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We define a Gauss map of an orientable hypersurface in a homogeneous
manifold with an invariant Riemannian metric. Our main objective is to
extend to this setting some results on the Gauss map of a constant mean
curvature hypersurface of an Euclidean space, namely the Ruh-Vilm the-
orem relating the harmonicity of the Gauss map and the constancy of the
mean curvature, and the Hoffman-Osserman—Schoen theorem characteriz-
ing the plane and the circular cylinder as the only complete constant mean
curvature surfaces whose Gauss image is contained in a closed hemisphere
of the sphere.

1. Introduction

In this article we define a Gauss map of an orientable hypersurface in a homo-
geneous manifold with an invariant Riemannian metric. Our main objective is to
extend to this setting some results on the Gauss map of a constant mean curvature
hypersurface of an Euclidean space. We focus our investigation on the extension
of two well known theorems:

Theorem (Ruh—Vilm). A hypersurface in R" has constant mean curvature if and
only if the Gauss map of the hypersurface is harmonic.

Theorem (Hoffman—Osserman—Schoen). If the Gauss map of a complete constant
mean curvature surface in R is contained in a closed hemisphere of the sphere,
the surface is a plane or a circular cylinder.

Extensions of these results were already given in [Espirito-Santo et al. 2003]
in the case that the ambient space is a Lie group with a bi-invariant metric; the
main theorems in the present work extend those of that reference to the case of
homogeneous spaces. We also obtain certain other results.

Section 2 introduces notations and basic facts about homogeneous manifolds
which will be used throughout the paper. We introduce some of these notations
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now. Let G be a Lie group with a fixed bi-invariant Riemannian metric, H a com-
pact Lie subgroup of G. Set k =dimH and n+k+1 =dim G. In the quotient G/H
of left residue classes we consider a homogeneous Riemannian metric in such a
way that the projection 7 : G — G/H becomes a Riemannian submersion. Denote
by %4 the Lie algebra of G, by ¥ the Lie algebra of M, and let S"* be the unit
sphere centered at the origin of 9. Let M be an orientable hypersurface in G/H
oriented by a unit normal vector field 7.

In Section 3 we define, prove some general properties of, and give examples of
the Gauss map N : M — S"** of M; this map is defined by taking the horizontal
lifting 77 of n to G followed by the right translation of 7 to the identity of G, that is,
the right translation of 7 to . In the Euclidean space, taking G = R" and H = {e},
N coincides with the usual Gauss map of M.

In Section 4 we study the Gauss map of constant mean curvature hypersurfaces
of G/H. Our main result asserts that M has constant mean curvature if and only if
N is harmonic (Corollary 4.4). This fact has many implications and, to state some
of them, we first introduce a definition.

A codimension one vector subspace of ¢ divides % in two connected compo-
nents; the closure of any of these components is called a half-space of % and its
intersection with S"** is a half-sphere, denoted by ST". Given [/ € N, a (1/2))-
sphere S"*%! of S§"*K s the intersection of I linearly independent half spheres
(8'1'+k)+, e, (§7+k)+ of S"** (by “linearly independent” we mean that the nor-
mal vectors to the bounding half-spaces are linearly independent). We prove:

Let M be a compact constant mean curvature hypersurface of G/Hand N : M —
S"*k the Gauss map of M. Assume that either M is not totally geodesic or the
Ricci curvature of G is positive. Given [ € N, let

1
Sn+k’l — ﬂ (S;l+k)+
i=1

be a (1/2')-sphere of S"**. Then there is equivalence between:
(1) N(M) C Sn-i—k,l‘
2) N(M) cNiZ; 39S,
3) H:= (ﬂﬁzl B(S?Jrk)Jr)L is a Lie subalgebra of ¢ and M is invariant under
the Lie subgroup K of G whose Lie algebra is K.

It follows under the same general hypotheses that if / > n, then M is an extrinsi-
cally homogeneous manifold (that is, there is a Lie subgroup of isometries of G/H
acting transitively on M).

If M is assumed only to be complete, a similar result holds when dim(G/H) = 3.
In this case, more explicit applications are given in Corollaries 4.13 and 4.14. In
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particular, we obtain the following result related to a conjecture of B. Lawson
(which asserts that an embedded minimal torus in S* has to be a Clifford torus,
that is, the Riemannian product of two circles): A complete minimal surface M
inS3 = SO(4)/SO(3) is a Clifford torus if and only if the Gauss image N (M)
of M lies in a certain hemisphere of the unit sphere through the origin in so(4)
(Corollary 4.14).

