SHARP ISOPERIMETRIC INEQUALITIES
AND SPHERE THEOREMS

SHIHSHU WALTER WEI AND MEIJUN ZHU

Volume 220 No. 1 May 2005



PACIFIC JOURNAL OF MATHEMATICS
Vol. 220, No. 1, 2005

SHARP ISOPERIMETRIC INEQUALITIES
AND SPHERE THEOREMS

SHIHSHU WALTER WEI AND MEIJUN ZHU

Various relations between sharp isoperimetric inequalities and volumes of
manifolds are studied. In particular, we introduce and estimate sharp iso-
perimetric constants * and y* corresponding to two types of isoperimetric
inequalities. We show that for a complete n-dimensional manifold M with
Ricci curvature Ric(M) > n —1, the volume of M is close to that of $” if and
only if 7* is close to n(n — 1)/ (Z(n + Z)wﬁ/ ") and M is simply connected (for
n=2or 3),or y*is close to 1 (for any n > 2).

1. Introduction

A sharp Sobolev inequality of Aubin and Li [1999] states that on an n-dimensional
smooth, compact, connected Riemannian manifold M, for p € (1,n) if n > 4, or
for pe (1, /n)UR2,n)ifn=2o0r3, and forr > r* =np/(n+2 — p), there exists
a constant A(p, r) > 0 depending only on n, the bound on the injectivity radius,
and the bound on the curvature tensor and its covariant derivatives on M such that,
for all o € WHP (M),

. p/p* p/r
(1-1) (f ol” dv) 5K<n,p>f’f VolPdy + A(p, ) (f |¢|’dv) ,
M M M

where p* =np/(n—p) and

1/n

El

n

1 (n(p—1)\P~V/P Cn+1)
p p) "

for I' the gamma function, w, the volume of the unit ball in R”, and dv the volume
element of M. This inequality solves a conjecture raised by Aubin in the late
1970’s; similar results were obtained independently in [Druet 1998]. It is natural
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to ask whether (1-1) holds for p = 1 and r = r*. Equivalently, does there exist,
for every domain 2 C M, a constant C (M) depending on M such that

(1-2) P" > n"w, V" (1 —C(M)VH"),

where P = vol,,_; 2 and V = vol,, Q? It is well known that (1-2) does hold for
a geodesic ball with small volume; see (2-2), for example.

The case p =1 in (1-1) is not addressed in [Aubin and Li 1999]. On the other
hand, an elegant local inequality due to Morgan and Johnson [2000] implies:
Theorem A. If the sectional curvature K of M is less than Ky, then an enclosure
of small volume V has perimeter P satisfying

(1-3) P> (1-CKoV*") P*,

where C is a constant and P* is the perimeter of the Euclidean ball of volume V.

This local result was previously only known for small geodesic balls — see (1-2)
and (2-2). Equation (1-3) improved on the bound P > (1 —C'v¥ ("(”+3))) P* found
in [Bérard and Meyer 1982] and valid for small volume V.

As a consequence of (1-3) we can make the following statement, valid even
when V is not small, extending the Aubin-Li inequality (1-1) to the case p = 1
and r = r*, and initiating the study of the isoperimetric inequality (1-4):

Theorem 1.1 (An isoperimetric inequality). For every domain Q C M, there exists
a constant C (M) depending on M such that
(1-4) P" > n"w, V" (1 —C(M)VH"),

where P = vol,_1 02, V = vol, 2, and w,, is the volume of the unit ball in R".
(One can take, for example, C(M) = max{nCKo, eo(M)_z/”}, where CKy is as
in (1-3) and €g(M) > 0 is a constant depending on M so that (1-3) holds for small
V <¢p.)
Remark. After we completed our work, we learned that Druet [2002] had given
another proof of (1-4) by a different approach.

