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Let (M, p) and (M , D) be the germs of real-analytic 1-infinite type hyper-
surfaces in C2. We prove that any formal equivalence sending (M, p) into
(M , p) is formally parametrized (and hence uniquely determined by) its jet
at p of a predetermined order depending only on (M, p). As an applica-
tion, we use this to examine the local formal transformation groups of such
hypersurfaces.

1. Introduction

A formal (holomorphic) mapping H : (C?, p) — (C?, p), with p, p € C?, is a
C2-valued formal power series

H(Z)=p+ ) caZ=p)* ca€C, Z=(Z1, 2.

loe]>1

The map H is invertible if there exists a formal map H~! : (C?, p) — (C?, p)
such that H(H~'(Z)) = H-'(H(Z)) = Z as formal power series; equivalently,
if the Jacobian of H is nonvanishing at p. We denote by J*(C?, C?) p.p the jet
space of order k of (formal) holomorphic mappings (C2, p) — (C?, p), and by
jz(H) e Jk2, (Ez)p,ﬁ the k-jet of H at p. (See Section 2 for further details.)
Suppose that (M, p) and (M, p) are (germs of) real-analytic hypersurfaces at p
and p respectively, given by the real-analytic, real-valued local defining functions
0(Z,Z) and p(Z, Z). The formal map H is said to take (M, p) into (M, p) if

p(H(Z), H(Z))=c(Z,Z)p(Z, Z)

(in the sense of power series) for some formal power series ¢(Z, Z); if in addition
the formal map is invertible, it is called a formal equivalence between (M, p) and
(M, p), and the germs themselves are called formally equivalent.

We wish to study the parametrization and finite determination of invertible for-
mal holomorphic mappings of C? taking one real-analytic hypersurface M into
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another. There is a great deal of literature on this if M is assumed to be minimal at
p, that is, if there is no complex hypersurface through p in C? contained in M; see
the remarks at the end of this introduction. In the present paper, however, we shall
assume that M is not minimal at p, so that there exists a complex hypersurface
¥ C C* with p € © C M. It is well known [Chern and Moser 1974; Baouendi
et al. 1999b, Chapter IV] that for any real-analytic hypersurface M C C? and
point p € M (not necessarily minimal), there exist local holomorphic coordinates
(z, w) € C x C, vanishing at p, such that M is defined locally by the equation

Imw =0®(z, Z, Rew),
where ©(z, z, §) is a real-valued, real-analytic function such that
0(z,0,5)=0(0,z,5) =0.

Such coordinates are called normal coordinates for M at p, and are not unique. M
is said to be of finite type at p if O (z, z, 0) £ 0; otherwise M is of infinite type at p.
This definition is equivalent to being of finite type in the sense of [Kohn 1972] and
[Bloom and Graham 1977]. For real-analytic hypersurfaces, it is also equivalent
to minimality —indeed, if M is of infinite type at p, then (in normal coordinates)
M contains the nontrivial complex hypersurface ¥ = {w = 0}. (For details see
[Baouendi et al. 1999b, Chapter I], for example.)

In this paper, we shall focus our attention on 1-infinite type points p of a real-
analytic hypersurface M C C?, i.e., points at which the normal coordinates above
satisfy the additional condition that ®(z, z, 0) = 0. (See Section 2 for precise
definitions.) Our main result gives rational dependence of a formal equivalence
between 1-infinite type hypersurfaces on its jet of a predetermined order.

Theorem 1.1. Let M C C? be a real-analytic hypersurface, and suppose p € M
is of 1-infinite type. There exists an integer k such that, given any hypersurface
M c C? with (M, p) formally equivalent to (M, p), there exists a formal power
series of the form

Pa(AN)
— q(A)*

D V(Z;A) = (Z-p)*,

where py,q are (respectively) C*- and C-valued polynomials on the jet space
JE(C?, C?) p.p and the £, are nonnegative integers, such that any formal equiv-
alence H : (M, p) — (M, p) satisfies

q(j’;(H))zdet@—I;(p));éo and H(Z) =W (Z; j*(H)).

Our proof (presented in Section 5) will actually give a constructive process for
determining such an k.
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Theorem 1.1 has a number of applications. The first states that any formal
equivalence between two germs of 1-infinite type hypersurfaces (M, p) and (M, p)
is determined by finitely many derivatives at p.

Theorem 1.2. Let (M, p) and k be as in Theorem 1.1. If H', H* : (M, p) —
(M, p) are formal equivalences and

9l H! 3l 12
Tze W= oz

(p) forall |a| <k,

then H' = H? as power series.

Our second application deals with the structure of jets of formal equivalences
in the jet space JX(C?, C?) p,p» or rather in the submanifold GK(C? p,p of jets of
invertible maps taking (C2, p) to (C2, p). We shall denote by F(M, p; M, p) the
set of formal equivalences taking (M, p) into (M , D).

Theorem 1.3. Let (M, p) and k be as in Theorem 1.1. Then for any (germ of a)
real-analytic hypersurface (M, p) in C2, the mapping

jy T M, p; M, p) — GHE)p 5

is an injection onto a real algebraic submanifold of G*(C?) .

Of special interest is the case (M, p) = (M, p), since F(M, p; M, p) becomes
a group under composition, called the formal stability group of M at p and denoted
by Aut(M, p). We shall denote by G*(C?),, := G¥(C?),,., the k-jet group of C? at
p. The following result is then a corollary of Theorem 1.3.

Theorem 1.4. Let (M, p) and k be as in Theorem 1.1. Then the mapping
jrAu(M, p) —> GX(C?),

defines an injective group homomorphism onto a real algebraic Lie subgroup of
GH(C?),.

The study of the (formal) transformation groups of hypersurfaces in C" has a
long history. Its roots can be traced back to E. Cartan, who studied the structure
of the local transformation groups of smooth Levi nondegenerate hypersurfaces in
C? in [Cartan 1932a; 1932b]. These results were later extended to higher dimen-
sions by Chern and Moser in [Chern and Moser 1974], who also proved the finite
determination of such equivalences by their 2-jets.

Further results about the transformation groups of various classes of finite type
generic submanifolds of CV have been obtained more recently by a number of
mathematicians. Regarding the parametrization of transformation groups, we men-
tion the work of Zaitsev [1997], and Baouendi, Ebenfelt, and Rothschild [Baouendi
et al. 1999a], which presents modified versions of Theorems 1.2-1.4 valid for
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smooth generic submanifolds M, M in CV with M of finite type and M finitely
nondegenerate. Moreover, there exist a number of results concerning the finite
determination of local equivalences addressed in Theorem 1.2. We mention the
work of Baouendi, Mir, and Rothschild [Baouendi et al. 2002], which gives the best
finite determination results to date for the general case of finite type submanifolds
in CV, and Ebenfelt, Lamel, and Zaitsev [Ebenfelt et al. 2003], which addresses the
case C? specifically, proving that the local equivalences between any two nonflat
real-analytic hypersurface are determined by a finite jet. The reader interested in
other recent work on these problems is directed to the excellent survey articles
[Rothschild 2003] and [Zaitsev 2002].

For the proofs of the four theorems above, it is convenient to work with for-
mal mappings between formal real hypersurfaces. Hence, the results presented
here will be reformulated and proved in this more general context. The following
section presents the necessary preliminaries and definitions. In what follows, the
distinguished points p and p on M and M, respectively, will, for convenience and
without loss of generality, be assumed to be 0.

2. Preliminaries and basic definitions

Formal mappings and hypersurfaces. Let X = (X1,..., Xy) be a N-tuple of
indeterminates, and let & denote a commutative ring with unity. We define

o R[X] := the ring of formal power series in X with coefficients in R;
e R[X] := the ring of polynomials in X with coefficients %R.
For %% = C, we shall also define
e C{X} := the ring of convergent power series in X with coefficients in C;

e O, (X) := the ring of power series in X with coefficients in C that converge
for X;eC, [X;|<e, 1<j=<N.

We have canonical embeddings
CIX] Cc 0.(X) c C{X} Cc CI[X].

A power series p € C[[Z, ¢]|, where Z =(Z;,...,Zy) and { = ({1, ..., CN),
is called real if p(Z, ) = p(¢, Z), where p denotes the power series obtained by
replacing the coefficients of p by their complex conjugates. If, in addition, the
power series p satisfies the conditions

2 p0)=0, dp(0)#0,
we say that p defines a formal real hypersurface M of CV through 0, and we write
M={p(z,2)=0}
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and say that the pair (M, 0) is a formal real hypersurface. The function p is a
formal defining function for M. The reader should observe that if M is a formal
real hypersurface in CV with formal defining function p, then in general there is
no actual point set M C CV.

