A is a finite-dimensional algebra over
an algebraically closed field k (see also [Han 2001a; 2001b]). It is shown in [Han
2002, Theorem 2] that for any radical square zero k-algebra A of finite dimension,
the category mod A is k-endo-wild if and only if mod A is fully k-wild, and mod A
is Corner type k-endo-wild if and only if mod A is wild. In [Han 2001a; 2001b;
2002], a connection between k-endo-wildness and controlled k-wildness for a k-
algebra is also discussed; see also [Ringel 2002; Ringel and Schmidmeier 2004].

The second property asserts that representation type for fpr(S, k) can be charac-
terized by existence conditions on generic representations and their endomorphism
rings (Theorems 3.4 and 3.8). Similar existence conditions on generic modules for
mod A, where A is a finite-dimensional k-algebra over an algebraically closed field
k, are proved in [Crawley-Boevey 1991] using the theory of bocses. Since some of
the reduction algorithms in the theory of bocses are not well developed, unless k is
an algebraically closed field, our arguments rely on the special nature of fpr(S, k)
for an arbitrary field k.

As demonstrated in [Arnold 2000; Arnold and Simson 2002; Simson 1992],
properties of the categories fspr(S, R) for a commutative uniserial ring R and
fpr(S, k) for an arbitrary field k have immediate application to categories of abelian
groups and lattices over orders. In particular, Theorems 2.4, 3.4 and 3.8 answer
some open questions stated in [Arnold 2000] for some quasi-homomorphism cat-
egories of torsion-free abelian groups of finite rank. See also [Arnold et al. 1993;
Dugas and Rangaswamy 2002; Mader 2000; Nongxa and Vinsonhaler 1996; Rich-
man and Walker 1999; Schmidmeier 2004].

There is a classical theorem in abelian group theory due to A. L. S. Corner
[1963]: If R is a ring whose additive group is a reduced torsion-free group of finite
rank, then there is a torsion-free abelian group G of finite rank with End G = R. The
resulting diversity of endomorphism rings of torsion-free abelian groups of finite
rank allows for the construction of examples of pathological direct sum decomposi-
tions [Fuchs 1973]. Since Corner’s theorem appeared, a diversity of endomorphism
rings has served as a de-facto deterrent to a search for complete sets of invariants
of classes of torsion-free abelian groups of finite rank. A consequence of Theorem
2.4, together with a category equivalence of M. C. R. Butler [1968], is that, for the
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quasi-isomorphism category of Butler groups with typesets in a fixed finite lattice
of types, k-endo-wild representation type is equivalent to k-wild representation
type. In this case, the imprecise notion that a diversity of endomorphism rings is a
deterrent to classification of classes of torsion-free abelian groups of finite rank is
made precise.

Throughout this paper we use the standard terminology and notation. In par-
ticular, given a ring R, we denote by J(R) the Jacobson radical of R, by Mod R
the category of all right R-modules and by mod R the full subcategory of Mod R
formed by finitely generated modules.

2. k-wild and k-endo-wild representation type

Let k be a field and § a finite poset with a unique maximal element. Following
[Drozd 1979; Simson 1992, Section 14.2; 1993; 2003], we define a full exact
subcategory 6 of fpr(S, k) to have k-wild representation type if there is an exact
k-linear functor

T : modfk(t, ) — 6

that preserves isomorphism classes (that is, 7(X) = T(Y) implies X = Y) and
preserves indecomposables, where k(t, ;) is the polynomial k-algebra in two non-
commuting variables ¢ and f, and modf k (¢}, ;) is the category of finitely generated
right k(t1, ©»)-modules with finite k-dimension. If, in addition, the functor T is full,
then € has fully k-wild representation type.

It follows from [Simson 1993] and Corollary 2.3 below that ¢ has fully k-wild
representation type if and only if it has strictly k-wild representation type in the
sense of [Crawley-Boevey 1992]; see also below.

Following [Crawley-Boevey 1992], [Ringel 1976] and [Simson 2003, Remark
2.5], we need to distinguish between k-wildness and wildness, because the two
notions do not coincide for the category mod R. We recall that the category mod R
of finite-dimensional right modules over a finite dimensional k-algebra R is defined
as wild if there exist a finite field extension k" of k and a faithful exact additive
functor 7’ : modfk’(t;, ) —> mod R that preserves isomorphism classes and
preserves indecomposables; moreover, mod R is strictly wild if there is such a T’
that is fully faithful. If k is algebraically closed, mod R is k-wild if and only if it
is wild, and it is fully k-wild if and only if it is strictly wild.

Following the definition of fully wild representation type and [Arnold 2000],
[Simson 2002, Definition 5.1] and [Simson 2003, Definition 2.6], we introduce the
following two useful notions for an arbitrary additive k-category.

Definition 2.1. Let k be a field. An additive k-category € is defined to have k-
endo-wild representation type if for each finite-dimensional k-algebra A there is
an object U of € and a k-algebra isomorphism End U = A.
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According to [Han 2002, Theorem 2], for the category 6 = mod A of mod-
ules over a radical square zero k-algebra A of finite dimension, then k-endo-wild
representation type and fully k-wild representation type coincide.

The following simple lemma is very useful (see [Simson 2003]).

Lemma 2.2. Let k be a field and let € be a full exact k-subcategory of fpr(S, k).

(a) The category 6 has fully k-wild representation type if and only if, for each
finite-dimensional k-algebra A, there is a fully faithful exact k-linear functor
H:mod A — 6.

(b) If, for each finite-dimensional k-algebra A, there exists a fully faithful k-linear
functor H :mod A — 6, then, for each finite-dimensional k-algebra A, there
exists such a functor H that is exact.

(¢c) If, for each finite-dimensional k-algebra A, there exists a fully faithful k-linear
functor H : mod A —> 6, then 6 has k-endo-wild representation type.

Proof. (a) Sufficiency is easy, because for the k-algebra

k k3
A=
G0)
of k-dimension five there exists a fully faithful exact k-linear functor

modf k(t, t,) —> mod A

(see [Simson 1992, pp. 286-287]).

Necessity is a consequence of [Brenner 1974a] and [Simson 1993, Theorem
2.9], as follows. Suppose that € has fully k-wild representation type and A is a
finite-dimensional k-algebra. The theorem just cited says that there exists a fully
faithful exact k-linear functor T : modfk(t;, r,) —> 6. On the other hand, by a
well known result from Sheila Brenner [1974a], there is a fully faithful exact k-
linear functor F : mod A — modfk(¢, t). It follows that the composite k-linear
functor H =T o F : mod A — 6 is fully faithful and exact.

(b) The proof of is analogous to that of (a).

