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ORTHOGONAL FUNCTIONS IN H*

CHRISTOPHER J. BISHOP

We construct examples of H* functions f on the unit disk such that the
push-forward of Lebesgue measure on the circle is a radially symmetric
measure /iy in the plane, and we characterize which symmetric measures
can occur in this way. Such functions have the property that { f"} is orthog-
onal in H2, and provide counterexamples to a conjecture of W. Rudin, in-
dependently disproved by Carl Sundberg. Among the consequences is that
there is an f in the unit ball of H* such that the corresponding composition
operator maps the Bergman space isometrically into a closed subspace of
the Hardy space.

1. Introduction

Let H* denote the algebra of bounded holomorphic functions on the unit disk D,
let U be the closed unit ball of H* andlet Ug={f €W: f(0)=0}. If f € H* then
it has radial boundary values (which we also call f) almost everywhere on the unit
circle T. We say that f is orthogonal if the sequence of powers { f":n=0, 1, ...}
is orthogonal, that is, if

fo"f'"de:o

whenever n # m. In this paper we will characterize orthogonal functions in H*
in terms of the Borel probability measure us(E) = | f ~1(E)|, where | - | denotes
Lebesgue measure on T, normalized to have mass 1. We will also determine exactly
which measures arise in this way. We say a measure is radial if u(E) = ('’ E)
for —oo < 0 < oo and every measurable set £E. We will prove:

Theorem 1.1. If f € Uy then {f" : n =0, 1, ...} is an orthogonal sequence if
and only if wy is a radial probability measure supported in the closed unit disk and
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satisfying

1
(1-1) / log — duy(z) < oo.
lz|<1 |z]

Moreover, given any measure | satisfying these conditions there exists f € WUg
such that = py.

The result is motivated by the observation that if f is an inner function (that is,
feH> and | f| =1 almost everywhere on T) with f(0) =0 then u, is normalized
Lebesgue measure on T (Lemma 2.3) and f is orthogonal since, if m > n,

/ frfmdo = / Fmde =2 f(0) = 0.
T T

At a 1988 MSRI conference Walter Rudin asked if the converse is true, that is, are
multiples of inner functions the only orthogonal bounded holomorphic functions
on the disk? In other words, is normalized Lebesgue measure on the circle the
only radial measure which can occur as a us? Our characterization shows that
many other symmetric measures can occur and hence provide counterexamples to
Rudin’s “orthogonality conjecture”. The conjecture was independently disproved
by Carl Sundberg [2003].

The simplest example of a measure satisfying Theorem 1.1 (other than Lebesgue
measure on a circle) is to take u to be Lebesgue measure on the union of two circles
{Z Hz| = %} U {z : |z| = 1}, normalized to give each mass % The corresponding
function f is orthogonal by the theorem, but is clearly not inner since | f| = % on
a subset of T of positive measure.

A more interesting example of a radial measure satisfying (1-1) is normalized
area measure on the disk. Thus there is an f € AU such that us is normalized area
measure. We will show (Lemma 6.1) that for any holomorphic g on the disk, and
f €Uy orthogonal,

(1-2) g o fllgn =/ lglPdpy + (Mgl
D

and hence:

Corollary 1.2. There is an [ € Ug such that for any analytic g on D, g is in the
Bergman space AP, if and only if g o f is in the Hardy space H?, and the norms
are equal.

Thus the subspace M, spanned by the powers of f in H 2 is isomorphic to the
Bergman space, and multiplication by f on M is isomorphic to multiplication by
z on the Bergman space. Since both spaces are Hilbert spaces, of course one is
isomorphic to a subspace of the other, but it is perhaps a little surprising that this
isomorphism can be accomplished with a composition operator. Similar statements
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can be made for Bergman spaces with respect to radial weights w dx dy = du of
finite mass which satisfy (1-1).

More generally, it would be interesting to know for which pair of spaces X, Y, of
analytic functions on D, there is an f €9l such that g € X ifand only if go f €Y,
and to characterize such f’s when they exist. The latter problem is interesting
even when X =Y (for example, see [Cima and Hansen 1990]). In Corollary 6.3
we characterize orthogonal functions with this property when X =Y = H? (it is
true if and only if s (T) > 0). In particular, all inner functions have this property
(as claimed in [Cima and Hansen 1990]).

Paul Bourdon has pointed out that (1-2) implies that orthogonal functions f
where pur(T) > 0 give examples of composition operators with closed range. See
[Cima et al. 1974/75] and [Zorboska 1994] for characterizations of such functions.

The radial symmetry of a “Rudin counterexample” has also been noted by Paul
Bourdon [1997a]. He showed that f is orthogonal if and only if the Nevanlinna
counting function,

Nyw)= > log |i—|
f@R=w
is almost everywhere constant on each circle centered on the origin. He also
showed that the answer to Rudin’s question is “yes” if f is univalent, and that
if f is orthogonal, the closure of the range of f is a disk (since the range of f
equals the set where Ny is positive). The Nevanlinna function Ny is related to s
by the formula

1
Ny(w) =log — —/log dpuy(2)

|w
(except possibly on a set of logarithmic capacity zero). This is due to W. Rudin
[1967] but we shall give a proof for completeness (Lemma 3.1).

|z —w]

Corollary 1.3. If f € U is nonconstant and orthogonal then N y(w) = N (|w|) for
all w outside an exceptional set of zero logarithmic capacity, where

1y
N(r)=/ %dl

for some increasing function u on [0, 1] such that ©(0) = 0 and u(1) = 1, and
fol wu(t)dt/t < oo (in fact, u(r) = ur(D(0, r))). Moreover, for every such N there
is an f € WUo such that Ny(w) = N(Jw|) except possibly on a set of logarithmic
capacity zero.

The first part of this is due to Paul Bourdon [1997b]. The condition on N in the
previous result has many equivalent formulations; for example, it holds if and only
if M(r) =N(e") on (—oo, 0] is concave up, has M(0) =0 and sup, ., M(r)+r <
00, or if N(|z]) is subharmonic on D \ {0} and N (|z|) + log |z] is bounded above.
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The behavior of the composition operator C ¢ : g — go f can often be expressed in
terms of Ny, for example, see [Shapiro 1987; Smith 1996; Smith and Yang 1998].
The result above provides radial examples with any desired rate of decay faster
than 1 —r asr — 1.

If f is orthogonal, then f(0) =27 [ fd® =0, so f cannot be an outer function.
However, our construction can be modified to give:

Corollary 1.4. There is an orthogonal f such that f(z)/z is a nonconstant outer
function.

Thus, not only are there orthogonal functions which are not inner, there are exam-
ples with only the most trivial possible inner factor. I do not know whether there
is an example where f(z)/z is bounded away from zero on D or which symmetric
measures  are of the form pr with f(z)/z outer.

One can also construct examples with other properties. For example, f € Uy is
said to be in the hyperbolic little Bloch class %8 if

(1= 1z f' @)
im ———— =
=1 1=1f @]
(This is contained in the usual little Bloch space, where only the numerator is
required to go to zero.) We will show (Lemma 5.2) that if g is inner and f € H*
then o = py. Thus taking g to be an inner function in the hyperbolic little
Bloch class (which exists by a result of Wayne Smith [1998] and independently of
Aleksandrov, Anderson and Nicolau [Aleksandrov et al. 1999]; also see [Canton
1998]), we can deduce:

Corollary 1.5. Any of the measures in Theorem 1.1 is iy for some f € 9738.

Cima, Korenblum and Stessin [Cima et al. 1993] also identified symmetric prop-
erties of orthogonal functions and showed the answer to Rudin’s question is “yes”
if f is Holder of order o > % on T. I do not know if there exists any (noninner)
orthogonal function which is continuous up to the boundary, but expect that it
might be possible to build one by modifying the construction in this paper. If there
is a continuous orthogonal function, it would be very interesting to know if the
result of Cima, Korenblum and Stessin is sharp, and if not, what the best modulus
of continuity for such a function could be. What other natural conditions on an
orthogonal function imply that it is actually inner?

