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We consider limits of inverse sequences of closed manifolds, whose consec-
utive terms are obtained by connect summing with closed manifolds, which
are in turn trivialized by the bonding maps. Such spaces, which we refer to
as trees of manifolds, need not be semilocally simply connected at any point
and can have complicated fundamental groups.

Trees of manifolds occur naturally as visual boundaries of standard non-
positively curved geodesic spaces, which are acted upon by right-angled
Coxeter groups whose nerves are closed PL-manifolds. This includes, for
example, those Coxeter groups that act on Davis’ exotic open contractible
manifolds. Also, all of the homogeneous cohomology manifolds constructed
by Jakobsche are trees of manifolds. In fact, trees of manifolds of this
type, when constructed from PL-homology spheres of common dimension
at least 4, are boundaries of negatively curved geodesic spaces.

We prove that if Z is a tree of manifolds, the natural homomorphism
¢ : 11(Z) = m1(Z) from its fundamental group to its first shape homotopy
group is injective. If Z = bdy X is the visual boundary of a nonpositively
curved geodesic space X, or more generally, if Z is a Z-set boundary of
any ANR X, then the first shape homotopy group of Z coincides with the
fundamental group at infinity of X: 7,(Z) = 7°(X). We therefore obtain
an injective homomorphism ¢ : ;(Z) — 7;°(X), which allows us to study
the relationship between these groups. In particular, if Z = bdy T is the
boundary of one of the Coxeter groups I' mentioned above, we get an injec-
tive homomorphism ¥ : m{(bdy I') — = °(T').

1. Trees of manifolds

Definition 1.1. We shall call a topological space Z a tree of manifolds if there is

an inverse sequence

My Loy Loy B
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Figure 1. A tree of manifolds.

called a defining sequence for Z, of distinct closed PL-manifolds M,, with collared
disks D, € M,, and continuous functions f,+1, : My+1 — M, that have the
following properties:

(P1) Z =tlim(My, &5 p, 82y 220,
<«

(P2) For each n, the restriction of f,4+1, to the set fnjrl] (M, \ int Dy,), call it

M1, 1s @ homeomorphism onto M, \ int D, and &, —tl-l,n (0D,,) is bicollared
in M}’H—] .

(P3) For each n, we have lim,,_, o diam f,, ,(D,,) = 0, where f, » = fat1n 0
fn+2,n+1 ©---0 fm,m—l :M,, - M, and fn,n = idM,,-

(P4) For each pair n < m, the sets f,, ,(D;,) and d D, are disjoint.
Remark 1.2. It follows that, for m > n + 2, the set

Em,n =int Dn ) fn—i—l,n(int Dn—H) ) fn—i—l,n (il’lt Dn+2) u...-u fm—l,n(int Dm—l)

can be written as the union of m — n, or fewer, open disks in M, and that f,, ,
restricted to fr;, L(Mn \ Ej.n) is a homeomorphism onto M,, \ E,, ,,, which we will
denote by £, ,. Moreover, if for n <m we define the spheres S,, , =h,, }n (0D,) C
M,,, we see that the collection ¥, = {S,.1, Sn.2, . . -, Su.n—1} decomposes M, into
a connected sum

Mn:(Nn,l#Nn,Z#'"#Nn,n71>#Nn,n% nfl#Nn,rv

Hence, Z can be thought of as the limit of a growing tree of connected sums of
closed manifolds. In particular, in dimensions greater than two, we have

Ty (My) =71 (Np1) ¥ 1 (Np2) %+ - % T (N 1) ¥ 01 (Npy )5
and in dimension two, we have
T (Mp) = Fu 1 %7y(S,0) Fn2 %70(8,2)  *11(Spn2) Fron=1%x1(S,-0) Fuons

where F ; denotes the free fundamental group of the appropriately punctured N, ;.
Note also that each S, ; =~ d D; naturally embeds in Z.
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Definition 1.3. We will call a defining sequence M, <f— M, <f3—2 M; <f4—3 - well-

balanced if the set | J,,~3 En.1 either has finitely many components or is dense in
M, and if for each n > 2, the set hn a1 (My_1\ Dp_1) U (Umszr2 Em,n) either
has finitely many components or is dense in M,,.

Remark 1.4. Whether Z has a well-balanced defining sequence or not, will play
a role only in the case when the manifolds M,, are 2-dimensional closed surfaces.

2. The first shape homotopy group

We briefly recall the definition of the first shape homotopy group of a pointed
compact metric space (Z, zg). More details can be found in [Mardesi¢ and Segal
1982].

Definition 2.1. Let (Z, zo) be a pointed compact metric space. Choose an inverse
sequence

f
(Z120) L5 (20, 20) L2 (25,29 L2

of pointed compact polyhedra such that
(Z,z0)= l(iLn((Zi, 2i)s fit1i)-

The first shape homotopy group of Z, based at z, is then given by

f
71(Z, z0) —hm(m(zl,m) L 71(Z2, 22) £ m1(Z3,23) <= --+).

This definition of 771 (Z, zo) does not depend on the choice of the inverse sequence.

Remark 2.2. Let p; : (Z, z0) = (Z;, z;) denote the projections of the limit (Z, zg)
into its inverse sequence ((Z,-, Zi), ﬁ+1,,~) such that p; = fi41,; o piy1 for all i.
Since the maps p; induce homomorphisms p;s : 7w1(Z, z0) — 7m1(Z;, z;) such that
Di# = fi+1.i#0 pi+1# for all i, we obtain an induced homomorphism ¢ : 7{(Z, z0) —
71(Z, zo), which is given by ¢([«]) = ([a1], [«2], [@3], . . .), where «; = p; o .

The following examples illustrate that ¢ : 71(Z, z0) — 71(Z, zo) need not be in-
jective and is typically not surjective.

Example 2.3. Consider the “topologist’s sine curve”
={(x,y,200eR’|z2=0,0<x <1,y =sin1/x}U ({0} x [-1, 1] x {0}).

Define Y; =Y U ([O, 1/i] x [—1, 1] x {0}). Let Z and Z; be the subsets of R3 ob-
tained by revolving Y and Y; about the y-axis, respectively, and let f;1;: Zjy1 —
Z; be inclusion. Then Z is the limit of the inverse sequence (Z;, fi+1,;). If we take
z0 = (1, sin 1, 0), then 71 (Z, z0) is infinite cyclic, while 771 (Z, zo) is trivial.
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Example 2.4. We can make the space Z of the previous example path connected,
by taking any arc a € R3, such that a N Z = da = {zo, (0, 1, 0)}, and then consid-
ering Z* = Z Ua. Notice that both 1 (Z™, zo) and 77, (Z™, z¢) are infinite cyclic.
However, the homomorphism ¢ : 71 (Z7, z9) — 71(Z, z0) is trivial.

Example 2.5. Consider the Hawaiian Earring— the union Z = (J;; Cy of the
circles Cx = {(x, y) e R? | x?+ (y —1/k)* = (1/k)*}. Put Z; =C;UC, U - -UC;
and let zop = z; = (0,0). Define fiy1; : Ziy1 — Z; by fit1.:(t) = (0,0) for
t € Ciy1 and fi+1,l’(l‘) =t fort € Z;y1\ Ciy1. Then (Z, zp) is the limit of the
inverse sequence ((Z;, zi), fi+1,i). While this time ¢ : 7(Z, z0) — 71(Z, 20) is
injective (see Remark 3.2(i) below), it is not surjective: let /; : (S!, %) — (Ci, 20)
be a fixed homeomorphism and, following an idea of Griffiths’, consider for each
i the element

g = [T ) RG] L) I s i

of w1 (Z;, z;). Then the sequence (g;); is an element of the group 77 (Z, zo) which
is clearly not in the image of ¢. (Indeed, combining this observation with the
appendix of [Zdravkovska 1981], where the higher dimensional analogue is being
discussed, we see that the homomorphism ¢ : 71(Z") — 71(Z’) is not surjective
for any metric compactum Z’ which is shape equivalent to Z.)

Example 2.6. The canonical homomorphism from the fundamental group of a tree
of manifolds to its first shape homotopy group is not surjective if, using the notation
of Remark 1.2, 7;(N, ) # 1 for infinitely many n. Indeed, in Example 2.5 it is
irrelevant, for the nonsurjectivity argument, just how the circles Cy are joined. We
may as well consider the limit (Z, zg) of any inverse sequence ((Z,’, Zi), f,-+1,,-),
where Z; = C; is a circle, Z; is equal to Z; joined with some circle C;4; at
some point p; € Z;, fi+1,i(t) = p; fort € Ci41 and fi41,;(t) =t otherwise. If we
change the definition of the loops /; to include a possible change of base point, the
argument of Example 2.5 goes through to show that

¢ :m(Z,z0) = 11(Z, 20)

is not surjective. Therefore, this homomorphism is also not surjective for trees of
manifolds, provided m{(N, ) # 1 for infinitely any n. In the case of a tree of
manifolds, we instead run loops /,, through the punctured attachments N, ,,, where
they can pick up appropriate nontrivial fundamental group elements, whenever
available, that is, whenever 71(N, ,) # 1. For the corresponding element (g,),
of the shape group not to be in the image of the homomorphism, it suffices if this
occurs infinitely often. (Moreover, as was the case in Example 2.5, ¢ : 71(Z) —
771(Z") is not surjective for any metric compactum Z’ which is shape equivalent to
such Z.)
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Remark 2.7. In contrast to the above examples, it is known that if the compact
metric space Z is connected, locally path connected and semilocally simply con-
nected, then ¢ : 71 (Z, z9) — 71(Z, zp) is an isomorphism [Kuperberg 1975].

3. Statement of the main theorem

Theorem 3.1. Suppose Z is a tree of manifolds, and zo € Z. In case Z is 2-
dimensional, suppose further that Z admits a well-balanced defining sequence.
Then the canonical homomorphism ¢ : 71(Z, z9) — 71(Z, z0) is injective.

