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For Galois covers of P! of a given ramification type — essentially, a given
monodromy group G and branch locus, assumed to be defined over R—
we ask: How many covers are defined over R and how many are not? J.-P.
Serre showed that the number of all Galois covers with given ramification
type can be computed from the character table of G. We adapt Serre’s
method of calculation to the more refined situation of Galois covers defined
over R, for which there is a group-theoretic characterization due to P. Debes
and M. Fried. We obtain explicit answers to our problem. As an application,
we exhibit new families of covers not defined over their field of moduli, the
monodromy group of which can be chosen arbitrarily large. We also give
examples of Galois covers defined over the field Q' of totally real algebraic
numbers with QQ-rational branch locus.

Introduction

By Riemann’s Existence Theorem there is a bijective correspondence between
isomorphism classes of Galois covers f : X — IPGIJ of the projective line with
Galois group G and branch points ¢, . . ., t, € P! (C) and r-tuples (g1, ..., 8) € G
of generators of G satisfying the relation g;---g, = 1. Fixing an r-tuple C =
(Cy, ..., C))of conjugacy classes of G, we say f is of type C if the corresponding
r-tuple (g1, ..., &) € G has the extra property that there exists a permutation ¢
such that g; € C5(; fori=1,...,r.

An important and well-known formula proved by Serre [1992, Chapter 7] com-
putes the number of r-tuples (g1,...,&,) € G with g; € C; fori =1,...,r and
such that g; --- g, = 1. In many cases, this formula can be used to compute the
number of isomorphism classes of G-covers of P! of type C, with branch points
f1,...,t € PI(C). This formula has proved to be particularly powerful in the
classical rigid situation and led, for instance, to the realization over QQ of most
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of the sporadic groups (see [Malle and Matzat 1999, Chapter II] for a systematic
investigation of this method).

Here we consider the refined problem of counting the number of those G-covers
of P! with fixed branch locus and for which the field of the real numbers R is a
field of definition. We also consider the related problem of how many G-covers
have their field of moduli contained in R. For these two questions P. Debes and
M. Fried [1994] showed that there is also a group theoretic characterization: the
r-tuples (g1, ..., &) € G should satisfy some additional conditions, involving the
involutions of G (see Section 1).

We generalize Serre’s formula and use Debes and Fried’s results to give a general
formula for the number of r-tuples (gi, ..., g) € G corresponding to G-covers
f : X — P! with given branch locus and which are defined over R. In the general
situation, this formula is more complicated than the one given by Serre. In order to
simplify it and make it effective, we consider two special cases separately, where
the branch locus consists either only of real points or only of pairs of complex
conjugate points. We then give several applications.

Thus, we deal with the existence of G-covers which are not defined over their
field of moduli. Some criteria are already known that guarantee that the field of
moduli is a field of definition, for instance when Z(G) is a direct summand of G
[Coombes and Harbater 1985, Proposition 2.8]. Most of these results rely on a
cohomological approach (see [Debes 1995], [Debes and Douai 1997] or [Wewers
2002], for instance); ours is different and leads to criteria— one of them being
an easy-to-check group-theoretic condition — for G-covers not to be defined over
their field of moduli. Applying these criteria, we exhibit infinite families of groups
for which one can always find such G-covers.

We also explain how to use our computations to descend from C to the field
Q" of all totally real algebraic numbers. It is known, by [Débes and Fried 1994,
Theorem 5.7], that each finite group is the Galois group of a regular extension of
Q"(X) but the proof does not show this can be done with a branch point divisor ¢
defined over Q0. Our method — when it works — enables us to choose ¢ this way.
We conclude by considering the case of the Mathieu group M.

The paper is organized as follows. In Section 1 we introduce the main tools. In
Section 2 we state the results and make some remarks. Section 3 is devoted to the
proofs and Section 4 to examples and applications.

1. Preliminaries

Notations. For a finite group G, denote:

— the set of all inner automorphisms of G by Int(G).
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— the set of all elements of order < 2 in G by Inv(G).

— the set of all the irreducible complex characters of G by Irr(G) and the trivial
character of G by y;.

— for all g € G the centralizer of g in G by Ceng(g).

Recall that a G-cover with group G is a pair (f, &), where f : X — P! is a Galois
cover with group G and « : Aut(f) — G is a group isomorphism. One can attach
certain invariants to each G-cover of [P’Gl:: the monodromy group G, the branch
point set t = {t1,...,t.} C P'(C) (which we sometimes view as a divisor (¢;) +
---4(t,) on P') and for each ¢ € t the associated inertia canonical conjugacy class
C,. To summarize this, we will sometimes say the G-cover being considered has
ramification type [G, C, t]; see [Volklein 1996, Definition 2.12, p. 37]. Adopting
the topological point of view, recall what these invariants correspond to: given

t=1{t,...,t}, introduce a topological bouquet y of IP’}C \ £, that is, an r-tuple of
homotopy classes of loops y1, ..., y, based at some point 7y ¢ ¢ such that
- 71, ..., Y, generate the topological fundamental group 7r{°p(|]3’1 (O)\t, tg) with

the single relation yy ---y, =1,

— 7; is a loop revolving once counterclockwise about #;, fori =1, ...,r.

Now, considering a G-cover f : X — PL, the monodromy action defines a permu-
tation representation 7r{°p(|]j>1 (C)\ t, o) — Per(f~'(t)). The image group G of
this representation is the monodromy group (equivalently, the Galois group) of f
and the conjugacy class C;, of the image of y; in G is the inertia canonical class
corresponding to t;, i =1,...,7.

For any integer r > 3 let U" C (IP}C)’ be the subset of (I]J’%:)r consisting of
all r-tuples ¢’ = (t1,...,1,) € ([P’}C)’ such that #; # ¢; for 1 <i # j <r. Let
U, = U"/S, be the quotient space of AU" by the natural action of the symmetric
group S,, and let , : U, — WU"/S, be the canonical projection. Given a finite group
G let y, G : #,c — U, be the coarse moduli space (or the fine moduli space if
Z(G) ={1}) for the category of G-covers of [P’Gl: with group G and r branch points,
where y, ¢ is the application which to a given isomorphism class of G-covers
associates its branch point set. For any r-tuple C = (Cy, ..., C,) of nontrivial
conjugacy classes in G let ¥, ¢ (C) be the corresponding Hurwitz space [Fried and
Volklein 1991], that is the union of irreducible components of 3¢, ¢ parametrizing
the isomorphism classes of G-covers with ramification type [G, C, ¢]. A point
(h, (t1, ..., t,)) of the fiber product . (C) xq;, U" then corresponds to a G-cover
given with an ordering of its branch points, which allows us to define a monodromy
application

M: %r,G(C) Xy, a — {Cl, ey Cr}r,

(h,(t1,..., 1)) > (Cy,...,Cp).
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This application, being continuous, is constant on each connected component of
#Hy.c(C)xaq, WU". So, M ~1(C) is a union of connected components of Hr.c(C) xq,
u”; we will denote this variety by . ,(C). We have a cartesian square

I,
9, 6(C) —"> #,.6(C)

/
l//r, G l//r,G

Ty

a” au,
We will freely use the general theory of Hurwitz spaces (see [Fried and Volklein
1991] and [Vo6lklein 1996], for instance), and only recall here the description of the

fibers of y, ¢ and l//r/’ ¢ in terms of Nielsen classes Ni(C, G) and straight Nielsen
classes SN(C, G). Recall that

. G=(g1,---,8), & ---& =1, and
Ni(C, G)={(g1, o 8) €6 Jo € S, such that g; € Cy;y fori =1, .. .,r]
and SN(C, G) is defined likewise but with the requirement that ¢ be the identity.
We use the notations ni(C, G) and sn(C, G) for the corresponding quotient sets
modulo the componentwise action of Int(G).