The remaining sections are organized as follows:

Section 2: We describe some elementary properties of iy and prove it is radial
if and only if f is orthogonal.

Section 3: We prove Corollary 1.3 (given Theorem 1.1).

Section 4: We prove some results concerning the convergence of jir.
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Section 5: We prove Corollary 1.5 (given Theorem 1.1).

Section 6: We prove Corollary 1.2 (given Theorem 1.1).

Section 7: We construct a symmetric py which is supported on two circles.
Section 8: We construct all examples supported in {% <|z| < 1}.

Section 9: We complete the proof of Theorem 1.1.

Section 10: We prove Corollary 1.4.

2. Elementary properties of u s

We begin by recalling a few simple facts about analytic functions f and their
corresponding measures py. Many of these are well known but we include them
for the convenience of the reader.

Lemma 2.1. If f € H™ then i satisfies

1
/log |7| dur(z) < oo.

Proof. If f has a zero of order n at the origin, then g(z) = f(z)/z" is holomorphic
on the unit disk and |g| = | f| on T, hence py(A) = us(A) for any annulus A =
{z:r1 < |z| £7r2}. Thus

/ (@) (2) = / 0(2) g (2)

for any radial function ¢. Using Fatou’s lemma and the fact that log |g(z)| ™! is
superharmonic on the disk (see [Garnett 1981, page 35]), we deduce

1 1 1 .
[ 108 aus@r = [1og iy = 5 [ oglete®y ' as
|z] |Z| 2
1 . i0y—1
= — [ limlog|g(re'”)|”" d6
2 r—1
1 .
< — lim /10g|g(re’6)|_1d0 <loglg(0)| ' <oo. O
27 r—>1

A similar estimate is true for other points, for example,

1
/log duy(z) < oo.
|z —al

In particular, this implies the well-known fact that the set where f has radial limit
a must have measure zero.
Given an arc I C T we define the Carleson box with base I to be

Q=01={zeD:z/lzlel, 1 —lz| = I}



6 CHRISTOPHER J. BISHOP

A positive measure u is a Carleson measure if there exists a C < oo such that
w(Qr) < C|I|, for every arc I € D.

Lemma 2.2. If f € U then uy is a Carleson measure with constant independent

of f.

Proof. Define ¢p(z) = w(z, Q,D\ Q) forze D\ Q and p(z) =1forz € Q. Itis
easy to see that w(z, I, D) > M~! > 0 for every z € Q0 ND and some M < oo
(independent of I and z € 9 Q), so the maximal principle implies

¢(0) =Mw(0,1,D) = M|I|.

Let f,(z) = f(rz). Note that lim, .| ¢(f(rx)) = ¢(f(x)) for almost every x € T,
because ¢ is continuous on the closed disk except at two points, and the set where
f has aradial limit equal to one of these has measure zero (by the remark following
Lemma 2.1). So by the Lebesgue dominated convergence theorem,

1 1
2—1 = —_— :1 —_— r .
(2-1) Mf(Q)ffcpduf 2n/<p0fd9 rgnlznfgoofde

Since ¢ is superharmonic on D, it follows that ¢ o f is too, so the right-hand side
of (2-1) is at most (£ (0)) = ¢(0) < M|I]|. O

If £(0) # O then py is still a Carleson measure, but with norm depending on
Lf(O)].

One can think of the previous lemma as a weak version of the Littlewood subor-
dination principle: thatif f is an analytic self-map of the disk then g € H? implies
go f € H? (with smaller or equal norm). Formally, this implies that if f(0) =0,
then

1
/|g|pdﬂf§E/ g0 1P d6 = llgo fI% < lgllh
T

for every g € HP. This implies that dus is a Carleson measure with norm inde-
pendent of f (see, for example, [Garnett 1981, Theorem 1.5.6]).

The following result appears in many places (for example, [Lowner 1923; Nord-
gren 1968, Lemma 1; Rudin 1980, page 405; Tsuji 1959, Theorem VIII.30]) and
is sometimes called “Lowner’s lemma”. See [Fernandez et al. 1996] and its refer-
ences for various generalizations.

Lemma 2.3. If f is an inner function such that f(0) =0, then s is normalized
Lebesgue measure on the unit circle.

Proof. It is enough to check that wus (1) = |I| for arcs. Let I be an arc on the unit
circle and let ¢(z) = w(z, I, D). Then ¢ o f is bounded and harmonic, and takes
radial boundary values 1 and 0 almost everywhere (1 almost everywhere that f has



ORTHOGONAL FUNCTIONS IN H*® 7

radial limit in /7, and O almost everywhere that f has radial limit outside 7). Thus

1
H=eO =g =5 [ dao=pn) 0

As noted before, the following lemma is similar to results in [Bourdon 1997a]
and [Cima et al. 1993].

Lemma 2.4. Suppose f € H*. Then the measure iy is radial if and only if { f"}
is orthogonal.

Proof. If s is radial, it can be written so that

2w poO )
/ (@) iy (2) = fo fo 2(rei®) d dv(r)

for every g € C.(R?), the set of continuous functions of compact support defined
on R?, and for some measure v on (0, 0o). Thus

oo p2m
/ frfmae = / "7 dus(z) = / f el =mP qo dv(ry =0
T () 0 0

if n #m, so f is orthogonal. Conversely, if f is orthogonal, then pr satisfies

2w oo ) )
/ anm d//Lf(Z) — / / rn+met(n—m)0 d,U/f(relg) =0
C 0 0

for n = m. Thus

/@P(Z,Z)duf(z)ZfDZan,nr”’duf(z)

for any polynomial P(z,2) =), , an.m2"Z" in z and Z, and hence

/P()\Z,)_\Z)dﬂf(Z)=/P(Z,Z)d//Lf(Z)
c c

for any |A| = 1. Since polynomials in z and z are dense in the continuous functions
on the closed unit disk, we deduce that

/ ¢(2) dpu () = / ¢(2) duy (2)
D D

for any g € C.(R?) and any |A| = 1. This implies us is radial. O

The following lemma greatly simplifies the construction of the basic example,
where 7 is supported on two circles. It says that if we can construct an example
where pir is radial on the smaller circle, then it automatically looks like Lebesgue
measure on the larger one.
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Lemma 2.5. Suppose f lies in WUg, and jir is supported on the circles Ci,UCy =
{ lz|= %}U{|z| =1}. If uy restricted to Cy 2 is a multiple of Lebesgue 1-dimensional
measure, then so is iy restricted to C.

Proof. Suppose u is any bounded harmonic function on D. Then v(z) = u(f(z))
is also bounded and harmonic on D and u(0) = v(0). Thus

1 2 )
w0 =00 =5 [ uredo = [ucrdns @

= /c u(z)dps(z) + f u(z) duy(z)
1/2

Cy

= 11 (C1/2)u(0) + / u(@) dps (2).

C

Hence f o U dur = pr(Cu(0) for any bounded harmonic function # on . This
easily implies that s restricted to Cy is a multiple of Lebesgue measure on Cy. [

The same proof gives the following generalization of Lemma 2.5.

Lemma 2.6. Suppose f € WUgy. Then jus restricted to the unit circle is of the form
%(1 —g(0)) dO, where g is the balayage of |1y onto the circle, that is,

g0) = /D P;(0)d s (),

where P,(0) is the Poisson kernel for D with respect to the point z.

3. The Nevanlinna counting function

For f € H*, the Nevanlinna counting function is defined to be

If f € Up then Ny(w) < log |lw|~!. Clearly this is just the Green’s function for
the Riemann surface associated to f (projected to the plane by summing over
sheets). Since uy is the projection of harmonic measure for the Riemann surface,
the following is analogous to the standard result for Green’s functions of planar
domains. Let A = 8% + 8y2 denote the Laplacian and let §y be the Dirac mass at the
origin.