We will prove this theorem in Section 6.

Remark 3.2. Other classes of spaces Z for which ¢ : 71(Z, z9) — 71(Z, z0) has
been shown to be injective, include (i) one-dimensional compacta [Curtis and Fort
1959; Eda and Kawamura 1998; Cannon and Conner 1998] and (ii) subsets of
closed surfaces [Fischer and Zastrow 2005].

Our result can be viewed in the spirit of earlier work [Edwards and Hastings
1976; Ferry 1980; Geoghegan and Krasinkiewicz 1991] regarding the “improv-
ability” of a compactum within its shape class when comparing its homotopy
theory, strong shape theory and shape theory. Specifically, the homomorphism
¢ :m(Z,z0) = 71(Z, z0) factors through the first strong shape homotopy group
T f(Z y Zo):

71(Z, 20) % 7} (Z, 20) 5 71(Z, 20)
where ¢, is always surjective and has kernel

lim' (7221, 21) £ m2(Z2, 22) 2 ma(23,23) £ ),
(See [Mardesi¢ and Segal 1982, §II1.9] for details.) The question of improvability,
in this context, then becomes: Which of the homomorphisms ¢, ¢, or ¢ can be
made injective, surjective, or bijective upon replacing Z by a metric compactum
Z', which is shape equivalent to Z?

Let Z be a tree of manifolds. Then the above m,-system is Mittag-Leffler, so
that its lim' is trivial. Consequently, ¢, : w7 (Z, z0) — 71(Z, zo) is an isomor-
phism. Example 2.6 then shows that ¢; : 71(Z, z9) — 7] (Z, zo) can almost never
be surjectively improved, while Theorem 3.1 states that it is already injectively
improved. It follows that these trees of manifolds are all-around “I-improved”.

4. Coxeter group boundaries

We now present an application of Theorem 3.1 to boundaries of certain nonpos-
itively curved geodesic spaces. Recall that a metric space is proper if all of its
closed metric balls are compact. A geodesic space is a metric space in which any
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two points lie in a geodesic, i.e. a subset that is isometric to an interval of the
real line in its usual metric. A proper geodesic space X is said to be nonpositively
curved if any two points on the sides of a geodesic triangle in X are no further apart
than their corresponding points on a reference triangle in Euclidean 2-space. The
visual boundary of a nonpositively curved geodesic space X, denoted by bdy X, is
defined to be the set of all geodesic rays emanating from an arbitrary but fixed point
xo endowed with the compact open topology. (See [Bridson and Haefliger 1999] for
more details.) Let some geodesic base ray w : [0, 0c0) — X with w(0) = x be given
and let us denote the concentric metric spheres and closed concentric metric balls
by Sx,(i) ={x € X |d(x, x0) =i} and By, (i) = {x € X | d(x, xo) <1i}, respectively.
Under the relatively mild assumption that the pointed concentric metric spheres
(Sx, (@), w(i)) have the pointed homotopy type of ANRs, it is shown in [Conner
and Fischer 2003] that

#1(bdy X, 0) = 1°(X, o).

Here, n°(X, o) is the fundamental group at infinity of X, that is, the limit of the
sequence

71 (X \ Byy(1), @(2)) < 71 (X \ Byy(2), ©(3)) < 71(X \ By (3), 0(4)) < -- -,

whose bonds are induced by inclusion followed by a base point slide along w. In
fact, this relationship holds in more generality. (See Remark 4.2 below.)

A class of visual boundaries to which Theorem 3.1 applies, arises from non-
positively curved simplicial complexes, which are acted upon by certain Cox-
eter groups, whose definition we now briefly recall: let V be a finite set and
m:V xV — {oo}U({l, 2,3, ...} a function with the property that m(u, v) = 1 if
and only if u = v, and m(u, v) = m(v, u) for all u, v € V. Then the group

=(V|@uv)"™" =1forallu,veV)

defined in terms of generators and relations is called a Coxeter group. If moreover
m(u,v) € {00, 1,2} for all u,v € V, then I is called right-angled. The abstract
simplicial complex

NI, V)={a #S C V| S generates a finite subgroup of I'}

is called the nerve of the group I'. For a right-angled Coxeter group, the isomor-
phism type of the nerve N(I', V) = N(I') does not depend on the Coxeter system
(I', V) but only on the group I' [Radcliffe 2001].

Conversely, given any finite simplicial complex M, there is exactly one right-
angled Coxeter group I" whose nerve N (I") is isomorphic to the first barycentric
subdivision M’ of M; namely, the Coxeter group I" which is generated by the vertex
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set of M’ and whose only relations are of the form («v)? = 1 whenever {u, v} € M’
[Davis 2002].

For the rest of this section, I" will be a right-angled Coxeter group whose nerve
N(I') is a closed PL-manifold. This includes, for example, the Coxeter groups
generated by the reflections of any one of Davis’ exotic open contractible manifolds
of dimension 4 and higher, for which the nerves are PL-homology spheres; see
[Davis 1983].

As described, for example, in [Davis 2002], I" acts properly discontinuously on
a nonpositively curved (and hence contractible) simplicial complex X (I"), its so-
called Davis—Vinberg complex, by isometry and with compact quotient. In [Fischer
2003] it is shown that the visual boundary of X (I') is a (well-balanced) tree of
manifolds. (The proof given there also applies to the nonorientable case, by virtue
of [Stallings 1995].) The visual boundary of X (I') is usually referred to as the
boundary of T" and is denoted by bdyI'. Since Coxeter groups are semi-stable
at infinity [Mihalik 1996] and since I" is one-ended, 7°(X (I'), w) = 7{°(") is
actually an invariant of the group I' [Geoghegan and Mihalik 1996].

In summary, we obtain:

Corollary 4.1. Let I" be a right-angled Coxeter group whose nerve N(I') is a
closed PL-manifold. Then the canonical homomorphism v : w1 (bdy I') — 7 7°(I")
is injective.

Remark 4.2. The coincidence of 771 (bdy X, %) with 77°(X, %) holds in a context
larger than that of nonpositively curved geodesic spaces and their boundaries. Iden-
tifying each point x of a nonpositively curved geodesic space X with the unique
geodesic segment from xq to x, we obtain a natural compactification X = X Ubdy X.
Since open metric balls in X are convex and since they can be used to refine any
open cover of X, it follows from [Hu 1965, Theorem IV.4.1] that X is an ANR.
Moreover, geodesic retraction towards the base point xq gives rise to a homotopy
H : X x[0,1] = X such that Hy = id, H;(X) = {xo} and H;(X) Nbdy X = &
for all + > 0. In particular, X is contractible and e-dominated by X for every
€ > 0. Hence, X is an AR [Hanner 1951] and bdy X is a Z-set boundary of X.
(Recall that a closed subset Z of a compact ANR X is called a Z-set in X if there
is a homotopy H : X x [0, 1] — X such that Hy = id and H;(X) N Z = & for
all r > 0. In this situation, X is called a Z-compactification of X = X \ Z and
Z is called a Z-set boundary of X.) We claim that if Z is a Z-set boundary of
any ANR X, then the first shape homotopy group of Z always coincides with the
fundamental group at infinity of X. Indeed, if Z happens to have compact polyhe-
dral neighborhoods Ny 2 N, 2 N3 D --- in X with Z = Mie, Ni, then 771 (Z, %)
coincides with 7°(X, %) by definition, so long as the base points are chosen con-
sistently. However, even if such polyhedral neighborhoods are not available, we
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can argue via a detour through Hilbert cube manifold theory, the basic facts of
which are reviewed in [van Mill 1989, Chapter 7]: since Xisa compact ANR, then
Xx[=1,1Nisa compact Hilbert cube manifold [Edwards 1980], or equivalently,
a compact ANR with the disjoint-cells property [Torunczyk 1980]. Choose a map
f:X — [0,1] with f~1({0}) = Z and define g : X x [—1, 1]V — X x [—1, 1]V
by g(s, (#))ien) = (s, (f(s) - ti)ien). Let Y denote the image of g. Then Y is a
retract of X x [—1, 1]V and therefore an ANR. Also, Y is homeomorphic to a Z-
compactification of X x [—1, N by Z, where we identify Z with Z x {0}. Since
X x[—1, 1IN has the disjoint-cells property, so does ¥ ~ (X x [0, 11NYU Z. Conse-
quently, Y is a Hilbert cube manifold. (In fact, since g: X x[—1, 11N — Y is a cell-
like map between compact Hilbert cube manifolds, it is a near-homeomorphism.)
Hilbert cube manifolds are triangulable and the fundamental group at infinity of X
is isomorphic to that of X x [—1, 11V, Therefore we have recovered our claim.

5. Trees of homology spheres as boundaries of
negatively curved geodesic spaces

In this section we present a general procedure for building trees of manifolds from
sequences of homology spheres (of dimension at least 4) in such a way that the
resulting tree of manifolds becomes the visual boundary of a negatively curved
geodesic space in a natural way. This procedure is flexible enough to match a
variety of given trees of manifolds. For example, at the end of the section, we will
use it to reproduce Jakobsche’s homogeneous cohomology manifolds in this way.
It follows that their fundamental groups are subgroups of the fundamental groups
at infinity of the underlying negatively curved geodesic spaces.

For k < 0, let H? (k) denote the simply connected complete Riemannian mani-
fold of dimension d with constant negative sectional curvature «. If we change the
comparison space in the definition of nonpositively curved geodesic space from
Euclidean 2-space to H?(k), we arrive at the concept of a negatively curved geo-
desic space (with curvature bound k). Since a negatively curved geodesic space X
is, in particular, nonpositively curved, its visual boundary bdy X can be defined as
in Section 4 and the results mentioned there apply.

