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We consider the differential equation (d?/dx*)®(x) = (P,,(x)/x?)®(x) in
the complex field, where P, is a monic polynomial function of order m.
We investigate the asymptotic and resurgent properties of the solutions at
infinity, focusing in particular on the analytic dependence of the Stokes—
Sibuya multipliers on the coefficients of P,. Taking into account the non-
trivial monodromy at the origin, we derive a set of functional equations for
the Stokes—Sibuya multipliers, and show how these relations can be used to
compute the Stokes multipliers for a class of polynomials P,,. In particular,
we obtain conditions for isomonodromic deformations when m = 3.

1. Introduction

This article is the first of a series of three papers to come. The motivation stems
from the well-known theory of Sibuya [1975] and its Gevrey-resurgent extensions,
and their applications in spectral analysis.

Sibuya [1975] gives an exhaustive description of the asymptotic properties when
|x| — oo of the solutions of the ordinary differential equation —‘;T? +P(x)®=0,
where P (x) =x"+ax" "'+ .4a,, is a complex polynomial function of order .
Among various results, he shows the existence of a set of fundamental functional
relations between the Stokes connection matrices, when viewed as functions of the
coefficients of P. The asymptotic behavior of the Stokes—Sibuya coefficients when
the constant term a,, of P tends to infinity is also provided. Later, these results
have been clarified and extended in the framework of the Gevrey and resurgence
theories [Ramis 1993; Loday-Richaud 1995; Ecalle 1985; Candelpergher et al.
1993a; Voros 1983; Delabaere et al. 1993; Delabaere and Pham 1999; Costin 1998;
Trinh 2005].

One of the main applications of these results is a qualitative and quantitative
description of the spectral set of the Schrodinger operator —j—; + P(x). See,
for example, [Delabaere et al. 1997; Delabaere and Pham 1997; Kawai and Takei
1994; Voros 2000]. Recently, the exact asymptotic analysis has been applied with
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success to describe the spectral properties of a class of PT-symmetric oscillators,
that is, when the potential function P satisfies P(x) = P(—x). As a rule, such
P T-symmetric operators are not Hermitian, therefore the existence of a real spec-
trum is a nonobvious but interesting question (see, for example, [Bender et al.
1999; 2002] for motivations and applications in physics). In [Delabaere and Pham
1998] and [Delabaere and Trinh 2000], the authors consider the P 7T -symmetric
complex cubic oscillator, and prove the reality of the spectrum and the appearance
of spontaneous symmetry breaking, this depending on the values of the coupling
constant. Meanwhile, the reality of the spectrum of the P T-symmetric Schrédinger
operator —% + P(x), with P polynomial, was proved by Shin [Shin 2002] under
convenient hypotheses. His work relies on a clever examination of the results of
Sibuya, and on ideas and tools usually used in the context of integrable models in
quantum field theory.

As a matter of fact, apart from the key-results of Sibuya, the strategy followed
by Shin was previously developed by Dorey et al. [2001] to prove the reality of the
spectrum of the PT-symmetric operator —j—; —((x)" —a(ix)" "V 131+1) /x>,

Our programme is to generalize all the above results to the one-dimensional
Schrodinger operator H = —% + P(x)/x* with P(x) a complex polynomial
function of order m € N*.

In the present article, we consider the ordinary differential equation

d? Pu(x,a)
(€n) ﬁfb(x) = TqD(X)
in the complex x plane, where a := (ay, ..., a,) € C", m € N*, and

Pu(x,a) =x" +a;x™ '+ +a, € Clx].

This equation admits a unique irregular singular point located at infinity, and our
aim is to concentrate on the asymptotic behaviors of the solutions of (&,,) at this
point, and their deformations in the parameter a = (ay, ..., @, ). Compared with
the work of Sibuya [1975], the main novelty comes from the existence (as a rule)
of another singular point, a regular singular one at the origin. The Stokes—Sibuya
coefficients, when considered as functions of the coefficients a of the polynomial
P,,, are still governed by a set of independent functional relations, but the nontrivial
monodromy at the origin has now to be taken into account. As we shall see, this
translates in term of an interesting a-dependent equational resurgence structure.
The paper is organized as follows. In Section 2 we study the solutions near in-
finity, introducing a well-behaved family of systems of fundamental solutions. The
associated Stokes—Sibuya coefficients are defined, and their analytic dependence
on g are analyzed. The main existence theorem given in Section 2 is proved in
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Section 3 by resurgent methods, and we compare the Stokes—Sibuya coefficients
with the Stokes multipliers given by the resurgence viewpoint.

In Section 4, we introduce and study a convenient system of fundamental so-
lutions near the origin, by means of the Fuchs theory. By comparing, in Section
5, these different families of fundamental solutions, this yields a set of functional
relations which are detailed in Section 6. Besides describing these general prop-
erties, we provide different examples in Section 7 and the Appendix, which will
serve as guidelines in our next papers. In particular, for m = 3, we provide a family
of isomonodromic deformations conditions.

In a second paper, we will investigate the asymptotics of the solutions and Stokes
multipliers with respect to the parameter a, when ||a|| — oco. Roughly speaking,
this corresponds to the second part of [Sibuya 1975]. However, this work will be
done in the framework of the exact WKB analysis, thus taking advantage of the
tools and ideas of the (quantum) resurgence theory, in the spirit of [Voros 1983]
and [Delabaere and Pham 1999].

A third paper will be devoted to applications to spectral analysis, especially for
PT-symmetric operators

He— d? n Pm(x,c_z),

dx? x?
with a generalization of the result of [Dorey et al. 2001] as an interesting by-
product.

2. Solutions of (&,,) in the neighbourhood of infinity: classical asymptotics

We begin in the framework of the usual Poincaré asymptotic analysis, (see, for
example, [Dieudonné 1968; Fedoryuk 1983; Olver 1974; Wasow 1965]). We are
interested in the question of the existence of solutions (formal or not) at infinity
for the equation (&,,). The starting point of our study will be the main existence
theorem, Theorem 2.1, which can be seen as an adaptation of a classical theorem
due to Sibuya [1975, p.15]. It asserts the existence and the uniqueness of a solution
of (&,,) defined by its asymptotic expansion at infinity.

The main existence theorem. In the sequel, it will be convenient to think of x as
an element of the universal covering of C* with base point 1. Since this covering
can be identified to C provided with the projection 7 — x = e’, we shall associated
to x its argument arg(x) € R.

In what follows,

N
P,
V Pu(x,a) =xm/27l+me/2_k(g)xm/27k71_{_O(Xm/ZfN)

X
k=1
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stands for the asymptotic expansion at infinity in x of /P, (x,a)/x. Also, x* =
exp (a In(x)) with In(x) real for arg(x) =

Theorem 2.1. The differential equation (&,,) admits a unique solution ®y(x, a)
satisfying the following condition.
(1) g is an analytic function in x in the sector Ly = {|x| > 0, |arg(x)| < %”}
such that, in any strict sub-sector of Xg, ®y admits an asymptotic expansion
at infinity of the form

Tdo(x,a) =x"De 50Dy (x, a),

uniformly with respect to a in any compact set of C"*, where

(m— 1)/2 (@)
S(x, 2 /2 m/2 —k M2k e ¢ 1/2’
(x,a) = + ; ik lallx'/?]
r(a) =
¢o € (C[c_z][[x_l/z]] with constant term 1,
if m is odd, and
m/2— 1 (a)
S(x, 2 /2 m/2 k X2k o ¢ ’
(x,a) = + ; m/2—k lallx]
r(a) =5 -7 —bola),
¢Po € C[c_l][[x ]] with constant term 1,
if m is even.
Moreover,

(2) ®g extends analytically in x to the universal covering of C*, and is an entire
function in a.

(3) The derivative ®; of ®q with respect to x admits an asymptotic expansion at
infinity of the form
T(f®o(x, @) = £ (TPo(x, @) = 2" @271~ (—1 4 o(1))
when x tends to infinity in any strict sub-sector of Xg, uniformly with respect
to a.

Needless to say, the asymptotic expansion 7' ®q(x, a) of @ at infinity in X can
be computed algorithmically. For instance, for m = 3 one gets (with Maple)

T®o(x, ) = e~ A (1 4 (ay—fap)x 12
+(= }‘a%a2+32ai‘ 4“1"‘%“%))6_1"‘0("_3/2))»
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while for m =4,

—(x%+a1x)/2  (a}—4a—4)/8 1 1 1 1 -1
T®o(x, @) = ™ TPy laeT (1+( 1647 — 30102 — 31 + 5a3)X
S 1,2 1 a2+ 342 1 | 1
+ (541 — 15 — 64“1“2 + 550103 + Haiay — garaaz + 3as — jaz

9 4 3 6 3 1 2\. -2 -3
— 33601 — 34103 — g + 3347 + j3a7a3 + ga3)x 2+ 0 (x7Y)).

We shall discuss the proof of Theorem 2.1 in a moment (see Section 3). Here, we
would like to show how one can derive fundamental systems of solutions of (&,,)
from ®( only. This is the subject of the following subsection.

Stokes—Sibuya coefficients. In the sequel, it will be convenient to introduce the
following notations.

Notation 2.2. For all A € C and all ¢ = (ay, ..., a,) € C", we define
= (Aay, ..., A\"ay).

We set

= eizm/m

and introduce, for all k € Z,
D (x, @) = Po(o'x, 0 a).
where @ is given by Theorem 2.1.

We bring into play a quasi-homogeneity property of (&,,). We note that (&,,)
is invariant under the transformation (x, a) — (wx, w.a) so that, with the above
notations, Theorem 2.1 easily translates into the following lemma.

Lemma 2.3. For any k € Z, ®; is a solution of (&,,), and is entire in a. Its
asymptotic expansion when x tends to infinity in the sector

X = {Ix| > 0, | arg(x) + k arg(w) |< 2},
uniformly in a in any compact set of C™, is given by
TO(x,a) = TCIDO(wkx, a)k.c_l)
where T ® is the asymptotic expansion of g in Lo described in Theorem 2.1.

Corollary 2.4. For every k € Z, the solution ®y is exponentially decreasing (“sub-
dominant function" in [Sibuya 1975, p19]) in the sector

= {| arg(x) + k. arg(o) |< Z}.

We note that the sectors Ax_1, Ax and Ay are included in X and, by Lemma
2.3, each solution @ has an exponential growth of order not greater than 7 in the
two sectors Ax—1 and Ay adjacent to Ag. This leads to the following lemma.
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Lemma 2.5. For every k € Z, {®y, i1} constitutes a fundamental system of
solutions of (&,,) and, moreover,

W(qu, q)k+1) = 2(—1)ka)k(]_m/2)+r(wl"+',a)
where W denotes the Wronskian, and r is given by Theorem 2.1.

Proof. By quasi-homogeneity of P, (x, a), we note that
S(wx, w.a) =—S(x,a).
Thus, by Lemma 2.3, for x € X,
Tdy(x, a) = @D 7@ D150 (1 o1y,
Using Theorem 2.1 part (3) we also have, for x € ¥y,
T<I>§<(x, a) = (_Dk—la)kr(wk,g)xr(wk.g)-i-m/z—le(—l)k_lS(x,g)(l +o(1)).

Moreover, the coefficient by of theorem 1 is a quasi-homogeneous polynomial in
a of order 75 so that

r(wra) +r@ta)=1- 7.

As a result, we get the equalities

W (@, Ppy1) = O D) | — P Pryi
— (1)t k@ D+ (@)t (@ Ha)  r@ha)+r @) +m/2-1 (1+0(1))

= 2(~yk @ I=m2Hr @) (14 (1),

for x € Xy N Xp41. The Wronskian W (P, @) being independent of x, this
completes the proof. O

Since each system {®;, 1} constitutes a fundamental system of solutions
of (&,,) we deduce, from the classical theory on linear differential equations, the
existence of functions Cy(a) and Cy(a), depending only on a, such that

2-1) @)1 = Cr(@) D + Cr(@) it
forall k € Z.

Definition 2.6. The functions Cy(a) and ak(g) defined in (2-1) are called the
Stokes—Sibuya coefficients of ®j_ associated respectively with ®; and ®4;. The
matrices N
Ci(a) Ck(C_l))
1 0

are called the Stokes—Sibuya connection matrices.

Si(a) == (
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Differentiating the equalities (2—1) with respect to x, we obtain

W(®k—1, Pis1)
2-2 C =
(2-2) K@) W(®Pk, Piy1)
~ W(Pi—1, Pr)
2-3 C =
) KD = @ o)

Using the fact that the ®;’s are entire functions in a, we deduce from (2-2),
(2-3) and Lemma 2.5 that the Stokes—Sibuya coefficients are entire functions in
a. Also, it follows from (2-3), Lemma 2.5 and the definition of the ®; that
Ci(a) = Co(wka), while Cr(a) = Co(wka) = @™ 22 @0 In particular, since
o™ = e:|:2irr’ we get Cy = Cy, (mod m) and 5]( = 5k (mod m) forall k € Z.

We summarize our results.