(c) Assume that A is a finite-dimensional k-algebra. Then there exists a fully
faithful k-linear functor H : mod A — 6. It follows that U = H(A) is an object
of 6 C fpr(S, k) such that End U = A. O

The proof of Lemma 2.2, together with [Simson 1993, Theorem 2.9], yields:

Corollary 2.3. Let k be a field. A full exact k-subcategory 6 of fpr(S, k) has
fully k-wild representation type if and only if there exists a fully faithful exact
k-linear functor H : modfk(t,, ) —> 6. In this case H has the form H =
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(=) ®k(),0) N, where i1, 1,) Nis is a k(ty,t2)-kS-bimodule such that the left k(t, t,)-
module i, 1,y N is free of finite rank.

The arguments applied above show that if R is a fully k-wild k-algebra, that is,
mod R is of fully k-wild representation type, then the category mod R is k-endo-
wild. Since not every local wild algebra over an algebraically closed field & is fully
wild then, according to [Han 2002, Theorem 2], there exists a k-algebra R such
that mod R is k-wild, but it is not k-endo-wild. The problem of determining all
finite-dimensional k-algebras R for which mod R has fully k-wild representation
type if and only if mod R has k-endo-wild representation type remains unsolved
(see [Simson 2002, Problem 5.2]).

Let U = (Uy; s € S) be an object of fpr(S, k). The coordinate vector of U is
defined in [Simson 1992] to be the integral vector

cdnU = (ug)ses € ZS:
where u, = dimk(Us/ Dies US) if s € §\ {o0} and uo, = dimg (Uy,). We set
lednU| = Zus.
seS

The representation U is defined to be sincere if U is indecomposable and u; # 0
for each s € S\ {oo}. The poset S is sincere if there is an indecomposable sincere
object of fpr(S, k).

We recall from [Simson 1992, Proposition 5.14] that for any indecomposable
object U of fpr(S, k), with cdn U = (uy),cs, the subposet

Su=1{s€S; us #0}

of S, called the coordinate support of U, is sincere, the restriction V of U to Sy
is an indecomposable sincere object of fpr(Sy, k), and there exists a fully faithful
k-linear embedding i : fpr(Sy, k) —> fpr(S, k) such that U = i (V). In particular,
there is a k-algebra isomorphism End U = End V.

Now we show that, for the category fpr(S, k), the k-wild representation and
k-endo-wild representation type coincide.

Theorem 2.4. Assume that k is an arbitrary field and S is a finite poset with a
unique maximal element. The following three statements are equivalent.

(a) The category fpr(S, k) has k-wild representation type.
(b) The category fpr(S, k) has k-endo-wild representation type.
(¢c) There exists a fully faithful k-linear functor T : modf k(t,, t,) —> fpr(S, k).
(d) The category fpr(S, k) has fully k-wild representation type.
Proof. (d) = (c) is obvious, and (c¢) = (b) follows from Lemma 2.2(c).
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(a) = (d): Assume that the category fpr(S, k) has k-wild representation type. The
poset S contains a subposet N isomorphic to one of the six hypercritical posets of
[Nazarova 1975]: .
t
Ni=(eeoe- ), Na=(--+ 1), Ny=(th, M:(.H),NS:(N
N

(see also [Simson 1992, Theorem 15.3]). There exists a pair of fully faithful exact
k-linear functors

modfk(t1, 12) —+ prinkN® —+ prinks,

where, for a poset 7', prin kT denotes the category of prinjective right kT -modules
and T°° = T U {00}, with t < oo, for all t € T. The functor ﬁj\f is constructed
in [Simson 1992, pp. 310-312] (and corrected in Theorem A.1 of the Appendix),
whereas Ty is the subposet induction functor ([Simson 1992, (11.85)]; see also
[Kasjan and Simson 1995]). This shows that the subcategory prin kS of mod kS has
fully k-wild representation type. By applying [Kasjan 2003, Proposition 5.4] to the
poset S = S\ {oo} and to the adjustment functor ® : prin kS — §’-sp = modyp kS
defined in [Simson 1992, 11.32-34], we conclude that the category fpr(S, k) =
modg, kS has fully k-wild representation type, and (d) follows.

(b) = (a): Assume that fpr(S, k) does not have k-wild representation type. As
a consequence of Nazarova’s theorem [1975] (see also [Zavadskij and Nazarova
1977; Simson 1992, Theorem 15.3]), the poset S does not contain, as a subposet,
any of the six hypercritical posets N1, N2, N3, N4, N'5, Ng of Nazarova [Nazarova
1975]. There are several cases to be considered in order to show that fpr(S, k) does
not have k-endo-wild representation type. The analysis of these cases will occupy
us until the end of this section.

Casel. S=(----)U{oo}.

By [Brenner 1974b], for each indecomposable object U of fpr(S, k), the al-
gebra End U is isomorphic to a quotient algebra of the polynomial algebra k[x].
In particular, either U is preprojective or preinjective with End U = k or else U is
regular with End U = k[x]/(g(x)¢), for some irreducible polynomial g(x) (see also
[Simson 1992, Section 15.6; Zavadskij 1987; 1991]). This shows that fpr(S, k)
does not have k-endo-wild representation type, because the matrix k-subalgebra

abd
A= Oac);a,b,c,dek
00a
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of Mi3(K) of dimension four has no nontrivial idempotents and it is not isomorphic
to an algebra k[x]/(g(x)¢), for some irreducible polynomial g(x).

Case 1l. The poset S does not contain, as a subposet, any of the posets N1, No, N3,
N4, N's, Ng, or

N = (L,

It is sufficient to prove that the algebra End U is commutative, for each sincere
indecomposable object U of fpr(S, k), recalling that each indecomposable object
in fpr(S, k) may be identified with a sincere indecomposable object in fpr(Sy, k),
for some subposet Sy of S. In this case, fpr(S, k) does not have k-endo-wild
representation type since, for example, the k-algebra A of dimension four defined
in Case I is noncommutative and has no nontrivial idempotents.

The proof that End U is commutative, for each sincere indecomposable object
U of fpr(S, k), is an induction on

p(U)=(cdnU|,v(U)) e N x N7,

where v (U) is the cardinality of the set {(s, ); s <t in S, uy #0, u; #0}, N x N°P
is ordered lexicographically and cdn U = (uy)scs, see [Simson 1992, proof of
Theorem 15.54].

IfS=(:---)U{oo}, then End U is commutative, by Case I.

Now assume that S # (- -+ +) U {oo} and S does not contain any of the posets
N1, No, N3, Ny, N5, Ng, N%, as a subposet. In view of [Simson 1992, Theorem
15.30], there exists an irreducible suitable pair (a, b) of elements of S. Let d, p) :
fpr(S, k) — fpr(d(,») S, k) denote the Zavadskij derivative (see [Zavadskij 1977;
1991; Simson 1992, Definition 9.2]) with respect to (a, b).