Consider now a sequence Ny, N3, N3, ... of PL-homology spheres of common
dimension d > 4. Then each N, bounds a unique (d + 1)-dimensional compact
contractible PL-manifold L,. In [Ancel and Guilbault 1997] it is shown that, given
any « < 0, the interior of every compact contractible PL-manifold of dimension at
least 5 admits a geodesic metric of negative curvature with curvature bound «. If
we equip the interior L, of each L, with this geodesic metric of negative curvature,
using some arbitrary but fixed common curvature bound «, then the visual boundary
of L, is homeomorphic to N,. Moreover, by the very nature of the construction
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in [Ancel and Guilbault 1997], we can find in each in various geodesic subsets
A, which are isometric to half-spaces of H?*! (k) and whose boundaries in in are
isometrically embedded copies of HY (k).

In order to see where such a region A might be located, we recall that the con-
struction of [Ancel and Guilbault 1997] represents each lo,n as the union of three
pieces: two open cones 0(Qgp) and 0(Q) on PL-manifolds Q¢ and Q, which
are homology d-cells, and the product O(X) x [0, 1] of the open cone on their
common boundary ¥ = 0Q¢p ~ d(Q; with the unit interval. Each of the cones
0(Q;) are equipped with the x-cone metric, as described in [Bridson and Haefliger
1999, p. 59], and 6(X) x [0, 1] is given a metric which can be described as follows:
let [H]g(K) be a copy of H? (k) in H¥t (k) passing through the origin and let [H]‘f(K)
be a parallel copy of [H]g(/(), translated by one unit along the perpendicular through
the origin. The closure of the region between I]-I]g (x) and [I-I]ﬁ’(/c) is homeomorphic
to H?(k) x [0, 1] in a natural way, and we metrize H? (k) x [0, 1] by this cor-
respondence. The metric on O(X) x [0, 1] is now obtained by identifying each
0(c? 1) x [0, 1], where 0% ! is a top-dimensional simplex of X, with a natural
copy in H%(«) x [0, 1] endowed with this new metric. The three pieces 0(Qy),
0(Q1), and O(X) x [0, 1] are then glued together along the strongly geodesic
subsets 0(0Q;) ~ 0(X) x {i} ¢ = 0,1) to form in. Therefore, we can find a
subset A of in, as described above, in any 0(c?) witho? € Q; (i =0, 1) as well
as in any 0(c? 1) x [0, 1] with 0?~! € =. Notice that A determines a disk D at
infinity whose interior can be arranged to include any given interior point at infinity
of either 0(c?) or O(c¥~1) x [0, 1]. We also can arrange for D to be as small at
infinity as we like. See Figure 2.

0®) x [0, 1]

Figure 2. in is made up of 0(Qy), O(X) x [0, 1] and O(Q).
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Now, from each of il and Iiz, remove the interior of such a half-space A and
glue the remainders along the embedded copies of H (k) described above. This
yields a negatively curved geodesic space (with curvature bound «) whose visual
boundary is the connected sum N; # N,. Continuing in this fashion, we obtain a
negatively curved geodesic space X (with curvature bound «) whose visual bound-
ary bdy X is the inverse limit Z of the homology spheres M, = N{# N, #---#N,,
which, when regarded as an inverse system under geodesic retraction, satisfies the
definition of a tree of manifolds.

We have a lot of flexibility in how to choose the subsets A of L,. In particular,
we are in great control of location and size of D in N,,. We therefore can produce
a variety of trees of manifolds in this way. We could, for example, have the terms
N3, N3, ... accumulate to exactly one “bad” point of Z. Going the other extreme,
we could distribute the terms so as to make Z non-semilocally simply connected
at every point, assuming that none of the N; is simply connected. Such is the
case with Jakobsche’s homogeneous cohomology manifolds, for example, whose
definition we now briefly recall.

In [Jakobsche 1991] Jakobsche describes how to construct a d-dimensional ho-
mogeneous cohomology manifold Z from an orientable d-dimensional closed PL-
manifold N and a countable collection N of (distinct) d-dimensional PL-homology
spheres. The construction renders Z as a tree of manifolds, with a defining se-
quence whose first term is M| = N and whose general term M,, is a connected sum
of N and various members of the collection N'. Jakobsche imposes an axiom system
on the defining sequence, which ensures that the resulting space Z only depends
on the pair (N, N). This is achieved by requiring that each of the elements of N is
attached infinitely often and in an increasingly dense fashion.

Combining this discussion with Theorem 3.1 and the remarks of Section 4, we
record:

Proposition 5.1. Let N be a d-dimensional PL-homology sphere with d > 4 and
let N be a countable collection of distinct d-dimensional PL-homology spheres.
Consider the Jakobsche homogeneous cohomology manifold Z based on the pair
(N, N). Then for any negative real number k <0, Z is the visual boundary of some
negatively curved geodesic space X with curvature bound k. Moreover, for every
w € Z =bdy X, the natural homomorphism y : w1(Z, ) — 7{°(X, w) is injective.

6. Proof of the main theorem

Let Z be a tree of manifolds with defining sequence M| <fz—] M, <f3—2 ---. Let D,
hmns Eman, and &, ={Sn.1, Su.2, - .-, Sn.n—1} be as in Section 1. Again, we denote

projection by p, : Z — M,,. Since the result is known for one-dimensional spaces
(Remark 3.2), we may assume that the (common) dimension of the manifolds M,
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isatleast2. Leta: S!' — Z be a loop such that o, = ppo : S — M, is null-
homotopic for each n. We wish to show that « : S' — Z is null-homotopic. We
will do this by constructing a map 8 : D> — Z with B|g1 = a.

By assumption, we may choose maps 8, : D> — M, with B,|g1 = a,. The
difficulty of the proof, of course, is that in general B, # fu+1.n © Bu+1, SO that the
sequence (8,), does not even constitute a function D? — Z into the inverse limit,
much less a map extending «.

An outline of our strategy. Although we might not be in a position to move the
maps «, the slightest bit, we can place §, in general position with respect to the
spheres of the collection &, while having §,|s1 approximate ¢, with increasing
accuracy as n increases. Indeed, we will arrange for each cancellation pattern
B, (%), to consist of finitely many pairwise disjoint straight line segments in
D? having their endpoints in S'. Ideally, we would like to paste together our map S
from appropriate pieces belonging to the maps of the sequence (8,),, namely those
pieces that cancel the elements of ;1 (N, ,). However, these cancellation patterns
will in general not be compatible. For example, in dimensions greater than two,
the cancellation pattern for an element

lan1] =hyskyxhyxkyx---xhsxks=1€m (Myy1) =71 (My) %01 (Nps1,n41)
might be witnessed by 8,1 as
hy(ky(ha(k2)h3)ks(ha)ka)hs(ks) = 1.
The induced cancellation pattern for
[an] = furrne(@np1]) =hix1khox I x1xhsx 1 =1¢€m(M,)* {1}
as obtained from f, 11, o B,+1 would then be given by
hi((h2h3)(ha))hs = 1.

On the other hand, the map B, might cancel [«,] as (h1h2)(h3(hg) hs) = 1. This is
illustrated in Figure 3, which depicts the sets 8, L@D,), ( Sa+ino ﬂnﬂ)*l(a D,),
and B, _ Jil (Sn+1.n) (after general position) as dashed lines. If k; is not trivial and if
k3 does not cancel k4 in w1 (Np41,,+1), then we cannot use any of the pieces of the
map B, to construct 3.

As a remedy, we will repeatedly select subsequences until, at least approxi-
mately, all cancellation patterns are coherent. That is, until the sets f; ! (U 9,1)
are approximately nested with increasing n. Once this is achieved, the union of
these cancellation patterns will produce a limiting pattern % of possibly infinitely
many straight line segments in D? whose interiors are pairwise disjoint and whose
endpoints lie in S'. Each segment of P, at least approximately, will then map under
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Figure 3. Incompatible cancellations.

some 3, into some S, ;. Note that we must accommodate the possibility that the
image of «,, meets some S, ; in infinitely many points. This effect is accounted for
by a possible increase of segments ¢ C f3,, ! (U ffm) for which B,,(c) € Sy,.i, as m
increases. We will then define the map B : D> — Z in two stages.

First, we will extend « : S! — Z to a map S : SlU®P - Z. If dim Z = 2,
this can be done so that each segment of % maps to a local geodesic of that simple
closed curve of Z which corresponds to the appropriate dD;. If dim Z > 3, any
coherent extension into the spheres of Z corresponding to dD; will do, so long
as the extension to a segment does not deviate too much from the image of its
endpoints. All this must be done with sufficient care, so as to make the map 8 :
S'UP — Z uniformly continuous, which will allow us to extend it to the closure
of its domain.

Next, we will focus on the components of the subset of D? on which the map S is
not yet defined. We shall call these components holes. The boundary of a hole H,
denoted by bdy H, is a simple closed curve, which either maps to a singleton under
B, in which case we extend p trivially over the closure cl H, or p,oB(bdy H) C N
for some n, where

]\'Ii|< =M, \ (UmZS Em,l)
and
N¥ = M, \ (h,;ihl(Mn_l \ Du)U (Upansa E)) for n > 2.

The map p, o B :bdy H — N, C M, can be extended to a map p,o B :clH —
M, so long as the hole H is sufficiently “thin”, because M, is an ANR. For the
moment, assume that dim Z > 3. The map p, o 8 : cl H — M, can then be cut
off at S, ,—1 = h;;_l(aDn_l) and pushed off Umszr2 E,, . This allows us to
extend the map p, o :bdy H — N,  to amap p,op :clH — N;. Since N
naturally embeds in Z, we have an extension of 8 :bdy H - Zto f:clH — Z.
For each n, there will be finitely many maps p, o f : bdy H — N, € M, for
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which the hole H is not thin enough to make this argument. In those cases, some
fmn © B : D*> = M, with sufficiently large m, will be witness to the fact that
prno B :bdy H— M, is null-homotopic after all. This is due to the approximate
nestedness of the cancellation patterns 8! (U 8””). Since for sufficiently large n
the subset of Z which is homeomorphic to N’ is arbitrarily small, this procedure
guarantees continuity of the resulting map 8 : D> — Z.