Lemma 3.1 [Rudin 1967]. If f € Uy then ANy = —8¢ + uy in the sense of
distributions, and

(3-1) Ny(w) =10gL —/log

i dpy(z)

|z —w|
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for all w, except possibly for an exceptional set E of logarithmic capacity zero
where “<” holds.

The exceptional set is required. For example, if f is the universal covering map
of D minus a compact set E of zero logarithmic capacity, f is an inner function,
wr is normalized Lebesgue measure on the circle and N¢(z) = xp\ £ (z) log Iz L.

Proof. For 0 <r < 1, let f,(z) = f(rz) and let y, = f,.(T). If we choose r so
that f’ never vanishes on the circle of radius r, then y, is a smooth curve and it
is easy to check using Green’s theorem that ANy = —3g + 7. To see that (3—1)
holds for 1 r,, note that both sides of the equation have the same distributional
Laplacian, so they differ by a harmonic function. Ny vanishes outside the unit
disk by definition, and the right side of (3—1) vanishes there because 1, evaluates
harmonic functions at 0. Hence the difference between the left and right sides is
the constant zero function.
For any smooth ¢ with compact support,

/NfrA(pdxdy=—go(0)+/(pd,uf,.

We shall see later that uy weakly converges to s (Corollary 4.4), and clearly
Ny /' Nyasr /1. Thus taking r — 1 and applying the monotone convergence
theorem we get

foAwdxdy:—¢(0)+f¢duf.

This proves the first claim of the lemma. Next we verify (3—1).

We already know that if we replace f by f, then we have equality in (3-1) for
all z and as r — 1, and we know Ny (z) /" Ny(z) for all z. Thus the question
reduces to whether

(3-2) U (w)— Up(w)asr > 1

for all w except a set E of logarithmic capacity zero, where

Uy (w) = / log dpy, ().

|z —wl
Note that U, is decreasing in r, by the superharmonicity of log | f|~!, and that U,
is bounded below by —log 2, since |z — w| < 2 for points in the unit disk.

To prove that (3-2) holds, we follow the proof of Frostman’s theorem (see
[Garnett 1981, Theorem 11.6.4], for example). Suppose o is a measure such that
V()= f log |z— w| ™' do (z) is bounded. It suffices to show o (E) =0. By Fatou’s
lemma

lim [ log
r—1 |Z — w|

duy,(2) = /log duys(z),

|z —w|
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so lim,_,; U, (w) > U;(w) for all w. On the other hand, by Fatou’s lemma, Fubini’s
theorem and the Lebesgue dominated convergence theorem,

/ lim U, (w) do (w) < limf U,(w)do(w)
Er—1 r—~1JF

2 2
_ Jim / V(Fre®)) do = —— / V(f(e?))do
2 0 27 0

r—1 21

1 2w 1
=27 ), /Elogmda(w)de:/EUI(Z)dO(w).

Thus we must have lim, .| U, (w) = U;(w) except on a set of zero o measure. []

Lemma 3.1 clearly implies that i is radial if and only if N is (except for the
exceptional set). Thus we see that { "} is an orthogonal sequence if and only if s
is radial, if and only if Ny is radial, except on a set of logarithmic capacity zero.
This gives an alternate approach to the results of Bourdon [1997a].

We can also compute exactly which radial functions can occur as N for some
f €9Up. Note that

1 2= 1 9 {log(l/lwl) if r <wl,

— log———— df = )
27 Jo Og|rel9—w| log(1/r) if r > |w].

Thus if pf is radial and we set w(r) = us(D(0, r)), then

1 1_
duy(z) =/ ﬂdr.
|

w| r

1
Nyr(w) =logm —/log

Moreover, the integral condition

|z —w|

1
/ log —dp < o0
p Izl

becomes

1 dr
/ ur)— < oo.
0

r

Thus Theorem 1.1 implies the following corollary.

Corollary 3.2. Suppose N (r) = frl(l—pa(t)) dt/t for some increasing function u

such that fol w(rydr/r < oo, with w(0) =0 and (1) = 1. Then there is an f € WUy
such that N ¢(z) = N(|z|) except on a set of zero logarithmic capacity.

For example, if uy is normalized area measure on the unit disk then u(r) = r?
and N¢(z) =logl/r—(1—r)~(1—r)?asr— 1.
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4. Weak* convergence of iz

We will obtain the functions f in Theorem 1.1 by a “cut and paste” construction
of the corresponding Riemann surface. What this means is that we shall build a
sequence of nested Riemann surfaces Ry C Ry C R, C --- C |J R, = R by identi-
fying subdomains of the unit disk along common boundary arcs. The projection of
R into the unit disk is a bounded holomorphic function on R, and hence R must be
hyperbolic, that is, its universal covering space is the unit disk D). The desired map
will be the covering map f : D — R followed by the projection into the disk and
the corresponding measure iy is simply the harmonic measure for the surface R,
projected into the plane. In fact, we shall abuse notation and consider the covering
map f : — R as actually mapping into the complex numbers (that is, we identify
the covering map and this map followed by the projection into the plane). By a
similar abuse we shall think of harmonic measure on R and the corresponding
projected measure py as the same. Similarly, we will fix a point in Ry which
projects to 0 and call it 0 as well. All our covering maps will be chosen to map 0
in the disk to O on the surface. See [Bishop 1993] and [Stephenson 1988], where
a similar procedure has been used in different problems.

The main point we must be careful about is to show that the harmonic measure
for R is the limit of the measures for R,. To see that there might be a problem in
general, consider what can happen when the surfaces are not nested. For example,
R, is the unit disk minus the points {zk = % exp(i2nk2™") k=1, ..., 2"}. Then
the universal covering map f, : D — R, is an inner function (the isolated boundary
points do not have any harmonic measure, so all the measure lives on the part of
the boundary above the unit circle) and hence py, is Lebesgue measure on the
unit circle. However, one can show (with some work) that f,(z) — %z uniformly
on compact sets of D, so that us is Lebesgue measure on the circle of radius %
However, if the Riemann surfaces are nested by (increasing) inclusion, then we
will show the corresponding measures converge weak*, that is,

lim gdun=/gdu

n—oo
for any g € C.(R?).

Lemma 4.1. Suppose € > 0 and D(0,€) = Ry C Ry C - - - are obtained by identi-
fying subdomains of the unit disk along boundary arcs. Let R =|J,—, R,. Choose
covering maps f, : D — R, and f : D — R so that f,(0) = f(0) =0. Then uy,
converges weak* to iy on the closed unit disk.

The easiest way to see this is using Brownian motion; we shall first sketch such
a proof and then give a more classical proof without using Brownian motion.
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Let W be the Wiener space of continuous paths in C starting at the origin. If R
is a Riemann surface constructed as above then we can think of the paths as taking
values in R and for each path w € W', we define the stopping time #,, as the first
time ¢ such that w(t) ¢ R. Then w — t,, is measurable and the harmonic measure
for R is simply the push-forward of Wiener measure on W under the map given by
w — w(ty,). Given a sequence of nested surfaces Ry C Ry C - - - as in the lemma,
we get a corresponding sequence of maps g, : W — C. Moreover, if R = J, R,
and g : W — C is the corresponding map, then g(w) = lim,, g, (w); this is because
the inclusions imply that for any continuous path in the plane, the first time it
leaves R is the limit of the first time it left R,. Thus for any bounded, continuous
function ¢ on the plane, ¢ (g, (w)) — ¢(g(w)) for all w, so the Lebesgue dominated
convergence theorem implies that

/ o(g(w)) dw = lim f o (ga(w)) dw,
OM/‘ n—oo W

which is the desired weak™* convergence.

The sketch above is simple and explains why the result is true, but uses the exis-
tence of Wiener measure and deep connections between it and harmonic measure.
It therefore seems desirable to provide a second proof which uses only function
theory. Moreover, we will need some corollaries of the following classical proof
for our applications to composition operators.