The harmonicity of the Gauss map of a constant mean curvature surface can
also be used to establish a stability criterion: If D is a domain of a constant mean
curvature surface M of G/H (dim(G/H) = 3) such that N (D) is contained in a
half space of 4, then D is stable (Theorem 4.10).

2. Preliminaries

Let G be an (n+k—+1)-dimensional connected Lie group, for n > 2, k > 0, with a
bi-invariant Riemannian metric ( , ). Denote by ¥V the Riemannian connection on
G determined by (, ). Let %G be the Lie algebra of G. Given x € G, let L, and R,
denote the left and right translations on G, that is, Ly (y) = xy and R,(y) = yx.
As usual, exp : § — G denotes the Lie exponential map. Given g € G and X € %,
we have the maps Ad,, adx : 9 — %4 defined by

Ad, =d(R;'oL,), and adx(Y)=[X,Y].

‘We note that J
adX(Y) = E Adexth(Y) 0’

and that Ad, is a Lie group isomorphism and an isometry.
We recall that if X, Y, Z are both left (or both right) invariant vector fields of
G, then V and the curvature tensor R on G are given by

VxY =1[X,Y] and R(X,Y)Z=l[X,Y],ZI

1
2
We have ([X, Y], Z) = ([Z, Y], X). The Ricci tensor of G is given by

n+k+1
Ric(u, v) = trace(X — R(u, X)v) = Z (R(u, Ej)v, Ej),
i=1
where {E;} is an orthonormal basis of tangent vectors of G. The Ricci curvature
of G on the u-direction is Ric(#) = Ric(u, u). Throughout this article, Ric will
always mean the Ricci curvature of G.

Let H be a k-dimensional closed Lie subgroup of G (recall that k > 0), with Lie
algebra %, and let G/H be the smooth (n4-1)-dimensional manifold of left residue
classes of H:

G/H = {xH: x € G}.
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We consider on G/H a Riemannian metric, also denoted by (, ), induced by the
projection
7:6—G/H, =nkx)=xH,

as follows. Given z € G/H, take x € 7w~ !(z) and define an inner product ( , ) in
T.(G/H) in such a way that

I, :=dr, (Te(r @)t — T.(G/H)

‘T (= @)*”

is a linear isometry, where * denotes the orthogonal complement in 7y (G). It is
easy to see that ( , ) is well defined in 7,(G/H) (that is, it does not depend on
the choice of x € 77 !(z)) and defines a Riemannian homogeneous (bi-invariant)
metric on G/H. Denote by V the Riemannian connection associated to ( , ).

Denote by (G / H) and by ¥(G) the spaces of smooth vector fields on &/H and
G. A vector field X in G is called horizontal if X (x) € Ty (xH)* for x € G, and is
called vertical if X (x) €’ T, (xH) for x € G.

Given X € %(G) let X be the vertical vector field on G given as the orthogonal
projection of X (x) on Ty (xH), and let X X" be the horizontal vector field on G given
as the orthogonal projection of X (x) on T (x I]-I])L, x e G.

It follows forthwith from the definition of (, ) that the projection 7 : G — G/H
is a Riemannian submersion. It is not difficult to see that given X, Y € X(G/H),
we have

Ve (x) = 17 (VxY (m(x))) + 3[X, YT (2 (x)),

where X, ¥ € #(G) are defined by X (x) =I7'(X (7w (x))) and ¥ (x) =" (Y (7w (x)))
for x € G, and [ , ] is the Lie bracket in G.

Any element of G acts as an isometry on G/H via g(xH) = gxH for x € G,
g€G,or

(2-D g(m(x)) = (R (g))-

We may then consider G as a Lie subgroup of the isometry group Iso(G/H) of
G/H. It follows that any vector w € % acts on G/H as a Killing vector field, which
we denote by ¢ (w):

f(w)(z) = %(exptw)(z))tzo for z € G/H.
Given z € G/H and x € m~!(z), we have, using (2-1)
d d
(@)@ = Expru)@)| | =T (expru)(r()|

= %T((Rx (exptw)) ‘I:O =dn,(d(Ry).(w)),
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that is
C(w)(z) = dmy(d(Ry)e(w)).

Note that ¢ : § — %(G/H) is a Lie algebra monomorphism.
From now on, unless otherwise stated, we keep the assumptions and notations
of this section concerning the Lie groups G and H.

3. The Gauss map of a hypersurface in G/H
We begin by introducing a “translation” I' in G/H. Given z € G/H, define a map
r,: T,(G/H) - %
by choosing x € 7! (z) and setting
(3-1) F(u) :=d(Ro); (I w).

Proposition 3.1. The map U, is well-defined, that is, (3—1) does not depend on
x € 17 Y(2). Moreover, T, : T.(G/H) — % is linear and preserves the metric.