By a standard technique involving the coarea formula and Cavalieri’s principle,
we see that (1-4) is equivalent to the following:

Theorem 1.2 (A Sobolev inequality). There exists a constant A = A(M) such that
forall p € Wh1(M),

(n—1)/n
(/ |<p|"/<"—“dv) 5K<n,1>/ Vol dv
M M (n+1)/n
+AM) ( f |<p|"/(”“)dv> ,
M

where K (n, 1) = lim K (n, p) = (nw,)~ /" .
p—1
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The isoperimetric inequality (1-4) has its roots in global analysis and partial
differential equations (see, for example, [Aubin and Li 1999]). The optimal con-
stants in (1-4), too, will have geometric and even topological applications. An
immediate example is that a sharp estimate on C(M) in (1-4) in two dimensions
will recapture the Bernstein isoperimetric inequality [1905] on S2,

(1-5) 2> 4nA(1 - %A),

with equality if and only if the domain in question is a disk; see Theorem 1.3(I).

Now introduce, for an n-dimensional, smooth, compact, connected Riemannian
manifold M, the isoperimetric constant T = t*(M), defined as the constant C (M)
that makes (1-4) sharp:

(1-6) = inf{C(M) : C(M) is a constant such that (1-4) holds}.

The constant 7* depends deeply on the geometric properties of the underlying
manifold M. In turn, it may even completely determine the metric of M:

Theorem 1.3. Let M be a complete, simply connected Riemannian manifold with

Ric(M) >n—1.
(I) The isoperimetric constant T satisfies
-1
(1-7) TF > 1y = "(”—)2/
2(n+2)w;"

Forn =2 or 3, we have t* = 1 if and only if M is isometric to S" with the
standard metric.

() For n = 2 or 3, if the isoperimetric constant t* is close to 1y, then vol M is
close to vol §".

This theorem is sharp, and generalizes the Bernstein inequality (1-5). Also, the
assumption of simple connectedness is necessary for the last sentence of (I), as
can be seen from the example of three-dimensional real projective space, which is
complete, not simply connected, and satisfies 7% = 7;.)

Open Problem. For M of dimension n > 4, complete and simply connected, with
Ric(M) > n — 1, does t* = 19 still imply that M is isometric to the standard unit
sphere S"?

In Section 5 we prove that * = 1 also for M = S* and S°:

Theorem 1.4. For any domain Q2 of volume V and perimeter P in S", where
n=2,3,4o0r5, and with 1y as in (1-7), we have

(1-8) P" > n"w, V" (1 = V™).
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Open Problem. Is the isoperimetric constant still 7y on the standard unit sphere
S", for all n > 6? That is, does (1-8) (or equivalently (5-3) below) hold for n > 6?

Remark. For a complete manifold M with Ric(M) > n — 1, the equality 7% = 19
implies that M is (positive) Einstein (see the proof of Theorem 1.3). This opens up
the perspective of studying positive Einstein metrics via isoperimetric constants.

In high dimensions, we have an analog of Toponogov’s version of S. Y. Cheng’s
Maximum Diameter Theorem, in the setting of the sharp isoperimetric inequality
Theorem 1.3 being realized on the sphere:

Theorem 1.5. If M is a complete, simply connected n-manifold of sectional curva-
ture Sec(M) > 1 and such that T (M™) is close to 1y, then vol M is close to vol S"
foralln > 2.

Open Problem. Does Theorem 1.5 remain true in dimensions n > 4 if one weakens
the assumption that Sec(M) > 1 to the assumption that Ric(M) >n —1?

One may also investigate the converse of Theorem 1.3(I) on the estimates of t*
under some assumptions on the Ricci curvature and volume of the manifold. This
is related to the study of the second constant of sharp Sobolev inequalities (see, for
example, [Hebey 1999]). However, we will show by an example that T* might not
be close to 1 even if C > Ric(M) >n — 1 and vol M is close to vol S”. Therefore,
under the assumption that M has bounded Ricci curvature, saying that vol M is
close to vol §” is not equivalent to saying that t* is close to 79. In an attempt to
solve this problem of searching for a new equivalence, we turn to the isoperimetric
inequality of Gromov [1980] (see also [Chavel 1993, Theorem 6.6]):

Theorem B (Gromov’s isoperimetric inequality). Given an n-dimensional com-
pact manifold M with Ric (M) > n—1 and a domain Q C M with smooth boundary
0%, let Qo C S" be a spherical cap such that

(1-9) vol Q¢ _ vol
vol S — volM’
Then
vol M
vol 02 > -vol 0€2p.
vol §”

Thus it makes sense to consider, for a complete manifold M with Ric(M)>n—1,
Gromov’s isoperimetric constant y* = y*(M), defined by

(1-10)  y*:=sup{y(M) :vol dQ > y (M) vol 32 for any domain Q C M},

where 9€2 is smooth and 2o C S” is a spherical cap satisfying (1-9).