If dim Z = 2, the above process requires a little bit more care and is helped by
the assumption that the defining tree is well-balanced. Specifically, the sets N,y will
either be ANRs or one-dimensional. In the former case, we can adapt the argument
we just made, and in the latter case, we make use of Remark 3.2(i).

The remainder of Section 6 contains the necessary details.

General position and other approximations. We choose subsets Snf,n € M,, such
that

(D S,'nhn is the image of an embedding of S, , x [—1, 1] into M,, \ D,,, under
which S, , x {0} is mapped onto S, ;

(2) the collections F = {8} |, Sy . ..
sets;

(3) hm-l—l,m(S,-,i;_._l’n) Cint SZ,n;

(4) ﬂm>n hm,n(Snt’n) =0D,.

For every n > 2, we then choose finite collections «,, and %4, of arcs in S I'such
that

+ . . . e e
-» Sp.m_1) consist of pairwise disjoint

(5) the elements of «,, are pairwise disjoint;
(6) the elements of §,, are pairwise disjoint;
(M 8" = (Usta) U(U%):
®) (Ustn) N (U%Gn) is finite;
©) an(Ustn) € Ufint ST | * € F);
(10) an(U%) S Mu \ hysra (U0 \ S

Remark 6.1. The maps o, |g, and o, |y, represent [a,] € 1 (M,) as an element of
the decomposition given in Remark 1.2.

On each M, we fix a metric d,,. Put € = 1. Inductively, we choose €, > 0 so
that d,, (fm,,,(x), fm,n(y)) < min{%, en} whenever n < m and d,,, (x, y) < €.

Notation. Suppose X is a topological space which is connected, locally path con-
nected, and semilocally simply connected. Fix a cover U of X consisting of open
path connected subsets U of X for which the inclusion induced homomorphism
m1(U) — m(X) is trivial. Consider the following category Y (U). As objects
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we take the elements of U. For the set Hom(U, V) of morphisms U ﬂ) V we
take equivalence classes [7] of paths 7 : [0, 1] - X with7(0) e U and t(1) € V,
where T ~ u if and only if there is a homotopy H : [0, 1] x [0, 1] — X such that
H(s,0)=1(s), H(s, 1) = u(s), HQO,t) e U and H(1,¢) € V for all s, t €[0, 1].
If 7 : [a, b] — X is a path whose domain is an arbitrary compact interval, then [7]
will of course denote the equivalence class of the path ¢’ : [0, 1] — X given by
7/(t) = t(a +t (b — a)). We compose morphisms
vy oand v w

of this category as follows. Choose an arbitrary path y : [0, 1] — V with y(0) =
(1) and y(1) = w(0) and put [t][u] = [T - ¥ - u], where T - y - u denotes the
usual concatenation of the three paths. Well-definition and associativity is checked
easily. The equivalence class containing a constant path in U yields an identity
morphism

1y

U—U.

Also, for every morphism U HE2N V we have a morphism V 1, U, given by
7(t) =1(1—1), such that [t][T] =1y and [T][t] = 1v. Hence, the category T (U)
is a groupoid. For a fixed Uy € U, we obtain a group I1; (U, Up) = Hom(Uy, Uyp).

We leave the straightforward proof of the next lemma to the reader.

Lemma 6.2. Let (X, d) be a connected, locally path connected, semilocally simply
connected, and compact metric space. Then there is a finite cover U of X consist-
ing of open path connected subsets such that every loop, which lies in the union of
two elements of WU contracts in X. Let € > 0 be a Lebesgue number for any such
cover U. If

vy oand vy

are morphisms of Y (W) such that d(t(t), u(t)) < € for all t € [0, 1], then these
two morphisms [t] and ] agree. Moreover, for every xo € Uy € U, the function
¢ mi(X, xg) — 1 (U, Up) given by ¢([t]) = [t], is an isomorphism. Ol

Convention. We want to choose ¢, sufficiently small so that 3¢, is a Lebesgue
number for some covers U,, Vi, °V;i of My, Sn.i, S;f ;» respectively, which
are chosen as in Lemma 6.2. Whenever convenient, and without further notice,
we will perform computations in ITy (U, %), [T (V. ;, *), HI(VL, *) instead of
w1 (My, *), 71 (Sn.i, *), 711(5;:[., ), respectively. That is, we might perform group-

oid computations in Y (U,), T (Vy.i), T(°V:[l.), respectively.

We choose maps B, : D> — M, such that B; = i and, denoting «,, = B, |1,
such that for n > 2:

(11) B, is in general position with respect to &, = {Sp 1, Sn.2, - -+ » Swn—1};
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(12) a, and o}, differ only over [ J {inth,41,(S;, ) li=1,2,....n—1};
(13) dy(ay, ) < €.
Hence,
(14) o (Usty) €U {int ST | ST e Ik
(15) oy (U%:) € Mp\ b1 (U S NSy 0))-

The limiting cancellation pattern. (This procedure was inspired by [Cannon and
Conner 1998].) We may assume that the set (_J {,3,’171(5') | S ey}, forn > 2,
consists of finitely many disjoint arcs, whose collection we will denote by %,,. (We
can eliminate possible simple closed curves, one innermost circle at a time, because
the image of such a circle lies in some S, ;, where it must be null-homotopic. This
is also true in dimension 2, because M1, M», ... is a sequence of distinct closed
surfaces. Therefore, as usual, we can cut off the map at this circle, cap it within
S,.i» and move this portion of the map off of S, ;.) The endpoints of the elements
of B, lie in S'. In fact, we may arrange that 9%, is a finite collection of disjoint
straight line segments in D?, whose endpoints lie in | ,,. In the case of surfaces,
we also arrange that for each ¢ € B, with 8 (¢) C S,,;, the map f;, jof,|.:c— dD;
is a local geodesic, as measured by some fixed homeomorphism p; : dD; —> S!.

Lemma 6.3. Supposei <n <k <m. Letl € Ay and c € B, be such that INdc # O
and B;,(c) € Sp.i. Then oy (1) < int S,:fi and there is exactly one g € A, withl C g
and a,(q) S int S,

Proof. Since a),(dc) = B,,(d¢c) € Sp.i © inthmH,m(Sn':H’i

that o, (9c) Sint Ay 1 (SZHJ.). Applying h,, x to this inclusion and using (3), we
obtain ay (9c) S inthyy1 1 (S, ;) Sint ;. Since [N dc # @, it follows from (2)

), property (12) implies

+1,i
and (9) that o (/) C int S,ii. Applying hy ,, this yields a, (1) € inthn+1,n(S:+Li).
Consequently, because of (5)—(10), there is g € 4,, with [ C g and «,(¢) C int SZ ;-

O

Using Lemma 6.3 as a selection principle, we now single out cancellation pat-
terns for each [« ] € w1 (M,). For every pair m >n > 2 we select a subset B,, , CRB,,
with the following properties:

(16) For every d € By, , there is exactly one i < n such that 8, (d) C Sy, ;.

(17) If there is a ¢ € %,, whose endpoints lie in two distinct elements g1, g» € A,
then there is exactly one d € %&,, , having one endpoint in each of g and gz;
moreover, B, (d) C Sy, i if and only if &, (g1) S int S, ; and ,(g2) S int S, ;.

(18) There is no d € B, , having both endpoints in the same element of 4,,.
(19) If n <k <m, then B,,, , < By -
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Remark 6.4. %, , is one possible cancellation pattern for [a,] =1 € 71(M,) (as
represented by o, |, and o, |, ), namely the one induced by the cancellation pattern
Bm,m of [a,] =1 € w1 (M,,) (as represented by |, and a,|q, ). However, the
cancellation patterns &,, , and By , for [o,] need not be compatible.

We shall call %, , and By ,, equivalent if one can be obtained from the other by
moving the endpoints of their segments within the arcs of #,. Clearly, for every
n > 2, infinitely many of (%, »)»>n are equivalent. So, we can select an increasing
sequence (my)x of natural numbers such that for all n > 2, all of (B, ) m,>n are
equivalent. We can go even further, and assume that each sequence (B, n)m,>n
converges to a finite collection %, of straight line segments in D?, whose endpoints
lie on S' and whose interiors are pairwise disjoint. Finally, we define % = Un=2 P

From (19) we get: -

Lemma 6.5. Ifn < k, then P, C Pr. In particular, P is a (possibly infinite)
collection of straight line segments, whose endpoints lie on S' and whose interiors
are pairwise disjoint. O

The limiting pattern % has the following separation property:

Lemma 6.6. Ifx, y € S' are such that a,,(x) and o, (y) are separated by an element
of &, in My, for some n, then there is a ¢ € P such that ¢ separates x from y in D?.