Proof. Consider x, y € 7~!(z) and u € T,(G/H). Let h € H be such that x = yh.
We obviously have af(Rh)y(Tyn_1 (z)) = T.r~'(2) and, since R} is an isometry,
d(Rp)y(Tyr Y (2)1) =T~ (z)L. It follows that dg (Rp,) y (17 () € (Ter =1 (2))*.
Observing that

Le(d(Ry)y (5 (w))) = d (o R)y (17 () = drry (15 () = u = dm (17" (),

so that dg(Rp,)y (5 (u)) = 1! (), we have

dg(R); (17 () = d(Ry-1) (dg(Ru)y (I (w)))
=dg(Ry-1 0 Ry)y (I () = dg(Ry-1), (I (),

proving that I'; is well defined. Moreover, I"; is obviously linear and, since /, and
R, I are isometries, I, preserves the metric. U
The generalized Gauss map. Let M be an immersed, orientable hypersurface of
G/H. Let n be a unit normal vector field to M in G/H. We define the Gauss map
N of M as the map

N:M"—S""" 4 givenby N(z)=T,(5()).

A family of examples. Let K be acompact Lie subgroup of G and ¥ its Lie algebra.
Consider the action of KK on G/H by isometries, k(xH) = kxH. We assume that
this is a cohomogeneity-one action, that is, the orbits of I of highest dimension
have codimension 1 in G/H.
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Let g € G be such that
Mg :=KMH) := {kgH | k € K}

is an orbit of K of codimension 1. Then M, is a compact orientable embedded
hypersurface of G/H.

Lemma 3.2. The vector subspace Adye(¥) + K has codimension 1 in 4, for any
k elK.

Proof. Set M g = ' (M ¢). Then M ¢ 1s an embedded hypersurface of G (possibly
not connected if H is not connected). Note that

M, = {kgh | k € KK, h € H}
and it follows that T (Mg) =d(Ly)e(#) +d(Ry).(K) for any x € M , so that
(3-2) Ad, (%) + % = d(R; ) (T (M,))

is a codimension-one vector subspace of . Since a generic element x of M ¢ 1s of
the form x = kgh, we have Ad, () = (Ady o Adg 0 Ady) (%) = Ady, (90), so that

Adyg (9) + % = d(R7Y) (T, (My))

is a codimension-1 vector subspace of . O
Proposition 3.3. Set No = N (gH), where N : M, — S"tk is the Gauss map of M.
Then

N(kgH) = Ady(No) forallk e K.

Proof. Let n be a unit normal vector field to M, defining N. Given z =kgH € M,,
choose x € M, = 7Y (M), x = kgh. Then note that lx_l(n(z)) is orthogonal to
T (M,) so that, by definition of N,

N(kgH) = N(2) =d(R; (' (n(2)))
is orthogonal to _
d(R; ) (T (My)) = Adyg () + .

In particular, Ng = N (gH) is orthogonal to Ad, (%) +J{. Then Ad(No) is orthog-
onal to
Ady (Adg (%) +H) = Adyg () + Adg (H) = Adyg (%) +KH

and N (kgH) and Ad(No) are both orthogonal to Ady, (%) + J{. Since
dim(Ady, (%) + ) =dim 9 — 1,

we have
N(z) = N(kgH) = £ Adx(Np).

By continuity, N (kgH) = Adg(Np), since N(gH) = Ng = Ad.(Np) atk =e. [
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Remark. As we see from the proof, the vector Ny quoted on the statement of
Proposition 3.3 can be easily determined, since it is orthogonal to the codimension-
1 subspace Ad, (%) + .

The next result gives a characterization of the homogeneous hypersurfaces of
G/H in terms of the Gauss map. This proposition is important for the characteri-
zation of the constant mean curvature hypersurfaces given in Section 4.

Proposition 3.4. Let M be an orientable hypersurface of G/H and let N : M —
S"** be the Gauss map of M. Then
H:=NM™*t={we¥|(w, v)=0foralveNM))

is a Lie subalgebra of ‘6 and M is invariant under the Lie subgroup of G whose
Lie algebra is K. In particular, if dim¥ = n = dim(G/H) — 1, then M is an
extrinsically homogeneous submanifold of G/H.

Conversely, if M is invariant under a Lie subgroup K of G, then %t C N(M)*,
where X is the Lie algebra of K.