Theorem 2.7. For all k € Z we denote
(24) Oy (x, a) = Po(e'x, 0'a),
where g is the solution of (&€,,) defined in Theorem 2.1. Then, for every k € Z:

e Oy (x, a) is analytic in x on the universal covering of C* and entire in a.
e The system {®y, ®y11} constitutes a fundamental system of solutions of (€,,).

e We have

2-5) (%) wo-s@( 4" ) oo

where the Stokes—Sibuya connection matrix Sy (a) is invertible, and entire in
a. Moreover,

(2-6) Si(a) = Gk-1(w.a), Si(a) = Sp(w'a).

o The Stokes—Sibuya coefficients Cy(a) and C «(a) associated with, respectively,
@ and ®y4 1 are entire functions in a, and

Ci(a) = Co(w.a), Cr = Ck (mod m)

2-7) ~ ~ ok m—2+42r(wka) 5 ~
Ci(a) = Co(w"a) = w <, Cr = Cx (mod m)-

For any k € Z, the analytic continuation of {®;_;, ®;} constitutes a fundamental
system of solutions of (&,,) (by Lemma 2.5, the Wronskian W (®;_;, ®;) does not
vanish). In particular, there exists a unique invertible 2x2 matrix 91°(a), entire
in a, such that

Dy Dy
( q’;kl)w’"x,g):f)ﬁi"(g)( qﬁk1>(x,g).
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Definition 2.8. The 2x2 matrices 9°(a), for k € Z, defined by

2-8) (%) @mmo-mr@ (%) wo,

are called the co-monodromy matrices.

From the definition of the ®;, we note that 97°(a) = My° (w*a). Also,

(%)) wo=o@...en@( % )xa

=60@)...6pn-1(a) ( CI;_O1 ) (@"x, 0".q).

. Dy . . .
Since ® is entire in a, we obtain
0

(%) )@ o=@ 1(a)<q;,‘o‘)<wa,c_z)
~ 6@ 8@ (5 ) o),

and, {®_;, Py} being a fundamental system, this yields the following theorem.

Theorem 2.9. For every k € Z, the oo-monodromy matrix IM°(a) is invertible,
entire in a, and

(2-9) M (a) = MY (@’a).
Furthermore, the Stokes—Sibuya matrices satisfy the functional relation

(2-10) So(@) ... Gpu_1(@) = (MF(a)~".

Relation (2-10) generalizes a functional relation due to Sibuya [1975, p85].
Unfortunately, as a rule, the oco- monodromy matrix 9§° is difficult to compute.
We return to this question in Section 6.

3. Solutions of (&,,) in the neighbourhood of infinity: resurgent point of view

Theorem 2.1 can be shown with the methods developed in Sibuya’s book [1975]
and, in fact, is actually proved in [Mullin 1968; Bakken 1977]. However, using the
resurgent viewpoint, one can get a stronger result in a simpler way.
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Basic notions in resurgence theory. Since the terminology we use in this section
is likely to be least familiar to some readers, we first give the necessary definitions;
see [Candelpergher et al. 1993b; Candelpergher et al. 1993a; Delabaere and Pham
1997; Ecalle 1981] for more details. We mention that our notation differs from
that usually used by Ecalle. As usual in this article, we identify an element of the
universal covering of C* (with base point 1) by specifying its argument in R.

Definition 3.1. A sectorial neighbourhood of infinity of aperture I = la, B[ C R
is an open set U of the universal covering of C* such that for any open interval
J C I, there is z € U such that zJ C U, where

ZJ:={z+rei6:r>O, 96]}.

Definition 3.2. If U is a sectorial neighbourhood of infinity of aperture / and if W
is holomorphic in U, then W is of exponential growth of order 1 at infinity in U if
for any open interval J C I, there exist T > 0 and C > 0 such that

|W(z)| < Ce™!
forallze UNO0J.

We now introduce the notion of a minor. We do this only for a particular class
of formal power series which will be used in this paper.

Definition 3.3. Consider the formal power series

(073

00
V@O =r+Y S e,
n=0

where m is a positive integer. Then r is the residual coefficient of i, and

~ _ ad (e % 1/m
w@>—Z£Fa;;;5¢ eClc'™]

is the minor of .

In other words, the minor of the formal power series i is just the Borel transform
without its residual coefficient. This allows to define the Borel-summability for
such formal series.

Definition 3.4. The formal power series

00

oy, /m
W(Z):r+zzl+n/ln EC[[Z Y ]]
n=0

is Borel-resummable in the direction (of the argument) o € R if
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(1) its minor 1’/7(5) defines a (ramified) analytic function at the origin (for simplic-
ity, we keep the same notation 1 (¢) for the series and its sum, and ¢ should
be regarded as an element of the universal covering of C*), and

(2) there exists an open sector 0/ with I an open neighbourhood of « such that
¥ (&) can be analytically extended in 0/ and is of exponential growth of order
1 at infinity in O7.

The Borel sum Sy (z) with respect to z, in the direction « € R, of the formal series
¥ is defined by

ooeia N
v @ i=r+ [ e T,
0
In Definition 3.4, when one drops the growth condition (2) at infinity, v is said to
be Borel presummable in the direction «, the summation operator S, being replaced
by the presummation operator which we do not define here (see, for example,

[Delabaere and Pham 1997]).
A Borel sum has the following main properties.

Proposition 3.5. If

oo
oy “1m
V@ =r+) < Cl]
n=0

is Borel-resummable in the direction o € R, then

(1) its Borel sum Sy (2) is holomorphic in a sectorial neighbourhood of infinity
U of aperture I = ]—% —-a, 5 —a[,

(2) S ¥ (2) is asymptotic to Y (z) at infinity in U. More precisely, for any strict
subinterval J of 1, there is C > 0 such that

n—1

Ok n —n/m—
Saw(Z)—r—Zm‘fc F(1+n/m)|z| n/ 1.
k=0

foralln>1,andallz€ UNOJ,
3) L (Sa¥(2)) = Sa (%L (D).

(4) If two formal power series ¥ (z), $(z) € C[[zfl/’"]] are Borel-resummable in
the direction o € R, then Sy (W.¢) (2) = So (V) (2).Sa (@) (2).

Definition 3.6. A formal power series
>«
V@ =r+) el
n=0

is resurgent if its minor J(; ) defines a (ramified) analytic function at the origin,
and is endlessly continuable, that is, for every L > 0 there is a finite subset Q2; C C
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such that ¥ can be analytically continued along every path A of length < L which
avoids ;.

This definition can be extended to an algebra of resurgent formal functions which
we do not define precisely here. (Note that Ecalle proposes a more general defini-
tion.)

Proposition 3.7. If two formal power series

o] oo
(273 —1/m n —1/m
W@ =r+ Y i <O and 9@ =5+ i <l
n=0 n=0

are resurgent, then the product .¢ (z) is too: the minor of ¥.¢(z) given by

Vp () =) +5.9(C) + U ),
(3-1) o C
U xp(C) = fo V(M —mdn

(where the latter is the convolution product) is endlessly continuable.

For a resurgent formal power series, it may happen that we no longer can de-
fine its Borel (pre)sum in a given direction @ € R because the minor can have
singularities along this direction: this is the essence of the Stokes phenomenon.

Definition 3.8. We consider a resurgent formal power series
>«
Yy =r+y_ z1+—/m e Clz™"/m].
n=0

Let o € R be a singular direction for the minor J(;). We hypothesise that there is
an € > 0 such that 1}({) can be analytically extended in the open sector 0], av+€[
(respectively, O]Ja—e, @[) with an exponential growth of order 1 at infinity. We
assume also that this exponential growth at infinity extends up to paths [0, coe’® +[
and [0, coe’® —[) circumventing the singularities to the left and right, respectively,
along the direction «:

Oe m /\ Right resummation

Oe

Left resummation
W\

Then i is right (respectively, left) Borel-resummable in the direction ¢, its right
(respectively, left) Borel sum S, (respectively, S,—1) being defined by

ool +
Sast(2) = + /0 (e,



46 ERIC DELABAERE AND JEAN-MARC RASOAMANANA
for z in a sectorial neighbourhood of infinity of aperture |-% — o, 5 — o[

In Definition 3.8, it is possible to drop the hypothesis, replacing the right (re-
spectively, left) Borel sum by the right (respectively, left) Borel presum (see, for
example, [Delabaere and Pham 1997]). In other words, every resurgent formal
function is always right and left Borel-presummable (in any direction).

We note that Proposition 3.5 is still valid for right and left Borel sum. Moreover,
when 1 is Borel (pre)summable in the direction o € R, then

Sa ¥ (2) = S+ ¥ (2) = Sa-¥(2).

In order to be able to compare right and left (pre)summation, one has to enlarge
the set of resurgent formal functions to the set of resurgent symbols.

Definition 3.9. A resurgent symbol (or resurgent transseries) in the direction « is
a formal sum

@)=Y Yo

we

where each ,(z) is a resurgent formal function and €2, the singular support of ¢,
is a discrete subset of [0, coe'“].
The sum and product of two resurgent symbols are defined in an obvious fashion,
so that resurgent symbols in the direction « make up an algebra which we denote
by R, .

The right and left (pre)summation operations can be extended to resurgent sym-
bols in a way so that

Sar 9= D (Sar Vo)™ and Sq-¢ =) (Sa— ) €.
weER we2

The construction (which we do not explain here) makes the operations S, and
So— isomorphisms of algebras and, moreover, Sy+ (Ry) = Se— (Rq). This key result
(due to Ecalle) allows to define the so-called Stokes automorphism, which analyzes
the Stokes phenomenon by comparing right and left Borel (pre)summations.

Definition 3.10. The Stokes automorphism in the direction « is defined by
G, = S;Jlr 0Sy— Ry = Ry.

The action of the Stokes automorphism in a given direction can be understood
in terms of deformation of the contour of integration in a Laplace integral:

MO CE a
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It follows from the definitions that the Stokes automorphism in the direction «
acts trivially on exponentials e *“, and that its action on a formal resurgent series
Y is given by

St =V + ) Ve ™,

where the sum runs over those singular points of the minor J which have to be
avoided when considering left (pre)summation. The Stokes automorphism &, is
given by

Gy =1+78,
where the operator *S, commutes with multiplication by exponentials, and trans-

forms formal resurgent series into “exponentially small resurgent symbols”. This
implies that the operator
o
, (=t
A, =Ing, =) ———1s!

n
n=1

is well defined on R,,. Since G, is an automorphism of R, it follows that Aa is
a derivation of R, .

Definition 3.11. The operator A, is called the alien derivation in the direction a.

We note that since S, and S, commute with 4 it follows that S, and A
dz B3]
also commute with —;z.

Proposition 3.12. The alien derivation éa commutes with d%.

The alien derivation Aa commutes with multiplication by exponentials, and its
action on a formal resurgent series ¥ has the explicit form

éalﬁ= Z e ALY,

weQ ()

where 2 (J) is a discrete subset of [0, coe'®[, the set of so-called glimpsed singu-
larities of r, that is, the set of singularities to be circumvented when analytically
continuing v in the direction «.. Since A, is a derivation, each A, is also a deriva-
tion.

Definition 3.13. The derivation A, is called the alien derivation at w.

Definition 3.14. A formal resurgent function V is a constant of resurgence if
A, =0 for any w.

For instance, a convergent power series ¥ is a constant of resurgence.
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Instead of working with the A, it is sometimes convenient to work with the
so-called pointed alien derivations

A . ,—I®
Ay i=e “A,,

which have the advantage of commuting w1th - (this is a consequence of Propo-
sition 3.12).

Proposition 3.15. The pointed alien derivations A,, commute with j—z

Resurgence of solutions of (&,,). We now return to the proof of Theorem 2.1.
The main idea will be to consider the asymptotic expansion T ®q of Theorem 2.1
as a formal solution of (&,,), and to show that ®; can be constructed from 7 @
by Borel resummation with respect to an appropriate variable z = z(x, a) (or Z,
depending on the parity of m) which will be defined later, uniformly in a, for g in
any given compact set.

We start with a kind of preparation theorem, so as to transform equation (&,,)
into a normal form. This is based on the Green—Liouville transformation, but we
shall have to dissociate the m odd case from the m even case for technical reasons.

In what follows, a is assumed to belong to an arbitrary compact set K C C™.

Case 1: m odd. We consider the Green—Liouville transformation

z=2z(x,a)= /x —'R"t(t’g)dt,
G2 Po(x, @)"/*
V(z,a) = —F———P(x,a),

Jx

where the Laurent—Puiseux series expansion in x of z(x, a),

(m—1)/2
Z(X,C_l) 2 m/2+ Z ’;111//22k(k) m/2— k+0( 1/2) me/ZC[C_l]{x_l},
k=1

coincides with the map x +— S(x, a) defined in Theorem 2.1 modulo an analytic
(multivalued) function vanishing at infinity. We note that, if X Ny (respectively,
172 (respectively, z'/™), then there

exists a compact set B (depending on K) (respectively, B) such that the map

Z i><[Z) is the (ramified) Riemann surface of x

(x,a) e "' (C\B) x K — (z(x,a),a) e "' (C\B) x K

is biholomorphic.
We remark here that by the quasi-homogeneity of P, (x, a), it follows that

(3-3) 2(wx, w.a) = 0" *2(x, a).
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The transformation (3-2) converts (&,,) into the equation

2
(3-4) L (- FGayw =0,
dz

which is our prepared normal form.

It is straightforward to see that studying (&,,) at infinity in the variable x amounts
to studying (3—4) at infinity in the variable z. The inverse map x : (z, @) — x(z, a)
can be identified with its Laurent—Puiseux series expansion

(3-5) x(z.a) = (22)7" + 0(1) € /" Clal{z /™),
and, from (3-3),
(3_6) x(a)%z,a),g_l) =a)x(z’g).

