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Ramanujan, Richmond and Szekeres, Ramanathan, Andrews, Hirschhorn,
Alladi and Berndt, and Bressoud have studied certain infinite products aris-
ing from continued fractions from the point of view of the periodicity of the
signs of their Taylor series coefficients. In this paper we prove more general
theorems of the same sort.

1. Introduction

Recall the definition of the Rogers—Ramanujan continued fraction and its product
representation [Hardy and Wright 1960, p. 294],

1.4 ¢ _ (@%@ ¢
M R =l T T+ = (@540 (@ )0
Here, we use the familiar notation
o0
(@ o= —ag™h,  lgql<1.
n=0

B. Richmond and G. Szekeres [1978] examined asymptotically the power series
coefficients of a large class of infinite products including (1). In particular, if

R(g) =Y ang",

n=0

they proved that, for n sufficiently large,
(2) Usn, Aspt1 >0, and  @s5,42, d5p43, 5p44 < 0.

A similar result was also shown for the coefficients of 1/R(g).

Ramanujan, in his lost notebook [1988], recorded formulas for Z;’OZO st iq",
0 < j <4, which were first proved by G. E. Andrews [1981]. Andrews then used
these representations and a theorem of B. Gordon [1961], giving partition-theoretic
interpretations of these coefficients, to prove that (2) holds for all n, except that
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oy = a4 = g = 0. Hirschhorn [1998] later gave a simpler proof of (2) using only
the Quintuple Product Identity.
Using the notation of [Andrews and Bressoud 1979], define for 1 <r,s <m

oo
Fooo— @ =[] (A=g""™)A=g"""™") _ (q":9™)oo(@" "1 400
me T L L =g ) (=) (g7 4o (6" 4 )

Throughout the paper we will assume that gcd(s, m) =1 and s <m /2. Form =5,
r =2 and s = 1, we obtain the product representation of (1). A general result in
this direction was established by K. G. Ramanathan [1988], who proved:

Theorem 1.1. Suppose gcd(m, r) = 1. Let

If gcd(m, 6) = 1, the signs of the c,,’s are periodic with period m.

In Section 5, we use Hirschhorn’s ideas [1998] in a more general setting to
provide a new proof of Theorem 1.1 without the restriction gcd(m, 6) = 1.
Define the coefficients ¢, and d,, by

o0

(,¢]
Fyai=Y caq" and Fyi3=Y duq".
n=0 n=0

Gordon’s continued fraction has the representation Fg 3 1. Richmond and Szekeres
[1978] proved that c4,,43 = 0 and d4;,+, = 0 for all n > 0. M. D. Hirschhorn [2001]
proved that for all n > 0,

C8n,s C8n+1, C8nt2 > 0, C8n+12, C8n+5, C8nt6 < 0,

dgn, dgny3, dgnts > 0, dsn+1, dgnt4, dgni7 < 0.

In Section 3, using another approach, we prove a generalization of Hirschhorn’s
theorem:

Theorem 1.2. Suppose m is divisible by 8 and gcd(m,r) = 1. Let ¢, and d,, be
defined by

00 00
Fin3rr = chqn and  Fy3r—mr = Zdnqn
n=0 n=0
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Then, for all n > 0, we have

C8n> C8n+r, C8n+2r > 0, C8n+m—2r> C8n+m—3r < 0,
dSnv d8n+m—r, d8n+r >0, d8n+4r—my d8n+3r—m <0,
3) Csntm+ar <0 if m > 8r, Csnrom—ar <0 if m < 8r,
dspysr—m <0 if 3m > 8r, dgp+om—3r <0 if 3m < 8r,

¢, =0 ifn=3r (mod 4); d, =0 ifn=2r (mod4).

In Ramanujan’s third notebook [1957, p. 373], there is a result equivalent to

q+q>  ¢*+4¢*
@) S S pay

In Section 4, we prove that the signs of the coefficients of Fg 3 are periodic

=Fe31.

with period 6. This arises as a special case of the following theorem:
Theorem 1.3. Suppose m is even and gcd(m, r) = 1. Let ¢, and d,, be defined by
o o
) Fin3rr = chq" and  Fp3r—mr = Zdnqn
n=0 n=0
Then, for all n > m?>, the signs of ¢, and d, are periodic with period at most m.