Lemma 3.5. If w € N(z)* then ¢ (w)(z) € T.M.
Proof. If w € N(z)* then
0= (w, N@) = (d(Ro)ew, [ ()
= (dm(d(R)Jw, dr. (17 () = (£ (W) (2), n(x))
so that ¢ (w)(z) € T, M, proving the lemma. O

Proof of Proposition 3.4. Let v, w € N(M)* be given. It follows by Lemma 3.5

that ¢ (v) and ¢ (w) are vector fields on M so that [¢(v), ¢ (w)] is a vector field on

M. Since ¢ is a Lie monomorphism, [¢(v), ¢(w)] = ¢([v, w]). Then, given z € M,
=(t([v, w]), n) = (¢ (v, wD), ()

=(d(R; ) (I (dm(d(Ro)e([v, w)))), N(2))

(d(R; DR (v, w™), d(R; DU ()

((d(Ro)e (v, wh)", 17" ()

=(d(Ro)e([v, w)). I () = (v, w], d(R; D)1 () = ([v, w], N()).

Since z is arbitrary, we get [v, w] € N(M )L, proving that N (M)* is a Lie subal-
gebra of 4. Conversely, if M is [K-invariant then, given w € %, it follows that ¢ (w)
is a vector field on M, so that (¢ (w), n) =0 on M. We then have, as above,

= (t(w), n) = (. w)), T.(n) = (w, N2))
proving that % ¢ N(M)*. O
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4. The harmonicity of the Gauss map and the mean curvature

It is well known that a hypersurface of R"*! has constant mean curvature if and
only if its Gauss map is harmonic. Our main purpose in this section is to extend this
result to hypersurfaces of a homogeneous manifold. We recall that in R"*!, this
equivalence between constant mean curvature hypersurfaces and the harmonicity
of the Gauss map is an immediate corollary of the well known formula

(4-1) AN = —grad H — || B|*N.

This formula was extended to hypersurfaces in a Lie group in [Espirito-Santo et
al. 2003] and, more generally, using Killing vector fields, to Killing parallelizable
Riemannian manifolds; see [Fornari and Ripoll 2004]. Our objective now is to
extend (4—1) to homogeneous manifolds using the Gauss map defined here.

Let G, H and G/H be as before and let M be an immersed orientable hypersur-
face in G/H. Consider the Gauss map N : M — S"F c 4. Let

e, ex, ..., enyr41} C 9

be an orthonormal basis of %, and define functions N; : M — R by setting N (z) =
Z”+k+] N;(z)e; for z € M. The Laplacian of N is defined by

n+k+1

= Z AN; e;,
i=1

where AN; is the usual Laplacian of N; with respect to the metric on M induced
by the immersion of M in G/H. Then N is harmonic if and only if

AgikN = (AN)T =

where T denotes the orthogonal projection of § on 7S"* [Eells and Sampson
1964].

To get a proper extension of (4—1) to G/H, we need to introduce a new algebraic-
geometric invariant of M on G/H, a kind of Lie invariant second fundamental form
(to appear later in Lemma 4.2). Given z € M, define

1
— (adyn () (T )))" foru e T, M.

/2

Lemmad.1. Let M be a hypersmface in G/H and set M=n"Y(M). Let fM—R
be a differentiable function and set f fom: M — R. Then

Bl(u) =

Apf=Auf)om.
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Proof. Choose xg € M and set zo=m(xg). Let{E;},i=1, ..., n, be an orthonormal
frame on a neighborhood V of zg in M. Set W = 7 ~!(V) and define E; on W, by

Ei(x) =171 (Ei(n(x)).

Let ¢;, i = n—+1, ..., n+k, be an orthonormal basis of # and let Ei be the left-
invariant vector fields on G such that E;(e) = ¢;. We have

%E.Ei = %[Ei, EN=0

fori =n+1,...,n+k, and {E }"“‘ is an orthonormal basis of 7, M for x in W.

We have
n+k

8 fo) = . (95, erad F, Ei).
i=1
Since

Ei(f)(x) = Ei(f om)(x) = dg(f o 1) (E;(x)) = dfro)(dy (Ei (x)))

and, since dJTX(E,'(x)) =0 fori = n+l1,...,n+k, we have El-(f)(x) = 0 for
i =n+l1, ..., n+k. Moreover, dm,(E;(x))) = E;(wr(x)) fori =1, ...,n so that
Ei(f)(x)=E;(f)(m(x)),i =1,...,n, and we have

n+k

grad f(x) =Y E(H0)E;(x) = Z E;(f)(r(x) i (x)

i=1 i=1
so that grad f(x) = lx_l(grad f(m(x))). Moreover, fori =n+1, ..., n+k,
WE,- grad JF, Ei) = E,(grad f, Ei) - (grad f, 551_ Ei> =0,

so that

n

A f ko) = (Vg erad [, E)

i=1

n 1 _ N
= (7" (Vg grad f), E;) EZ [E;, grad f1', E;)

i=1
= Z (Vg grad f, E;) = Ay f ((x0)),
i=l1

proving the lemma. g

Lemma 4.2. Let M be a hypersurface in G/H and set M=z (M) Denote by
B (||B||) the norm of the secondfundamentalform B (B) of M (M) in G/H (G),
and by H (H ) the mean curvature of M (M ) with respect to a normal vector field
nm=I; 'n). Suppose dimG =n +k + 1 and dimH = k.
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() H(x)= ().