Given ¢ €9,, it is a classical result that (1//,,(;)_1 (¢) is in bijection with ni(C, G).
Furthermore, if we choose an ordering of the branch points ¢’ = (¢1,...,%,) in ¢,
sn(C, G) is in bijection with (z//r’yG)_l(t/ ). The correspondence is given by the
monodromy action. We will sometimes say abusively that a G-cover with branch
point set t €9, (C) is in ni(C, G) when its isomorphism class has ramification type
[G, C, t] or that, if an ordering t' = (t1, ..., t,) € W (C) is given, a G-cover is in
sn(C, G) when C; is the inertia canonical class associated with ; fori =1, ..., r.

Convention. Since we are interested in G-covers defined over R, we will always

suppose the branch point divisor is real, that is, it consists of r = r; + 2r, branch
points, of which

— ry real branch points 71, .. ., #,,, assumed to be in the order #; < --- <t,,, and

— 1y complex conjugated pairs {z;, z;} € P1(C)\ P'(R). We will generally write
Zi =1ty and z; = t,41—; for i =1,...,r. We may also, if needed, order
these pairs according to their real and imaginary parts.

Two subsets of SN(C, G) will play an important role later. SN™%R(C; ry, r»)
consists of those (g1, ..., g-) in SN(C, G) satisfying the condition that there exists
go € G such that

go(g1--g)gy = (g1---g)" fori=1,...,r—1,

11 11 ‘
808r1+i8¢ = 8r41-i and g0gr+1-i8 =& i fori=1,...,n.

(1-1)



COUNTING REAL GALOIS COVERS OF THE PROJECTIVE LINE 57

SN®(C: r1, r2) consists of those (g1, ..., gr) in SN™GR(C: r1 1) for which 20
can be chosen from Inv(G).

As above we write ﬁmOd’R(C ; 11, r2) and ﬁR(C ; r1, ) for the corresponding
quotient sets modulo the action of Int(G). We have

ISNE(C; 1, 12)| = |[s0%(C; 11, 1) | (G : Z(G)].

We will also need the sets ZmOd’R(C; r1,rp) and ER(C; r1, r2), which are de-
fined like SNmOd’R(C ; 71, r2) and SN R(C ; I'1, 2), but dropping the generating con-
dition G = (g, ..., gr). It follows readily from the definitions that

SN (Csri, )| _ [ZR(C5 11, 1)

—R . _
|sn (C,r1,r2)|— [G:Z(G) ~ [G:Z(G)] ~’

so computing the cardinality of the “X-versions”, which is easier, gives an upper
bound for |SNm0d’R(C 1T, r2)| and |SNR(C 1T, rz)i. Moreover, in lots of situa-
tions SN™GR(C; r, r2) = ZMER(C: 11, 1p) and SNR(C; 11, r0) = ZR(C; 11, 1);
see Remark 2.7.

One of the main results of [Débes and Fried 1994] is that, given ¢’ € A" ordered
according to the Convention above, there exists an identification (‘P; G)*l(t’) ~
sn(C, G), as recalled above, such that snm™dR(C oy, r7) is exactly the set of those
G-covers in sn(C, G) whose field of moduli is contained in R, and s_nR(C 371, 12)
is the set of those G-covers in sn(C, G) that are defined over R.

A complete proof of this can be found in [Debes and Fried 1994]. We only recall
the main ideas. Let ¢ € U, (R) be a real branch point divisor ordered according to the
convention. The first step consists in describing the action of complex conjugation
c on the fundamental group 7r1°P([P>1 (©) \ t, tp) of P'(C) \ ¢, which we denote by

7P, One can find 'y, ..., T, € 7'P that generate 7'°P with the single relation
[y---T, =1 and complex conjugation ¢ acts on 7 '°? by Hurwitz’s formulas (see
[Malle and Matzat 1999], for instance):

(12) ¢Ti=Ty--- T 07N (T - T) ™t fori=1,...,r,

clp =17 fori=1,...,n.

r+1—i

We will denote by ‘6 the formal operator that maps each component I'; of an r-tuple
(I't, ..., T}) to the right-hand term of the formulas (1-2) (that is, ¢I'; = F;ﬁ for
i=1,...,r). Let Q/C(X) be the maximal algebraic extension of C(X) unramified
0uts1de t; this is a Galois extension with group Gal(€2 / C(X)) =: 7. And by
Riemann’s Existence Theorem we get an isomorphism 7P ~ 7€ where 7P is
the profinite completion of 7P [Serre 1992].

The second step is a necessary and sufficient condition for the “descent from
C to R”: Since the branch point divisor is real, Q/R(X) is Galois with group
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Gal(Q/R(X)) =: wr. Furthermore, since P! has real points, the short exact se-
quence (1-3) below splits and 7 ~ 722 x Z/27Z. Now, if K /C(X) is the function
field extension of an algebraic G-cover f : X — P! and v : 7%¢ — G is the
corresponding epimorphism, f can be defined over R (so f is in SN®(C; ry, r2))
if and only if there exists a map y such that the diagram

1 - rile TR —— Z)27 — 1
(1-3) vl o
P AN
G
commutes. For all € Hom(z ¢, G), write g; = w(I';) fori =1,...,r. Then y

extends to y € Hom(z ¢ x Z/27, G) if and only if there exists gy € Inv(G) for
which gogigo = g;€ fori=1,...,r;see [Debes and Fried 1994, Lemma 3.3]. This
provides the condition in the definition of SNR(C 371, 72).

Furthermore, if f: X — I]:Dqls corresponds to (g1, ..., &) € SN(C, G), then f¢:
X¢— P}: corresponds to (g(lg, cees g;@) € SN(C, G). So the set of all isomorphism
classes of G-covers with field of moduli contained in R and branch points ¢’ in
sn(C, G) corresponds to sn™4R(C; 1y, r2). The extra condition g(z) =1 that appears
in SN® (C; r1, ry) comes from Weil’s cocycle condition [Weil 1956].

Remark. If we fix ¢ € A, (R), the real points in the fiber (y,.c)~!(¢) correspond to
G-covers whose field of moduli is contained in R. So, when working with moduli
spaces, it is no longer possible to distinguish between G-covers defined over R and
those that only have their field of moduli contained in R. Some information is lost.

2. Statements and remarks

Our main results are estimates of the cardinality of SNR(C ; 71, r2). What we actu-
ally compute is not |SNR(C; ri, r2)| but | R, r2)|, which is an upper bound
for |SNR(C; 1, r2)|. In the sequel, we will always assume TR, r) # .

We distinguish three situations, depending on the configuration of branch points:
(R) rp =0 (real configuration).
(C) r1 =0 (complex pairs configuration).
(R-C) ry, r» > 0 (general configuration).

Though (R) and (C) are just special cases of (R-C), they allow us to compute
|ZR(C TFl, r2)| more easily, and the formulas obtained are much simpler than in
the general case.

To make the formulas more legible, we will write:

— Z; for the order of the centralizer of any element in the conjugacy class C;.
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— x € Irr(G)" for any r-tuple (y1, ..., xr) € Irr(G)".
— u € Inv(G)" for any r-tuple (ug, ..., u,—1) € Inv(G)".
We also fix g1,...,8- € Gwithg; € C; fori=1,...,r.

Theorem 2.1 (Configuration (R): Real branch points). For all x € Irr(G)" set

L= Z 1 (uoun) yo(uiuz) - -+ xr(ur—1uo),
uclhwv(G) /~¢

where Inv(G)"/~¢ is the quotient set of the equivalence relation on Inv(G)" that
identifies two r-tuples u,u’ € Inv(G)" if (uo, ..., ur—1) = g.(uy, ..., u._,) for
some g € G. Also set

1
nR(C; r0)=—— E Xl(gl)"')(r(gr) IX'
Zy---Z, ;
X €lr(G)

Then
|ZR(C; r, 0)| =n®(C: r,0).

Remark 2.2. This formula can be improved to give

1Z(G)|

—— > @) a8 I,
|G|Zl v Zr x€lr(G)”

|s_nR(C; r, O)| =

where I is defined as I, with the only difference that the summation domain
is the subset of Inv(G)"/~¢ consisting of those r-tuples of representatives u €
Inv(G)"/~¢ such that G = (upuy, ..., ur—u,—1). This condition does not depend
on the representative u since, if g - u € Inv(G)” for some g € G then gu;gu;+| =
(gui) 'guir1 = ujujpy fori =0,...,r —2.