Suppose that p is another formal power series (not necessarily real) satisfying
conditions (2). If there exists a power series a(Z, ¢) (necessarily invertible at 0)
such that

Pp(Z,5)=a(Z,)p(Z,%),

then we say that p also defines the formal real hypersurface M, and again we write
M ={p(Z,Z)=0}.

By a formal mapping H : (CN,0) — (CV,0), denoted H € E(CV, CN)o,o, we
shall mean an element H € C[Z]" such that H(0) = 0. We say H is a formal
change of coordinates if it is formally invertible, i.e., if there exists a formal map
H~':(CV,0)— (CV, 0) such that

HH 'ZN)=H "(HZ)=2Z

as formal power series. As noted in the introduction, H is a formal change of
coordinates in CV if and only if its Jacobian at 0 is nonzero.

Given a formal change of coordinates H in C", we define its corresponding
formal holomorphic change of variable by

Z=H(Z), ¢=H({).

If M ={p(Z, Z) =0} is a formal real hypersurface of CV, we say M is expressed
in the Z’ coordinates by {p(H(Z'), H(Z")) = 0}.

If M = {p(Z, Z) = 0} is another formal real hypersurface of CV, then a formal
mapping H € E(CV, CV)g ¢ is said to take M into M if there exists a power series
c(Z, ¢) (not necessarily invertible at 0) such that

A(H(Z), H(§)) =c(Z,8)p(Z, §).

In this situation we write as H : (M, 0) — (M , 0). This definition is independent
of the power series used to define M and M.

IfH:(M,0)— (M ,0) is as above and H is invertible, it follows that H ! takes
M into M. In this case we say that M and M are formally equivalent, and that H
is a formal equivalence between them, denoted H € (M, 0; M ,0).

The motivation behind these definitions is the following. If the formal series p
defining the formal real hypersurface M is actually convergent, then the equation
0(Z, Z) = 0 defines a real-analytic hypersurface M of CV passing through the
origin. Moreover, if H : CN — C¥ is a holomorphic mapping with H(0) =0, and
M, M are both real-analytic hypersurfaces of CV, then H(M) C M if and only if
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the formal mapping H maps the formal real hypersurface M into the formal real
hypersurface M.

For each positive integer k, we denote by J¥(CV, CV)g o the jet space of order k
of (formal) holomorphic mappings (CN,0)— (CV,0), and by j(])c :E(CN,CN) >
JK(CN, CN)go the corresponding jet mapping taking a formal mapping H to its
k-jet at 0, j(’)‘(H). We denote by G*(CV)o c J¥(CV, CN)g,0 the collection of k-jets
of invertible formal mappings of (C, 0) to itself.

Given coordinates Z and Z on C¥, we may identify the jet space J*(CV, CN)o
with the set of degree-k polynomial mappings of (CV,0) — (CV,0). The coor-
dinates on J¥(CV, CN)g,0, which we denote by A, can then be taken to be the
coefficients of these polynomials. Formal changes of coordinates in CV yield
polynomial changes of coordinates in J kN, cN )o.0-

If M is a formal real hypersurface in CV, there is a formal change of coordi-
nates Z = (z, w) € Cllz, w]" with z = (z1,...,zy_1), such that M, under the
corresponding formal holomorphic change of variable Z = Z(z, w), ¢ = Z(x, r)),
is defined by

oz, w, x,T) = (wz_it) —@(z, X w;ﬂ)e Clz, 1,

where ® € C[[z, x, s]l is real and satisfies ®(z, 0, s) = (0, x, s) =0. Such coordi-
nates are called normal coordinates for M ; see [Baouendi et al. 1999b, Chapter IV].

Using the formal Implicit Function Theorem to solve for w above, we see that
there exists a unique formal power series Q € C[z, x, t]l with Q(0, 0, 0) =0 such
that p(z, 0z, x, 1) X, ‘L') = 0; moreover, Q is convergent whenever ® is. This
implies that there exists a power series a(z, w, x, T), nonvanishing at 0, such that
pz,w, x,t) =alz,w, x, r)(w — Q0(z, x, r)); whence we may write (abusing
notation)

o |55 ol M) < oo

Observe that the normality of the coordinates implies Q(z,0, 7) = Q(0, x, 1) =T7.
Given normal coordinates Z = (z, w) for M as above, define the numbers
m,r,L,K €{0,1,2,...}U{oc} as follows. Set

4 m:=sup{q:0,i(z, x,0)=0 forall j <gq}.

If m = o0 (ie., if ® =0), then set r = L = K = oco. Otherwise, set

) ro=sup{q:0.,pm(0,0,0)=0 forall |a|+|B| <q},
(6) L :=sup{q:O,pm(z,0,0)=0 forall |B] <gq},

(7) K :=sup{q:©.,pm(0,0,0)=0 forall |a| <gq, |Bl=L}.
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We shall show in Theorem 2.1 that this 4-tuple of numbers is independent of the
normal coordinates used to define them.

We say that M is of finite type at 0 if m = 0; otherwise M is of infinite type at
0. If we wish to emphasize the number m > 1, we shall say that M is of m-infinite
type at 0 if m < oo, and is flat at O if m = co. We shall further say M is of finite
type r at 0 if m = 0, and is of m-infinite type r at 0 if 1 <m < oo.

We conclude these definitions by stating a few known results concerning these
numbers in the case when M is a real-analytic hypersurface in C"V. In this case, it is
known that the pair (i, r) is a biholomorphic invariant of M; see [Meylan 1995].
If M is of infinite type at 0, it contains a formal complex hypersurface ¥ passing
through 0. (In normal coordinates, we may take ¥ = {w = 0}.) In fact, m > 0 is
constant along the complex hypersurface ¥ C M through 0. And while r is not
constant along ¥, there exists a proper, real-analytic subvariety V C X outside of
which all points are of m-infinite type 2. See [Ebenfelt 2002] for details.

Statement of results. Our first result shows that the 4-tuple (m, r, L, K) (and hence
the notion of being m-infinite type r at a point) is in fact a formal invariant of a
hypersurface.

Theorem 2.1. Let (M, 0) be a formal real hypersurface of CV. Then the numbers
(m,r, L, K) are independent of the choice of normal coordinates used to define
them. Moreover, if (M, 0) is formally equivalent to (M, 0) and has the corre-
sponding 4-tuple (m, r, L, I%), then m,r,L,K) = (m, F, L, 12).

We shall then focus on the case N = 2 and m = 1. We may now state the
generalizations of Theorems 1.1 through 1.4 valid for formal real hypersurfaces.
Our main result is the following.

Theorem 2.2. Let (M, 0) be a formal real hypersurface in C* of 1-infinite type.
There exists an integer k such that given any formal real hypersurface (M, 0) in
C? formally equivalent to (M, 0), there exists a formal power series of the form

Pa() g

8 W (Z; A) =
(8) D=3 G

’

where py,q are (respectively) C>- and C-valued polynomials on the jet space
JK(C?, C?)0.,0 and the L, are nonnegative integers, such that any formal equiva-
lence H € (M, 0; M, 0) satisfies

q(j§(H)) = det (%—Z(O)) #0, H(Z)=V(Z; js(/)).

It is clear from the remarks made in the previous section that Theorem 2.2 is a
more general version of Theorem 1.1 from the introduction. As a consequence of
this result, we have the following, from which Theorem 1.2 is derived.
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Theorem 2.3. Let (M, 0) be a formal real hypersurface in C* of 1-infinite type,
and let k be the number described in Theorem 2.2. If (M,0) is a formal hyper-
surface formally equivalent to (M, 0), and H',H?>:(M,0) —> (M, 0) are formal
equivalences such that

9 H! i
aze O="5z¢

0) forall |o| <k,

then H' = H? as power series.
We shall then prove the following generalization of Theorem 1.4.

Theorem 2.4. Let M and k be as in Theorem 2.2. The mapping
Jj& Aut(M, 0) — G*(C?),

defines an injective group homomorphism onto a real algebraic Lie subgroup of
Gk (C?),.

The following generalization of Theorem 1.3 is a consequence of Theorem 2.4.

Theorem 2.5. Let M and k be as in Theorem 2.2. For any formal real hypersurface
M in C?, the mapping

JEF M, 0; M, 0) = JHC?)

is an injection onto a real algebraic submanifold of G*(C?)o.