The isoperimetric constants T*(M) and y*(M) open up a new perspective on
complete manifolds M with Ric(M) > n — 1. In particular, there are a variety of
equivalent ways of stating that y* is close to 1, such as the following:
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Theorem 1.6. Assume that M is complete with Ric(M) > n — 1. Then y* is close
to 1 if and only if vol M is close to vol " for all n > 2.

This provides a new approach to the relation vol M ~ vol $”. Other equivalent
relations [Colding 1996a; 1996b; Petersen 1999] involve the Gromov—Hausdorff
distance, the radius, and the (n-+1)-st eigenvalue. As a consequence of this work,
Theorem 1.5, and work of Cheeger and Colding [1997], one can conclude:

Theorem 1.7. Let M be complete with Ric(M) >n—1. For all n > 2, the following
properties (1)—(5) are equivalent and each of them implies property (6):

(1) y*iscloseto 1.

(2) vol M is close to vol §".

(3) M is Gromov-Hausdorff close to S™.

(4) M has radius close to S", where the radius of M is that of the smallest closed
metric ball that covers M.

(5) The (n+1)-st eigenvalue is close to n.

(6) M is diffeomorphic to S".
Corollary 1.8. Let M be complete and simply connected with Sec(M) > 1 ifn > 2,
or Ric(M) = n—1ifn =2 or 3. Then the properties (2)—(6) below are equivalent,
each of them is implied by property (1), and each implies properties (7)—(9):
nn—1)

(1) T*is close to the constant 1) .= ———5.
2(n+2)02"

(2) y*iscloseto 1.

(3) vol M is close to vol S™.

(4) M is Gromov—Hausdorff close to S".
(5) M has radius close to S™.

(6) The (n+1)-st eigenvalue is close to n.
(7) M is diffeomorphic to S".

(8) M has diameter close to S".

(9) The first eigenvalue is close to n.

2. Proof of Theorem 1.3

We begin with the asymptotic formulas for the perimeter P and volume V of a
geodesic ball B, (x) of scalar curvature Scalz (M) about a point x (see, for example,
[Gallot et al. 1987, Theorem 3.98]):

p" " (1 Scalz(M) ,

_ _ 4
2-1) AT =n"w, nt2) r +0(r )).
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Thus, for a domain that is a geodesic ball B, (x) with small volume,
Scalz (M)
2(n+2)wy"

where o(1) is small and tends to 0 as V — 0.
Since Ric(M) > n — 1, we have Scalz(M) > n(n — 1) at any point of M; thus
by (1-4) and (1-6),

(2-2) P" =n"w, V" (1 - Vz/"+0(1)V3/”),

Scalz (M) nn—1)

(2-3) T > =
2n+2)wi!™ T 200 +2)0r"

Forn =2 or 3, if t* = typ we know from (2-3) that Scal, (M) <n(n—1) at any point
x in M; thus Ric(M) = n — 1. This in turn implies that M has constant sectional
curvature K = 1, and is therefore isometric to the standard unit sphere. On the
other hand, for S2, due to Gromov’s isoperimetric inequality (Theorem B), we
need only prove that for any spherical cap domain €2, the equality in (1-7) holds.
This is obvious, since in terms of the spherical coordinate 6 (which measures down
from the north pole) we have L =27 sinf and A =27 foe sinada for0 <0 <m.
It follows that t* = 1/4m, and we recapture the standard Bernstein isoperimetric
inequality (1-5). In the case of S°, due to Theorem B, it suffices to prove that, for
any spherical cap domain €2,

23
(2—4) P3 > 367 V2 <1 _3 (4—”) V2/3) .

