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TRANSVERSAL HOLOMORPHIC SECTIONS AND
LOCALIZATION OF ANALYTIC TORSIONS

HUITAO FENG AND XIAONAN MA

We prove a Bott-type residue formula twisted by (V*) with a holomorphic
vector bundle V, and relate certain analytic torsions on the total manifold
to the analytic torsions on the zero set of a holomorphic section d¥.

Introduction

Beasley and Witten [2003], studying half-linear models, have described a com-
pactification on any Calabi—Yau threefofithat is a complete intersection in a
compact toric varietyX. In particular, a remarkable cancellation involving the
instanton effect [Beasley and Witten 2003, (1.3)], involving certain determinants
of the 3-operator, was derived directly from a residue theorem. One would like to
understand its implications in mathematics, for example in Gromov—Witten theory.
Bershadsky, Cecotti, Ooguri and Vafa [Bershadsky et al. 1993; 1994] predicted that
the analytic torsion of Ray—Singer will play a role regarding the genus-1 Gromov—
Witten invariant. Thus we naturally try to understand the results about analytic
torsion first.

As an application of [Bismut and Lebeau 1991] and the localization formula
(1-3) in this paper, we were able to relate certain analytic torsions on the total
manifold with the zero set of a holomorphic transversal sectiou,@eneralizing
[Bismut 2004, Theorem 6.6] and [Zhang n.d.] with=T X therein. We expect our
formula will be useful for understanding [Beasley and Witten 2003, (1.3)] from a
mathematical point of view.

This paper is organized as follows. In Section 1 we prove a Bott-type residue for-
mula. In Section 2 we get a localization formula for Quillen metrics. In Section 3
we get a localization formula for analytic torsions under extra conditions. In
Section 4, for the reader’'s convenience, we write down six intermediate results,
corresponding to [Bismut and Lebeau 1991, Theorems 6.4-6.9].
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1. A Bott-type residue formula

In this section, along the lines of [Bismut 1986, 81], we give a Bott-type residue
formula (1-3) by assuming that the holomorphic section is transversal; compare to
[Beasley and Witten 2003, (2.32), (2.34)].

Let X be a compact complex manifold with dixr=n and letV be a holomor-
phic vector bundle orX with dimV =1. We assume that the line bundles @it
and detv are holomorphically isomorphic. We fix a holomorphic isomorphism
¢ :detV* ~detT* X, which is clearly unique up to a constant. Thudefines amap
from theZ,-graded tensor produgt(T*X) & A(V*) to A(T*X) ® AMT*X) C
A(Tg X) ®r C. We can define the integral of an elemenof Q2 (X, A(V*)), the
set of smooth sections @f(T*X) ® A(V*) on X, by

/oz:fd)(a).
X X

Let v be a holomorphic section &f on X. Assume that vanishes on a complex
manifoldY c X. ThenVuly : TX|]y — V|y mappingU to Vyv does not depend
on the choice of a connectiovi on V, andVyv|ly =0forU € TY. Let N be the
normal bundle tdr in X. Assume also th&¥v|y : N — V|y is injective, and there
is a holomorphic vector subbundig, onY such that

(1—1) Viy =V Im Vuly.

Let PY1 and P'™ V" be the natural projections frof onto V1 and ImVuly.
Leti(v) be the standard contraction operator acting\@iv*). A natural ques-
tion, posed in [Beasley and Witten 2003, §2], is how to exprgss using the
local data near the zero Sétof v for a (9% +i (v))-closed formy, that is, a form
satisfying(3* +i (v))a = 0.
First we recall an idea due to Bismut [Bismut 1986]; see also [Zhang 1990].

Proposition 1.1.Leta € (X, A(V*)) be a(d* +i (v))-closed form Then
/ o :/ e~ @ HW/ty  for anyw e Q(X, A(V¥)) and t> 0.
X X
Proof. For anyw € Q (X, A(V*))
(1-2) / 3w = / (3 w) = / 3 (w) = / d¢ (w) = 0.
X X X X
From (83X +i(v))? =0 and(3X +i(v))a = 0, we have
i/ e—s(5X+i(u))wa _ _/(5x +i(v))(a) e—s(éx+i(u))wa) —0,
0S X X

and the desired equality follows. O
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Recall thatVv|y : N — Im Vu]y is an isomorphism that induces isomorphisms
of holomorphic line bundlegy = (detVu|y)* : detlm Vuv|y)* — detN* and
¢v = ¢ly/((detVuly)*) : detVi — detT*Y. These two isomorphisms make the
integral f, along the normal bundIdl and /|, well defined.

