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Lebesgue measure on the linear dual of the Lie algebra of an exponential
solvable Lie group is decomposed into semi-invariant orbital measures by
means of a detailed analysis of orbital parameters and a natural measure
on an explicit cross-section for generic coadjoint orbits. This decomposition
yields a precise and explicit description of the Plancherel measure.

Introduction

For an exponential solvable Lie group G, the classical Plancherel formula for
nonunimodular groups [Duflo and Moore 1976] is combined with the method of
coadjoint orbits to construct an orbital Plancherel formula [Duflo and Rais 1976].
Given a choice of a semi-invariant positive Borel function i on the linear dual g* of
the Lie algebra g, measurable fields {7¢, #c}oeg+/c Of irreducible representations
and {A, cJoeg/c Of positive self-adjoint, semi-invariant operators (transforming
by the square root of the modular function) in ¢, and the Borel measure m,, on
g*/ G are constructed so that for the usual class of functions ¢ on G,

(0.1) P(e) = / . Tr(A, L 7 () A) dm, (0).
-

holds. Though each of the measurable fields above depends upon the choice of
v, the object {A;’z@ dm, (0)}, which is interpreted as a measure on positive, semi-
invariant operator fields over G = g%/ G, is canonical, and is referred to as the
Plancherel measure.

In the nilpotent case, where one takes y =1 and A, ¢ =Id, the measure m,, =m
is described precisely by L. Pukdnszky [1967]. Let {Z;, Z,, ..., Z,} be a basis of
g where for each 1 < j <n, the R-span of Zy, ..., Z; is an ideal in g. Let g have
Lebesgue measure d X obtained by its identification with R” via this basis, let g*
have the Lebesgue measure via its dual basis, and let G have the Haar measure
d(exp X) = dX. Given these initial choices, Pukanzsky gives an algorithm for
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computing the Plancherel measure. For each ¢ € g*, define the jump index set e(£)
by

e)={1<j=nlg;Zgj-1+9(0)}

where g(¢) is the stabilizer subalgebra for £. One has |e(¢)] = dim(0,); among
those £ whose orbits have maximal dimension 2d, where d is a nonnegative integer,
view the sets e({) as increasing sequences and order them lexicographically. Let
e={e] <ey <--- < ey} be the minimal jump index sequence, and Q = {£ € g* |
e(f) = e}. The set Q is G-invariant and Zariski open in g*. Also associated with e
are the skew-symmetric matrices

Me(f) = [f([Zea, Zeb])]lga,bde’ te g*a

and the subspace V = {{ € g* | {(Z,,) =0 for 1 <a <2d}. One has Q = {{ € g* |
det(M,(£)) #0} and £ = VNQ is a topological cross-section for Q/G. In fact (see
[Pukanszky 1967, Lemma 4]) there is an explicit rational map P : R?? x Q — Q
such that P(z, s¢) = P(z, £) for each z € R?? and s € G, and that, for each £ € Q,
P(-,0) is a polynomial bijection between R?? and the coadjoint orbit of £. The
cross-section £ = P (0, Q) and the restriction of P to R>¢ x X is a rational bijection
whose Jacobian is one. The basis of the Pukdnszky algorithm for the Plancherel
formula is the elementary decomposition of Lebesgue measure on g* [Pukanszky
1967, p. 279]:

0.2) /h(é’)df:/z/R h(P(z, ) dzdA,
. 2

where d A is Lebesgue measure on V (when V is identified with R"~2¢ via the dual
basis {Z}? | j ¢ e}), and h is a positive Borel function on g*. The inner integral in
(0.2) is actually an integral over the coadjoint orbit O; of A which is G-invariant,
and hence is a multiple of the canonical measure 8, on 0,. Precise computation
of the Plancherel measure is simply a matter of computing this multiple (1) for
each A and then plugging that into (0.2). The result is that 7(1) = (27) ™% | P.(1)]
where P, (1) is the Pfaffian of M,(1). Equivalently, the measure dm on g*/G is
given on X by (27)~“ |P,(1)| d/, and the formula

03) $(e) /E Te(e2 () | Po(A)] d,

- Qr )n+d
a simple version of (0.1), is obtained by combining the above with the Kirillov
character formula and ordinary Fourier inversion. All this depends of course upon
the choice of “Jordan—Hdlder basis” made at the outset, but only upon this choice.
Independent of this choice one sees that the Plancherel measure, as a measure on
the orbit space, belongs to the family of rational measures on g*/G.
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Suppose now that G is exponential solvable. It is perhaps not surprising that
the methods of Pukanszky can be extended to obtain a cross-section for generic
coadjoint orbits. However, the execution of this method, and the orbit picture that
emerges from it, are more complex. The jump sets e(£) are defined as before
only now the basis {Z;} is a basis of the complexified Lie algebra s = g., for
which span{Z;, Z>,...,Z;} = s; is an ideal in 5, and if 5; # 5; then 5;,| =
sjp1and Zj 4 = Zj. As shown in [Currey 1992; Currey and Penney 1989], the
notion of generic orbits must be refined in order to complete the construction of
an explicit topological cross-section for the generic orbits. Among other things
this involves selecting an index subset ¢ of e, which, roughly speaking, identifies
directions in g* in which G acts “exponentially”. Nevertheless, there is an explicit,
G-invariant Zariski open subset Q C €., and for £ € Q, a precise generalization of
the Pukanszky map P (z, €) described above. One still has P(z, s¢) = P(z, £) for
s € G, but now some of the variables z1, z2, . .., 224 may be complex variables, and
P is not necessarily rational but real analytic. Simultaneously there is an orbital
cross-section X obtained by fixing the variables z, in an appropriate way. Despite
the highly nonalgebraic nature of the coadjoint action here, it is shown that the
cross-section X is in fact a real algebraic submanifold of g*.

For each ¢ € Q, there is a real analytic submanifold 7 (£) of C" (depending only
on the orbit of €) such that P(-,¢) is an analytic bijection between 7 (¢) and the
coadjoint orbit of £. The result is that € has in a very explicit way the structure of
a bundle over its orbital cross-section:

Urw S |Ja=a25bz,

leX L€eX
where P*(£) = P(z*(£), ¢) for a particular (G-invariant) choice z*(£) € T (£). The
fiber of the bundle Q is a cone W C R?? that is naturally homeomorphic with each
T (¢), and local trivializations are given over Zariski-open subsets £ of X.

Given that these constructions are a natural generalization of the Pukdnszky

parametrization, the question now becomes: what is the appropriate generalization
of (0.2) in the exponential case? There are at least two obvious complications:

(1) The description of Q given by the Pukanszky map is not as a simple product,
but rather as a bundle over the cross-section X; and

(2) X is not necessarily (a Zariski open subset of) a subspace V.

In [Currey 1992] it is shown that ¥ is a smooth, real algebraic submanifold of g*,
determined by explicit polynomials. Letting S;, for each 1 <t < n — 2d, stand for
any of R, C, S® = {1, +1}, or S!, in this paper we show that there is a product

S:S1XSQX"'XSH_2d
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such that each Zariski-open subset £ of X over which Q can be trivialized is
naturally identified with a dense open subset of S. These identifications differ with
the sets E, but only slightly; in particular, if A is a Borel subset of two trivializing
subsets E{ and E», then A is identified via E| and E, with sets in S of equal
Lebesgue measure. Thus X carries a natural “Lebesgue” measure, which we denote
by dA. We then use the bundle structure of Q to decompose Lebesgue measure d¢
on g*. We show that for each 1 € X there is a semi-invariant measure w; on the
coadjoint orbit 0, through 4, with multiplier A, such that

0.4) /g* h({) dfz/Z /@1 h(C)dw;(£)dA

for any positive Borel function /. If w is any positive semi-invariant function on
g* with multiplier A~!, then dw is given by

dw; =r,(A) y~'dp;,
where f, is the canonical measure on 0;, and where r, (1) is defined by

| Pe(2) w (4]
Qm) [1je, 1 +ia;l

Here ¢ is the index subset of e referred to above (which is empty in the nilpotent
case), and 1 +ia; = y;/9M(y;), where y; is the j-th root of the coadjoint action.

Just as in the nilpotent case, this yields a description of the Plancherel measure
in precise terms. Take (7, 9€,) to be the irreducible representation induced from
the Vergne polarization at 1 € X (corresponding to the Jordan—Holder sequence
already chosen). Since the Vergne polarization is contained in the kernel of A,
the operator D, defined by D, f(a) = A(a) f(a) for f € ¥, defines a positive
self-adjoint semi-invariant operator of weight A~!. Using this and the character
formula for exponential solvable Lie groups, one has

rz//(j’) =

(A, Sdmy, (O))oeg/G = 1K d2)sex,

where
o | Pe(2)]
L @r) e, T +ia)]

The Pukanszky version of the Plancherel formula becomes

¢(e)=/ZTr(Kj/2m(¢) K, d)
1
T @r)y e, 11 +ia]

/Tr(Dj/zm(qs) D)%) |P.(2)|d2.
z
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In Section 1 of this paper we review the relevant results of [Currey 1992], and
then proceed with an expansion of these results to obtain more detailed information
about the bundle structure in general, and the cross-section X in the generic case.
In Section 2 this information is used to define Lebesgue measure on X and then to
deduce the decomposition (0.4) and the description of the Plancherel measure.

1. The Collective Orbit Structure

1.1. Preliminaries. Let g be a solvable Lie algebra over R with s = g, its complex-
ification, and choose a basis {Z|, Z», ..., Z,} for s with the following properties.

(i) Foreach 1 < j <n, the space s; = C-span{Z, Z>, ..., Z;} is an ideal in s.

(i) If s; #5; thens; |y =5;11and Z; ;| = Z,-. Moreover, in this case, there is
A € gsuch that [A, Z;] = (1 +ia)Z; mod s;_;, where a is a nonzero real
number.

(i11) If5j =§j and 5j—1 =§j_1, then Zj €g.

As in [Currey 1992], it will be convenient to make the following notation: I =
{1<i<n|s;=s;},and foreach 1 < j <n set

j =max({0,1,...,j—1}NI) and j"=min({j,j+1,...,n}N1).

Thus foreach j,s;=5; 1Ns;_; ands;» =s5;+5;. For Z € 5, denote the real part of
Z by RZ, and the imaginary part of Z by IZ. (We also use these symbols to denote
real and imaginary parts of a complex number.) Define a basis for g as follows: let
Xj=Z;jif Z;cg,andif s; #5; thenset X; =NZ; and X ;| =IZ;. Using the
ordered basis {X} to identify g with R", let X denote Lebesgue measure on g.
Let d¢ be Lebesgue measure on g* obtained via the ordered dual basis {X jf}. We
regard g* as a real subspace of the complex vector space s*, and for convenience
we denote £(Z) = (£, Z) by £Z, for Z € s and £ € g*. We identify an element
¢ € g* with the n-tuple (£1, {2, ...,¢,), where £; =(Z;.

Foreach ¢ € g* let s(€) = {Z € s | {[Z, W] = 0, for all Z € s}, and let p(£)
be the complex Vergne polarization associated with the sequence {s;} chosen. For
any £ € g* and any subset t of 5, we use the usual notation

t'={(Zes|t[Z,X]=0forall X €t}.

Let G be the unique connected, simply connected Lie group with Lie algebra
g; we assume in this paper that G is exponential, meaning that the exponential
map exp : g — G is a bijection. Let da be the left Haar measure on G defined
by d(exp X) = j(X)dX, where jg(X) = |det(1 — e~*X)/ad X|. Let A be the
modular function: d(ab) = A(b) da. The coadjoint action of G on g* extends to an
action of G on s* and restricts to an action of G on each ideal s;. We denote each
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such action multiplicatively. For each 1 < j <n, set 57 = {¢ € g* | {(s;) = {0},
let 4; : G — C* be defined by s - Z? = yj(s)Z’J‘.‘ mod 5}, and let y; : g — C be
the differential of x ;. Since G is exponential, there is a real number «; such that
7 =R +iaj), for 1 < j<n.