In (34), F(z, a) is defined by
(3-7)

F(z,a) =

xPl(x,a)+Pu(x,a) x*(Pl(x,a) 5P,(x, a)
4P, (x,a)? 4 \Py(x,a)*> 4 Pu(x,a)

x=x(z,a).
One infers from (3-5) that

m?> —4

(3-3) F(z,a)= W

(1+0(z%™)) € SClal{z™*)

is an analytic function at infinity in z~!/", uniformly in @ € K. It is easy to show
the existence of a unique formal solution W, (z, a) of (3—4) satisfying

(3-9) V,(z,a)=e Yi(z,0),

where

G-10 Vi@ =1+) _Zofii%_,)n € Clallz"""]
n=0

with 1 for its residual coefficient. Moreover the formal power series expansion
¥4 (z, a) satisfies the ordinary differential equation

d? d
(3-11) ——SV++2—Y - F(z, a)y4 =0.
dz dz

In addition, by the quasi-homogeneity property of P,,, from (3—6) and (3-7),
one sees that

(3-12) F(o™?z, w.a) = F(z, a).
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Defining

(3-13) V_(z,a) = Y (@"?z, w.a),

one deduces the existence of a unique formal solution W_(z, a) of (3—4) such that

U_(z,a) = ey _(z,a) for ¥_ e Clal[z~'/™], with a residual coefficient equal

to 1. Note that W, and W_ are linearly independent, so (W, W_) provides a

fundamental system of formal solutions for the linear second order equation (3—4).
The formal series ¥+ enjoys the following properties.

Proposition 3.16. The formal power series expansion

a,(a)

Y (z, a>—1+2 g € Clallz™"]

(respectively, y_(z, a) = Y4 (™2, w.a)) is Borel-resummable with respect to z,
uniformly in a, for a in any compact set of C", for every direction of summation
except those of argument w (mod 21) (respectively, 0 (mod 21)).

Proof. We have to analyze the analytic properties of the minor

~ > a,(a) 1
(3-14) Vi(ga) =y —=¢"/" e Clallg'/"].
n=0 F(Fl + 1)

of V¥ (z,a). To proceed, we go back to equation (3—11). Instead of considering
this differential equation, we shall rather introduce its deformation

2
(3-15) —d—zl//+2i1p—F(z,c_1)+8F(z,C_l)(l—w)=O
dz dz

where ¢ can be thought of as a parameter of perturbation. The introduction of this
parameter will help us to rewrite ¥4 and its minor JJF into an analyzable form,
since (3—15) reduces to (3—11) when ¢ = 1. We now look for a formal solution of
(3-15) in the form of a normalized series expansion with respect to ¢:

(3-16) V(@ a. ) =1+ Yz a)E", P, €iClallz""].

n=0

Plugging (3—16) into (3—15) and identifying the powers of &, one gets

L 2Ly = P a
- —o=F(z,a),
dz2 0 g0 “4

d2

(3-17) 4
@an-i-l +2£w+1 = F(z,a)y,, forn=>0.
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This translates into the fact that the minors Jn (¢, a) of the ¥, (z, a) have to satisfy
the convolution equations
—¢Q+ Yo =F,

(3-18) " o o~
— @ +2DYpr1 =YpxF, forn>0,

where F (¢, a) is the minor of F(z, a), while % stands for the convolution product
(see (3-1)).
We have now to study the analytic properties of

(3-19) V(G a,8) =) ¥nl a)s".

n=0

The key-point of the analysis will come from the properties of F. Writing

@)
— ni= 1 =2/
(3-20) F(z,a) = 2+ nim € ZzC[(_l]{Z ",
n=0
we know that
— 8
(3-21) G@) =) —isgm With g =sup|fi@].
n=0 < ack

is an analytic function at infinity in z~!/”. Therefore its minor

o0

(3-22) 5(;)=Zm+g—;1/m);l“"/m e cC(e?/m)
n=0

is an entire function in ¢!/ (with an exponential growth at infinity of order at most
1). Thus, if €, denotes the Riemann surface of ;1/ ™ then

o0

= _ fn(@) 1+2n/m 2/m
F¢ a)= go Tt e sClalie®™)

is a holomorphic function in (¢, a) € €, x K such that
(3-23) |F(¢,a)| < G(¢l) forall (¢,a) €€y x K.

Using the fact that Fisa holomorphic function in (¢, a) € €, x K such that
F(¢,a) = O(¢) uniformly in ¢ € K, and from the properties of the convolu-
tion product, one easily deduces from (3-18) that each Jn belongs to the space
Clal{¢'/™} and extends analytically to (E\{O, —2} x K, where @\{0, —2} denotes
the universal covering of C\{0, —2}. For p > 0, we now define the star-shape
domain

(3-24) Q) ={C €€, 1£+2]>p, [0,2] € Qn(p)} C &y
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where ¢ is the projection of ¢ by the natural mapping ¢,, — C. We also introduce
the sequence of analytic functions %, (¢) defined for ¢ € &, by

4',0%0 = 5’
(3-25) - .~
¢phyr1=h,xG forn>0
Comparing (3-25) with (3-18), and using (3-23), one gets
(3-26) 1Y (¢, @)| < hy(1]) forall (£, a) € u(p) x K and all n € N.

This can be shown by an easy recursion. We just detail here the n =0 and n =1
cases. For all (¢, a) € (22,,(p)\{0}) x K we have

_IFG.ol _Gagh _
clic+21 7 Iglp

and this inequality extends to ¢ = 0 by continuity. This proves (3-26) for n = 0.
We thus deduce that, for all (¢, a) € (22,,(p)\{0}) x K,

~ |Fxyoc. 0| | fy Fr.a)Po —n. a)dn]

Writing ¢ = |¢]e” and making the change of variable n = re'?, we get

1V0(C, )l ho(12)),

¢ - cr . - )
' /0 F(n, a)Yo(¢ —n, Q)dn' = ‘ /O F(te', a)yo((Ig] —1)e', a)dt
cr . - .
sfo |Fte®, )|/ [Fo((1] - e, a)|di

el
< fo Gho(l¢] - ndt

=G xho(I).
Therefore, for all (¢, a) € (2,,(p)\{0}) x K,

i a)|<5*fzo(|z|)
T Kle

This gives (3—-26) for n =1 by a continuity argument. Now ﬁ({, &)= Zflo:o h 2(0)e"
is nothing but the minor of the series expansion h(z, &) = Y oo h,(z)&", where
the h,, are defined recursively by

=1 (|¢)).

d
—p d_ho =G,
(3-27) <

d
—p—hyy1 =h,G forn=>0.
dz
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This means that & satisfies the ordinary differential equation
(3-28) —pj—zh =eG()h+G(2).
From (3-21), we see that G is integrable at infinity, so that the function
(3-29) (2, 8) > (e @/P Lo G _ 1) /g

is a solution of (3—28) which is holomorphic for z in a neighbourhood of infinity
of €, and ¢ € D(0, R), R > 1. Moreover, its Taylor series expansion at ¢ = 0
is exactly h(z, &) = > ro ha(2)e". In return, this proves that ﬁ({, ¢) defines a
holomorphic function in (¢, €) € €, x D(0, R), with an exponential growth of
order not greater than 1 at infinity in ¢, uniformly in € € D(0, R): there exist A, B
in ]0, 400 such that

|h(z, €)| < AeBl forall (¢, ) € €, x D(0, R).

This last result, together with (3—26), shows that the series expansion IZ,, ¢,a,e)
converges uniformly for ¢ in every compact set of 2,,(p), a € K and ¢ € D(0, R),
and moreover,

[V (¢.a.e)| <h(g]. lel) < AeP1 forall (2,4, €) € Qu(p) x K x D(0, R).

Putting ¢ = 1, we deduce the same result for {L (¢, a): holomorphy in 2,,,(p) X K,
exponential growth of order not greater than 1 at infinity in ¢, uniformly in a € K.
Since p > 0 can be chosen arbitrarily small, we have shown that, except for the
directions of argument « =7 (mod 2s), there is no singular point on the half line
arg { =« and, since JJF (¢, a) has an exponential growth of order not greater than 1
at infinity in ¢, uniformly in @ € K, we deduce that {4 (z, a) is Borel-resummable
with respect to z, uniformly in g for g in any compact set of C"”, for every direction
of summation except those of argument 7 (mod 27).

Thanks to (3—13), an analogous result can be obtained ¥_(z, a). This yields
Proposition 3.16. 0

Proposition 3.16 is enough to prove Theorem 2.1. Let us define ¢o(x, a) €
Clal[x~'/?] by the formula

Jx

A @Dy (x, @) = ———eT Y12, )
Py (x,a)4 z=2(x.).
Due to the definition of v, the left-hand side of this equality is a formal solution
of equation (&,,).
We know from Proposition 3.16 that 11 (z, @) is Borel-resummable for the di-
rection of argument 0. For g in any given compact set K of C", this allows us to
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define the function

Dp(x, a) = %eﬁ SoV+(z, @)

z=z(x,a),

which is an analytic solution of (&,,) for z in a sectorial neighbourhood of infinity
of aperture ]—%, %[ and g in K. Note that the size of the sectorial neighbourhood
may depend on K. By the inverse map z <> x given by (3-5), this corresponds to
an x-sectorial neighbourhood of infinity of aperture ] — Z, Z[. From Proposition
3.16 again, ®( can be analytically extended by varying the direction of summation
on | — m, [. This shows that ®¢ is holomorphic in an x-sectorial neighbourhood
of infinity ¥), of aperture ]—37” 3”1—’1’[ and, by construction, @ is asymptotic to
x @SB g (x| g) at infinity in %, uniformly in ¢ € K. The uniqueness of ®
follows from the Watson theorem [Malgrange 1995].

Also, since for any strict sub-sector X of ¥y the set X\X N E(’) is bounded, all
we have to do now to prove part (1) of Theorem 2.1 is to show that & extends an-
alytically in x € Xy. This is a consequence of the Cauchy—Kovalevskaya theorem:
take a point xo in X and consider the datum (®g(xo, a), ®;(xo, @)). Then Py is
uniquely defined by this Cauchy datum, which is holomorphic in @ € K. Since the
linear differential equation (&,,) is holomorphic in (x, a) € C* x C, we conclude
that ®( extends analytically to C* x K, where C* stands for the universal covering
of C*. We end by noticing that K can be chosen arbitrarily. This also proves part
(2) of Theorem 2.1.

Part (3) of Theorem 2.1 follows from the fact that the Borel resummation with
respect to z commutes with the derivative j—z.

Note that besides proving Theorem 2.1, we have obtained the following inter-
esting result.

Proposition 3.17. If m is odd, the analytic function ¢ of Theorem 2.1 is given by

(3-30) Po(x,a) = Lle—z SaV+(2, @)

Pp(x,a)* z=z(x,a),

for x in a sectorial neighbourhood of infinity of aperture ]_E — = W[’
uniformly in a for a in any compact set of C™, where the direction of Borel resum-

mation o runs through | — m, +m|.

The arguments used to prove Proposition 3.16 can be extended to analyze the
whole analytic structure of the minor JJF (¢, a) of Y4 (z,a). Since the techniques
involved are the same as those used in [Loday-Richaud 1995] and [Gelfreich and
Sauzin 2001], we just give the final result. (For the particular reader, this part is
detailed in [Rasoamanana 2006].)
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Proposition 3.18. The minor JJF(;,Q) € Clal{c'/™} (respectively, J ¢,a) €
Cla] {g“l/ "V of ¥4 (z, a) (respectively, ¥_(z, a)) can be extended analyttcally to
¢,a) e (E\{O —2} x C™ (respectively, (¢, a) € (C\{O +2} x C™), where C\{O +2}
is the universal covering of C\{0, £2}. Moreover, Wi has an exponential growth
of order not greater than 1 at infinity in ¢, uniformly in a for a in any given compact

set of C™.

One can make things more precise concerning the resurgent structure, that is, the
behavior of 1Z+ and ;ﬂ_ near their singular points. To do that, we shall use the alien
derivations. We would like to compute A; ¢, where A; stands for the alien deriva-
tion at . From Proposition 3.18 we know that the singular points of the minor of
¥ lie above —2 and 0. However, since v/ belongs to C[a][z~'/™], the nonvan-
ishing A;v; can be indexed by the elements T above —2 on the Riemann surface
¢, of z!/™. We now use one of the fundamental properties of the alien derivations:
the pointed alien derivation A, = e~ "*A; commutes with diz (Proposition 3.15).
Using the facts that the resurgent symbol (Definition 3.9) ¥, (z, a) = e %Y, (z, @)
is solution of (3—4), and that F is a constant of resurgence (Definition 3.14), we

obtain
2

d 7.2
This means that AT\IIJr satisfies the same equation (3—-4). Since (W, W_) is a
fundamental system of formal solutions for (3—4), we can conclude that AT\IIJr has
to be proportional to the resurgent symbol W_ by an argument of singular support

(Definition 3.9): the singular support of W, (respectively, W_) reduces to {+1}
(respectively, {—1}), whereas, by definition, the resurgent symbol

(AWi)+ (1= F(z,a) (A W) =0.

AT W, =e™* x (a formal resurgent function)
has {—1} for its singular support. We deduce that there is §;(a) such that
AWi(z,0) =8 (V- (2, @),

that is, A; ¥4 (z, a) = 6:(@)¥—(z, a). Similarly, one obtains the existence of 3, (a)
such that A;v_(z,a) = §:(a)¥+(z,a), where T is above +2 on the Riemann
surface &,,.