Let {R,}, R, {f,} and f be as in the lemma and let 2, = f*I(Rn) C D. Then
Qo C Q2 C--- and Un Q, = D. Let w, be the harmonic measure for €2, with
respect to the origin and let ¢ be any continuous function on the plane. We want
to show that

fim [ o(r@ndo, = [ ot doon

We start by proving the much easier fact that w, converges weak* to normalized
Lebesgue measure on the circle. (Since f need not be continuous up to the bound-
ary, ¢ o f need not be continuous either, so weak* convergence of w, is not, by
itself, enough to prove weak* convergence of jiy,.)

Lemma 4.2. If {0} € Q¢ C Q) C --- is a sequence of subdomains such that
Un Q, =D, and w, = (0, -, Q,) is the corresponding harmonic measure with
respect to the origin, then {w, } converges weak* to (normalized) Lebesgue measure
on T. Moreover, the measures wy, are all Carleson with a uniform constant.

Proof. The Carleson condition follows from Lemma 2.2 applied to the covering
map onto €2, so we need only prove weak* convergence. Since [ ), (@ \ Qn) =T,
there is a sequence {r,} /' 1 such that D, ={z:|z| < r,} C R, C D. Suppose that
I CTisanopenarcandlet Q={ze€D:z/|z| €I, 1—|z| <|I|} be the corresponding
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Carleson square. To show w, converges weak* to normalized Lebesgue measure,
it is clearly enough to show that w,(Q) — |I|.

LetU,=D,UQand V, =D\ (Q\ D). Then w (0, I, U,) — |I|. To see this,
first note that w(0, I, U,) < |I| follows immediately from the maximum principle
applied to w(z, I, Uy,) on U,,. For the other direction, suppose that J C I is a proper
subinterval and note that

w(0,1,U,)>w(, J,U,) =|J| —/ / P,(6)do8dw(0, -, Uy,),
AUN JJ

and that fj P.(0)d6 — 0asn— oo forz€dU,\ I. Thus the Lebesgue dominated
convergence theorem implies liminfw (0, I, U,) > |J|. Since this holds for any
proper subinterval J, we see that w(0, I, U,) — |I| as desired. A similar argument
shows that (0, QNV,, V,) — |I| as n — 0.

Thus, by the monotonicity of harmonic measure,

wn(Q) 2 (0,082, NQ, Up) = w(0, I, Uy) — |1,
and so liminf, w,(Q) > |I|. On the other hand,
wn(Q) = (0, 0NV, Vi) — |,
which implies that w,,(Q) — |I|. This proves the lemma. O

Lemma 4.3. Suppose g is a bounded, continuous function on D which has nontan-
gential limit g(x) almost everywhere on T, and that v, is a sequence of probability
measures on D which converge weak* to (normalized) Lebesgue measure on the
circle and which are all Carleson measures with a uniform constant. Then

lim / g(z)dvn(z)=2i / g(e'?) do.
n—oo D T T

Proof. We may assume that ||g]loc = 1. Fix some € > 0. Since g has nontangential
limits almost everywhere, given almost any x € T there is a §(x) > O such that if /
is any interval containing x with length less than §(x), then g is within € /2 of g(x)
on the top half of the corresponding Carleson box Q. Fix a complex number a,
and a § > 0, and assume that E, ={x € T: |g(x) —a| <¢€/2, §(x) > &} has positive
Lebesgue measure. Using the Lebesgue density theorem choose a dyadic interval
I of length less than 6 so that |[I N E,| > (1 —¢€)|I| and let O be the collection
of maximal dyadic subsquares with bases {I;} C I such that |g(z) — a| > € for
some z in the top half of Q. Let O be the Carleson square with base I and let
W = O\ O«. Then g is within € of a constant on W, and [dWNI|> (1 —e)|]|.
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We claim that for these domains lim,, v, (W) = [0 W NT|. To prove this, we use
the weak™* convergence of {v,} to deduce

Jim | vy = lim (v0(0) - by ba(00))
= 1]~ Tim » va(Qi)
k
=111=) lim v,(Qi)
k

=I|=) |

=[oWNT]|,

where we used the Lebesgue dominated convergence theorem on the sequence
space £! to interchange the limit and the infinite sum (our assumption that the
measures are uniformly Carleson implies that v,(Qy) < C|I|, independent of n;
this gives the £! upper bound).

Moreover, the intervals I with these properties form a Vitali cover of T (see, for
example, [Wheeden and Zygmund 1977, Section 7.3]), so we can form a disjoint
cover of almost every point of T using such intervals. Thus we can construct a
finite number of disjoint domains W; = Q; \ U, Qi, where

(1) Qj is a Carleson square with base I; and [0W; N 1;| > (1 —¢€)|l}],

(2) g is within € of a constant c; on each W;,

3) Zj [OW;NT|>1—e.

Let W = U.,' W; be this finite union. The weak* convergence of {v,} implies that

limsupv,(D\ W) <e,

n—oo

and so if ||g]leo < 1,

lim /gdv,,—/gd@/er
n—>oo T

1
< lim '/ gdv, — — gd@‘
n=>o0 | Jw 2 Jawnr
1
+f lgldv, + — lg| dé
D\W 27 Jraw

<Ced [OW;NT|+2[T\UdW;|
J
< Ce.

Letting € — 0 proves Lemma 4.3 and thus completes our function-theoretic proof
of Lemma 4.1. O
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A very special (and easier) case of Lemma 4.3 is:

Corollary 4.4. Suppose f €U and let f,(z)= f(rz) forr <1. Then s, converges
weak* to puy asr — 1.

Corollary 4.5. If f is inner and f(0) =0 then s, converges weak* to normalized
Lebesgue measure on T.
5. A change of variables

The following result was suggested by Paul Bourdon and simplifies certain argu-
ments from an earlier version of the paper.

Lemma 5.1. Suppose g is a positive, continuous function on D and has nontan-
gential boundary values almost everywhere on T. Then, for any f €U,

1 [ )
/g(z)dﬂf(2)=gfo g(f (%) de.

The integral on the left requires some interpretation since g is not necessarily
continuous on the support of jr. On the interior of the disk, g is continuous and
positive so the integral is well defined (possibly infinite). On the circle, uy is
absolutely continuous with respect to Lebesgue measure and the boundary values
of g are Borel, so the integral on the circle is also well defined.

Proof. Using the monotone convergence theorem we can reduce to the case when
g is bounded (just truncate and let the truncation tend to co). So assume g is
bounded by M. For any € > 0 we can easily construct a sawtooth region W so that
ITNoW| > 1—€ and g extends continuously to the closure of W. Thus we can
write g = (g — h) + h where h is continuous, bounded by M and g — A is zero on
W. The lemma is true for continuous functions by the definition of xy, and

[ 6= muy <201, @\ W) < 2mCe
since uy is Carleson with a uniform constant. Similarly
/(g —h)o f(e')do <2MCe,

so taking € — 0 proves the lemma. O
The following lemma is now immediate.

Lemma 5.2. If g € H*™ and f is inner with f(0) =0 then g = lgof-
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The hyperbolic little Bloch space, 9733, is defined to be the space of those holo-
morphic maps f € AU such that

1=z f @)l B
m ————— =0,
=1 1—]f(2)?

and is contained in the usual little Bloch space, By. Schwarz’s inequality implies
the left side is bounded by 1 for any analytic self-map of the disk, and from this it
is easy to verify that g and f are both holomorphic self-maps of the disk, and f is
hyperbolic little Bloch then so is g o f. It is far from obvious that there is an inner
function in the hyperbolic little Bloch space, but they do exist (see [Aleksandrov
et al. 1999; Cantén 1998; Smith 1998]). This and Lemma 5.2 thus imply:

Corollary 5.3. If g € U, then there is an f € %g such that iy = ug.

Recall that the Hardy space, H? , is the set of holomorphic functions g such

that
1 2 ) 1/p
lgllzr = lim (—/ lg(re'®)|? d@) < 00.
r—1 277,' 0

Such a function has radial boundary values almost everywhere on T, which we
also denote by g. If we know g € H? for p > 1, then the radial maximal function
of g isin L? and so on can use the dominated convergence theorem to deduce that

1 [%" .
||g||Hp=2—f 2(e%)|P db.
T Jo

In general, however, the right-hand side might be finite but g might not be in H?
(there exist nonzero holomorphic functions on the disk that have radial value zero
almost everywhere, and hence are not in H?). If f € U then uy restricted to T
is absolutely continuous with respect to Lebesgue measure, so fﬁ |gl? d s makes
sense.