The results stated in [Currey 1992, Proposition 2.6, Theorem 2.8] provide us
with a stratification of the linear dual g* of g into Ad*(G)-invariant layers Q and
in each layer an explicit description of the space of coadjoint orbits. We summarize
the stratification procedure as follows.

ey

2

3

To each ¢ € g* there is associated an index set e() C {1, 2, ..., n} defined by
e)={1<j<nl|s;Zsj—1+s)}

For a subset e of {1,2,...,n}, the set Q, = {€ € g* | e({) = e} is algebraic
and G-invariant, and we refer to the collection of nonempty €2, as the coarse
stratification of g*. The coarse stratification has had various applications; see
for example [Pedersen 1984]. There is an ordering on the coarse stratification
for which the minimal element is Zariski open in g* and consists of orbits
having maximal dimension.

To each ¢ there is associated a polarizing sequence of subalgebras

s="ho(0) Dh1() D--- D ha(0) =p(l),

and an index sequence pair (i (€), j(€)) having values i (£)={i| <iz <---<ig}
and j(€) = {j1, j2, .-, ja} in e(£), defined for 1 <k <d by the recursive
equations

ir=min{l < j <n|s;Nbh_1(0) ¢ hi_1(O)'},
bi(0) = (hi_1(0) Ns3,) N1 (0),
Je=min{l <j <n|s;Nh_1(€) ¢ hi(0)}.

Then iy < ji for each k, and e(¢) is the disjoint union of the values of i (¢)
and j(£). Note that since i(£) must be increasing, it is determined by e(¢)
and j(£). For any splitting of e into such a sequence pair (i, j) we set Q, j =
{€ € Q.| j(€) = j}. These sets are also algebraic and G-invariant, and we
refer to the collection of nonempty €, ; as the fine stratification of g*. There
is an ordering on the fine stratification for which the minimal layer is a Zariski
open subset of the minimal coarse layer.

Now fix a layer €, ; in the fine stratification. For each ¢ € Q, ;, set

p()={jece]| 5? Nker(y;) :5?, Nker(y;)}.
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The index set ¢ (£) identifies those directions j in e where the coadjoint action
of G dilates by its character u;. If j € ¢, then j —1 € I, and j € I if and
only if u; is real. It is easily seen that ¢ () is contained in the values of
i, and there are examples where ¢ (£) is not constant on the fine layer. For
each j € i, there is a rational function g; : g* — C such that g; is relatively
invariant with multiplier ,u;I, and such that for £ € €, j, one has j € ¢
if and only if ¢;(£) # 0. So for each subset ¢ of the values of i, the set
Q. jo=1{0€Q, j|p(l) =g} is an algebraic subset of €, j. We refer to this
further refinement of the fine stratification as the ultrafine stratification of g*.
The ultrafine stratification also has an ordering for which the minimal layer is
a Zariski open subset of the minimal fine layer.

(4) Now fix an ultrafine layer Q =€, ; , andleti={jce—¢|j¢ [ and j+1¢e].
Let Vy be the span of those Z;'f for which either j ¢ e or j € ¢ Ui. Then for
each i €1, there is a rational function p; : g* — C such that the set

T ={teQnVy|pi(t)=0foreveryi €1, and |g;(¢)| =1 for every j € p}
is a topological cross-section for the orbits in Q.

1.2. Parametrizing an orbit. Take { € g* and write e({) = {e] <ep <--- < exg}.
Then, for each j € e, one can select X; € gN (s — 5;) so that

(t1, 12, ..., g) — exp(t1 X¢,) exp(t2 Xe,) - - - exp(tra Xey, )

is an analytic diffeomorphism Q(¢, €, X,,, X¢,, - . . » Xey,) Of R24 with the coadjoint
orbit of £. The starting point for the constructions of [Currey 1992] is a procedure
for selecting the X ;, in terms of the elements ¢ belonging to a fine layer €, ;, so
that the resulting map Q(z, ) is analytic in £ and has a manageable and somewhat
explicit form. The relevant result is [Currey 1992, Lemma 1.3]; the following
lemma is a restatement of the important aspects of this result in a somewhat sim-
plified form. We then include a description of the procedure by which this result
is proved in [Currey 1992]. Finally, we show how this result is used to define the
orbit parametrization, and we observe that a slight modification of the selection
procedure in [Currey 1992] obtains a parametrization that is simpler in some cases.

Lemma 1.2.1 [Currey 1992, Lemma 1.3]. Let g be an exponential solvable Lie
algebra over R, and choose a good basis for s = g.. Let Q. j be a fine layer. Then
there is a cover F' = {0} of Q. j by finitely many Zariski open sets, and for each
O € Fand 1 <k <d, there are analytic functions X : O — g, Yy : O — g, and
¢x : O — S! with the following properties.

@ CLX;(0), X (O] =L1Y;(0), Yi(O)] =0 for 1 < j, k <d.
() C[X;(0), Y (O)]=0ifand only if j #k,for 1 < j, k <d.
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(iii) For each k, the functions ¢ — ¢ (€)X (€) and € — ¢ (L)Y (£) extend to
rational functions from Q. j into s and are independent of O.

(iv) Foreach1 <k <d, set

mg (€) = C-span {¢1 Y1), p2(O)Y2 (D), ...,
(O Y (), p1(O)X1(€), p2(O)X2(£), ..., g (O) Xk (0)},
so that s = my (£) ® my (0)! for each € € Q. For Z € s and € € Q, let py(Z, {)
be the projection of Z into wy (€)¢ parallel to wmy (€), with po(Z, €) = Z. Then

X (€) and Y. (€) are in the image of px—1(-, ), and the function py, is defined
recursively by the formula

Clpr—1(Z,0), Xi (€
(12.1) p(Z,0) = pei(Z, ) — [’;"[;k((g) ))(k({")g Ny

_Lp=1(Z,0), Y (D))
Xk (6), Yi(0)]

(v) Foreacht € Q, pi(s;,t) Csjrfor1 <j<nand0 <k <d, and X;({) €5y,
Yi(€) € 5.

(vi) For1 <k <d, Xy(€) has the form
X (&) =N (Clpe=1(Z,, 0), Ye (O pr—1(Zj;, ).
Remark 1.2.2. In the construction of [Currey 1992, Lemma 1.3], one actually has
X (6) = a(t) R(Clpx-1(Z;,, O), Yi(O)lpi—1(Zj,, 0)),

where a(¢) is a real-valued analytic function on O. Formula (vi) above represents
a simplification of the procedure there.

X4 (0).

For the purposes of this paper it will be necessary to analyze the preceding
objects in some detail, so we recall how these objects are defined. Let 1 <k <d.
If Kk > 1, assume that a Zariski open subset O of €, ; has been selected, and
that Y1, Y»,...Yr—1, X1, X2, ..., Xx—1 have been defined so as to satisfy (i)—(vi)
above, so that we have the map pr_1. If k =1, set O = Q, ; and po(Z,¢) = Z
for Z € s and ¢ € g*. We then proceed to select a Zariski open subset of O and to
construct Y, and Xj. We consider several cases. In each of them X (¢) is defined
essentially as in Lemma 1.2.1(vi) above, although in Cases 3 and 5, Remark 1.2.2
applies. In those cases we justify the remark.

Case 0. iy € andiy —1 € 1. Here Z;, € g, and we set
Yi(0) = pi-1(Zy., 0).

The rest of the cases are those for which Z;, # Z;,.
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Case 1. iy ¢ [ and i}, + 1 ¢ e. Here one finds that the complex numbers
Pri€) =Lllpi1(Zj, ), NZ;] and poi(€) = LClpi-1(Z}, ), 3Z;],

satisfy I(B1,k(€) B2k (€)) =0. Write O = 0,U0O,, where O, ={L € O | B, 1 (£) #0}.

For ¢ € Oy, set
Bei(l)
1Bei (O

¢t,k (f) =
and

Yk (0) = ¢k (O (Brx (O pr—1(RZi,, €) + o (O pr—1(3Z;,, ), t=1,2.
Case 2. i, — 1 = j, ¢ I. Here we set
Yi(6) = pr-1(X,(0), €)

where

X, () =3(Clpr—1(Z,, 0), Y (O)pr—1(Z;,, 0)).
Case 3. iy ¢ I and iy + 1 = ji. Here Y;({) = pr—1(3Z;,, ) and in the proof of
[Currey 1992, Lemma 1.3], X (€) = pr—1(NZ;,, £). Note that

m(f[Pk—l(ija 5)9 Yk(f)]pk—l(zjja f))

=Llpk—1NZi, 0), p1(3Z;y, O] pr—1(NZ;,, £)

so that Remark 1.2.2 holds.
Cased. iy ¢ I,i; + 1 =ir41. This case splits into two subcases.

Caseda. Z, = ij. Here Y (£) = pk—1(NZ;,, £).

Jk+1

Casedb. Z;, ., # Z;,. This case is just like Case 1: the functions S, 1 (¢), and the
sets Oy, t =1, 2 are defined exactly the same way, asis Y; x({), for{ € O;, t =1, 2.

Case 5. iy — 1 =iy_1 ¢ I. Again there are two subcases.

Case 5a. Z; , = Z;. Setr = k — 1 and note that Case 4 holds for . We
have Y (£) = p,(IZ;,, £), and in the proof of [Currey 1992, Lemma 1.3], X (¢) is

defined as Xy (£) = pr_1 (X, (), £) where
X (0) = 3(CLpr—1(Z,,, 0, Y (D1pr-1(Z,,, 0)).
We claim that Remark 1.2.2 holds in this case also. Set
Br(6) =Llpr—1(Z;,, 0), Y, (O)];

then

Br(0)

= 5 OF ({,)|2(Xr(€)+i)?r(€))

Pr—1 (Zj, > 5)
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and

G
18- (O

pr=1(Zj, O) = pr—1(Z},, ) (X (0) =i X,(0)).

Now

f[ﬂr—l (ij: f): Xr (f)]

pr(ij’f):p’*I(Zj"’f)_ (Y (6), X, (0)]

Y, (6)
_ f[ﬂr—l(zjk, f)a Yr(f)]

a0, nor O
= - ko) - S S
- |£r((f{;)|2 (O
=T (YO~ e o)

and so because £[Y; (), Y- (£)] =0, we get

R(Cpr(Zj,, 0), Ye(O1pr(Z),, 0))

_ m( B0 0% 0, 01 pr(2,, t’))

A OP
— 1%, (), ¥(0)] m( i) (_i b0 (fw) - wn(@)))

TRGEATAGE NAGREG)
X, (0), Yi(O)] ( 5 LIX,(0), X, (6)]
= AO OV (5 ) AXO 51,
BOF (X O = 2m,0, x,0n " ))
X, (0), (O] -
_IXO.5O1 3 0 o)
sop &0

This proves the claim.

Case 5b. Z;,_, # Zj,. Again we set r = k — 1. Then Case 4b holds for r and we
have

Yi(6) = ﬁl,r(f)prfl(szi,-a 0) — IBZ,r(f)prfl(mzi,: ).

(In this subcase X (¢) is defined in [Currey 1992, Lemma 1.3] exactly as Lemma
1.2.1(vi) above.)