3. Formal invariance of type conditions

In this section, we shall prove Theorem 2.1, or rather a slightly sharper statement
of which Theorem 2.1 is an immediate consequence:

Proposition 3.1. Let (M, 0) be a formal real hypersurface in CN, given in normal
coordinates Z = (z, w) by Equation (3) Let (M, 0) be a formal real hypersurface
in CV, given in normal coordinates Z =G0 by the corresponding “hatted”
defining functions:

A_If)’lf) A 2 w4 (A A AN
M_{ 2i _®(Z ) >}_{w_Q(Z’Z’w)}'

Define as in Section 2 the 4-tuple (m r, L, K) for M and the corresponding 4-tuple
(m,r, L, K) for M. If M and M are formally equivalent, then (m,r, L, K) =

G, 7, L, K).

We begin with a useful lemma concerning the form of formal mappings in nor-
mal coordinates. It is proved in the same way as [Baouendi et al. 1999b, Lemma
9.4.4].
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Lemma 3.2. Let M, M be formal hypersurfaces in CV through 0, expressed in
normal coordinates as in Proposition 3.1. If H = (F, G) : (M, 0) — (M, 0)isa
formal mapping, then G(z, w) = wg(z, w) for some g € Cllz, w]l. Moreover, if
H is a formal equivalence, then F(z,0) € C[z|V ™" is a formal equivalence, and
8(0,0) #0.

As a consequence of this lemma, we shall henceforth write formal equivalences
(in suitable normal coordinates) as

9) H(z,w) = (f(z, w), wg(z, w)),

with f = (f1,..., f¥ 1) e Cllz, w]¥~! satisfying det £.(0,0) # 0 and g €
Cllz, w] satisfying g(0, 0) # 0. Observe that the condition that H map M formally
into M may be written as

10) QG x.1)g(z QG x. 1)) = 0(f(z. Q. x. D). Fz. ). T8(x. 7).

Moreover, for convenience, we shall formally expand f and g as

w'.

(11) e =YD gy =y 80

n>0 n>0

n!

The main technical lemma in the proof of Proposition 3.1 is the following.

Lemma 3.3. Suppose M, M are formal hypersurfaces in CV through 0, expressed
in normal coordinates as in Proposition 3.1, and assume that H : (M, 0) — (M, 0)
is a formal equivalence. Then for every j > 0, if

QG %.00=0:. %.0)~1=0pE %, 0) == 0¢(% .00 =0,
then
(12) 0@z x,00=0:(z, x,0) = 1= 0:2(z, x, 0) =--- = 0. (z, x,0) =0.
Moreover, go(z2), g1(2), ..., g;(z) are all real constants (with go(z) nonzero), and

Q. (z, 1, 0) = g(0) Qz41 (fo(2), fo(x),0).

To prove Lemma 3.3, we make use of two results. The first is a generalization
of the Chain Rule due to Faa de Bruno; see [Range 1986], for example:

Lemma 3.4 (Faa de Bruno’s Formula). Suppose that f = ( fi, oo e, fg) e C'z]
with z € C and f(0) =0, and suppose h(z1, z2, ..., z¢) € Cllz1, 22, - -, 2¢]l. Then

0

v v! h |a1| ‘QZ‘ |af| (f(Z)) f (4)(Z) Oé;
_ 21 120! % -z p

azv{h(f(z))}_[ 1];] al!a2!.“a€! ll]v( q, ) y

o]+ 4=

" 1=y I=p=t
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where each o = (af , ..., b)) denotes an v-dimensional multi-index, and

v v v
Pl =) "af, [af1=) qal, o’'=]]@d)
g=1 g=1 g=1

The proof is a routine induction, and is left to the reader. The other result we
shall need gives a second characterization of the number m:

Proposition 3.5 [Baouendi and Rothschild 1991, Proposition 1.7]. Let M, m, ©,
and Q be as above. Then

J
m:sup{q : %{Q(z,x,r)—r} OEOforall j <q}.

=
Furthermore,
14+i04(z, x,0)

Qr’"(Z, X, O) = 1_i®s(zv Xa 0)
2iOm(z, x,0) if2<m < 0.

ifm=1,

Proof of Lemma 3.3. Differentiating identity (10) v times in 7, setting 7 = 0, and
canceling v! from both sides yields the identity

261(2) 0z, x5 0) 1 { Qer(z, x> 0)\*”
(13) Z k! &! H( p! )
k+[E]=v p=1

— Z Q%(\a]\ ..... \a"\)i(lﬂl\~~.Iﬁ"\)f\yl (fO(Z)’ fO(X)’ 0)
- Ioo.gn B, . B!
o (0788 ! LYl
[or' e 1+ B 1+ P Py
4[]+ y]=v

S @ 1 Qe x- 0N\ JE OO\ ( 31O\
XH<Z n H( rl ))(qq! ) ((Z—m)'

|
1<g<v\[=g T r=l
1<u<n

We now proceed by induction. For j = 0, we assume only that 0G,%,00=0.
Setting 7 = 0 in identity (10), we find

0z, x,0) g(z, 0z, x, 0) = O(fo(2), folx),0) =0.

Since g(z, Q(z, x, 0)) does not vanish at z = x =0, we conclude Q(z, x,0) =0.
Applying the v =1 case of identity (13), we find

0:(z, x,0)20(2) = 0z (fo2), fo(x).0) g0 (x)-

Setting x = 0 yields go(z) = g0(0) = go(0), whence go(z) is a real constant r, and
since H is invertible, r # 0 necessarily. Dividing g, (z) = go(x) =r # 0 from both
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sides of the identity above yields

Q:(z, x, 0) = 0: (fo(2), fo(x),0),

which proves the j =0 case.
Now, assume that the lemma holds for some j — 1 > 0; we shall prove it for j.
Suppose that (12) holds. By induction, we know that

Q(Z’ X’O)E QT(ZsXsO)_IE QT2(Z, X’O)EE Qr.f_l(ZsX,O)EO’

that go, g1, ..., gj—1 are constant functions, and that

0.z, %, 0 =r"" 04 (fo(2), fo(x),0).

In the j =1 case, this implies Q. (z, x, 0) = 1; otherwise it implies Q. (z, x,0) =
0, as desired.
Substituting these values into identity (13) (with v = j 4 1), we obtain

rQen(z, X, 0+ G+ Dgi@=r" 0 (fo2), fox),0)+ (G + g, ().
Setting x = 0 yields
(G+Dgi@=0G+1Dg;0) =+ 1g;(0),

s0 g;(z) is a real constant. Subtracting (j + 1) g;(z) from both sides and dividing
by r # 0 completes the induction. U

Corollary 3.6. Let M, M be formal real submanifolds of CV through 0, given in
normal coordinates as in Proposition 3.1. Define m for M and the corresponding
m for M. If M and M are formally equivalent, then m = m.

Proof. Lemma 3.3 implies m > m. Then reverse the roles of M and M. O

We shall be primarily interested in formal real hypersurfaces which are of infinite
type, but nonflat, at 0. That is, formal hypersurfaces of m-infinite type for some
positive integer m. In this case, Corollary 3.6 may be strengthened as follows.

Proposition 3.7. If M is of m-infinite type at O and H € (M, 0; M., 0), then M is

of m-infinite type at 0, go, g1, - .., gn—1 are constant, and
0 # O (2, x, 0) = g0(0)" ™! Opn (fo(2). fo(x). 0).
Proof. Put together Lemma 3.3, Corollary 3.6, and Proposition 3.5. O

We now have the necessary ingredients to prove Proposition 3.1.

Proof of Proposition 3.1. We have seen that m = m. If the hypersurfaces are of
finite type, then it is well known that the triple (r, L, K) is a formal invariant. (An
outline of the proof that r is a formal invariant, for example, may be found in
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[Baouendi et al. 1999b, Chapter I].) Similarly, r = oo if and only if m = m = oo,
which in turn holds if and only if 7 = oo; and likewise if L = oo or K = o0.
Hence, it suffices to assume that all the numbers in question are positive integers.
By Proposition 3.7, we have

0% O (z, x,0) = g0(0)" " O (fo(2), fo(x), 0).

A straightforward induction using Faa de Bruno’s formula implies that for any
multi-indices « and S,

Oy (22 X2 0) = g0(0)" ' D" Gzugrin (fo(@), fo(x). 0)

] <o
[v=<|B]

X ng(((fg)zy (Z))|y\5|,;,|’ ((]?I(A))X‘S(X))w\ﬁw)’

where each P,fff is a polynomial in its arguments.