The coefficients §,(a) are entire functions of a: this stems directly from the
regularity in @ of the formal series 14, ¥_, and from the fact that the location of
the singular points of the minors does not depend on a, so that the Stokes automor-
phism (in any direction) commutes with the analytic continuation in a. However,
this is a consequence of Theorem 3.27 which will be discussed in a moment.

To summarize:
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Theorem 3.19. For m odd, there exists a unique formal power series ¥4 (z,a) €
Clal[z~"/™] (respectively, yr_(z, a) € Clal[z~"/™]) whose residual coefficient is
1, such that e *vr(z, a) (respectively, e™*\r_(z,a)) is a solution of (3—4) and,
moreover,

(3-31) V_(z,a) = Y (@"?z, w.a).

These formal power series Yy are resurgent in z with holomorphic dependence in
a, and Borel-resummable in z, uniformly with respect to a in any compact set (ex-
cept, of course, for the singular directions which are described by the resurgence
structure). Their resurgent structure is given by

Aophin (2, @) = Sg(@) ¥4 (2, a) fork €2z,
Aoetin Yy (2, @) = Sk (@)Y —(z, @) fork—1€2Z,
Ay =0 otherwise,

where A is the alien derivation at t. The coefficients Si(a) are entire functions in
a and, for all k € 7, Sy = Sk (mod 2m)-

Definition 3.20. The coefficients Si(a), for k € Z, are called the Stokes multipliers.

Case 2: m even. The fundamental difference with the case where m is odd is the
existence of the term by(a) In(x) in the asymptotic expansion of z(x, a) (defined
by (3-2)) at infinity in x. This is why it is worth considering the following new
Green—Liouville transformation

z:zu,g):/x . P’”(t’% —N@y,,

(3-32)

V(z,a) = ®(x,a)

VPG )~ bo(@
x

so that the Laurent—Puiseux series expansion of x +— zZ(x, a) coincides with the
map x — S(x, a) defined in Theorem 2.1 modulo an analytic function vanishing
at infinity. The quasi-homogeneity properties (3—3) and (3—6) are still valid for the
maps (x,a) — Z(x, a) and (z, a) — x(Z, a) respectively.

Equation (¢&,,) is converted into the prepared equation

d? 4bgy(a) -
(3-33) ——WV+ |14+ — —H(EZ,a) ) ¥=0
dz? mz
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with
(3-34)

HG. a) =1+ 4bo(a) Pn(x, @)

mE (Bt @)~ bo(@)’

_(X_z( P(x,a)
4\ VP, &) (yPu(x. @) — bo(@))’

1 (P (x, @))*(5/Pu(x, @)—2bo () )
4 (Pu(x, 0)=bo(@)y/Pu(x, @)’ (v/Pu(x, @) — bo(@))

xR @)+ Pa @) — bo(@)/ P (x, g))
4/ P, @) (/P (x, @) — bo(@))’

z=z(x,a)

and

2

Furthermore, H satisfies the quasi-homogeneity property (3—12).
One easily proves the existence of a unique formal solution

Vi @) =e Yy (2 a)

of (3-33), satisfying
Yz, a)=77209" (Z,a)

where ;. € Cla][z~%/™] with residual coefficient 1. By quasi-homogeneity, one
deduces the existence of another formal solution

V_(3,0) = ety (3,a) = FT0@/M Y (3 q)

of (3-33) such that
V(2. a) = ¥ (0" 0.0).

From now on the analysis is exactly the same as in the case where m is odd, and
yields the following results.

Theorem 3.21. For m even, there exists a unique formal series
Vi (Za) =272/ (3, a)
where . € Clal[z=2/™] with residual coefficient 1 (respectively,

/ (2, 5_1) — 2"‘2170(9)/'"“_(2’ a),
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where _ € Clal[z7%™] with residual coefficient 1), such that e~y (z.a) (re-
spectively, etiyr_ (Z, C_l)) is solution of (3-33). Moreover,

(3-36) V_(Z,a) = ¥4 (0”7, w.a).

The formal power series Wi are resurgent in Z with holomorphic dependence in a,
and Borel-resummable in Z, uniformly with respect to a in any compact set.
There exists a set of entire functions Si(a), the Stokes multipliers, such that

AQeki” W— (Z’ Q) = Sk(C_l)WJr(Z» Q) fork €27,
Aperin (2, a) = S(@y—(Z, a) fork —1¢e27,
Ay =0 otherwise,

where A; is the alien derivation at .

In this theorem, due to the fact that the formal solutions @4 and u_ belong
to Cla][z=?/™], the alien derivations need only to be indexed by elements on the
Riemann surface of z?/™. Thus, a priori, only m Stokes multipliers govern the
resurgence structure. Nevertheless, it is better to describe the resurgence structure
in terms of ¥4 and 1_, which have to be thought of as formal functions on the
universal covering of C*.

Returning to Theorem 2.1, we finally get the desired result.

Proposition 3.22. If m is even, the analytic function ®¢ of Theorem 2.1 is given by

Jx

(3-37) Do(x, a) = e S, Y4 (2 @)
(Va5 @) — bo(@) =),
for x in a sectorial neighbourhood of infinity of aperture ]—% — %‘x, .= %‘"[

uniformly in a for a in any compact set of C", where the direction of Borel resum-
mation o runs through 1 —m, +m[.

Some properties of the Stokes multipliers. The quasi-homogeneity induces some
interesting properties of the Stokes multipliers. To simplify, we introduce the fol-
lowing notation.

Notation 3.23.
(3-38) w=e""m,
We recall the following easy result in resurgence theory; see [Ecalle 1981].

Lemma 3.24. Let 1 (y) be a formal resurgent function and let v be a nonzero
complex number. Setting y = vt and Y, (t) = Y1 (y), we have

Al Y = ALy,
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where A7 denotes the alien derivation at T with respect to the variable x.

Proposition 3.25. With the notations of Theorems 3.19 and 3.21, we have, for all
keZ,
Sk(a@) = So(w'.a).

Proof. In Theorems 3.19 and 3.21 we introduce ¢ = z for m odd, and ¢t = Z for m
even. From (3-31) and (3-36), we get

V(e wa) =y, a),
Yi(t,a)=y_(e7"t,0 " .a).
Using Lemma 3.24 with y = ¢/" ¢, we deduce

A;eio ‘ﬂ— (yv C()C_l) = Atzein W—F(t’ C_l)
Now, by the definition of Sy and S (Theorems 3.19 and 3.21), we have

A3 - (y, w.a) = So(w.a) Y1 (y, w.a),
Aéein W-ﬁ- (t7 Q) = Sl (C_l)l/f— (t9 Q)
Finally, we obtain
Si(@) = So(w.a).
We complete the proof with an easy induction argument. U

2

Since w™ = %™, we get the following corollary.

Corollary 3.26. For all k € Z,
Sk = Sk (mod m) -

Stokes—Sibuya coefficients and Stokes multipliers. In order to describe the con-
nection formulas, we now have two sets of Stokes coefficients at our disposal. One
is made up of the Stokes—Sibuya coefficients Ci(a), the other is made up of the
Stokes multipliers Si(a). The following proposition clarifies the relations between
these two fundamental data.

Theorem 3.27. We consider the Stokes—Sibuya coefficients Cy given by Theorem
2.7 and the Stokes multipliers described by Theorems 3.19 and 3.21. Then

(3-39) Sk(@) = o Ci(a)
forall k € Z, where w is given by (3-38).

Here, r(a) is as defined in Theorem 2.1. In particular, when m is odd, then
r(a) = % — % does not depend on a, so (3—-39) becomes

Sk(a) = 0" Cr(a).
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Proof. To simplify, we give the proof for odd m only, so that r = %
By Proposition 3.25, and (2-7) in Theorem 2.7, it is sufficient to show (3-39)
for k = 0. By Proposition 3.17, ®( of Theorem 2.1 can be defined by

Jx

—_m
7

(3-40) Po(x,a) = ————77¢ " So¥+ (2, a)

Py (x, a)/* * 2=z(x,a),
for z in a sectorial neighbourhood of infinity of aperture ]—%, %[, which corre-
sponds to x in a sectorial neighbourhood of infinity of aperture ]—%, z [ Now, by

Theorem 2.7, ®; is defined by
®i(x, a) = Po(wx, w.a).

Using (3—40), we get the representation

JE@

(34D Pi(x,a)=5————;¢ So¥+(z, .a)

Pm(xa), a)-c_l)l/4 7=z(wx,w.a),
for @, where wx lies in a sectorial neighbourhood of infinity of aperture ]— e [,
that is, x lies in a sectorial neighbourhood of infinity of aperture ]—37”, —%[, SO

that z belongs to a sectorial neighbourhood of infinity of aperture |—3%, —Z[. By

quasi-homogeneity considerations, we have seen that z(wx, w.a) = ez (x,a), (see
(3-3)), so that, by (3-31) in Theorem 3.19,

Vi (z2(ox, w.a), w.a) =y_(z,a).
Also,
P, (wx, w.a) = " Py, (x, a).
This means that (3—41) can be written as

JE

d(x,a) =0 —F——
g = Pm(xvc_l)l/4

e“Szv_(z, a)

z=z(x,a)

for x in a sectorial neighbourhood of infinity of aperture ]—37”, —%[ and z in a
sectorial neighbourhood of infinity of aperture ]—37”,

the representation

—Z[. As for ®;, we have

O_(x,a)=w"

r ﬁ Z
Pute. gy ¢ SV

7=z(x,a)

for ®_y, for x in a sectorial neighbourhood of infinity of aperture ]% 37[ and z
in a sectorial neighbourhood of infinity of aperture ]%, 37” [

To compare ®_;, &g, and P, we rotate the directions of resummation so as
to sum along the direction 0. Since A, i0r_(z, @) = So(a) ¥+ (z, @) (see Theorem

3.19), ¥_ is not Borel-resummable in the direction O if Sp(a) # 0, but only right
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or left Borel-resummable. In other words, we have to take into account a Stokes
phenomenon. Since Ayy_(z, a) (Definition 3.11) reduces to A0 _(z, a), one
gets

Goy_(z,a) = ¥_(z,a) + Agioy_(z, @),

where Sy is the Stokes automorphism in the direction 0 (Definition 3.10). There-
fore,

So- V(2. @) = Soy [V (2. @) + e FSo(@) Y1 (2, a)] .

where So (respectively, So—) is the right (respectively, left) Borel-resummation in
the direction 0.

‘We obtain
(3-42)
Jx _
Dp(x,a) = ——————e “SoY4(z,a)
Pm(x,é_l)l/4 " z=z(x,a),
Jx
d1(x,a) =0 —————eS01 ¥_(z,a)
P, (X,Q)]/4 " z=z(x,a),

d_i(x,a)= w_’ﬁz)msm(e’zw (z,a) +e “So(a) Y1 (z,a))

z=z(x,a).

By Theorem 2.7, we have the connection formula ®_; = Cy(a)Pg + 50 (a)®y;
in this equality, replacing ®_;, &y and ®; by the right-hand sides of (3—42) and
equating the coefficients of e ?Soy, and e¢Sg+_, we finally get

So(a) = 0" Co(a),

50((1) — w—Zr — C()m—Z—Q—Zr’

which completes the proof. U

4. Solutions of (&,,) in the neighbourhood of the origin: Fuchs theory

In order to get more information about the Stokes—Sibuya coefficients Cy (or about
the Stokes multipliers Sy, since this is equivalent by Theorem 3.27), we have to
pick up the necessary information coming from the other singular point of (&,,),
that is, the origin.

Since the origin is a regular singular point of (&,,), the classical Fuchs theory
allows to describe “canonical” systems of solutions of (&,,) near the origin (see,
for example, [Reinhard 1982; Wasow 1965]). The characteristic equation is

s(s—1)—a, =0,

so that HET” are the characteristic values, with p = (1 +4a,,) /2.
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Notatlon 4.1. In what follows, p = (1 + 4a,)'/? and s(p) = Tp. We denote
=(ai,...,an—1) and, for all T € C,

r.d = (tay,...,t" la,_1).

As is well-known, we have to distinguish between the case p ¢ Z, the case p € Z*
and the case p = 0. Since we have the freedom for choosing the determination of
the square root (1+4a,,)'/2, we can avoid the case where p € —N* in the following
theorem.

Theorem 4.2. There exist two unique linearly independent solutions, f| and f>, of
(&,,) such that

o.¢]
fix,d, p)=x"Pgi(x,d, p)=x"P (1 +) A, p)X")

k=1
fx,d, p)=rd, p)filx,d, p)In(x) +x* TP gr(x,d, p)

where g\ and g, are entire functions in x and a’, while X is entire in a’. Moreover,
g1 is meromorphic in p with at most simple poles when —p € N*. Precisely,
Ar(d', p) ]_[le(p +1) € Cla, p) for all k € N*.

(1) When p ¢ Z, then M(a’, p) =0and g>(x,d’, p) = g1(x,a’, —p).
(2) When p € N*, then

o0
@, d, p)= (1 +) B, p)xk> with B, = 0.
k=1

Moreover, By(da', p) € Cld'] for all k € N* and all A(d’, p), and
Mw.d', p)=w P, p).
(3) When p =0, then A(a’, p) =1 and
[e.0]
g (x.a’. p) =Y Bid, p)x*
k=1
with Bi(a’', p) € Cla'] for all k € N*,

Remark 4.3. When —p € N*, just change p into —p in Theorem 4.2, which
corresponds to choosing the other root for (1 + 4a,,)'/? or, equivalently, to a,,
making a loop around —%.