Write e = {e] < ey <--- < ey} and fix O € F. In [Currey 1992, Proposition
1.5], the objects X, (£) and Y () are used to define analytic functions r, : O — g
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for the purpose of parametrizing the orbit of each £ € O in a manageable way. The
definition given there is
Xk (€)
|C1Ze,, X (O)]]
Yi(0)
|C1Ze,, Yi(O)]]

if e, = iy,
}"a(f) =
if e, = Jji.

Suppose that j = e, € e with j —1 € I. If also j € I, then
ad*r,(0)0 = (0)ZF mod s,
where ¢, (£) = %1 (and is constant on O). If j ¢ I, then
ad*r,(O)¢ = ¢, (Z)Z;f + (f)ijJrl mod 5]*“,

where {,(£) is a complex number of modulus one. (Recall Z; | = Z j in this case.)
If also j +1 = e, € e, then similarly

ad"ra 1 (O = Lar1 (O Z] + Car1 (O Z];, mod 557,

Note that ¢, (£) = ([Z}, r,(0)] (and {41 (€) = C[Z}, raq1(O)] if j 41 € e), so that
{— ¢, (€) (and £ — ¢,41(£)) are analytic functions on O.

It is shown in [Currey 1992, Proposition 1.5] that if j ¢ I and both j = ¢, and
j + 1 belong to e, then for each ¢ the complex numbers ¢, (¢) and ¢,41(f) are
linearly independent over R. It will simplify a subsequent computation if we can
show that in fact they are orthogonal, that is, that

R(Ca(O)ar1(0)) = 0.

To do this it is necessary to alter (slightly) the definition of r,(£) in one particular
case: suppose that e, = iy and that Case 4a holds for k. In other words, suppose

that e, = iy ¢ I, that iy + 1 =iy, and that Z;,,, = ij. Then I claim that we

could have defined the X (¢), X11(€), Y (€) and Y11 (€) as follows. Set
X]/((g) = Pk—1 (§Rija f)a

and then set
Y (6) = R(Llpk-1(Ziy, £), X3 (O] pr—1(Zi,, 0))
and

Y1 (&) =3 (Clpe—1(Ziy, 0), X (O] pi—1(Zi,, 0)).
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Note that £[Y[,,(£), X (O)] = ([, (€), Y (£)] = 0. Hence if we set

pr—1(3Z,, £), Y[ ()]
X, (0), Y, (0)]

= p-13Z;,, 0) — X (0)

1 (3Z5,, 0, X3 (0)]
LY (6), X, (0)]

Y/ (0),

then

(X110, X3 (O] =X} 1 (0), Y[ (O)] =0.
By virtue of our assumptions for this case, {[X ,/C +1({’), Y,é " (O)] does not vanish.
This proves the claim. Now for this case, with e, = iy and e,4.1 = ix41 =i}/, we

set
X4(0) X1 (0)

|1Ze,. X, (O] [0Ze0s X O1]
We emphasize here that this is merely an alteration of the definitions of r,(£) and
ra+1(€) in this case. In particular the definition of p(-, €) is not changed. The
advantage of this alteration is that it allows for the following result, which is used
in the proof of Proposition 1.4.1 (see also Proposition 2.1.1).

In the remainder of this paper we shall refer to Case 0 above as Case (1.2.0),
Case 1 as Case (1.2.1), and so on.

ra(f) = and  raq1(0) =

Lemma 1.2.3. Let O be a covering set in F for the fine layer Q. j. Suppose
that j ¢ I, and that both j and j + 1 belong to e. Write j = e,. Then for each
t € O the complex numbers {,(0) =t[Z;, ro(C)] and {441(C) =L Z}, ratr1()] are
orthogonal.

Proof. 1t suffices to show that in each of the above cases where j ¢ I and j

and j + 1 both belong to e, one has U(¢) and U(¢) belonging to g such that
LLUE), rer1(O)] =L[U(£), ra(€)] =0, and such that

Zi=a(®U@) +a)U) mods; i,

where a (€) and & () are orthogonal complex numbers.
First suppose that {j, j+ 1} includes a term of the index sequence j. Thus either
j=jrand j+ 1 =i, or{j, j+ 1} = {j, jk}, with r <k in both cases. We set

U(0) = X, (6) =R(CUpr—1(Z, 0), Y, (O pr—1(Z;, 0))

and } B
U(6) =3(Clpr—1(Z},, ), Y (O)] pr-1(Z},, 0)).

Then /
, _ b

S AGE

(U)+iU(¢)) mod s;_1,
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where
;Br () = f[Pr—l(st 0), Y, (0)].

It follows immediately that
Zi=a(®UE) +a)U() mods,_y,

where a(€) and a(¢) are orthogonal. If j + 1 = i}, an examination of Case (1.2.2)
shows that U (£) = Y;(£) mod s;j_1, while if {j, j + 1} = {j, jk}, a computation
exactly as in Case (1.2.5a) shows that U (¢) is a real multiple of X (¢). Hence in
either case we have £[U (), roy1(£)] = 5[0(5), rqa(£)] =0.

Secondly, suppose that j =iy and j+1 =iy If Z;, , = ij, we set U(£) =
Y/ (¢) and Ut = Y{,1(6). From the definitions of ¥, (£) and Y}, (£) we have
£ ~
Z;= 30 (U)+iU(¢)) mods;_i,

T B O
where now
Bi(6) =Ltlpi-1(Z;, 0), X;(0)].
and (with the alternate definitions of r, and r, ) we find that £[U(£), r,41(€)] =
U (), r,(0)] = 0. Finally, if j =iy, j+1=1ir41,and Z;, # ij, then we set
U() =Y, (¢) and U (€) = Y41 (£). From the definitions of ¥ and ;4 in this case

we have

_ P +ipari(0)
T B2 + Bas(0)?

As in the previous cases we find that U and U satisfy the desired conditions. This
completes the proof. U

(U)+iU(¢)) mod s;_.

For £ € O and r € R, set g, (¢, £) = exp(tr,(£)) and set

gt ) =g1(t1, 0)g2(t2, ) - - - 8a(ta, €) fort e R*,

with g(z, £) = g%(t, £). Then, for each £ € O,

0, 0)=g(t, 0= 0;(t,0)Z}

j=l1

defines a diffeomorphism of R?? onto the coadjoint orbit of £. Note that for each
1 <j<n,if 1 <b<2disdefined by e, < j” <epi1,then Q;(t,{) = (gb(t, K)f)j,
so that Q;(-,¢) depends only upon f, 1, ..., 7. Note also that if j ¢ I, then
Qjn1=0;.
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1.3. A closer look at parametrization. The form of the functions Q(z, ¢) as func-
tions of r € R*? is well-known. We wish to closely examine these functions not
just as functions of ¢, but as functions of ¢, {5, ..., £, as well. We assume that
we have fixed a layer €, ; belonging to the fine stratification, with all associated
objects as described in the preceding section. We begin with some observations
that follow immediately from the results of [Currey 1992].

Remark 1.3.1. The definition of p; implies that px(p,(Z, €), £) = pr(Z, ) for
O0<r<k, Zes, £

Remark 1.3.2. Because X;(£) and Y (¢) are in the image of p;_1(-, ), we have

LV, YO = t(Lpr-1(V, 0), Yi(O)]),
[V, Xk (O)]) = t([pr—1(V, 0), Xi (D)),

for any V € s, by the definition of py_;(-, £). Formula (1.2.1) can be simplified
accordingly.

Remark 1.3.3. Fix 1 <k <d and let Z € s. Then p;_1(Z, {) belongs to 5fk,.

Lemma 1.3.4. Fix a covering set O € F, let Y} and Xy, be the functions described
in Lemma 1.2.1 andlet1 <k <d.

(i) One has

X (&) = a1k (€) pr—1NZj,, ) + a2 1 (€) px—1(SZ},, ),
Yi(€) = b1 1 (0) pr—1(RZ;, €) +bo i (€) pr—1(3Z;,, £)

where ay i (€), ax x (), b1 x(€), and b ;(€) all depend only upon {1, ..., {;,.
Moreover, if Case (1.2.4a) holds for k, the above statement also holds for the
functions X}, Y, X} |, and Y| ,.
(i) Fix j suchthat1 < j <n,andlet Z € sj»,V €s. Then { — ([Z, pi(V, ()]

depends only on €1, (>, ..., {;.

Proof. We proceed by induction on k; suppose that k = 1. Note that s;, _; =5;,_;.
An examination of the construction of Y;(¢) and X{(£) in [Currey 1992, Proof of
Lemma 1.3], and outlined in the various cases of Section 1.2, shows that (i) is
true. In fact, the functions a; ;(£), az,1(¢), b1,1(£), and by 1 (€) depend only upon
the expressions

CINZ;,, NZ;,), CIRZ;,,3Z,), CSZ,,NZ,1,  CSZ,,3Z;,].

We now turn to the statement (ii) when k = 1. Observe first that, having verified
(i) for k =1, and referring to Lemma 1.2.1(v), we see that the function

=X (0), Y1(O)]
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depends only on ¢4, {2, ..., {;,. Now consider the function £ — ([Z, p1(V, )],
where Z € s;» and V is any element of s. We have
v, X1(0)]

Z,p1(V,0O)l=L0Z,V]— m tZ, Y1(0)]
’ (v, Yi(0)]

X (0), Y1(0)]
If j <ij,then{[Z, Yi(€)] and {[Z, X (£)] are both zero, whence £[Z, pi(V, {)] =
C[Z, V] and the conclusion follows. If j > i but j < jj, then £[Z, Y;(£)] =0, so

L[V, Y1 (€
ﬂlm&@hﬂlw—maﬁ%%ﬁwXﬂﬂ

tZ, X1(0)].

Again using parts (i) and (v) of Lemma 1.2.1, we have that
{— L[V, Y1(0)] and € — £[Z, X ()]

depend only on £y, £, ..., {;, and the result follows. Finally, if j > j{, using (i)
and Lemma 1.2.1 in a similar way, we find that each factor in each term of the
above depends only on £y, {2, ..., {;. This completes the case k = 1.

Now suppose that k > 1 and that (i) and (ii) hold for all 1 <r <k — 1. We
note that the induction hypothesis (together with the properties of the functions
pr(-,€)) implies that foreach 1 <r <k —1 and 1 <s <k, the function

£ — Clpr(NZ,., 0), pr(RZi,, O)] = Llp,(RZ,., £), RZ; ]

depends only upon ¢y, ..., ¢;,. (Recall here thati; <iy.) Similarly, the expressions

(13.1) LUp(RZ,,, ), pr(3Zi,, O],
g[pr (’%st: f)a Pr ("RZlJ > f)] and g[pr ((:SZ]A s f), Pr (SZ,) s 5)]
depend only upon ¢y, ..., ;.