Let hY be a Hermitian metric oA/ such thatV,; and ImVu|y are orthogonal
onY. Let g{\‘ be a Hermitian metric oM such thatV.v|ly : N — Im Vu|y is an
isometry. LetRY be the curvature of the holomorphic Hermitian connech
on (V,hY). Letj:Y — X be the natural embedding, afy;}; the connected
components of. OnY, define

RV = —(V.u) tPMV'RY(., j,)PY1. € T*Y ® Vi ® EndN.
RY is well defined since®'™ VY RY(j,-, j.- )PVt =0. Thus, fortU e TY, W € Vy,
Uy, Up € N,
(RYU, Wyug, up)

Certainly det (L + RY)/2ri) is 8¥-closed.

The following result verifies a formula of Beasley and Whitney [2003, (2.32),
(2.34)] and generalizes corresponding results in [Zhang 1990], [Liu 1995] and
[Bott 1967].

Theorem 1.2.For any (3% +1i (v))-closed formx € Q (X, A(V*)),
( 1)(I n)(n— dle,)a

(1-3) /. “‘Z \, det (L1 RV)/(—210)’

Proof. Set

g = — (RY (U, D)W, Vi) = (W, RY(TL, U) Vi)

S= (-, v) € C®(X, V¥).
By Proposition 1.1, for any € ]0, +oo],

(1-4) /“zf o @+ W)S =f o A@*SHLP),
X X X

Thus, ag — 0, the integralf, « is asymptotically equal tg;, e~z @ SH g for
any neighborhooél of Y.

Takey € Y. SinceY is a complex submanifold, we can find holomorphic
coordinates(z }i'_; of a neighborhoodJ of y such thaty corresponds to 0 and
{(8/9z7) (0)}{_ _m41 IS an orthonormal basis @N, g1 ), and, moreover,

unY={peU,zn1(p)=---=2zy(p) =0}.
Let {1u}y_; and{uucl_, .4 be holomorphic frames fév; and ImVuly onUNY,
with
Viazo = k(0 forl’+1<k<l,
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and forz = (z1,...,zm), 2" = (Zms1, ..., 2Zn), Z = (Z,2"), define ux(2) by
parallel transport ofuc(Z, 0) with respect tov" along the curves — (Z, uz’).
Identify V, with V(» o) by identifying 1.k (2) with pk(Z', 0). Denote byW (e) the
e-neighborhood ofy in the normal spac@&l. Then

(1-5) / / ez @St
YNU JWy(e)
1 a
= / f e~ a (PWVRPHE S W2ngn-my (v fi7).
YNU JzeW, (/1)

Definez=7}_; z;(9/9zj) andz=}; z;(3/0Z;) . The tautological vector field
IS Z=2z+2z Then, forze Ny,
1 2_Llov o 1.2
Z—tlv(«/fZ)l = §|Vz v+ 0 = EIZI +0(Wb

and
[
9% S= Z (ks VV
k=1

From now on, set = (0, ') andZ = z+ 2. SinceVY 2 1k(0) =0, we know that

(1-6) 0¥ S
|

=5 2 (e V) (Vi) i)
k=1

- ((Mk, VY0) (0) + VI {1k, VYVY0) (0)

+ é((kuk,v\v o) + (1. VYV V0]) 0) + O )k (0)

Because of the factaf'~™ in (1-5), it should be clear that in the limit, only those
monomials in the vertical form

dZmir A ADZn @ 1 TTA - A !
whose weight is exactlt/" " should be kept. Now,

d
VoV \Y% \ V ; \

9
V3 V02,00 = RY(2, -~ =)o+ Vijag, Viv =0,
J
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where 1mn is the characteristic function of the interviah, n]. Note thatvV =
VVig VIMYY onY and that

(ks Vyvg//azjv)(mzo forl<j<ml<k<l.