5\3
In terms of the spherical coordinate function, for 0 <6 <,
0
P=4xsin’0 and V =4x f sin” a da.
0

Viewing P as a function of V, we define

23
f(V) =P —36mV? <1 - % <4?7T) V2/3> .

Direct computation yields

dP . 2cos 6 d*p . —8r . —8r
dV ~ sing’ dV?  (4wsin?0)2 P2’
so that
df (v —2/3
TV o4m? (4sin® 6 cos 6 — 326 — sin26) + 12 (‘—‘) (26 — sin26)%/3
av 5 \3
and

d>f(V) ) 4\ ~2/3 )
o = %6 (sm 0 (3) (260 — sin26) >
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Specializing for 8 =0 (so V =0 and P = 0) we have

_df o _ S
O =20 = 7

Note that d? £ (V)/d V? has the same sign as

0) =0,

(1(0) =26 —sin20 — 5 sin’ 6.

One easily checks that u(0) = 0, and ©'(0) = 45sin’6 — 4sin’6 cos® > 0 for
6 € (0, ). It follows that f (V) > 0. This completes the proof of part (I).

To prove part (II), first observe that vol M < vol " by the Bishop volume com-
parison theorem [Bishop and Crittenden 1964]. For n = 2, if the statement were
not true, there would exist § > 0 such that vol M2 < 47 — § for some manifold M?
with

o PR — —
dn = 8n (4w —6)
We then choose 2 = M \ B, where B is a small geodesic ball of radius € in M.
For such a domain €2,

1 )
PP>4nv | (1 - —+————)V
dr 8w (4m —9d)

which would imply that 0 > %(SV > 0 as € — 0, a contradiction.
For n = 3, we need the following lemma, which is a slight variation on a con-
vergence theorem due to Petersen [1998, 10.5.4, Theorem 5.10]:

Lemma 2.1. Given n > 2 and ) > 0, there is an € = €(n, A) > 0 such that any
closed, simply connected Riemannian n-manifold (M, g) with |Sec(M) — \| <€ is
Cl%-close to a metric of constant curvature X.

Proof of Lemma 2.1. By the Bonnet Theorem [1855], Sec(M) > A — € implies
diam(M) <m/ /A — €. Then, for n >3, replacing Cheeger’s lemma (see [Petersen
1998, pages 300-301]) by Klingenberg’s Theorem [1959], which implies that the
injectivity radius is at least 7/4/A + ¢, one may readily modify [Petersen 1998,
proof on page 312] to deduce the conclusion. For n = 2 instead of Klingenberg’s
Theorem one can use Synge’s Theorem and [Carmo 1992, Proposition 3.4, p. 281].

0

3

From (2-3) we can see that Ric(M) — 2 as t* — 5 (% . This implies

that Sec(M) — 1, since on a 3-manifold M and for some constant Ky, there is
equivalence between Ric(M) = 2K and Sec(M) = Ky. Then from Lemma 2.1

we know that the metric of M converges to the standard metric of S in the C1-¢
2/3 .. .
topology as t* — 2 () " This implies that vol M — vol §3 = 272, completing

the proof of part (II) and of Theorem 1.3.

2/3
)
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Remark. Conceivably, estimates on t* may yield estimates on the first eigen-
value. For instance, assuming that M is complete and simply connected, and that
Ric(M) > n — 1, then A, is close to n if t* is close to 7y for n = 2 or 3. This
can be proved as follows. According to Theorem 1.3 we know that vol M is close
to vol §”, thus rad(M) is close to 7 (see, for example, [Petersen 1999]). This of
course yields that diam(M) is close to 7. Then due to a theorem of Cheng [1975]
we know that X is close to n (see Corollary 1.8).

3. A small manifold with large isoperimetric constant

We show that the converse of Theorem 1.3(II) is not true. Assume that Ric(M) >
n — 1. For a geodesic ball B, (x) with small volume, we recall (2-2)

Scalz (M)

2/n

P =n"w, V" |1 -
2(n+2)wy,

where Scalz (M) is the scalar curvature at point X and o(1) — O as V — 0.