Theorem 2.3 (Configuration (C): Complex conjugate branch points). For y €
Irr(G) and go € G, denote by
®x.80
| Ceng (go)]
the number of occurrences of the trivial representation in the decomposition of
X |Ceng (g0) into a direct sum of irreducible linear representations; thus

U= D, 2

ueCeng (go)

(see [Serre 1978]). Also set

Ay = E , Qy,805

go€lnv(G)/~z(G)
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where Inv(G)/~ z(c) is defined like Inv(G)"/~¢ in Theorem 2.1 and

- |Gl Z x(81) - x(gs)

C
n®(C: 0, s) = Gl pLLLY
|G x (1)~

x €lrr(G)
Then
|ZR(C; 0,9 <n™(C:0,s),

with equality if 28(C; 0, s) = SN¥(C; 0, 5).

Theorem 2.4 (Configuration (R-C): Real and complex conjugate branch points).
Forri,rp > 0, set

r N -l
ng(Cir,r)= Y. a(grl)pl,_([i;,lzﬁl(grl+l) T Citen i (i)
e T Y al B,

xeG

where the first summation is taken over all x € Irr(G)'~, all a, f € Irr(G) and all
u in the quotient of Inv(G)"" by an equivalence relation ~ to be defined in Section
3.3. Also set

|Cr1+1| te |Cr1+rz|

R
n (Ciri,rn) =
|G| Zy - Z,,

R
nO (C9 r13r2)‘

Then
|ZB(C;ri, )| < n®(Ci 1, ).

Note that for r, = 0 or r; = 0 the formulas in this theorem reduce to those in
the preceding two theorems, so long as (for r; = 0) we replace u € Inv(G)"'/ ~ by
ug € Inv(G)/ ~g and g1, ur,—1 by up.

Remark 2.5. For a fixed ¢ € U, (R), the invariants of G and C on which the number
of real G-covers in SN(C, G) depends clearly appear in Theorems 2.1, 2.3 and 2.4.
Compared with Serre’s formula for the basic rigidity criterion, one can notice the
important part played by the involutions of G.

Remark 2.6. From a practical point of view, the terms depending on involutions
make formulas in configurations (R) and (R-C) complicated for direct computa-
tions. On the contrary, n®(C; 0, 5) is easy to compute once the character table of
G and the centralizers of its involutions are known. When SN®(C: 0, 5) is properly
contained in Z®(C; 0, s), the number n®(C; 0, s) only gives an upper bound for
| R(C; 0, 5)|, but we explain in the next remark how this difficulty can be handled.

Remark 2.7. One can proceed as in the classical rigidity context, generalizing the
method given in [Serre 1992] to evaluate [Sn®(C; ry, r2)| from |ER®(C; ry, r2)|:

(1) Evaluate |2R(C; ri, r2)| by n®(C; ry, r2), using the character table of G.
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(2) Compute |ER(C; 1, r2)| — |SNR(C; ri,r2)

, by finding r-tuples

(g1,....8) =g € ZR(C;r1, 1)

that do not generate G (to do this, try to find r-tuples the entries of which
are contained in a maximal subgroup of G). But we have to be careful: when
an r-tuple g € ER(Cri, )\ SN® (C; r1, rp) has been found, the following
should be done.

— Insituation (R): g has to be counted once as in the classical rigidity method.

— In situation (C): an extra difficulty arises from the computation of A,. One
has to compute Ceng ({g1, ..., £2s)) and notice that g corresponds to one
single class of Inv(G)/ ~cCeng((g1,....e2,))- 1f this class can be written as the
union of n classes of Inv(G)/~z(c), then g has to be counted n times.

— Situation (R-C) is dealt with like situation (C).

The best situation is obviously when *R(C;r, r) = SNR(C ; r1,r2). This oc-
curs, for instance, when each nontrivial conjugacy class of G appears at least
once in C or, more generally, when C is g-complete [Fried 1995], that is, when
G={(g1,...,8r) forall choices g; € C;,i =1, ..., r. Then Theorem 2.3 provides
|s_nR(C; r, r2)| directly. Moreover, if £(C, G) = SN(C, G), one can also com-
pute |s_n(C, G)| with Serre’s formula [1992], and hence the proportion of G-covers
defined over R, namely

sn(C, G)|

sn®(C; ry, )|

Remark 2.8. As in the rigidity context, |s_n(C , G)‘ and ‘s_nR (C;ry, r2)| provide
information about the field of moduli of the associated G-covers. For instance, the
condition |s_n(C Trl, r2)| = |s_nR(C JFl, r2)| (under some technical assumptions)
leads to G-covers defined over Q"; see Section 4.2.1 and Section 4.2.2 for appli-
cations of this. Similarly, when sn(C, G) contains a G-cover f defined over Q"
and satisfying some other technical conditions, |[sn™(C; ry, r2)| is an upper bound
for the degree of a field extension K /Q over which f is defined; see [Debes 1995,
Theorem 4.1].

Remark 2.9. As in Theorems 2.1, 2.3 and 2.4, one can give formulas for G-covers
with field of moduli contained in R. They can be proved just like the ones for G-
covers defined over R, using in the proof, instead of condition (1-1), the equivalent
condition that there exist gg € G such that g% € Z(G) and

(g0g1 -+~ g1)% = g2 fori=1,...,r1—1,
o) 8081+ 8i) =8

—1 —1 .
808r+i80 =& t1—i fori=1,...,nr.
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We write Z(G)'/? ={g € G | g*> € Z(G)}. We state the results for configurations
(R) and (C) only:
(R) Set E.g ={u € G" |3go € Z(G)'/?; u} =g fori =0,...,r — 1}/~¢ and

=" yiGuou oGz -+ 1 (r—qug") forany x € Ie(GY',

ueE,,G

1
and’R(C; r 0) — ﬁ Z Xl(gl) - ){r(gr) I)r(nod.
1 r xlrr(G)”

Then |Zm°d’R(C; r, O)| =nm4R(C: 1, 0).

(C) Set A?Od = Z 0y.g forany y €Irr(G) and
80€Z(G)' 2 /~z(G)
C
| | x €lr(G) X( )

Then |Z™4R(C; 0, 5)| < n™4R(C; 0, 5), with equality if Z™%R(C; 0, 5) =
SN™dR(C: 0, 5).

3. Proofs

We give the proofs of Theorems 2.1 and 2.3 in detail; for Theorem 2.4, we just
explain the main changes, in particular we give the description of ®(C; ry, )
we use so as to explain the definition of ~. For a detailed proof of Theorem 2.4,
see [Cadoret 2004].

Following Serre’s method, we will compute | ER(C; 1, r2)| using the function

1
€= ﬁ Z x My,
x €lr(G)
which is 1 on 15 and O elsewhere.

Lemma 3.1. Given a finite group G, an irreducible character y € Irr(G) and
81,...,8nu,0 € G, we have

Z X(ugi’l . -g,};"u) — | | Hzl)]nX(gl)X(uv)-

Proof. Let R : G — GL(V) be a linear irreducible representation of G with char-
acter y. Then

> Reug]' o) = R ( X R+ 3 R )RO)

yeG 71€G n€G
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But, for any g, h € G,
-1
> R(@)RM)=D R(ghy=> R(hg" ")
7€G y€G yeG

=R() D RE"7)=RMh) D R(g").

yeG yeG

So, according to Schur’s lemma (see [Serre 1978, Chapter 2, Proposition 4], for
instance):

> R(g")=Aldy with h=

TT(ZR( V)):T)ﬂ )-

yeG
Consequently,
G n
ZR(g ZR( Y | | H,lln){(gz) Idy,
71€G yn€G ( )
SO
G n
S R(ug]' -+ glv) = Gl Hll 1nX(gl)R(uv).
o )
Taking traces yields the formula in the statement of the lemma. U

3.1. Real branch points. In the case of X®(C; r, 0), the defining conditions that
g1+ g = 1 and that there exist go € Inv(G) satisfying (1-1) are equivalent to the
condition

gi---gr=1 and 3goe G suchthat (gog;---g)>=1fori=1,...,r—1,
which in turn is equivalent to
(3-1) g1 =wuour,...,8g—1 =ur—2u,—y and g =u,_1uop
for some (ug, ..., u,_1) € Inv(G)"

(just take u; = go---g; fori =0, ...,r—1). In the rest of this subsection we will
use the r-cycle c = (0, ..., r—1) € S, to shorten the formulas. For instance, (3—1)
can be rewritten as g; 11 = u;u.() fori =0,...,r—1.