(ii) grad H(x) = ml;l(grad H(2)) forall z € M and x € m~1(2).

Gii) 1Bl = VIBI?+IB]>.

Proof. Choose z € M and x € w~!(z). Let Ei(z), i = 1,..., n, be an ortho-
normal basis of 7, M and define E x) =1; YE;(2)) fori =1, ,n. Let E,,
i= n+2 ., n+k—+1, be left-invariant vector fields on G such that E x)eT, M
and {E }L,i=1,...,n+k+1is an orthonormal basis of T M. Note that since M is
H-invariant, E, is a vector field on M for i =n+2,...,n+k+1. Itis also easy to see
that 7 is a unit normal vector field to M. Tt follows that, fori, j=n+2, ..., n+k+1,

(Vg i), E;(x)) = —(VE E; (x), 1(x)) = =L (H(x0), [Ei, Ej) =0

since [Ei, Ej] is a vector field on M.

Proof of (i). By the definition of the mean curvature, we have:

N |tk Lot
A& =" ; (VE Ei (), 7i(0) = ok (Vi Ei (x), 71(x))
1 n+1 1 L )
= n+k(§<1x (VE, E; (Z))+§([Ei, E;1(x))", n(x)>)

1 n+1 1 1
e S . o)
- n
= ;(VE,-E,'(Z), n(2)) = mH(Z)'

Proof of (ii). Choose v € T. M. We may then write
b=1"(v)+w,
where v € T, M and w is vertical. Then

(17" (grad H (2)), 3) = (I; ' (grad H(2)), I} ' (v) + w) = (I ' (grad H(2)), I (v))
= (grad H(z2), v) = d(H),(v) = dg(H) (d7m (D))

— d(H on), (V) = dg (”+k ) ( )_n+de ().

Therefore,
grad H (x) = Tl (grad H (2)).
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Proof of (iii). As we have seen, ﬁgiﬁ(x), Ej(x)> =0ifi,j e{n+2,...,n+k+1}.
Moreover,

n+1 n+1
S (Vi) E@f = Y17 (Ve n@) + L @), E; )
ij=1 i, j=1

17 Ve, 17 ;@)

i 1

[l
5 O 3 o
R M KT

=Y (Ven E;f = 1BI~
i, ]

I
-

Assume thati € {1,...,n+1}and j € {n+2, ..., n+k+1}. We have, since Ej is
a vector field on M,

(65,-77(96), E;(x)) = —(i(x), §E E;(x)).
Set Fj = d(L;l)x(El), I=1,...,n+k+ 1. We then have

(VE i), E; () = =(i(0), Vaew,).r)d(Lx)e(F))

= —3{A(x). [d(Ly)e(F), d(Ly)e (F)1(x))
HN @), d(R ) ([d(L)e(F)), d(Ly)o(F)](x)))
HN @ (), [Ad (F)), Ady (F)](x)))
3
3

[N (7 (x), Adc(F)], Ad,(F)))
= —3(adN (r(r) (Ady (F})), Ady (F))).
Note that
Ad, (F1) = d(R7Y)d (L) (d(LTY (E)) = d(RTY) . (Ep),

so that, if [ =i,
Ad,(F) = Ad(F;) =T (E)).

‘We then have
(Vg ii(x), E;(0)) = —{adw e (o) (T (E)). Ady (F))).

Moreover, {Ad,(F))} = {d(R;l)x(lpE\}')}j:n+2 " wixyy, is an orthonormal basis of
#€. In particular,

~ ~ 2. . ~
(Vz i), Ej(x) = —%(BQ(E», AR (E),
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(V& i), Ej (o)

and thus
> (Ve Ef = LB
i=1,...,n+1
j=n+2,....n+k+1
Then
n+k+1 5
IBOIP= ) (Vgiix), Ej(x)
i,j=1
n+1 5 n+k+1 )
= > Vi), E;0)f + > (Ve i), E;x))
ij=1 i,j=n+2
+2 >
i=1,...,n+1
2 — j=n+2,....,n+k+1
= |BI*+ 1B

O

Keeping the same meanings for B, B!, H and grad H as above, we have:

Theorem 4.3. Let M be an immersed orientable hypersurface of G/H, and let

N : M — S"** be the Gauss map of M. Then

(4-2) AN(z)=—nT;(grad H(2))— (I BI*+I| B'|*+(n+k) Ric(l; ' (1(2)))) N (2)

for all z € M and x € w~'(z), where n is a unit normal vector field to M and

Ric(w) the Ricci curvature of G with respect to w € TG.