To see that (i) holds for k, we begin by observing that if (i) is true for Y (£), it
is true for X (¢) as well, by virtue of the formula

Xi(€) = R(Clpr—1(Z,, 0, Y (O] pe-1(Z},, 0))
=Llpi—1RZj, 6), i (O)] pr—1(RZ},, £)
+€[pk—l(szjka 5)9 Yk(f)] pk—l(szjka f)
As for Y, (€), we examine each of the five cases outlined in Section 1.2 for the
formulae by which Y (¢) is defined. In Case (1.2.0), by x(£) = 1 and by x({) =i,

while in Case (1.2.1), b1 (€) = ¢ 4 () "' B1.x(€) and b2  (€) = py (€)' fo.x (€) are
easily seen to depend upon the expressions (1.3.1), with r = k — 1. Suppose that
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we are in Case (1.2.2), which means that we have r < k such that j, =iy —1¢ [
and Z;, = Z;,. The formula for Y;(¢) in this case is

pi—1 (3(LLpr=1(Z,,,0).,Y, (D) pr-1(Z;,,0)) L)
=Lllp,-1(RZ;,,0),Y, (O)]pk-1(3Z;,,0) = Llpr—1(IZ;,,0), Y ()] px—1(RZ},,0)
= _f[pr—l(%zj, 5£)aYr (f)]pk—l(gtzik 35) - g[pr—l(%zﬁ ag),Yr([)]pk—l(SZik 95)5

where we have used Remark 1.3.1. So by x(€) = —€lp,—1(3Z;,, ), Y, (£)] and
by (€) = —Lllpr—1(NZ;, £), Y, (€)] are seen to depend only upon the expressions
(1.3.1). Cases (1.2.3), (1.2.4a), and (1.2.5a), are trivial: b;;({) = 0 or £1, and
Cases (1.2.4b) and (1.2.5b) are similar to Cases (1.2.1) and (1.2.2), respectively.
Finally, in Case (1.2.4a), the definitions of X, (¢), X} (), Y;(£), and Y, ,(£)
resemble those for Xy (€), Xi+1(€), Yi(£), and Yi41(£), except with the letters X
and Y interchanged, and we leave it to the reader to check that they also satisfy (i).
This completes the induction step for statement (i).

Turning to the statement (ii), we argue as we did for k = 1. We observe using
(1) and Lemma 1.2.1(v) that the function

t— C[Xi(0), Yi(0)]

depends entirely upon the expressions (1.3.1) with » =k — 1, and hence only upon
t1,la,...,C;. Let Z € s;» and let V be any element of 5. From the simplified
form of (1.2.1) (Remark 1.3.2), we have

(V, X ()]

UZ, pr(V,O1=L1Z, pr—1(V, )] — m lZ, Y (0)]
LV, Yi(0)]

——————{[Z, X;(0)].
CIXk(6), Yi(6)]
If j <i;,then {[Z, Yi(€)] and {[Z, X} (£)] are both zero, whence ([ Z, pr(V, {)] =
t[Z, pr—1(V, £)] and the conclusion follows by induction. If j > i} but j < j;,
then £[Z, Y ()] =0, so

(v, Yi(0)]

UZ, pe(V, O =LCZ, pr—1(V, 0)] — T AGRAG)

Z, X (O)].

Again using (i) and Lemma 1.2.1(v), we see that
=LV, Y (0)] and ¢ — ([Z, Xik(0)]

depend only on ¢y, {2, ..., {;, and the result follows. Finally if j > j,i, using (i) and
Lemma 1.2.1 in a similar way, we find that each factor in each term of the above
depends only on £y, {5, ..., {;. This completes the induction step for part (ii). [
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Lemma 1.3.5. Assume given:
(a) anindex j,1 < j <nsuchthat j—1¢€l,

(b) indices 1 < ki, ky,...,kp <dand 1 < e, < ey <---<e,, < j" such that
eq, is equal to one of iy, or ji,,1 <s < p;

(c) foreach 1 <s < p, an element Vy € s such that py,_1(Vs, () belongs to 55,‘
for every € € Q;

(d) an element Z € 5.

Then the function
f — f[[ ot [[Zv pkl—l(vla g)]: pkz—l(V29 5)], Tt ]7 pk,,—l(vpo f)]

depends only on €1, (>, ..., {;.

Proof. We proceed by induction on N = Zle kg;if N=1then p=1and k; =1,
and the result is obvious. Assume that N > 1. It is clear that we may assume
that k; > 1, and by Lemma 1.3.4, we may assume that p > 1. Note also that
Yi,—1(0) € siy _, CSe, for all 2 <s < p. By the assumption about the elements V;
we have

[l UZ, Yi =1 (O, pro—1 (V2. O, -+ 1, i, <1 (Vp, €) ] =
and hence, for each ¢ € Q,
(1.32) €[l Z, pry—1(V1, O, pro—1(V2, O)1, -+ 1, prc,—1(Vp, 0)]
={[[---[[Z, pri—2(V1, O, pro-1(V2, O, -1, pr, 1 (Vyp, O)]
—bO) [ UZ, Xp,-1(D), pro—1(V2, D)), -+ 1, pr,—1(Vyp, )]

where P V1. 0). Yo 1 (¢
b(£) = Lok, —2(V1, €), Yi,—1 )].
Xk —1(6), Yi—1(0)]
Now the data
1§k1—1,k2,...,kp§d, ik1_1<€a2<--~<€ap, V1,V2,...,V,,
satisfy the conditions of the lemma since pi, —2(V1, £) belongs to s, f . Hence by

induction the first term of the right-hand side above, namely,

g[[... [[Z, pr,—2(V1, O], pry—1(Va, O)], - - - Pkp—l(vp’f)]

depends only on £y, (>, ..., (;.
As for the second term of (1.3.2), we apply the formulas Lemma 1.3.4(i):

Yio—1(€) = b1(O) pry 2R Ziy _,, ) + b2(0) piy 2 (3 Zy, ., £),
Xia—-1(0) = ar(O) pi,—2NZj, _,, O) + ax(O) pi, 2 (3 Zj, ., 0),
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with a;(£), ax(€), bi(€) and by (€) depending only upon ¢y, £2,..., ¢;, . From
this and Lemma 1.3.4(ii) it follows that 5(¢) depends only upon €1, {5, ..., Cig -
Moreover, we observe that the data

L <ki—Lky,....,kp=<d, ix-1<esn<--<eq,, NZj, 1, Voo, Vp
satisfy the conditions for this lemma and so, by induction,

5[[ o [[Za pkl—Z(S%ij],p f)]a pkz—l(V2a 5)]: e ]7 pkp—l(Vpa 5)]

depends only upon £y, {5, ..., ;. Similarly,

g[[ o [[Z5 pkl—Z(%ij],p f)]a pkz—l(V25 f)]a T ]s pkp—l(vpa 5)]

depends only upon £y, £, ..., ;. We conclude that the second term of (1.3.2)
depends only upon £y, {5, ..., {;. This completes the proof. (|

Proposition 1.3.6. Fix O € F, and for each £ € O, let Q(t, ) = g(t, £){ be defined
as above. Then for each 1 < j <n and for each t € R*?, the function { — Q i, 0)
depends only on €1, (>, ..., ;.

Proof. Fix 1 < j <n; we may assume that j —1 € I. Seta = max{l <b < 2d |
ep < j"}. Note that rp(¢) € 5?,, for b > a, and hence exp(t,r,(£)){ Z; = € then.
Now fix r € R¥, Let qg €{0,1,2,...}% be a multi-index. With the conventions
19 =tl"tl .10 and ¢! = q1!q2! - - - q,!, we have

Qj(l,f) =g(l,€)ij

=exp(tir1(£)) ...exp(taras (O Z; = Z wi(g,t,70),
q€l0,1,2,...)¢

where

(133)  w;(g.1,0) = ;—q' (ad* 1 (£)7 (ad* ry(£)® - - - (ad* ro (£))L Z;.

It remains to show that for each r € R% and each multi-index g, the function
{ — wj(g,t, ) depends only on £y, {5, ..., {;. Fix a multi-index ¢ and write

(elaela-"1619621---5629"‘5607-"ea):(ealaeaza"*aeap)a

where on the left-hand side e, is listed g; times, for 1 <b <a. Foreach 1 <s < p,
let 1 <k, <d be such that e, € {iy,, ji,}. Note that iz, < j” holds for 1 <s < p.
Writing

Yi(€) = b1k (0) pr—1(RZiy, €) + bk (0) pr—1(SZ;, £)
as in Lemma 1.3.4, the functions b , and b, ¢, for each 1 <s < p, depend only on
t1, o, ..., ;. Similarly for the functions a; , and a4, that appear in the formula
for Xy (£). Also by Lemma 1.3.4, the functions ¢[Z;, Xy (£)] and £[Z;, Yi, (£)]



ORBITAL PARAMETERS AND PLANCHEREL MEASURE FOR LIE GROUPS 115

depend only upon €1, (>, ..., ¢;. (If Case (1.2.4a) holds for k,, replace X, (£)
by X ,/(_v (€) and the same statements hold.) Substituting the formula for r,(€) into
(1.3.3) we obtain a function A(£) = A({1, {2, ..., ;) such that

U)j(C]],CIZ,---aqastag)
q
— %A(g)g[[. Z, pro=1(V1, O, pro—1(V2, 01, -+ 1, pr,—1(Vyp, )]

where V; is one of WZ; ,3Z;, if e, =iy, and one of RZ;, ,IZ;, if eq = ji,-
The factor

C[1 - UZ, =1 (Vi O, pry—1(Va, O1, -+ 1, pr,=1(Vp, 0)]

appearing in the preceding satisfies the hypothesis of Lemma 1.3.5, and hence
depends only upon £y, {5, ..., {;. This completes the proof. (|

Lemma 1.3.7. Let 1 < j <n be an index with j — 1 € I, and let iy be a term of the
index sequence i = {i| <ip < --- <ig} withiy < j. Then for each V € s and for
0 <r <k, the function { — y;(p,(V, {)) depends only upon £, (>, ..., ;.
Proof. We proceed by induction on r: if » = 0, the result is obvious. Suppose that
r > 0, and assume that the result holds for »r — 1. We have

f[/z—l(V, 0), X+ (0)] (Yo ()
[Y:(0), X, (0)]
lpea (V. 0), Yo (0)]
X (0), Y (0)]
Note that i, < iy < j; hence y;(¥,(£)) =0. If also j, < j” then y;(X,(£)) =0, so
vi(pr(V,€)) =y;(pr—1(V,£)), and the induction step is complete. Suppose that
Jr > j”. It remains to check that each of the expressions

f[pr—l (V, 6), Yr(f)], f[Xr(f)a Yr(g)] and yj(Xr([))

depend only upon £y, {5, ..., £;_;. Using formulas Lemma 1.3.4(i) for X, (£) and
Y, (¢), the fact that i, < j, and Lemma 1.3.4(ii), we see that both £[p, _1(V,{), Y, ()]
and ¢[X,(€), Y, (€)] depend only upon £y, {2, ..., €;j_1. Asfor y;(X,({)), we apply
the formula for X, (£) again:

i (Xr(0) = a1, ()7 j(pr—1(NZ,, 0)) + a2, ()7 j(pr-1(3Z};,, )

where a; () and a> ,({) depend only on £, {2, ..., {; . By the induction assump-
tion, y;(p—1(NZ; ,¢)) and y;(p,—1(3Z;,,)) depend only on £y, {s, ..., L;_y.
This completes the induction step and the proof. U

Vj (Pr(V, 0)) = Vi (pr—l(V, 0)) —

7 (X (0)).

We now recall the procedure of substitution [Currey 1992, Proposition 2.6] by
which Q(z, £) is simplified to obtain a map P(z,{). Let Q C Q, ; be a layer
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belonging to the ultrafine stratification. Given any covering set O € F, then for
each £ € O, we make substitutions

a=8t,0,0=56010),...,200 =64, 0), te R, £eQNO,

that result in a simplification of the expressions Q. (¢, {),for 1 <a <2d.If j=e, ¢
¢ and ¢, € e, then z, = Q (¢, {) (this is always the situation in the nilpotent case.)
If j=e,¢¢and e, ¢ e (thatis, j €1), then z, = c; (1, 0) N (c; (1, )1 Q;(t, 0)),
where

cj(t,0) =sign (u; (87" (1, 0) Za(0).
(Here signw = w/|w]| for a nonzero complex number w.) If j = e, € ¢, then
2a = pj(g*(t,0)) q;(O)~", where

7 (ra(£))
Ca(l)

is a nonvanishing, ,u;]—relatively invariant rational function on Q; see [Currey
1992, Proposition 1.8, Corollary 2.2, and the definition of € on p. 256]. Solving
for ¢, in terms of z1, 22, ..., z, and £, we obtain inverse maps ®,(z, £), ©(z, £),
evy @p4(z, €) as described in [Currey 1992, proof of Proposition 2.6, p. 261], so
that

q;j() =

Q(@(z,0),0)= Pz, 0) = > Pi(z, O) Z}.
j=1

For each ¢ € Q there is a submanifold 7 (£) of C?¢, depending only on the orbit of
¢, such that P(-,¢) is an analytic bijection of T (£) with the coadjoint orbit of ¢.
The functions P;(z, ), for 1 < j < n, satisfy

(i) Pj(z,st) = Pj(z,¢) fors € G;
(i) Pj(z,0)=0mod (z1,22,...,24), Where e, < j < eq11;

(iii) Pe,(z,€) =z, mod (21,22, ..., 24—1), With P, (z,{) =z, unless e, € 1 U ¢.
(In the nilpotent case, 1 Ugp = @.)

