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In memory of my father

We study the classification of linear Hamiltonian systems satisfying Bolza
boundary conditions and its applications to nonlinear Hamiltonian systems.

1. Introduction

Ivar Ekeland [1990] discussed the classification of convex Hamiltonian systems of
the form

(1-1) x=JB®x, x(0)=x(1),

where S 0 —1,
~\I1, 0)°

I,, being the n x n identity matrix. That is, for any continuous symmetric positive
definite matrix map B : [0, t] — GL(2n) with B(0) = B(t), he defined a pair of
numbers (i¥(B), vE(B)) €{0,1,2,...}x{0,1,2,...,2n} by making use of dual
variational methods. This pair of integers is called the Ekeland index of B.

We define, as usual,

Sp(2n) = {M € GLQ2n,R) | MTIM = J},
P (2n) ={y : C([0, 7], Sp(2n)) | y (0) = L.}

For any y € . (2n), the Maslov-type index of y is defined to be a pair of integers
L), vE(y)) € Z x{0,1,2,...,2n}; see [Conley and Zehnder 1984; Long and
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Zehnder 1990; Long 1990; Long 1997]. Denote by yp(¢) the matrizant of (1-1),
that is, the solution of

ve(t) =JB@)yp(t), y(0) = Iy.
Then yp € P, (2n) and
it(yp) =i"(B)+n, vi(ys) =vE(B),

whenever B is positive definite. So the Maslov-type index is more general than the
Ekeland index. These index theories (about the properties of the index) and their
iteration theories have important applications in the study of nonlinear Hamiltonian
systems. See [Fei 1995; Conley and Zehnder 1984; Long and Zehnder 1990; Fei
and Qiu 1997; Chang et al. 1997; Su 1998; Li and Liu 1989] for multiple periodic
solutions of asymptotically linear Hamiltonian systems, [Ekeland and Hofer 1985;
Dong and Long 1997] for Rabinowitz’s minimal periodic problem, and [Ekeland
and Hofer 1987; Long and Zhu 2002; Liu et al. 2002] for multiple closed char-
acteristics on compact convex hyper-surfaces in R>”. For a systematic treatment
and other applications, one can refer to the excellent books [Ekeland 1990; Long
2002].

Let £5) := {B : (0, 1) — GL(2n) | B(t) = (b;j(t))2nx2s, bij € L*(0, 1) and
bjj=bj;foralli, j=1,2,...,2n}. Throughout this paper, for any two symmetric
matrices A; and A;, we write A| < A, if Ap— A is positive semidefinite, and write
Ay < Ay if Ay — Ay is positive definite. For any By, By € £57, we write B| < By if
Bi(t) < By(t) forae. t € (0, 1); write By < B if B < B and B(t) < B»(t) on a
subset of (0, 1) with positive measure. In this paper we consider the classification
of systems of the form

(1-2) x=JB@)x, Px0)=0= Px(1),

where B € £3° and Px = (x1, .. L x)T € R for any x = (x1,...,x2,)7 € R2".
Specifically, to any B € &5 we associate a pair of numbers (i(B), v(B)) € Z x
{0, 1, .- ,n}. The nullity v(B) is the dimension of the solution space of (1-2).
To define the index i (B) we proceed in two steps. At first, we give the definition
of i(Al,) for any A € R. Second, for any two By, B € £5; with By < By we
consider the nullity v((1—A) B; +AB,). We prove that the number of A € [0, 1) with
v((1—A)B1+ABy) #0 is finite and define the relative Morse index as I (B;, By) =
Z/\e[o, 1 v((1—A)B1+XAB;). We prove the relative Morse index satisfies additivity
properties and that i (A1p,) — I (B, Al»,) is independent of A € R with Al5, > B;
we define i (B) to be this number. We define an Ekeland type index i, (B), called
the u-index of B and satisfying I (B, By) =i, (B2) —i,(B1). In this way we can
prove additivity for the relative Morse index. This is the content of Section 2. In
the process we only use the spectral theory of self-adjoint compact operators.
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In [Dong 2005] we discussed the classification of the second-order Hamiltonian
system

(1-3) X +AMx =0, x(0)=0=x(1).

Namely, to every A € £;° we associated a pair of numbers (m°(A), m~(A)). By
making the change z; = x, zo = X, z = (21, z2), we see that (1-3) is a special case
of (1-2) with B the block-diagonal matrix diag{A, I,,}. At the end of Section 2,
we prove that mP(A) = v(diag{A, I,,}) and that m~— (A) = i(diag{A, I,,}).

In Section 3 we discuss multiple solutions for the system

a4 x=JH'(t,x), Px(0)=0=Px(1).

We first use the Leray—Schauder degree theory to obtain the existence of solutions
and of nontrivial solutions. Then we use the dual variational method and Morse
theory to discuss the multiple solutions of (1-4). The index and p-index play an
important role in the discussion. We stress that by making use of the p-index,
dual variational methods can be used instead of the saddle point reduction method
whenever H” (¢, x) is bounded. Ekeland [1990] discussed the problem (1-4) and
called it the Bolza problem. The method used here is also suitable for Hamiltonian
systems with periodic boundary value conditions, for which we will write another

paper.

2. Maslov type index theory for linear Hamiltonian systems
satisfying Bolza boundary value conditions

As in the introduction we set Px = (x1, ..., x,)| € R" for any x =(xp, ..., xon) T €
R?". We shall give a classification for the system

2-1) x=JB(@)x fort e (0,1), Px(0)=0=Px();

that is, for any B € SEOZ, we shall define i(B) € Z and v(B) € {0, 1, ..., n}, called
the index and nullity of B respectively. We begin with the nullity. Set

W :={x:[0, 1] = R*" | x continuous on [0, 1], Px(0) =0 = Px(1), x € L*},

(where L? := L?((0, 1); R*")), with the norm
1 1/2
lxlw = (fo (X + x(®) dt) :

where |x| = (leil |x,‘|)]/2 for x = (x1,...,x2,)7 € R¥. Also define A; : W C
L? — L% by (A1x)(t) := Jx(t) and B : L> — L? by (Bx)(t) = B(t)x(¢). Then
A and B are self-adjoint operators and B is bounded.
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Definition 2.1. For any B € ¥57, the nullity of B is defined as
v(B) = dimker(A| + B).

By definition, v(B) > 0. Moreover, v(B) = 0 if and only if ker(A; + B) = {6},
and if and only if the problem (2—1) has no nontrivial solutions x # 6.
Let y () be the matrizant of (2-1), i.e., the solution of

(2-2) y(t) = JB@)y(r) forae. t € (0,1), y(0) = I,.
Then
ker(A1+B)={x=y®)(°) ceR", Px() =0} =|ceR" | Py (1)(?) =0} cR".

Thus dimker(A; + B) < n, and v(B) = dimker(A; + B) € {0,1,...,n}. In
particular, if B = AI,, we have

I,cosAt —1I,sinAt 0 —csin A )
t)=exp JAr = Py(l =P = —csini
y{y=expJ <I,, sinit I, cos kt)’ ) (c) < ccos A) s

so ker(A; + B) = {c € R"|csin A = 0}. Therefore, v(Al»,) = O if and only if
Ar¢Z,and v(Aly,) =nif L/w € Z.
Still in the case B = A l,, the system (2-1) is equivalent to

(2-3) y' +12y=0forre(0,1), y0)=0=y(),
via the change y = Px. For the general second-order Hamiltonian system
24) x"+A(M)x=0forr€(0,1), x(0)=0=x(1),

with any A € £°, we define as in [Dong 2005]

1
Yaln,x) = /0 ()P — (AWx (), x(1)) dr,
where x € F := {x € W}2([0, 1]; R") | x(0) = 0 = x(1)}. Then we have a ¥4-
orthogonal decomposition F = FT(A)® F O(A) ® F~(A), and we define
m~(A) :=dim F~(A), m°(A):=dim F°(A).