Define S, -j to be the poset obtained from S by adding the relation a < b and
let u : fpr(S,-p, k) —> fpr(S, k) be the natural fully faithful embedding. Given
a sincere indecomposable object U of fpr(S, k), then either U’ = (4,5 (U) is a
sincere indecomposable object of fpr(d(,,») S, k), with p(U’) < p(U), orelse U,
Uy and U = u(U’), for some sincere indecomposable object U’ of fpr(S,-p, k),
with p(U’) < p(U), [Simson 1992, Lemma 15.52]. Since O(a,b)S does not contain
any of the posets N, Na, N3, N4, Ns, N, N¥, as a subposet, [Simson 1992,
Proposition 15.27 and Theorem 15.30], then the algebra End U’ is commutative,
by induction on p(U).

If U =u(U’), then End U = End U’ is commutative, since u is a fully faithful
functor.

Now suppose that U’ = d(, ) (U). If U is isomorphic to P, (an indecomposable
projective based on a, with one-dimensional peak space) or P = P, ., = P, + P,
(an indecomposable subobject of the injective envelope E(Py) of P, generated
by P, and P.,, see [Simson 1992, Chapter 5]), then End U = k.



8 DAVID M. ARNOLD AND DANIEL SIMSON

Next, assume that U is sincere and indecomposable, but not isomorphic to P,
or any P, .. By applying Lemma 9.13 and Corollary 9.18 of [Simson 1992], we
show that End U’ = End W.

To see this, we note that, by Proposition 9.16 of [Simson 1992], the functor
5@, b) induces a k-algebra isomorphism ¢ : End U — (End W) /sy, where

Aw ={f € End W : f factors through P} for some }.

Now dw € Hom(W, W(>,)), where W=q) = (Us : 5 € d(q,)S), with Uy = Wy, if
s>a,and U; =0, if s £ a.

Assume Ay # 0. Then W, # 0, because W, = 0 would imply Hom(P,, W) =
W, =0. Since sy # 0 and W, # 0, there is a morphism W — W(=,) with image
isomorphic to P,. This is a contradiction to the assumption that W is indecom-
posable and not isomorphic to P, and the fact that P, is projective. Consequently,
Aw =0and EndU = End W = End U’ is commutative, as desired.

Case IIl. S does not contain any one of N1, Na, N3, N4, N's, N, but does contain
N%¥ as a subposet.

As noted in Case 11, it is sufficient to assume that S is a sincere poset. Then S
is a union of two garlands [Simson 1992, Proposition 15.61], where a garland is a
poset of width 2 that does not contain the poset (1, 2) as a subposet.

Define %y, , to be the disjoint union of two garlands 4, and %,,, where %, is a
garland with exactly m pairs of incomparable elements, that is, it has the form

1l >3 -5 - ... - 2m—1
G : X X X X
2 >4 -6 —> --- - 2m.

As in [Simson 1992, Corollary 15.63], fpr(S, k) does not have k-endo-wild repre-
sentation type if fpr(4;;,,, k) does not have k-endo-wild representation type.

It remains to prove that fpr(%;, , k) does not have k-endo-wild representation
type. The category fpr(%;;,,, k) is equivalent to the category rep; (€,,,,) of k-linear
representations of a nonsingular separably reducible clan €, ,, associated to 4, ,
in [Simson 1992, Lemma 15.67]. Indecomposable objects W of rep, (‘6,, ) are
classified in terms of k-linear functors S,, : modf A,, —> rep,(‘6,,.,) indexed by

words w as follows, see [Crawley-Boevey 1989]:

(a) W is an asymmetric string isomorphic to S,,(M) for some indecomposable
M in modf A,,, where A,, = k;

(b) W is a symmetric string isomorphic to S, (M) for some indecomposable
module M in modf A,,, where A, = k[x]/(g(x)) and g(x) is a quadratic
polynomial with nonzero constant term and distinct roots in k;
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(¢c) W is an asymmetric band isomorphic to S,,(M) for some indecomposable M
in modf A,,, where A,, = k[x, x"'];

(d) W is a symmetric band isomorphic to S, (M) for some indecomposable M
in modf A, where A, = k{1, 2)/(p(t1), q(t2)) and p(t) and g(2) are qua-
dratic polynomials with nonzero constant terms and distinct roots in k.

Moreover, there are k-linear functors F,, :rep; (€,,,,) —> modf A,,, with F,0S,,
naturally equivalent to the identity functor on modf A,,.

This is proved in [Crawley-Boevey 1989], when the field £ has at least three
elements, and in [Deng 2000], when the field & is arbitrary.

It now follows that, for each indecomposable object W of rep, (‘6,, ), there is
some A,, an indecomposable module M in modf A, and an ideal /,, of End W
with (End W)/I,, = Ends, M and F,,.(I,) = 0, where the map F; : End W —

Enda, M is induced by the functor F,,. Because W is indecomposable, End W is
a local ring so that I,, € J(End W). Hence, there is a k-algebra isomorphism

End W/J (End W) = Endy, M/J(Ends, M).

In each case, End4, M is isomorphic to a quotient algebra of k[x]. This is
because indecomposable modules in modf A, are cyclic k[x]-modules in the case
of types (a)—(c), as we can see by observing that k[x, x~!11s a localization of k[x].

Next, we show that (d) is a consequence of Case I.

Let § = (---+)U{oo} and A, = k(t1,)/(p(t1), q(t2)), where p(t;) and
q(ty) are quadratic polynomials with nonzero constant terms and distinct roots
in k. Assume that p(¢)) = (t; — A1)(t1 — A2) and g () = (tr — A3)(tr — A4),
where 11, 12, A3, A4 are nonzero distinct elements of k. Define a functor F :
modf A, —> fpr(S, k) by the formula F(M) = (M, M, M, M3, My), where
M; is the eigenspace of 4;. Since F induces the k-algebra isomorphism F :
Endy, M — End F (M), we conclude as in Case I that if M is an indecomposable
module in modf A,,, then Ends, M is isomorphic to a quotient k-algebra of the
polynomial algebra k[x].

In summary, End W/J(End W) is a finite-dimensional field extension of k, for
each indecomposable object W of rep; (6,,.,).

Case Il(i). There is a noncommutative finite dimensional division k-algebra D.
Since D is noncommutative, there is no indecomposable object W of rep, (€,,.,,)

with End W/J(End W) = D. Therefore, fpr(%<° , k), and consequently fpr(S, k),

m,n°
does not have k-endo-wild representation type.

Case lll(ii). Every finite-dimensional division k-algebra is a field (e.g., k is finite
or algebraically closed).

It is sufficient to prove that the category rep, (6, ,) is not k-endo-wild.
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e Assume that W is a band representation in rep, (€,, ) (types (c) or (d) above).