This implies that © . ,s,.(0,0,0) = 0 whenever || + |B| < 7, whence r > 7
necessarily. Reversing the roles of M and M yields r = 7. Slmllarly, the equahty
of r and 7 then implies that ® w8sm(2, 0,0) =0 whenever |B] < L whence L > L
reversing the roles of the formal hypersurfaces establishes equality. The proof that
K =K is similar, and is left to the reader. O

4. The 1-infinite type case in C?

Notation and results. From now on we deal only with formal real hypersurfaces of
C2, and in particular those hypersurfaces that are of 1-infinite type at 0. Suppose
that M is such a formal hypersurface. We shall write M in normal coordinates
Z = (z, w) as in (3). Since M is of 1-infinite type, this implies that we can write
0@z, x,1)=18(2, x, T) for some S € C[[z, x, T]l, so that

a9 m={("")=0(zz F0)| ={v=wse zm).

For convenience, we shall write

= 0(2)

= x7 = 05(z, x,0) £0

(15) 0(z, x) =

j=0

Observe that 0;(z) =0if j < L and Géj)(O) =0if j < K,where L, K are defined
by equations (6) and (7). It will be useful for later computations to observe that
Proposition 3.5 implies

1+i0(z, x)

(16) Sz, x,0) = T=i0G )



RATIONAL JET DEPENDENCE OF FORMAL EQUIVALENCES 119

whence repeated differentiation in y yields

1 if j =0,

0 ifl1<j<L-1,
17 $,i(z,0,0) =1 _. e

2i0r(2) if j=1L,

2i0p41(z) —4601(z)> if j=L+1.

We now define a new, rather technical, invariant for I-infinite type hypersur-
faces. Letting S,i denote the Kronecker delta function, we define the number
T €{0, 1} by

(18) T:=[]8

Thatis, T =1 if and only if 6711 (z) = O(|z|%~1); by means similar to the proofs
for the numbers r, L, and K, it can be shown that 7 is a formal invariant. Details
are left to the reader.

Now assume that M is a formal real hypersurface of C? that is formally equiv-
alent to M, and write it in normal coordinates 7= (z, w) as

W= A(s : uﬁ+u’)>}_ .
|52 =05 240)] =i -

)},

S|

S,z

S|

(19) M

We write 6(2, %) := ©;:(2, £, 0) as above.

IftH:(M,0)— (M , 0) is a formal equivalence, Lemma 3.2 implies that H (z, w)
is of the form given by (9), with f, g € C[[z, w] and f,(0, 0) g(0, 0) # 0. Observe
that identity (10) can be rewritten (after canceling an extra T from both sides) as

20) S(z, x.1)g(2, TS, x, 1))
=206, OS(f(z, TSz x, D), Fz 1), T8, ).

We shall continue to use the formal Taylor expansions of f and g in w given by
equation (11), and shall write

1 = 1 —
e2)) fa@)i=) ke an@)i=) bk

k>0 k>0 "

where the bar denotes complex conjugation. Note that, in particular, ag =0, a(l) #0,
and bg = bg # 0.
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Finally, for n > 0, define the formal rational mapping Y" : (C2, 0) — (C*, 0) by

. L@ 1400z 0\ 0L
i (Z’X)'_Kei(z)<1—i9(z,x)) e L g e
T§<z,x):=<1+9<z,x>2)((%m)"—1)—2i QL&;M 0,
’ L
Yi(z, x) i= 5. 6L (3}< 0" (0) —Gxéf’(i ;0)
1
9““(0)9”“(0) 05D 0050y 6,0
e — "0, (2, X)
K 6,7 (0)? 01 (x)
(1406, 0\ ) 6(2) . 91(2)2
(—1—i9(z,x)> (91(z)(1+9(z,x) )+(9{(Z) 2in e 0.(z, x)
05D (0) ( s (ézm . él<x>2> )
+ =16 1+ 6(z, + | =—=+2 = 0 ’ ’
T0) 1GO( (2, %)) 5 00 in 700 (@ X)

6;(0) 0i(z) \1=ib(z, x)

n 0y (z, x) (Zinél(x)z n 62(x) B 61 (0) él(X))
01(0) 0/(x)  0)(x) 0108 (x)

where the 6; are defined by (15). We shall prove in the next section that these four
equations actually define formal power series in (z, x), rather than quotients of
formal power series.

Observe that the formal mapping Y" depends on the choice of normal coordi-
nates Z = (z, w) for the formal hypersurface M.

We are now able to state the main technical result of the paper, which may be
viewed as a sharper version of Theorem 2.2, but with conjugated derivatives.

Theorem 4.1. Let (M, 0) be a formal real hypersurface in C* which is of 1-infinite
type, given in normal coordinates Z = (z, w) by equation (14). Define Y"(z, x) as
immediately above. For each n € N, define the complex vector space

[z 0.(z, - n
Tz, 1) —51<< 1(x)(1+9(z’x)2)_ (z x)(1+ze(z,,x)>

(22) V" (M) = spang v}, := Y% ,(0,0) : 5,1 € N} c C*.

Then the dimension of the vector space V" (M) is a formal invariant for each n,
and the invariant set of integers

(23) B(M) :={n e N:dimc V" (M) <2+ 8k +8; 87}
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is always finite.

Furthermore, given a formal real hypersurface (M, 0) in C? formally equivalent
to (M, 0), normal coordinates 7= (z, w) for M, and n € N, there exists a formal
power series s, (z; A, A) € C[A, All[z]]%, with (z, A, A) € Cx Cx CH*MI_gych
that

1
(fn(Z),gn(Z))Egﬁn( a(l)bg (aj’bg)’al b )jeéb(M))'

forany H € #(M, 0; M, 0).
Moreover, if M and M are convergent, there exists an € > 0 such that the map

1 0
2> sy 1b0 (aJ’bJ’a]’b])jEQD(M)
lies in O (z)* for every H € (M, 0; M, 0) and every n € N.

Examples. We now use Theorem 4.1 and Proposition 3.7 to calculate the formal
transformation groups of various 1-infinite type hypersurfaces.

Example 4.2. Consider the family of 1-infinite type hypersurfaces
M!:={(z,w):Imw=cRew|z[¥}, ceR\{0}, j=>1.

Observe that L= K = j, T =1, and 6(z, x) = czx. If n > 0, it can be shown
that {Ugjlj, Ugljﬁj} is a basis for V" (M({) if j > 2, and that adding the vectors
{u§’3, U;z} extends this to a basis for V" (Mj). Hence, in any case, we have
QD(MJ ) = {0}, so any formal equivalence with source Mg is determined by (aol, bg).

Applying Proposition 3.7 with M = M=M! implies fo(z) =¢ez for some e € C
with |¢| = 1. It thus follows that

Aut(M/?,0) = {(z, w) > (ez,rw):e €C, | =1, r e R\ {0}}.

In particular, every formal automorphism converges.

Observe that for j # k, the hypersurfaces Mg and M l’f are not formally equivalent
(Theorem 2.1). On the other hand, M({ and M, Z are formally equivalent if and only
if ¢/b > 0. In this case, applying Proposition 3.7 implies that fy(z) = « z for some
o € C of modulus (c/b)'/?/. 1t thus follows that

. . 1/2j
F(MJ, 0; M,ﬁ,()):{(z wy (£) ez rw) e e el =1, re[R\{O}}.

Hence, the hypersurfaces M! are formally equivalent if and only if they are bi-
holomorphically equivalent if and only if » and ¢ have the same sign.
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Example 4.3. Consider the family of 1-infinite type hypersurfaces
N} :={(z,w) :Imw =2 Rew Re(bzz))}, beC\{0}, j=2.

Note L =1, K = j, and 6(z, x) = bzx/ + bz/ x. If n > 0, it can be shown that
{U;z, Ugl’z, U§”3} forms a basis for V" (N,f), so we again conclude that QZ)(NZ) ={0}.
Hence, every formal equivalence H with source le is determined by the values
a(l) and bg.

Now, Proposition 3.7 applied to the case M = M= Ni{ implies that aé is a
(j—1)-th root of unity and that fy(z) =z /aé. We conclude that

Aut(Nj, 0) = {(z, w)— (ez,rw) :e €C, e l=1,re [R\{O}}.
Note that every formal automorphism converges.