It follows that in the expression

5 \[ ——= (1K, V7V 0)(0)14(0)

a nonzero contribution can only appear in the term

(1-7) (Z Z Z Z) (ks V3 Viaz,v) (0 d2) @ 1X(0).

j=lk=l'+1 j=m+lk=1

Similarly, in the last term of (1-6), the only term with a nonzero contribution is

|’

13 B
4 2; - ( (VZVZ1tk: Vigaz, ) O + (k. VZVZ Vo, v)(O)) dz} @ 1*(0).
]= =1

But for 1< j <m, both Va/az v(0) andVa/anVVVv(O) 3/32 (RY(z, 2)v)(0)
vanish, sinces =0 onY. Thus forl<j <m,

5
VEVYVE2,0(0) =2RY(2, 8—>V\/v(0)+va/azv\/v\/v(0).

By the preceding discussion, &s> 0, in (1-5), we should replacgd* S(y, v/12)
by the 2-form

|
22 1k VY0) (0)1%(0) + /T x expression (1-7)

k=1
4z ZZ<“'<’ (z —)V\/U+V3/az vYvYy >(0)dzJ ® 1%(0).

j=1k=1

Setpy =dzy---dzm A p(0) -+ 1" (0), By = dZmy1 -+ dZq A ! FH(0) -+ 12 (0),
¢(u0)---1'(0) = fdz---dz,. Then
oy (1H0) - - 1 ()N (! L) - - 1 (0) = fdz - - - Az

Thus /
d(By ABN) = (D)MW fdz; ... dzy Adz - dz,

= (=D=M g (By)pn (BN).

Now, observing that/,. Z e ?°dzdz = 0 fori > 0 and thatv¥v : (N, o) —
(Im Vv, h'™V¥?) is an isometry antl— 1"’ = n —m, we find that the limit of (1-4)
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ast — 0 is the sum ovej of

|
—n)(n—m) ; 1
(1-8) /Yj(—l)(I y(n=m)j a/Nexp(—Ekg; 11k, VV0) (0) 14(0)
_% < ., P\ R\/(Z, j*,)vyv) (0) — %|V¥v|2>,

The second integrand in this expression can be rewritten as

exp(—— Zdzm. AT+ 3 (RY(z j) PV, VYY) <0>—%|z|2)
i=1

=exp( (V0 RV @ ) P™, 2) = 312%) (3) ' damia Ay -+ dzn d2n
Thus the expression in (1-8) is equal to
(=1)-m-m),
v; dety ((1+ RY)/(—27i))’
which leads to (1-3). d

2. Localization of Quillen metrics via a transversal section

Let X be a compact complex manifold of dimensirLetV andé be holomorphic
vector bundles orX with dimV = m, and letv be a holomorphic section df.
Assume thaw vanishes on a complex manifold C X and satisfies (1-1). Then
we have a complex of holomorphic vector bundlesXgn

i(v) i(v) i(v) i(v)

(2-1) 0= A™(V) — ATV — - — ANV — A%V —

Let (Q(X, A(V¥) ® £), 3%) be the Dolbeault complex associated to the holo-
morphic vector bundlé\(V*) @ &£. Let %, (X, A(V*) ® &) be the hypercohomolo-
gies of the bicomplexQ (X, A(V*)®§&), 8%, i(v)). Letj : Y — X be the obvious
embedding. Now the pullback mgp induces naturally a map of complexes

2-2) J(RXANVH®E), I +iw) = (Y. AV ®E), 8Y).

Theorem 2.1.The map f is a quasi-isomorphism of complexéds particular, j*
induces an isomorphism

(2-3) Ho (X, ANV ®E) = H(Y, A(V]) ®§).

Proof. In [Feng 2003] there is an analytic proof of this theorem whega T X.
There we used the twisted vector bund|€T * X) and here/\(V*) takes its place;

the proof works just the same. For an algebraic proof, we can modify the proof of
[Bismut 2004, Theorem 5.1]. O
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Let NX, Nﬁf be the number operators oR(T*X), A(V*) corresponding to
multiplication by p on AP(T*X), AP(V*); do the same replacing by Y andV*
by Vi. ThenN* — NX andNY — N defineZ-gradings on (X, A(V*) ® &)
andQ (Y, A(V}) ® &), which in turn induceZ-gradings orvt, (X, A(V*) ® §) and
H(Y, A(V]) ® &), respectively. The isomorphisqt preserves thesé-gradings.