As another application of Lemma 5.1 we can show

Lemma 5.4. Suppose g € H? on the unit disk and f € WUg. Then for any 0 < p < oo,

IIgofIIszlim/ lglPduy, =/|g|pduf.
r—1 D D

Proof. The first equality is the definition of the H” norm, so we only have to prove
the second. If g € H” and f € AUy then by a result of Ryff [1966], go f € H?
with smaller or equal norm. Thus |g|? is positive, continuous function on the disk
which has nontangential boundary values almost everywhere, so Lemma 5.1 shows
that

1 [ .
/Ig(z)lpdﬂf = E/o lg(f ()P b,
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and since we already know g o f € H?, we can deduce that the right-hand side
equals ||go f|lr. O

6. Mapping the Bergman space into the Hardy space

For our applications to composition operators, we need a version of Lemma 5.4 that
works without the assumption that g € H”. The proof given above doesn’t work
in general because if g is not in H? we can’t say that || g||g»r = foh |g|? d6/2m. In
fact, we will not even assume g has boundary values on the circle, so this integral
is not necessarily defined.

Lemma 6.1. Suppose g is holomorphic on the open unit disk, f € WUy and s is
radial. Then, for any 0 < p < o0,

6-1)  ligo flib, =r1irr{/ lgl” duy, =f 1g1” dps + (Mg,
- D D

Proof. Let g;(z) = g(sz) for 0 < s < 1. First, we want to show that, for any
0<p<oo,

(6-2) Slgr}/ Ig(sz)lpduf=/DIg(z)l”duf+Mf(T)IIgIIZp,

Since g is holomorphic, |g|? is subharmonic for 0 < p < oo (see, for example,
[Garnett 1981, page 35]) and hence m(r) = ﬁ f |g(rei9) |” dB, is defined on [0, 1)
and is an increasing function of r [Garnett 1981, Corollary 1.6.6]. Therefore we
can extend it to be defined at r = 1 by ||g||f1,, = m(l) = lim,_,; m(r). Thus
mg(r) = m(sr) increases to m(r) as s — 1 for all r € [0, 1]. Let v be the measure
on [0, 1] defined by v(E) = ur({z : |z| € E}). Since uy is radial we have

1 1 2w 0
/godpq:E/O /0 o(re'*)do dv(r).

Thus by the monotone convergence theorem,
lim/ lgs|? dpy = lim/ms(r) dv =/ m(r)dv =/ 1g1? dps + pp(Tym(1).
s—1 ’ s—>1 [0,1] D

This is (6-2).
We will break the proof of (6-1) into three cases.

Case 1: [ |g]” dus = oo.

For any M > 0 choose 0 <t < 1 so that f\z|<t lgl? duy > 2M and write |g|P =
g1+g» where g and g, are nonnegative, g; = |g|” on |z| <, and g; is continuous
and compactly supported in D. Then

1
/Igl”du,f, Z/glduf, > E/gldeZM
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if r is close enough to 1. Thus [ |g|P duy, — oo = [ |g|P duy.

Case 2: [ |g|” duy < oo and uy(T) =0.
Since u f, converges weak™ to iy,

lim/Igsl”duf, =/|gs|”duf
r—1

for any fixed s < 1. Since g;(f(z)) is holomorphic on the open disk, |g;(f(z))|?
is subharmonic. Thus [ |gs|” du, is increasing in r, and hence

/Igsl”duf, S/Igsl”duf-

Now take s — 1. For r fixed, u s is compactly supported in the disk, so |gs|”
is uniformly bounded on its support and hence the left-hand side converges to
f |g|? du .. Condition (6-2) implies the right-hand side converges to f 1P duy.

Thus
flgl”duf; Sflgl”duf
forall r < 1.

Fix € > 0 and choose 0 <t < 1 so that ft<|z‘<1 lgl? duy <e. Write |g]P = g1+ g2
as in Case 1. Thus [ gy < €. Also, if r is close enough to 1 then, by weak*

convergence,
|/81duf—/g1duf,.‘ <e.

/gZde, < Vglduf—/glduﬁ
Hence

‘/|8|”de —/ lgl” dpuy, §/g2dﬂfr+)fgl duy —/glduf,

<de,
if r is close enough to 1.

Thus

+/82dﬂf <2e.

+/gzduf

Case 3: [ [g|” dus < oo and us(T) > 0.

If lim,_,; [ |g|” du s, = oo then by the subharmonicity of |g o f|” we see that
[ 1g|? dus = 00, so (6-1) holds. Thus we may assume that lim, . [ |g|” du s, <
0o, that is, we may assume that g o f € H”, and hence that |g(f(z))|” has a
harmonic majorant # on D (see [Garnett 1981, Lemma II.1.1]).

First we show that g € H”. For 0 <r < 1 let D, = D(0,r). Let 2, be
the component of f —1(D,) which contains the origin, and let w, be the harmonic
measure on 2, with respect to the origin. Let v, be the push-forward of w, under
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the map f. Then clearly v, is supported on D, and v, (E) < wr(E) forany E C D,.
By Lemma 2.6, v, on C, = d D, must be % d6 minus the balayage of v, restricted
to D,. Since v, < uy, this means that v, on C, is at least % d6 minus the balayage
of uy restricted to D,. Since wy is radial, its balayage onto C, is also radial, that is,
equal to 5 ,uf(D )do < 271 57 (1= pr(T))do. Thus v, > 5 Mf(TT) df on C,. Hence,
for any g holomorphic on D,

1 /271 " 1
L [T gre®) a6 < /|g|f’dv _ /Igoflf’dw
27t Jo i (T) ' (T) "

Thus, if u is a harmonic majorant of |g o f|” on D,

1 [ . 1 0
_/ e ®)|7 d6 < wdw, = 2 < oo
27 Jo wr(T) pr(T)
In other words, g € H? and thus (6-1) follows from Lemma 5.4. l

Recall that the Bergman space A? is defined as the set of holomorphic functions
g on the disk D such that

1 . 1/p
lgllar = (— |g|? dx dy) < 00.
T Jo

Corollary 6.2. If f € H™ such that duy = %XID dx dy, then any function g,
analytic on the disk, is in the Bergman space if and only if g o f is in the Hardy
space, and ||g|la» = l1g o flur, that is, the composition operator Cy : AP — HP
is an isometry.

Proof. Using Lemma 6.1 we see that
AN ioaip o\ /P
lgo fllar=1im(5= | le(fee)I ap)
r—1 27'[ 0

) » 1/p » 1/p
=tim( [ gl dny) " = ([ lgl"dus) " =lghar. O

This corollary may seem a little surprising, since functions in H” have nontan-
gential limits almost everywhere, whereas those in A? need not, but since f has
almost all of its boundary values in the interior of the disk, this is not a contradic-
tion. Of course, it still remains to show (see Section 9) that there is an f € H*™
such that iy is area measure.

Corollary 6.2 obviously holds for any weighted Bergman space where the weight
is a radial measure of finite mass satisfying the integral condition (1-1) in Theorem
1.1. If instead of an isometry, we merely want |[g|la, > [[g o f || > we could take a
much bigger class of functions f, for example, uy = w dx dy for some weight w
which is bounded above and below on an annulus {r < |z| < 1}. Constructing such
examples only needs the techniques of Section 8, not the full proof of Theorem 1.1.
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Similarly, by appropriate choices of 11y one can construct composition operators
on H? which satisfy conditions like

ICr ()5 = 3lglhs + 3lIglh,  or NCr (@5 = 318l + SlIg1/215s-

In [Cima and Hansen 1990], a function f is said to have property (x) relative to H”
if go f € H? implies that g € H?, for any holomorphic g on D). Paul Bourdon has
pointed out that for general f € A, the condition s (T) = 0 implies condition (),
which implies N7 (z) = o(1 — |z|) which, by J. Shapiro’s theorem [1987], implies
that C ¢ is compact and hence does not have a bounded right inverse. Since f is
nonconstant, C is 1-to-1 and so does not have closed range (this is a consequence
of the open mapping theorem, for example [Rudin 1973, Corollary 2.12c]). Thus
C does not have property (), since any function in C;(H?) \ Cy(H?) is an
H? function without an H? preimage. Lemma 6.1 clearly implies the following
corollary.