Remark 4.4. In the special case when @’ = 0, the function g; is meromorphic in
p with at most simple poles when —p € mN*.
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The existence and unicity of f; and f, follow from the Fuchs theory, and the
chosen normalization for g; and g>. The properties of the coefficients Ay, By and
A can be proved by induction, and this induces the analytic properties of g1, g».
The quasi-homogeneity property of A is a consequence of the quasi-homogeneity
of equation (&,,).

The following result can be shown also by induction; see [Rasoamanana 2006].

Proposition 4.5. We consider p € N* and let p =km +r, for0 <r <m — 1, its
Euclidean division by m. We introduce

- 1 ifr#0
€)=

0 ifr=0
Then

p
Aum—ij; «« « Ay —i
rd', p)=- — o .
pl:g;(r) i1+~-Z+;z=p i@ —p)...(+-+i-D@+-+i-1—p)

1<ij<m
with the convention ay = 1.
Remark 4.6. Let p € N*.
If @’ =0, then
(0, P) | p£0 (mod m) =0

while, for k € N*,
(_1)k+1
PO P ot = T

When m = 2, then

p/2
)\.(Q/, P)|p:0 (mod 2) pF( )2 l_[(al+2k— 1)(01 2k+1)
a —-1)/2
A, p)|p=1 (mod 2) — pp(p)z l_[ (a1 +2k)(ar —2k)

From the uniqueness of f; and f, in Theorem 4.2, and from the quasi-homo-
geneity of equation (&,,), we easily obtain the following corollary.

Corollary 4.7. Consider the fundamental system of solutions ( f1, f2) of Theorem
4.2. Then

(4-1) ( 2 > (0x, w.d', p) =N, p) ( 2 ) (x.d', p)
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with
, P 0

(4-2) N, p) = ( 285 (g, pa® P @ P ) :
Moreover

fl > m / / ( fl )
4-3 o"x,a, p) =M, X, d
(4-3) (fz( a'.p) =M. p){ ¢ )(x.a)
where

2ims(p) 0
, . e

(4-4) M(a’, p) = (Zink(c_z’, )T QRims(—p) )

is the monodromy matrix at the origin.

5. The 0oo connection matrices

In Section 2, we described a set of fundamental systems of solutions (®j_;, D)
of (&¢,,), where k € Z. In Section 4, we have obtained another fundamental system
of solutions (f1, f2). To compare these fundamental systems, we introduce, for all
ke,

(5-1) (q’q’;: ) (x,a) = Mi(d', p) (2) (x.d" p)

where the matrices My (a’, p) are invertible.
Definition 5.1. The matrices My (a’, p) are called the Ooco-connection matrices.

We now give some properties of the matrices Mj. These properties depend
essentially on p, as does the fundamental system ( fi, f2).
We start with an obvious result.

Proposition 5.2. For every k € Z,
(5-2) My41(d', p) = My(w.a', p)NU(d’, p)

where the invertible matrix Y(a’', p) is given by (4-2).
Proof. By Theorem 2.7, we write

( Pr ) (x, c_l) = ( qul;: ) (a)x, a).c_z) = M (w.d, p) ( 2) (a)x, w.a, p).

Dpi1

Since, by the definition of 1,

< 2 ) (wx, w.a', p) =N, p) ( g ) (x.d. p).

we can conclude because (f1, f>) is a fundamental system. O
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Theorem 5.3. (a) Foreveryk € Z,

2(_l)kw(k—l)(l—m/2)+r(a)k.g)/p for p 7& 0

/ —_—
(5—3) det Mk(g ’ p) - 2(_1)k—lw(k—l)(l—m/2)+r(a)kg) fo}" p — 0

(b) Forevery k € Z, the matrix My (a’', p) is entire in a’. More precisely,

Li(@'. p) Li(@ p)
/ —_— . ~
O M@ D= 215, pyoPIia, p)

-nT ’
+0* P Li(w.d', p) @ P Li(wd’, p)

where L (a’, p) and Ly (d', p) are entire in a'.

(¢c) Forevery k € Z, the matrix My(a', p) is holomorphic in p ¢ Z, and
Li(d. p) = Le(@. —p)

forall p ¢ Z and all a’ € C"~'. Moreover, Ly extends analytically at p € N*.
(d) Foreveryk € Z,

ks(p) 0
/ _ ko7 w
(5-5) Mi(d', p) = Mo(o*.d', p) ( %A(gﬁ PP fs=p) ) .
In particular,
(5-6) My (d', p) = Mo(d', p)N(d’, p).

Proof. We only detail the proof for p ¢ Z.
(a) We deduce from (5-1) that

W(Dy_1, Di) = det(M)W(f1, f2)
where W (., .) denotes the Wronskian. From Lemma 2.5, we know that
W((Dk—la (Dk) — 2(_l)k—]w(k—l)(l—m/Q)-‘r}’(u)k.g),

while, by Theorem 4.2, taking the limit x — 0 and using the fact that the Wronskian
is x-independent, one easily gets

W(f1, f2) =s(=p) —s(p)=—p.

(b) From (5-1), we have

(q)“ ) (x,a) = My(d', p) ( f

1 /
o, f2>(x,g,p)
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for all k € Z, with

M. p) = (ﬂkl(g/, p) B, p) )

Bs(d', p) Brald', p)

so that, in particular,

(5-7) Qi (x,a) = Pr3(@’, p) fi(x,d’, p)+ Bua(d’, p) fo(x,d', p).
Then

b ) / (fl ) /
wx,w.a) =M (w.a’, wx,w.a, p).
( o ( a) r(w.a’, p) I3 ( da,p)
By Proposition 5.2 and Corollary 4.7, we get

O , a)S(P) 0 f )
(Cbkj-l ) (x,a) = My(w.d', p) ( 0 WP ) (f; ) (x.d'.p)

(5-8) dp(x, )= P B (0.4, p) fi(x,d, p)+0* P Bu(w.d, p) fr(x,d, p).

so that

Comparing (5-7) and (5-8), we obtain the announced form for M with By = Ly
and Byr = Ly, since (f1, f2) is a fundamental system.

(c) We have
_ (O q’h)( f —ff>
My = p( o D —fH N

so that the analytic properties of M easily follow from the analytic properties of
the @, (see Theorem 2.7) and of f; and f, (see Theorem 4.2).

(d) The given statement follows from Proposition 5.2, by induction, inferring from
(4-2) that M(w.d’, p) =N, p). O

In addition to Theorem 5.3, it is easy to show the following proposition (the
special case where a’ = 0 follows from Remark 4.4).

Proposition 5.4. The restriction to p ¢ Z of the function Ly(a’, p) (respectively,
Zk (d’, p)) has a meromorphic continuation in p, with at most simple poles when
p € N (respectively, —p € N).

In the special case where a' =0, the restriction to p ¢ Z of the function L (a’, p)
(respectively, Zk (d’, p)) has a meromorphic continuation in p, with at most simple
poles at p € mN (respectively, —p € mN).

6. Monodromy, Stokes—Sibuya and 0oo connection matrices

We collect here the different results that we have on the monodromy, Stokes—
Sibuya, and Ooco connection matrices to obtain a set of functional relations.
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First functional equation. From the definition (5-1) of the Ooo connection ma-
trices My, and the fundamental property (2-5) of the Stokes—Sibuya connection
matrices, we have, for all k € Z,

()= (%) =e(alh ) o (1)
Since (f1, f2) is a fundamental system, we have the following proposition.
Proposition 6.1. Forallk € Z,
(6-1) Si(a) = Mi(a', )M (@', p).
Using (6-1), we see that
Go@61(@) ... Su-1(@) = Mo(a', p)M,,' @ p).
Using (5-6), we obtain the following theorem.

Theorem 6.2. The Stokes—Sibuya connection matrices satisfy the functional rela-
tion

(6-2) So(@)61(a) . ..Gu_1(@) = My(d', Py~ (', pyM; " (d, p).

This functional relation is equivalent to formula (2—10) of Theorem 2.9. But
this new formulation is interesting due to the following two corollaries.

Corollary 6.3. We have
Tr (GO(a)Gl(a) G,_ l(a)) = —2cos(prm).
Proof. This follows from the fact that
Tr(Mo(a', P~ (d', p)M ' (@', p)) =Tr (M@, p)) = —2cos(p). O

Corollary 6.4. We assume that p € N*. Then, with the notation of Theorem 4.2,

1
So(@)Gi(a)...6,- 1(6l)h(a p=o=(= HrH! <0 (1))

Proof. From Corollary 4.7, we know that

‘ 1 0
, _ J2iws(p)
M, p)=e (21';1/\(4_1’, p) 1>

with 2s(p) = 1+ p, so that

Mo(@', Py @', MG @ D) |y o =@ D) | o

o+t (10
— -1y (01). a
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Second functional equation.
Theorem 6.5. We use the notation of Theorem 5.3.

(1) Suppose that p ¢ 7, and that a satisfies Zo(a)k.c_z’, p)#O0fork=0,..., m—1.
(Note that Lo(a’, p) cannot be identically zero, so this is a generic hypothesis
ona.) Then

Lo(d, p) w32~ m+Dp/2 m—1 wr(a)k.g)—i-(k—i-l)p
(6—3) ~_—’ =—i 5 ~ ~ .
Lo(a', p) psin(pm) = Lo(whd/, p)Lo(w*+a’, p)

(2) Suppose that p € N*, and that a satisfies Lo (wka’, p) #0fork=0,...,m—1.
Then

1 X
m @' (@ a.p)+k+1)p

64 iprwCtP2Nd, p) = - - )
= P @ p) 2(:)Lo(w"-c_l/, p)Lo(*+ld’, p)

Proof. (1) Using (5-3) and (5-4) with k = 0, we get

o' P Lo(d, p)Lo(@.d', p) —* P Lo(w.a', pLo(d, p) = —20” @

and, more generally, for all k =0, ...,m — 1,
& CPLo(@hd p)Lo(@*.a’ p) =" PLo( T d, p) Lo (wa! p) = =207 T,
We assume a generic so that ZO (wk.a’, p)#£0forallk=0, ..., m—1. The previous
equalities then become
_ k
S( P) LO(CL) 6_1 ) s(p) LO(a)k+l ! p) 2 _ w ltf(a) )
Lo(wkd', p) Lo(@la’, p)  p Lo(wka', p)Lo(w*+la’, p)
From the holomorphy in a’ of Ly and Lo, and since ™ = ¢ this can be written
in the form
Lo, p) '@
Lo(a’.p) 1 Lo(a',p)Lo(w.a’, p)
e . _ 20 .
Lo@"\a',p) p @0
Lo@™d’.p) Lo(@"~Lta’,p)Lo(@’, p)
where
P L P 0:) B s A 0
0 . . . :
£ = : S 0
0 .. 0 o’CP s

—w*WP) 0 .0 ' P
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is an m xm circulant matrix whose determinant is "~ — »™$(") This determi-
nant does not vanish because s(p) — s(—p) = p is not an integer. The inverse of
this matrix is also a circulant matrix, specifically

w™m=Ds(=p)  ,(n=D)s(=p)+s(p) ... gs(=p)+m=D)s(p)  ;,(m=Ds(p)
_ 1 w™m=Ds(p) wm=Ds=p) . @ (=P)+m=2)s(p)
£ =
wms(=p) —gyms ()
wM=2)s(=p)+s(p) e @m=Ds(p) wMm=Ds(=p)

Since s(p) — s(—p) = p, this yields

Lo, p) 20 oM tn I W' @0

Lo@.p)  plemCrn—wmw) & Tyola’ p)Lo(w*la’ p)

and also

Lod.p) o 'om P - Ip o @0

Lo@.p) | psinGpm) = To(od, p)Lo(@ ', p)’

(2) We use (5-3) and (5-4) with £k = 0 and p € N*. Using also the fact that
Mw.d', p) =0 PA(@, p) (see Theorem 4.2), we get

Lot.p) @
Lo@.p) Lo(a',p)Lo(w.a’, p) 1
Iy : =2 : +22 P, p)
Lo (wm*'-gﬁp) P wr(w';"'-@ " w—m=Dp
Lo(wm1a'.p) Lo(w"1d',p)Lo(d’.p)

where £ is the previous circulant matrix. But now det(£) = (=P — (") =,
since s(p) —s(—p) = p € N*. It is straightforward to see that £ is of rank m — 1,
so that the compatibility condition is given by

o’ P s g ... 0 o
0
det : 0 ; =0
0 .. 0 P —ups
0 0 -+ 0 &P g,
_wS(P) 0 e 0 0 Q1
where
207! W' @D 2im
W == = +—" P i, p).
P Lo(oka’, p)Lo(wftla’, p) = m
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This means that

w(m—l)s(—p)am_l + w(m—l)S(P)am_z

MDDy s HmDsp) g )

and also, since s(p) —s(—p) =p
1+ a)(m_l)pam—Z + CU(m_Z)pO[m—3 +--+ prlo =0.
Since p is an integer, we eventually get

r@" ) o' @a p+k+D)p

3

ipriting, p) = @

m—2
Lo(a)m La’, pLo(a p)+§ Lo(wta’, pLo(a)k“a p)

which completes the proof. O
Theorem 6.5 induces the following interesting result.