From [Bismut and Lebeau 1991, (1.24)], we define the complex lin€¥*)
andi (Vi) by

(V) = Q) (detieP (X, AV) @) ",

p=-m

MVD) = @ R (detHPY, AV o)

p=0 q=0
By (2—-3), we have a canonical isomorphism of complex lines
Ay (VF) = A (V).

Let p be the nonzero section @’(\/i)—l ® A, (V*) associated with this canonical
isomorphism.

Let g"* be a Kahler metric o X. We identify N with the bundle orthogonal
to TY in TX|y. Letg™ andg" be the metrics oY andN induced byg™*. Let
hé be a Hermitian metric o. Leth" be a metric or\V such thatv; and ImVu|y
are orthogonal oY andVul|y : N — Im Vuly is an isometry.

Let dvx be the Riemannian volume form @, g"*). Let (-, - ), be the met-
ric on A(T*X) ® A(V*) ® £ induced byg"™, hV, hé. The Hermitian product on
Q(X, A(V*) ® &) is defined by

1
2-4 Joy = —— ,oYod fi ,o e QIX, AVF .
(2-4) (o, ) (2ﬂ)”fx<aa>0 vx fora,a’ € Q(X, A(V)®E&)
Let 3** andv*A =i (v)* be the adjoint 0B* andi (v) with respect tq -, - ). Set

V=iw+iw?* DX*=3%+3**
By Hodge theory,
(2-5) ¥, (X, A(VH) ® &) ~ Ker(D* + V).

Denote byP be the operator of orthogonal projection fraag X, A(V*) ® €) onto
ker(DX + V) and setP+ = 1— P. Leth? be theL?-metric on¥, (X, A(V*) ®
£) induced by thel?-product (2—4) via the isomorphism (2-5). Define in the
same way a Hermitian product @2(Y, A(V}) ® &) associated tg'", hVi, hf,
Let 8¥* be the adjoint 0BY, andhH":AVD®E) the corresponding >-metric on
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H(Y, A(V]) ®§). Set
DY=3Y+9".
Let Q be the orthogonal projection operator framY, A(V;)®&) on KerDY, and
QL =1-Q. Let|- |y, and|-[i be theL2-metrics onx,(V*) and A(V*)
induced byh? andh"-AMD®S  Following [Bismut and Lebeau 1991, (1.49)],
let
0,(s) = —Trs((N* = NH((D* + V) ~SP+).
ThendX(s) extends to a meromorphic function ®& C, which is holomorphic at
s=0.
The Quillen metrid| - |, (v+) on the linex, (V*) is defined by

co)

6Y(s) = —Trs((NY — NJ)(DY?)5Q1)

I 1, vy =1 1, v )exp<

In the same way, the function

extends to a meromorphic function & C, holomorphic ats = 0. The Quillen
metric|| - [[xcvz) on the linex(Vy) is defined by

100
I llaevn =1+ Iaevy) €Xp —EE(O) :

Let || - v -1@m, (ve) be the Quillen metric ork(V})~ 1'® A,(V*) induced by
I+ lx,cvy @nd|| - [lxcvg) as in [Bismut and Lebeau 1991, §1e]

The purpose of this section is to give a formula figr|?
introduce some notations.

For a holomorphic Hermitian vector bundlg, hF) on X, we denote by T¢E),
ch(E), cmax(E) the Todd class, Chern character, and top Chern class, eind
by Td(E, hE), ch(E, hF), cmax(E, hF) the Chern—Weil representatives of (F),
ch(E), cmax(E) with respect to the holomorphic Hermitian connectigf on
(E, hE).

Let 8y be the current of integration ovi. By [Bismut 1992, Theorem 3.6],
a currenttmax(V, hY) on X is well defined by the holomorphic sectian(which
induces an embedding: X — V), and this current satisfies

(2-6) ;ﬂ_acmax(\/ hY ) = Cmax(V1, Vl)SY — Cmax(V, h\/)-

AVHIQA, (V) Now we

Let TA(TY, TX, g™*I¥) be the Bott—Chern current on associated to the exact
sequence

(2-7) O—-TY—>TXly—>N—->0
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constructed in [Bismut et al. 1988a, 81f], which satisfies

28—8Td(TY TX, g™ ") =Td(T Xy, g"™) = Td(TY, g"¥) Td(N, gM).