In particular, m°(A%1,) = 0 if A/w ¢ Z, and m°(A\*I,) = n if A\/m € Z. Thus
m®(A\%1,) = v(Lly,) for A > 0. Letting x| = y, xo = —, (2-3) is also equivalent to
(2-1) with B = diag{A21,, I,,}. By Definition 2.1, we obtain v(diag{A*I,, I,}) =
m®(\’1,).

Proposition 2.2. For any A € £7°,
v(diag{A, I,}) = m’(A).
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Proof. Making the change x; =y, xp = —y, we see that (2-4) is equivalent to (2—-1)
with B = diag{A, I,,}. O

In the following we consider the definition of i (B) for any B € £3°. Since (2-4)
is a special case of (2-1), we begin with B = Al,,. Following [Ekeland 1990], we
define E[«] for « real as the integer @ € Z such that a < o < a + 1; in particular
Ela] = o —1 for integer «. Since (2-3) is equivalent to (2-1) when B = Al,, and
m~(A\21,) =nE[r/m] as A > 0, we have:

Definition 2.3. For any A € R, we define
i(\y) =nE/x].

In order to define i(B) for any B € £3°, we need to compare B with Al», for
any A > 0 with A, > B.

Definition 2.4. For any By, B, € &5, with By < By, set

1(Bi.B)) = ) v((1=1)Bi+4By).
1€[0,1)
We call I(Bj, B;) the relative Morse index, following [Fei 1995; Zhu and Long
1999; Long and Zhu 2000; Long 2002].

In Proposition 2.10 we will show that the relative Morse index is finite.

Proposition 2.5. Assume B, C € &5, with v(B) =0, C > €I, for some positive
constant € € R.

(1) The operator A1 + B : W — L? is invertible and the inverse (A + B)~! :
L? — L? is compact and self-adjoint.

+00

(2) There exists a sequence {X;} ie—oo

that the problem

C Rwith A; — £o00 as j — F00, such

Jx(t)+B@)x(@) =1;Ct)x(), Px(0)=0=Px(1)
has a nontrivial solution subspace E ; with dim E; <n and L= E -

j=—o00

Proof. (1) Let y(¢) be the matrizant of (2-1) (see (2-2)). To prove that A + B is
invertible for any u € L2, we have to solve the problem

Jx+B(t)x=u, Px(0)=0=Px(1).

The first equation has a general solution

(2-5) x(t) =y ()x(0) —J/(t)‘/0 y(s)" Ju(s)ds.
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The second condition gives
0 0 : -1
2-6) x(0)= . , Px(1)=Py(1) . —Py(l)/0 y(s)" Ju(s)ds =0.

yir(D) yia(1)

Since v(B) = O, Settlng )/(1) = <y21(1) y22(1)

), we see that the equation

0=Py(1) ((C)) — yia(De

has no nontrivial solutions, so yj;(1) is invertible. From (2-6) we have A| + B is
invertible and

1
(A1 +B)'u)(0) = m(l)“Py(l)fO y(s) " Ju(s)ds.

From (2-5) and the Ascoli—Arzela theorem, the operator (A + B ':.L? >
C([0, 1], R*") is compact, and so is the operator (A + B)~': L? — L2,

(2) Let (Iu)(t) = (A1 4+ B)~'C(t)u(r) for any u € L. With (x, y) = Y2, xiyi,
the inner product (u, v)| := fol (C(t)u(t), v(r)) dt defines a Hilbert space structure,
and

1
(Tu, v); = f (COH A+ B)'COu®), vr)) de
0

1
= / (COu), (A1 +B)"'COv(0) dt = (u, Tv),
0

for every u, v € L?. Thus IT: L?> — L? is self-adjoint and compact. By spectral
theory, there are {Mj};?';l C R with u; — 0 as j — oo and a basis {uj}j?il of L?
such that

(wj uidt =8, Muj=pju;,u;#6.
By the definition of IT, we have (A + B)uju; = C(t)u;. So ju; # 0 and

1
Juj(t)+Bt)u;(t) = M—C(t)uj(t), Pu;(0) =0= Pu;(1).
J
Hence, setting E; :=ker(IT — 1), we get
dim £; = v(B - ic) <n.
Hj

Letting A; := 1/uj, we only need to show that A; is bounded above and below.
In fact, assume A; > A for some A € R. For any x € W, set C(t)u(t) := Jx(t) +
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B(1)x(t); then u(t) = Y /2 uj(r) withuj € Ej, x(1) = (TMu)(6) = Y125 pju (1)
and

1 1
/(J)'c(t)—I—B(t)x(t),x(t))dt:/ (C@)u(t), x(t)) dt
0 0
1 o0
= /0 D wi(COuit), ui (1)) dt
i=l1

1
> X/ (C(Ox(1), x(1)) dt.
0
Thus there exists a constant ¢; depending only on B, C and A such that
1
2-7 / (Jx(@),x(t))dt > ¢ ||)c||i2 forall x e W.
0

As in [Ekeland 1990], set x, () := exp(pn(—J)(t))<0> with p € Z and &€ € R"

£ sin pnt) 5

satisfying |§| = 1. Then x,(¢) = (S cos prt e W, and

1
el =1, /0 (S0, 5, (1) di = p.

This contradicts (2—7) when p < c;. Il

Remark. From this Proposition, when v(B;) = 0, B, — B} > €l,, the number
of A € [0, 1) such that v((1—=A)B| + ABy) # 0 is finite, and I (B, By) < +o0.
According to Proposition 2.10 below, the relative Morse index is finite in general
case.

Let card denote the cardinality of a set. When A; < X,, by the definition, we
have I'(A 1oy, Aalpy) = n card{j € Z| j € [Ai/m, ko/7)}, and I (A1 on, A3120) =
I (A Doy, Aploy) + I (Ao Doy, Asloy) if A3 > Ay > Ay. More generally:

Proposition 2.6. Assume B;,i =1,2,3, € 5, with By < By < B3. Then
I(By, B3) = 1(By, By) + 1 (B, B3).

We postpone the proof and first define i (B). From Definition 2.3, for any A < |
we have i (A1 1»,) =i (Alp,) + I (Mo, A 17,), SO

i(A12,) — 1(B, AMly) =i(M12,) — (I (Mo,
AMbDy) +1(B, AMpy)) =i(Ap,) — (B, Apy);

that is, the number i(Alr,) — I (B, Alp,) is independent of A € R with AL, > B.
Hence:
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Definition 2.7. For any B € £, we define

i(B) =i(Al2n) — (B, Al2n),
where A € R satisfies B < Aly,.