Corollary 6.3. If f € Uy is orthogonal, then f has property (x) relative to H? if

and only if uy(T) > 0.

Proof. If s (T) > 0 then the argument in Case 3 of the proof of Lemma 6.1 shows

that go f € H? implies g € H”. Thus f has property (x) with respect to H?. [J
A special case of Corollary 6.3 is when uy(T) = 1, that is, all inner functions

have property (x). It would be very interesting to have a similar characterization

of property () for general functions in Uy.

7. An example of jr supported on two circles

In this section we will construct an f € H so that s is supported on the union
of two circles Cy/» and Cy (where C, = {z : [z| =r}) and is a multiple of Lebesgue
measure on each. This example suffices to disprove Rudin’s orthogonality conjec-
ture, and introduces the estimates and techniques needed for the general case of
Theorem 1.1. In the next section we will show that any radial probability measure
supported in {% < |z|] < 1} can occur as a ur, and in Section 9 we will do the
general case of measures supported on D.

Based on Lemmas 4.1 and 2.5, it suffices to build an increasing sequence of
Riemann surfaces {R,} so that the corresponding maps { f,,} satisfy f,(0) =0, that
w r, is supported on the two circles Cy/, U Cy, and that u f, restricted to Cy /5 is of
the form % gn(0) d6, where g, converges uniformly to a positive constant.

We start by taking fy(z) = %z, that is, fy is the (trivial) Riemann mapping from
D to the disk Rg = {|z| < 1/2}. The corresponding measure (1o = [ 5, is normalized
Lebesgue measure on the circle Cy;, that is, % g0(0) df where go(0) = 1.

Now we describe the idea of the construction of R; (we will give the details
later). First we replace Ry with a slightly smaller disk, S;. We divide the boundary
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of §; into a large number of alternating intervals which we call type I and type
J. Along each type [ interval we attach a copy of a certain Riemann surface with
boundary over C/, (attaching different copies to different intervals) and along
each type J interval we attach copies of certain surfaces with boundary over Cj.
This gives the surface R;. With appropriate choices of the parameters involved we
can show that, with high probability, the Brownian paths which first hit 4.5 at a
type I interval go on to hit the part of d Ry over Cj 2 and the paths which hit the J
intervals go on to hit dR; over C;. Thus we have “rerouted” a certain fraction
of the harmonic measure on Cy,; out to Cy. By choosing various parameters
correctly, we can make the harmonic measure over Ci, in R; be close to any
multiple of Lebesgue measure we want (as long as the total mass is less than 1).
The resulting measure may not be radial but, by iterating the construction with
variable size barriers, we can make harmonic measure as close to a multiple of
Lebesgue measure as we wish, obtaining a radial measure in the limit.

Now we give the construction of R; in more detail. Choose §; very small and
let S; = D(0, r;), where r| = % — &1. Obviously harmonic measure on S; is just
normalized Lebesgue measure on its boundary. Choose a large integer m; and
points {z; : j =1, ..., m} equally spaced on the circle C,,. Choose a continuous
function 0 < n(x) <1 on C,,let I; be an arc of 95 of angle measure 1(z;)27w/m
centered at z;, and let {J;} be the complementary arcs. For the first step of the
construction we can take n(x) = n; to be a constant for simplicity, but in later
steps we will have to use nonconstant n’s.

Fix some 0 < 71 < 1 and, for each arc of the form /; with endpoints {p, g},
choose a countable collection of points £ = {w,{} C I}, accumulating only at the
endpoints of /;, so that for any z € I;

(7-1) dist(z, E) < t; dist(z, {p, q})-

Let the components of /; \ E be denoted {/ kj }. For each I J , consider the (infinitely
connected) planar domain D\ E and the universal cover of the domain. Take a copy
of the arc [ kj in the universal cover; it is on the boundary of a simply connected
domain D in the universal cover which covers D (0, %). The arc cuts the universal
cover into two components and we let R,{ denote the component which does not
contain D. For each interval I,f , we attach a copy of R,{ to S along the arc ij .

For the intervals {J;} we follow the same procedure, defining a set E C J;
and sub intervals {ka }, but replacing D(0, %) with D(0, 1). That is, we attach a
component of the universal cover of D(0, 1) \ E, cut along ka . Doing this for
all j and k gives the surface R;. The harmonic measure for R| is now supported
on Cy/ UCy, (the rest of the ideal boundary covers a countable set, so has zero
measure) so we only need to check that it is still close to radial on Cy ;.
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Now we want to discuss the two main estimates for describing the harmonic
measure of R;. The first says that a continuous convolution of the Poisson kernel
is well approximated by a discrete version if the sample points are sufficiently close
together. The second says that the harmonic measure of I intervals is small when
viewed from a J interval, and vice versa.

Suppose D(0, r) is a disk and g is a continuous function on a smaller circle Cs,
s < r. The balayage of g onto the circle C, is

2
Bg(@)z/o g(se'") Py, (0) dt,

where P,(0) is the Poisson kernel for D (0, r) with respect to the point z.

Lemma 7.1. With the intervals {1;} defined as above, and F = Uj I;, for any
continuous 0 < g < 1 on the circle C;

B(gxr)(©) =ng(S€”)Psen(9)dt—> B(gn) (),

uniformly as m| — oo.

Proof. Let K; be the interval on Cy, centered at z;, of angle measure 27 /m
(choose them to be half-open, so that they form a disjoint cover of the circle).
Define piecewise constant functions a(x) and b(x) on C,, by

a(x) =Y xx; @), bx,0) =Y xx,(x)g(z,) P, (6),
and let ’ !
Am1) = 1(2) = a@lloo,  Bm1) = [1g(x) Pr(0) — b(x, 0) |l oo.

It is clear that, by uniform continuity, both quantities tend to zero as m| — 00.
Thus by using the fact that x z(x) —a(x) has mean value zero on each interval K ;
where b(x, 6) is constant in x we get

|B(gxr)(0) — B(gn)(0)]
2

[ (s Pt (6) = b(se™, 6) + bse™, 0)) (xr(se™) = n(se™) di
0

2 2
< B(my) / |(xF — n(se'™)| dt +/ b(se'", 0)|a(se'") —n(se'")| dt
0 0
<2mB(m;)+ A(m) max |b|.
This clearly tends to zero as m; — 0o, as desired. O

Now for the second estimate. We want to show that the harmonic measure of
C1/2 is much larger than that of Cy with respect to a point z € 1 kJ .
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Lemma 7.2. Suppose that z € I,g , and suppose that y is a circular arc in S; with
endpoints in the corresponding set E such that dist(y, z) > dist(z, {p, q}) (with
constants independent of t\), and which separates 7 from all the J-intervals. Let
Q be the component of Ry \ y which contains z. Then w(z, vy, Q2) — 0 as 1t does.

Proof. Standard estimates of hyperbolic metric imply that y is within a bounded
hyperbolic distance of a geodesic in Ry, and that the hyperbolic distance from y to
z is at least C log 7, ! Lifted to the disk, this implies the harmonic measure of y
with respect to z is < exp(C log 1) < t{', for some a > 0, as desired. Obviously,
the same estimate holds if we reverse the roles of the I and J intervals. U

The previous result has a simple explanation in terms of Brownian motion. Con-
sider a Brownian motion on the Riemann surface started at z and run until it either
hits y or leaves R;. The path will only hit y if it stays on the correct sheet of Ry,
but this is extremely unlikely because it will cross the arc /; many times and each
time it has a certain chance (which is large if 7 is small) of becoming “tangled”
and ending up on the wrong sheet.