Now fix g1, ..., g € G withg; € C; fori =1, ..., r, and consider the set E, of
those r-tuples y = (y1, ..., y,) € G” for which there is an r-tuple (uq, ..., u,—1) €
Inv(G)" such that gl?j:l' = ujucG) fori =0,...,r—1. The correspondence y —

(g;/' ,..., &) provides a surjective map E; — 2R(C; r,0). Two r-tuples y, y’ €
G" have the same image if and only if yi_lylf € Ceng(g;) fori =1,...,r. Thus

bcer o = VEsl
‘Z (C’r’0)|_Z1"'Zr,
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which reduces the problem to computing |Eg|.
To do so, we check for each (y1, ..., 7,) € G" and each r-tuple (uq, ..., ur,_1) €

Inv(G)", whether giyfll =u;uc) fori =0, ..., r—1, that is, whether

r—1

[Te (gl uew) =1.

i=0

However, we must take into account that for a given y € G”, distinct r-tuples

u,u’ € Inv(G)" can satisfy g/\'| =

the condition uouy = uju) =---=u,_ju

ujuc) fori =0, ..., r—1; this is equivalent to
/

+—1» Which can also be written

G- (uo,.stty—1)=G-(ug,...,u._y),

where G acts on G” by left translation. This defines the equivalence relation ~¢
on Inv(G)" that appears in the statement of Theorem 2.1.
Putting these remarks together we get

r—1 r—1
|Eg| = Z HE(MigE/jr+11uc-(i)) = Z (z HE(Mig,?ﬂluc(i)))

yeG” i=0 uelwv(G) /~¢ “yeG i=0
uelwv(G) /~¢

r—1
- Z (H Ze(uigiy+1uc(i)))-

uelwv(G) /~¢ “i=0 yeG

Using the formula € = |G|™! > ein(c) X (1) x and Lemma 3.1 we obtain, for
i=0,...,r—1 and u € Inv(G)",

1
> eluig], uem) = Gl > (WD xwig]uea)

7 €G x €lrr(G) y€G
= > x(@irDx Wittew).
x €lir(G)

Substituting this back into the previous formula leads to the announced result. Note
that the generating condition G = (uopuy, ..., u,—2u,—1) can be taken into account
to get SN®(C; r, 0): the only change then is that, in the sums above, the r-tuples u
run over the subset of Inv(G)" /~¢ of those r-tuples u of representatives satisfying
this extra generating condition. This yields the formula in Remark 2.2. |

3.2. Complex conjugate branch points. This time the conditions g; - - - g, =1 and
(1-1) (for some g¢ € Inv(G)) are equivalent to

g1---gs=1 and 3Jgge G such that gog;gogrs+1—i =1fori=1,...,s,
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which in turn is equivalent to

(3-2) there exists go € Inv(G) such that gogigogos+1—; = 1fori=1,...,s
and [g1--- g, ol =1

(where [, ] denotes the commutator, [u, v]:= uvu"'o~! for u, v € G).

As above, fix g1,...,82 € G with g; € C; fori =1, ..., 2s and consider the
set Eg of 2s-tuples y = (y1, ..., y25) € G” such that gogl?’igog%?“jl‘ji =1fori=
1,...,sand [gly1 .- gl go]l=1 for some go € Inv(G). Again, the correspondence

y — (g',...,8)") provides a surjective map E, — Z®(C; 0, s), and two 2s-

tuples ¥, y’ € G” have the same image if and only if yi’lylf € Ceng(g;) fori =
1,...,2s. Consequently,

b

E
|2R(C; 0, s)| — l
Zy - Zos
which reduces the problem to computing |Eg]|.
To do so, we check for each (y1, ..., y2) € G** and each g¢ € Inv(G) whether
g0 8l go gy =1fori=1,...,2s5 and [g{'---g}", go] = 1; in other words,

whether
N
e(lg]" - gl", g0)) [ [ e(o08! goghei=) = 1.
i=1

As in Section 3.1, note that for a given y € G, distinct involutions go, g, €
Inv(G) can satisfy condition (3-2). This is equivalent to the condition gog(, €
Ceng(g]',.... 8" ) orCeng(gy', ..., 8").g0=Ceng(g]', ..., g").g). Andsince
Z(G) < Ceng (gi" s g}’“), the preceding equivalent conditions are implied by
Z(G) - go = Z(G) - g}, (see Remark 3.2), where Ceng (g]', ..., g1") and Z(G) act
on G by left translation. Here again this gives the equivalence relation ~z(G) on
Inv(G) appearing in the statement of Theorem 2.3.
Putting these remarks together we get

N
Egl< > e(lg]" gl gol) [[e(gog! 2085217
yeG¥ i=1
80€v(G)/~z )

S
< > e(gl o gligal) DL []e(gogl g083507)

(1,--,75)€G (Vst1505725)EG i=1
80€V(G)/~zc)
N
< > (gl glgol) [T D eleog! goghii)-
(1,--,75)€G i=1 yeG

go€lnv(G)/~z(G)
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As before, Lemma 3.1 combined with the formula defining € gives

S S
I D eteogligogh =11 D x(208] g0)x(82541-)

i=l yeG i=1 yelrr(G)
S
=TT > xGox(gas.
i=1 yelr(G)
Hence we now have

IEgIS( > 6([81’"“83380]))(1_[ > X(gi)X(82s+1—i))-

(715--,75)€G i=1 yelr(G)
go€lnv(G)/~z()

By definition, [u, v] = 1 if and only if u € Ceng(v). Thus

Z E([g%}l gzsa gO] Z Z E(gijl .. g;’su)

(715-,75)€G ueCeng(go) (y1,--,75)€G
1
= 2 g 2 x> gl
ueCeng(go) x €lrr(G) (715-,75)€G

So, using Lemma 3.1 again,

> elgl - glgh=1G D> > H,d)ﬁg(% )

7150-,75)€G ueCeng(go) yx€lr(G)

=16I" > —H;;)’ﬁ(‘?) > xw.

y€lr(G) ueCeng(go)
We recognize here o, oo = > x(u). Finally, we get
ueCeng (go)
: [T x (i)
g =60 (T 3 reortann)( X Hettda).
i=1 yelr(G) x €lir(G) £

To end the proof, just recall that we have assumed | 2R(C; o0, s)| # &; this implies

in particular that C; = C_ fori=1,...,s5,80 Z; = Zr+1—; and

2s +l 1
x(8)x (gas+1-i) = 1x (g7,

whence

> xxesi)= D Ix@IF=2

x €lrr(G) x €lrr(G)

fori =1,...,s, which leads to the announced result.
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Remark 3.2. We only get an upper bound for | xR(C;o0, s)| because of the inclu-
sions Z(G) < Ceng(g]', ..., &"), which may be proper. But if Z®(C;0,s) =
SNR(C; 0, 5), these inclusions become equalities and

|Z%(C; 0,5)| = [SN*(C; 0, 5)|.

3.3. Real and complex conjugate branch points. The method consists in rewrit-
ing the defining conditions g; - - - g, = 1 and (1-1) as in the last two sections, but
replacing g1 --- g, =1 and gy, +1 - - - §r,4+2r, = 1 by the weaker condition

81 8r8ri+1" " 8ri+2rn = 1.