The function P(z, £) is defined on the entire ultrafine layer €, independently of
the covering set O, and is a precise generalization of the map of [Pukdnszky 1967,
Lemma 4].

Finally, one has an analytic map z : Q — C™ with z(s€) = z(€) and z(£) € T (£)
such that P* : £ — P(z({), ) maps Q onto an orbital cross-section £. The map
2(0) = (z1(€), z22(0), . . ., z224(0)) is defined as follows. If e, ¢ @, set z,(¢) = 0.
Suppose that j = ¢, € ¢. Assume that if b < a, then z;(£) is defined, and set

O =g (D1(z1(0), 0), ..., Pu1(z1(0), ..., 2a—1(L), 0), £).
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Then e
(0 = 1i(g*1(0) q; () e
q; () |uj(g71(0) ’
where 1 +ia; = puj/Nu;. Set
1
;)= ———, (eQ.
’ T g0

It is also shown in [Currey 1992, Lemma 2.1] that the function 8; (£) depends only
upon €y, £, ..., €;_1. It follows from this, from the definition of the substitutions

Za = &4 (2, €) [Currey 1992, p. 263], and from Proposition 1.3.6 and Lemma 1.3.7
that for each 1 <a <2d, both &, (¢, ¢) and ®,(z, {) depend only on £y, {2, ..., L,,.
Thus the following is immediate.

Corollary 1.3.8. For each 1 < j < n and for 7 fixed, Pj(z, -) and PJ’.k depend only
upon 1,4, ..., ¢;.

We now proceed with more technical results aimed at a better understanding of
the structure of Q as a bundle over the cross-section X. If j =e, €ebut j ¢:Ug,
we already know that P;(z, £) =z,. What is needed is a better understanding of the
functions Q;(z, £), and hence the functions P;(z, ), in the cases where j €1 Ug.
This will be our present focus.

Lemma 1.3.9. Let 1 < j <n be anindex with j ¢ I, j € e, and j+ 1 ¢ e. Then,
forany € € Q, ;,

@A) 5?/ Cker(y;), and
(i) if j = jk. then sl, C ker(y;).
k

Proof. Let 1 <k <d with j € {ig, ji}, and fix £ € Q. From the definition of iy and j,
we have Y (€) € hr_1(£)Ns;, and X (£) € hr—1(£)Ns, sothat X ({)=Z; mod s;_1,
Y(¢) = Z;, mod s;,_1, and {[X ({), Y ()] # 0. Moreover, we have Z({) € s({),
such that 5;» = s, + C-span{Z;, Z({)}.

To prove part (i), assume that j =i;. If V € 5?,,,

IV, IX (@), Y(OII=0 and {[Z(0),[X(6), VII=0.
By the Jacobi identity it follows that
(X, 1V, 21 =0.

Since j ¢ 1, this can only happen if y;(V) = 0. If j = ji, the proof is the same,
with Y (£) and X (£) reversing roles. This proves part (i).
Now to prove (ii), assume that j = j; and let V € 5?’,. Then V € bhi—1(£) and so
k

V. X(Ol=7;(V) Z; + W, [V, YOl =y, (V) Zi + U,
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with W e hy_1(£)Nsj_1 and U € hr_1(£) Ns;,—1. Hence, from the Jacobi identity,
we get
0=L1V, [X(O), YOI = (; (V) + i, (V)X (D), Y (O],
so that y; (V) = —y;, (V). (Since y;(V) is not real, it follows that i” — i}’ =2.)
Now referring to the cases described in Section 1.2, the proof here branches into
several cases:

(a) Case (1.2.0) or Case (1.2.1) holds for k: We have [X (), Y (£)] € sj/. Since
Ve 5f, , we may repeat the same argument given for part (i) verbatim.
k

(b) Case (1.2.2) holds for k: Here iy — 1 = j, with r <k — 1 and we have X, ({) €
5, Ng and f(,(f) € s;, N g such that 5;, = s;, >4 span{X,({), 5(,(5)} and such
that X, (€) ¢ b,(0), X, () € b,(£). Now V € b,(€), so [V, b,(£)] C b,(£). But if
7i. (V) #£0, then [V, X, (€)] = aX,(£) +bX,(£) + W, where W € 5;,_» and b # 0.
This would mean that s;,» = span{[V, X, (01, X-(0)} +5j C b (£) + 5, which
contradicts the definition of j, =min{l < j <n|h,_1(£)Ns; ¢ b, ()}.

(c) Case (1.2.4) holds for k: We have X;(¢) and X (¢) belonging to s;» N g with
s j» = span{ X ({), )?k(é’)}+5jr, ([ X (0), Y (£)] #£0, and f[f(k(f), Y (€)]=0. This
means that Xy (€) € b (£), and X, (€) € hry1 (), the latter because, by virtue of our
assumption that j + 1 ¢ e, we have ji41 > j+ 1. Now y;(V) = 0 if and only if
Vi (k41 (V, €)) =0, and pg41(V, €) belongs to b1 (£). Hence if y; (px+1(V, 0)) #
0, then [pr11(V, €), Xx(€)] = aXi(£) +bX(£) mod s/, where b # 0. This would
imply that s; C hx(€) + s/, contradicting the definition of ji = j.

(d) Case (1.2.5) holds for k: This case is similar to (c), and we omit the details. []

Lemma 1.3.10. Suppose given jwithl1 <j<nand j—1€l,andk 1 <k <d with
ix < j.Assume further that if j = j, for somer <k, then j ¢ I and j+1 ¢ e. Then,
for0 <r <k—1and for each V € s, the function { — t[Z;, p,(V, ()] defined on
Q.. j is of the form

UZj, pr(V,O1=7(pr(V, ) +u(0),
where u(€) depends only upon €1, (>, ..., {;_1.

Proof. We proceed by induction on r, the result being clear for » = 0. Assume
that » > 0 and that the result holds for » — 1. This means in particular that we may
assume that

UZj, pr—1(V,O1=7(pr—1(V,O); +uo(lr, b2, ..., Cj—1).

By our hypothesis and the properties of sequence pairs we have i, < j, and also
Jj+1#j.if j ¢ I. We therefore have three cases: j” < j., j = jr,and j > j/.
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Case 1: j" < j.. Here {[Z;, Y, (O)] = Llpr—1(Z;, €), Y, (£)] =0, so
UZj, pr(V,O1=L1Zj, pr—1(V, O] —c(O)IZ}, X, (O)].

where
_ f[prfl(vz f), Yr(g)]

c(t) =

T X ORAG)

By Lemma 1.3.4, we have
Y, (5) = br,l (f)pr—l (mzira 0+ br,Z(g)pr—l (Szi, ,0),
X, (0) = ar,1 O)pr—1 (ijr , )+ ar,Z(g)pr—l (SZj, , 1),

where a,1(0), a,2(€), b,,1 (), and b, »(¢) depend only upon ¢y, €2, ..., ¢; . It fol-
lows from these formulas and the induction hypothesis that c(¢) depends only upon
t1,02,...,C;_1. Also by induction we have

UZj, pr1MZ;,, O] =y(pr—1NZ;,, O)j+01(l1, b2, ..., €j1),
UZj, pr-1(3Zj,, O1=7(pr—1(SZj,, O)j +02(61, €2, ..., 1),
and it follows that we have u ({1, {2, ..., {;_1) such that

UZ;, X, (O] =7;(X (O +ur(y, L2, ..., Lj—1).

Hence
UZj, pr(V, Ol =7 (pr—1(V, ) +uo(l) — c(O) (7; (X, () +ur(£))
=7 (V, ) ; +u(l),
where u() = uo(f) — c(€)u1(¢) depends only upon 1, £, ..., €.

Case 2: j = j.. Here j ¢ I and j + 1 ¢ e. By Remark 1.3.3 and Lemma
1.3.9, for each ¢ € Q, the image of p,_i(-,{) is contained in ker(y;). This,
combined with the induction hypothesis, implies that for any V € s, the expres-
sion £[Z;, pr—1(V, £)] depends only upon €1, {2, ...,{;j_;. Combining this with
Lemma 1.3.4, we find that the expressions

c(t) = tlpr—1(V, 0), Y (0)]

g[pr—l(v, 5)5 Xr(f)]
dt) =
wx0. o - O T o, %0

depend only upon £y, {5, ..., {;_1, and hence that
UZj, pr(V,Ol=LIZj, pr—1(V, O] = c(O) 1Z;, X, ()] =d(E)L[Z}, Y, (0)]

depends only upon €1, {2, ...,¢;_1 also. Since p,(V, () € ker(y;), we are done
with this case.

Case 3: j > j’. This is similar to Case 1, with an additional term that is handled
in a way precisely analogous to the arguments in Case 1. We omit the details. [J
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Lemma 1.3.11. Assume given:

(a) an index j with1 < j <nand j —1 € 1, and such that, if j = j., then j ¢ I
and j+1 ¢ e;

b) indices1<k1,k2,...,k <dand1<ea <eéy, =---<e; < 'suchthatea,
p 1 2 P -] s
is equal to one Ofl.ks or jkx,for 1<s< 2

(c) foreach 1 <s < p, an element Vs € s such that for every £ € Q. j, pr,—1(V;, £)
belongs to 55, g

Then, for each € € Q, ;,

C[L - 1Zjs pri=1(V1, O, pro=1(Va, O, -+ -1, pic,=1(Vp, O]

p
=[] ;-1 (Vs )5 + 3(0),

s=1

where y({) depends only upon €1, s, ..., €.