Proof. Say, S,; (i < n) separates «,(x) from o, (y) in M,,. Then 9 D; separates
a; (x) from o; (y) in M;. So, by (3) and (4), there is an N > n such thatif m > N,
then hm,i(S;,_,,-) separates «;(x) from «;(y) in M;. Hence, if m > N, then S,:J.
separates o, (x) from «,,(y) in M,,, and consequently Snf’i separates c,, (x) from
«,, (y) in M,,, by (3) and (12). Now suppose my > N. Then S,, ; separates
a,’nk (x) from oc;nk (y) in My,,. So, if g is any arc in D? from x to y, we must have
B, (@) N S, i # 3. Consequently, there is a ¢ € By, such that 8, (c) C Sy, ; and
such that ¢ separates x from y in D?. Let the endpoints of ¢ be in the elements
l1, 1 € Ap,. By Lemma 6.3, there are g1, g2 € Ay withl; C g1, 1> C g2, an(q1) €
int Sy ;. and ay(g2) C int Sy ;. Hence, ay(g1) < int Sy ; and a (q2) < int Sy ;,
so that x and y are neither in g; nor in gy, since S;;J. separates o’y (x) from oy ().
In particular, g; # ¢» and each of the two components of S'\ (g1 U g2) contains
one of x or y. Therefore, by (17), for every mj > N, there is exactly one segment
d € B, n having one endpoint in each of ¢; and ¢», and any such segment must
separate x from y in D?. Now, the sequence (B, N)m,>n, Which consists of
equivalent patterns, converges to % . We conclude that there is a ¢ € Py C P,
which separates x from y in D?. 0

In order to simplify subscripts later on, we now replace f,, by fin,,,.m © ’/nk+1

and B, , by By, 0. respectively, whenever my < m < my 1. Consequently, we
may assume that every (B,,.,)m>n 1S a sequence of equivalent patterns converging
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to %,,. Clearly, this substitution does not affect Properties (16)—(19), Lemma 6.5,
or Lemma 6.6. Notice also that, because of our choice of €,,,, on page 61, Prop-
erties (11)—(13) are still valid. Since we will no longer need the collections #{,, and
%,,, we dispose of them at this point. Finally, we verify

Lemma 6.7. For every c € P, there is exactly one i € {1,2,...,n — 1} such that
for each m > n there is a c,, € By, such that the following properties hold:

(i1) fm,n o ﬁr/n (cm) € Sn,i-
(i) ¢, —> ¢ as m — o0.
(iv) @ (3¢) S Sy
(V) a;(dc) CID;.
Proof. By construction, there is exactly one i < n such that there are ¢, € B, , with
By, (cm) € Sp.i and ¢, — c. Item (ii) follows from (i) and (v) follows from (iv). So,
we only have to prove (v). To this end, write dc,, = {xp,, Y} and dc = {x, y} such
that x,, — x and y,, — y. For all m > n, we have f,, ;oc,, (3¢y) = fm.ioB,,(dcy) S
dD;. Let € > 0 be given. Choose m > n such that d; (o; (x,), @i (x)) < €/2 and
1/m < €/2. Then, since dy, (ct,,, ) < €5, We get
di (fmi 0 oty (Xm), @i (x))
=d; (fmz o a,/n (xXm), fm,i ol (x))
= di(fm,i oa,’n(xm), Sm.i oam(xm)) +di(fm,i oy (Xm), fm.i oam(x))
< 1/m+d;(o; (xm), @i (x))
<e€/2+4+¢€/2=¢€.
Hence «;(x) € 0 D;. Similarly, «; (y) € dD;. O

Extending the map over the limiting cancellation pattern.

Lemma 6.8. Suppose dim Z > 3. Then for each i € N, there is a map y; : D> — Z
such that

@) yi(x) =ax) forall x € S' with a; (x) € dD;;

(b) pioyi(x) € dD; forall x € D?;

(c) if (cr)k is a sequence of segments in P converging to a straight line segment
¢ € D?* with dc = {x,y} € S and o;(x) = a;(y) € dD;, then y;(c) is a
singleton, namely y;(c) = a(dc).

Proof. Fix i € N. Consider the set %* of all straight line segments of ¢ C D? with

dc = {x, y} € S' such that o; (x) = @; (y) € 3D; and such that there is a sequence
(ck)x of segments in P with ¢y — c. Since the interiors of the elements of % are
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pairwise disjoint, the same is true for #*. The union | #* is compact and «(dc)
is a singleton for every ¢ € ?*. We only have to show that there is a continuous
extension y;; : D? — 9D; of the restriction O‘i|a;1(aD,-) : a;l(aD,-) — 0D; such
that y; ; (¢) = «; (dc) for all ¢ € P*. Because then we can define y, ; = h;f oy if
n>iandy,; = finoyiiif n <i,sothat y; = (¥n.i)n is the desired map. We put
viix)=a;(x)ifx e S! with o; (x) € dD; and vi.i(c) = a;(dc) if ¢ € P*. Clearly,
Yii: al._l(BDi) U (U 9]’*) — dD; is a continuous map. Since ai_l(aDi) U (U QP*)
is a closed subset of D? and dim D? =2 < dim 9 D;, it follows from the mapping-
into-spheres definition of dimension [van Mill 1989, Theorem 4.6.4] that we can
extend y;; continuously to all of D O

Remark 6.9. If we denote the boundary of an arc I as d/ = {x, y} we shall
implicitly assume that the arc is directed from x to y.

Lemma 6.10. Suppose dim Z =2 and 1 <i <k <m. Let c| € By and ¢y € B, be
such that B (c1) € Sk,; and B,,(c2) € Sp,i. Denote dc; = {x;, y;}. Let I; C St be
counterclockwise arcs with d1; = {y;, x;}, respectively. Suppose that I} N I is an
arc, and that each (< 2) component of (I;\11)U(I1\ ) maps under «; 1 to a subset
of M+ of diameter less than €; 1. Then [ fy ; oﬂ,’c|cl][fm,,- oBlle,]=1€m(dD;).

Proof. The following computations are in accordance with the convention on
page 62. In particular, since all relevant paths are within the required tolerance, we
can use Lemma 6.2. We have

[fri+10 Belel@itiln] = [fri+1 0 Brle [ friv1 0 iclr ]
= [fri+1 9 Brle, 1 fri+1 0l ]
= [fi.i+10Bile I frivi o Biln]
= [fr.i+1 0 Bileyun]
=1em(Mit1),
since fi i1 0By (D?) € M;yy. Similarly, [ fin i1 0B)le, letis1ln] =1 € w1 (Mi41).
Hence,

[fri+1 0 Bele U fmi+1 0 Biples] = [fiei+1 0 Bele it | 1tip1 | 1L fim i1 0 Blyles ]
=1lem(Mi1).

Therefore, the injective homomorphism incly : 71 (S;4+1,;) = 71(M;4+1) takes

[fri+1 0 Bele L fmi+1 0 Blple,]

to 1. This completes the proof, because f;+1,i|s,.,, induces an isomorphism

i+1,i

1 (Siy1,i) = m(3D;). O
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Lemma 6.11. Suppose dim Z =2. Letc € P,,i € {1,2,....,n—1}, ¢y € B
(m > n) with B,,(cm) S Sm,i and ¢,y — ¢ as m — 0o0. Then fy, ; o B, 1, converges
to a local geodesic B, : ¢ — dD; (which only depends on c) as m — 0o with
Belae = aiae-

Proof. Each f,, joB,, |, is alocal geodesicin d D;. Say ¢, ={xm, ym}, dc={x, y},
with x,, — x and y,, — y. Then, as in the proof of Lemma 6.7, we get

di (fin,i © By (xm), @i (X)) = di (fini 0 0, (X)), 0t (x)) — 0

as m — oo. The same holds when x,, is replaced by y,, and x is replaced by y,
respectively. So, by Lemma 6.10, f,, ;of),|, converges to a unique local geodesic
Be:c— dD; with Belac = ilac. -

We now begin to define the desired map 8 : D?> — Z.

Definition 6.12. We first define a function g : S' U (| J%) — Z. For x € S', we
define B(x) = a(x). For x € c € ®,, say ap,(dc) € S,,; withi € {1,2,...,n—1},
we consider two cases:

(A) If dim Z > 3, we define 8(x) = y;(x), where y; is the map of Lemma 6.8.

(B) If dim Z = 2, we define B|. via its projections (py o B|. : ¢ = My)i. Specifi-
cally, we define p; o B, to be the local geodesic . of Lemma 6.11; for k > i
we put pi o Bl =h,;ll- o Blc; and for k < i we let pr o Bl. = fixoBle-

In either case, we have p, o 8(c) € S,.; and Blsc = o|ac-

Remark 6.13. In the 2-dimensional case (B), we make the following observation,
based on Lemma 6.10. For each i € N there is a §; > 0 such that if d;, d» € P with
@;(ddy) € 9dD; and «; (dd2) € dD; and d(dy, d2) < &;, then [p; o Bla,1[pi o Bla,] =
lem (8 D,’).

Lemma 6.14. The function p : S' U (U 9]’) — Z is uniformly continuous.

Proof. We need to show that p, o 8: S' U (J%P) — M, is uniformly continuous
for every n. Fix n and assume, to the contrary, that there is an € > 0 and two
sequences (x;)x and (%) in ST U (U 97’) such that d(xy, X)) — 0 as k — oo but
dp(pnoB(xx), pnoB(Xy)) > € forall k. Since p,0B|g1 =, is uniformly continuous,
and since we always can change to subsequences, we may assume without loss of
generality that, say, x; ¢ S ! for all k. For each k choose a dy € P with x; € dy.
Say, ddy = {yx, zx} € S'.

(A) First assume that dim Z > 3. Then, by definition, 8(f) = y;(t) whenever
t € c € P with o;(dc) € dD;. Since we may change to subsequences, in order

to arrive at the desired contradiction, we only have to consider two cases: either
%, € S! for all k, or X & S! for all k.
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Case 1: X € S! for all k. Taking subsequences, we may assume that (X;)x
converges to some x € S'. Then also x; — x as k — oo. Interchanging y; and
Zx so as to arrange for d(zx, x) < d(y, x) for all k, we may assume that z; — x.
Choose N > n such that

(a) diam f,, ,(0Dy,) < €/2 forallm > N.
Choose & > 0 such that
() dp (P 0 Yim(s), pnoym() <e/2forallm e {1,2,...,N —1} and s, t € D?
with d (s, t) < §; and
(©) dn(an(s), an(t)) <€/2forall s,z e S' withd(s, t) < 8.