Proof As before, set r] =1 l(77) As mentioned, 7 is a unltary normal vector field

to M =7 (M). Let N : M — S"** be the Gauss map of M:
N(x) =d(R7N,(#(x)).
We claim that, if z = 7 (x),

(4-3) AyuN (2) = AN (x).

To see this, note that N(z) =", (n(z)) = d(Rx);l(ﬁ(x)) = ﬁ(x), SO writing

n+k+1 n+k+1

N@= Y Nixei and N@x)= Y Ni(x)e

i=1
in some orthonormal basis {e;};=1 .. n+k+1 of 4, we have
Ni(x) = Ni(z) = (N o) (x),

where x € 771(2). By Lemma 4.1, we have

AjiNi (x) = (AyN;) o (x) = Ay N; (2),
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proving (4-3). It follows by Theorem 1 of [Espirito-Santo et al. 2003] that
AN @) = =+ d(R; ) (grad H(x)) — (1BI* + ( + k) Ric 7(x)) N (x)

so that, applying Lemma 4.2, we obtain

n

+k

AN (2) = —(n + K)d(R ), (n I (grad H (z)))

— (IBI + (n + k) Ric(ij ()N (2)
= —nT;(grad H(2)) — (| B> + | B'I* + (n + k) Rie (' (1)) N (@),
proving the theorem. O
Theorem 4.3 has an application to constant mean curvature immersions:

Corollary 4.4. Let M be an orientable hypersurface in G/H and N : M — S"*k
the Gauss map of M. There is equivalence between:

(i) M has constant mean curvature.
(ii) The Gauss map N : M" — S"*K is harmonic.
(iii) N satisfies the equation
@4 AN @ =—(IBI* +IB'|* + (n + k) Ric(; ()N ().
We apply the definition of a (1/2')-sphere (page 46) to a result that extends
Corollary 2 of [Espirito-Santo et al. 2003]:

Theorem 4.5. Let M be a compact constant mean curvature hypersurface of G/H
and N : M — S"* the Gauss map of M. Assume that M is not totally geodesic,
or that | B'|| > 0, or that Ric > 0. Given [ € N, let

1
Sn-i—k,l — ﬂ (S;H-k)+
i=1

be a (1/2')-sphere of S"**. There is equivalence between:
(i) N(M)C SRl
(i) N(M) C iz, 9(SP ).
(iii) I = (ﬂﬁzl 8(§?+k)+)J' is a Lie subalgebra of 6 and M is invariant under
the Lie subgroup K of G whose Lie algebra is K.

Proof. We first prove that (i) implies (ii). Given i, we have N(M) C H;, where H;
is the half-space of % such that Sg”rk = H; N S"t*. Therefore, there is v € S"**
orthogonal to H; such that (N (z), v) <0forall z € M. Using (4—4), and considering
that Ric > 0, we obtain

A(N,v) = (AN, v) = —(|B|> + || B'| + (n + k) Ric((' (n(2)))) (N (z), v) > 0
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so that (N, v) is a subharmonic function on the compact manifold M. It follows that
(N, v) is constant and then A (N, v) = 0. Hence, since either || B| > 0, ||B!| > 0,
or Ric(l;l(n(z))) > 0, we have (N, v) = 0, so that N(M) C dH;. This proves
that (i) implies (ii). The implication (iii) = (ii) follows from Proposition 3.4, and
(i1)) = (i) is obvious. O
Remark. If M is admitted to be totally geodesic, || B'|| =0, and Ric(/; ! (1(z))) =0,
the theorem is false. Planes in R® give counterexamples to the theorem.

Corollary 4.6. Assume that M is not totally geodesic, or |B'| > 0, or Ric > 0. Let

M be a compact constant mean curvature hypersurface of G/H and N : M — S"+*
the Gauss map of M. Let S;’+k be a (1/2")-sphere of S"**. Assume that | > n and

N(M) C S|,

Then M is an extrinsically homogeneous submanifold of G/H (recall that G/H has
dimension n + 1).