Corollary 6.6. The Stokes—Sibuya multiplier Cy(a) satisfies the following condi-
tions.

M Ifm=1,
Co(a) = —2cos(pm)
foralla € C.
@) Ifm=2,

Co(@)Lo(w.d', p) = —2ie” ™ cos (5(p+a1)) Lo, p)
foralla' € Cand p ¢ —N.
(3) Ifm =3,

r(@)—1+(m/4) ( —r(@+1/2) —(m/4) +(p/2)

Co(@)Lo(w.d', p) = o Lo(d, p)o

+To@?d, p)ar @D/ =(p/2))
foralla’ € C" ' and p ¢ —N.
Proof. Setting k = 0 in formula (6-1) of Proposition 6.1 yields
Sol@) = Mo(a', p)M; (@', p).
Using (5—4) and (5-5), we obtain
<C0(6_l) éo@) _
1 0
~ ~ ~1
( Lo(@’p) Lo@.p) ) ( 0P Lo(w.d\p) o' P Ly(w.d'p) )

P Lo(w.a,p) @ P Lo(w.d, p) ]\ &P Lo(w?d’, p) P Lo(w’d, p)
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so that, with (5-3),
(6-5)

Co(a) =

1 r(a)a)( 7pL0(a p) —w LO(CU p)

LO(Cl p) ZO(C()Z.L_Z,p))LO(a p)Lo(a) .a p)

We now apply formula (6-3) under the assumptions made in Theorem 6.5.
(1) Whenm =1, w = %™ and r(a) = ‘—1‘, formula (6-3) of Theorem 6.5 reduces to

Lo(p) _ 1
Lo(p) psin(pm)Lo(p)Lo(p)

This allows us to write (6-5) as

in(2
Cola) = —% — _2cos(pm).

This result extends for all ¢ € C by analytic continuation since Cy is entire in q.

(2) When m =2, we have w = ¢'™ and r(a) = —% . Formula (6-3) of Theorem 6.5
becomes
Lo(d', p) w=3r/2 ( wP—4/2 w?Pta/2 )
~— = - ~ ~ + = ~
Lo(@', p)  psin(pm) \ Lo(a', p)Lo(w.a’, p)  Lo(w.a@’, p)Lo(@’, p)

:2008(%(1?-1-01)) _ ~1 ‘
psin(prw)  Lo(a’, p)Lo(w.d’, p)

This means that (6—5) becomes

Lo, p)

Co(a) = —2ie= ™7 cos ( (p+a 1)) L(a)—ap)
0

The announced result follows by analytic continuation for alla’ € C and all p ¢ —N,
since Cy is entire in a, while Ly is holomorphic in ¢’ € C and p ¢ —N.
(3) When m > 2 we can write, by Theorem 6.5,

Cola)=1i

—(m—-1)2—r(w.a) m—1 Ip+r(e.a)
0 tw 2 ( . Z _ w "
2sin(pm) = Lo(wla,p)Lo(o'td’, p)

m—1 lp+r(a)l+2a)

— P z a, Z a)z.a,’
Z To(@+2a) Lo(@ 34, p)) ola,p)Lo(w”a,p)
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which equals

i D -r@ w-PHr@ o (@)
CO(Q) =1 . ~ o4 + = T 2
2sin(pm) Lo(@',p)Lo(w.a',p)  Lo(w.d',p)Lo(w>d’,p)
m—1 W=Dt .a) m-3 wTDp+r@a)

= Lo(@'a,p)Lo(@'a'p) 1= Lo(@'2a,p)Lo(0' . p)

wm=Dp+r@ @Mptr(@.a)

- = - — = - Lo(d.p)Lo(w2d. p).
Lo(a',p)Lo(w.d',p) Lo(w-g’,p)Lo(wZ-c_l’,p)> o@.pilole’a.p)

The right-hand side of this equality simplifies to give

T
Cola) = o @140/ (NLO@ 2 P) o r@+1/2) /) /)
B LO(C‘)-C_’/’ p)

T 2
E"(“’—"—’/’f’)wr@—(l/z) +(m/4) —(p/2) )
Lo(w.@’, p)

Again, the announced result follows by analytic continuation. (]

Third functional equation. In this subsection, we study a class of differential
equations (¢&,,) with higher symmetries. For that purpose, it will be useful to
introduce new notations.

Notation 6.7. For m, n € N*, we define

=(0,...,0,a,,0,...,0,a2,,0,...,0,aj,,0...,0,ap,) € C",

I

n

that is,
a,=(a;)1<j<nm sothata; =0if j #0 (mod m).

For such an a,,, we also define

Q;; = (aj)lfjfnm—l

and
i o= An aon An(m—1) _l 1 +4anm cQm
“nT\ p2/m?opd/m? T p2(m=1)/m’ 4 4n2
~r . Qn aop An(m—1) m—1
a, = <n2/m’ pd/m’ n2(m—1)/m) eC".

We shall consider in this subsection the differential equation

2

d
(@) x*——®(x,a,) = Pun(x,a,)®(x,a,).
dx?
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This equation is a particular case of our main equation (& ), but its higher sym-

metry will allow us to compare its Stokes—Sibuya and 0oco connection matrices
with those of (&,,), associated with the polynomial P, (x, a,) of lower order.

Lemma 6.8. If ® satisfies the differential equation (€, ) with n, m € N*, then
satisfies the differential equation (€,,) with a = a,,, that is,

d2
Xz—

(x’ én) = Pm(x’ én)\p(x’ én)
Proof. We consider the transformation
\Il(x, c:ln) = x"CD(kxl/”, c_ln)

with o = ”2;1 Then
n

)\2
PW(x,a,) = Sx " (xV" a,) +ale — Dx*@(x'", a,).
n

Assuming that x?®"(x, a,) = Py (x,a,)®(x, a,), one gets

X (x,a,) = (5 Pum(x'", a,) +ala — D)W (x,a,).

Setting A = n?/"™"

Notation 6.9. For k € Z, we denote by C}/(a,) and C % (a,) the Stokes—Sibuya
coefficients associated with (& ).

completes the proof. 0

The above lemma induces the following corollary.

Corollary 6.10. The Stokes—Sibuya coefficients Cg(a,) and 58 (a,) associated
with equation (& ) are related to the Stokes—Sibuya coefficients Cy and Cy of

nm

equation (&,,) by

Cl(a,) = @ D/2n, @/m) —1=@/m)rn@,) o (‘:’n)
(6-7) Cila,) =" M"Cy (a,)
2in/m.

where w = e

Proof. We denote by @ the solution of (&,,) that is characterized by its asymptotes
T ®o(x,a) = xr’"(g)e_s'"(x’g)(l +0(1))

at infinity in the sector £o = {|x| > 0, | arg(x)| < 32X} (where r,, =r and S,, = S
in Theorem 2.1). The Stokes—Sibuya coefficients Cy and Cy are defined by

(6-8) Po(w'x, 0" a) = Co(@)Po(x, @) + Co(a) Po(wx, w.a)
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with @ = ¢%7/™_We denote by ®f the analog for equation (&) ), so that
T (x.,) = K @e 550 (1 4 o(1)

at infinity in the sector X{ = {|x| > 0, | arg(x)| < 2Z} (where r,, =r and S, =S
in Theorem 2.1), and

6-9)  Dp(w;'x, w;la,) =Cla,)Ph(x,a,)+ Ch(a,) D8 (w.x; w,.a,)
with @, = e?7/™" Introducing, by Lemma 6.8, the function
(6-10) Wo(x, @,) = x"" D2 ap ()" a,)
we get a solution of (&,,) such that
T\Ijo(x El ) — n(z/nm)rnm(gn)x(l/n)rnm(gn)+(n_l)/2ne_sn7n((nz/mx)l/n’g”)(1 + 0(1))
*Zn

at infinity in the sector Xy. One easily checks that S,,, ((nmx)l/n, a,)=3Sn(x,a,)
and }lrnm (a,) =rm(a,) — % This means that

(6-11) Wo(x,a,) = n@/mm@ ==, (x,q,) .
From (6-9), one observes that

"2 (o) T e (e ), w0y )
(6-12) = Cl(a,)x "ol (¥ ")/ a,)
+ 0"V CR(a,) (@0) " O (" ox) Vs w,.a,)
so that, by (6-10),
(6-13)
a)% \I—’o(a)_lx, U)_l'én) =Cy(a,)¥o(x,a,) +w_%58(gn)\y0(wx’ ®.d,).

Using (6-11), one can compare this last equation with (6—8) to complete the proof.
O

Lemma 6.8 can be used also to compare the Ooco connection matrices. We shall
use the following notations.

Notation 6.11. For k € Z, we denote by ZZ(C_l:l, p(amn)) and L (a),, p(amn)) the
coefficients of the Ooo connection matrices associated to (&) ), with p(a,) =
(1 +4apu,) ">
Corollary 6.12. When —p(au,)/n ¢ N,
(6-14)

(), plamn) = eirr(l—l/n)/mn—Zr(én)/m-i-p(am,,)/mn—i-l/m—lZo(é;’ p(imn)).
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Proof. We use the notation of Theorem 4.2. We introduce the solution fi(x, a) of
(&,,), where

(6-15) fitx,d', plam)) = x*P@D e (x, ', plam)),

and we suppose that p(a,) = (1 + 4a,)'/? ¢ —N. Similarly, we denote by
f'(x, a;,, p(amy)) the solution of (&}, ) which can be written as

(6-16) Flx, ay, plamn)) = x*P@mD e (x al | p(am))
if p(amn) ¢ —N. Following Lemma 6.8, we define
(6-17) Fi(x,a,) =x""D2 i (™)l al) plam))

which is a solution of (&,,) with parameter a,. One easily checks that

(6-18) Fi(x,a,) = n e im £ (1 g

s Lpo

(@)
=)

In other words,
(6-19)

~ a _ _
fi (x, g;, p( mn)) — = 25(p(amn))/mn y (n 1)/2nf1n ((nZ/mx)l/n, g;, p(amn))-
n

Note that this allows us to extend f'(x, a,,, p(am,)) analytically for W ¢ —N,
and this translates to the Lj (a),, p(amn)) as well.
We consider the Ooco connection matrices M and M} associated with (&,,) and
(¢, respectively. We have
(6-20)
Li(a/p(am)) = —@(ﬁ (x, a/p(am)) @o(x, a)— f{(x, @/ p(am)) Po(x, a))

and
(6-21)
L' (d), p(amn)) =

- m (fln (x9 Q;pp(amn))d)g/(xa c_ln)_f]n/(xv C_l;vp(amn))qDS(x’ Qn))

where ®; was defined in the proof of Corollary 6.10. By (6-10) and (6-11), we
know that

(6_22) q)O (x’ én) — n—2r(én)/m+(n—1)/mnx(n—1)/2nq)8((nZ/mx)l/n’ C_ln)-
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Equation (6-20), together with (6-19) and (6-22), yields

Zl (é;, p(jlmn)) _

sy (2 @)= amm) (! (2 ) Ul p )P ) 1, )

= " plan) B (17 3) ", a,)).

Comparing this with (6-21), we get

F1(). plag)) = n @) v nin, (5 Py
n

ne

Using formula (5-5) of Theorem 5.3, we eventually find that

~ : 5 ~ (. a
Lg(c_l;, P(amn)) = em(l—l/n)/mn(1—2r(gn)+p(amn)/n)/m—1LO <C—l;w p(nmn)> >

since r(a) +r(w.a) =1—7. O

7. Some applications
Application for a special class. Some simplifications occur when @’ = 0, allowing
to get the following proposition:

Proposition 7.1. We consider (&,,) restricted to the case a’ = 0. Then

. Y
So0,amy = (26" eoslir) e

1 0
where p = (1 +4a,,)'/?. Furthermore, for % ¢ Z, the 0oo connection matrix My is
given by

m\— i _E m i E

ePn( p)wmnr( m) eP (p)wmnr(m)
Mo, p) = (D) b (—p) @2 PY 5(=p) pbu(p) @2 (2
o) m\— w — 2 S(— m w L
@' PPN L (— L) @ PP 22T (L)

where s(p) = HTP, while B,, (p) is an odd function, entire in p, such that

Pnlkm) _ 4k

forall k € N*.

Remark 7.2. We shall see in Example 1 in the Appendix, by other means, that
Lo(a) = —ei””% when m = 1. Moreover, r(a) = zlt for m = 1. Applying
Corollary 6.12 with @’ = 0, we deduce that

p
Z()(O, P) — e—iﬂ/mmp/meinp/m 1—‘(m)
m

|
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while
r(=x)
=

LO(O, p) = e_i”/mm—P/me—inp/m

]

Proof. We note that w.a = a and r(a) = % — 4 when @’ = 0. This has two
consequences.