So, in the general situation the defining conditions are equivalent to the existence
of go € Inv(G) such that g - -- g, =1, (gog1---gi)>=1fori=1,...,r —1,and
808r+i808r+1—i = 1 fori =1, ..., ry; this in turn is equivalent to

(3-3) there exists (ug, ..., u,—1) € Inv(G)" such that

Uolr —18r [gr1+1 cc 8ritrs uol =1,

gi+v1 =ujujy fori =0,...,r -2,

U gry+i U0 &r+1—i =l fori =1,...,r.
Westill fix g1, ..., g € Gwith g; € C; fori =1, ..., r and consider the set Eg ;, ,,
of those r-tuples ¥ = (y1, ..., y25) € G" such that (g;/l ,...,8") satisfies condition

(3-3). As above,
E r1,r
|ZR(C O )’_ 8,71, 2| ,
Z-

- Zos
which once again reduces the problem to computing |Eg ,, ,,|. Then, for each
y = (y1,...,yr) € G", to decide whether y € Eg , ,,, we check for every u =

(uo, ..., ur—1) € Inv(G)"" whether

ri—1

Vr+1— Ir Vri+1 Vry+r
H G(MlgH_] Ujt1) Hf(u()grﬁ_, uOgrrl ll) 6(u0ur1—1gr1] [grllH - 'grlirrf, uO])

1
= =1
Now, the introduction of ~ derives from the usual remarks about counting exactly
once each element y € Eg ,, ,,. Specifically, for all (y1,...,y,-1) € G~ ! and
u,u’ € Inv(G)", the condition

Yi+1 ! Vil .
,gljrlul+1—1=ugljrlul+l, i=0,...,rn—1

is equivalent to uou, = ujuy; = --- = ur,_]url {» which can also be written
G.(uo, ..., ur—1) = G.(uy, ..., u’rl_l), where G acts on G"! by left translation.
Likewise, for all (y,,11, ..., 7,) € G2 and u, ug € Inv(G), the condition

Vry+i Vr+1— ,)_ Vri+i_ g P = 1,

uogr1+t Uo = (gr—',-l i uO ri+i g, <12
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is equivalent to

oty € Ceng (7757 1157).
that is, Ceng (grylrﬂ:ll, e, gfl’fr’;) -ug = Ceng (gflrﬂ:, e, gi’lrfr’;) - uy, which is
implied by

N -up=N -uy,
where N = Ceng (Cr1+1 yeens Cpy +r2) is the centralizer of the subgroup generated
by the conjugacy classes of g,,+1,..., g+ and both Ceng (gflrfll, L g)

and N act on G by left translation.
Hence, for y = (y1,...,9r,-1) € G L et ~, be the relation defined on
Inv(G)™ as follows: for all u, u’ € Inv(G)",

~ / Vri+1 Vri+ry _ Vri+1 Vri+ry /
U~yu CenG(gr1+1 AR gr1+rz) U0 = CenG(gr1+1 AR ng-rz) “Up

and G - (uo, ..., up—1) =G - (ug, ..., u, 1),
and write ~ for the relation one gets by replacing Ceng (g;/lrj:ll, e gfl'f,r;) with
Ceng(N) in the definition above. These relations are equivalence relations on
Inv(G)" and we obtain formula n®(C; r, r») in Theorem 2.4 by summing on the
equivalence classes Inv(G)"!/ ~.

Remark 3.3. When N = Ceng (g}, .... g/\/2) forally = (1, ..., y,,-1) €G,

the inequality in Theorem 2.4 becomes an equality.

4. Applications

Except in Section 4.2.2, we will always assume we are in the complex pair con-
figuration (C). We keep the notations from Section 2, particularly concerning A,
A?"d, and a, ¢,. In addition, say C is Cg-complete symmetric if

(1) Z(C, G) =SN(C, G) and
2) C=(Cy,...,Cs,C7, ..., 7Y (and so ZR(C; 0, 5) # 2).
If (1) is replaced by
(DR 2R(C;0,s)=SNR(C:0, ),

we say that C is Rg-complete symmetric. In the following computations we will
always make the hypothesis C is Cg-complete symmetric. Clearly g-completeness
implies (1), which implies (1)®. Under condition (1) one can use Serre’s formula
directly to compute \SN(C , G)|, and under condition (1)® one can use the formula
for n®(C; 0, 5) to compute }SNR(C; 0, s)’.

In the examples, we describe the 2s-tuples C satisfying (2) using the notation
C = [Aﬁal), e Aﬁfz")] to indicate that the 2s-tuple C consists of

— s first entries, where A; occurs ¢; times fori =n, ..., n,(sos=a1+---+ay,),
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— s last entries which are the inverses of the first s ones, in reverse order.

When C is Cg-complete symmetric, Serre’s formula becomes

_ B C1l - 1CG 1 @l x @)
|Sn(C’G)“'Z(G)'(T) 2 ( 2y )
x €lir(G)

Hence

(el 1x g\
> (HE)
s6(C, G o x (1)
|slnsﬂl‘3gc-o)s|>|Z'Cl"”'CS'XI(G) (1) 2(8)

s Uy z X\&1 X \&s A

x(1)s—1 *

x €lrr(G)

Remark. Note that Z(G) = (), c(cy Z1» Where Z, = {g € G | [x ()] = x (D},
for y € Irr (G), so, if C is g-complete symmetric, | Z(C, G)‘ remains unchanged
when adding central classes, whereas }ZmOd’R(C ; 0, s)| and |Zm°d’R(C ; 0, s)’ do
not. So adding central classes in C can change the proportion

sn(cC, G)|
sn®(C; 0, )
R

of G-covers defined over R (and with field of moduli contained in R as well).

4.1. G-covers that are not defined over their field of moduli. First we deal with
the quaternion group Hg, for which we exhibit G-covers not defined over their field
of moduli. Then we generalize to obtain in particular a simple group-theoretic
criterion for a finite group to be the Galois group of some G-cover not defined over
its field of moduli. Lots of infinite families of groups satisfy this criterion.

4.1.1. The quaternion group Hg. In the quaternion group Hg we have four non-
trivial conjugacy classes: A ={—1}, A; = {=%i}, A; = {%j}, Ax = {£k}. Take

C = [A(x), Al@, Aﬁ.b), A,((C)] (sos=x+a+b+c.)

To compute n®(C; 0, s), note that Inv(Hg)/ ~zms)={1}. Thus A, =a, ; =8 if
x = x1 and A, =0 otherwise, which leads to
n(C:10,5) =271, [sa(C:10,5)[ =272, [SA(C, Hy)| = 22O,
}S_II(C, H8)| — na+b+c—1
|s_nR(C; 0, s)|
|S_1'1(C, H8)| _ |S_HR(C, O, S)| — 2a+b+c—2(2a+b+c—l _ 1)

5
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Ifa=b=1and x = c =0, so that r = 25 = 4, we get |s_n(C,[H]g)| = 2 and
|s_nR(C; 0, 2)| = 1.! This gives rise to a new example of a G-cover with group Hg
not defined over its field of moduli (recall that such an example was already given
by K. Coombes and D. Harbater [1985, p. 831], but with three rational branch
points (1, 2, 3) and canonical inertia invariant C = ({£i}, {£j}, {£k}).) We give
a precise argument in Section 4.1.2, but the general idea is that, given the branch
points (z1, 22, 22, Z1) € W" with z1, z» not real, the fiber (z//"LHs)_l((zl, 22,22,21))
consists of two points P;, P, corresponding to two G-covers fi, f2, one of which,
say f1, is defined over R and the other one, f>, is not. If P} = H4(P1’) and P, =
I14(P;) are the corresponding points on 4y, (C) then, P{ = P forces Py = P,
so P, is a real point; thus f> has its field of moduli contained in R.

We can also use formula n™°%R(C: 0, s), which is more precise. For this, note
that Z(Hg)'/?/ ~z(15)= Hs/ ~z9= {1, 4, j, k}, 50 AT =0, 1 +ayi + o, +
a,1 =20if y = y and A?Od =4 otherwise, which leads to

andR(C; 0, S) — 2a+b+c—l % (5 + (_1)b+c + (_1)a+c + (_1)a+b)’
|§1m0d,R(C; 0, S)| — 2a+b+cf3 x (5+ (_1)b+c + (_1)a+c + (_1)a+b).