Choose K € N such that for all k > K, we have d (xy, X;) < /2 and d(zx, Xx) <
8/2. Now, fix any kK > K. We claim that d,(p, o B(xt), pn o B(zx)) < €/2. That
will yield our contradiction in Case 1, because then, using (c),
dy (Pn oB(xk), Pn Olg(ik)) <d, (Pn oB(xk), Pn OIB(Zk)) +dy (Pn 0B (zk)s Pn O,B(ik))

=d, (pn 0 B(Xk)s Pn Olg(zk)) +dy (an (zk), oy (ik))
<e€/24€/2=€.
In order to prove this claim, choose m € N such that «,, (9dy) S0 D,,. If m > N, then
the claim follows from (a), since for every ¢ € di, we have p, 0 B(¢) = ppovu(t) =

Jmn(Pm o Ym(t)) and py, 0 Y (t) € 0Dy, If m < N, then the claim follows from
(b), because d(xk, zk) < 8 and p, o Blg, = pn © VYmla;-

Case 2: % ¢ S' for all k. For each k choose cik € % such that x; € c?k. Say,
ddy = {Jx, Zx) € S'. Without loss of generality, we may assume that x; — x,
X — X,k = ¥, Y« = ¥, 2x — 2, and Zx — Z as k — oo, for some x € D? and
v,y,2,Z€S ! There is no loss in generality to assume further that z = Z. In fact,
if x € S!, we may assume that x = z and if x ¢ S', we may assume that y = .
Say oy, (3di) € 0Dy, and ajz, (0dy) < 0Dy, . Switching to further subsequences,
we need to address only three subcases:

(i) my — oo and my — o0 as k — o0;
(i1) my — oo as k — oo and (my ), is constant;
(ii1) both (my); and (my); are constant.

First we look at subcase (i): Notice that

diam p, o B(dx) = diam py, o Y, (dk)

= diam fmk’n(pmk O Vmy (dk)) =< diam fmk,n(aDmk)a
—_—

eaDmk

which approaches 0 as k — oo.
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Similarly, diam p,, o ,B(Jk) — 0. Therefore,

dn(pn 0 B(xk), P o B(X0))
< du(pn o B(xk), PnoB(k)) +du(pn o B(zk), Pno BZk))
+dy (pn o B(Zk)s pnoB(Xr))
=dy(pn o BOk), pn o B(zi)) + dn(an(zk), @n(Zk)) +du(pn 0 Bk, Pno B(R)),

which goes to 0 as k — oco. Contradiction.
Next, we turn to subcase (ii): Say m; = i for all k. If x = z, the final estimate
of subcase (i) goes through and leads to the same contradiction, because

pnoBli =pnovily-

So, we assume that y = y. Let ¢ be the straight line segment in D? with endpoints y
and z. Then o (y) =limk_>oo o (yk) € BD,» and o (Z) =1imk_>oo o (Zk) S 8D,-. Since
my — 00, then diam ¢; (3dy) = diam p; o B(ddy) < diam p; o B(dy) — 0 as k — 0,
as in Case 1. Hence «; (y) = limy_ oo &; (Y1) = limg_s o0 ¢ (zx) = @; (z). Therefore,
applying Lemma 6.8(c) to the sequence dy — ¢, we conclude that y;(¢) = a(dc).
Consequently, p; o B(Xr) = pi o ¥i(Xx) = pi o vi(x) = «;(y) as k — oo. Since
pi o B(Xr) € aD; for all k, we get that p, o B(X;) — a,(y) as k — oco. But
also, diam p, o B(dx) — 0, so that d,,(p, o B(x¢), pn o B(¥k)) — 0 as k — oo.
Since p, o B(yr) = oy (V1) = o, (y) we obtain the contradictory statement that the
sequences (py, o B(xx))r and (p, o B(xx))r have the same limit, namely o, (y).

Now to subcase (iii): Since oy, (zx) € 9Dy, and oz, (Zx) € 3Dy, for all k, and
limy s 00 a0 (zg) =limy_, oo & (Zx) = @ (2), then there is an i € N such that m; =m; =i
for all k. Hence, limy_ oo pioB(xr) =limg_ o pioy; (xx) = pioyi(x) =limg_  pio
y; (Xx) = limy_ o0 pi 0 B(Xr). Yet another contradiction.

(B) Now we consider the case dim Z = 2. We break the analysis into the same
cases.

Case 1: % € S! for all k. As above we assume that (Xx)x, (xi)k. and (zx)x
converge to the same point x € S'. We also assume that y; — y for some y € S'.

If my — oo, we choose N > n and § > 0 such that (a) and (c) above hold. We can
establish the same claim as before and arrive at the same contradiction, because
PnoB(dr) C fmk,n(aDmk)-

Now suppose () is constant, say my =i for all k. Since o; (3dy) = oty (9dy) C
0D,,, = 9D; for all k, then o;({x, y}) € 9D;. By Remark 6.13, (p,- o ﬂ|dk)k
converges to a local geodesic of d D; with endpoints «;(x) and «; (y). Hence p; o
B(xr) — a;j(x) as k — oo. Since «;(x) and all p; o B(x;) are in dD;, then p, o
B(xi) — a,(x) as k — oco. This is a contradiction, since also p, 08 (Xy) = o, (X;) —
o, (x) as k — oo.
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Case 2: Xx ¢ S! for all k. One handles subcase (i) exactly as above: note that
DPn o B(dx) € fm.n(0Dy,). Subcases (ii) and (iii) are similar to, but simpler than,
the above: say m; =i for all k. Again, by Remark 6.13, (p,- o /3|dk)k converges to
a well-defined local geodesic in d D; whose endpoints are «; (y) and «; (z). O

Definition 6.15. Let F denote the closure of S U (U 9?) in D2,

Corollary 6.16. 8 : S'U (U 9)) — Z extends continuously toamap p: F — Z.
O

Extending the map over the remaining holes. We will call a component of D?\ F
a hole and denote the collection of all holes by #. If ? = &, then ¥ = {10)2}.
Without loss of generality we may assume that this is not the case. The closure (in
D?) of each hole H € % is a compact convex subset of the plane with nonempty
interior and hence homeomorphic to a disk whose boundary bdy H is the union of
a countable collection €y of disjoint arcs in § I'and a countable collection £ of
straight line segments in D? whose endpoints lie in S'. Currently, f is defined on
the boundary of each hole. Definition 6.24 below (for dim Z > 3) and Definition
6.27 (for dim Z = 2) will extend 8 over the closure of each hole, so that we at last
obtain a function 8 : D> — Z.
It will be convenient to have some measure of the size of a hole:

Definition 6.17. Let H € ¥. For every segment c € £y we consider the comple-
mentary arc d =cl((bdy H)\c) and fix unit-speed homeomorphisms /¢ . : [0, 1] —
cand ry . : [0, 1] — d of opposite orientation in bdy H. Let s € NU {1/2} be the
largest s with the property that there is a ¢ € £y with d(lg (x), ra.c(x)) < 1/s
for all x € [0, 1]. We will call 1/s the size of H, denoted by size H, and c the base
of H. If there is more than one possible base for a hole, then we fix one of them
arbitrarily.

The proof of the next lemma is an elementary exercise.

Lemma 6.18. Given any § > 0, there are only finitely many holes H € ¥ with
size H > 6. O

We will now sort our holes according to which parts of the tree their boundary
is mapped.

Definition 6.19. We define the location of a hole H € ¥ as follows:

(i) loc H =1 if there is no n € N with p, o 8(bdy H) C D,;

(i1) loc H =n+1 if n is the largest positive integer such that p, o 8(bdy H) C D,;
(iii) loc H = o0 if p, o B(bdy H) € D, for infinitely many positive integers 7.

Recall the definition of the sets N;* from page 60.
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Lemma 6.20. Let H € % and n =loc H. If n = oo, then B(bdy H) is a singleton.
If n is finite then p, o f(bdy H) C N, .

Proof. Suppose n = co. Then there is an increasing sequence (my); of positive
integers such that p,,, o B(bdy H) € D,,, for all k. So, for each i € N we have
diam p; o B(bdy H) = diam f,,, ; o pj, o f(bdy H) < diam f,, ;(D,,,) — O as k —
00. Therefore p; o B(bdy H) is a singleton for every i and hence so is 8(bdy H).

Now suppose 7 is finite. By construction, for each ¢ € £y, either there is an
i € N such that p; o B(c) € 9D;, or B(c) is a singleton. Hence, by Lemma 6.6,
for each i € N, either p; o B(bdy H) € D; or p; o B(bdy H) C M; \ D°,~. Since
piopbdy H) £ D; for all i > n, and p,_1 o B(bdy H) € D,_; if n > 2, then
pa o B(bdy H) C N 0

Lemma 6.21 [van Mill 1989, Theorem 5.1.1]. Let Y be a compact (separable
metric) ANR and k € N. There is a real number &y > 0 such that for every
(separable metric) space X and any two maps f,g: X — Y withd(f(x), g(x)) <
Ey.x forall x € X, there is a homotopy T : X x [0, 1] = Y such that T (x, 0) = f(x),
T(x,1)=g(x),and diam T ({x} x [0, 1]) < 1/k forall x € X.

Addendum: Since Y is locally contractible, it can also be arranged that when-
ever X =10, 1], f(0) = g(0), and f(1) = g(1), that T ({0} x [0, 1]) and T ({1} x
[0, 1]) be singletons.

Note that each N, is compact and embeds into Z by way of the sequence
tiw=(N;y— M) : N — Z
given by the restrictions of f,, 1, fu.2, -, fan—1,1d, h;il’n, h;iz,n’ R
Lemma 6.22. Let H € ¥ and suppose that n = loc H is finite. Then the map
Pn o Blody u : bdy H — N is null-homotopic.