This index i (B) is monotonously nondecreasing with respect to B. That is:
Proposition 2.8. Assume By, By € £3; with By < By. Then i(B1)+v(B1) <i(Ba).
Proof. By definition,

i(By) =i(Aaw) — I (By, May) = i(Moy) — (I (B, Apy) — I(B1, By))

=i(Al2) — I (B, Aly) +1(By, By) =i(By) +1(B1, By)
>i(By)+v(By). O

We next prove that the relative Morse index defined in Definition 2.4 is finite
for any B, By with B < B;; we also prove Proposition 2.6. To do this, following
[Ekeland 1990], we define a Morse type index i, (B) for any B € £3°, and prove
that 1 (B, By) =i, (B2) —i,(B1). More precisely, for any B € 57, let u e R\nZ
with B + ulp, > Ip,; then v(—ul,) = 0. The operator Ax := Jx(t) — ux(t) is
invertible and its inverse A~!: L2 — L? is self-adjoint and compact, by Proposition
2.5. Define a quadratic form by setting, for u € L2,

1 1
G0 =5 fo (A" )@, 1) + (Cpe (Do), u(@))) .
1
(Cptt, 1) = /0 (CuOut), u(®)) dt,

where C,, (1) := (ul, + B(t))~!. Then ((/_’Mu, u) defines a Hilbert space structure
on L2 C;l A~ is a self-adjoint and compact operator under this interior product.
By spectral theory there is a basis {e;} jen of L? and a sequence A j—> 0in R such
that

(2-8) (Cpeisej) =8, (A 'ej,u)=(Cuhjej,u) forallu e L*.
For any u € L?, expressible as u = Z;’il &jej, we have

o0

1! 1
Gy, u) = Efo (A", w) + (Cu(Hu, w)) dt = > > A +2pE;.
j=1
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Define
o0

E (B):=1) e |&=0if 14+2; 201,
j=1

EQ(B):=1> &je; | & =0if 14+1; #0
j=1

[o.¢]
EY(B):=1{) &e;|&§=0if 14+i; <0{.
j=1

Obviously, E;(B), E2(B) and E;(B) are ¢, py-orthogonal and
— 0 + 72
E;(B)®E,(B)® E; (B) = L.
Since A; — 0 as j — oo, the spaces Eg(B) and E;(B) are finite-dimensional.

Definition 2.9. For any B € 5, u € R with I, + B > I,, we define
v, (B) :=dim Eg(B), i(B) :=dimE, (B).

We call v, (B) and i, (B) the p-nullity and p-index of B respectively.

Proposition 2.10. For any By, By, B € &35, with B| < By, we have

vu(B) =v(B), [(By, By) =i,(B2) —iu(B1).

Proof of the first equality. By the definitions, E, (B), Eg (B) and E:(B) are g, By-
orthogonal and satisfy L?= E, (B)® Eg(B) ® EIJ[(B). For every u € Eg(B), we
have
q(u,B)(u,v) =0 forany v € L2

So

AU+ Cu(t)u =0.
Set x := A~'u. Applying Cu(t) = (B@) + wl,) ™! to both sides and using the
equalities A = J% —wpand u = Ax, we get

(B(t) + plop)x(t) + Jx(t) — ux(t) = 0.

That is,

Bt)x(@)+ Jx()=0.
Hence, ker(A| + B) = Eg(B) and v(B) = v,(B). Il
Proof of the second equality. Step 1. We show that if X is a subspace of L? such
that g, y(u, u) <O for every u € X \ {0}, then dim X <i,(B).

In fact, let ey, ..., e; be a basis of X, we have the decomposition ¢; = e;” + e
with e, € E (B), e’ € E2(B) ® E;(B). Suppose there exist numbers «; € R,
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not all zero, such that Zf'(:l aje; = 0. Write e := Zle a;je;; then e € X \ {0}
and g, p)(e, e) < 0; at the same time, e = Zf:l ajef € Eg(B) &) E;:(B), and
q(u.B)(e, e) > 0, a contradiction. So {e; }f.‘zl is linearly independent and i, (B) >
k =dim X.

Step 2. For By < By € 45, seti(A) :=1i,((1=A)By + AB;) for A € [0, 1]. Then
i(Ap) > i(Ay)+v(ry) for any Aq, A € [0, 1] with A1 < As.
In fact, write A; = (1—X;)B; + A; B for i =1, 2; we only need to prove that

Gu.Ay,u) <0 forallueE, (A)® ES(AI) \ {6}.
Take any u = u® +u~ withu® e ES(AI), u- € E;(Al). If u= # 6 we have
e, Ay (s 1) < G,y (5 1) = G, ay (™ 17) + G, ap @, 1)
=qu.apw ,u")<0.
If u= =6, write x® = A~'u?; then u° = Ax? and x° is a nontrivial solution of
Jx(t)+A(H)x(t) =0, Px(0)=Px(1)=0.

So x9(t) # 0 for every ¢ € [0, 1], and u®(t) = —(A; (t) + ul»,)x°(t) # O for a.e.
t € (0, 1). Hence

1
A=A

q(}L,Az) (l/l, I/l)

1

= ———(qu.an @, 1°) — qu,,) @°, u®))
A —Ao

1
= /O ((hon + A1) "N (B (1) — Bo(0)) (whan + A1 (1) u’(0), u®(1)) dt

1
= f ((B1(t) = Bo()x° (1), (hoy + A2() ' (whon + A1(1))x°(1)) dt.
0

If A1 = Ay, we have A,(¢) = A((¢), and the last integral is

1
/ ((B2(t) — By (1)x° (1), x°(1)) dt > 0.
0

Hence, if A5 is close to A1 and A, > A1, we have g, 4,) (1, u) < 0. So for A, < A
and A, close to A1, we have i (L) > i(A1) +v(ry).

Step 3. For any A € [0, 1), we have i(A +0) =i(X) +v(}).
In fact, from Step 2, i(A) + v(A) < i(A 4+ 0). So we only need to show that
i) +v(A) >i(A+0). Write k := i (A +0). There exists A’ > A such that i(s) =k
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and v(s) = 0 for s € (A, }). Set C(s) := (ulon + (1 — $)B1(t) + sB2(t)) L. By
(2-8) we have

(2-9) (C(s)e;, e;)=4;; and Aflej = C(s))\;ej forall u € L.

Since C(s) > (o, + B2) ™! for s € [0, 1], the sequence {ej} is bounded in L2, and
)Lj. = (A‘lej., ej.) is bounded in R for j =1,...,k and s € [0, 1]. So there exist
s; € (A, A') such that s; — A 40, ejf —e;inL?, kj.’ — 1, inR, and A_lej.’ — A le;
in L2. Taking the limitin (2-9) we obtain (C ()e;, ¢;) =8;j and A~le; = C (M)A je;
for j=1,...,k. Againfor j =1, ..., k, since i(s) = k for every s € (A, 1)), we
have by the definitions 1 + X;f <0and {1 /)»‘;.1 } bounded in R. So

1 1
ej.’ = FC(S[)_IA_IE}V-I — TC()»)_lA_lej =e;

j J

in L2. Tt follows that {e,»}f?zl is linearly independent and for every u = 21;-:1 aje;,

since Zl;zl aje} — uin L? and

k

k
S S
q(1u,(1—=s1) Bi+s1B2) (Z aje;, Zajej) <0,
Jj=1

j=1

taking the limit as s; — A 40 we have g, (1—1)B,+18,) (4, u) <0. In a way similar
to the proof of Step 1, this implies i (L) +v(A) >k :=i(A +0).

Step 4. The function i(A) is left continuous for A € (0, 1] and continuous for
A€ (0, 1) with v(A) =0.

In fact, from Steps 2 and 3 we only need to show i (1) <i(L—0). Letey, ..., e
be a basis of E~ (L) := E;((I—A)Bl + AB>), and set

ia?:l}.