Takinga =b =1 and x = ¢ =0 gives |s_nm°d’R(C; 0, 2)| = 2, as expected. But we
get more, since

A™Y(C; 0, 5) 1= |[sn™ R (C; 0, 5)| — [sn*(C; 0, 5)|
— 2a+b+c—3(3 + (_1)b+c + (_1)a+c + (_1)a+b) >0,

so there are exactly A™4(C; 0, s) G-covers in sn"(C; 0, s) that are not defined
over R but have field of moduli contained in R.

4.1.2. General criteria. With the usual notations, write
A™(Cs 11, r2) = [FEYR(Cs )| = [SRR(Cs 11, 2) .
When C is Rg-complete symmetric and (ry, rp) = (r, 0) or (0, s5), we have
A™(Cs 11, r2) = 0™ (Cs 1y, r2) =0 (Ci 1 ).
Thus we obtain the following simple criterion:

Proposition 4.1.3. Let G be a finite group. For any Rg-complete r-tuple C =
(Cy, ..., C}) of nontrivial conjugacy classes in G and for any r-tuple

t'=(t,....t1,) €U (R)

IExplicit representatives: sni(C,Hg) = {(i, j,—j,—i), G, j, j.i)}, sA8(C;0,2) = (i, j,—j,—i)}.
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witht; <--- <t,, of all the isomorphism classes of G-covers in the straight Nielsen
class sn(C, G) with ordered branch point set t', exactly

m |Z(G)| m
A™NC; 1, 0) = — GIZ > @) xr @)U = 1)
1 errr(G)'

have field of moduli contained in R but are not defined over R.

Similarly, for any Rg-complete symmetric r-tuple C =(Cy, ..., C,) of nontrivial
conjugacy classes in G and for any r-tuple t' = (21, ..., 25,25, ...,21) € U (C)
with z; not real, i = 1, ...,s, of all the isomorphism classes of G-covers in the

straight Nielsen class sSn(C, G) with ordered branch point set t', exactly

Aot 0,5y = AL I S L) L)

[G: Z(G)IG] 2T — A0

x€l(G)
have field of moduli contained in R but are not defined over R.

This proposition shows in particular that, once a Rg-complete symmetric canon-
ical inertia invariant C and a branch point configuration — (R) or (C) —are given,
the number of G-covers in sn(C, G) with field of moduli contained in R but not
defined over R can be computed explicitly and is independent of the branch points.

Corollary 4.1.4. Given a finite group G, there are G-covers with group G and
branch point configuration (C) with field of moduli contained in R but not defined
over R if and only if Z(G) has an element which is a square in G but not in Z(G).

Proof. We compute A‘;Od —A, = 2 @r-g0 for any yx € Irr(G), where go ranges
over a system of representatives of the set Z(G)'/?/~ 726)\Inv(G)/~z(G). For this,
just note that for all gg € Z(G)'/? there exists z € Z(G) such that (zgp)> = 1 (that
is, Z(G)go € Inv(G)/~z(c)) if and only if gé is a square in Z(G). Consequently,
setting

Ec={g0€ Z(G)'?| gj ¢ {*}:ez) ),

x= Z Ox.80-

80€EG/~7(G)

we get
mod
A v A

Also, it follows from their definition that the a, ,, are nonnegative integers, and
for y = xi they also are nonzero (ay, 4 = |Ceng(G)|), so the A‘;Od — A, are
nonnegative integers. Now, suppose there is a Rg-complete symmetric 2s-tuple C
of nontrivial conjugacy classes of G such that A™4(C; 0, s) > 0. Then there is
x € Irr(G) such that A?"d — A, > 0, which obviously implies Eg # @.
Conversely, let Cy, ..., Cs be a listing of all the nontrivial conjugacy classes in
G and set C = (C1,Cy,...,C, C71, Gy, G, ..., C1, CY). This 2s-tuple is
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Cg-complete symmetric. Thus one gets

2
Ci|---|Cs 2. I?
amiic; 0,5 = (S 1G"  GP  e@OP _y
G:Z©ONIGI L= ()
2
(IC1l---1Cs0) J
S e SA (A™—4,)
[G:Z(G)]|G|(X§D o
deg(y)=1
X @DP - 1x (€)1 moa
+ > (A7*-A,) ),
x (1>~ x
daoo
and, since Eg # &, A?l"d A, = > | Ceng, (G)| > 0. O

20€EG/~z(G)

Remarks. (a) Corollary 4.1.4 can be proved directly, only using the definitions
of sn™4R(C; 0, 5) and sn®(C; 0, s); see [Cadoret 2004]. This alternate proof
uses the same 4s-tuple C, which appears naturally in the proof above, to con-
struct a G-cover in sn™%R(C; 0, 5) \ sn*(C; 0, 5).

(b) Lots of groups satisfy the condition of Corollary 4.1.4, and therefore are
groups of G-covers not defined over their field of moduli. For instance:

- Gl,(p™) withn >2,m > 1, p > 3 prime,

— Dy, with n > 4 such that 4 |n,

— 0s2(p™, q") withm > 1, p > 3 prime and q" the hyperbolic form on [Ff,m,

— any group G such that Inv(G) C Z(G) and [G : Z(G)] is even; for in-
stance, Sl (p™) with m > 1, p > 3 irreducible, Ty, with n > 2, etc.

To my knowledge, the only example of families of G-covers not defined over their
field of moduli and in which the group G can be taken arbitrarily large was given
by S. Wewers [2002]. The group is Sl>(p) for p % +1 modulo 8 an odd prime, the
canonical inertia invariant is (4A, pA, pB) and the branch points are (t1, 12, 13),
where t; € Q and {t», #3} is Q-rational.

Computing A™9(C; 1, 2) can be difficult. The following proposition gives a
weaker but more practical criterion for the existence of G-covers not defined over
their field of moduli. We give here the statement and proof for situation (C) but it
can immediately be generalized to situations (R) and (R-C).

Proposition 4.1.5. Suppose given a finite group G and a symmetric 2s-tuple C of
sn*(C; 0, s)‘ is odd then for
any 2s-tuple of branch points t' = (z1, . . ., Zs, Zs, - - . » 21) € U (C) with z; not real

nontrivial conjugacy classes in G. If ’s_n(C, G)‘ —

fori=1,...,s, there is in sn(C, G) at least one isomorphism class of G-covers
with field of moduli contained in R but not defined over R.
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Proof. Write m = \s_nR(C;O, s)| and n = |s_n(C, G)|. Let P/,..., P, be the
points in (wés’G)_l(t’ ) corresponding to the G-covers that are defined over R,
and P, NIRRT P, the points corresponding to the G-covers that are not. Set
P =TIy (P/)fori=1,...,n,and also E = {Py, ..., Pp}, F ={Ppnys1,..., Pu}.
So, with ¢ = 7y, (t") we have EU F C (w25.6)~ ' (¢). Then observe that EU F =
1'[2S((1//£S,G)_1 (¢")) is left invariant by complex conjugation c. Indeed (l//ésac)_] )
is the set of all G-covers f for which C; is the inertia canonical class associated
with z; and C;” ! is the inertia canonical class associated with Zi = Zog+1-i for
i=1,...,s, whereas (t,z/és’G)*l(t’)" is the set of all G-covers f¢ for which, by
Fried’s branch cycle argument, C;” ! is the inertia canonical class associated with
Zi =Z22s+1-i and (C;” 1)*l = C; is the inertia canonical class associated with z; = z;
fori =1,...,s. Now, since Py, ..., P, are real points on (y256) "' (f), we have
E€ = E, which forces F° = F. Hence, |F| being odd, F has at least one point P
invariant under c. This point P is real, which means it corresponds to an isomor-
phism class of G-covers with field of moduli contained in R but, by the definition
of F, not defined over R. O

4.1.6. Dicyclic groups Ty, of order 4n. We turn to an application of the preceding
proposition. The quaternion group Hg is the first term of the family of dicyclic
groups (Tu,)n>2. The group T4, has the presentation