Example 4.4. Consider the hypersurface

M = {(z, w):Imw = Rew—|z|2, |z] < 1}.
1—zf*
It is easy to check that L = K =1 in this case and that @%(M) = {0, 1, 2}. (In fact,
Tj =0and 2i le = T22.) A complete calculation of the stability group of this hyper-
surface is given in [Kowalski 2002b], and reveals it to be a real-analytic hyper-
surface whose stability group at the origin is determined by 3-jets but not by 2-jets.
In fact, this example can be generalized as follows. Define for k = 2, 3,4, ...

the set
My = {(Z, w): W= w(i|Z|2+m)2/k} ’

2/k is meant. A straightforward calculation

where the principal branch of ¢ > ¢
shows that each M} defines a real hypersurface and that M, = M above. It can
also be shown that 9(M;) = {0, k/2, k} N Z, and that the stability group of M}
is determined by (k + 1)-jets, but not by jets of any lesser order; for details, see
[Kowalski 2002a, Chapter 7]. Hence, even though Theorem 4.1 asserts that % (M)
is always finite, the integers themselves can be arbitrarily large and, consequently,

the required jet-order can be as well.
5. Proofs of the main results

Proof of Theorem 4.1. A basic outline of the proof can be divided into four steps.

(1) Given a fixed set of normal coordinates Z = (z, w), we prove that for each
n € N the power series f,(z) and g,(z) are rationally parametrized by the
values (a;, b)) for £=0,1and 0 < j <n.
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(2) We prove that under these conditions, if n ¢ @(M), the 4-tuple of complex
numbers (a an, bg, bn) is itself a polynomial in 1/ (ao bo) and (ae , bj ) for

£=0,1land0<j<n-—1.
(3) We prove that 9(M), defined by these normal coordinates, is always finite.

(4) We show that the dimension of ¥" (M) (and hence the set 9 (M)) is indepen-
dent of the normal coordinates used to define it.

To fix notation throughout the proof, we assume that M is always given in normal
coordinates Z = (z, w) by (14). We also set @ =% (M) and V"* =" (M). Similarly,
M, whenever a target formal hypersurface is needed, will always be given in normal
coordinates Z = (z,w) by (19). If H : (M, 0) — (M , 0) is a formal equivalence,
we set

1
A(H) = —— v e C\ {0},

0
M(H) = (an,bg) eC?,
Mi(H) := (ay, by, ay) € C,
Mi(H) := (ay, by, ay, by) € C*,

N(H) = (A9(H), Aj(H), ... A1(H)) e /0D,

We also use the following conventions for naming various types of polynomials
and power series.
e 24(X; A)eC[X, A]=C[A][X] denotes a polynomial in X of degree d whose
coefficients are polynomial in A.
e P(A; X) € C[[X, A]l = C[X]I[A] denotes a polynomial in A whose coeffi-
cients are power series in X.

e R(X; A) e CLX, All = C[A][X] denotes a power series in X whose coeffi-
cients are polynomial in A.

Assume the normal coordinates Z and Z for M and M are fixed. We now tackle
the first step, the parametrizing of f, and g,. We begin with a lemma.

Lemma 5.1. Let (M, 0) and (M , 0) be formally equivalent formal 1-infinite type
hypersurfaces as above. There exist unique formal power series U,V € C[ X, Y],
vanishing at 0, such that

fo(z) = U<z, c%) o) =V(x.ayx)
0

forany H € (M, 0; M, 0). If both M and M are convergent hypersurfaces, then
U,VeCX, Y}
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Proof. Proposition 3.7 implies that

(24) 0(z, x) =0(fo(@), fo(x)).

Differentiating this L times in x using Faa de Bruno’s formula and setting x =0
yields the identity

(25) 01.(2) = (@) 0 (fo(2)).

Differentiating this K times in z and setting z = 0 yields
T\K LA
(26) 0.(0) = (a)"* (a)" 0 (0).

In particular, we find that for any formal equivalence H € %(M, 0; M ,0),
1/(L+K)

(K)
GL (0) =:un € R\ {0}.

’ 1,1
27) | £50)] = |ag| = 5®0)

We can write
1
Or(z) = F@ﬁ’“(mz’%(z),

for some ¢t € C[[z]] with (0) = 1. Thus, there exists a unique power series u(z)
with #(0) = 1 such that u(z)X =t (z). Similarly, write

~ 1 - NN
6L = 0" A,
with #(0) = 1. Define the formal power series
(E X, Y) = 204) — pYu(X).

Observe that ¢ (0, 0, 0) =0 and ¢; (0, 0, 0) = 1, whence the formal Implicit Function
Theorem implies the existence of a unique power series U (X, Y), vanishing at
(0, 0), such that ((U(X, Y), X,Y) =0.
Now, suppose that H € F(M, 0; M, 0). Then identity (25) may be written as
1 (x K 1 ~x . K
0 0 (zu@)" = @) 01 0 (fo@a(fo)) "

Replacing 6; ‘§)(0) by equation (26) and canceling common terms yields the iden-
tity
1 K . K
(agzu(2))” = (foia(fo2)))"
Formally extracting K-th roots on both sides, we conclude that the two power series
in the brackets differ only by some multiple & € C with ¢X = 1. However, since

d /1 I , 0 A
3z (@ zu@)| g = a0 = f0) = 3~ (fo@i(fo))| o,
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we conclude that e = 1 necessarily. Moreover, since aé aé = 12, we have

uz(;—l)u(z) = ho@i(fo(2).
0

Hence, «(fy(z), 2, z/ay) = 0, so by the uniqueness of U, we conclude fy(z) =
U(z, z/a(l)). Conjugating this result yields fo(x) =V (x, a(l) Xx), where V is defined
by V(X,Y) :=UX,Y/u?).

Finally, observe that if M and M are convergent, then the power series 6 (hence
also u) and 0 (hence i) are convergent. Thus the holomorphic Implicit Function
Theorem implies that U and V are necessarily convergent near (0, 0) € C2. O

We can now extend this lemma to show that f,, and g,, are similarly parametrized
for any n > 0.

Proposition 5.2. Let (M, 0), (M, 0) be formally equivalent formal 1-infinite type
hypersurfaces as above. Then for every n € N, there exists a formal power series
B, (z; A, A) € C[A, Allz]? such that

(28) (2. 8a(2)) = B (33 ACH), NSy 1 (H))

forany H € (M, 0; M, 0). In addition, if n > 1, then in fact

Mm@ Anl (QL@)) IL<9L&)) 0
fo ~ AN D) = o G0 ) )

8k (1 5k(.. 61)% 6 La20
l—lf)( ; >b1+—f<2in 1) _ i@ , Lo f(Z)>a0
2by \6,(2) a 0;(z)  0;.(2) al 0](2)

(29)

0
0

8}
(30) gu(z) =T;7(z; AH), AY (H))+b2+ L(61(2))a?

2+31 +81 1

0
. n—1 2 n—1

with T (z; A, A2+5' 5'7) e C°[A, A2+51 517][[Z]]'
Moreover, if M and M are convergent, there exists an € > 0 such that the map

2> (3 ACH), Ay g1 (D)

lies in 0. (z)* for every n € N and every H € F(M, 0; M, 0).

Proof. For convenience, we shall set y =2+ 5}( + 81T. We proceed by induction.
The n = 0 case follows immediately from Lemma 5.1 and the fact that go(z) =
(Proposition 3.7), so let us assume that the proposition is true up to some n—1 > 0.
To prove (28), it suffices to prove that equations (29) and (30) hold.
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Suppose that H : (M, 0) — (M ,0) is a formal equivalence.! Differentiating

identity (20) n times in 7 using Faa de Bruno’s formula and setting 7 = 0 (or,
equivalently, substituting Q(z, x, 7) =1t S5(z, x, t) and v =n+1 into (13)) yields

Bl =S, x. 0" gu(2) + b S (fo2), fo(x).0) Sz, x. 0)" fu(2)
+50 85 (fo(2). fo(x)- 0) OO + 8(fo(2). fo(x) 0)2a(x)
=, (b, (120, 852, F;00: 8100) 213 2 X fol@): o))
where ®,,(A; X), with (A, X) € C**=3 x C*, depends only on M and M and not

the map H. (An explicit formula for %,, is given following the proof of Proposition
5.2.) Note that Lemma 3.3 implies S(fy(2), fo(x), 0) = S(z, . 0), whence

SZ(Z’X’O) A T SX(ZaX,O)
— S , ,0) = =———
e 7 (fo(). o0, 0) 700,

If equation (28) holds for some n € N, then

j=

S:(fo(@), fo(x),0) =

(32) M(H) = ((Bn)}, Ba)*, (Ba)', (B,)2)(0: AH), A} (H))
=: Bu(A(H), A} (H)).