S :={(o¢1,...,o¢k)eRk

Then

f(s,oq,...,ax)

k k
= q(u.(1-5)Bi+sB2) <Z aie, Oliei>
i=1 i=1

1! k k
=5 [ (3 e, o)

k k
+(lyy + (1 —$)By(t) +sBy(1) ™! Zaiei ), Zaiei (l)) dt

i=1 i=1
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is continuous on [0, 1] x §y. Since f(A, oy, ..., o) <O for (g, - -, ) € S; we
have f(s,aq,...,ar) <O for (o, ...,ar) € S; and s close enough to A. From
Step 1, we have i (1) <i(s) for s close to .. Hence i (1) <i(A—0). In conclusion:

i(By) =iy(B)+ Y vu((1=A)Bi +ABy)
0<i<l

=i,(By)+ Z v((1=A)By +ABy) =i, (By) +1(By, By). O
0<xi<l

Remark. The method of the proof comes from [Ekeland 1990, Theorem 1.4.6],
with some modifications.

Proof of Proposition 2.6. From Proposition 2.10, fix 4 € R with wly, + By > I,.
Then
I(By, By) + 1 (B2, B3) =iy (Ba) —ip(B1) +iu(B3) —iu(Ba)

=i,(B3) —iu(B1) =1(By, B3). O
Proposition 2.11. For any A € £°, we have
i(diag{A, I,}) = m~(A).
Proof. Fix € > 0 and ¢ > 0 with c2I, > (14+€)A. Since 0 < 4| < A, < 1, we have
(1=22) A + Ao L) (14€r2) = (1=ADA + A L) (1+ery) ™
= (2 — A (+er) " A4+er) (P, — (14+€)A) > 0
and
diag{(hic* Ly + (1= A (I+ern) ™", (1+€er)],)
< diag{(Aac? L, + (1=22) A)(14€22) ™", (14+€r2) 1, }.

As in the proof of Proposition 2.10, we obtain

2-10) > vdiag{(Ac’ L, + (1= A)(1+en) ", (14€2) 1, }
0<i<l
- =i, diag{c*I,(14+€)", (14+€)1,} — i, diag{A, I,},

where we have dropped the parentheses enclosing the argument of i, to lighten the
notation. By Proposition 2.10 itself, we have

-11) i, diag{c*L,(1+e)~", (1+e€)1,} — i, diag({A, I}
2
_ I(diag{A, L), diag{c—ln, (1+e)1,,}>.
14+€

For any A € £°°, consider the system

n>’

xX"+AMx =0, x(0)=0=x(1).
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Via the change z; = x, 2o = —(14€)~ 1z, this system is equivalent to
z=JB(t)z, Pz(0)=Pz(1)=0,

where B := diag{A(l—l—e)_l, (14+¢€)1,}. So

(2-12) v(diag{A(1+e)~", (14€)1,}) = m°(A).

It follows that

> vdiag{ (A Li+(1-0)A)A+en) ™ A+ed) L} = > mO AL+ (1-1)A).
0<i<l 0<i<l

Denote the right-hand side by I;(A, ¢?I,). Again as in Proposition 2.10, we can
show that 11 (A, B)=m~(B)—m~ (A) forany A, B € £7° with A < B. Combining
(2-10) and (2—11) with part (1) of Proposition 2.13 below we obtain

2
-13) i diag{%ln, (1+e)1,,} _idiag{A, I} = m~(*L,) — m™ (A).
€

From Definitions 2.4 and 2.7 and equation (2-12), for any c; € R with ¢; > 1+4€
and ¢ > c2/(1+e) we have

2

.. Cc
zdlag{mln, (1+e)1n}
2

C
=i(c1hy) — I(dlag{mln, (1+€)In}, CIIZn)

. . c?
—i(c1 1) —Oglvdlag{(xcl n (1—/\)m)ln, ((14€)(1—1) +c1x)1,,}
2
—i(cihn)— Y m0(<(1—)»)1C: +Ac1)((1+e)(1—x) 4 61A)1n>

0<xi<l
=i(ci1ly) —ncard{j eN|jec/m, c1/m)}
=i(c1ln) — I(chy, c1ln) =i(chy) =m™ (¢’ Iy).
By (2-13) this proves the result. Il

Definition 2.12. For any By, B, € £57, define

(B, By) = 1(By, ulyy) — 1 (B2, t1n)
where u € R satisfies wly, > By, uly, > B».

From Proposition 2.6, I (B, B;) is independent of p and coincides with the
object of Definition 2.4 when B; < By, so it is well defined.
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Proposition 2.13. The index defined by Definitions 2.3 and 2.7, the relative Morse
index defined by Definitions 2.4 and 2.12, and the p-index defined by Definition
2.9 have the following properties:

(1) Forany By, By € £5;, we have
I(By, By) =i(B2) —i(By).
(2) Forany By, By, Bz € £5;, we have
I(By, By) + 1 (B2, B3) = 1(By, B3).
(3) Forany B € 43, there exists € > 0 such that for any € € (0, €] we have
V(B+elh,) =0=v(B —¢€ly,),
i(B—¢€ly,) =i(B),
i(B+e€ly) =i(B)+v(B).
In particular, if v(B) =0, we have i (B + €15,) = i(B) for € € (0, €].

(4) i, (B)—i(B) is a constant for B satisfying B+ulp, > Iy, i.e., i, (B)—i(B)=
i, (B1) —i(By) for any other B, € SNPSZ with By + ulp, > Ip,. For any u > 1,
we have

i,(0) = nE[%] and i, (B) = nE[%] +n+i(B)
forany B € 5. with B + pul, > Ip,.

Proof. (1) follows directly from Definitions 2.7 and 2.12, and (2) follows from (1).
We prove the other two parts.

(3) From part (1), we have i (B + I,) =i(B)+ 1 (B, B+ I>,). From Definition 2.4
and Proposition 2.10, we see that 1 (B, B + I,;) = 205/\<1 v(B + A1) is finite.
So there is some €y > 0 such that v(B + €1,) =0 for € € (0, ], and

i(B+ehy)=i(B)+ Y _ v(B+iehy,)=i(B)+v(B).
0<i<l
(4) By Definition 2.9, i,,(0) =dim E (0) = 3", _odim ker(A~!'—C,A;), where
Cu=wpu'hy. If A7te; — Cyhje; =0, letting A~'e; = x;, we have
Jij —M(1+i)x,- =0.
Aj

Sokn:u(l—i—i)forkel,and1+Aj= K 41, Since
Aj kmr—pu
2

I1+A; <0< {hkr —pu<0,knr >0} <= 0 <k < —,
T
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we have ker(A~! — CMAJ) X ker(A| + B), where Bx = —knx and Ajx = Jx.
Hence dimker(A~! — Cu)‘j) =n, and i,(0) = nE[%]. This is the first displayed
equality in (4). From (1) and Proposition 2.10, we have

in(B1) —i,(B)=1(B, B) =i(B1)—i(B).

So
iy (B)—i(B)=1i,(0)—i(0).

From Definition 2.3, we have i (0) = —n, and the second desired equality follows.
O

3. Existence and multiplicity of solutions for nonlinear Hamiltonian systems
Consider the problem
3-1) x=JH'(t, x), Px(0)=0= Px(1),

where H : [0, 1] x R*" — R is continuous and H'(¢, x) is its gradient with respect
to x. (For the definition of P see immediately after (1-2).) A problem of the
form (3-1) is called a Bolza problem by I. Ekeland. We will always assume that
H': [0, 1] x R?" — R?" is continuous as well.