Finally, let R(x) be the power series introduced in [Gillet and Soulé 1991], which
is such that ifz (s) is the Riemann zeta function, then

R(X)=Z(Z ¢(— n>+2—( n))

n>1 “j=1
nodd

We identify R with the corresponding additive genus. We also set

ch(A* (VD) =Y (=1’ ch(AT(V})),

i
and denote by ati\*(V7), hA"(V1)) its Chern—Weil representative.

Theorem 2.2.The Quillen metrid|p||2 is given by the exponential of

A(VHI®K, (VF)
(2-8) — / Td(TX, g™ Td 1V, hY)Emax(V, hY) ch(&, h%)
/ T LN, ™) TATY, T Xly. g7%) ch(A* (W), hN" (%)) chi, hé)

- [ TATY RN e (Ve
Proof. Set
(2-9) TAVS), MY =Td 1V, hY)Enax(V, hY).
By the same argument as in [Bismut et al. 1990, Theorem 3.17], the current
T(A(VH, WD)

is exactly the current oX associated to (2—1) (evaluated modulo irreleviaot 8
coboundaries).

Now, from the choice of our metribY, the analogue of [Bismut and Lebeau
1991, Definition 1.21, assumption (A)] is satisfied for the complex (2—1). Then
we verify that as far as local index theoretic computations are concerned, the
situation is exactly the same as in [Bismut and Lebeau 1991]. Because of the
quasi-isomorphism of Theorem 2.1, there are no “small” eigenvalues of the op-
eratorD + TV whenT — +4o0. In Section 3, we write down the intermediate
results corresponding to [Bismut and Lebeau 1991, 86c]. Comparing to [Bismut
and Lebeau 1991, §86¢c—6¢], the proof of Theorem 2.2 is complete. d
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Remark 2.3. Assume thatY consists only discrete points; thén> n and the
last two terms of (2—8) are zero. In this casen i |, then (2-1) is a resolution
of j.(0Oy) and Theorem 2.2 is a direct consequence of [Bismut and Lebeau 1991,
Theorem 0.1]. By [Bismut 1992, Theorem 3.2, Definition 3&]ax(V, hY) is zero
if | >n+1.
3. L2 metrics on H, (X, A(V*)) and localization

We keep the assumptions and notations of Section 2.

Let g"* be a Kahler metric off X, and letg™", gN be the metrics oY, N
induced byg™*. LethY be a metric or\ such thatv; and ImVu|y are orthogonal
onY andVuly : (N, g\) — Im Vu|y is an isometry.

Let; : detVi — detT*Y be a nonzero holomorphic section. lgtbe a metric
onV such that orY, V1 and ImVu|y are orthogonal and

| |detvedetT*X,1 = |@1ldetviodetT+y,1 = 1,

where| - |detvedetT*x.1 8aNd| - |detv; @detT+Y,1 are the norms on the holomorphic line
bundles deV ® detT*X and detv; ® detT*Y induced byh} andg™™.
We will add a subscript 1 to denote the objects induceﬂ‘lbyFor

B e AP(T*X) ® NA(V¥),
we definexy 18 € A" P(T*X) ® Al ~9(V*) by
(@, B)1 ¢~ H(dvx) = @ Axy 1B

It's useful to write down a local expression feg 1. if {wi}i”:1 and {u/ }!:1, are
orthonormal bases &f* X and (V*, hY), then

dux = (=D)"D2/_D)"H A A" @ w AL Aw"
andg=LwiA - Aw") = fula---Ap with [f]=1. If

ﬂ:wl/\/\wp®ul/\/\uq’
then

*y 18 = (_1)(n—p)q+n(n+1)/2( /—1)" f TP A A" @Mm—l/\ A MI-

Thussy 1%y 18 = (—=1)PTOOHED g foranys e AP(T*X)@A4(V*). Combining
this with (1-2), we find that

B =(—DPTIL 9% k1 B, () B = (—DPTITATL i (v) %y 1 B.