To investigate if a constant mean hypersurface M is invariant under a specific
Lie subgroup of isometries, we shall make use of the following result:
Corollary 4.7. Let M be a compact constant mean curvature hypersurface of
G/H and N : M — S"** the Gauss map of M. Assume that M is not totally
geodesic, or |B'| > 0, or Ric > 0. Let K be a Lie subgroup of G of dimension [
and ¥ the Lie algebra of K. Let M be the orthogonal complement of ¥ in 4. Let
(S'l'+k)+, ey (S;’H‘)Jr be | half-spheres of S"* such that M N S (Sl'.’+k)+
fori=1,...,1, thatis,

l
MNS"H = (Yo,

i=1

Then M is K-invariant if and only if

I
Ny Sy
i=1
Corollary 4.8. Assume that G/H is a two-point homogeneous manifold (that is,
one such that G = Iso(G/H)). Let M be a compact constant mean curvature
hypersurface of G/H and N : M — S"** the Gauss map of M. Let M be the
orthogonal complement of the Lie algebra ¥ of H in 9. Let (S'l’+k)+, R (S7+k)+
be [ half-spheres of S"** such that MNS"T* C (§f+k)+ fori=1,...,1. Then

l
NM) (S
i=1

if and only if M is a geodesic sphere.
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Proof. In a two-point homogeneous space the isotropy subgroup H of G acts tran-
sitively on geodesic spheres; now apply Corollary 4.7. O

Theorem 4.9. Assume that dim G/H = 3. Let M be a complete constant mean
curvature surface of G/H and N : M — S3** the Gauss map of M. Assume that
Ric > 0 or ||B'|| > 0 or M is not totally geodesic. Then N(M) is contained in
a hemisphere of the unit sphere in § if and only if M is invariant under a one-
parameter subgroup of isometries of G.

Proof. If M is invariant under a one-parameter subgroup of isometries of G/H
determined by a X € % then N (M) is contained in a hemisphere whose boundary
hyperplane is orthogonal to X. The other direction follows from Corollary 2 of
[Fornari and Ripoll 2004], since given w € N(M )L, ¢ (w) is a Killing field of G/H
such that

@) = (& (w)(2), n(2))

does not change sign on M; however, for completeness, we give the details of the

proof, which is essentially the same as that of Theorem 1 of [Hoffman et al. 1982].
Let (M, 1) be the universal covering of M. First assume that M is the disk and

suppose that f < 0. Then, noting that f(z) = (w, N(z)), we obtain from (4—4)

45  Af=(w,AN)=—(IBI*+IB'|* + (n + k) Ric(l; ' (n(2)))) f >0,

so that f is subharmonic. Therefore, if f vanishes at some point of M, it vanishes
identically (by the maximum principle), so M is invariant under ¢ (w), proving the
theorem in this case. We now show that the case f < 0 leads to a contradiction.
By the Gauss equation, we have

(4-6) IB|?>=4H? —2(K — K),

where K is the Gaussian curvature of M and K the sectional curvature of G /H on
tangent planes of M. From the second equality in (4-5) and from (4—6) we obtain

@7 Af =2Kf+(I1BI? + (n+k) Ric(l; (n(2))) +2K +4H?) f = 0.

However, (4-7) contradicts [Fischer-Colbrie and Schoen 1980, Corollary 3],
which states that when K is the Gaussian curvature of a complete conformal metric
on the unit disk there can be no negative solution of equation (4-7) if

I B> 4 (n + k) Ric(7 (n(2))) + 2K + 4H? > 0

(note that K > 0 and Ric > 0).

It follows that M is the sphere or the plane, proving the assertion stated above.
Thus f o is a subharmonic and bounded, hence constant, function on R2; thus
f is constant. Then Af = 0 and (|| B||*> + || B'||* + (n + k) Ric(I; ' (n(2)))) f =0,
and the conclusion of the theorem is now immediate. O
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We have the following stability criterion, whose proof is the same as that of
[Espirito-Santo et al. 2003, Theorem 5]:

Theorem 4.10. Assume that dim(G/H) = 3 and let M be a constant mean curva-
ture surface in G/H. Let D C M be a domain such that D lies in the interior of M.
If N(D), the spherical image of D, is contained in a open hemisphere of the unit
sphere in G, then D is stable.

In the most common cases G has constant Ricci curvature. This always occurs
when the Killing form of G is negative definite, as it is shown below. The Killing
form of G is negative definite, for instance, when G is compact and has finite center.