Theorem 3.1. Assume that H and H' are continuous and that

(1) H'(t,x) = B(t, x)x + o(Jx]) as |x| — +oo, where B(t, x) is a symmetric
2n X 2nmatrix and continuous with respect to (t, x) € [0, 1] x R2" -

(2) there exist Bi(t) and B> (t) such that B\ (t) < B(t,x) < By(t), i(By) =i(B))
and v(B;) = 0.

Then (3—1) has at least one solution.

Proof. Consider
(3-2) Ji+ABi(Ox+(1-H'(t,x) =0,  Px(0)=0= Px(1),
where 2 € (0, 1). Set

Co([0, 11; R*") := {x : [0, 1] > R*" | Px(0) = 0= Px(1)

and x(7) is continuous for 7 € [0, 1]},

with the norm ||x||c = max,¢jo,1] [x(¢)|. We only need to show that there exists
r > 0 such that ||x,||c < r for any solution x; of (3-2). In fact, let (Ax)(z) =
Jx(t) — px(@), (Cx)(t) = (uly + Bi(0))x (), (Nx)(t) = pux(t) + H'(t, x(1)).
Then A~'C : Cy([0, 1]; R?") — Cy([0, 1]; R?") is linear and compact, ATIN
Co([0, 1]; R¥") — Co([0, 1]; R*") is compact, and ker(A~!C +id) = {#}. We have
the Leray—Schauder degree deg(id +A~'C, B,, #) # 0. By homotopy invariance
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we have deg(id +A~!'N, B,, 0) =deg(id+A~'C, B,,0) #0,and A~ ' Nx+x =0,
so (3—1) has a solution.

Now we prove that the solution x; of (3-2) is bounded. Assume to the contrary
that there exists a sequence {x;} in C ([0, 1]; R*") such that ||xx [ c — 400, {At} C
(0, 1), and

J ik + e Br()xr(t) + (1—Ax) H' (¢, x¢ (1)) = 0,
Px;(0) =0= Px(1).

Set yr = x¢/||xkllc and Ag(t) = A B1(t) + (1—Ar) B(¢, x¢(1)); also define e (t) =
(1= (H'(t, x()) — B(t, xi (1)xx(0)) Ik [l o' Then

(3-3) k() + A yi(t) +ex(t) =0, Pyr(0) =0= Py().

From assumption (2), {y¢} is bounded in Cy([O0, 1], R2). By the Ascoli—Arzela
theorem we may assume that y; — yg in Co([0, 1]; R2"). From assumption (1), we
have e — 0 in C([0, 1]; R?"). From assumption (2) again we have B} < Ay < Bj.
Now write A¢(t) = (a{}) (1))anx2n and By (1) = by (1))anxan fork=1,2, ... Then
b <a® <6? and 260 +5P 450 2P 40 +a® <26 15?14
(k)
ij

in L%(0, 1) by going to subsequences if necessary. Write Ag(1) = (a;;(t))2nx2n5
integrating (3-3) and taking the limit we have

for all distinct i and j. We may further assume Ay — Ag in R and a;;" — a;;

(-4 Jyo+ Ao(H)yo(1) =0,  Pyo(0) =0= Pyo(D).

Since B < Ay < B, it follows that By < Ag < By, and Ag € £5,. Because
i(By) =i(B1) and v(By) = 0, we see from Proposition 2.8 that v(Ag) = 0. This
contradicts the fact that yg is a nontrivial solution of (3—4). O

Theorem 3.2. Assume that H and H' are continuous and that there exist By, By €
&3 satisfying the following properties:

(1) By < B».
(2) H is (B, By)-subquadratic at infinity, i.e., the difference
N(t,x) = H(t,x) — 2(Bi(t)x, x)

is strict convex with respect to x for all t € [0, 1], and there exists ¢ € R such
that H(t, x) < %(Bz(t)x, x)+c forall (t, x).

(3) i(Bz) = i(B]) —I-U(B]), and U(Bz) =0 l'fB] < Bz.

Then (3—1) has one solution.
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Proof. Step 1. Let I' : W € L? — L? be defined by (I'x)(¢) := Jx(t) + B1 (t)x(¢).
We first prove that the range R(I") := I'(W) is closed in L2, that

(3-5) L? =ker(I') @ R(I),

that the restriction I'g := I'|g(r) is invertible, and that I, L. R(T) — R(I') is
self-adjoint and compact.

In fact, if v(B;) = 0, by Proposition 2.5, we have kerI" = {9} and R(I') = L>.
Thus we need only consider the case v(B1) # 0. From Proposition 2.13, there
exists € > 0 such that v(B+€ ;) = 0. From Proposition 2.5(2), there exist A; € R
with A; — 400 as A; — £00 such that

5 +0o0 . d
L= @ E;, whereE; :=ker JE +Bi(-)+ely — Al ).
J=—00
Since v(B;) = dimker(J(d/dt) + B1(-)) # 0 and since I'u = (A; — €)u for all
u € E;, there exists some jo € Z such that e — 2, =0. Then E;, =kerI', R(I') =

;.r?ioo,#jo E;, and L?> =ker(I') @ R(I"). Now, given u € R(I"), write
+o0 +o00o
wu= Y uj; with > lujllye < 4oo.
j==00,j#]jo j=—00,j#jo
Since I'u; = (A; — €)u j, we have Fo_luj = huj' So
i
+00 1
-1
Ly u= Z Iy uj.
. . Aj—E
J=—00,j#jo

Since A; — oo, Fal :R(I") — R(I") is compact and self-adjoint.
Step 2. Consider the functional
1
(3-6) Y(u) = / (%(Fo_lu, u)+ N*(t, —u)) dt,
0
where N*(¢, u) = sup,cg2:{(u, v) — N (¢, v)} is the Fenchel conjugate of N(t, u).
From the continuity of H and H' as well as the definition and the strict convexity

of N, we conclude that the gradient N*'(¢, u) of N*(t, u) with respect to u exists
and is continuous with respect to u, so ¥ € C'(L?, R) and

1
(3-7) W' (u),v) = /0 ((Tyu, v) + (N*'(t, —u), —v)) dt

for all v € R(I"). In view of Proposition 2.13 and of v(B;) = 0, there exists € > 0
such that v(By +€1y,) =0 and i (By +€1y,;) =i(B3). So without loss of generality
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we assume that, for some € > 0,
(3-8) By — By > €ly,.

Write C(¢) := (B2(t) — B1(¢))~!. Then (Cu, v) := fol (C(Hu(t), v(t)) dt defines
a Hilbert inner product structure on R(I'). By the spectral theory of self-adjoint
compact operators we find a basis of R(I"), denoted by {e;}, and a real sequence
{A;} with A; — O satisfying

(3-9)  (Cei,e;)=8; and (Iy'e;,u)=2;(Cej,u) forallu e R(T).
From (3-5), there exists §; € ker I' such that
)\.jc(t)ej — Falej :é’j.

Let x; = Iy 'e; +£;. We have ['x; — A;‘(Bg(r) — Bi(t))x; = 0. Since i(By) =
i(B1) +v(B;) and v(B;) =0, we have v(B +A(B, — By)) =0 for any A € (0, 1]

by Definition 2.4 and Proposition 2.13(1). Hence, for A; < 0 we have —)»;1 > 1

and A;+1>0. Soforany j €N, we have 1 +A; > 0. Set)_»::inf{kj <0]jeN}L
Since A; — 0 as j — oo, we have

(3-10) 1+A1>0.