Applying the inductive hypothesis to this and substituting this into equation (31)
yields

- _ 12 ,
(3 (F00-200) =B (x: () A (B(AH), Ay (H))

for j < n, where u is defined in equation (27). Substituting these values into (31)
yields

B4 =Sz, x, 0" gu(2) + S(z, %, 08a(X) + b S (2, %, 0)S(z, x, 0)" ?EZ;
olZ
Fa0O B
+bOS 0 =R, (z, x; A(H), A" Ly ’
@, x> )fo(x) (z, x; ACH), A} (H))

with R, (X; A) independent of the mapping H for each n > 0.

On one hand, substituting x = 0 and the identities from equations (16) and (17)
into (34) yields

n—1 0, 2 bg 0
(35) gn(2) = Rn(z. 0: ACH), A (H)) + b, + 7(91 (2))a,
0

On the other hand, differentiating identity (34) L times in yx, setting x =0, and

using the identities from equations (16) and (17) yields (after rearranging terms)

I'We remark that the construction given in this section can be carried out if no formal equivalence
exists between M and M.
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the identity

fn(Z)
s )f (2)
n— n+l
=- Zbo(% n)yi (2. 00 ACH), AL (H)) + ” 9L<z)gn(z)+wb,€
1 0 1 2 O 0
_b_g(eL(z))bn——é(eL(z))a —%(em(zwzlel(z) o GL(z))an

Using the formula for g,(z) from equation (35) and observing that 61)* = 6,0;
for every L > 1, we can rewrite this identity as

fn(2)
fo@)

=- 2b0<@t n)yi (2. 0; ACH), AL~ (H)) —

(36) 6;(2)

0, " 4L
(eL(z))b +2b bt

Xy
by 0

1, 1 . > Lag 0

L 6r@)a + (=011 +2in0 (22 + =260,(2))
o 4y o

We complete the proof by examining cases.

Case 1. K = 1. In this case L = T = 1 necessarily, so y =4 and 0} (z) = 0{ ()
is a multiplicative unit. Dividing it on both sides of (36) yields (29); equation (30)
follows from (35).

Case 2. K > 0. In this case, setting z = 0 in (36) yields

0=— 2]90(91 n)yi (2. 0; ACH), AT (H)) + 2b0b,f,

whence we may replace b,f in identity (36) by (gtn)xj(z, 0; A(H), A'}ﬁ_l(H)).
Thus, after rearranging the terms again, we may rewrite (36) as

fn(2)
fo@

(7

BT 0.

A(H) ALT(H))

4R (z; A(H>,A31<H>))—p (6,.()) b
0

1 L
- (eL(z))a +— <— O1+1(2) +2in6;(2)* + @OL(z))a,?
) 0 ay

with the r}‘ polynomials and R} (z; A, A) of order at least K —1 in z.
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Case 2A. T = 1. Note that y = 3. Since 6,"),(0) = 0 for j < K —1, differentiating
(37) in z (up to K —2 times) yields the relations

rH(AH), AT (H)) =0, 0<j<K-2

This does not imply that the polynomials r;? (A, A) are themselves identically zero;
merely that they vanish whenever

(A, ) = (AH), Ny~'(H))

for some formal equivalence H € ¥ (M, 0; M ,0).

Consequently, we may remove the first K —1 summands of the right-hand ex-
pression in identity (37). Observe that all the remaining summands are of order at
least K—1 in z, and hence can be divided by 6, (z) to form another power series.
This division yields (29); (30) follows from (35).

Case 2B. T =0. Note that y =2. We know there exists some jo< {1, 2, ..., K—2}
such that Qéji)l (0) # 0. Differentiating the identity (37) jo times in z and setting
z=0, we obtain

0(]0)1 (0) 0

1 n’

0=r? (ACH), Ay~ (H)) —

0
0. ayr’ (ACH), Ay~ (H)) ,
whence we may replace a,, in (35) and (37) by T to obtain
)
K=2 ,zn(A(H AT Iy
aL()f"(Z) Z( (B ). ( ))z“r%z(z,A(H) Ay 1(H))>
h@ J!
— (0L )b) — —l(eL ))ay,

by 4y

8n(2) =R (2, 0; ACH), Ay (H)) +bY.

Thus, (30) holds; arguing as in the proof of Case 2A now yields (29).

The only thing mlssmg from the proof is the convergence statement. Assume
now that M and M define real- -analytic hypersurfaces in C? through 0. Hence,
there exists a § > 0 such that

S(z, x, 1) €0s(z, x, ), S(2, %, %) €0s5(2, %, 7).

Without loss of generality, we shall assume that § is chosen small enough such that
01(z) # 0 for 0 < |z] < §, since the zeros of a nonconstant holomorphic function
of one variable are isolated.
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Similarly, since U (X, Y) € C{X, Y} vanishes at 0 by Lemma 5.1, there exists
an 1 > 0 such that U(X,Y) € 0,(X,Y) and satisfies |U(X, Y)| < & whenever
IX1. 1Y <.

Choose € < min{é, n, wn}, where u is defined by equation (27). We claim this
is the desired € > 0; the proof is by induction. The case n = 0 follows from
Lemma 5.1. Assuming this choice of € holds up to some n — 1, then observe that
the mapping

(2. 0) = R (2. x: ACH), A7 (H))
=2, (55, (/2. @, 300 81 00)Z35 2 % fol2)s Fo0)

converges if |z|, | x| < & for any H € (M, 0; M, 0). Fix such an H. By equation
(35), we conclude g, (z) converges on the ball B'(0, €) ={z € C: |z| < €}. On the
other hand, we have shown that 0] (z) f,(2)/ f3(2) = ZK_lq(z; A(H), A;ﬁ_l (H)),
with g(-; A(H), A]’ﬁ_l(H)) convergent on B'(0, €). Since 6; (z) converges for
|z| < € and in the e-ball vanishes only at z =0 (of order K — 1), we conclude that
fn(2) converges on B'(0, €) as well, which completes the proof. O

It is of interest to note that as a consequence of Proposition 5.2, we see that
if M and M are real-analytic hypersurfaces in C? and H is a formal equivalence
between them, the formal mappings z — Hyn»(z, 0) are convergent for every n €
N; moreover, they converge on some common e-neighborhood of 0 € C, with €
independent of n and H.

Because it is useful in doing calculations, we now give the explicit formula for
%,. Using Faa de Bruno’s formula, we have

—_— _ _1 ~ ~
%((fj,gj, [ 8))i—p a2 x)
- p"<(fj’ &s 1 gj)OSjS"—l’ (e (2, X’O))OSan’ (Szigeee 2, )A(’O))O§j+k+£5n)
where p, is the universal polynomial

Pn((fj» 8 fi+8i)o<jen-1+ (S1)o<jen: (Su,k,e))oSHkHSn)

=y I’l!glalskﬁ Sp-1 Y ) n! 8 S(ial, 1611y
- ket 13\ (p=1)! kla! Bly!

aeN" o, B,yeN"

k+[a]=n k+lal+[Bl+[y]=n
loe|<n [a],[B].k<n
n w o< B
» l—[ Z Jigl 1—[ ( > (ﬁ) ! (M)W
! ! —1)! ’
p=1 SeNP (q— 1) P (p=D!

El=p
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In particular, observe that
(38)
P,((0, 0. g0. 80, 0,0, ..., 002, x, 2. ) = —80Se (2, X, 0) + g4 Sz (2, %, 0).

This completes the first step of the proof. We move on to the second step, which
involves parametrizing A”.

Proposition 5.3. Let (M, 0) and (M, 0) be formal hypersurfaces of 1-infinite type
which are formally equivalent as above. Then for every n € N, there exists a power
series

A, (z; A, A) € CIA, Alllz]

such that
(a(2)s &n(@)) = st (23 A, (2,1 5150 (D) cany )

forany H € (M, 0; M, 0). Moreover, if M and M are convergent, there exists an
€ > 0 such that the map

2> sy (Z§ A(H), ()L’21+6}<+81{81T(H))jGQD(M)JSn)
lies in O.(z)? for every n € N and every H € (M, 0; M, 0).

Proof. We continue with the notation from Proposition 5.2; in particular, we shall
continue to let y denote 2 + 8}( + 8}. Observe that Proposition 5.3 follows im-
mediately from Proposition 5.2 if it can be shown that for every n ¢ %9(M), there
exists a C? -valued polynomial " (A, A) such that

(39) )\')j(H) = a)”(A(H), A;;;}(HESIT(H)) forall H € F(M,0; M, 0).