Thus the antilinear magpy 1 is an isometry fron(%v(x, A(V*)), hzg”) to itself.
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The bilinear form

(3-1) o, B € ¥,y (X, A(VH)) >

1 / B
@on Jx©
Is nondegenerate; indeed,e 7, (X, A(V*)) implies xy 1o € 3¢, (X, A(V*)), so

a # 0 implies
/ a Ay 1o > 0.
X

Thus the metrig - |5, v+).1 0N A, (V*) only depends on the nondegenerate bilinear
form (3-1) on#%, (X, A(V*)), which is metric-independent.
Recall the definition of defv|y from Section 1. Now,

ély/((detVu|y)*)
01

is a holomorphic function olY. SinceY is compact, this function is locally con-
stant. Then we have the following extension of [Bismut 2004, Theorem 5.7].

Theorem 3.1.

detVv *
(3-2) 1og(1 15 vp)-2i,v1.1) = fY TA(TY) ch(A(V3) log| 2/ (G|

$1
Proof. We usep; to define the integral,, y for y € H(Y, A(V})). Since

|p1ldetviodetT+y,1 = 1,

following the same considerations as above, we find that the antilinear operator
*y,,1 mapsH (Y, A(V))) into itself isometrically. Therefore, to evaluate the left-
hand side of (3—-2), we only need to compare the bilinear forms (3—1) with

1
a.,be H(Y, /\(\/ED)I—) W\/Ya/\b

Let A, € End®™*"H (Y, A(V})) be given by

33 ao (—-min-mg __#ly/(@etVoly)n)
(2m)"-mdety ((1+ RY)/(—2ri)) 1
Set
detA, — detA, |[Hevery, A (Vi) ;
o detA, |y odd(Y, A (V)

2
(|p|/\(\/§)—1®;\v(v*),1) = |detA,|.

Now, A, is a degree-increasing operatorhi(Y, A(V7)). Therefore it acts like a
triangular matrix whose diagonal part is just multiplication by the locally constant
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function ¢|Y/((detvle)*). Using (3-3), we get
1
detA, — (¢>|v/<<detwv>*>)W’“‘VT”.
b1
But x (Y, A(V}) = [, TA(TY) ch(A(V3)); thus we get (3-2). O

Let g be the metric orN such thatVuly : (N, gl) — (Im(Vv), h{"V?) is
an isometry. LeTd=%(N, gV, g)¥) be the Bott-Chern class constructed in [Bismut
et al. 1988a, 8§1f] such that

% TELN, gV, gy = Td LN, gy — Td (N, gM).

Finally, we can compute the analytic torsion on the total manifold via the zero set
of a transversal section

Theorem 3.2.If h\/1 hVi on 'Y, then

(3.4) aeY

f Td(TX, g™ Td 1V, hY)Emax(V, hY)

+/(Td1(N,gN)ﬂj(TY,TX|Y,gTX'Y)
Y

+TATX g™ T AN, gV, g)) ch(A" (V). h (D)

i

v
Proof. Sinceh,* =h"1, we have - v =1 |A(\/)1and|| v =1+ llavp.a- Let

ch(/\(\/*), hf(V ) AV ) be the Bott—Chern class constructed in [Bismut et al.
1988a, §1f], so that

- / TA(TY) ch(A* (VD)) (R(N) +log
Y h1

T
Then by the anomaly formula [Bismut et al. 1988b, Theorem 1.23],

og (—” 15,09 ) / TA(TX, g7 Ch(A(V*), hp M) AW,
Il ”)\v(\/*),l X

By [Bismut et al. 1990, Theorem 2.5],
(3-5) T(AW, M¥)—T (AW, hp™)
= ch(A*(VD), M ) TA AN, g, gM)sy — ch(A(V™), h{ ™ W),

By (2-9), Theorems 2.2 and 3.1, and the preceding equations, the proof of Theorem
3.2 is complete. O
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Remark 3.3.If Y consists only of discrete points and=1, theng; = Id. In this
case leg®™N andg{®™ be the metrics on dél = detT X induced bygN andg}.
By Remark 2.3 and Theorem 3.2,