We conclude our paper with an interesting observation on the signs of the power
series coefficients of the following continued fraction of Ramanujan:

3 5

@ P 1 g q
6 Y59 )o _ 1
© (4 4o

’

1= 14q — 1+¢> — 1+q° — -

For a recent account of (6) see [Andrews et al. 2003].
2. Definitions and Preliminary Results
We first recall Ramanujan’s definitions for a general theta function and some of its

important special cases. Set

o0
(7 fla.by:= Y a"tVpe=DR o ap) < 1.

n=—oo

Basic properties satisfied by f(a, b) include (see [Berndt 1991, p. 34, Entry 18]):
fla,b)=fb,a), f(,a)=2f(a,a’), f(—1,a)=0,
and, if [ is an integer,

(8) f(a, b) = a"FV2pH=D72 £ g(ab)!, b(ab) ™).
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If / =1, (8) reduces to

) fa,b)y=af(a"", a’b)

The function f(a, b) satisfies the well-known Jacobi triple product identity (see
[Berndt 1991, p. 35. Entry 19]):

(10) f(a,b) = (—=a; ab)oo(—b; ab)oo(ab; ab)so.

The three most important special cases of (7) are

) - n n? (75 @)oo
- = -Y,— == _1 =,
o(—q) = f(—q,—q) an_oo( )'q a0
> 2. 2 .
11 =flg.q) =Y. "= G790 _ (=45 ~Doo.
(- V@)= 74.q4) prd 1 (@970 (@5 qH

f=q)=f(=q. =g =) (=1)"q"®" " = (g; 9)on.

n=—oo

The product representations in these equalities are special cases of (10). Two fur-
ther corollaries of (10) are given by

(12) f(a,b)f(—a, —b) = f(—a*, —b*)¢(—ab),
(13) f(a,b)y(ab) = f(a,ab®) f (b, ba®);

see [Berndt 1991, p. 46, Entry 30].
The well known quintuple product identity, in the notation of (7), takes the form

f(=a*, —a"?q) 1 3 2 24).
14 — &g —
) T = Fep U e a7 e af (aTq. —a’q?);

see [Berndt 1991, p. 80, Entry 28(iv)].
We will need an expansion formula for f(a, b). For each positive integer [, set

(15) Uy = g+ D/2pa=/2 and V) = gl =D/2plan)2,

Then, as in [Berndt 1991, p. 48, Entry 31], we have

Usr Vi,
(16) f(Ul,vo—ZUf( T )

The special case of this for / =2 is

(17) f(a,b) = f(@b, ab3)+af<— Ea4b4)
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Lastly, we record two elementary results [Berndt 1991, p. 45, Entry 29]. If
ab = cd, then

(18) fla,b)f(c,d)+ f(—a,—=b)f(—c,—d)=2f(ac, bd) f(ad, bc),
(19)  f(a,b)f(c,d)— f(—a, —b) f(—c, —d)_2af< —abcd)

X f(Z Zabcd)
By adding (18) and (19), we conclude if ab = cd then

b d

20)  f(a,b)f(c,d) = f(ac, bd) f(ad, bc)+af( abcd> f(E, Zabcd).

3. Proof of Theorem 1.2

The proof of Theorem 1.2 follows easily from the following lemma.

Lemma 3.1. For any z # 0 and |q| < 1,

_ 3 -
@1) % wi(9) f(2%.278¢%) + 2wi(g) £ 8¢ 284%)

— gz wa(@) f (28q. 27%q") — qtua(q) f(z7%q, 2q7)
+ zwi(@) f %, BqY) — qzws(g) F (B, 278D,

where

f@ ¢ fg.q") 1
22 —_J4-97 - _J9q) _ ,
@) w@=rZ s P iy YT oy

Proof. Let

3 -3
L(z,q) = —j}((_zz”_;_qu))-

By (18) and (12), as a function of z, the even part of L(z, g) is

1 f(=2 =3 | [
(23) L.(z,q9):= 5 ( 2. _Z_lq) + e Zilq)

12 = f @ )+ f@ 2 f(-z —2 )
2 f=z =) fz 27 lg)

_ f(=t =D f(—2*q. —2%q)

=2 = 2ghe(=g)
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By (13) and (12),
f(=z4 =P (@D = F(=2* —274gM f(=2*q% —274P)

_ 2 =P f @) f (=2t — )
¢(—4?)

Employing (13) again, this time with a = z> and b = —z~2q, we also obtain
@ =Y (=) = £ 277N f (=272, —2q).

We now return to the evaluation of the even part of L(z, g). Using the last two
displayed equations, we find that (23) is equivalent to

F(=2*q% =% f (2 =272 (—q)
24 L.(z.q) = .
9 @9 e(—)e(—q*) ¥ (g?)

