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In this paper we obtain a multivariable commutator lifting inequality, which
extends to several variables a recent result of Foiag, Frazho, and Kaashoek.
This inequality yields a multivariable lifting theorem that generalizes the
noncommutative commutant lifting theorem.

This is then used to solve new operator-valued interpolation problems of
Schur-Carathéodory, Nevanlinna—Pick, and Sarason type on Fock spaces.
Some consequences to norm constrained analytic interpolation in the unit
ball of C" are also considered.

Introduction

Foias, Frazho, and Kaashoek [Foiag et al. 2002a] solved a problem proposed by
B. Sz.-Nagy in 1968, extending the commutant lifting theorem to the case when
the underlying operators do not intertwine. Their main result establishes minimal
norm liftings of certain commutators. Our main goal is to obtain a multivariable
version of their result.

Let T =[Ty,...,T,] with T; € B(3) be a row contraction, that is,

nr'+---+T1T,T <1,

and let V =[Vy, ..., V,] with V; € B(¥) be an isometric lifting of 7 on a Hilbert
space K D ¥, that is,
ViV =61 and PV =T, Py

1

forany i,j=1,...,n. LetY =[Y1,...,Y,] with ¥; € B(%) be another row
contraction and let W = [Wy, ..., W,] with W; € B(¥) be an isometric lifting of
Y on a Hilbert space & D Y. In Section 1 we will prove the following commutator
lifting inequality:
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If A € B(%Y, ¥) is a contraction, then there is a contraction B € B(X, X) such
that B*|y = A* and

|viB—BW:| < V2|[TIA—AY,, ..., T,A—AY,]|""*
forany i =1, ..., n. Moreover, /2 is the best possible constant.
In the particular case when T;A = AY; for every i = 1, ..., n, the inequal-

ity implies the noncommutative commutant lifting theorem for row contractions
[Popescu 1989b, 1992] (for the classical case n =1, see [Sz.-Nagy and Foias 1970;
Foiag and Frazho 1990]). When n = 1, we obtain the Foias—Frazho—Kaashoek re-
sult [2002a]. In Section 1, we obtain an improved version of the above-mentioned
inequality (Theorem 1.1), which has as consequence a generalization of the non-
commutative commutant lifting theorem (see Section 2) and of the lifting theorem
obtained by Foias, Frazho, and Kaashoek [2002b].

In the last section of this paper, we use our new lifting theorem to solve the
operator-valued interpolation problems of Schur—Carathéodory type [Schur 1918;
Carathéodory 1907], Nevanlinna—Pick type [Nevanlinna 1919], and Sarason type
[Sarason 1967] on Fock spaces.

To give the reader a flavor of our new interpolation results, we mention (as a
particular case) the scalar Nevanlinna—Pick type interpolation problem for F2(H,,),
the full Fock space with n generators. Let k, m be nonnegative integers and let

Byi={(hi.. o 2 €C" 1 (M- 02 < 1)

be the open unit ball of C". For {zj}’]’?:l C B, and {wj}’;?:] C C, there exists an
fe F%(H,) such that

I fllp, =1 and fG@)=w;, j=1,...,m,

|:—1 :|m > |:(1 — (%, Z4>k+l)ijq]m .
1=z 2g) 1jg=1 — 1= (zj, 2q) jq=1

Recall that || f ”% is defined by

if and only if

I fllg, :=sup{ll f @ pll: pePulpll <1},

where P, is the set of all polynomials of degree < k in the Fock space F?(H,),
and that (FZ(H,,), Il - ||g>k) is a Banach space. Moreover, if f lies in F%(H,) and
limg— oo || f llg, exists, then f lies in the noncommutative analytic Toeplitz algebra
F;° introduced in [Popescu 1991] (see also [1995a; 1995b]). In this case we have

[ £lloe = Him [1£lg,.
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We remark that, given f € F2(H,), the evaluation z+— f(z) on B, is a holomorphic

function on the unit ball of C" (see Section 3). Furthermore, [Arveson 1998] proved

that, when f € F>°, the map z — f(z) on B, is a multiplier of the reproducing

kernel Hilbert space, whose reproducing kernel K, : B, x B,, — C is defined by
1

K,(z,w):= m, z,weB,.
- 9 (B

The above-mentioned interpolation problem is an F2(H,,)-interpolation problem
if Kk =0. Setting kK — oo, it implies the Nevanlinna—Pick interpolation problem for
the noncommutative analytic Toeplitz algebra F,)°, which was solved in [Arias and
Popescu 2000; Popescu 1998] and, independently, in [Davidson and Pitts 1998].
Recently, interpolation problems on the unit ball B,, were also considered in [Arias
and Popescu 1999; Agler and McCarthy 2000; Ball and Bolotnikov 2002; Es-
chmeier and Putinar 2002; Ball et al. 2001; Popescu 2001a; 2001b; 2002a; 2002b;
2003].