Firstly, when applying Corollary 6.6, one immediately gets

[IN}

Co(0, ay) = 2¢~"™/™ cos (LX)

for p ¢ —N. Since Cy(a) is an entire function in g, the above formula extends to
all a,,, by analytic continuation.
Secondly, formula (6-3) of Theorem 6.5 reduces into

1
Lo(0, p)Lo(0, p)

which resembles the Euler reflection formula

= —wpsin (£7),

Forey = —2sin(z). Since, by
Proposition 5.4, the restriction to p ¢ Z of the function Ly(0, p) (respectively,
Lo (0, p)) has a meromorphic continuation in p with, at most, simple poles at p €
mN (respectively, —p € mN), we can write

—-1/2

Lo(0, p) = a(p)——T (= £)
and "

~ I o~

Lo(0, p) = —— r(&

O =Ly )

where «(p) is a nowhere vanishing entire function of p. In other words,

a(p) = e Bn(p)

with B,,(p) an entire function. Furthermore, also by Theorem 5.3, we know that
Lo(d', —p) = Zo(g’, p). This means that 8, can be chosen as an odd function.
Again by Theorem 5.3, we know that Zo(g/, p) extends analytically to p € N*.
Moreover, when
p=km
for some k € N*, then formula (6—4) of Theorem 6.5 gives
1

~ mw -
L5, p)| _,, = (=D ———
0Pt PO, P) | piom.
By Remark 4.6, we know that
(_l)k-i-l
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and therefore

—12

72 _w I7(k)

Lo (0. P,y =M™ ————,
that is,

- _1/2F(k)

— k%

Lo(0, p)| ,_y,, = £m T O
Application when m = 2, and consequences. We consider the case m = 2, so that
w=¢" and r(a) = -3

On the one hand, Corollary 6.3 implies
Co(@)C(a) + Co(a) + Ci (@) = —2cos(p)
with Ci(a) = Co(w.a), where, by formula (2-7) of Theorem 2.7,
50((_1) — e ™4 and Cy(a) = go(a).g) =T,
This means that
Co(a)Co(w.a) = —4cos ((p+anF)cos ((p—a)3).
On the other hand, we know by Corollary 6.6 that, for @ generic,

Lo, p)

7-1 Coa) = —2ie /2 cog +a)i) ———.
(7-1) o(a) ((P 1)2)L0(a).g/’p)

Also, by formula (6-4) of Theorem 6.5, we have, when p € N* and for ¢’ = a;
generic,
cos ((p—an3)

pra(d, p) =2~ <
Lo(d’, p)Lo(w.d’, p) | penr.
By Remark 4.6,
/ (—prtt P
Ad, -7 2k —1 —2k+1
(C_Z p)|p:() (mod 2) pF(p)2 ]Ell(al+ )(al + )

e
= ——>4ai (a1 +2k) (a1 — 2k),
pT(p)* 3

/
rMa', p)\pzl (mod 2)

so that Zo(c_/, p)zo(a).(_z’, p)|p€N* equals

cos (Fa1) T(p)?

7 124 (@1+2k=1)(a1—2k+1)
sin ($a1) [ (p)?

way [T (a1 +2k) (a1 —2k)

2(_1)(P+2)/2

for p even.

2(_1)(17+1)/2

for p odd.
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This can be also written as
2*p+leip7r F(p)Z
1 1\
FE+4+3)r(E-49+2)
At this point, we can use the following lemma, whose easy proof is left to the
reader.

(71-2) Lo(d', p)Lo(w.d/, p)|p€N. = -

Lemma 7.3. When p+a;+1=—2N with N € N, then, for p ¢ —N*,

N

fitx,a, p)=x"Pe* "

n=0

F(p+1)Qn(a1,p)xn
Fn+p+1)

where the Q, (a1, p) € Clay, p] are defined by

Qolar, p) =1
(@ +p+1+4+2n)0,(ar, p)—m+1)Quy1(ar, p) =0  forn=>0.

In particular, fi(x,a;, p) = (—I)NZNF(I;&—;:L)UCDO(X, a).

This lemma implies that
Lo(w.a',p)=0 when p+a;+1e€—2Nand p ¢ —N*,
that is,
(7-3) Lo(@', p)=0 when p—a;+1€—2Nand p ¢ —N*.

Since the right-hand side of (7-2) has only simple zeros when p +a; 4+ 1 € —2N,
we can write

) parm

(7-4) Zo(c_z/, p) L= _i2~ =02 imp2 ")
|peN F(% ~ a_21 n %)

peN*

with B8(—ai, p) = —B(a1, p). Now when p ¢ Z, the coefficient Ly(a’, p) can be
derived from formula (6-3) of Theorem 6.5. This gives

cos (p+an%)

(7-5) Lo(d, p)Lo(w.d', p) =2 :
psin(pr)

We recall also that Ly (a’, p) can be derived from Zo (a@’, p) just by changing p into
—p. Using (7-3) and the known analytic properties of Lo(a’, p) and Zo(c_/ , D)
described by Proposition 5.4, equation (7-5) shows that equation (7—4) can be
extended to all (a’, p) € C* with p ¢ —N*, so that

L) pap

To(a, p) = —i2~0-Di2einr/2 1
r(s-%+3)
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where 8 can be chosen as an entire function satisfying

B(—ai, p) =—B(a1, p) and PB(ai, —p) = B(ai, p).
Finally, (7-1) reduces to
r(
r(

+ ) 26

)

Cola) = —2ie” ™4/ cos ((p —I—al)%)

-+
+

[STRSEINTS
SIS
ST TR

To summarize:

Proposition 7.4. Suppose m = 2. Then the Stokes—Sibuya multiplier Co may be
written as

)82,3(01,17)

)

P a
Cola) = —2ie ™2 cos ((p+ap L) —2—2
(7-6) ( ) rs-4

Co(a) =™

+
+

SIEISIES

where B is an entire function satisfying B(ai, p) = B(ai, —p) = —p(—ay, p).
Moreover, for p ¢ Z, the coefficients of the 0oc connection matrix My of Theorem
5.3 satisfy

L) pap
r(g-%+3)
cos ((p+an%)
psin(pm)
Remark 7.5. The above proposition is interesting since, for instance, it already
provides the location of the zeroes of Cy and of the other Stokes—Sibuya coeffi-

cients. However, one can be more precise using the Whittaker special functions.
We shall see in Example 2 in the Appendix that

B(ai, p) = —%In(2)a;.

With this remark and Corollaries 6.10 and 6.12, Proposition 7.4 implies the
following consequences.

Lo(ay, p) = —i2= (= D/2,i7p/2
(7-7)
Lo(a1, p)Lo(way, p) =2

Corollary 7.6. We consider the differential equation

d2
((’33,1) x2@q> = (in + a,x" +a2n) o}

where n € N*. Then

) . (249 11
CS(Q,,) — Qe im/2n yiman/2n (%)an/n FEZLn i_ i_’: 1 i; coSs ((% + g—;‘l)ﬂ)
2n 2n 2

Cg (‘_ln) — _e—lrr/ne—man/n
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12

where p = (14 4az,)"/=. Moreover, when p ¢ —nN,

Zn(a;l’ p) = efiﬂ/Zneiﬂp/2n (%)an/2n+[7/2”*1/2 F(%)
)

Application when m > 3. As a matter of fact, we shall only discuss the cases m =3
and m = 4 to show what kind of information we can extract from our analysis.

The case m = 3. In a sense, this is the first interesting case, since no special func-
tion solution of (&,,) is known for m = 3. Here we have o = ¢*7/3 and r(a) = _le
is a constant function.

We first apply Corollary 6.3, to get a functional relation between the Stokes—
Sibuya multipliers:

Co(a)C1(a)C2(a) + Co(a)C2(a) + C1(a)Co(a) + C2(a)Ci(a) = —2cos(pr)

where, by (2-7) of Theorem 2.7,
Co(a) = Ci(a) = C2(a) = &>

Applying Corollary 6.6, we find
(7-8)  Lo(d, p)Col@) =™ '*(Lo(@, p)o’” + Lo(’d', po?"?)
for all ¢’ € C? and p ¢ —N.

We concentrate on the case p € N*. By formula (6—4) of Theorem 6.5, we get
(7-9) ipr** PP, pLo(d, p)Lo(w.d, p)Lo(w’d’, p) =

Lo(w.d’, p) —i-a)pLo(a) a, p) +w*Lo(d, p).
We now suppose, additionally, that a’ satisfies
ad, p)Lo(d', p)Lo(w.a', p)Lo(w’d’, p) =0.

Using the fact that Zo(a).c_l’, p) = 0 implies Lo(a p)LO(w a’, p) # 0 necessarily
(otherwise, one of the two 0oo connection matrices My or M| is not invertible,
which is absurd), equations (7-9) and (7-8) imply that

Co(a) = Ci(a) = C2(a) = —a™ PP = (—1)PH ™7/,
We summarize our results:

Proposition 7.7. Suppose m =3. Then the Stokes—Sibuya multiplier Co(a) satisfies
the functional equation
(7-10)

Co(@)Co(@.a)Co(w’a) + €™ (Co(a) + Co(w.a) + Co(@’.a)) = =2 cos(pm)
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with p = (1 +4a3)V? and w = €*7/3, whereas
(7-11) Cola) =e™/*.
Moreover, when az = (p> — 1) /4, with p € N*, then
ad', p)Lo(@, p)Lo(w.d’, p)Lo(w?d’, p) =0
is equivalent to Cy being a constant, specifically
Co = (=1)PHlemin/3,

We note that Proposition 7.7 can be derived from Corollary 6.4 if A(a’, p) =0,
while the particular case a; = a; = 0 is given by Proposition 7.1.

For a given p € N*, the case A(da’, p) = 0 can be seen as an isomonodromic
deformation condition, since both the monodromy at the origin and the Stokes
structure are fixed. We get the following corollary.

Corollary 7.8. For m = 3 and p € N*, the condition )(a’, p) = 0 is an isomon-
odromic deformation condition.

By computing A(a’, p) (see Proposition 4.5), one obtains, for example, from
Proposition 7.7:

(1) If p =1, then A(d’, p) = a;. Therefore, for all a; € C,
Co(ay, 0,0) =e '™/,

By a Tschirnhaus transformation, this case is equivalent to the Airy equation.
This also means that Lo(a;, 0, 1) = L((0, 0, 1) so that, by Remark 7.2,

1
Lo(ay, 0, 1) = e~ 7/331/3,in/3 F(§)

V3’
r(-3)

Lo(a1,0,1) = eii”/33*1/3efin/3—‘

V3

2
(2) If p =2, then A(d’, p) = —%2 + 5. We deduce that, for all a; € C,

Co(a3, az, 3) = —e~ /3.

3
(3) If p=3, then A(a’, p) = T — % + 1. Thus, for all a, € C*,

Co(# a, 2) = e_i”/3.

Since A(a’, p) can be computed exactly for all fixed p € N*, it is natural to try
to get more informations from equation (7-9). The result is a bit disappointing, as
we now explain.
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We suppose that
(7-12) Lo(d', p)Lo(w.d’, p)Lo(w>d’, p) #O0.

We note that, by Remark 7.2,

Lo(0, p) = e~ 713313 ¢imp/3 r()
’ NETS
so that hypothesis (7-12) is valid for @’ in a neighbourhood of the origin. We can
write (7-9) as

(7-13) ¥, p) +o’y(w.d, p) +o*Py(@?d, p) = —prw' PPN, p)

with

1
LO(Q/’ P)LO(CU-Q/» P) .
Equation (7-13) can be thought of as a nonhomogeneous second order linear g-
difference equation. Unfortunately, we are in the worst situation, when g is a
root of unity, so that solving (7-13) gives very little information. Indeed, we
first observe that —%a)l_”/ zk(g/ , p) is a particular solution of (7-13), because
Mw.d', p) = o Pr(@, p). Therefore, by linearity of (7-13), one only needs to
solve the homogeneous equation

y', p)=

(7-14) y(d, p)+o’y(w.d, p)+w*y(@-d, p)=0

in the space C{ay, a}. Writing y(a', p) = Y [ b akal, equation (7-14) is

equivalent to
o

(1 + Pt 4 w2p+2k+l)bk’lallcaé —0,
k,1=0
since @’ = €27, Thus y € C{ay, ay} is a solution of (7-14) provided that b, ; =0
when p 4+ k + 2/ = 0 (mod 3). This corresponds to a vector space of infinite
dimension!
To end this subsection, we mention [Slavyanov 1996] for the numerical compu-
tations of the 0oo connection matrices.

The case m =4. Whenm =4, we have r(a) = —1—1a, + %alz so that, by Theorem

272
2.7,
go(a) _ ie—irr(az—a?/4)/2.

Also, by Corollary 6.3,
(7-15)  Co(a)C1(a)Ca(a)Ci(a) + Co(a)C2(a)C3(a) + C1(a)Co(a)C3(a)
+ C2(a)Co(@)C1(a) + C3(a)C1(a)Ca(a)
+ Co(a)C2(a) + C1(a)C3(a) = —2 cos(p).
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We already know, by Corollary 7.6 with n = 2, that
1
r+%+5)
1

(7-16)  Co(0, a2, 0, ag) = 2e~m@+D/4
r(f-%+2)

cos ((p +a2)%) ,

with p = (1 +4ag)'/?.

Propositions similar to Proposition 7.7 can be obtained for every m > 3. In
particular, for m = 4, we show what happens for values of a such that a4y =
(p* —1)/4 with p € N* and A(a’, p) = 0. Evaluating the last row of the product
Go(@)S1(a) ... 63(a) and applying Corollary 6.4, one gets

<(cl(c_z>cz<c_z> +C1(@)C3(a) + C1(@)Ca(a)  (Ci(@)Ca(a) +Ci(a)Cs @)

— (— +1 10
- (30).