The functor S, : mod A,, — rep, (6,,.,) preserves irreducible morphisms, hence
Auslander—Reiten sequences, in (c) and (d); see [Geill 1999, Proposition 4]. Since
the functor S, : mod A,, — rep;(,,,,) preserves irreducible morphisms, S, in-
duces an isomorphism

(M, M) =J(M, M)/ J*(M, M) — Irt(W, W) = J(W, W)/ J*(W, W),

with notation as in [Simson 1992], where M is a module in mod A, with S,,(M) =
W. Since End M and End W are local rings, we have isomorphisms

Irr(M, M) = J(End M)/J (End M)? and Irr(W, W) = J (End W)/J (End W)>.

For (c) and (d), J(End M)/J(End M)? = k. Possibility (c) is obvious, and (d)
follows as above by reducing to Case I and showing that End W is a factor ring of
k[x], for each indecomposable W in fpr((glj’in, k).

This shows that J(End W)/J (End W)? = k for each band representation W in
rep; (€,,.,). Because the algebra A defined in Case I is of dimension four, has no
nontrivial idempotents and J(A)/J (A)? is noncommutative, then A is not isomor-

phic to End W, for any indecomposable band representation W in rep (6,,.).

e Now assume instead that W is a string representation in rep; (6,,.,).

It is sufficient to prove that End W is not isomorphic to the k-algebra A defined in
Case I. The problem reduces to the case m =2, n =1, where §,,, , =%, 1 =N%. The
clan 65| corresponding to the poset N¥ and the category rep, (,,1) are presented
in [Simson 1992, p. 360]. By applying this description and the arguments given
[Geill 1999] and [Krause 1991], one can show, by a detailed technical argument
(not included), that the k-algebra A defined in Case I is not of the form End W, up
to isomorphism, where W is a string representation in rep; (€2,1). This finishes the
proof of Case IIl(ii), and hence also of Theorem 2.4. (]

3. Generic representations and representation type

Let (S, <) be a finite poset with a unique maximal element co and R a unitary
ring. Following [Arnold and Simson 2002], we define the category rep 7, (S, R) to
be the category of filtered finitely generated R-representations of S with objects
U = (Uy; s € S) such that each Uj is a finitely generated left R-module and U C U,
if s <tin S. A morphism from U = (Uy; s € S) to V = (Vy; s €§) is an R-module
homomorphism f : Uy, — Voo such that f(Uy) C Vg, for each s € S.

Let fspr(S, R) denote the full subcategory of filtered subprojective represen-
tations of rep (S, R) with objects U = (Us; s € S) such that U is a projec-
tive R-module. Define fpr(S, R) to be the full subcategory of fspr(S, R) with
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U = (Us; s € S) such that U, and Uy /U, are free R-modules, for each s € S. If
k is a field, then fspr(S, k) = fpr(S, k) =rep, (S, k).

For a field k, we define Fpr (S, k) to be the category with objects U = (Uy; s € 5)
such that each U is a k-vector space and U; C U, if s <t in S. A morphism from
U= (U;; seS)toV = (Vs se€)is a k-linear transformation f : Uy, & Vo
with f(Uy) C V; for each s € S. The peak R-rank of an object U = (Uy; s € §)
of Fpr(S, R) is defined to be the R-rank of the free R-module Us,. The category
Fpr(S, k) is an extension of fpr(S, k) in that U, may be infinite-dimensional.

We write End U for the endomorphism ring of an object U of Fpr(S, k).

We recall from [Simson 1992, Section 5.1] that the category Fpr(S, k) may
be viewed as a full exact subcategory of the module category Mod kS over the
incidence k-algebra kS of S, because there is a fully faithful k-linear exact functor

p :Fpr(S, k) — Mod kS

which associates to any object M = (Mjy; s € S) of Fpr(S, k) the k-vector space
p(M) = @D, g M equipped with the right multiplication - : p(M) x kS — p(M)
defined by attaching to every element m = (my)ses € D, .g My = p(M) and any
matrix A = [Apq]p.ges € kS € Mg(k) the vector m - & = (my) - [Apg] = (m})ses €
PD,cs My = p(M), where m; = > . _ midis. If f: M — M’ is a morphism in
Fpr(S, k) defined by a k-linear rnapif : My — M, we define the kS-module
homomorphism p(f): p(M) — p(M") by the formula p(f)(m) = (f (my))ses, for
every m = (my)ses € p(M).

The functor p allows us to identify the category Fpr(S, k) with a full exact sub-
category of the module category Mod kS. By identifying any object M = (Mj; s €
S) of Fpr(S, k) with the right kS-module p(M) we can view M as a left module
over the endomorphism k-algebra End M = Endys p(M).

Lemma 3.1. Let k be a field and S a finite poset with a unique maximal element.
The category fpr(S, k) has k-wild representation type if and only if there exists an
object N of fpr(S, k{t1, r2)) such that the k-linear functor

— Q k(1) N : Mod k(ty, t2) —> Fpr(S, k)

is exact, faithful, preserves indecomposables, preserves isomorphism classes and
restricts to the functor — ® i) N : modfk(t;, r,) —> fpr(S, k).

Proof. The proof of sufficiency is obvious. To prove necessity, we assume that
fpr(S, k) has k-wild representation type, that is, there exists an exact k-linear func-
tor

T’ : modfk(t;, t,) —> fpr(S, k)
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that preserves isomorphism classes and preserves indecomposables. By a well
known result of Brenner [1974a], there is a fully faithful exact k-linear functor

3
T” :mod A — modfk(t;, ), where A= (](; Z ) )

It follows that the composite k-linear functor 7" o T” : mod A — fpr(S, k) C
Mod kS is exact, preserves isomorphism classes and preserves indecomposables.
By the Wildness Correction Lemma [Simson 1993, Lemma 2.6] applied to T'oT"”,
there exists a finite-dimensional A-kS-bimodule 4 M ,i  such that the left A-module
AM'’ is free of finite rank and the k-linear functor

H' =—Q® sM;g:mod A — fpr(S, k) € Mod kS

is exact, faithful, preserves isomorphism classes and preserves indecomposables.
Moreover, it follows from the proof of [Simson 1993, Lemma 2.6] that the functor
H' extends to a unique k-linear exact faithful functor

H' =—Q sM;s:Mod A —> Fpr(S, k) € Mod kS,

that preserves isomorphism classes and preserves indecomposables. By [Simson
1992, pp. 286-287] and the arguments used in the proof, there exists a fully
faithful exact k-linear functor H” : Mod k{t, t,) —> Mod A, which restricts to
H" : modfk(t;, ) — mod A and is of the form H” = — ® k(.1,)M/{, Where
k(n,n) M is an k(t1, t2)-A-bimodule such that the left k(t,, ,)-module M" is free
of finite rank. Since the right kS-module 4 M} = A® 4 M} = H'(A) is an object
of fspr(S, k) of the form (4 M;; s € S), then the k(t;, t)-k S-bimodule

kitr) Nks = k(.M @ aMpg

can be identified with the object (¢(,..,) Ns; s € S) of the category fpr(S, k(t1, t2)),
where i, 1) Ns = k.0 M"” ® A M. is a free left k(t;, t,)-module of finite rank, for
each s € S. It follows that the composite k-linear functor H' o H” is fully faithful,
exact, preserves isomorphism classes, preserves indecomposables, is of the form

— ® k(11,1) Nis : Mod k{11, 1) —> Fpr(S, k)
and restricts to the functor — ® x(, .1,y Nks : modfk(ty, 1) —> fpr(S, k). O

To define generic representations of S, we define the endolength of M to be
the (composition) length of the left End U-module M, compare with [Crawley-
Boevey 1991]. Moreover, we define the object M = (Mj; s € S) of Fpr(S, k) to
be a generic representation of S, if M is indecomposable, the k-dimension of My,
is infinite, M has finite endolength, and the k-algebra

Dy =End M/ J (End M)
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contains, as a k-subalgebra, the quotient field k(x) of the polynomial k-algebra
k[x] in one indeterminate x.