But, by equations (11),

(@ Do (% 9D (G gD
(9= V@) _ (4 Do (4% 4D (4% 4o
¥ (—q) (490
(4% Moo
= (¢; )oo(q”: D)oo = F(—q) F(—¢?).

Putting this together with (17) and (20), we find that (24) is transformed into

(25) L.(z,q9)

_ [ T @2 =)

f(=a) f(=¢?

[ =) (f (=2, ) + 22 f (—27%q, —2%q)
- f=a) f(=q?
(f(=2*q. =) f(=2*q* . —z7%¢P)

+22f(—z7%.—*P) f(=*q* —z4qP))
1

= m(f(z‘sqS,z8q3)f(q3,qS) —*qf (2 %q.2%") f(q.q")

+22(f %, f (@) — 2 af Bq.2 %)) fq.9D)).

1
 f=)f(—¢?)
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As for the odd part of L(z, g) as a function of z, we have, by (19), (12), and
(17),

[, =) [, z‘3q))
f(=z,—z7lq¢)  f(z.z71¢)
ST f P ) — f = ) f@ )

2 fl=z,—z7'¢) f(z,z7'q)

_ Sz q,—z ‘o) f(=22, —27%¢%)

f(=22, —2729%)p(—q)

_ f(=ztq,—'q)  f@qY gt gz f (B 278
= =z :
o(—q) o(—q)

(26) Loq)i= (

By adding (25) and (26), we complete the proof of Lemma 3.1. (]
We are now ready to prove Theorem 1.2. Observe that, by (10),

f(=q".—¢"™")

f(=q*, —q")’

Now assume that 3r < m. In (21), replace g by ¢ and z by ¢”, respectively, to
find that

Fm,r,s =

@) Fuar
_ f(=q*, —q™ ")
f(=q".=q"")
=wi@ f@" ", ") + g wi@™) f(gT g
" (@™ £ @, I — " (™) £ (g g

+qrw3(qm)f(q4m—8r’ q4m+8r) _qm—3rw3(qm)f(q8r’ qu—8r)’

where wi(g), wa(q), wi(g), defined in (22), are clearly power series in g with
positive coefficients. Since 3r < m, all the exponents in (27) are positive, except
possibly those of f (g%, ¢”"*%). But by (9), we have

f(qm78r’ q7m+8r) — qm78rf(q8r7m’ q9m78r)‘
Thus the first part of (3) has been established.

Now suppose that m /3 <r < m/2. We have, by (9),

f( q m—3r) m73rf( q2m—3r 3r m)
@9 = T e =
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Thus, by (27) and by (9),

Fnsrmr=—q""wi(@") f (@, ¢ ) —¢”" " wi(g") f (g™, ")
+ C]rwz(qm)f(q'n+8r, q7m—8r) + q7rw2(qm)f(qm—8r’ q7m+8r)
_ q4V*mw3(qm)f(q4m78r’ q4m+8r) + w3 (qm)f(qu’ q8m78r)

— _q3r—mwl(qm)f(q3m+8r’ q5m—8r)_q5r—mw1(qm)f(q3m—8r’ q5m+8r)
+quJ2(t]m)f(qm+8r, q7m78r) +qm7rw2(qm)f(q8r7m’ q9m78r)
. q4r—mw3(qm)f(q4m—8r’ q4m+8r) 4 w3(qm)f(q8r’ qsm—SF)‘

Since m/3 < r < m/2, all the exponents in this expression are positive, except
possibly those of f (g3 %", g>"*+%). But by (9), we have

f(q3m78r, q5m+8r) — q3m78rf(q8r73m’ q11m78r)‘
Hence the proof of Theorem 1.2 is complete.

4. Proof of Theorem 1.3

To prove Theorem 1.3, we need the following reformulation of Lemma 3.1.

Lemma 4.1.

f=2 =) _ l(f(z2’ VD S _Z_zx@) A G N ')
fl=z.—z7'¢) 2\ v(/9 V(=) p(—q)

Proof. Recall that E.(z, g) is defined by (23). By (26) and (25), it suffices to prove
that

(29) Le(z,q) =

! <f<z2, VD G _12@)
2\ v Vv )

To verify (29), we first recall that ¥ (g) is defined in (11). By (17),

V() = fq® q")+af (@ ¢,
f@ 79 = f(Zq.272¢7) +2f (2 %q, 2%¢7).
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Thus,

B0) V(=) f (' P+¥@) [z -9
=(f@° a")—af(@* a"H)(fPq. 2% +2f @ %q. 2°q))
+(f@ a"+af @ a D) (f(=2q, =2 +2f (=2 2q, =2°¢Y))
= 1@ a'N(f a2+ f (=24, —22¢))
+2f@% ¢")(f (. 2q) + f(—2%q, —2qY))
—q2f(q*. 'Y (f @ %q. 247 — f(=2%q. —2*q))
—qf(q* ¢"(fPq,27%¢) — f(=22q. —27%¢Y)).
From (17), we have
f(a,b)+ f(—a, —b) =2f(a’h, ab’)
fa,b)— f(—a, —b) = 2af(§, %a4b4).