We can now show that the harmonic measure of Ry on the circle Cy/> can be
taken as close to a multiple of Lebesgue measure as we wish (depending on our
choices of my, 71 and n). The harmonic measure of R; on the circle Cy/, will
be the balayage of the harmonic measure of S; restricted to the [ intervals, with
an error bounded by Cz{*. The harmonic measure is (normalized) angle measure
restricted to the [-intervals. Thus if m is large enough, the harmonic measure on
C1/2 will be of the form % g1(x)df, with g; as close to a constant as we wish.
Take % + % <gix) < % + 13—0, to be concrete.

Now suppose we have constructed R,—;. To construct R,,, we follow the method
above. We start passing to a subsurface S, C R,_; where the boundary circles over
C\1 /2 are replaced by boundaries over Cy>_s,. The parameter §, is chosen so small
that every component of R,_1\ S}, is a regular cover of the annulus { %—8,, <zl < % }
(which will be possible by the construction of R,_1) and so that harmonic measure
us, on Sy is very close to harmonic measure on R,_1, say

(7-2) ) / od (s, — wr, )| <27"

for every smooth ¢ with gradient bounded by n.
As before we choose m,, equally spaced points {z;?} onC,=C 15, and define
intervals {/ J'.’} of C,, centered at these points, of angle measure 271, (z’;) /My,

where
1 2
m@) = (5 + 157 ) (801 ().
The complementary intervals are denoted {J ;‘}. We choose a very small 7,, and sets

E in each interval which satisfies (7-1) with 7,,. We then attach copies D (0, %) \E
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to the copies of the [ intervals in 95, and copies of D(0, 1)\ E to the J intervals.
Then if we choose §, and t, small enough and m, large enough, we can get the
harmonic measure of R, over C/; to be g,(x) d0/2m with g, as close to g,—175,
as we wish, say

1 1

1
<o < — .
2T == 1

Continuing in this way we can clearly construct a sequence { R, } of Riemann sur-
faces so that the harmonic measures over Cj/, converge to a multiple of Lebesgue
measure. This almost finishes the proof, except that the surfaces { R,,} are not nested
by inclusion. However, the subsurfaces {S,} constructed as part of the induction
are nested and their union is also R. Hence their harmonic measures converge to
that of R. By (7-2), the weak* limit for the measures on {S,} and {R,} must be
the same, so we are done.

The same proof shows that we can build an f € H* so that us|c,, = % gdo
for any continuous g with 0 < g < 1 (or any g which is the decreasing limit of such
functions). Similarly, the circle can be replaced by any smooth curve y, and g by
a continuous function such that gds < dw(0, -, D\ y).

The construction in this section clearly generalizes as follows.

Lemma 7.3. Suppose R is a Riemann surface built by attaching subdomains of
D along boundary arcs. Let I1 denote the corresponding projection of R into the
plane. Suppose T1(0R) hits C, and there is a § > 0 such that every component of
I1-1(C,) in R is the boundary of a domain in R which is a regular cover of the
annulus {r — 8 < |z| < r} (or {r < |z| < r + 8}). Suppose the harmonic measure
of R over C, projects to a measure of the form %g do on C,, where 0 < g < 1.
Choose s < r (or s > r) very close to r. Suppose we are given N functions {n}
such that 0 < n; < 1. Choose a large integer m and choose mN equally spaced
points {z;} on Cy. Let If be the interval of length 2w ni(zi+jn)/mN centered at
Zk+jN- Let J; denote the components of Cy \Uj,k IJI.‘. Choose a small T and choose
sets E satisfying (7-1) in every interval. For k =0, ..., N, choose sy < s < ry.
For each arc in R projecting to I]]f attach a copy of Ax \ E = {sy < |z| <} \ E .
To each arc projecting to a J; attach a copy of Ao\ E = {so < |z| <ro}\ E. If s is
close enough to r, if m is large enough and if T is small enough, then the projected
harmonic measure of the new surface S on dS\ R is as close to ), Bir(nig) as we
wish, where By denotes balayage from C; onto 0 Ay.

For the proof of Theorem 1.1, we can always take s; = 0, that is, we can attach
disks instead of annuli. Only for the proof of Corollary 1.4 will we have to attach
proper annuli.
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8. Theorem 1.1 on an annulus

In this section we will show that any radial probability measure p supported in the
annulus {Z : % <lz| < 1} is of the form uy for some f € ly, and in the next section
we will extend this to the general case.

First some notation. For 0 <r <s < 1let A(r,s) ={z:7 <|z] < s}. When
s=1,welet A(r,1) ={z:r <|z| <1}. ForO <r <1, let u(r) = u(AQ, r)).
Let r0 = % let r(} = % let r1] = % and, more generally, let ;! = %—i— k27" for
k=0,...,2" — 1. Let u = u(A(r¢. r¢4,))> and let C} = Cp.

By rescaling, we may assume that T C supp(u) C D and hence that Wan_y 18
positive for all n.

We will construct a sequence Ry C R; C - - - of Riemann surfaces, such that the
corresponding measure (4, is supported on the union of 2" circles, U,%n:_ol Ci¢. On
C/ the measure ju, will have the form % g do where

(8-1) Wi < gt < g +en
fork=0,...,2" —2 and any ¢, > 0 we choose, and for k = 2" — 1 we have
(8-2) uat < gl <.

Recall that since w, is a probability measure, if it gives too much mass to the first
2" — 1 annuli, then it must give too little to the last one. It is obvious that such
measures {{,} converge weak* to , so by the argument at the end of the previous
section, the ¢ corresponding to the limiting surface R = | J, R, must equal p.

Thus it only remains to construct the surfaces. As in the previous section we
start with Ry =D (0, %) To construct R, we will proceed exactly as in the previous
section, except that instead of redirecting harmonic measure to the unit circle, we
send it to the circle C3/4. The estimates are all the same so we can obtain a surface
R such that the corresponding w1 is supported on Cj/, U C3/4 and is of the form
5-g4d6 on C} and 5-¢! df on C| where

1 1 1 2 1 1
Mo <8 <Mogt+e€r and w5 <gp <py,

for any €; > 0 we choose.

To construct R,4; for n > 1, we just make one small change. The mass on
the outermost circle C5,_, is redistributed to itself, C,_;, = C;;.ilu,z, and to the
outermost circle of the next stage, C;’,;'_[Ll. The mass of any other circle C ;’ is
redistributed to three circles; itself, C ;’ = C;;rl, the next circle out in the next
generation, C;’;ﬁ:l and the outermost circle of the next generation, C;’,ﬂ_l.

To do this we let C;? be the circle of radius r;’ —3,, where 8,, < 27"710 is chosen
so small that the harmonic measure on S, (the subsurface of R, bounded by the lifts

of C;? which contain 0 and hence contain S,,_1) is as close as we wish to harmonic
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measure on R,_1, that is, it satisfies (7-2). We now just apply the construction of
Lemma 7.3, with N =2, so =51 =5, =0, ro = rgjrl, r = rgjtrll and r, = rgnt}_l.
More precisely, suppose that we have two continuous functions 1, and 7, defined
on C‘;’, such that ny + > < 2, together with m,, equidistributed points {z;} on
dS,, and choose intervals centered at these points. However, instead of having two
types of intervals, we will have three: {/;} of angle measure 277 (6)/m, centered
at z; for j even, {K;} of angle measure 2w n>(0)/m, centered at z; for j odd, and
the remaining intervals {J;}. We choose a very small 7, and a countable set E in
each interval which satisfies (7-1). Then along type I intervals we attach a copy
of the universal cover of D(O r ) \ E, along the type K intervals we attach the
universal cover of D(O, rg’;jrll) \ E and along the type J intervals we attach that of
D(O, rg,,t} ) \ E. Then if we take m, large enough and §,, and t, small enough,
the harmonlc measure of the surface R,4; over C " will be as close to the balayage
of n1g" ; onto C ;‘ as we wish and the harmonic measure over C5 +]1 will be as close
to the balayage of nzg;.’ onto that circle as we wish, independent of what changes
we make at circles other than C;?.