Tin=(a,b|a®"=1,d" =b>, b lab=a""),

and contains n 4 2 nontrivial conjugacy classes:

— nclasses Ay, ..., A, with A; ={a’,a "} fori=1,...,n (and A, = {a"});

— By ={a* b}o<j<p—1 and By = {a® T b}o<jcp_1.
Take

C=[Aw, A", .., AW, B BY)
and write & = a1 + -+ - + @y, 50 s = o + f1 + fo. Then Inv(T4,)/ ~z 1, = {1}
consequently A, =a, 1 =4nif y = y; and A, =0 otherwise. Using the character
tables of these groups, which can be found in [James and Liebeck 1993, p. 385],
and taking into account that we need f; 4 2 > 1 for C to be g-complete, we obtain
™R 0, 5) = 200112, sn®(C; 0,5)| = 20 Iphrtha—t
\S_II(C, T4n)|

saR(C; 0, 5)|
|SA(C, Ty)| — [s07(C; 0, 5)| = 2% '/t Pt ),

|sn(C, Tuy)| = D201, 2(h+p) =2 — ephrth1

Suppose a1 =1, f1 > 1, fp >0,and a; = --- = a, = 0. Then C is g-complete
symmetric and [SA(C, Ts,)| — |S0%(C, Tun)| = nf1P271@nf1r+2~1 — 1) is odd
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when n is (and, if g1 + f» = 1, it is always odd). So, for each n > 2, for each
t =1{z1,21,...52s, 25} € U, (R) with z; not real fori = 1,..., s, there is at least
one isomorphism class of G-cover f,, with ramification type [74,, C, ¢] that is not
defined over R but has its field of moduli contained in R.

4.2. Descent from C to Q. We give here a combinatorial method to determine if
a finite group G admits G-covers defined over Q" with a prescribed ramification
type [G, C, t]. For this, we look for r-tuples C of nontrivial conjugacy classes in
G such that |§1R(C; r, r2)| = |s_n(C, G)\. If there is such a C and if ¢ € U, (R),
the image on %, (C) of the fiber (y,, o) N ¥, (C) above an ordering ¢’ of
t (conforming to the Convention on page 56) consists of real points; we denote it
by

E2 6 /(C):=TL((y). )" ()N, 6(C)) C (wr6) ' ().
Now write

Eci(C):i= | Elz,(C™.

m=>1

(IGl,m)=1

If |s_nR(C’"; r1,r2)| = |871(Cm, G)| for any m > 1 such that (|G|, m) = 1, then
E, .+ (C) consists of real points. But, if we also assume ¢ € U, (Q), Fried’s branch
cycle argument asserts that Gal(Q/Q) stabilizes E, c.¢+(C). So any point in this set
is Q"-rational.

Here we will only deal with dihedral groups Dy, with n odd, in configurations
(R) and (C). We show for instance that for any odd integer n > 3 and for any r > 3,
D», is the Galois group of a regular extension of Q"(X) with exactly r rational
branch points (compare [Debes and Fried 1994, Conjecture 5.2], for instance). In
configuration (C), we can only assert that this occurs with 4 branch points.

4.2.1. Configuration (C). Recall that D, has the presentation
Dy = (u,v |u" =v*=1,0uv =0"")
and has %(n—i—l) nontrivial conjugacy classes:

~ T(m—1) classes Ay, ..., Ag_1)p With A; = {u',u="} fori = 1,..., (n—1),
and

- B= {Uui}Ogignfl-
Now, take

C=[A, .. ALYE BP] (sos=ai+- - +au-1)2+b),
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and writea =a; +- - - +au-1))2. Here Il’lV(Dzn)/ ~Z(Dw)= {1, {Uui}OSiSn—l}7 SO

2n if y =y, 0 if y =y,
Oy,1= . Oy = .
0  otherwise, 2 otherwise,
where y» is the irreducible character of D,, defined by y» (uk) =lfork=1,...,n

and y2(v) =—1.Sowe get A, =4n, A, =0and A, =2nif y # x1, x2, which,
noticing that for C to be g-complete symmetric we need b > 1, leads to

n®(C;0,s)=2%"nb, |s_nR(C; 0, s)| =2pb~1,
‘ﬁ(c’ D2n)‘ — ga—1,b-1

SA(C, Dy,)| =227 1?2, T 200 —
[s(C, Do) " [5aR(C; 0, 5)| '

For instance, if ay =b=1and a, =--- =a,_12 =0, we get
[SR(C™, Day)| =2 = [sH*(C™; 0, )|

for all m > 1 such that (2rn, m) = 1. As a result, if we choose a 2s-tuple of branch
points t = (21, ..., 25, 25, ...,21) € U (C) whose associated divisor is rational,
the discussion above shows that any point in E4 p,, ((C) is a Q"-point and, since
Z(Dy,) = (1), we conclude all the G-covers in sn(C, D,,) are defined over Q.
Notice that C = (Cy, C,, C,, C}) is not rational, so all the G-covers in sn(C, Dy,)
are defined over Q" but none of them is over Q.

Remark. Generalizing the situation above, one gets the following descent cri-
terion: For any finite group G, for any r-tuple C = (Cy, ..., C,) of nontrivial
conjugacy classes in G, for any t° € U whose associated branch point divisor is
rational, the conditions

(1) Z(G) =1and
2) \s_n(C", G)| = \s_nR(C”; i, r2)|foranyn > 1 such that (|G|, n) =1

imply that all the G-covers in Sn(C, G) are defined over Q.
Condition (2) can even be replaced by one that is easier to check when C is not
g-complete:

2) |=(C", G)| = |Z®(C"; 1, r2)| and SA®(C"; ry, r2) # @ for any n > 1 such
that (|G|, n) = 1.

4.2.2. Configuration (R). The example we give here corresponds to situation (R).
For any r > 3 we exhibit G-covers with group D,, defined over Q" (but not over
Q) and with r rational branch points. The example illustrates the difficulties one
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can encounter when trying to compute n®(C; r, 0) directly. We will use the com-
mutative diagram

Inv(G)" _ 0 g

| <

A\

Inv(G)'/~¢

where 7 is the canonical surjection and @ is the map given by the correspondence
(o, ..., ur—1) = (uouy, urua, ..., ur_our—_1). Rewrite n®(C; r, 0) as

1
n*(C:r,0) = A > TT GiCen i @izruci-1))
! " Koo sr€lin(G)  1<i<r
(uo,...,ur—1)€V(G)" /~c

1
=77 Z H( Z ){(gi))((ui—mc(i—l))),

" (0. sty 1) EMV(G) )~ 1<i<r ~ yel(G)

where ¢ denotes the r-cycle (0, 1,...,r—1), as in Section 3.1. Also recall the
general form of Serre’s formula:

|C1||Cr| Z ngigr)((gi)

2(C,G6)| =
(@ =" 2 ()2

x €lrr(G)
When G = D,, we have ¥ = y for any irreducible character y € Irr(D,,), so
Z x @)y Wi—iuci—1)) = Z x (@) x (ui—1uci—1))

x €lrr(G) x €lrr(G)

is equal to Z; if g; and u; _ju.;—1) are conjugate and is equal to O otherwise, for
i=1,...,r. Consequently, the only tuples u = (ug, ..., u,—1) € Inv(G)/~g we
will need in our computation are (8~ ' (g]', .. when they exist.
So,

Yr—1
> 8r—1 )yla--w}’r—leG’

1 -
nf(Cir0)=— 3 D 1@ wr—iug).

g uecf=1(Cyx-xCr_y) x€lrr(G)

With the notations of Section 4.2.1, we now apply these remarks to the specific
r-tuple

C=(B,A;,....,A;,,B) (sor=t+2),
where we choose 1 <iy,...,i; < %(n—l), so that C is g-complete. A represen-
tative of O~ (vuk, u€t, ..., ur) is (1, vuk, vuktain, . puktaittain with

k=0,...,n—1ande,..., € € {£1}. Since u,_juq = puktaint+ai ¢ B e
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obtain

n—1

1

nR(C;r,O)zﬁ Z 22xn’x2=2’n.
€lyemerelEl) k=0

Hence }s_nR(C'”; r, O)‘ = 2!=1 for all m > 1 such that (2n,m) = 1, and at the
same time, by Serre’s formula, |sn(C, Dzn)| = 2" So if we fix a r-tuple of
rational branch points t = (¢, ..., t,) € U (Q), using the same argument as above
we conclude that all the G-covers in sn(C, D,,) are defined over Q. Moreover
choosing for instance i} =- - - =i, = 1, we can assert those G-covers are not defined
over Q.