Employing this in (30), we find that

G () f @' D+v@) f—27"g)
=2£(°%q") &% 27" + 221 (4% ¢'") f (2 *q%. 2*q")
2279 (¢ " F PP M) = 2247 F (g% g F e Mg,
By the second line in (11),

@ M (@590
(4; 9P o0 (@% Y

(32) V(=¥ (q) =

_ @*14Y%@* 4 (454D (0 4P
(@: 9% oo (4% qHoc

= f(=¢) f(—q".

In (31), we divide both sides by 21/ (—¢)¥ (¢), then replace ¢* by ¢ and z by z°.
By using (32) in the resulting equation and after comparing it to (25), we complete
the proof of (29). U

We are now ready to prove Theorem 1.3. We assume that m is not divisible by
8 since this case is covered by Theorem 1.2. Suppose first that m = 2k, k is odd,
1 <r <2k/3 and ged(r, 2k) = 1. In Lemma 4.1, replace g by ¢ and z by ¢". We
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deduce that
f(_qBr _q2k—3r)

(33) FZk,3r,r =

f(_qr’ _qZk—r)
_ l(f(q2r’qk—2r) f(qu, _qk—Zr)> N . f(_q2k+4r’ _q2k—4r)
2\ ¥(¢H ¥ (=g 9(—=q*) '
Let
E(@)=Y eq" and D(q)=) dnq"
n=0 n=0

denote the even and the odd parts of Fy 3,,. Clearly, by (33), since r is odd, we
have

f(_q2k+4r’ _q2k74r)
¢(—q%)

D(g)=q"

and

1 f(qu’ qk—Zr) f(qlr’ _qk—2r)
9 E("):§< v@H T v(=dd )

We will show that the signs of the coefficients e, and d,, are periodic with period k.
Define

(35) o {(k— D2 if2r <k,

(k+1)/2 if2r>k.

Employing (16) with [ = k, we find that

k—1
q’ 2 2 209y
D(q) = T Z (— 1)t 2hn+anr (o2 Gea2mykdrk o 2k (k=2m)—drky
n=0
k—1 2 20k —21)—
_ Z (_1)nq2kn2+(4n+l)rf(_q2k (k+2n)+4rk’ _q2k (k—2n) 4rk)
—~ 9(=q*")
T(r) 2 2(k—2n)—
_ (_l)ankn2+(4n+1)r f(_q2k (k+2n)+4rk’ _q2k (k—2n) 4rk)
e 9(=q*")
k—1 2k2 (k+2n)+4rk 2k2 (k—2n)—4rk
+ Z (—1)"q2""2+<4n+1>rf(_‘1 (eramank, —g? 2=
42k ’
n=T(r)+1 (/7( q )

from which, after an application of (9), we get
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e U (k4 2n)+drk 2K (k—2n)—drk
(36) D(q) = Z<—1)"q2kn2+(4n+l)rf(_q T
n=0 ‘P(—QZk)
k-1
2 205 _
4 Z (_l)ankn +@n+D)r+2k*(k—2n)—4rk
n=T(r)+1

3 _4k*n—4 2k%(2n—k)+4
f(—c]6k k*n rk’ k= (2n—k)+ rk)

—q
@(—g%)

All the exponents in (36) are positive, and a typical term has the form

’

2ak’ _q4k372cxk)
¢(—q*")
where b is a nonnegative integer and « is a positive integer with ged(a, 2k) = 1. It
is easily seen that 2bk + (4n + 1)r is bounded by k3/2. Also, by (10),

2_ 2 2_ 2 2 2
A At M B AT WL C ST G COIC T S
¢(—9) (4,434 ¢Hoo
2 2 2 2 2
_ @07 )oo@ " 4o (@ 47 o
(@ 4P oo(q5 Do
_ 2
=¢:N [] @5
1<t<2k?
t#a, 2k —a, 2k>

(— 1) 2bk+ntDr f(=q

’

is clearly a power series in ¢ with strictly positive coefficients. Since the numbers
2bk + (4n + Dr, for 0 <n < k — 1, are all distinct modulo k, we have established
that the signs of the coefficients d,, of D(gq) are periodic with period (at most) k for
all n > k3/2. Recall that in the statement of Theorem 1.3 we gave the larger bound
m? for the index of nonzero coefficients. We will not be precise for the right order
because our proofs are constructive for all the cases that we consider throughout
the paper. £ g
Next we examine E(q), defined by (34). It suffices to look at +¥——*—+——=.