By definition, the object M = (Mj; s € S) of Fpr(S, k) is a generic representation
of S if and only if p(M) is a generic kS-module (in the sense of [Crawley-Boevey
1991], that is, p(M) is indecomposable of infinite length as a kS-module, but is of
finite endolength) with the additional property that k(x) € Dyy.

If the field k is algebraically closed, then the condition that k(x) € Dy, is re-
dundant. This is because, by Lemma 3.2, D, is a division k-algebra of infinite
k-dimension (since M has finite Dj/-dimension equal to the endolength of M).
Under the assumption that k is algebraically closed, the division k-algebra Dy,
contains an element x transcendental over k and therefore k(x) C Dy,.

The standard properties of generic modules proved in [Crawley-Boevey 1991]
yield the following useful lemma.

Lemma 3.2. Let k be a field and S a finite poset with a unique maximal element.
If an object M = (M; s € S) of Fpr(S, k) is a generic representation of S, then:

(a) the k-dimension of My is countably infinite;

(b) the k-algebra Dy = End M /J(End M) is a division algebra with J(End M)
nilpotent; and

(c) the representation M is an object of fpr(S, Dyy) and the Dy;-dimension of
M equals the endolength of M.

Example 3.3. Assume that 7 is any of the hypercritical posets N, ..., Ng of
Nazarova and let 7°° = T'U{oo}. In the proof of Theorem 2.4, we have constructed
a fully faithful k-linear exact functor F7. : modfk(t;, t) —> fpr(T°°, k(t1, 12)). We
recall from the construction that the modules in Mod k(¢;, t;) are identified with
k-linear representations of the two-loop quiver

x)

consisting of a single point and two loops a and b. Any such representation is a
triple V = (V, a, l;), where V is a k-vector space and a, b:V — V are k-linear
endomorphisms of V.

For j=1,...,6, the functor F J/\fj associates to the representation V = (V, a, l;)
the object

Uy’ = Fi (V)

of the category Fpr(N7°, k(t1, 2)) defined by the corresponding diagram U\(/j ) from
the proof of Theorem 2.4.

Note that the module k(t;, t,) in Mod k(t;, ;) is identified with the triple V =
(k(t1, 12), 11, 12), where {1, f, are the k-linear endomorphisms of k(t1, ;) defined by
the multiplication by #; and 1, respectively. Given T = N';, we define the object
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U,(Tm’t2> of fpr(T*°, k{t1, 1)) to be the object UY, with V = (k(t1, 1), 11, ). For
instance, if T = N, then UkTm,zz) is the object of fpr(T°, k(t;, t,)) defined by the
diagram of k(t{, t;)-modules

k{1, 1)

|4

L, b)) @k, 1)

(id,72)
%)

k(t1, 2) k(ty, 12)

k(t1, 1) @ (0) 0) ®k{t1, 1)

where d is the diagonal embedding, given by d(x) = (x, x), for x € k{t;, t2).

For each hypercritical poset T, clearly U kT(n,tz) is an object of fpr(T°, k(t1, t2))
such that (UkT<t1,z2>)00 has infinite k-dimension and finite k(¢{, f;)-rank. Since the
k-linear functor F is fully faithful, then there are k-algebra isomorphisms

ki1, 1) = Endg, 1) k{11, 1) = End Fy.(k(t1, 1)) = End U/,

1,)"

This shows that U kT<t.,z2> is an indecomposable object of fpr(T°°, k{t1, 1)) of finite

endolength. Therefore UkT< is a generic object of Fpr(T°, k(t, 12)).

1,12)

The main theorem of this section (Theorem 3.8) gives several characterizations
of tame and k-wild representation type of the category fpr(S, k) in terms of exis-
tence conditions on generic representations. This theorem parallels that of the main
theorem in [Crawley-Boevey 1991] for mod A for a finite dimensional algebra A
over an algebraically closed field k. The proof is different, however, because of
the assumption that k is an arbitrary field.

In particular, condition (c) of Theorem 3.8 is an existence condition on generic
representations M with End M/J (End M) = k(x). Itis proved in [Crawley-Boevey
1991], using properties of minimal bocses, that if A is a finite-dimensional algebra
over an algebraically closed field £ and mod A has tame representation type, then

End M/J(End M) = k(x)

for each generic A-module M. Since the theory of minimal bocses is not available
in our context, this condition is included as an assumption in condition (c). The
question of whether it is necessary remains unresolved.

The remainder of the paper is devoted to a proof of Theorem 3.8. We start with
the following result, proved in [Arnold 2000, Theorem 1.5.3].

Theorem 3.4. Let k be a field and S a finite poset with a unique maximal element.
Then fpr(S, k) has finite representation type if and only if there are no generic
representations in Fpr(S, k).
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We recall from [Arnold and Simson 2002] that the category fpr(S, k) has tame
representation type if for each vector w = (wy)ses € Z°, with each w, a non-
negative integer, there are finitely many indecomposable objects Ny, ..., Ny, of
fpr(S, k[x]) such that if U is an indecomposable object of fpr(S, k) with cdn U =
w, then U = Z @iy N;, for some 1 < j <m,, and a cyclic k[x]-module Z.

Let N be an object of fpr(S, k[x]) and define

]’\',‘x = k(x) Qk[x] N,

an object of fpr(S, k(x)) containing N. It follows that the natural embedding N —
N* induces a k-algebra embedding End N C End N*. We define the nil radical of
End N to be the nilpotent ideal Nil(End N) = End N N J(End N *) of End N.

The first step in the proof of Theorem 3.8 is to relate generic representations to
certain objects of fpr(S, k[x]). We call an object N of fpr(S, k[x]) pregeneric if
N is indecomposable as an object of Fpr(S, k). Notice that a pregeneric object of
fpr(S, k[x]) is also an indecomposable object of fpr(S, k[x]). The terminology,
pregeneric representation, is motivated by the following lemma.