Proof. Setry =k; —1,for 1 <s < p. Asin Lemma 1.3.5, we proceed by induction
on N = Zle ks, and by Lemma 1.3.10, we may assume that p > 1.
Suppose first that vy = 0. Writing [Z;, Vi]=y;(V1)Z;+ W with W €5;_;, we
apply induction to
€L 0Zjs pr,(Va, O, 1 pr, (V, O)]

and Lemma 1.3.5 to

yl(f) = 5[[ .. [W, prz(VZa 5)]9 cee ]9 prp(vpa 5)],

obtaining that

O 10Z), Vil pry(V2, 01, -1, pr, (V) )]

p
=7 (Vl)(H yj(prs(VSag))gj +)’0(£)) +€[[- - [W, prg(VZsf)]a o, prp(Vpaf)]
s=2

p
=7,V [ ] 75 Cor (Ve ©) €5+ 7, (V1) y0(0) +31.(0).
s=2

Now suppose that r; > 0. From our assumption about the indices and the elements
Vs, we have £[[...[Y,, (€), pr,(V2, O], ... 1, pr,(Vp, €)] = 0. Thus
(134) f[[ o [[Zja Pry (Vla f)]a prz(V25 5)], T ]7 prp(Vpa f)]
= f[[ te [[Z/: prl—l(Vb 5)]7 p}’z(VZa f)]: e ]a Prp(vp; f)]
—c(O)C[[--[[Zj, X, (O, pr, V2, O, -+ 1, pr, (Vp, O],
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where

C(f) _ 5[Pr1—1(V1, ), le ({7)]
X, (), Y (0]

We now proceed in much the same way as in the proof of Lemma 1.3.5. Looking
at the first term of the right-hand side of 1.3, we observe that the data

1§k1—1,k2,...,kp§d, ikl,1<eaz<-~-<eap, V],...,Vp
satisfy the hypothesis of this lemma, so by induction,
f[[ o [[Zja prl—l(vla f)]a prz(V25 5)]5 e ]5 p}’p(Vp, 5)]

p
=7, (pn 1V, 0) ] 7i(or. (Vs, )€ + y0(0),
s=2

where y(£) depends only upon €1, £, ..., € ;1.
Turning to the second term, we apply formulas Lemma 1.3.4(i) to conclude that
¢(¢) depends only upon £y, €5, ..., ¢ i1 We then observe that the data

1§k1—1,k2,...,kp§d, ik,_1<ea2<---<eap, ijkl_l,Vz,...,Vp
satisfy the conditions for this lemma, and so, by induction,

f[[ o [[Zjv prl—l(mzjkl,p 5)]9 prQ(VL f)]v te ]) prp(vp: 5)]

p
=7 (pr—1RZ;,  0) ] 75(or (Ves )€ + 310,
s=2

where y; (€) depends only upon £1, {5, ..., £;_1. An entirely similar formula holds

involving IZ;, | instead of RZ; | and a remainder y, () depending only upon

t1, 02, ..., ;. Using the formula for X, (£) from Lemma 1.3.4, we can substitute
the preceding into equation 1.3 to get

[l UZ), pro=1 (Vi O, pro—1 (Va, O, <+ 1, pr,—1(Vp, €)]

p
=7 (on 1V, ) T 7i(pr, (Vs, ©) €+ y0(0)
s=2

p
- c(f)al(a(y o102, 0) [ 75 (Vs )€ +y1(f>)
s=2

p
—c(f)ax(f) (Vj(pn—l(‘?izjr1 , 1)) H Vi (pr,(Vs, 0)) € + yz(f))
s=2
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p
=7 (pr—-1 (V1. O) [ ] 7(or (Vi )€ + y0(0)
s=2

p
—c(0)y (X, (6)) H Vi (pr, (Vs, ©) £ — c(€)ar (O)y1(£) — c(€)az(£)y2(0)
s=2

p
=75 (on (Vi O) [ T 750, (Vs ) €5+ ¥(0),
s=2

where y(€) = yo(€) — c(O)ai (O)y1(€) — c(€)az(£)y2(¢) depends only upon €1, €2,
..., tj_1. This completes the proof. 0

We now examine the functions Q, 1 < j < n, in light of the preceding results.
Observe that Lemma 1.3.11 applies to every index j belonging to : U ¢, and recall
that it is these indices that primarily concern us at present.

Fix a covering set O € F. Choose 1 < j <nsuchthat j —1 €I, set

a=min{l <b <2d e, > j},
and define Q?(t, 0) =g*(t,0)¢ Z;. We begin by computing Q;(t, £).
Lemma 1.3.12. We have

031, 6) = 1 (8 (1, 0) £, + Y2, 0),

where Y]‘?(O, ) = 0 for every £ € O. Moreover, Y ]‘?(t,f) depends only upon
C1,...,0j_1,unless j € jand j" ce.

Proof. We compute in much the same way as Proposition 1.3.6, with the added
information of subsequent lemmas. If g = g1, ¢, ..., qa—1 €{0,1,2,...}% lisa
multi-index, we have

Q5,0 =g ', 0 Zj= > wilg.1,0),
qe{0,1,2,...}a=1
where
14

W; (q, t,0)= —'( ad*ry (f)ql ad*rz({’)‘” s ad*ra_l(f)q“*' f)Zj.
q!

Fix a multi-index g # (0, 0, ..., 0) and write

(61,61,...,81,62,...,ez,...,eafl,...,eafl):(em,eaz,...,eap),
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where on the left-hand side each index e is listed g, times, for 1 <b <a — 1. For
each 1 <s < p,let 1 <k, <d be such that e, € {ir,, ji,}. If es, = ji,, then

o (0) = Yy, (0)
C1Z.,., Yi, (O]
by x, (0)

_ et by, (0)
00 Ze, . Yi, (O] 7

mzivag +—
NZi,, €) €[Z.,, , Vi, (O]

Pr—1(3Z;, , 0).

Similarly, if e,, = ix,,

ai i, (€) as i, (0)

ra,(€) = Pr—1(MZj, , )+
01 Ze,,, Xk, (O] T \0(Ze,, , X, (0]

| Pr,—1(Zj, , 0).

Substituting these expressions into the formula for w; (g, t, £) above we get, for
q #(0,0,...,0),

14
wilg. 1.0 = > A@g.cr,...cp,l)

Coe=1,2
I<s<p

- (ad* pry—1(Ve,, €) ad* pry—1 (Vey, €) x ad*py,—1(Ve,, O)€) Z;,
where
NZ;, —ife, =iy, andcg =1,
SZj, ifeq =iy and ¢y =2,
NZ;, —ife, = ji, and ¢; =1,

SZi,, ifeq = ji, and ¢y =2,

and where A(q, ¢, £) is the product of the corresponding coefficients. Specifically,

)4
Alg,c,0) =[] Ag.c, 0),

s=1

where
ai i, (€)

|t(Ze,,» X1, (O]
as k, (£)

|1 Ze,, , Xk, (O)]]
by, ()

|€1Ze,, Yi, (O)]]
by, ()

[ Ze,,, Yi, (O)]]

ife, =iy and c; =1
s s >

if e,, =iy, and ¢y =2,
As(qacln"-chaf): 1
if e4, = jx, and ¢; =1,

if e;, = ji, and ¢; = 2.
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By Lemma 1.3.4, A(q, c, {) depends only upon £, {5, ..., {;_1. Turning next to
the expression

(ad*pr,—1(Vey, €) ad™pry—1(Vey, €) - - - ad* pr,—1(Ve,, O)€) Z

we see that it can be written as

p
[T 7ie-1Ve. )5+ yi(q. ., 0).
s=1

We may apply Lemma 1.3.11 to this expression unless j € j and j” € e: for each
multi-index g # (0,0, ...,0)andc, y;(g, c, {) depends only upon £y, {5, ..., £;_j.
We obtain

q P
wj(q’ f, f) = % Z A(q: c, f) (HVj(ka—l(Vcs, f))fj +y](q, ¢, f)):

Coe=12 s=1
I<s<p

and finally,
Q5(t, 6) = Z w;j(q,1t,0)

—Z > Ag.c,0) (Hy,(pks_l(vcj,f))f +;(q.c, f))

' cs=1,2
1<s<p

—Z D A.c, f>l_[y,(pk,1(vq 0)¢;

'c3_12
1<s<p tq
+ > S > A0y 0
q#(0,0,...0) q: cs=1,2
1<s<p
lq
(Z Hm(ra(f)))f+ >, a0

q#(0,0,...0)
= wj(gi1t1, O)g2(t2, 6) - ga—1ta—1, 0)) €; + Y (1, 0),

where Y7(z, £) satisfies the conditions of the lemma. This completes the proof. []

Note that u;(gs(, £)) = exp(tpy j (rp(£)) for 1 <b < a — 1, and from Lemmas

1.3.4 and 1.3.7, the function £ — y; (r,(£)) depends only upon ¢y, ..., £;_;. Hence
the function ¢ — yj(g“*l(t,f)) = uj(g1t, ) - pj(gs-1(t,)) depends only

upon £, ...,
We now use this to describe Q (¢, £), for 1 < j < n. Fix an index j such that

i1

j — 1 € l. The value of dim(si, /55,,) is constant on  (equal to 0, 1, or 2) and we
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denote it by d;. If d; =0, that is, j ¢ e, then QO (t,€) = Q,(t, ). Suppose that
dj =1; then j =e, € e and

0, ) = 0°(t, galta, O)0).

Now g4(ta, O) |s;, = s;_, and

(8a(tas 5)5)1 = Kj +1a F(tayj(ra(f)))(a(f)a

where F' : R — R is the real analytic function
Foy—1+5 4%
x)= +2—!+§+"-.

Recall the rational, relatively-invariant function

i)
qj ) = —Ca(f) .

If j ¢ ¢, then g;(¢) = 0 for all £ € Q and one computes from the above that
(8a(ta, 0))j =L +1,04(L). If j € @, then g; is nonvanishing on €, and

(8a(ta, 0)0); = €717« g ()" +0,(0),

where, as before, 0;(¢) = ¢; — q;(€)~!. Suppose that d; = 2. Then both j and
J+ 1= j" belong to e, and

0(t,0) = Q°(t, 8a(tas O)ga+1(tar1, O)C).
We have
(8allas O8at1Uar1, OO Is,, = €1,
and, because g is exponential, j, j 4+ 1 ¢ ¢. It follows that

(ga (ta> ©)8a+1(tat1, €) f)j = gj + taCa(f) + ta-i—l(a-i—l(f)-

Proposition 1.3.13. Fix a covering set O € F,and let 1 < j <n suchthat j—1¢€ 1.
Then the function Q ;(t, {) has the form

[ 14i(8° (0. )€+ Y;(2,0) ifj¢e.
(471, 0) (€ +1ala(0) + Y (1, 0) iffdi=1land j &g,
1 (@71, 0) (71T« g; ()~ + Y;(1, €) ifdj=1and j€gp,

| 1 (@712, 0) (L) + tala(O) + ta1Can1 (O) + Y (1, 0) ifdj =2

Moreover, if j ¢ e,orif j €e1Ugp, then Y;(t, {) depends only upon €1, >, ..., €;_1.
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Proof. 1If j ¢ e or if y;(r,(£)) = 0, the formula holds with Y; =Y 7 whereas if
J € ¢, then Q(t, £) has the indicated form with

Vit 0) = (g 0. 0)0;(0) + VI (0. 0). 0

Combining these formulas with the substitutions of [Currey 1992, p. 263], we
obtain the following, which will be useful in the sequel. Recall the definition
of g~1(¢) given before Corollary 1.3.8; note that g?~!(£) depends only upon
t1,02, ..., ;1. Recall that signw = w/|w| for a nonzero complex number w.

Corollary 1.3.14. Let Q be an ultrafine layer with P* : Q — X the natural pro-
Jjection onto its cross-section X. For each 1 < j < n, there is a function Y ]7" )
depending only upon 1, {>, ..., €;_1 such that P* is given by

[ 1 (g1 0+ Y7 (0) ifj¢e,
0 ifjeebutj¢i1Up,
pe 0y | GO signGu; (s~ (€)))i

! (1 OO+ YEO) e,

i) | a0 | "
q]'(f) ,uj(g"_‘(f)) +Yj (f) lf] cQ.

1.4. The local trivializations. Let Q C €, ; be an ultrafine layer with cross-section
¥ and with the covering F of Lemma 1.2.1. Let F'* be the covering of X defined
by F*={E=XNO0 |0 € F}. Foreach E € F*, set

Qr=U{0eQ/G|ONE # 2} = (P E).

It is evident that
@, )y— 0@, 1)

defines a diffeomorphism of Q with R* x E. In this way we see that Q furnishes
us with local trivializations of Q/G, with fiber R2?. The local trivialization P
referred to above represents a simplification of the map Q, obtained by changing
the fiber. Let W = W; x W, x - - - X Way be the subset of R* defined by W, =R if
e, & ¢ and W, = (0, 400) if ¢, € ¢. The description of Q as a bundle over X with
fiber W is given in [Currey 1992, Theorem 2.8]. We make this description more
explicit here: we describe how the local trivialization can be obtained by a method
of substitution, in a way that is analogous to the construction of the Pukanszky
map P(z, {).