7
By (16), with [ = k, we have v(q")
2r  k—2r
(38) flq ,qk )
¥ (q")
_ k=l qkn2/2+(4r_k)n/2f(qkz(k+2n)/2+(4rfk)k/2’ qkz(kun)/27(4rfk)k/2)'
n=0 W(qk)

One can easily check that the values of knz/ 24 @r—kn/2,for0<n<k-—1,
are all distinct modulo k. By arguing as in (36), we can assume that each of the
quotients in the series above has the form f (g%, qu“k) /¥ (g*), where « is an
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odd positive integer with ged(a, k) = 1. We claim that when expanded as a power
series, the even part of this expression has positive coefficients while the odd part
has negative coefficients. To verify this, it suffices to show that

f(=q%. ¢“)
v (—q)
is a power series with positive terms. By (10), we have
o k-«
(39) f(=q*. 4"
v(—q)

2 2 2 2 2
(4% =)o (=" T ¢ )= s —4" o

(459N (@% 4M oo (q*; ¢H) o

2 2 2 2 2
(0% 4% oo (—q" T ¢ oo (—¢* 7% ¢ o

~ (qZkz—a. C]2k2)oo(—qk2' q2k2)oo(q2k2. q2k2)oo
(45 9% (q% Moo

2 2 2 2 2 2 2

F@* ™, 4 ) (=4"5 )0 @7 4% )o@ 47 )
(g% 4" oo (45 9%

2 g2 2 2 o0
@ q" (4" ¢%) - .
= ( 4. 4) = l_[ (qt; q2k )ool = Z]nqn-
49 )0 1<t<2k?, t odd n=0
t#a, 2k*—a

Observe that j, > 0 for all n unless « = 1. If « = 1, then j, > O for all n > 3.

From (38), we easily see that the coefficients e, of E(g) are nonzero for n > m3

and (34) together with (38) implies that their signs are also periodic with period k.
We conclude that if & is odd and

)
FZk,3r,r = E qun’
n=0

then ¢, # O for all n > m?> and the signs of ¢,’s are periodic with period m.
Next, we sketch a proof for the case m = 4k, k is odd, 1 < r < 4k/3 and
ged(r, 4k) = 1. In Lemma 4.1, replace ¢ by ¢* and z by ¢”. We deduce that

F=g?r, —q*—r)

f(_qr’ _q4k—r)

_ l(f(qzr, q* ) n f@”, —qZk_2’)> ' F (gt _ gty
2 v (g%) v (—gq%) (—g*)

Fag3r,r =




PERIODICITY OF COEFFICIENT SIGNS OF INFINITE PRODUCTS 25

Let E1(g) and D;(g) denote the even and the odd parts of Fu 3,,. By (33), and
since r is odd,

f(_q4k+4r’ _q4k—4r)

Di(@)=q" ,
1(61) q §0(_q4k)
f(qu’ q2k Zr) f(qlr’ _q2k—2r))
40 E .
“o = 2( e Ty

We expand D;(g) by employing (16) with [ = k, and by arguing as in (36)—(37),
we find that the coefficients of D;(q) as a power series in g are nonzero and their
signs are periodic with period k, hence with period 2k for n > m>.

Next, we examine E(q). Expanding each term of (40) by (16) with [ =k, and

arguing as in (38), we deduce that

k—1 3_ 3_
1 b f(qZkocn’ qzk‘ Zka,,) f(q2koz,,’ _qzk* Zka,,)
EI(Q):_ZCI 2k +5n 2%k 5
2 V(™) V(=g™)
where the b,,, 0 <n < k, are all distinct modulo k, each §, is 1 or —1, each «,, is
odd, and ged(a,, k) = 1. We drop the index n, replace g2 by ¢ and examine

£(q% ¢ O —g*)
v(q) v(—q)