To see this, suppose equation (39) holds for every n ¢ 9(M). An easy induction
shows that for every n € N, there exists a C?-valued polynomial @" (A, A) such
that

— J
Ay (H) = &" <A(H)’ (’\2+5;+515;(H))je@,j5n)'

Substituting this into the power series for %, given by Proposition 5.2 completes
the proof.

Hence, we must show that a relation of the form given in (39) holds for each
n & D(M). To this end, define the power series

Y": (C?,0) — (C*0)
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by T}’ = T‘;? for j # 3, and set

0x (2, x)

Yoz x) =85 850" (0) %
QL(X)

N L 6%, ) -6 65 0) a,.x)

L g (2,
K05 (0)2 9, (%) 260
C(1+i0@z 0\ | 2 (9L+1(Z)_2. 91(2)2> )
(FE5) (w0 +oc 07+ o e )
) ( o (B0 61(x)°
+ B (8,60(1 + 6 1) +(_—+2' | )9(, )) .
600 \ ( @ 1’) a0 e )
Observe that
8, T =74

Reconsider the identity (34). If we substitute into it the explicit formulas for
fn(z) and g,(z) given in Proposition 5.2, as well as the corresponding formulas
for fn (x) and g,(x) given by equation (33), we can rewrite this as

40)  Y"(z, x) k" (AH), A (H)) My (H) = W" (2. x: AH), A}~ (H)),

where the superscript ' denotes the transpose operation, k" (A, 1) is the 4 x 4
matrix of polynomials defined by

(L/K) ABY)? —n/K —8L(L/K)alA*(b))? 0

. o 0 —i/2 0 0
K" (A, Ay) 1= S 02
0 0 51 A(BY) 0
0 0 0 8)i/2

(by Lemma 5.1, aé is a polynomial in aé), and
W'z, x; A, A) € C[A, Alllz, x1.
Denote by " the 4 x 4 matrix function

(K/L) A(a})? 2in/LA(a})? —aiAa) 0
0 2i 0 0
0 0 —81LA@@))* 0
0 0 0 —8) 2i

KAL) =
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Observe that if aé b8 # 0, then

La% 1
1 0 K—a]((ST—l) 0

0
1 (1
k ( lbO’)\'g)'K ( lbO’)\‘g): 01 0 0 ’
“% “% 00 s 0
o0 0o s

K/ j
For convenience, we denote by /c;’ the upper-left j x j submatrix of " for 1 < j <4;

we define /2;’ similarly. We now complete the proof by examining cases.

Case 1. K = 1. Observe that L = T = 1 necessarily, so Y" = Y" and Ky Ky
are matrix inverses for all n € N. Suppose that n ¢ % (M), and choose a basis

{Us"j’,j };*:1 for V. If E is the 4 x 4 matrix whose j-th row is vS"j’tj, then it follows

that B is invertible. Now, differentiating (40) s; times in z, #; times in x, and
setting z=x =0 (for j =1, 2, 3, 4), we obtain the 4 x 4 linear system of equations
of the form

Eicl (AH), M (H)) M = w"(AH), AT (H)),
Thus, we may take
(A, NN = REA A ET W (A, ALY
to complete the proof.

Case2. K > L=1=T. Wehave Y" = Y" = (Y7, Y}, Y},0) and «7, &} are
inverses for all n € N. Observe too that (40) reduces to

(Y12 0. Yoz 0. Yz, 0)) €5 (ACH), A (H)) M (H)
= W"(z, x; AH), A3 (H)).
The proof now follows the exact same lines as in the previous case.

Case 3. T =0. Since this implies K > 1, it follows that Y =""= (f,Y7,0,0)
and «7, iy are inverses for all n € N. Here, the identity (40) reduces to

(41)

(Y7 20 20, Y5 (2, 30) w3 (ACH), AS(HD) A5 (H) = W" (2, x; ACH), A5~ ().
The proof now follows the exact same lines as in the previous two cases.
Case 4. L > 1 =T. Observe that identity (40) reduces to

@2) (Y0 0, Thz x), Tiz, %)) ke (AH), AS(H)) M (H)
=W"(z, x; AH), Ay (H)).
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We claim that ag =oc"(A(H), Ag’_l (H)) forevery n €N, where 0" is a polynomial.
Hence, we can write

(f2(2), 8n(2)) = By (5 ACH), AL(H)) = By (z; ACH), A3(H));

that is, f,(z) and g,(z) are given by expressions of the same form as in Proposition
5.2, but without the a,? term. Hence, identity (40) reduces to identity (41), and the
proof proceeds as in Case 3.

To prove the claim, we proceed by induction. For n =0, this is trivial, as ag =0.
For the inductive step, we consider two cases.

Case 4A. 6,% " (0) = 0. Then equation (29) implies
al = £,(0) = al T, (0; ACH), A7 (H)).

Conjugating this and applying equation (33) yields a’ = T(A(H), Ag'_l (H)) for
some polynomial 7(A, A). But by the inductive hypothesis, Ag‘_l(H ) is itself a
polynomial in (A(H), Ag_l (H)), so the induction is complete in this case.

Case 4B. 6% " (0) # 0. Differentiating (42) L — I times in x and setting x =0
yields the identity

o5 O

|9(K)(0)|2 0L(z)a) = W1 (z, 0; ACH), Ay~ (H)).
L

Differentiating this K times in z and setting z =0 yields ag =T(A(H), Ag’_l (H))
for some polynomial 7 (A, A). But by the inductive hypothesis, A’;fl (H) is itself
a polynomial in (A(H), A’Z”I(H )), so the induction is complete in this case. [J

This completes the second step. We move on to the third step, counting the
elements of 9.

Proposition 5.4. Given a fixed set of normal coordinates Z on M, the set B(M)
defined by equation (23) has at most 2(2 + 5}( + 8£81T) elements.

Proof. Consider the power series Y"(z, x) defined on page 120; we must prove
that for all but 2(2 + 5}( + 8;8;) integers n € N, the set V" (M) has dimension
248 +8; 87

Consider the matrix

0 0 0 0
n n n n
E(n):=| Yk V3k3rL V3o Yok 3L

\ \ \ -

Our goal will be to show that for all but at most 2(2 + 8} + 81 81.) integers n € N,
the first 2+6 }( +4 £8 } rows are linearly independent, which implies that n ¢ % (M).



134 R. TRAVIS KOWALSKI

Using Faa de Bruno’s formula, we compute that

(Y1), (2, 0) = 2i EZLL,))Z' K6 (220 +99(n; (0762, 03k 1),
(Y] (2. 0) = —2((?!))3! K0/ () n? + 9" (n: (3°0(2. 0)pj<arrk+1).
(1) 202, 0) = —222;))2! 0 (@2 n? 49! (n: (3°0(2. 0)) <31 k1).
() 01(2,0) = —?%92’%)%3 +92(n; (3°0(2, 0))vj<4r+K+1)-

(Y1) ,2(z. 0) = 8,87(— 46 () n> + 2" (n: (3"0(2. 0)) <k 44)).
(15),3(z, 0) = 8185 (—16i 61 (2)*n® + 2% (n; (8”6 (2, 0))jui<k +5)),
() 2(2, 0) = 85 (2°(n: (3°0.(z, 0))jyj<s))

(1) 3 (2. 0) = 8} (1201 (2)*n* + 2" (n; (3"0(z, 0) ) <s)).

Setting @ := 6.%(0) it follows, we may write £(n) = C}(n) + Ca(n), with C) (n)
given by

2KQLQK) > —2QL) 2K)la® , . .
@Ky (L'K)?
—2KGBL)GK)a} , —4i(L)(GK)d} | . .
LKy 3(LIK!)
—43K)! o
1¢l 2
0 0 L e 0
0 0 0 Sp 72a%n?

and C,(n) of the form
90(n; jor2KE0) 2l jot K 0) 578791 (s 3t THO) 85 20(m; jgO)
Ql(n;ng+4K+19) QZ(n;ng+4K+10) 8}‘8%942(71,.]8"K+59) 8}(92(]’1,‘]30)
Sll(n;ng+4K+19) QZ(n;jSL-‘AK—H@) SiS}QI(n,]gKMG) 5}{&0(,1’]539)
Ql(n;ng+3K+19) Qz(n;ng+3K+10) 8}18%922(”,]31(+59) 8}(912(”,]39)

We shall denote by &;(n) the upper-left j x j submatrix of £(n) for j =1, 2, 3, 4.
We complete the proof by examining cases.