Proposition 1.4.1. Let W be the subset of R* defined as above. Let O € F be a
covering set for the ultrafine layer Q, let E=ONX, and let P: W x E — Qp be the
local trivialization map for which P*(P(w, 1)) = A for all A € E, as described in
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[Currey 1992, Theorem 2.8]. Then there is an analytic function y : W x ¥ — R*
such that

P(w,2)=0(y(w, ), ) forweW, leX.

Set g%(w, A) = g% (w(w, 1), A) for 1 <a <2d. For 1 <a <2d,write j = e, and
assume j — 1 € I. Then vy, satisfies the following.

(a) For each w € W, the function y,(w, 1) depends only on A1, A2, ..., 4;.
(b) Foreach A € E,ifd; =1, then

Ca) (g (w, 1)) 'w, mod (wr, ..., wa-1) ifj €1V,

va(w, 4) = { |1 (w, )| wa mod (w1, ..., wae—1) ifj €1,
R (7;(ra(2))) " log w, mod (w1, ..., wa1) ifj €.
Ifd; =2, then
l//a(w:i) :| |: Wq ]
=A(w, A mod (w1, ..., Wa_1),
|:l//a+1(waj~) ( ) Wa+1 (wr D
where

|det Aw, 2)| = |u; (g~ (w, )72 =1 (€ (w, D)~ ju1 (g (w, 7'

Proof. 1t is the inverse mapping © : (P*)~'(E) — W x E of P that is described in
[Currey 1992, Theorem 2.8]: ® has the form © (£) = (w(£), P*(£)) where w({) is
as follows. For 1 <a < 2d such that j =¢, and j — 1€ I,if d; =1 then

l; if j¢i1Ug,
wq () = 9%(sign(,uj(s))_lga(/l)_lfj) if j €1,
lg;(O)1™! if j €¢.

Here s € G satisfies sA = {. If d; =2, then
wa(€) = R(C)), war1 () = 3(E).

The map y can therefore be obtained by the substitutions 7, = w, (w, 1), 1 <a <2d,
as follows. First, let j =e;. If d; =1 and j ¢ 1 U ¢, since g is exponential and
by virtue of condition (ii) of our chosen basis (page 101), we have j € I. Setting
wi = Q;(t1, A), then y (w1, A) is obtained by solving for #; in terms of w; and 4.
If j € ¢, then wy = |g;(g1(t1, VA" = |u;(g1(11, )| (recall that |g;(A)| = 1).
The desired formula for w1 (w1, 4) is again obtained by solving for #;. If d; = 2,
setting w; = ?R(Qj (t1, /1)) and w, = ?S(Qj (11, /1)), we get

wi +iwy =11{1(A) +0H(A) + 4.
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Hence

yi(w, )| _ —1 wl—m(/lj)}
it =7 [ 2360

where

20) [ﬂj(a () m(w))] |
(14 I(2(4)
By Lemma 1.2.3, | det Z | = 1. This finishes the case j = e;.

Suppose that 1 < a < 2d and that we have defined v (w, 1), w2(w, 1), ...,
wa—1(w, 1), each of which satisfy conditions (a) and (b) of the proposition. For j =
eq,ifdj=1and j ¢1Up,letw, = Q;(t1, 12, ..., tq, ) and solve for t,, while at the
same time substituting #, = wp(w, 1), 1 <b <a—1. Thus y, (w1, wa, ..., w4, 1)
is obtained. If j €1, set

wa = R(sign(u; (g7, D)) ()02, 1))
= 1 (@ 7N, M)t + R (1 (g7 (e, WD)
+sign(u; (g7 (6, ) () 7Y@, A).

It is evident that, solving for #z, and substituting #, = wp(w, 1) for | <b <a —1,
the desired form for w, (w1, wa, ..., w,, 4) is obtained. If j € ¢, one gets

wa =g (g(t, DD =1uj(g (1, )] = uj(g*~" (1, A))] ™71,

from which y, (w, 1) is obtained by solving for #,. Suppose that d; = 2. Making
the substitution we get

Wa +iwart = 18ty M) (tala(A) + tar1lap1 () + 4;) + ¥;(2, 2),

and substituting f, = yp(w, 1) for 1 <b<a-—1,

taé‘a(l) + ta+1§a+l(i) = :uj(gail(w, j~)71)(wa + iwa-‘rl - Yj(w, l)) - j'j'

Setting y,(w, 1) =1, and yu11(w, ) = 1441, We get

[ wa(w, 4) ] — Z(w. )" (M(w ! |: we —N(Y;j(w, 1)) :| _ |:§)’M{|)

War1(w, 1) Watr1 — (Y (w, 1)) SAj
where
_[N(G(D) R(ar1 (1))
Z(w, 1) = [Ss(cau)) ?s(gaﬂu))}
and

_ [0 (e w, A) =S (g (w, /1)))}
M. 2)= [s(u He T w, ) N (w, )]
Again by Lemma 1.2.3, |det Z(w, 1)| = 1, and also, as desired,

det M(w, 2) = | (g* " (w, ). O
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Making the substitutions indicated above yields the following description of P.

We use the notation w* ' =wy, ..., wa_;.

Proposition 1.4.2. Let 1 < j <n be suchthat j —1 € l. Let 1 <a < 2d be
defined by e,_1 < j < e,. There is an analytic function Y;(w, {), depending only
Upon wi, Wy, ..., Wq—1and A, Az, ..., Aj_1, such that P,(w, A) has the following
form, according to the cases below.

(1) jée If j <ey,then Isj(u), A)=A4;. If j > ey, then
Pi(w,2) = uj(g " (w, ) Aj+Yj(w, 1)
(i) dj = 1.
—Ifj¢1Uop,then ﬁ,(w, A) = w,.
— If j €1, then, with c; (w1, 1) = sign(,uj(gafl(w, /1))) Ca(A),
Pi(w, ) =c;(w* ", 1) (wa+iS(c; @, 1) (g w, ) 1)) +Y (w, A).
—If j €@, then

(g (w, A ia
WD) g, )+, ),

Pj(w, )= —
: (g . 2|

where 1 +ia; =7y;/R(y;).
(i) d; =2. Then Pj(w, 1) = Wy +itwg41.

2. The Plancherel Measure

2.1. Computation of the canonical measure on an orbit. We now proceed to
apply the results of Section 1 to harmonic analysis on an exponential Lie group
G. Let s be the complexification of g and assume that we have chosen a basis
{Z1,Z,, ..., Z,} for s satisfying conditions (i)—(iii) of page 101. We retain all
other notations from Section 1 as well. We begin by computing the canonical mea-
sure on any coadjoint orbit [Pukanszky 1968] in terms of the data from Proposition

1.4.2. Set pte =[], #)-

Proposition 2.1.1. Let Q be an ultrafine layer with cross-section L. Fix A € Z,
let 0, be the coadjoint orbit through 1 and let B be the canonical measure on 0.
Choose any covering set E € F* that contains A and let P : W x E — Qg be the
local trivialization of Proposition 1.4.2. For any nonnegative Borel measurable
function f on 0,, one has

c ~ ~1
= j‘ e 91 B
[ rap= 5 | 7P |t |
where ¢ = 2 )? ij [14+iajl
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Proof. From [Pedersen 1984, Lemma 2.1.3] and the definitions above, we have

/@fdﬁz

_ (@n)?
| P(D)]
_ (@n)!
| P(D)]

L, 7.2 T e exptor@on| ™ dr

a<b

| £ T e exptuntow, D] 1y . 2l duv

a<b

It remains to compute [],_, |, (exp(ys(w, /1)}’1,(/1)))|71 [Jy (w, 4)|, and for this
we refer to the description of the functions ,(w, 1) given in Proposition 1.4.1. If
j=e,c€e—¢pandd; =1, we have

a— -1 .
(e w. )| itb=a,
0 ifb>a.

oy,
owp

If j=e, €e—¢ with j — 1€ and d; = 2, then for all b > a + 1 we have
O0Wa/0wp = 0Way1/0wp =0 and

det( aV/a/awa a‘//a/awu-i-l
al//a-i-l/awa al//a—o—l/awa—H

)‘ — |det A(w, 0)|

_ —1 _ —1
= | w, )| |y (g w, )|
On the other hand, if j = ¢, € ¢, then

ova |10, T (G ()) T ifb=a,

owyp, 0 ifb>a.

Now, by [Currey 1992, Proposition 1.8], j = e, € e — ¢ implies y;(r,(1)) =0,
hence 1 ;(g* (w, 1)) = p;(g*(w, 1)). It follows that

1y o, D) = T | . )| T e . )|~ 198 Gra )™

Jj€e—gp jeop
= [T i, )|~ TR0 ean] ™
jee Jj€p

Finally we combine this with the fact that iﬁﬁ(y j(ra (/1)))|71 =|1+4iaj| to get

[T e, explun(w, Dro())| ™' 14, (w, 2)| = (H 1 +iaj|) | e (g(w, 1)~

a<b JEp

This completes the proof. g



ORBITAL PARAMETERS AND PLANCHEREL MEASURE FOR LIE GROUPS 131

2.2. A natural measure on the cross-section. As indicated in Section 1.1 and
proved in [Currey 1992, Proposition 1.9], the ultrafine stratification has a total
ordering for which the minimal layer is Zariski open and consists of coadjoint
orbits of maximal dimension. Let Q denote this minimal “generic” layer, with X
its cross-section. In [Currey 1992, Theorem 2.9] it is shown that X is a submanifold
of g*; in this section we describe it in more detail.

Let K; =Rif j”—j'=1and ; =Cif j” — j’=2. Foreach 1 < j <n, let
Xi=m;(X)={(41, 42, ..., 4;) | A€ Z}. To obtain a picture of the cross-section X
we describe X; in terms of X;_; and a subset of [}, for each j such that j —1¢€ 1.

Fix1<j<n,j—1el. Foreach (41,42,...,4;_1) € Z;_1, set

Kj if j ¢e,

{0} if jeebutj¢iUp,
Lij(A1,22,...,4j—1)= _

Rica(Z1, A2, s Aj—1) if j=e, €1,

S/ 40,0, h) (e,

Proposition 2.2.1. Let ¥ = P*(Q) be the orbital cross-sectionin Q. Fix1 < j <n
Withj—l e l. Foreach (/11, Aoyonn, /1]'_1) € Zj_l let Uj(/h, Aoy, /Ij_l) be the
subset of IK; defined by
Li={(A1, 42, ..., A [ (A1, Aoy Aj1) € 25y

andxlj € Uj(/l], iz, ey ij_1)}.

Then the set U;(A1, A2, ..., Aj_1) is a dense open subset of Lj (A1, A2, ..., Aj_1).

Proof. Fix 1 < j <n with j —1 e I, and for each (41, 42,...,4;_1) € X;_1, let
Wi, 22, ... Aj—1) ={(A1, 42, ..., 4j—1,x) | x € K;}. By Corollary 1.3.8, P]T“
can be regarded as a function on 7 ;(2), and it is clear that

Uj(di, A2y ooy Ajm1) = PF(W (A1, A2, - ooy Aj—1) N ().