Proof. First assume that dim Z > 3. Since incly : {(N;5) — m1(M,) is injective,
we only need to show that the loop p, o Blpay m : bdy H — N, contracts in M,,.
For each ¢ € %y let ¢’ be the arc of S! with ¢’ N (bdy H) = dc and let k. :
¢ — ¢’ be the unit-speed homeomorphism with «.|3. = id [5.. List the elements
of £y = {c1, c2, c3,...}. For each j € N choose ¢, ; > 0 such that if x,y € F
with d(x, y) < g, then dn(pn oB(x), pno ,B(y)) < éum,,j. Choose s; € N such
that d(x, k¢, (x)) < gu,1 for alli > 51 and all x € ¢;. Inductively, choose s; > 5,4
such that d(x, k., (x)) < ¢, ; forall i > s; and all x € ¢;. Put s = sy and let
Ly =A{ci,c2, ..., ¢). Put

bdy' H = (U%n) U (U{c I ceLu\ L) U(UZLy).

By Lemma 6.21 it suffices to show that p, o Blygyy : bdy’H — M, is null-
homotopic, because of the way we chose our ¢, ;. Moreover, since each c¢; can be
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approximated arbitrarily closely by some element of %, we will assume, without
loss of generality, that ¢y, ¢3, ..., cs € P.

Choose k > n such that ¢1, ¢, ..., cs € Pi. Choose § > 0 so that for every
X,y € S with d(x, y) < 8 we have d,(«,(x), a,(y)) < €, and, moreover, o, (x)
and «, (y) are in the same element of Eff{ provided either of «,(x) or «,(y) is in
an element of ¥,. By Lemma 6.7, there is an m > k and ¢/, ¢}, ..., c; € By i
whose endpoints lie within é of the endpoints of ¢y, ¢y, ..., c; and are such that
fmkopB,(c)) and ax(dc;), and hence also py o B(c;), lie in the same element of .
Applying fi », we see that f,, , o B,,(ci) and p, o B(c;) lie in the same element of
¢,,. Also, each element of 9’;,L is simply connected. The map f,, ,0pB,, : D* > M,
is now witness to the fact that p, o B : bdy H — M, is null-homotopic, upon
verification that d,,(fin.» o B,,(x), pn o B(¥)) < 2€, Whenever x is an endpoint of
some c¢; and y the corresponding endpoint of ¢;, which is within §. (Recall Lemma
6.2 and our convention on page 62.) We estimate:

dn (finn © By (X), P o B())
= dn(fnn 00, (x), an (y))
< dp(fin,n 00, (X), fnn © 0 (X)) + dn( finn © 0 (X), 0t ()
< dp(finn 00, (X), fonn © 0 (X)) + i (0t (), 0 ()

<€+ €y,

because dy, («,,, ) < €.

Now suppose dim Z = 2. Then incly : 71 (N,’) — m1(M,) may not be injective.
However, since the defining sequence is assumed to be well-balanced we know that
the natural homomorphism i (N;5) — 71(N,") is injective, because N, is either
an ANR (see Remark 2.7) or one-dimensional (see Remark 3.2(i)). To exploit this
fact, we put N? = M, and for i > 1 we set Nf =M\ U{fm’l(lc)m) |1 <m<i}.
Similarly, if n > 2, we put N~ = M, \ h,\_ | (M,_1 \ D,—1) and for i > n,
we define Ni = M, \ (), (My—1 \ Dye1) U (UL finn (D) | n <m < i})). The

o

intersection N =()°,,_; N}, can be interpreted as the limit of the inverse sequence

n—1 n n+1 n+2
Nn (_7Nn(_3Nn (_an <

whose bonding maps consist of inclusions. (The terms are not necessarily all dis-
tinct.) Hence, it suffices to show that p, o Blyay # contracts in each N,’;. How-
ever, the homomorphism (hl._Jrll’n)# : m(N,i) — m(M;41) is injective, so that we
only need to show that p;;j o Blpay # contracts in M; . This is done exactly
as above. The only necessary adjustment is to choose m sufficiently large so that
[ fn.n0Bh e 1[pn © Ble; 1= 1 in the fundamental group of the element of &,, in which
they lie. O
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While the spaces N’ may not be ANRs, we still have:

Corollary 6.23. Let n, k € N. There is a real number n, > 0 such that for every
polyhedron K with dim K < dim Z — 2 and any two maps f, g : K — N, with
d(f(x), g(x)) <nnx forall x € K, there is a homotopy T : K x [0, 1] — N, such
that T (x,0)= f(x), T(x,1)=g(x),anddiam T ({x} x [0, 1)) < 1/k forall x € K.
Moreover, if K = [0, 1], f(0) = g(0), and f(1) = g(1), then T ({0} x [0, 1]) and
T ({1} x [0, 1]) are singletons.

Proof. Choose m > n+1 such that diam f; ,(D;) < 1/(2k) for all j > m. Consider
the ANR Y = M, \ (h,_(My_1\ Dy_1) U Ey ). (If n = 1, consider instead
Y=M\E,1.) Putn,y =&y andlet T : K x [0, 1] = Y be the homotopy of
Lemma 6.21 from f to g with diam 7 ({x} x [0, 1]) < 1/(2k) for all x € K. Since
dim (K x[0, 1]) < dim Z —1, we can swipe this homotopy into N,’, moving points

less than 1/(2k). Il

For each n, k € N choose a 6, x > O such that if x, y € F withd(x,y) < 8,1,
then d,,(pn o B(x), ppoB(y)) < nu.k. We want to arrange that for every n € N, both
sequences (1, 1)k and (8, x)x are decreasing and have their limit equal to zero.

We now extend 8 : F — Z to a function 8 : D> — Z. We start with dimension 3
and higher:

Definition 6.24. Suppose dim Z > 3. We wish to extend § to the holes #. Let
H e #,n=1loc H and let 1/s be the size of H. Currently, g is defined on bdy H.
We will now extend 8 over cl H. In doing so, we consider three cases:

(1) If n = oo, we define B(cl H) to be the singleton S(bdy H).

(ii) Suppose n is finite and that there is a k € N such that 8, 1 < 1/s <, . Let
c € Xy be the base of H. Then d,(ppoBoly (x), ppoBory (x)) < n,x for
all x in [0, 1]. Also, p,oBoly . :[0,1]— N, and p,oBory .:[0, 11— N, by
Lemma 6.20. By Corollary 6.23 there is a homotopy 7 : [0, 1] x [0, 1] — N,
with

T(x,0)=ppoBolyc(x), T(x,1)=pyoporyc(x),

and diam T ({x} x [0, 1]) < 1/k for all x € [0, 1]. We also arrange for T ({0} x
[0, 1]) and T'({1} x [0, 1]) to be singletons. Define the quotient map ¢g . :
[0,1] x[0,1] = cl H by ¢ (x,t) =t -rp(x)+ (1 —1) Iy (x). The only
nontrivial fibers of ¢y . are {0} x [0, 1] and {1} x [0, 1]. Hence, there is a
unique map 7' :cl H — N, with T" oo . = T. We define S|z =t,0T".

(iii) Finally, suppose n is finite and 6,1 < 1/s. In this case we extend the map
Pn o Blodyn : bdy H — N to any map p, o Blag : cl H — N, it will not
matter how. By Lemma 6.22 we may extend p, o Blpay# : bdy H — N to
some map T :cl H — N;. As before, we put Blg =t,07T".
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Doing this for every hole H, completes the definition of a function 8 : D* — Z,
which extends the map 8 : F — Z, in case dim Z > 3.

If dim Z =2 and if N, is not an ANR, then we might not be able to carry out
part (ii) of Definition 6.24. We therefore need one more result.

Lemma 6.25 [Cannon and Conner 1998]. Let Y be a compact one-dimensional
connected metric space and f : S' — Y a null-homotopic map. Then there is a
collection R of straight line segments in D> whose endpoints lie in S' and with
disjoint interiors, and a map g : D> — Y with glg1 = f such that g is constant
on every element of X and on every component of the complement of the closure of
URin D2,

Corollary 6.26. Suppose dim Z =2. Let n € N and suppose N, is one-dimensional.
Then for each H € ¥ with loc H = n there is a map g : cl H — N such that
XHlbdy H = Pn © Blody  and such that the following holds: for every § > 0 and
every € > 0, there is a finite subset #' C ¥ such that for every H € # \ ¥’ with
loc H = n and every x € cl H, there is an x' € bdy H with d(x,x") < § and
dn (X (x), xu(x") <e.

Proof. Let an H € ¥ with loc H = n be given. Using Lemmas 6.22 and 6.25, we
can construct a collection X gy of straight line segments in cl H whose endpoints lie
in bdy H and whose interiors are pairwise disjoint and disjoint from bdy H, and
amap xg : clH — N, such that xzlvay 7 = pn © Bloay m and xg is constant on
every element of Xy and on every component of the complement of the closure
of [JRpy in cl H. This works, because we can arrange that the line segments of
Lemma 6.25 do not have both endpoints in one and the same ¢ € £y. (Recall that
for each ¢ € ¥y either there is an i € N such that p; o 8|, : ¢ = 9D; is a local
geodesic or f(c) is a singleton.)