Lemma 3.5. Let k be a field and S a finite poset with a unique maximal element.

(@) If N = (Ng; s € S) is a pregeneric object of the category fpr(S, k[x]) such
that End N/ Nil(End N) = k[x], then N* = k(x) ®xx] N is a generic object
in Fpr(S, k), the endolength of N* equals the k[x]-rank of N, and

End N*/J (End N*¥) = k(x).
(b) If M = (My; s € S) is a generic object of Fpr(S, k) such that
End M/J(End M) = k(x),

there is a pregeneric object N = (Ny; s € S) of fpr(S, k[x]) such that M = N*,
End N/Nil(End N) = k[x], and the endolength of M equals the k[x]-rank of
the free module No.

Proof. (a) Clearly, N* = k(x) ®kpx) N is an object of fpr(S, k(x)), and hence an
object of Fpr(S, k) with infinite k-dimension and finite endolength, since k(x) C
End N*. Obviously, there is a k-algebra embedding

End N/ Nil(End N) —> End N*/J (End N¥).

Because k(x) is the quotient field of k[x] C End N, N is finitely generated and free
as a k[x]-module, and End N/ Nil(End N) = k[x], then End N*/J(End N¥) =
k(x). This shows that M is an indecomposable object of Fpr(S, k).

(b) By Lemma 3.2, M, is a k(x)-module, the endolength of the object M equals
dimy(x) Mo and M is an object of fpr(S, k(x)). Consequently, M = k(x) Q] N
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for some object N of fpr(S, k[x]) such that the endolength of M equals the k[x]-
rank of N. Since there is an obvious k-algebra embedding

End N/Nil(End N) — End M/J(End M) = k(x),

then the algebra End N has no nontrivial idempotents and therefore N is an inde-
composable object of Fpr(S, k). It follows that End N/ Nil(End N) = k[x]. (]

The next lemma is a characterization of tame representation type in terms of
pregeneric representations. The general framework of the proof of the lemma is
like that of the proof of Theorem 2.4, in that Case 2 is an induction proof be-
ginning with Case 1 and Case 3 is proved by using properties of representations
of clans. However, in the proof of the following lemma, the goal is to construct
pregeneric representations in fpr(S, k[x]) rather than finding endomorphism rings
of indecomposable objects of fpr(S, k). We write “almost all” for “finitely many
exceptions, up to isomorphism”.

Lemma 3.6. Let k be a field and S a finite poset with a unique maximal element.
The category fpr(S, k) has tame representation type if and only if for each vector
w = (wy)ses € Z5, with each wg a nonnegative integer, there are finitely many
pregeneric objects Ny, ..., Ny, of fpr(S, k[x]), with End N; / Nil(End N;) = k[x]
for each i, such that for almost all indecomposable objects U of fpr(S, k) with
cdn U = w, there is an isomorphism U = Z ®(x] Nj, for some 1 < j <m, and a
cyclic k[x]-module Z.

Proof. 1t is sufficient to assume that fpr(S, k) has tame representation type and
confirm the conditions of the lemma (the converse is clear). The proof follows that
of Theorem 2.4.

Casel. S=(-+--)U{o0}.
Define an object N of fpr(S, k[x]) by the formula

N = (k[x]® (0), (0)@k[x], (1, Dk[x], (1,x)k[x], k[x]D k[x]).

A simple calculation shows that End N = k[x], and the endomorphism k-algebra
of N, viewed as an object of fpr(S, k), is also isomorphic to k[x]. It follows that
N is a pregeneric representation in fpr(S, k[x]).

It follows from the classification given in [Brenner 1974b] (see also [Simson
1992, Section 15.6]) that, for each w = (wy)ses € 73, either

(i) there are only finitely many isomorphism classes of indecomposable objects
U of fpr(S, k) with cdn U = w, or

(ii) each indecomposable object U of fpr(S, k) is isomorphic to Z &, N, for
some cyclic k[x]-module Z.
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Case 2. The poset S does not contain, as a subposet, any of the hypercritical posets
N1, N2, N3, Ng, N's, Ng of Nazarova, or

Ng:(fxf Y

This case is proved by an induction on p(U) = (Jedn U|, v (U)) e Nx N°?  as in
[Simson 1992, proof of Theorem 15.54], beginning with Case 1. As summarized
in Case II of the proof of Theorem 2.4, if U is an indecomposable sincere object
of fpr(S, k), then either p(U’) < p(U), for U’ = (4,)(U), cdn U’ = cdn U, and
J(a,b)S does not contain N% as a subposet; or else U, € Up, and U =u(U"), for some
object U’ of fpr(S,<p, k) with p(U’) < p(U) and cdn U’ = cdn U. In either case,
by induction on p(U) beginning with Case 1, there are finitely many pregeneric
objects Ny, ..., Ny, of fpr(S, k[x]) with End N;/Nil(End N;) = k[x] for each i
such that for almost all indecomposable objects U of fpr(S, k) with cdn U = w,
U = Z ®jx) N; for some 1 < j <m,, and cyclic k[x]-module Z.

Case 3. The poset S does not contain, as a subposet, any of the posets N1, Ny, N3,
N4, N5, or Ng, but does contain N¥.

This case reduces to the category rep, (€,,,,) of k-linear representations of a clan
6.1, as outlined in Case III of the proof of Theorem 2.4. There we classified the
indecomposable representations in rep, (€,,,,) explicitly, into possibilities (a)—(d).
(See page 8.)

In (a)—(c), each indecomposable object U of rep; (6, ,,) is isomorphic to S, (M),
for some cyclic A,,-module M, where A,, is a quotient algebra of k[x] and

End U/J (End U) = End M/J (End M) = k[x]/(g(x))

i1s a finite-dimensional field extension of k. There is a natural extension of the
correspondences

fpr(S, k) —> Fpr(632,, k) —> repy (6.0

m,n>

to correspondences Fpr(S, k) —> Fpr(4;7,, k) —> Rep; (€,n,,), where Rep; (6,,,,)
is the category of all k-linear representations of the clan 6, , (including also in-
finite dimensional representations). For (a), (b), and (c), S,,(k[x]) is an indecom-
posable object of Rep, (€,,.»). Let N be the preimage of S, (k[x]) in Fpr(S, k), an
indecomposable object in fpr(S, k[x]) with End N/ Nil(End N) = k[x]. Since each
indecomposable object U of rep; (6, ) is isomorphic to S, (M) for some cyclic
A,,-module M of fpr(S, k) and A, is a factor k-algebra of k[x], it follows that if
V is an indecomposable object of fpr(S, k), then U is isomorphic to Z ®j,] N for
some cyclic k[x]-module Z. Thus (d) reduces to Case I. In any case, the conditions
of the lemma are satisfied. O
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Lemma 3.7. Let S be a finite poset with a unique maximal element, k a field, N a
pregeneric object of fpr(S, k[x]) with End N/ Nil(End N) = k[x] and dy the k[x]-
rank of the free k[x]-module N,. Assume that fpr(S, k) has tame representation
type.
(a) There is a torsion cyclic k[x]-module Zy such that UN = Zy Rkl N =
(UXN; s € S) is an indecomposable object of fpr(S, k) and the k[x]-rank of
UXN is equal to dy.
(b) Assume that N' is another pregeneric object of the category fpr(S, k[x]) such
that End N’/ Nil(End N') = k[x] and Z is a torsion cyclic k[x]-module such
that there are k|x)-module embeddings Zy € Z and Zy' € Z. Then

Zy Qi N and Zn @iy N’

are isomorphic objects of fpr(S, k) if and only if N and N' are isomorphic
objects of fpr(S, k[x]).