Case 1. K = 1. In this case L = T =1 as well, whence 2 + 8} + 8] 8} = 4. By
examining the matrix &4 (n), and in particular the term of highest order in n in each
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of its entries, we find that
det£4(n) = 110592a'%n® +-97 (n; jg0).

Since o # 0, this is a nonzero, eighth degree polynomial in n, and hence has at
most eight distinct zeros (in the complex plane). If det&4(ng) #~ 0, then the four
rows of &(ng) are linearly independent, which completes the claim.

Case 2. K > L =T = 1. In this case, we have 2+8}( +8£31T = 3. By examining
the highest order terms in n as above, we find that

2K)\GK)” o

det&(n) = 64K RO

+97(n; jo*0).

Arguing as above implies that for all but (at most) six integers n, the matrix &3(n)
is invertible, whence the first three rows of £(n) are linearly independent. This
completes the claim.

Case 3. L > 1 or T =0. Since either of these conditions necessarily implies K > 1,
we conclude that 2 4 6}( + (SiS} = 2. Since

g GDICLICK)IGK)! 5 4

detér(n) = —3K (LIK1)

+93(n: jSLL+4K+]9),

the proof is complete by arguments similar to the previous case. O

Note that while 2 (M) is always finite, it is also never empty. Indeed, 0 € @(M)
for any I-infinite type hypersurface M, since it is easy to check that Tg (z, x)=0.

This completes the third step of the proof. We complete the proof by showing
that @ (M) is independent of the choice of normal coordinates used to define it. In
fact, we prove the following, which completes the proof of Theorem 4.1.

Proposition 5.5. Suppose that M, Z = (z, w), Y", and V" =V" (M) are as above.
Let (M, 0) be formally equivalent to (M, 0), with corresponding power series T
and subspaces yn o= (M ) defined using the normal coordinates 7z = (z, w).
Then for every n € N, the dimensions of V" and V" are equal. In particular,
the dimension of subspace V" (M) C C* is independent of the choice of normal
coordinates used to define it.

Proof. Let H(z, w) = (f(z, w), wg(z, w)) be a formal equivalence between M
and M. Consider the formal power series

(. x) > T"(fo2), fo(0) € Cliz, x 1%,

which may be viewed as the power series ' given in the Z coordinates. Using
Faa de Bruno’s formula and the fact that f; : (C, 0) — (C, 0) is a formal change
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of coordinates, it is straightforward to verify that

AN st n
spanc{vs’ = PR (fo(Z) fo(x))|z =0 R teN}:V )

From (24) we derive

0y (2, x)
fox0)

0.(z, x)
i@’

whereas repeated differentiation of this in x yields

0:(fo(2), fox)) = 0 (fo(2), fo(x)) =

1
pr(fo@@) = W(zaé 1) = (L+DLagprL(2).

From this and identity (25), it follows by an elementary (albeit involved) calculation
that B
Jo(2), fo(x)

T (
T3 (fo(2), fo(x)
15 (

)= i@ x).
)

fo(@), fo(x))
)

5 (z, x),

1

8
—T3<z X)+—+ OZT"( X),
K (a})

T (fo2), fo(x)) = ag Y4 (z, x).

Now, suppose that {ﬁ?j ’,j} i1 is any collection of vectors in V", consider the
corresponding vectors v” € V™. Observe that if E, E denote the 4 x £y matrices
then in view of the above identi—

whose columns are, respectlvely, the O US e USJ -
ties, these matrices necessarily have the same rank In particular, the columns of E
are linearly independent if and only if the columns of E are. From this it follows

that V" and V" have the same dimension. O

The main results. We use Theorem 4.1 to prove the main theorems stated at the
end of Section 2. We begin with Theorem 2.2.

Proof. Let M be a formal real hypersurface of 1-infinite type at 0. Observe that the
result of Theorem 2.2 is independent of the choice of coordinates Z, so without loss
of generality let us take Z = (z, w) to be normal coordinates for M, so that M is
given by equation (14). Let 9 =% (M) be as in Theorem 4.1, and set k :=2+max %,
which exists since 9 is a finite set.

To prove this k is sufficient, suppose Mis a formally equivalent formal real
hypersurface. Define the corresponding «{" as in Theorem 4.1. Fix a formal equiv-
alence H € (M, 0; M , 0). Conjugating the formula for (f};, g,) implies that

_ — 1 -
(fn(X)a gn(X)) =&Q"(_l 5’ (aj’ b?’aj’bj)jegb)

ay by
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whence

1 —_ = = —

0 5,0 1 21\ __ 04,0 1 g1 —

(an’bn’an’bn)_Al’l(ﬁv (aj7bjaajabj)j6@)a n_Na
ag by

with A, € C[A, A]*. Substituting this into &, and recalling that

where u is defined by (27), we can write

1 —_ = — —
(fr(2), ga(@) =T" (z; 5 (@}.8).4}. b)) ,@>

ay Yy
with I'"(z; A, A) € C[A, All[z]?. Write

n((,0 50 1 pl
o @) -G DD D)
7/ ’_1b—0’ PiYir%i %) jew _1b_0 o

%070 (ag k)
with £ € Nand ¢ a C2-valued polynomial.

Now, observe that
9ttt H ~ .
gzt OO =) 7bj1).

In particular, aY is a term in (the coordinates of) j(’)‘(H ), a} and b(]). are terms in

j .
jé‘“ (H), and b}. is a term in j({+2(H). Hence, c; is a polynomial in j§+maX@(H) =

J¥(H) and
0 alb) = det(ﬁ(o 0)> = q(j ()
070 RV 0 ’
so the proof is complete in view of equation (11). O
By inspecting Propositions 5.2 through 5.5, we see that we can replace the k
given in the proof by k := 14§ }( 4+ max &% to get a better bound in the K > 1 case,

and if & = {0}, then we may take k = I since b} = 0 by Proposition 3.7.
We now use this result to prove Theorem 2.3.

Proof. Let M, k be as in Theorem 2.2. Suppose that M is formally equivalent to
M, and let ¥ be the formal power series from Theorem 2.2. If H 1 HZ. M, 0) —
(M, 0) are two formal equivalences that satisfy
glel gl glel g2
0Z* O = 0Z*

(0) forall || <k,

it follows that j& (H') = jE(H?). If we call this common jet Ao, it follows from
Theorem 2.2 that H'(Z) = W(Z; Ag) = H*(Z), as desired. O
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We now tackle the two applications of Theorem 2.2 mentioned in Section 2.
First we prove Theorem 2.4.

Proof. Let M, k be as in Theorem 2.2, and let W be the formal power series defined
in accord with that theorem with M = M. That the mapping

Jb s Aut(M, 0) — J§(C*, C*)o0

is injective follows from Theorem 2.3. Observe that Ag € J kcz, Cz)o,o is in the
image of j¥ if and only if g(Ag) # 0—so that Ag € G¥(C?)p) —and

(43) Ao=j§ (¥ (-, Ag)),
(44) p(V(Z, Ao), WE, AO)) = a(Z,¢)p(Z, ¢)

for some multiplicative unit a(Z, ¢) € C[[Z, ¢ ]|, where p is a defining power series
for M. In view of equation (8), (43) is a finite set of polynomial equations in
Ao, whereas (44) is a (possibly countably infinite) set of polynomial equations in
(Ao, AO). Hence, the image of the mapping j(])‘ is a locally closed subgroup of the
Lie group G*(C?), and so is a Lie subgroup. U

And as a corollary, we have Theorem 2.5.

Proof. Let M, k be as in Theorem 2.2, and let (M, 0) be formally equivalent to
(M, 0). Injectivity of the jet map again follows from Theorem 2.3. Now, fix a
formal equivalence Hy : (M, 0) — (M , 0); then any other formal equivalence is of
the form H := Hyo A, where A € Aut(M, 0). In particular,

JE(FM, 0, M,0)) = {jE(Hoo A) : A € Aut(M, 0))
= {j§ (Ho) - j§(A) : A € Aut(M, 0)}
= jo (Ho) - jg (Aut(M, 0)).

Hence, the image of & (M, 0; M, 0)is merely a coset of the algebraic Lie subgroup
jé‘ (Aut(M , 0)) in the Lie group G*(C?)o, and so is itself a real-algebraic sub-
manifold of G¥(C?)o. O
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