Now let all (xz)#edt.1oc H=n be defined and §, € > 0 be given. Choose §; €
(0, 8/4) such thatif x, y € F and d(x, y) <81, thend,(p,oB(x), pnoB(y)) <€/2.
Let Cy, C», ... be the distinct nonseparating simple closed curves of N;. Since for
each i there is a unique m; > n with C; = hy, ,(0D,y,), there is an N such that
diam C; < €/2 for all i > N. Choose pairwise disjoint regular neighborhoods
V(Ci, M), V(Cy, M,), ..., V(Cy, M) of Cy, Cs,...,Cy in M, respectively.
For each i € {1,2,..., N}, choose a finite cover W; of V(C;, M) as in Lemma
6.2 and choose A > 0 sufficiently small so that it is a Lebesgue number for each
of the covers W;, with respect to the metric d,. This allows us to perform com-
putations in IT; ("W, %) rather than 7| (V (C;, M,), *). We also want to choose A
sufficiently small so that arcs in any Cy, Ca, ..., Cy of arclength less than A, as
measured in S! after applying o, o hnj}’n, have d,-diameters that are less than a
Lebesgue number for the respective cover W';; where oy, is as defined on page 63.
Choose 8, € (0, 16A1/8) such that if 7 is an arc in C; with i € {1,2,..., N}
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whose arclength, as measured in S' after applying p,,, o h,;il’n, is less than §,, then
the diameter of t, as measured in the metric d, of M,, is less than €/2. Choose
Ay >O0suchthatifa, be C; withie{1,2,..., N}and 0 <d,(a, b) < A, then the
closure of one the of components of C; \ {a, b} has arclength less than § - §,/16,
as measured in S! after applying p, o h,;’_lﬂn. Choose 43 € (0, 81) such that if
x,y€ Fandd(x, y) <83, thend,(p,oB(x), proB(y)) < Ajy. Choose 84 € (0, §3)
such that if H € # whose base ¢ has length at least §; and whose size H < 44,
then the arclength of rg . is less than twice the length of ¢; where we use the
notation ry . and [y . of Definition 6.17. Choose 85 € (0, §4) such thatif x,y € F
with d(x, y) < s, then d, (p,, o B(x), pn o B(¥)) < Ay; and such that if moreover
prnoB(x)eC;forsomei e {l,2,..., N}, then p,oB(y) € V(C;, M).

Now let 3¢’ be the set of all H € % such that size H > 85. By Lemma 6.18, this
is a finite set. Let H € # \ %' with loc H =n and x € c]l H. We may assume that
x € H. Let ¢ be the base of H.

First suppose that diam p, o B(c) < €/2. Choose y € bdy H € F such that
xu(x) = xu(y). Choose x’, y’ € ¢ such that each of d(x, x") and d(y, y') is less
than size H < 85 < 81 < 4. Then

dn (e X)), x5 () =du(xu (), xu (")
=dy(pno B, pnoBx)
<dy(puoBY), pnoBO)) +du(puoB(), pnoB(x))
<€/2+€/2 =k,

and we are done.

Now suppose diam p,, o B(c) > €/2. Since B(c) is not a singleton, we can
choose i € N such that p, o 8(c) € C;. Theni € {1,2,..., N}, by choice of N,
and p, o B(bdy H) € V(C;, M), by choice of ds. Also, the length of p, o B(c),
as measured in S! after applying p,, o h;l_lﬁn, is at least §,, and the length of c is at
least ;.

Claim: Suppose d € Xy with dd = {a,b} and a € ¢. Say a = Iy (#;) and
b=ruct). Puta =rg(t;) and b’ = Iy (t). We claim that the arc o in the
image of ry . from a’ to b has length less than §/4.

Reason: Suppose, to the contrary, that o has length at least §/4. We have
d(a,a’) < sizeH < 85 < 84 < 8. Also, d(b,b") < size H < 85 < 83. Since
the arclength of ry . is less than twice the length of ¢, the corresponding segment
7 on ¢ with endpoints a and " has length at least §/8. Since the length of ¢ is not
more than 2, T covers at least (6/8)/2 = §/16 of the length of c. Since the length
of p, o B(c) is at least &, then p, o B(7) has arclength at least (6/16) - 5, and so
does u =cl[C; \ p,oB(t)]. (Notice that if u had arclength less than §6,/16 < A1,
then [xgl:] = [pn o Bl:]1 # 1 € I11 (W}, x). However, if [ is the simple closed
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curve formed by concatenating 7, d and the remaining portion of bdy H, then
[xul;1=1¢€I1;(W;, x). This is a contradiction, because x g is constant on d and
pnopoly,is within A; of p, o Bory,..) Hence the endpoints xg(a) = xu(b)
and xp (b') of p, o B(t) are at least A, apart. However, d(b,b") < 83, so that
dy(xg ), xg (b)) =d,(proB®b), proB(b')) < Ay. This contradiction establishes
the claim.

There are two cases. Case (i): Suppose there are dy, d, € Xy with dd; = {ay, b1},
ddy ={ay, by}, a1 = ap € ¢ and such that x is between d; and d,. (We allow for the
possibilities that x is on either d; or dy, or that d| = d».) Let 0, 0, and a] = a} be
as in the claim. Let v be the arc on ry . between b and b,. Since each of o and o9
has arclength less than §/4, then v has arclength less than §/2. Also, d(a;, a;) <
size H < §/4. Therefore, each of d; and d, have length less than §/2. Choose
x" € v such that x5 (x") = xg (x). Then d(x, x") < § and the proof of the corollary
is complete in this case. Case (ii): The alternative is that x is not between those
two dy, dy € Ry with ad; = {a;, b1}, dd>» = {a», by} for which {ay, ax} = dc. This
case also follows from above claim, since a; = a; and ap = aé. The argument now
is similar to, but simpler than, that of Case (i). Il

We now complete our definition of 8 : D?> — Z by addressing the case when
dim Z =2. In dimension two, we have assumed a well-balanced defining sequence.
Therefore, N is either one-dimensional or it is an ANR. Accordingly, our final
definition splits into two cases:

Definition 6.27. Suppose dim Z =2. Let H € # and n =loc H.
(i) If n = oo, we define, as before, S(cl H) to be the singleton 8(bdy H).
(ii) If n is finite, then p, o B(bdy H) € N;; by Lemma 6.20; moreover,

— if N is one-dimensional, we set p, o Blci v = XH;

— if N is an ANR, we define p, o B|q # as in Definition 6.24(ii,iii), upon
replacing 8, x by some g,;y « Which are chosen to have the following prop-
erty: if x, ye F withd(x, y) < ;;’k, then d, (pn ofB(x), pn o,B(y)) <&Enx k-
Then use Lemma 6.21 instead of Corollary 6.23. Also make the sequence
(¢4.4), decrease to zero.

By construction we have:

Lemma 6.28. Let H € ¥ and n =loc H. If n = oo, then B(cl H) is a singleton. If
n is finite then p, o B(cl H) C N;'. O

Verifying continuity. The next result will conclude the proof of Theorem 3.1:

Lemma 6.29. The map B : D> — Z is continuous.
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Proof. (A) First we assume that dim Z > 3. Let xo € D* and € > 0 be given.
Fix n € N. We will find a § > 0 such that if x € D? with d(x, xo) < 8, then
d, (pn ofB(x), ppo ,B(xo)) < €. Since p, o B|y : H— M, is continuous for every
H € ¥, and since H is open in D?, we may assume that xg € F. Since p, o B|F :
F — M, is continuous, there is a §; > 0 such that if x € F with d (x, xg) < §1, then
d, (p,, o B(x), pno ,B(xo)) < €/2. Choose N > n such that diam f, ,(D,;) < €/2
for all m > N. Choose j € N such thatif m € {1,2,..., N} and u, v € N,; with
dpy(u,v) < 1/j, then dn(pn otm(U), pno Lm(v)) < €/2. By Lemma 6.18, we may
choose a finite subset %' € ¥ such that the size of every H € ¥ \ ¥’ is less than
min{8y ;, 82 j,...,0n,j,01/2}. Since the map B is continuous when restricted to
FU(U{clH | H € 3'}), there is 8, > 0 such that if x € (J{cI H | H € %'} and
d(x, x0) <8, then d, (pnoB(x), ppoB(x)) <e. Put§ =min{8;/2, 5,}. Now, take
x € D* withd(x, xo) <8. If x € F, then d,, (pnoﬂ(x), pnoﬂ(xo)) <€/2 <€, because
d(x, xg) < 81. We therefore may assume that x € H for some H € ¥. If H € 9,
then d, (p,, oB(x), pn oﬂ(xo)) < €, because d(x, xg) < 8. So, we will assume that
x€He¥#\#'. Letm=1loc H and let 1/s be the size of H. Choose x’ in the base of
H such that ¢y .(x', 1) = x for some ¢. Then x’ € bdy H C F and d(x', x) < 1/s.
Hence, d(x', xg) < d(x',x) +d(x,x0) < 1/s +8 < 81/2 + 81/2 = 81, so that
dy(pnoB(x"), paoB(x0)) <€/2. If m = oo, then B(x) = B(x’) by Lemma 6.28, so
thatdn(pnoﬂ(x), pno,B(xo)) =dn(pnoﬂ(x’), pno,B(xo)) <e/2<e.lf N<m < oo,
then diam p, o B(cl H) < €/2, because p,, o B(cl H) € N;; by Lemma 6.28 and
Fnm—1(Nt) € Dy—i. Hence, dy(pn o B(x), pu o B(x0)) < du(pn o B(X), pn o
ﬁ(x/)) +d, (pn oB(x"), pn oﬂ(xo)) <€/2+4€/2 =¢€. Finally assume m < N. Since
1/s < 8y, , then the homotopy T in the definition of B|. 5 has tracks of diameter
less than 1/j, so that, by choice of j, we have d, (p,, o B(x), ppo ,B(x/)) < €/2.
Therefore, as above, d, (p,, ofB(x), pno ,B(xo)) < €.

(B) Now suppose dim Z =2. We follow the proof of (A) until we have to choose .
At this point we use Corollary 6.26 to find a finite subset 3%’ C ¥ such that for every
H e #\% withm=1loc H €{l1,2, ..., N} the following is true: (i) size H < 8;/2;
(ii) if Ny is an ANR, then size H < ;};1’ I (iii) if N is one-dimensional, then for
every x € cl H there is an x” € bdy H with d(x, x”) < §;/2 and dn(Pn o B(x),
pnoB(x")) =dy(xu(x), xu(x")) < €/2. The proof is now the same, including
the selection of the point x’. However, in the case where m < N we use the point
x” instead of the point x” in the event that N’ is one-dimensional. O
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