Proof. (a) Write N = (Ns; s € S). Pick a k[x]-basis By = {bs;} of Ny, for each
s € S, and express each element by ; of By as a k[x]-linear combination b, ; =
Zj f5,i,j(X)boo,j Of elements of By,. Let m = max{deg f;, j(x)} and let Zy =
k[x]/(x™*1). We set UN = Zy ®xx) N. It is clear that UN = (USN; s €95)
is an object of fpr(S, k), because N = (Ny; s € S) is an object of fpr(S, k[x])
and UN = (N; + x" ! Ny)/x" T No, for each s € S. Since No is a finitely
generated free k[x]-module and each N; is a finitely generated free summand of
Noo, the choice of m guarantees that any k[x]-automorphism of UOZZ lifts to a k[x]-
automorphism of N,. Therefore, there is a k-algebra isomorphism

End UV /J(EndUY) =< End N/J(End N).

Let NV be the representation N viewed as an object of the category Fpr(S, k). Then
there exists a k-algebra isomorphism End NY/J(End NY) = End N/J(End N),
because End NV /Nil(End NY) = k[x] and Nil(End NY) € J(End NY). It now
follows that End UV /J(End UN) = End NV /J(End NV). Since N is an indecom-
posable object of Fpr(S, k), U" is an indecomposable object of fpr(S, k) and the
k[x]-rank of Uolg equals dy, because Zy = k[x]/(x’"“).

(b) Clearly, Z ®xx) N and Z ®[,; N’ are isomorphic objects of fpr(S, k) if N and
N’ are isomorphic objects of fpr(S, k[x]). An argument similar to that of (a) shows
that an isomorphism Z ®xpy] N =~ Z ®py N’ lifts to an isomorphism N ~ N'. [

Now we are able to prove the main result of this section containing a character-
ization of tame and k-wild representation type of the category fpr(S, k).

Theorem 3.8. Let k be a field and S a finite poset with a unique maximal element.
The following statements are equivalent.
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(a) The category fpr(S, k) has tame representation type.
(b) The category fpr(S, k) does not have k-wild representation type.

(c) For each integer d € N, there are only finitely many isoclasses of generic
representations M in the category Fpr(S, k) with endolength d and

End M/J(End M) = k(x).
(d) For each generic representation M in Fpr(S, k), the algebra
End M/J(End M)

does not contain a k-subalgebra isomorphic to k(t|, t2).

Proof. (a) <= (b): See, for example, [Arnold and Simson 2002, Theorem 2.1;
Zavadskij and Nazarova 1977; Zavadskij 1987; 1991].

(a) = (c): Assume that the category fpr(S, k) has tame representation type and
there exist an integer d € N and infinitely many pairwise nonisomorphic generic
representations My, My, ..., M, ... in Fpr(S, k) with endolength d,

End M;/J (End M;) = k(x)

for each i, and M; = M if and only if i = j. By Lemma 3.2, each M; is a k(x)-
module such that the endolength of M; = (M; s ; s € §) equals dimy(,) M; o, and
equals d as well. In addition,

M; = k(x) Qk[x] N;

for some pregeneric object N; = (N;5; s € S) of fpr(S, k[x]) such that the k[x]-
rank of N;  equals d and End N; / Nil(End N;) =k[x] (see Lemma 3.5). Moreover,
if N; = N;, then M; = M; and so i = j. Consequently, there must be infinitely
many isomorphism classes of the pregeneric objects Ny, Na, ..., Ny, . ...

If N = (Ny; s € S) is a pregeneric object of fpr(S, k[x]) such that

End N/ Nil(End N) = k[x]

and the k[x]-rank of N, equals d then, by Lemma 3.5, N* = k(x) k] N is a
generic representation in Fpr(S, k) with endolength d and End N* /J (End N* ) =
k(x). Hence, N* = M, for some i. It now follows from Lemma 3.7 that there is
some w = (wy)ses With ws = d such that, up to isomorphism, infinitely many
pregeneric objects N of fpr(S, k[x]) with End N/ Nil(End N) = k[x] are required
so that each indecomposable U of fpr(S, k), with w = cdn U, is isomorphic to
Z @iy N for some cyclic k[x]-module Z. This is a contradiction to Lemma 3.6
and the assumption that fpr(S, k) has tame representation type.
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(c) = (b): We follow [Crawley-Boevey 1991, Theorem 4.4]. Assume that fpr(S, k)
has k-wild representation type. In view of Lemma 3.1, there is some

N € fpr(S, k(t1, 1))

such that the k-linear functor — ® k(,,,) N : Modk(ty, t) —> Fpr(S, k) is ex-
act, preserves isomorphism classes, preserves indecomposables and restricts to the
functor — Q.1 N :modf k(t1, 1) —> fpr(S, k), where N is the representation
N viewed as an object of Fpr(S, k). For each 4 € k(x), we define

M), = (k@)[yl/(y — 1) ® k(N

an indecomposable object of Fpr(S, k). Then M; has infinite k-dimension and d
is equal to the k(t, »)-rank of N, as well as to the endolength of M, and this
number is finite, for each 1 € k(x). Consequently, each M, is a generic represen-
tation in Fpr(S, k). Since End M, /J (End M;)) = k(x), for each A, and M; = M,
if and only if 4 = o, the proof is complete.

(d) = (b): Assume that fpr(S, k) has k-wild representation type. Then S contains
a subposet T isomorphic to one of the 6 hypercritical posets Ny, N, N3, N4, N5,
or N¢ of Nazarova [Nazarova 1975], see also [Simson 1992, Theorem 15.3]. As
noted in Example 3.3, for each T, there is an object U/<T<z1,z2> of fpr(T*°, k{1, 1))
such that End UkTmm = k(t1, 7). It was shown in the proof of Theorem 2.4 that
there exists a fully faithful k-linear functor

Hr fpr(T, k(t1, 1)) — fspr(S, k{11, 12)).
It follows that Ny = HT(UkTm,zz)) is an object of fspr(S, k(t1, t2)) such that

End Ny =End Ny ZEnd U/, ., Zk(t1, 12).