With (41, 42,...,4j-1) € Xj_; fixed, let hj : IK; = L (A1, A2, ..., Aj—1) be the
map defined by
- if j¢e,

) if jeebut j¢1Ug,
hi(x)= ij (A 22, - 4D e, A x)if e,

x_ej(llaiz,...,ij_l)
|x_9j(il,/12,...,Aj_])|l+ia_,
+€J()~15 12,,1171) lfje(p
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It is easily seen that /; is a continuous, open mapping; we claim that
PJ’.k(t’) =hj(t;) foreachle W(li, A2, ..., 4;—1)N7;(Q).
To see this, observe first that for £ € W(Ay, 42, ..., 4j—1) Nx;(Q),

Tj-1(0) =71 (P*(€) = 7j—1(Q(P1(2(0), €), ..., Pa—1(2(0), £), 1)),

where ¢ = min{l < b < 2d | j < ep}. This shows that ®(z(£),{) = --- =
®,_1(z(£), £) = 0, and hence g%~ () = e. Furthermore, Y]’.“(f) =0 unless j € ¢,
whence Yj’.“(f) =0;(0).

With this in mind we apply Corollary 1.3.14: if j ¢ e, then P;({) = ¢;, while
if j € e —1U g, there is nothing to prove. If j €1, then

PO =igi(as 22y ooy =D (GG s Ay oy 2j-1)7H5),

while if j € ¢, then, recalling that ¢; (€)' = ¢; —0;(11, A2, ..., Aj_1), the claim
follows in this case as well.

Now, since Q is dense and open in g*, the intersection W (A1, A2, ..., 4;—1) N
7 ;(Q) is dense and open in W (41, 42, ..., A;j_1), and we have a dense open subset
V(41, 42, ..., 4j—1) of [§; such that

Ui, A2, ooy Ajm1) =hj(V(A1, A2, ooy Ajo1)).
Since A is a continuous and open mapping, the proof is complete. O

The picture of the cross-section thus obtained is therefore as a line bundle over
circles. More specifically, for j € e“U1U ¢ such that j — 1 € I, let S; be defined
by

K ifj ¢e,
g — R ifjeu,
TS0 =(%1) ifjegpand j—j =1,
s! if jepand j"—j =2.
Recall that X is covered by the sets E = XN O, where O € F, and that we denoted
this covering by F*. Fix E € F* and defineo = o : E — S = Hj_lel S; by
Aj if jée,
oj()=13G()7"2)) ifj=ei €,
q;(A)~" ifjeg

Corollary 2.2.2. The mapping og is a diffeomorphism between E and a dense,
open subset of S.
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Proof. Clearly ¢ has rank n —2d, hence its image is an open submanifold of S. We
claim that it is also dense in S. Let s € S, and assume that we have a sequence s(n)
in o (Z) such that for some j € e“U1U g, we have s;(n) — s; foralli e eUi1U¢p
withi < j. Let A(n) = o ~!(s(n)). If j ¢ e, by density of U;(A1(n), ..., 1;_1(n))
for each n, we can choose s;(n) € Uj(41(n), ..., Aj—1(n)) such that s;(n) — s;.
Similarly, if j €1, we can choose s;(n) €i{j(A)U;(41(n), ..., 2;_1(n)) C R such
thats;(n) — s;, andif j € p, we canchoose s;(n) e U;(A1(n), ..., Aj—1(n))—0;(1)
such that 5;(n) — s;. OJ

Now let m be Lebesgue measure on S, and define the Borel measure i on X by
w(A)y=m(og(ANE)). We claim that the measure u is independent of the choice
of the covering set E € F*.

Note first that, by the constructions of [Currey 1992] (see, for example, remarks
preceding 2.4 of that reference), if O; and O, are any two elements of F and ¢,
and ¢, > are the functions on O and O, (respectively) with values in § I associated
with the index e, and as defined on page 107, then ¢, 1({) = £, 2(¢) for each
£ € 01N O,;. Now let E; and E; be any two elements of F'*; the preceding
observation shows that if A is a Borel subset of X, then

I’}’Z(O'E1 (A N E] N E2)) = m(aEz(A N E1 N Ez))
Let p be a polynomial function on g* such that E; ={A € X | p(1) # 0}. Then
op,(ANEINES) =0g (ANE)N{s €0, (E1) | plog'(s)) =0},

and hence
m(og, (AN Ey)) =m(og, (AN E;NEY)).

Applying the same argument with £, E, reversed, we conclude that
m(og, (ANEy)) =m(og,(ANEINEy) =m(og, (ANEINEy)) =m(ok, (AN E)).
Thus the claim is verified. We shall use the simplified notation d u (1) = d 4.

Lemma 2.2.3. Let 1 < j <nsuchthat j—1 €l and j ¢ e. Let0 <k <d, and let
Veg.

(1) The function £ — y;(px(V, ) on Q depends only upon £, (>, ..., €;_1.

(ii) There is a function v(€) on Q, depending only upon €1, 0>, ...,{;_1, such
that

C0Z;, pe(V, 01 = 75k (V, ) +0(0)  for each £ € Q.

The proof of this lemma is quite similar to that of Lemmas 1.3.7 and 1.3.10 (see
also [Currey 1991, Lemma 2.3]) and is therefore omitted here.
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By [Duflo and Rais 1976, Lemme 5.2.2], the stabilizer algebra g(¢) is abelian
for each £ € Q. Since the roots of the action of g(£) on g/g(£) are already of the
form £vy, - - - vy, it follows that G (£) is contained in the kernel of A. This allows
the following. Fix O € g*/G with parameter A € X, let £, denote the canonical
measure on O, and let £, denote the corresponding measure on G/G(1). Given
any positive, A~! relatively invariant function y on g*, we have

1//(,1)/ f(é’)l//(f)_ldﬁz(é’)=/ flai)A@)df;@).
0 G/G(2)

Hence we have defined a relatively invariant measure on O independent of the
choice of . In particular, the relatively invariant Borel measure w, on O given by

/ £ dew;, =1, (2) / FOWO) " dB O,
0 0

where

| Pe(A)] w(4)
Qr)4 Hje(p 1+ia;|’
is independent of the choice of y. Choose any covering set E € F* that contains
Aandlet P: W x E — Qf be the local trivialization of Proposition 1.4.2. Then
Proposition 2.1.1 yields

Iy (’1) =

/ Fdw, =1, () / FOWEO) " dp(0)

0 0
— () /W FOBw, 7))y (Pw, 1)) |pe(gw, 1))~ duw
— /W FOBw, 1)) y(gw, 1) e, )|~ duw
- /W F(P(w, 7)) Ag(w, 1)) |pe(g(w, )| duw
= [ s,y [Tl etw. )] dw,

jge
We sum up these observations:

Proposition 2.2.4. Let O be a coadjoint orbit in Q with parameter 1 € X, and let
w; be the relatively invariant measure defined by

| Pe(4)]

| 0= T 5ia] g S @D 8@ah @,

Choose any covering set E € F* that contains A and let P : W x E — Qg be the lo-
cal trivialization of Proposition 1.4.2. Then for any nonnegative Borel measurable
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function f on O, we have
[ rdon=[ 5. [T s Gw. )] do.
0 w ,
jge
We are now ready for the main result of this paper.

Theorem 2.2.5. For any nonnegative measurable function h on g*,

/g*h(")dk/z/@ﬁ(ﬁ)dwuf)dz.

Proof. Fix E € F* and set Sg = o£(E) C S. Let P be the associated trivialization
of Qp and write P(w, s) = P(w, o ~'(s)) and g(w, s) = g(w, ¢ "' (s)), forw e W,
s € Sg. It is enough to show that

| n@de= [ | nEw.s) [T luse. s dwdn).
Q SeJw ide
A straightforward computation, based upon the formulas of Proposition 1.4.2 and

Corollary 2.2.2, shows that ﬁj (w, 5) is given as follows. Assume that j — 1 € I,
and define the index a = a(j) as before. If j ¢ e, then

Pij(w,s) = u;j(g" " (w,9)s; +Y;(w,s),

where g~ !(w, s) and Y (w, s) depend only upon wy, . .., w,_; and the s;, fori < j
withi € e‘UitUg. If j =e¢, € e but j ¢1U g, then

5 if '//—'/=l,

wg +iwgy if j7—j =2.
If j €1, then
Pi(w,s)=cj(w,s)(wa+i|u;(g" " (w,s)|s; +i3(Y;(w,s))),

while if j € ¢, then

-1
5 w8 (w,s)) 1+ia,
P; = . Tsi+Y; .
j(0:5) (g (w, syt T (0:5)
Here again g Yw, s) and Y;(w, s) depend only upon wy, ..., w,—1 and the s;,

fori < j withi € e U1Ug. Given this explicit description of P, it follows from
the change of variables theorem in calculus that

h = h(P
/QE ) de /SE/W (P(w, s))J(w, s)dwdm(s),
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where
Jw,s)= [T luj@ P w,spl” 7 [T i@ O w,sn| ] wa
jflel jEl j=€a€¢
j¢e j//_j/zz

It remains for us to simplify the expression J(w, s). By Lemma 2.2.3,

[T 16O o)l = [T e, ).
j—lel jé¢e
jde d;=0

By Lemma 1.3.9(1) and the fact that |u ;| = | |, we have
[ 110w, sn]= ] |wiew, ).
jei jé¢e
j—le

Finally, if j = e, € ¢, we have observed in the proof of Proposition 1.4.2 that
W, = ‘,uj(g“(w,s))| and by Lemma 1.3.9, 1 ;(g*(w, s)) = u;(g(w, s)). Again
using the fact that |u ;| = |u |,

[T wa= []lx)e@, 9.

J=eq.€p J%e
j//_j/zz j_1¢1
j—legp
Hence
T, s)=]]|uiw, s
jge
This completes the proof. O

We now show how this gives a natural and explicit computation of the Plancherel
measure. For each 4 € X, let b(4) = hy(1) N g with B(1) = exp(b(4)) and let
T, = indg( 1) (x2) be the representation induced from the character y; of B(1) with
differential i 1. Asis well-known, 7 is irreducible, and it is clear that {z ), %, },cx
is a measurable field of irreducible representations. From the construction of b, (1)
and the fact that G(4) C kerA, it follows that B(4) is contained in ker A. Thus
we can define the positive, self-adjoint operator D; on (a dense subset of) 3, by
D; f(a) = Ala) f(a).

Now let y be any positive Borel function on g* satisfying v (af) = A(a) ™'y (£)
for{ € g*,a € G. Foreach A € X, let A, ; be the densely defined operator on ¥
defined by A, ; f(a) = w(al)'/? f(a). Let m,, be the measure on g*/G given by

[ mov@ar= [ [ woasoan, ©
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As is shown in [Duflo and Rais 1976], the Plancherel measure is A;’zidmy,((@ 7).

But it is clear that w(/l)A;i = D, and from Proposition 2.2.4 and Theorem 2.2.5,
an easy calculation shows that dm, (0;) = r,, (1)d . Hence

A% dm, (0;) =K;dA,

where
[ Pe(2)]

©Qrytd [T, 11+ iay)

K;

We sum up:

Corollary 2.2.6. Let G be an exponential solvable Lie group and fix a good basis
for the complexified Lie algebra s = g.. Then there is an algorithm for constructing,
in a unique and natural way,

(1) an explicit cross-section T for almost all orbits in g*/ G,
(ii) a Lebesgue measure dA on X,

(iii) a measurable field {r,;, #,} of irreducible representations (associated with
the parameters A via the Kirillov—Bernat correspondence) and a measurable
field {K;},cx of positive, self-adjoint, semi-invariant operators acting in ¥,
such that

1/2 1/2
P(e) :/ Te(K, 7, () K,'*) d2
)
for any smooth function ¢ on G having compact support.

For each A € X, one has
_ |Pe(A)] A
Qa)*d [e, 11 +iag] "

where D is the multiplication operator determined by A on ¥,;.

K
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