One can check that, for n = 2,
nn—1) _
—————5 =+ Dog )"

2(n+2)wy,

If vol M — vol §? implied that t* — 1/4m, then Scalz (M) would be less than 2+3
as vol M — vol §2, for any § > 0. But the following example shows that this is
impossible.

Example 3.1. For any small positive € (less than llm, say), define a C2-smooth
function by

VIi—(x—e)? if —14+€<x < —¢,

fe(x) = { he(x) if —€ <x <k,
V1I—(x+e)? if e<x<1-—e¢,

where /. is a symmetric function to be determined. Direct computation shows that

fl(=e) = —fl(€) = 2e+o.(1)é?,
i) = fl(=e) = —1+oc(l)e,
where o.(1) is small and tends to 0 as € — 0. For a small € > 0, we choose a

negative continuous symmetric function g satisfying g.(£e) = f'(e) = f!'(—e),
g.(x) <0for —e <x <0,

(-1

€
—5< min g.(x) <—2 and /gédx=2f€’(e).

—e<x<
e<x<e s
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The existence of such a function is guaranteed by (3—1). We then define /. to be
a symmetric function such that h.(—€) = +/1 —4€2 and

h.(x) = /x ge(s)ds + fl(—e) for —e <x <0.

—€
Let M. be the surface obtaining by rotating y = f(x) around the x-axis. Recall
that the Gaussian curvature K. is given by

f//
_ €
e+ (fO)H?

where differentiation is with respect to x. It is easy to check that K. > 1 + o.(1)
and vol M, = vol S+ o0.(1), but K is greater than % + 0¢(1) at the equator of M,
so the scalar curvature Scal,(M,) is at least 3 4+ o.(1) at the equator of M.. By
rescaling, one easily obtains a sequence of manifolds M, with Gaussian curvatures
K. > 1 and volumes vol M. — vol §2, but with scalar curvatures Scal, (M,) > %
at some points.

e =

4. Proof of proximity results

Proof of Theorem 1.5. In view of (2-3), Sec(M) — 1 as t™ — 1p. It then follows
from Lemma 2.1 that the metric of M converges to the standard metric of §” in
the C* topology as T — 79. This implies that vol M — vol S”. O

Proof of Theorem 1.6. Let M be complete with Ric(M) > n — 1. We claim that
(4-1) y <L

If not, there is § > 0 such that

4-2) vol 9Q2 > (1 4+ §) vol 029

for any smooth domain 2 C M. Now, [Morgan and Johnson 2000, Theorem 3.4]
says that given V, the manifold M has regions of volume V and perimeter at most
equal to the perimeter Py(V) of a ball of volume V in §”*. Choose V = %VOI M;
since vol M < vol 8", we know that

P(V) < Py(V) <vol s" 1.
However, from (4-2) we have
P(V)>(1+8)vol S,
which is a contradiction. This proves (4—1).
If vol M is close to vol ", we know from Theorem B that

vol M

* —
vol §”

Yz
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Combining this with (4-1) we get y* — 1.

Conversely, if y* — 1, we claim vol M — vol §”. Otherwise, there is § > 0
such that vol M < vol §" —§. Choose V = % vol M in [Morgan and Johnson 2000,
Theorem 3.4] and let R be the region whose perimeter is P(V); then

P(V) < Py(V) < (1—¢)vol "
for some fixed € = €(§) > 0, since vol M < vol §” —§. Thus
voldR < (1 —€) vol O Ry,

which contradicts the fact that y* — 1. g

5. Spheres in dimensions up to 5: Proof of Theorem 1.4

Thanks to Gromov’s isoperimetric inequality, to prove Theorem 1.4 we need only
show that (1-8) holds for any spherical cap domain €2 in $” for n = 4 or 5 (the
cases n = 2, 3 being covered by Theorem 1.3.