It follows from [Kasjan 2003, Corollary 6.1] that there exists such fully faithful
k-linear functor Hy that satisfies the following three conditions:

e Np = Hy (UkTm,tz)) is an object of fpr(S, k(t1, 1)),

« there are k-algebra isomorphisms End Ny =End NTv =End U,(T(tlatz) Zk(t, 1),

« the k-linear functor — Qs 1) Nis : Mod k(t1, 1) —> Fpr(S, k) is full, faithful

and exact.

Let D be the universal division algebra of fractions of k(t1, ). Then the rep-
resentation Nf = D ® k() N7 is an indecomposable object in Fpr(S, k) such
that

End NZQ =D ® k(r,0) End Ny =D ®k(117,2)k<t1, 1) = D.

Moreover, the representation ﬁf = ((ﬁf )s; § € S) has infinite k-dimension and
finite endolength, since the endolength of NIL? is equal to the D-dimension of
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(IV%’ )oo, as well as to the k(ty, t»)-rank of (N7)s. Therefore f\f\f is a generic rep-
resentation in Fpr(S, k) and End Nf contains a subalgebra isomorphic to k{t;, ).

(a) = (d): Let M be a generic representation in the category Fpr(S, k) such
that d is the endolength of M and the k-algebra End M /J(End M) contains as
a subalgebra a universal division k-algebra D of fractions of k(t;, ). Then M D
D ® k(t,.1,) N for some indecomposable object N = (Ny; s € S) of fpr(S, k(t1, t2))
such that the k(t;, f;)-rank of Ny equals d and there is a k-algebra isomorphism
End N/J(End N) £ k{t;, ). Given irreducible polynomials f(¢;) € k[#;] and
g(#2) € k[;] and positive integers i and j, we consider the quotient k-algebra

R=k{t1,)/(t1tr, tat1, f(t1), g(t2)?)

of k(t1, ;) and the indecomposable object U = R ® (.1, N of fpr(S, k) with
endomorphism ring R. Then fpr(S, k) has k-endo-wild representation type, be-
cause each finite-dimensional k-algebra A is isomorphic to the centralizer of two
matrices M and N with minimal polynomials f(#;)' and g(t,)/, respectively, see
[Brenner 1974a]. Therefore, there are k-algebra isomorphisms A = R = End U
and, according to Theorem 2.4, the category fpr(S, k) has k-wild representation
type. (]

The following corollary shows that if fpr(S, k) has tame representation type,
then (finite-dimensional) indecomposable objects of fpr(S, k) can be constructed
from (infinite-dimensional) generic representations in Fpr(S, k).

Corollary 3.9. Let k be a field and S a finite poset with a unique maximal element.
If fpr(S, k) has tame representation type, then all indecomposable objects U of
fpr(S, k) can be constructed as follows.

(a) Choose a generic object M in Fpr(S, k) with End M /J(End M) = k(x).

(b) Write M = k(x) Qk[x] N, where N is some pregeneric object of the category
fpr(S, k[x]) withEnd N/J(End N) = k[x].

(c) There is an object U of fpr(S, k) such that U = Z Qix) N, for some cyclic
k[x]-module Z.

Proof. Apply Lemmas 3.6 and 3.7. U

Appendix

In the proof of Theorem 2.4, we essentially used the following theorem proved
in [Simson 1992, pp. 311-312]. Since there are some inaccuracies in the proof
given in [Simson 1992], we present here, for convenience of the reader, a correct
construction of the functors ) Niswees F Ng-
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Theorem A.l1. If N is any of the hypercritical posets N1, ..., N¢ of Nazarova
presented in Section 2, then there exists a fully faithful exact k-linear functor Fy :
Mod k(t{, t) —> Fpr(N°, k), which restricts to the functor

Fy : modfk(ry, tr) —> fpr(N>°, k) N prin kN>,

Proof. We follow the proof given in [Simson 1992, pp. 310-312]. We recall that
fpr(N°°, k) is the category N-sp of N-spaces over k studied in [Simson 1992].
We define a functor F] :Mod k(ty, tr) —> Fpr(N°°, k), forany N € {N'1, ..., Ng}.
For this purpose, we recall from [Simson 1992, Section 14.1] that the modules in
Mod k(t1, t) are identified with k-linear representations of the two-loop quiver

0.9

consisting of a single point and two loops a and b. Any such representation is
a triple V = (V, a, b), where V is a k-vector space and 4, l; V — V are k-
linear endomorphisms of V. For j = 1,...,6, the functor F ; associates to the
representation V = (V, @, b) the object U, 0 =F, w; (V) of the category Fpr(N k)
defined by the following diagrams, where O is the zero vector space and we set
O'dVi=00--- @0 VD ---dV:

i J

1%
|
o v WD, gy D
where d(x) = (x, x);
0*eV?
v?: veo —v? L.yt l y?
Vipo?

where d(x, y) = (x,y,x,y) and h(x, y) = (x, y, a(x)+b(y), x);
o’ev?: —» v*

g ol
a
1001
AR 0*aV? — 0*@V* — VO whereA=| 1" ' |:
0001
0010

Va0 — V@0t — Vipo?
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V4
&

ARE V200 s V4Ot s V@02 — V8,

7

0°dV®0 < 0°@V? < 0*@V* < 0%2@V°

0 1107
abol
1010
0101
where B = 0010 |3
0001
1000
L o100
02aVie0t . 8
C
o
U\(/S) : 0%aV? — 02@Viev? 25 yio,
0BVHO3>V2p0¥ > V*p0°—>Vop0o* — V30?2
~0 000000 0] 0 1 1 0
00000000 abol
10000000 1010
01000000 0101
~loo100000 P . . ~loo1o0
where C = 00010000 and ®=0“@ D ®idy2 with D= 0001 |}
00001000 1000
00000100 0100
00100010 0000
L 0001000 1_ Looo o
and finally
vé®0°
6
AR U< - W V12,

0VpVis 08Vt 0’V 0%V 0teV? — 02V
where
W = {(wi, w2, w3, w4, s, W, W7, Wy, WS, We, W3, W4); w; € V for 1 <i <8},

U={weW; ws=w+w3, ws=wr+a(ws), wy; = wa+w3+b(ws),

wg=w1+w4, wo=w;+w3, Wio=wr+a(ws), W11 =w3, W2 =1w4}.
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A straightforward calculation shows that, foreach j =1, ..., 6, we have defined
a fully faithful exact k/—\linear functor F, ~; : Modk(t, 1) —> Fpr(N 3?0, k), which
restricts to the functor Fy, : modfk(#, ) —> fEr(N ?o, k) =N j-sp. The arguments
given in [Simson 1992, p. 312] show that Im Fy, € prin kN?O, for j=1,...,6.
This finishes the proof. (]
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