It suffices to show that the coefficients of the even and the odd part of B(g) have
constant signs. Let

f(q%.q") f@ =" &
's,q" d ——mm— = g
V@ Z( Vong" and TG S =) w

It follows from (39) that s, > 0O for all n > 3 and by similar reasoning as in (39),
one can show that z, > O for all n > 3. Therefore, it remains to show that the

B(q) =

coefficients of

f(=q% ¢~ f(g* —g" )
Z(sn Zn)q -

v(—q) v(—q)
have constant signs. But by (17), we have
1 _a  KP—ay a _ K—a
W(—q)(f( q*,4" ") = f(q*, —¢" ™)

2 2_ 2_ 2
(f(_qk +2(x’ _q3k 20{) _ qaf(_qk 201’ _q3k +20z)
2 2_ 2_ 2
_ f(_qk +20(’ _q3k 201) _qaf(_qk 201’ _q3k +2a))
K*-2 3k?
o S (=g =)

Y(—q)

" Y(—q)
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Assuming without loss of generality that k> — 2« > 0, we have, by (10),
2 2 2 2 2 2 2 2
f(_qk —20(’ _q3k +2a) _ (qk —205; q4k )oo(q3k +2a; q4k )Oo(q4k ;q4k )oo
v(—q) (@: 4N (@ Moo (g% ¢H) o
2 2 2 2 2 2
@ T g™ ) o (@ T 4% )o@ 4™ )
(@* 4H00(q5 4% o0
2 _ 2
=[] «*¢"3 I @id*<.

1<r<k? 1<r<4k2, t odd
1k =20, 3k>+2a

Denoting by > o u,q" the corresponding power series, we see that u,, > 0 for all
n > 3. Thus, we have shown that the coefficients £;(g) as a power series in g are
nonzero and their signs are periodic with period 2k for n > m?>.

Arguing as in (28), one can also establish periodicity modulo m for the signs of
the coefficients of F,; 3, —p.r-

As a special case, we consider Ramanujan’s cubic continued fraction, defined
by (4).

Corollary 4.2. Let

(@]

f(_q?” —6]3) _ n
f(_q? —615) B ’;)C”q ‘

Then
41) cont1 >0, cent3<0, cenr11 <0 foralln >0,
42) con >0, con+a<0, cen+14>0 foralln>0.

Proof. By Lemma 4.1,

f(=a’ ¢ _1 (f(q,q% AGTE q2)> L fEat —a)

f=a,—¢> 2\ v = ¥(=¢?) 9(—q%

By (10), and some elementary product manipulations one can actually show that
f=4*.—a%) _ fq.4%)
f(=q.—¢>)  ¥(g?)

Employing (16) with [ = 3, a replaced by —g? and b replaced by —g ', we obtain

f(=4*,—4")
9(=4°
__ 4
¢(—q°)

(f(=q®. =) = > F(=q. =q"®) — " f (—=4¢°. —¢'™)).
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from which we deduce (41). Similarly, using (16) with / = 3, we find that

fa.q* _
vgd) v

which yields (42). (]

(f@% ") +af@ . *H+a*f @’ a*),

5. A generalization of Ramanathan’s result

In this section, we establish an expansion of F}, »,, modulo m. Ramanathan deter-
mined the signs of the Taylor series coefficients of F;, 2., under the assumption
that gcd(6, m) = 1. His proof is similar to that of Andrews and uses Gordon’s
theorem [1961].

Theorem 5.1. If m = 1 (mod 3), then

f2 =) _ f(=q")
fl=z,=z7'¢)  f(=q)

(43)

m—1 2 6n—1)/3 ) 2m—6n+1)/3
x Y (=1)"ghgnBn b f(=gPmgmmton—Di, —g=2amgm@m—onth/3)
q F(=z)mgmnton—D/6 (_z)—mgmm—6n+1)/6)"
n=0 ’

If m = —1 (mod 3), then

(=22 —27%q)  f(=¢")

44 -
e f(=z,—z71¢) f(=q)

f(_Z—qum(m—ﬁn—}—l)/?:, _Zqum(2m+6n—l)/3)

m—1
% Z (— l)nz3nqn(3n71)/2

—~ f((_z)fmqm(m76n+l)/6, (_Z)mqm(5m+6n71)/6) :

If m =0 (mod 3), then

22
45) fz% -7 1
f(=z,—z7'¢)  f(=q)
m/3—1
X< Z (_l)nz3nqn(3n—1)/Zf((_z)mqm(m+6n—1)/6’(_Z)—mqm(m—6n+1)/6)
n=0

m/3—1
4 Z (—1)IZ1_3tqt(3l_1)/2f((—Z)_mqm(m+6t_l)/6, (_Z)mqm(m_6t+1)/6)> .
t=0
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Proof. We give proofs of (43) and (45). We will not prove (44) since its proof is
very similar to that of (43). Let us assume first that m is odd. By (14) and (16),