Now do a similar construction around each circle C;?, for j =0,...,2" = 2.
At the outermost circle C3,_,, we redirect the measure to only two circles: itself
and the outermost circle of the next generation, C;,:} . By construction, condi-
tion (8—1) holds with any constant €, we want. Then by Lemma 2.6, u, on the
outermost circle must be normalized Lebesgue measure minus the balayage of the
measures on the inner circles. Since these measures have total mass as close to,

but larger than,
M(A(Z ’ r2" Z Iuj

r as we wish, the mass of the outermost circle is as close to, but smaller than,
,u(A (rz’fn_l, l)) = Mg"—l' Moreover, since the measures on the inner circles are as
close to radial as we wish, so is their balayage onto the outermost circle and hence
s0 is s restricted to the outermost circle (this condition defines our choice of €,).
This gives condition (8-2). The proof is completed by taking limits just as before.

9. Theorem 1.1 on the whole disk

To complete the proof of Theorem 1.1 we need to show how to obtain any measure
satisfying (1-1). As in the last section we can assume T C supp(u) C D. We can
also simplify the situation slightly by observing that it is enough to assume that
most of the mass of u lives away from the origin, that is,

1
9-1) /log i dp <.
Z
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This is because for f € H* the measure i g4 is the push-forward under z — 74 of
the measure ;s and so

[1 1d 1/ ld
e g_//(/d.
Bl M Ty 2] 1

By taking d large we can make the right-hand side as small as we wish. Thus for
any u on the disk satisfying (1-1), it suffices to construct an f corresponding to
the pull-back of 1 under z¢, that is, it suffices to consider only measures satisfying
(9-1) for any § > 0 we choose.

Start by taking Ry = D(O, %) Letr,=2""forn=20,1,2,... and let u, =
(A (ry, ra—1)). Then

1
(9-2) D> (n—1)(log2)uy < / log 1 du <.
Z
n>2
SO
8 8
9-3)

< —_ < —
Hn=log2)i—1) = n’

where &’ is as small as we wish.
We need two simple facts about harmonic measure on an annulus.

Lemma 9.1. Suppose A ={z:s < |z| <r}ands <t <r. Then w(z,Cs, A) =
us »(z) = (loglz| —logr)/(logs —logr) for any z with |z| =t.

Proof. This is immediate since the given function is harmonic in A, equals 1 on
C; and equals O on C,. O

Lemma 9.2. Suppose s, t,r and A are as in Lemma 9.1. Then if t > 2s, there is an
M < 00, independent of s, t and r, such that for |z| =1t, w(z, -, A) restricted to Cy
has the form % g df and g satisfies maxc, g < M minc, g.

Proof. Recall that harmonic measure on dA is the normal derivative of Green’s
function G with pole at z. Let ' = %t > s. By Harnack’s inequality there is an M
such that maxc, G <M mincr, G, and hence there is a constant C such that

Cl—us ) =G =MC(l —uy,yp),

on {s < |z| < t’}. Since the normal derivative of u; ,  is constant on Cy (since u
is radial), this implies the normal derivative of G on Cj is trapped between two
constants A and M A, as desired. O

Consider the annulus A, = {z: 27" < |z| <27 !,n = 3,4,...} and a point
z such that |z] = % The two previous results imply that there is a constant B
such that harmonic measure for A on the circle C,- is of the form % g df where

g > B/n forn > 3. By (9-2) we can assume w is chosen so that ) °, nu, < (2B)~ 1.
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Thus ), Bnu, < % and hence it is possible to choose a collection of disjoint,
adjacent intervals {I, : n = 2,3,4...} on Cy4, of angle measure 4wnu,/B. In
each interval I, choose a countable set E,, satisfying the “thickness” condition
(7-1) with some t,, and attach to I,, a copy of the universal cover of A, \ E,.
The resulting Riemann surface has harmonic measures supported over the union of
circles Un Crnforn=1,3,4,5,... and, moreover, if we choose 7, — 0 quickly
enough, the harmonic measure of the circles corresponding ton =3,4,5... is of
the form % gn db with g, > u,_1, but might not be close to radial.

For each such circle C,-», choose I and J intervals in the usual way and attach
copies of D(0, )\ E and D(0,27") \ E respectively. As we have seen before, we
can choose 1, m and t so that the harmonic measure %g,, d6 on Cy-» 1s as close
to (but larger than) w, as we wish. Using Lemma 2.6, the harmonic measure of
C1/2 will be as close to (but less than) w; as we wish and, in particular, it is larger
than ,u({% <l|z| < %}) (this is where we use the assumption that T is in the support
of ).

The rest of the proof is now the same as the previous section. On each annulus
we redistribute the harmonic measure from the circle into the annulus, sending any
“extra” measure to the outermost circle, Ci_,-». In the limit, we obtain the desired
measure (.

10. An example which is almost an outer function

In this section we will construct an orthogonal function f whose only inner factor
is the required zero at 0, that is, f(z)/z is outer. We will construct f so that 0 is
the only zero of f; thus f(z)/z has no Blaschke factor. In order to prove it has
no singular inner factor, recall that if f(z)/z = gh with g outer and % a nontrivial
singular inner function, then

log|f]™' =loglgl™" +1log|n| ™",

and that the first term on the right is the Poisson integral of its boundary values on
T, but that the second term is the Poisson integral of a singular measure on T and
has boundary value zero almost everywhere on T. Let

H.={zeD:|h(z)l<e} and F.={ze€D:|f(z2)] <¢€}.
Since log |h(0)]~! = log(1/€)w (0, H., D\ H.), we deduce that
(0, He, D\ He) = C/log(1/€),
where C =log |/(0)|~! and consequently, since H, C F,

(10-1) w(0, F,D\ Fo) > C/log(1/e).
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We will construct R so that the harmonic measure of {z € R\ D(0, %) Hz) <27
has harmonic measure (in R, with respect to 0) less than A" for some A < 1. This
contradicts (10-1), so the covering map has no singular inner factor.

Since we have already seen several constructions of this type in great detail, I
will only sketch the construction. Start with Rg =D (0, %) Divide Cj > into a finite
collection of intervals {/,,} and in each choose a set E satisfying (7-1). Along each
interval attach a copy of {}l < |z| < 1} \ E. This gives R;.

Lemmas 9.1 and 9.2 imply that harmonic measure of R; over C} 4 is of the form
% g d6 where the max of g is bounded by a universal constant times the minimum.
Thus there is a constant ¢ < min(g) and a A < 1 such that

/(g—c)d@f)»fgd@.

In other words, we can truncate g to be a constant and still retain a fixed fraction
of the harmonic measure.

Now do the standard construction of / and J intervals on C_ 4, attaching copies
of {% <zl < 1} and {JT <|z| < 1} respectively, so that the neév harmonic measure
on Cy4 is very close to radial (say within €; of constant) and has mass at least
(1 — 1) times the previous mass.

At the next stage we do the construction near both circles Cy /4 and Cy /5. At Cyg
we repeat the process of the previous paragraph, making the harmonic measure
above Cy/g as close to radial as we wish, while retaining at least (1 — A) of the
total mass, transferring the excess to Cy and Cj/16. On Cy/4 we only make the
measure within €, of constant (while losing at most €; of the mass), the excess
being transferred to Cy /g and Cj.

We now iterate the process in the obvious way. At stage n we have a surface R,
which only covers the origin once, and such that the harmonic measure is supported
on the circles {C,-«}, with the k-th circle getting mass at most AX. Thus the same
is true for the limiting measure p, and hence the harmonic measure of the set
{z € R\ Ry :|z] < 27"} has harmonic measure less than CA" in R. This proves that
f(z)/z is outer.
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