Forany u =) .- &e; € R(I'), we get from (3-9)
o0 o0 _

(3-11) (g u,uy = &Ny u,e) =Y Ajl&j17 = A(Cu, w).
j=1 i=1

On the other hand, we know that N (¢, u) < %((Bz (t)—B1(t))u, u)+c forall (¢, u),
by assumption (2) of the theorem. Thus

N*(t,u) = 2(C()u,u) —c
and
/1 N*(t, —u)dt > 5(Cu,u) —c
for all u € R(I"). Combin(i)ng this with (3-10), (3—-11) and (3-6), we obtain
V) >+ 1)(Cu,u) —c— +o00

as (Cu,u) — 4oo. Let {uj} C R(I') satisfy ¥ (u,) — infycrr) ¥ (u). Then
{u;} is bounded in R(I"), and there exists a subsequence, denoted again by {u;},
converging weakly to ug in R(I'). As in [Ekeland 1990, Theorem II.2.1], ¢
is weakly lower semicontinuous, so inf,cpr) ¥ (1) = limy(u;) > ¥ (up), and
V(o) = infyeprery ¥ (u). Therefore, ¥ (ug) = 0.
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By (3-7), we have
1
/ (Fo_luo — N*/(t, —ug), v) dt =0
0

for all v € R(I"). From (3-5) again, & := F()_luo — N*¥(t, —up) lies in kerT.
Writing FO_IM() — &y = xp, we get

Jxo(t) + Bi(H)xo(t) + N'(t, x0(1)) =0,  Px(0) =0= Px(1).

The proof is complete. U

Remark. As in [Ekeland 1990, Theorem III.2.1], it is not necessary to assume that
N(t, u) is strictly convex with respect to u: simple convexity suffices. We used the
strict condition only in order to derive that N*(z, u) is differentiable with respect
to u, to simplify the proof.

Corollary 3.3. Assume By, By € ¥57, B\(t), Ba2(t) are continuous with respect to
t, and satisfy assumption (1) of Theorem 3.2. Let y; (t) withO < y(t) <--- <2, (¢)
be the eigenvalues of B>(t) — B1(t), and let A be the eigenvalues of T', and set:

y :=max{y2,(1)|0<r <1}, A:=max{i; <O0}.

Then (3—1) has a solution if |A| > y.

Proof. We only need to prove that v(B;) =0 and i (By) =i(B;)+v(B)). In fact, by
the definition of y we have B, (t) — B1(t) <y I5,, and B;(t) < By (t) +y I,. Since
—A =|A| >y, then I'x 4+ pux = 0 has no nontrivial solutions for any i € (0, y]. By
Proposition 2.13 and Definition 2.4, we have i (By +y I2,) =i(B1) +v(B1). Since
By < By < Bi+y by, wehave i(B1)+v(B) <i(Bz), i(B2)+v(B2) <i(Bi+y ).
Sov(By) =0and i(B;) =i(B1)+v(By). O

Corollary 3.4. Assume that

(k—Dm+e)h, <H"(t,x) < (km —€)Ip, forall (t,x),

where € > 0 is small and k € Z. Then (3—1) has at least one solution.

Proof. Take Bi(t) := (k — 1) lp, and By (t) := (km — %6)12,1. Then N(t, x) :=
H(t,x)— %(Bl (t)x, x) is convex with respect to x, since N’ (¢, x) > el,, and

1 1
H(t,x):/ ds(f H”(t,tsx)xsdt,x)+(H’(t,9),x)+H(t,9)
0 0

< S(kmw —e)|x|> 4+ (H'(1,0), x) + H(t,6)

< Iblx]*+c,
where b .= kn — %e and ¢ > 0 is a constant. Since i(bly,) = i((k — D) Ip,) +
v((k — 1) I,), the hypotheses of Theorem 3.2 are satisfied. O
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Example 3.5. Let

T
50— fort € (11, 1),

b= s f 0
2_t1 ort € (0,1).

Then i (blrn) =Y 0.1y VAbIoy) —n=0. Let H(t, x) = (b(1) —€) |x|* + x| +
h(t) and € € (0, 1) is fixed. By Theorem 3.2, (3—1) has a solution. But y;(t) =
b(t)—e — +ooast; — 0T fort € (0, #1). So the assumptions in Corollary 3.3 are
not satisfied.

Remark. Corollary 3.3 can be compared with [Ekeland 1990, Theorem I1.2.1].
There Ekeland discusses periodic solutions of the Hamiltonian system consisting
of the first equation in (3—1), and proves existence under similar conditions.

We now discuss the multiplicity for solutions of (3—1).

Theorem 3.6. Let the assumptions of Theorem 3.1 be satisfied, and assume more-
over that

H'(t,x) = A(t,x)x +o(|x|) for small x|,
where A(t, x) is a symmetric 2n X 2n matrix varying continuously with (t, x) €
[0, 1] x R*" and satisfying A1(t) < A(t, x) < Ay(t), for all (¢, x), where Ay and
Ay are such thati(Ay) = i(Ay) and v(Ay) = 0.
Then (3—1) has a nontrivial solution if i (By) —i (A1) is odd.

We will use Leray—Schauder degree theory to prove the theorem.

Lemma 3.7 [Chang 1986, Chapter 1, Proposition 4.1']. Assume that K : X — X
is a linear compact operator and o(K), the spectral set of K, does not con-
tain —1. Then the Leray—Schauder degree deg(id +K, 2, 0) is (—1)#, where

B=21,+1<0;e0(k) Bj and B = dim Ui ker(K —2;id)". O

Proof of Theorem 3.6. We use the notations in Theorem 3.1. For u € R with
uly, + By > b, and ul, + Ay > Ib,, we want to show that there exist rj, r € R
with r > r; > 0 such that

(3-12) deg(id+A~'N, B, ,0) = (—1)in(B),
(3-13) deg(id+A~'N, B, 0) = (—1)inAD,
From Proposition 2.13, we have iM'(Bl) — iM(A.l) = i(B;) —i(A}), and hence
deg(id+A~'N, B \ By, 0) = (—=1)'nB) — (—1)in(4D) 2£ 0, s0 the problem (3-1)

has a nontrivial solution x = x(¢) with r > ||x||c > r;. We only prove (3—12) since
in a similar way we can get (3—13). From the proof of Theorem 3.1, we have

deg(id+A~'N, B,,0) = deg(id+A~'C, B,, 6).
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Set K=A"'C.IfAeo(K) with 1 +1 <0, we have Kx = Ax for some x # 6. Set
y(t) := (ul, + B1(1))x(t); then A*Iy = Cfl)xy, and ker(K — A id) = ker(A~! —
C ~I3). From the definitions,

E;(B)= @ ker(A™' = C'0) = P ker(K —1rid),
A+1<0 A+1<0

i (By) =dim E; (B)) = dim P ker(K — xid).
A+1<0

By Lemma 3.7, in order to prove (3—12) we only need to prove that

(3-14) ker(K — 1 id)? = ker(K — Aid).

From (2-8), we have an orthogonal decomposition

(3-15) L*=RA'-C ") @ker(A™! = C ).

If (K — 2id)%x =6, let X := (K — Aid)x = A~'Cx — Ax. Then
F=(A""=1CH(Cx).