Lemma 4.11. Suppose that the Killing form of G is negative definite. Then any
bi-invariant metric { , ) satisfies

Ric(u, v) = gu, v),

where u and v are tangent vectors to G. In particular, G has constant Ricci curva-

1
ture i

Proof. the Killing form B of G on the Lie algebra < is given by
B(u, v) =trace(ad, oad,) foru,v e,

and we have assumed it to be negative definite. Consider any bi-invariant metric
(,)onG andlet {E;}j=
{,). Given x € G and u, v € 9, we have

n+k+1 be an orthonormal basis of G with respect to

n+k+1 n+k+1
(4-3) Ric(u, v) = Z <R(u, Ej)l}, Ej) = % Z <[[u, E;], v], Ej)
Jj=1 j=1
ntk+1 ntk+1
=3 2 (Ej vl lw Ej)=5 D (IEj. vl 1E;. u))
j=1 j=1
n+k+1 ntk+1
=1 Y (adg, (v).adg, ) == D ((adg)*(v). u)
j=1 j=1

n+k+1
=— < > (adg)*(v), u>
j=1
where in the third and sixth equalities we used the skew-symmetry of ady :

(ady (u), v) = —(adyx (v), u).
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Considering the linear symmetric transformation

n+k+1

T:= ) (adg)’,

j=1
we obtain, for all u, v € %,

n+k+1 n+k+1
(T ), v>=< > (adE_,.)2<u),v>=— > (adg; (), adg, (v)
j=1

J=l

n+k+1 n+k+1
=— ) (ady(Ej).ady(Ep)= Y (Ej,ad, 0ad,(E)))
j=1 j=1

= trace(ad, oad,) = B(u, v).

Now take a basis {u;}i=1,. . nt+k+1 of 6 orthonormal with respect to —B. Since —B
is positive definite, we obtain (T'(u;), u;) = —9;;, so T = —1I, where I denotes the
identity in <. It follows from (4-8) that

Ric(u, v) = (u, v),
concluding the proof of the lemma. 0
We obtain from Theorem 4.3 and this last lemma:
Corollary 4.12. Under the hypothesis of Theorem 4.3, assume moreover that the
Killing form of G is negative definite. Then
AN (z2) = —nT;(grad H(2)) — (IBI* + | B'|* + %(” +E)N ().

We now apply the previous results to the special case of S° = SO(4)/ SO(3).
Recall that the Lie algebra so(4) of SO(4) is given by the 4 x4 matrices Z satisfying
Z' = —Z. We may consider in so(4) the Killing form

(X,Y)=—7trace(XY"), X,Y €s0(4),

although the result, of course, is independent of the bi-invariant Riemannian metric
considered.

Given o € R, let {¢};cr be the one-parameter subgroup of isometries of S3
defined by

cost sint 0 0
5o = —sint cost 0 0
r 0 0 cosat sinat

0 0 —sinat cosat
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Corollary 4.13. Let M be an immersed orientable complete surface with constant
mean curvature in S = SO4)/SO(3) with Gauss map N : M — S>. Then N(M)
is contained in Si if and only if , up to an isometry, M is ¢; -invariant for some
a €R.

Proof. One direction is obvious. For the other, note that Theorem 4.9 implies that
M is invariant under a one-parameter Lie subgroup ¢, of isometries of S° of the
form exp(z X) for some nonzero vector X € so(4). By the maximal torus theorem,
there are 8, ¢ € R and g € SO(4) such that

0 6 0 O

-5 0 0 O

Adg X = 0 0 0 ¢
0 0—-¢ O

We may assume without loss of generality that 6 # O so that the one-dimensional
Lie subalgebra generated by Ad, X is the same as the one generated by

01 0 0
-1 0 0 0

“4-9) Xo = 00 0 «l’
0 0—a O

whose associated Lie subgroup is ¢f. It follows that M is congruent to g(M) and
g(M) is ¢f -invariant. O

An open question on the study of minimal surfaces in the sphere S3 is whether
there exist embedded minimal tori in S° besides the Clifford tori. Lawson con-
jectured that the answer is no. We may apply the corollary above to obtain the
following characterization of the Clifford torus and of the surfaces of revolution of
S? as well.

Observe that ¢? is a rotational one-parameter subgroup of isometries of S* and
that ¢;1 is the Hopf action. Given « € R, denote by 82 the half-sphere of S° in
s0(4) whose boundary is orthogonal to X,,.

Corollary 4.14. Let M be an immersed orientable complete surface with constant
mean curvature in S° = SO(4) /SO@B) and let N : M — S° be the Gauss map of
M.

(1) N\M) C S? if and only if M is a Clifford torus.

2) N\M) C Sg if and only if M is a surface of revolution.

For the proof of (a) we use the fact that a complete cmc surface in S® which is
invariant under the Hopf action is a Clifford torus. This is easy to prove using an

argument from the so-called equivariant geometry (see the proof of Theorem 4 of
[Espirito-Santo et al. 2003]).
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Remark. Surfaces of revolution with cmc in S have been described in many
places. A description of these surfaces using a special coordinate system is given
in [Fornari and Ripoll 2004].
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