We have o = ¢/™/? so that Gz(g) = 50(6()2.6_1) = éo(c_z). We thus get
Co@)Ci(@) + Co(a) = (="' ¢y (@)
and
(Co(@)C1(a) + Co(@)) C2(a) + Co(@)C i (a) = 0.
Since 50(6_1)51 (a) = —1, we obtain
Col@) = (="' C2(@), Co@)Ci(a) = (-1)"'Cy(a) — Cola).
Computing A(a’, p), one obtains for instance:
(1) If p =1, then A(d’, p) = a3. Therefore, for all (a;, as) € C?,
Co(ai, a2, 0,0) = Ca(ar, a2, 0, 0),
Co(ar, a2, 0,0)Cy(ay, az, 0,0) = —2i cos (a2 — aD)%).

This case corresponds to the Weber equation. By a Tschirnhaus transforma-
tion, one can use equation (7-16) to get

Co(ai, a2,0,0) =
1 3
I(7 1591 +3)

Dp—in/4 mim(ar—ai/4)/4
12,3
M(=%+1aei+3)

cos ((az—é—ltaf—i—l)%) .

By the Euler reflection formula and the duplication formula for the Gamma
function, one gets the usual well-known formula (see [Sibuya 1975]).
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Comparing this result with (7-16), it is tempting to conjecture that

)
)

(This satisfies the functional relation (7-15), but also the known order-1 Taylor
expansion; see [Bakken 1977]).

. re
2
Colay,ar,0,a4) = Qe imlartl—ai/H/4 (;t Ccos ((p—l—a —ia%)%) .

4

1 2
1641

1 2
16 1+

N— [ —

(2) If p =2, then A(d’, p) = —3a3 + $a>. We deduce that, for all (a1, a3) € C,

Co(al,ag, as, %) = —Cg(al, a%, as, %),

Co(al, a%, as, %)Cl(al, a32, as, %) = —2sin (( %— %a%)%) .
(3) If p =3, then A(d’, p) = 12a3 — §a2a3 + a1 Thus, for all (a2, a3) € C?,

Co(~La

1 1.3
0 Z aras, az, asz, ) = CZ(—ZC’3 +a2a3’ ap, as, 2)9
1
Co(—3a

+
_.l_

ww UJL)J

aas, az, as, 2)C1(—%a§ + aras, a, as, 2) =

— 2i cos ((az — (-4 +32"3)2)%) :

Appendix: Using special functions

Example 1: a normal form of Heun’s equation. We consider the equation
(€)) " = (x +a)d.

This is the simplest case, when m = 1. In this case, the Stokes—Sibuya connection
matrix Sg is given by Proposition 7.1. This proposition provides also the Ooo
connection matrix My, up to an odd entire function of p = (1 + 4a)'/?, which we
are going to compute here thanks to the fact that the above normal form (&;) of
Heun’s equation reduces to a modified Bessel equation. Indeed, setting

(A-1) t=2x"2 W) =x""2d),

equation (&) is converted into the equation

(A-2) CWO)+ V() — (C+pHVO =0, p=(1+40)'7

which is a modified Bessel equation of parameter p. Thus, we can use the well-

known special functions associated with the modified Bessel equation.
We assume that p = (1 +4a)'/? ¢ 7.
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With the notations of Theorem 4.2, one easily gets the fundamental system of
solutions (f1, f2) of (&¢;) in the form

(A-3)
+00
_ VAV S AT

+o0
- 1 2n
fe,p)=T(=p+DV/xI_,2Vx), I,)=(5)"Y ———— (%)~
! reem ng(:)n!r(n—p—l—l) 2

where I, is the modified Bessel function (or Bessel function of imaginary argu-
ment) of order p; see [Olver 1974].

Remark A.9. We recall that the functions /,, and I_, are very closely connected
to the Bessel functions J;, and J_, of the first kind by

L(t) =e P2, (i1, I_,(t) =eP™2J_,(it);
see [Olver 1974].

Now, thanks to Theorem 2.1, there exists an unique solution @ of (&), asymp-
totic at infinity to T®o(x, a) = e 2V¥x/4¢py(x, a) with ¢y € Cla][x /2] in the
sector —37 < arg(x) < 3m. Specifically,

+00 2 2 2
(A-4) T@O(x,a):e—Zﬁx1/4<l+Z(4p D)...(4p*—(2n 1)))

n!16mxn/2
n=1
in Xy = {| arg(x)| < 371}. Also, by Lemma 2.3 and Theorem 2.7, we have a
fundamental system (®g, ;) of solutions of (&), where ®; is characterized by
the asymptotic expansion at infinity

@p>=1y... (4p2—(2n—1)2))

+00
_ _2Jx 1/4 1/4 _
(A-5) TOi(x,a)=c¢e Tw' " x (1+Z( l)n n'167xn/2

n=1

in X = {| arg(x) + 2| < 371}, where w = %7 . As we shall see, these functions
®p and ®; can be expressed in terms of the MacDonald functions K 1(,1) and Kl(,z).

The MacDonald functions K;,l)(t) and K 1(,2) (t) are analytic functions in the
variable ¢ for ¢ nonzero; they are linearly independent (W(K 1(71), K ,(,2)) =7) and
solutions of the modified Bessel equation (A-2). These functions are derived from

the Hankel functions by the relationships
KV (t) = Sime?™?HMV (ir),

(A-6) .
K® (1) =sme P"PHP (it).
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Furthermore, they admit, respectively, asymptotic expansions TK;(,D and TK E,Z) of
the form

=X@p?—1)...(4p*—2n—1?%
Z n!81tn )

A-T)  TKP() = (%)l/ze"(l +

n=1

in &)= {larg(t)| < 3}, and

+o0 2 ) 2
(A-8) TKP ()= (l)”z e’(l £y @p>—1)...@4p*—(2n—1) ))
n=1

2t n! 8

in ¥ 1= {| arg(t) + 7| < 37”}, when ¢ tends to infinity (see [Olver 1974]). Using
(A-1) and (A-2), we deduce by uniqueness of ®q (respectively, @), comparing
(A-T) with (A—4) (respectively, (A-8) with (A-5)), that

(A-9) Do(x, a) = %\/M;”(zﬁ),
(A-10) ®i(x,a)= %wl/“ﬁl(;z) (2/%).

Recalling the connection formulas (see [Olver 1974]),

T,(0) =3(HV @)+ HP (1)),
T_p(t) =3P HV @)+ e P"HP (1)),

we deduce, from Remark A.9 and (A-6),

e—ipn
I,(t)=——
(A-11) ’;
I, ()="—KD@)+ LKD),
)4 i P TP

(1) 1@
KO @)+ LKkP o),

Putting (A-3), (A-9), (A-10) and (A-11) together, we obtain

; T i T o
2T 2/
A-12 "V, p) = ° ) (x,
( ) (f2>(x p) TPt ipr _Tpt) (CI>1 ) (x,a)
27 2

where the matrix on the right-hand side of this equality is the inverse of the Ooo
connection matrix M (see (5-1)). By Proposition 5.2 we deduce

—eipT F'(=p) —eipm C'(p)
_ o /s
Mo(p) = C(=p) C(p

Ned e

Remark A.10. This result is consistent with Proposition 7.1 and Remark 7.2.

=
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Example 2: a normal form of Whittaker’s equation. We now focus on the equa-
tion

25/ 2
(&) x“®" = +ajx +ay)d.

This equation reduces to the Whittaker equation. Indeed, the transformation

x=15 ¢1)=dW)

converts equation (&) into

¢"(1) = (5+5+%)p)
which is the Whittaker equation of parameters
)1/2

k=-4 andn=L=(;+a

In what follows, we shall make a heavy use of the known properties of the special
functions associated with the Whittaker equation, see for instance [Olver 1974].

Study near the origin. We assume here that p = (1 +4a»)'/? ¢ Z, that is, 2n ¢ Z.
The fundamental system ( f1, f>) of solutions of Theorem 4.2 can be written

fitx,ar, p) =2"""12 M, (2x),
(A-13) 2
Hx,ar, p) =2""12 Ny (2x)

where

Mia@®) =e PP M(n—k+ 1, 2n+1,1),
+00

(o)g t°
M(a’ C, t) = Y
; (c); 5!
Nin()=e "N —k+ 5, 2n+ 1,1),
N, c,t)=t""“M(1+a—c,2—c,1),

with Pochhammer’s notation: (@)g =1, (¢); =a(ax+1)... (¢ +s—1).

Remark A.11. The function My , is called a Whittaker function and M («, c, t) is
called the Kummer function (which is an entire function in ¢).

Study at infinity. In Theorem 2.1, the solution ®¢ of (&,) can be characterized by
its asymptotics. Since r(a) = —%al =k and w = ¢'™, we have

T®o(x, a) = x e “¢o(x, a),

with ¢ (x, @) € Clay, a»][x '] with constant term 1 in the sector arg x € ]—— =
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In the same way, @, is characterized by its asymptotics,
T®(x,a) =0 x e P (x, @)

where ¢ (x, @) € Clay, a;][x '] with constant term 1 in the same sector.
In fact, these two functions &g and ®; can be expressed in terms of the functions
U and V of the confluent hypergeometric equation

2f df
dt2 +(c —t)——af 0.

Proposition A.12.
Do(x, @) =27 Wi (2),
where
Wen@) =e 2" 20U (n—k+ 3, 2n 4+ 1, 1),
+o00
_ (=11 +a —c);
~ o
Ul,c,)~t7* > T

s=0

in the sector | arg(t)| < &, and
@i (x, a) = i25"V; (2x)
where
Vi) = e 20"V (n—k+ 1, 20+ 1,1),
= (c—a)s(1—a),

+
~ ol (LT A—C
Via,c,t) ~e'(e'"t) Z 15
5s=0

in the sector | arg(t) + | < 37”
Remark A.13. W, , is also called a Whittaker function; see [Olver 1974].

Connection formulas. We recall the connection formula

—ami (c—a)mi

Mo, c. 1) = F(c)(mU(a, <D+

V(a, c, t));

see [Olver 1974]. Therefore

—ie® =TT (2 41 iek T (2p 41
My (20) = D 2o + GntD
F(n+k+53) TC(n—k+3)

Vk,n (2x)$

which means that
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, 25" T @2n+ 1)

V2L (n+k+1%)
ik 275 T 2n+ 1)

V20 (n—k+1)

Furthermore, thanks to the connection formula (see [Olver 1974])

(A-14)  fi(x,ay, p) = —ie™*"

Po(x, a)

qDl(x’ C_Z)

Ua,c,t) = MM(% ) L)1 —oc)

—————N(o,c, 1),
'dl4+a—rc) F@)I'2—c)

we deduce that

e(c—a)m’ r (2 _ C)

N(a,c,t)= TR V(a,c,t)
< F(a)I'Q2 —c)e > _F(oz)F(Z—c))U(a’c’ )
F'l4+a—c)l'(c—a) T'@I'd-c)
so that
e(n+k+l/2)nir(1 . 21’l)
Ny (2x) = Vi (2
@) = ey Ve @)
(F(n—k+§)r(1—2n)e—<"—'<+1/2>ni F(n—k+%)F(1—2n)>W o)
F(Cn—kt D) C (nrktd) F@u+ DF(=2m) )7
that is,
Sfa(x, a1, p) =
(-i2’<+"e<’<—">”ir(1 —2m)T (n—k+1) 2k+"r(1—2n)r(n—k+§))
— Do(x, a)
V2T (n+k+1) 0 (—=n—k+1) V2T 2n+DT (—2n) B
(2”_kek”iF(l—2n))q) . )
X,a).
V2 (—n—k+3) Rl
Hence

ina 27T —2n)
V2@ (=n+k+1)

ik 2701 —2n)
\/EF(—n —k+ %)

Formulas (A—14) and (A-15) yield the inverse of the Ooo connection matrix M.
Going back to the variables p and a;, one gets

(A-15)  falx, a1, p) = —ie

CD()(X, (;1)

+e

q)l(x’ g)
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_jeimca=p) 22T PP () —imay 2 27T (p+)

(A-16) M; (a1, p) = Var(5-%+1) Var (5+4+1)
L _jein(—aitp)/2 27PN (=p) - —imay/2 24 PPT(1—p)
Var(-4-4+1) Var(=4+4+1)

Using Proposition 5.2 we deduce that

_ie*in[’/z 21+(*a1+p)/21—~( 1) _ieiﬂp/z21+(*01*1))/21—~(p)

Ay T A
(A=17)  Mo(ai, p) = 1@ P2 (_ p) 21H@=p)/21 ()
Var(-2+4+1) var (2+4+1)

Remark A.14. This result is consistent with Theorem 5.3. Also, with the notations
of Theorem 5.3, we have found

21+(_‘11_P)/21"(p)
Var(s-5+3)

In particular, when a; = 0 we get, using the Legendre duplication formula for the
Gamma function,

Lo(a, p) = —ie'™/?

~ iy (=)
Lo(0, p) = 2P 7P122__Z1(2),
oY, p \/E (2)

a result which agrees also with Proposition 7.1 and Remark 7.2.

By formula (6—1) of Theorem 6.2, we have Gg(a) = My(ay, p)Ml_1 (a1, p) and
the result extends to 2n € Z by analytic continuation, since Gy is entire. We even-
tually get the following proposition.

Proposition A.15. We assume m = 2. Then, for all a = (a1, ay) € C2, the Stokes—
Sibuya connection matrix Sy is given by

So@)=| F(i—ﬂ+l) 2 ,

where
p=(+4a)".

Moreover, when p ¢ Z, the 000 connection matrix My is given by formula (A—17).
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