2 _,2
(46 L@
—1 - —
= F(=q) (f(=2’q. =27 ¢") +2f (=2 g, —Z3q2))
m—1
= f(_ ) < Z(_1)nz3nqn(3n—l)/2f(_z3mqm(3m+6n—l)/2’ _Z—3mqm(3m—6n+l)/2)
q n=0
m—1
+ Z(_1)nZ—3t+lqt(3t—1)/2f(_Z—3mqm(3m+6t—l)/2’ _Z3mqm(3m—6t+l)/2)> .
t=0

Employing (8) with [ = k, we find that

f(_z—3mqm(3m+6t—1)/2’ _Zqum(3m—6t+1)/2) — (_l)kz—3mkqu(3mk+6t—l)/2

% f(_Z—qum(3m+6mk+6t—l)/2 _Z3mqm(3m—6mk—6t+l)/2).
Assume now that m = 1 (mod 3) and fix n and ¢ so that 3n = —3¢ + 1 (mod m).
Thus, 3n + 3t — 1 = (3v — 1)m for some integer v. By taking k = —v in the
preceding displayed equality and using the resulting equation in (46) we conclude
after some elementary algebraic manipulation that

f(=z% —z7%q)
f(=z,—z71¢)

m—1
f(l ) Z(_l)nz3nqn(3n—l)/2 (f(_z3mqm(3m+6n—1)/2’ _Z—3mqm(3m—6n+1)/2)
—4 n=0

+ qum(m+6rfl)/6f(_zf3mqm(m76n+l)/2’ _Z3mqm(5m+6n71)/2)>.

m(m+6r—1)/6

Employing (14) again, this time with a = z"¢ and g replaced by q’"z,

we find that
f(_Z—qum(m—én—l—l)/?a’ _Z2mqm(2m+6n—1)/3)

f(_Z—mqm(m—6n+1)/6’ _qum(5m+6n—1)/6)

1 _ _ _
_ f(_qmz) <f(_z3mqm(3m+6n 1)/2’ —z 3mqm(3m 6n+1)/2)
+ qum(m-‘r6r—1)/6f(_z—3mqm(m—6n+l)/2’ _Z3mqm(5m+6n—l)/2)>'

Substituting this equation in the preceding one, we see that the proof of (43) for
the case of odd m is complete.
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Now assume that m is even. By (14) and (16),

f(=z%,—z729)
a7y 15 7T
@0 f(_Z, —Z_lq)
1
= gV Fe =) +af (7. =20)
m—1
f(lq)<z( 1123 COn=D/2 f (3m gmGmesbn=D)/2 =3m (mGm—6n+1)/2)

m—1

4 Z(_l)tzf3t+lqt(3tfl)/2f(Z73mqm(3m+6tfl)/2’ Zqum(3m6t+1)/2)> .
t=0

Employing (8) again with / = k, we find that

f(gTImgmGmA6=1)/2  3m mGm=61+1)/2)

— Z—3mkqu(3mk+6t—1)/2f(Z—3mqm(3m+6mk+6t—1)/2, Z3mqm(3m—6mk—6t+1)/2).

Fix n and ¢ so that 3n = —3r+1 (mod m). Thus, 3n+3ft— 1= (3v—1)m for some
integer v. Since m is even, we know that n and ¢ have opposite parity. By taking
k = —v in the last displayed equality and then using the resulting equation in (47),
we conclude this time that

f(=22,—z27%q)
f(=z,—z71¢)

Z( l)n 3n n(3n l)/2<f(z3mqm(3m+6n—l)/2’ Z—3mqm(3m—6n+l)/2)

T ( q)
_qum(m+6r71)/6f(Z73mqm(m76n+l)/2’ Zqum(5m+6n71)/2)>.