Since (K — Aid)x = 0, we have Cx € ker(A~' — AC~"). From (3-15) we get
(Cx,x)=0and x = 6. This proves (3—14). O

To conclude we will use Morse theory to discuss the multiplicity of solutions.
We will make the assumption that the second derivative H” : [0, 1] x R*" — R?**2"
is continuous.

Theorem 3.8. Assume that H, H', H" are all continuous, that H(t,0) = 0, that
H'(t,0) =0 and that the following conditions are satisfied:

(1) There exist By, B, € &5, with i(By) =i(B1), v(B2) = 0 such that
Bi(t) < H"(t,x) < Bo(t) forall (t,x) with|x|>r > 0.
(2) With By(t) := H' (¢, 0), we have
i(B1) & [i(Bo), i(Bo) +v(Bo)].

Then (3—1) has one nontrivial solution. Moreover, under the further assumption
that

(3) 0=v(By) and |i(B1)—i(By)| > n, equation (3—1) has two nontrivial solutions.

Proof. From assumption (1), H” (¢, x) is bounded and there exist w1, . > 0 such
that

(3-16) pilon = H'(t,x) + uly, > b, forall (1, x).
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Recall that (Ax)(¢) = Jx(t) — ux(t). Define N(t,x) = H(t,x) + %,ulxl2 and
N*(t,x) = supyeRzn{(x, y) — N (¢, y)}. From [Ekeland 1990, Proposition I1.2.10]
we have

(3-17) N*(t,u*)=N"(t,u)"!

if u = N*'(¢, u*), or equivalently if u* = N'(¢, u) (by the Fenchel conjugate for-
mula; see [Ekeland 1990, Proposition 1I.1.15]). By (3—16) we have

(3-18) Ly < N*'(t,u*) <uj'hy, forall (t,u) € [0, 1] x R*",

and hence |u| — +oo if and only if |u*| — +o00. From assumption (1) and (3-17)
there exists 1 > 0 such that

(3-19) (Ba(t) + plan) ™' < N*'(t,u*) < (B1(t) + pulay) ™"

for all (¢, u*) € [0, 1] x R?" such that [u*| > r;. Consider the functional defined by

1
(3-20)  Y(u) =/ (3(A7"u), u(®)) + N*(t, u(t)))dt forallu € L*.
0
We prove that v satisfies the Palais—Smale condition. Assume that {u;} is a se-

quence in L? such that ¥ (u ;) is bounded and v/’ (u ;) — 6 in L?. From N'(t,6)=6,
we have N*'(¢,0) =60 and

1
(3-21) W' (), v) = /o ((A_]M(f), v(®) + (N¥(t, u(t)), v(t))) dt
for all v € L?. Noticing that fol N*"(t,0u(t))dOu;(t) = N*'(t,u;(r)), we have

1
(3-22) A—‘u,-+f N*'(t,0u;(t)) dOu; =¥ (u;) — 0, in L*.
0

If |lu;ll 2 — oo, we set x; =uj/|luj|l 2. Without loss of generality, we assume
Xj — Xp in L?, and hence A_lxj — A~ 'xg in L?. For any § € (0, 1) fixed, set

J) N*"(2, 0u (1)) d6if |uj ()| = r1 /8,
Ci(t) = o ,

(B1(t) + nlyy) otherwise,

1
310 :/0 N*"(t,0u; (1)) dOu ;(t) — C;(t)u; (t).

Then there exists a constant M > 0 such that

(3-23) ;)] <My forae.te(0,1),



INDEX THEORY FOR HAMILTONIAN SYSTEMS WITH BOLZA CONDITIONS 275
and
(1= 8)(Ba(t) + o) " + 81y < Cj(0) < (1= 8)(By (1) + pho) " + 7 '8 .
So for every € > 0, there exists § > 0 such that
(3-24) ((B2(t) + €Dy) + )~ < Cj(1) < (B1(t) — €12y) + 1)~

for all t € (0, 1). Now we may further assume Cj_l(t)u(t) — Bo(t)u(t) in L? for
every u € L? with o, + By —€lp, < By <l + Ba+€l,. Let A7 xo(t) = yo (),
from equations (3-22)—(3-24), we have

(3-25) Jyo(t) + (Bo(t) — pl2n) yo(1) = 0, Pyo(0) = 0= Pyo(1).

From assumption (1) and Proposition 2.13(3), for ¢ > 0 is small enough, we have
v(By—¢elyy) =v(By+elhy,) =0andi(By —¢ely,) =i(Ba+ely). Sov(By—uly)
vanishes. This is impossible since ||ygll;2 = 1 and yg is a nontrivial solution of
(3-25); thus ||u |2 is bounded. Assume u; — ug in L?; then A‘luj — A" lug.
Let &j := A7 u; + N*'(t,u;); then N¥(t,u;) =¢; — A 'u; - —A~ug in L2,
from (3-22). The Fenchel conjugate formula gives u; = N'(¢; — Al i) =
N'(=A~'ug) in L?, by [Ekeland 1990, II, Theorem 4]. So  satisfies the PS
condition.

In order to continue the proof we need a lemma. Let X be a Banach space and
take f € C*(X,R). Set K ={x e X | f/(x)=6}and f, ={x € X|f(x) <a}. If
f'(p) =6 and ¢ = f(p), we say that p is a critical point of f and c is a critical
value. Otherwise, we say that ¢ € R is a regular value of f. For any p € K,
f"(p) is a self-adjoint operator; the Morse index of p is defined as the dimension
of the negative space corresponding to the spectral decomposing, and is denoted by
m~(f"(p)). We also set m°(f”(po)) = dimker f”(po). If f”(p) has a bounded
inverse we say that p is nondegenerate.

From [Chang 1993, Chapter III, Theorem 3.1; Chapter II, Theorems 5.1, 5.2
and Corollary 5.2], one can prove:

Lemma 3.9. Assume f € C 2(X, R) satisfies the PS condition, f'(0) =0, and there
is a positive integer y such that y ¢ [m~(f"(0)), m°(f"(©)) +m~(f"(0))] and
Hy(X, fa; R) =684y R for some regular value a < f(0). Then f has a critical point
po # 60 with C,,(f, po) # 0. Moreover, if 0 is a nondegenerate critical point and
mP(f"(po)) <|ly—m~(f"(0))|, then f has another critical point p\ # po, 6. O

We resume the proof of the theorem. By (3—17), we have

N*"(1,0) = (N"(t,0)~" = (H"(t,0) + plo) ™"
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Thus, for any u € L2,
1
W @), u) = / (A, w) + (N*"(t, 0)u, u)) dt
0
1
= /0 ((A™uy w) + ((Bo(0) + phon) " 'u(t), u(2))) dt.

By definition, m~ (" (0)) = i,,(Bo) and m°(y"(8)) = v,.(Bo). By Propositions
2.10 and 2.13, we have i(B;) ¢ [i(Bo), i(Bo) + v(Bp)] if and only if i, (By) €
[i.(Bo), i, (Bo) + v, (Bo)]; and v(By) = 0, [i(By) — i(Bo)| > n if and only if
v (Bo) =0, |i,(B1) —i,(Bo)| > n. Hence, by Lemma 3.9, we only need to show

(3-26) Hq(Lz,w_a;R)’Equ[R forg=0,1,2,...,
for a > 0 is large enough, where y :=i,(B1). We proceed in three steps.