99X
Dt /X TATX, g7 Td XV, hY) Gman(V, hY)

as

+> (3 log(g®™™/gf™™) — log ¢/ (detVuly)*]).
peY

Remark 3.4. If V= TX andv is a holomorphic Killing vector field, (3—4) is a
special case of [Bismut 1992, Theorems 6.2 and 7.7]. In this dgses g"%,
and onY, we have a holomorphic and orthogonal splittiig{|ly = TY & N.
Thus TA(TY, T XJy, g™*¥) = 0. To computeTd X(N, g", g}'), note thatg)\ =
gN((Vv)-, (Vv)-), asA= (Vv)*(Vv) is positive and self-adjoint; thug\)s is well
defined fors € [0, 1]. Takingg)! =gN ((A)S-, -), we obtain by [Bismut et al. 1988a,
Theorem 1.30]

1
Tol—la\l,gN,glN>=f0 ((Td (N, glY). log A)ds

But Vv is holomorphic, so the curvatuml associated to the holomorphic con-
nection on(N, gl is RN = RN for s € [0, 1]. Thus

(3-6) Td (N, gV, g}) = ((Td™H'(N, g"), log A).
Now
(3-7) TATX, ") T(AT*X), M NTX) = Era(TX, g7

is an(n—1, n—1)-form on X.
In this case, we get easily the special case of [Bismut 2004, Theorem 4.15]
directly from [Ray and Singer 1973] by using Poincaré duality:

30"

From (3-4), (3-6), (3—7), and the vanishing of the constant ternfi3(bf) and
4 (N, gV) — 1, we get

a6
0

Td

X
v’l(o)zfCmax(TY)(R(N)—(—(N,gN)—l,logA>> =0.
S Y

(-9 - Td
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4. Appendix: six intermediate results

In this section, to help readers understand how to obtain Theorem 2.2, we write
down the corresponding intermediate results from [Bismut and Lebeau 1991, The-
orems 6.4-6.9].

Let VA be the connection oA\ (V*) induced byVY". SetC, = VAV) +
JuV. Let®2, and Tg(NY, exp(—%2,)) be the operator and the generalized trace
associated to the complex (2—7) as in [Bismut and Lebeau 1991, 85 hetthe
homomorphism from\*V*\(T X) into itself which toa € /\Zp(T”{X) associates
@2ri) Pa.

Theorem 4.1.For any w > 0, there exists C> 0 such that for u> ug, T > 1,

: : C
‘TrS(N,ﬁe‘“(Dx”V)z) —Trs(A dimN + N[ < —,
_ X 2 _upY.2 C
‘ Trs((NX — NJHe UP TV — Trg(NY — Ne ™ P™)| < Mad

Theorem 4.2.Let Py be the orthogonal projection operator froft( X, A (V*)Q¥)
to Ker(DX +T V). There exist - 0 and C> 0 such thatfor anyu>land T>1,

hg«Nx—Nﬁm“@‘”WS—T@«NX—Nmﬁﬂ‘gcgca

Theorem 4.3. There exist C> 0 and y € ]0, 1] such thatfor any ue ]0, 1] and
0<T <1/u,

<Cu@+T)”.

Trs(Nz'(e_(U DX-‘,-TV)Z) _ / Td(TX, gTX)cDTrS(Nz'(efciz)
X
There exists a constant G O such that for ue ]0,1] and0< T <1,

‘TrS(N,ﬁe_(“ DX+TV)2> _ TrS(Nz'(e—(u DX)2> <C'T.

Theorem 4.4.Forany T > 0,

IimOTrS(N,Z,(e‘(“DX+(T/“)V)2) :/ CDTrs(Nge_%iZ) ch(A(V}), YD) chg, hf).
u— Y

Theorem 4.5. There exist C> 0 andé < ]0, 1] such thatfor any ue ]0, 1] and
T>1,

_(uD* 2 . _uDY-2 C
‘Trs(Nﬁ,(e UDTHT/WVIT) — Trg((3dimN + Nje P | < o5

Let|- |2 . 1 be theL?-metric oni,(V*) induced byg™, T2h" as in (2-5).
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Theorem 4.6.As T — 400,

|- 1

| S (V)T
- 12

Ay (VF)

. 1
= —109 112 ey 15,0 + Trs((AMN +2NY) Q) log T + O(T).
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