Remark. The computation we made above can be generalized to any tuple

C=(B,Ai,,...,Ai, B, B, Ay,,...., A, ,B,B,....B, Aj,,..., A, B)

with » = 2¢ +u; + --- + u;; we obtain ‘snR(C; r, O)| = puittu—lpi=1 and
|s_n(C, DZn)} — 2u1+---+u,—1n2[—2’ S0
|S_n(C» D2n)| _

— r—1
EReE

b

which only depends on ¢.

4.2.3. Q"-realizations of Dy~ with a > 3 odd. The results obtained in Sections
4.2.1 and 4.2.2 do not depend on n > 3 odd, which yields regular realizations of
the profinite groups

Dryoo :=limproj Dogn =2, x5 227,

n— 00
for a > 3 odd, over Q" (X). Indeed, for any @ > 3 odd and any n > 1, write
— Atans s Aa—tpan With A; = (', u™}, i =1,..., 1 (@"—1),
- Byyn= {Uui}OSiga"fly
for the %(a”+1) nontrivial conjugacy classes of Dy,». Also set
Cun = (Atans> Bans Bans At.an)-
This gives rise to a tower of Hurwitz spaces

/ ’
W4vD2an+1 (//4,D2un

%Z‘,Dza" (Ca,n) -

T %/4,D (Ca,n-H)

2qN+1
’

W4'D2¢12 / C
%4,D2a( a,l)-

Fix t' = (21, 21, 22, 22) € UW*(C) with z; € P1(C) \ P1(R) and {z;, Z;} € U»(Q), for
i =1, 2, and consider the projective system of finite sets of Q"-points (see Section
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4.2.1)

Va4,Dy n+1 V4,Dy4n

H4(%£1’D2an (Ca,n)t’ — =

e H4(%25D2,,n+1 (Ca,n-i-l)t/)

va, D2a2

AN ()

Then lim proj,,_, , o, T4 (% Dy (Ca,n)r) is nonempty, and any element of this pro-

jective limit corresponds to a regular Galois realization of D, over Q"(X) (see
[Cadoret 2004, § 5.3.1]) with branch points ¢ and inertia canonical invariant

(Al,a,OOa Ba,oo, Ba,oo: A],a,oo),

where B, o = {vui}izo and A; 400 = {u', u="} fori > 1.
Likewise, using the results of Section 4.2.2, one gets regular Galois realizations

of Dy~ over Q"(X) with rational branch points ¢’ = (11, . .., t,42) € W?(Q) and
inertia canonical invariant (B o0, Ai,.a.005 - - - » Ai,.a.005 Ba,oo), Where iy, ..., i;>1
such that, for instance, (ij,a)=1for j=1,...,¢.

4.3. The Mathieu group My;. Our formulas are manageable even for more com-
plicated groups, particularly in the branch point configuration (C). Our last example
concerns the Mathieu group Mj;.

According to the Atlas [Conway et al. 1985], | M| = 11.5.32.2* and M, has
10 conjugacy classes: 1A, 2A, 3A,4A, 5A, 6A, 8A, B*, 11A, B**. The difficulty
here is to compute Cenyy,,(2A). We apply Theorem 2.3 to the specific 4-tuple
(8A,B*,11A,B**) to do this. We will use that |Ceny,, (2A4)| = 3.2* and that any
2-Sylow S, of Ceny,, (2A) is semidihedral of order 16, in symbols

8

Szz(x,alxzzlza ,xax=a3)=SD16

(see [Robinson 1982, Ex. 7.4.4, p. 205]) to prove the following lemma, needed to
carry out computations of n®(C; 0, s).

Lemma. Ceny,, (2A) contains 1 element of order 1, 13 elements of order 2, 8
elements of order 3, 6 elements of order 4, 8 elements of order 6, and 12 elements
of order 8 (6 in each conjugacy class).

First, note that SD{¢ contains:

— 4 elements of order 8: a, a>, a°, a’;

6 xa, xa’, xa’, xa’;

2 xa*, xa®, x:

— 6 elements of order 4: a2, a
— 5 elements of order 2: a*, xa
— 1 element of order 1.

Moreover, Z(SDjg) = (a*) and SDjg has 3 kinds of subgroups of index 2:
Z/8Z = {(a), Ds = (a?, x), Hg = (a?, xa).
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We are now able to describe Cenyy,, (2A) more precisely. According to the Atlas,
there is an unsplit short exact sequence

| —— 7/27 — Ceny,, (2A) —2 Sy — 1.

So, since the center of S is trivial, we get the inclusions (2A4) C Z(Cenyy,, (2A4)) C
Z/27, which obviously are equalities. Consequently, for all ¢ € Sy:

— If ¢ has order 1 or 3 then #~'(¢) contains an element of same order and an
element of twice this order.

— If ¢ has order 2 then §~!(¢) contains either two elements of order 2 or two
elements of order 4 or two elements of order 6. Let n denote the number of
elements of order 6 we obtain this way (0 <n < 6).

— If ¢ has order 4 then #~'(¢) contains either two elements of order 4 or two
elements of order 8.

In particular, we have exactly 8 elements of order 3 and 8 4 n elements of order
6 in Cenyy,, (2A). All the other ones have order 1, 2, 4 or 8, so are contained in
the 2-Sylow subgroups of Cenyy,, (2A). Write n,, for the number of p-Sylows in
Cenyy,, (2A). From the above we deduce n3 =4. Furthermore, since n, |3 and n; is
odd we have np =1, 3. Butifny =1, |Cenyy,, (2A)| =32+n, a contradiction; hence
ny = 3. Still according to the Atlas, Cenyy,, (2A) contains a normal subgroup V of
order 8, and as the 2-Sylows of Ceny,, (2A) are conjugate, we get SNT =V for
all S, T € $5(Ceny,, (2A4)). Consequently, computing the order of Cenyy,, (2A) we
now get ’CenM11 (2A)’ = 48+n, which leads to n = 0. There are three possibilities
for V:

V =7/8Z and Ceny,, (2A) has 1 element of order 1, 13 of order 2, 8 of order 3,
14 of order 4, 8 of order 6, 4 of order 8 (2 in each conjugacy class).

V = Dg and we have in Ceny,,(2A): 1 element of order 1, 5 of order 2, 8 of
order 3, 14 of order 4, 8 of order 6, 12 of order 8 (6 in each conjugacy class).

V =Hg and we have in Ceny,,(2A): 1 element of order 1, 13 of order 2, 8 of
order 3, 6 of order 4, 8 of order 6, 12 of order 8 (6 in each conjugacy class).

Here are the computations corresponding to these three possibilities:

A A A A A, A, A A A A

X1 X2 X3 X4 x5 X6 X7 X8 X9 X10

V=27/8Z 15840 10560 O 0 7920 0 O 15840 2640 5280
V = Dg 15840 7920 2640 2640 2640 0 0 10560 5280 7920
V =Hsg 15840 7920 O 0 7920 0 O 15840 O 7920
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Finally, since the maximal subgroups of M;; have order 720, 660, 144, 120,
48 and none of these orders can be divided by both 8 and 11, we conclude that
(8A, B*, 11A, B**) is g-complete symmetric. Now, the first two configurations
give |§1R(C ; 0, 2)| = % and |s_nR(C ; 0, 2)| = %, respectively, whereas the third
one gives |s_nR(C; 0, 2)| = 180. So V = Hg, which gives a description of the
centralizer of the involution class in M. For this 4-uple Serre’s formula gives
|sn(C, My1)| = 8752.
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