For n = 4, we must prove P4 > 44a)4V3(1 — a)4_1/2V1/2), where w4 = 7r2/2.
Using the spherical coordinate 6 that measures angles down from the north pole,
we know that, for 0 <0 <,

0
P =27%sin0 and V =2712f sin’ o da.
0

Viewing P as a function of V, we define
f(V)=P* =420,V (1 — (wy)~2V12).
Direct computation yields

df (V)

T 327° (3sin® 6 cos & — 48A% + 112A4°/2)

where A = A(9) = foe sin® a da. Since f(0) =0and dV/dO = 0, it suffices to
show that f1(0) :=df(V)/dV =0 for any 0 € (0, ).

Again, since f1(0) = 0, it is enough to show that df;(6)/d6 > 0 for any 0 €
(0, ). Equivalently, it suffices to show, for any 6 € (0, ), that

F2(6) :=24sin* 0 cos?> & — 3 sin® 6 — 964 + 280432 > 0.

Note again that since f>(0) = 0, it is enough to show that df,(6)/d6 > 0 for any
6 € (0, ). Equivalently, we only need to show

(5-1) £3(8) := 162 cos> 6 — 66 cos O — 96 + 42042 > 0
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for 6 € (0, ). Since A is an increasing function of 8, we can check, for 8 > /2,
that
f3(0) > 420A"%7 /2 — 258 > 0.

To prove (5-1) for 8 < /2, it is sufficient to show that
g1(0) =420°A — (162 cos® 6 — 66 cos § —96)% > 0,

for 8 € (0, w/2). Again, since g;(0) = 0, it is enough to prove that dg;/d6 > 0 for
6 € (0, w/2). Equivalently, we need only show, for 8 € (0, 7/2), that

(5-2) g2(0) :=420%sin” 6 — 2(162 cos’ 6 — 66 cos 6 — 96) (66 — 486 cos” §) > 0.
To check this, we have, for 6 € (0, 7/2), and setting s := sin6, ¢ := cos 6,
420?52 — 2(162¢> — 66¢ — 96) (66 — 486¢2)

=420%5> — 2 (—162cs* +96(c — 1)) (66 — 486%)

= 420252 +324 - 66c5% — 324 - 486 52 — 192(1 — ¢) (48662 — 66)

> 420% 5% 4+ 324 - 665> — 324 - 486.¢s> — 192(1 — ¢) (486 — 66)

= 420%5% — 324 -420cs” — 192(1 — ¢) (486 — 66)

> 420% 5% — 324 - 42052 — 192(1 — ¢)(486¢* — 66¢%)

=420-96- (s> —2(1 — ¢)c)

=420-96-45sin?(0/2) - (cos*(0/2) —c?) >0,

proving the case n = 4.
For general n, we note that (1-8) is equivalent to the integral inequality

+(2
nt+2/m (n—1) A1/

(5-3) sin"* D g > prlgn-l
2(n+2)

for 6 € [0, ], where
0
A :f sin" ' a da.
0

For n = 5, we can follow the same argument used for n = 4 and find that it is
enough to show that

f4(0) = 128 sin* 6 — 187sin” 6 +5%/° - 11-17- A>3 >0
for 6 € [0, 7r]. Notice that 128 sin* 6§ — 187 sin> 6 < 0, and so it suffices to prove
g =52-11°-17° - A2 + (128sin* 0§ — 187sin*#)> = 0 for 6 € [0, ].
Since g(0) =0, it is enough to show that, for 8 € [0, 7], and with s, ¢ as before,

gO)=2-5211°17°- A-s* +5(128s* — 187s%)* . (4- 12853 ¢ — 2. 187s¢) > 0.
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Let g1(0) =5-119-17° - A+ (1285> — 1875)* - (2- 12853 c — 187 sc). Note that
£1(0) has the same sign as g’(6) and that g;(0) = 0, so we need only show that
81(6) = 0. Let

2(0)=5-11°-17° +4- (128> — 187)*(3 - 1285%¢c — 187¢)(2- 1285 ¢ — 187¢)
+ (1285> — 187)*(6 - 1285%¢? — 2. 128s* — 187 + 187s?).

Note that g>(6) has the same sign as g} () for 6 € [0, ]. Then, by means of some
delicate computations, we can check that g,(6) > 0 for 6 € [0, ]. It should be
pointed out that g5(6) is no longer nonnegative for 6 € [0, 7].
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