Step 1. For any By, B, € £5; with By < B,, i(B1) =i(B>) and v(B>) =0, we have
L*=E; (B) ® E;}(By).
In fact,if 0 £ u € E;(Bl), then v, ) (u, u) <0,

w(M,Bz)(uv u) S w(u,Bl)(ua l/l) < Oa

and u ¢ E;f(Bz). So E;(Bl) N E:(Bz) = {#}. We only need to prove that
L?> = E (B)) + E/f (By). By definition, L? = E, (B) ® E;; (By), and i, (B,) =
dim E;(Bz) < 00. Let {ej}§:1 be a basis of E;(Bl) where y :=i,(B1). We
have decompositions e; = ej_ + e}L with e; € E;(Bz) and e;r € EIJ[(BZ). If
Y_jaje; =0,then¥:=3""_ aje; =" aje] € E;f(By), and X € E (By),
sox=60andoa; =0,j=1,2,...,y. Hence {6;};:1 is linear independent. Since
dim E;, (By) = iy(B2) = iu(B1) = v, {e;};zl is a basis of E, (Ba). For any
u e L? written as u = u~ +ut with u™ € E, (B) and ut e E;:(Bz), we have
u- = Z?:] Bje;. Sou= Z?:] Biej+ (ut — ;{:1 ﬂje;r); the first sum lies in
E, (B1) and the remainder is in E;} (Ba).

Step 2. For ¢ > 0 small enough, set Jilg := (E:[(Bz—i—e]z”) NBR)DE, (B —€ln).
For R, a > 0 large enough, then,

(-27)  Hy(L*,¥_4; R) = Hy (Mg, Mg NY_g; R) forg=0,1,2,....

In fact, from assumption (1) and Proposition 2.13, we have v(B; + ¢l5,) = 0 and
i(By+¢el,) =i(B1 —€ly,). In addition, by Step 1, we have

L*=E, (Bi —¢hy)) ®E, (B, + D).
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For every u = u; +up € L? with u; € E;(Bl —e€ly,) and u) € E:[(Bg +ely,),
from (3-21) we have

(' (W), ur —u1)

1
:/ ((A_lu,uz—ul)—i-(N*/(t, —u), uj —uz))dt
0

1 1
:_/ <(A_1u1,u1)+(/ N*"(t, —Gu)deul,m))dt
0 0
1 1
+/ ((Aluz,uz)—(/ N*//(t,—Ou)deuz,uz))dt
0 0

1
> —/O (A "y, ur) + ((hoy + Bi(t) — eby)'uy, uy)) dt

1
+ / (A uz, u2) + ((hon + ey + Ba(t)) "' un, un)) dt — c3,
0

where ¢3 > 0 is a constant. Now we bound these last two integrals using the fact
that in the subspace E;(Bl —¢ely,) of L?, the norm || - Iz is equivalent to || - ||
defined by

1
= (= [ U™ )+ (el B10) = el w0l )
0
in this way we obtain

(3-28) W' W), us —u1) > e2lluallys +erllully, — cs,

with ¢y, ¢, > 0. Thus when R is large enough we have (Y'(u), up — u;) > 1 for
every u = uy +up with uy € E; (B —€l,), uz € Ef (By+€lp,) and |luz| ;2 > R,
or |luill;2 > R. For any u = uy +uy ¢ Mg, let o(t,u) = e 'uy + e'uy, T, =
In |luz|| —In R, and

uy +uy if luz|| <R,

(t,up+up) =
7 o(T,t,u) if |luz] > R.

Then n: [0, 1] x L% — L? is continuous and satisfies n(0, -)=id;2, n(1, Lz) C Mg,
n(l, ¥a) C Mg NP,
n(t, Ya) C¥a, 0, )iy =idu, forallz [0, 1].
So (Mg, Mg NYr,) is a deformation retract of (L2, v,), yielding (3-27).
Step 3. For R, —a > 0 are large enough,

H, (Mg, Mg Ng; R) =8, R forg=0,1,....
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In fact, we have from (3—-18) and (3-19) that

1
/ N*(t,u())dt
0

1 1 1 1
:/ (/ QdQ/ N*”(z,esu(t))dsu(t),u(z))dr+/ N*(t,0)dt
0 0 0 0
1 1
5/ (/ GdQ[ N*”(t,9su(t))a’su(t),u(t)) dt + M
lu(t)|=kr 0 0
:/ (// eN*”(z,esu(z))dsdeu(t),u(z)> dt
lu(t)|=kry |Osu(t)|>r1,0,s€[0,1]

+/ (// N*"(t,0su(t))ds d6 u(r), u(t)) dt + M,
lu(t)|=kr; |Osu(t)|<r;,0,s€[0,1]

1 1
55/0 ((hon + B1 (1) u(®), u (1)) dt

1
i [Cww.uoyar [[ 6ds 6+ M,
0 os|<1.0,s€[0,1]

where M is a constant depending only on k. Hence, for every ¢ > O there exists a
constant M such that

1 1
/ N*(t, u(t))dt < %/ (Wl + B (1) — e1) ™ u(t), (1)) dt + M
0 0

for all u € L2 Together with (3-20), this yields, for any u = u; 4 u, with u; €
E, (B —€ly,)and uy € E:[(Bz +¢el,) N Bg, the bound

2
V(u) < —cillurlly. +callurll2 +cs,

where cq4, ¢5s > 0, and ¢ is the constant in (3-28). Hence (1) — —oo if and only
if ||u1|| = +oo uniformly in u; € EIJ[(BZ + €15,) N Bg. Thus there exist T > 0,
a; <ap; < —T,and Ry > R; > Ry > 0 such that
(E,; (By+€l,) N Bry)) ® (E, (B1 —€l2,) \ Bk,) C Yia, N Mg,

C (E;f (Ba+€I,) N Bg,) ® (E,; (B — €15,) \ Br,) C Y4, N Mg, .
For any u € Mg,N (Y4, \ V4, ), since o (¢, u) =e "up+e'u;, the function ¥ (o (¢, x))

is continuous in ¢ and satisfies ¥ (o (0, x)) = ¥ (4) > a; and ¥ (o (¢, u)) — —o0 as
t — +00. Thus there exists a unique ¢ = T; () such that ¥ (o (¢, u)) = a;. Since

d
EW(G(I, u)) = (dy (o (t,u)), o' (t, u))

=(dy (e "ur+e'uy), —e 'ur +e'up) < —1
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as t > 0, by the implicit function theorem, t = 7 (1) is continuous. Define
mt, u) =u,u € Y VMg, = o (T1()t, u), u € MN (Yo, \ Ya,)3

then 1 : [0, 1] x ¥4, N Mg, = ¥4, N JME, is a deformation from ,, N g, to
Ya, N Mpg,. Set v :=n1(1, ) : Mg, N Ya, = Mg, NPy, , and define

u if luill = Ry,

(u) = )
ur + (uy/llurl)Ry  if [luqll < Ry.

Then 7 = 15 o 77 is a strong deformation retract:
T Mgy NYa, = (Ef (By+€l2,) N Br,) ® (E, (Bi —€lp,) \ intBg,),
where int Bg, is the interior of Bg,. Hence, for¢ =0, 1,2,...,

H (Mg, , MryNVay; R) = Hy ((E,; (Ba+€la,) N Br)) ® E (Bi —€lay),
(Ef (By+€l2,) N Br,) @ (E;; (Bi —€lp,) \int Bg,); R)
= Hy(E, (Bi—€Dhn)NBg,, d(E, (Bi —€l,)NBg,); R)
~5,,R. O

Remark. The method of the proof of (3—26) comes from [Chang 1993], but we
have modified it to suit our case.
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