Employing (14) again this time with @ = —z"¢™"+6"=D/6 and ¢ replaced by
q’"z, we find that

f(_Z—qum(m—6n+l)/3’ _Zqum(2m+6n—l)/3)

f(meqm(m76n+l)/6’ qum(5m+6n71)/6)

1
— f(Z3m m(3m+6n—1)/2’ Z—3mqm(3m—6n+1)/2)
f(—qm2)<

m m(m-+6r— 1)/6f( —3m m(m 6n+1)/2

-9

mqm(5m+6n—1)/2))'

This proves (43) for m even.
Observe that (45) is just (46) or (47) with m replaced by m/3. |

As a corollary of Theorem 5.1, we obtain a generalization of Theorem 1.1.
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Corollary 5.2. Suppose that gcd(r, m) = 1. Set

00
. n
Fonorr = E Cnq .
n=0

If m # 0 (mod3), then ¢, # 0 for n > 3m> and the signs of the c,’s are periodic

with period m.
If m = 0(mod3), then ¢, # 0 for n > 3m> and the signs of the c,’s are periodic
with period m unless n = —r (mod 3), in which case ¢, = 0.

Proof. We will sketch a proof for the case m =4 (mod 6). By (43) with g replaced
by ¢™ and z replaced by ¢, we find that

f(_q2r’ _qm—lr)
f(=q", —q"")

3, m—1

f<_qm ) ( n mn(3n—1)/24+3rn
A -
f(=q™) ; (=

Fm,Zr,r =

f(_qmz(m+6n—l)/3+2mr _qm2(2m—6n+l)/3—2mr)
f(qmz(m+6n—1)/6+mr’ qm2(5m—6n+1)/6—mr) >

We break up the summation into three parts and apply (9) if there are any negative
exponents. We deduce that

3
f(=¢™)
(48) Fm,Zr,r - YN
f(=q™)
(m—1)/3 2 _ 29— _

5 Z (_l)n A(n)f(_qm (m+6n l)/3+2mr’_qm (2m—6n+1)/3 2mr)
—~ q f(qmz(m+6n—l)/6+mr’ qmz(Sm—6n+l)/6—mr)
(5m—=2)/6

+ Z ((_1)n+1qB(Yl)
n=(m+2)/3 f(_qm2(5m76n+1)/372mr’ _qm2(6n72m71)/3+2mr)
f(qmz(m+6n71)/6+mr, qm2(5m76n+1)/67mr)

m—1
+ ((—D”qC(”)

n=(5m+4)/6 f(_qm2(6n—5m—1)/3+2mr, _qmz(Sm—6n+1)/3—2mr) ))

f(qmz(l ]m—6n+1)/6—mr’ qm2(6n—5m—l)/6+mr)

where
A(n)=mn(3n —1)/2+ 3rn,

B(n) = A(n) +m*(2m — 6n + 1)/3 — 2mr,
C(n) = Bn) +m*(5m —6n+1)/6 —mr.
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Clearly A(n) = B(n) = C(n) (mod m) and the A(n), for 0 <n < m, are all distinct
modulo m. Each quotient of (48) upon replacing ¢ by ¢ has the form

f=q*, =" ) f(=q™)
f(@% qm =) f(=q)
where gcd(a, m) = 1. By employing (10) and some elementary product manipu-
lations, we see that
f=q*, =" ) f(=q™)
f(@® —q"™ =) f(=q)

1 t m<\—1
= . 2m? m2—2a. 2m2 l_[ @:9" )
(@%%; g2 ) oo (@ =2 g2 ) oo tem?

t#20, m?—2a, a, m*—a, m?

is a power series in g with strictly positive coefficients except possibly that of g.
Since A(n), B(n) and C(n) are bounded by 2m?, we conclude that the coefficients
cp of Fy, o, are nonzero and their signs are periodic modulo m for n > 3m3. O

6. The coefficients of a certain ‘“non-theta' product

Let B, be defined by

_ @) 1 g q
(49) Zﬂnq GaDe =T —T4qg—Tta’ —T4q’ —

3 5

This continued fraction of Ramanujan differs from the other continued fractions
considered in this paper because it is not a ratio of two theta functions. Using
Maple, we computed 8, for 0 < n < 1000. In this range S, is nonzero except for
n=2,3,5,10, 13,32, and 80. As for the sign of §,, beginning at 63, the signs
have period 3 in intervals of increasing lengths. Thus, beginning at 63, the signs

re —,+,—. At 82, a new sequence +,+,— starts . Then at 103, the sequence —,+,—
begins, etc. Based on numerical evidence, we conjecture that the lengths of the
intervals are strictly increasing therefore the signs of §, are not periodic. We are
led to examine the series Y - B3n4 " for 0 < j <2. Here the signs are evidently
constant in intervals of increasing lengths. For example, for j =0, starting at n =2,
the lengths of the first six intervals are 5, 14, 21, 28, 36, and 43. We are unable to
use the methods of this paper to examine the product in (49). Evidently, entirely
new ideas will need to be devised to establish the observed phenomena.
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