In a future paper, we will provide an explicit solution (the central interpolant)
for our multivariable lifting interpolation problem (see Theorem 2.2), show that the
maximal entropy principle [Foias et al. 1994] is valid in this new setting, and obtain
Kaftal-Larson—Weiss suboptimization type results [Kaftal et al. 1992; Popescu
2002a] on Fock spaces. We will also find explicit solutions for the operator-valued
interpolation problems considered in the present paper.

1. Commutator lifting inequalities

Let H, be an n-dimensional complex Hilbert space (n can be infinite) with an

orthonormal basis ey, ey, ..., e,. Consider the full Fock space of H,,, defined by
F*(H,) =D HE",
k>0

where H®" := C' and H®* is the (Hilbert) tensor product of k copies of H,. For
i =1,...,n, define the left creation operators S; : F>(H,) — F?(H,) by

Sivi=e®Y, e FX(H,).

Let ;" be the unital free semigroup on n generators g1, .. ., g, and identity go. The
length of o € F; is defined by || :=k if « = g;,&i, - - - &i» and || ;=0 if & = go. We
setey:=e;,®e;, Q- - -Qe;, and ey, = 1. Itis clear that {ea ‘o€ I]:,T} is an orthonormal
basis of F>(H,). If Ty, ..., T, € B(¥) (the algebra of all bounded linear operators
on the Hilbert space ¥), we define Ty, :== 1;,T;, --- T;, if o« = g;,8i, - &i,» and
Ty, = Iy
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Let us recall from [Frazho 1982; Bunce 1984; Popescu 1989a; 1989b; 1989c] a
few results concerning the noncommutative dilation theory for sequences of oper-
ators (for the classical case n = 1, see [Sz.-Nagy and Foias 1970]). A sequence of
operators T = [T}, ..., T,] with T; € B(¥) is called a row contraction if

NI+ -+ T, T, < Iy.

We say that a sequence of isometries V =[Vy, ..., V,] with V; € B(¥) is a minimal
isometric dilation of T on a Hilbert space 3 2 € if the following properties are
satisfied:

() V*V; =0 foralli #j, i, je{l,..., n};
2) Vj*|%=7}* forall j=1,...,n;
() K= Vyepr Vo X.
If V satisfies only the condition (1) and P, V; = T; P, fori = 1,...,n, then V is
called an isometric lifting of T. The minimal isometric dilation of T is an isometric
lifting and is uniquely determined up to an isomorphism [Popescu 1989b].

Let us consider a canonical realization of such a dilation on Fock spaces. For

convenience of notation, we will sometimes identify the n-tuple T = [T}, ..., T,]
with the row operator T = [T} - - - T,,]. Define the operator

. . 1/2
Dy @ K> @ by Dp= (i, T

and set

@ := Dy (EBj-, %),
where @;’:1 J¢ denotes the direct sum of n copies of #. Let D; : H — 1 ® D C
F?(H,) ® 9 be defined by

Dih:=1®D;(0,...,0,h,0,...), i=1,...,n.

i—1 times
Consider the Hilbert space ¥ := # & (F 2(H) ® Qb) and define V; : X — ¥ by
(1-1) Vith@§) = Tih& (Dih+ (Si ® I5)E)
for any h € # and & € F%(H,) ® 9. We have
T; 0
1-2 Vi=| ! ]
(1-2) : [ D, 5@l

with respect to the decomposition X = # & (F 2(H,) ®§b). In [Popescu 1989b] we
proved that V := [V, ..., V,] is the minimal isometric dilation of 7.

The main result of this section is the following lifting inequality in several vari-
ables:
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Theorem 1.1. Let T = [T1, ..., T,] with T; € B(3) be a row contraction and let
V =[Vi,..., Vu] with V; € B(X) be an isometric lifting of T on a Hilbert space
HDOH. Fori=1,...,n,let¥; C & be orthogonal subspaces and R; € B(X;, %)
be contractions. If A € B(X, ¥) is a contraction, then there exists a contraction
B € B(%, X)) such that P;,B = A and

(1-3) | ViBR: — Bl | < V2 |[T1ARI — Aly, , ... , T,AR, — Alz, ]|

forany i =1,...,n. Moreover, /2 is the best possible constant.

Proof. Fori =1, ..., n, define the operators X; € B(¥;, #) by X; := T; AR; and
let X :=[Xy,..., X,]. Since X is a row contraction, we have

H Dy (@?:1 hi) “2 = ||DT(®?:1 ARihi) ”2 + ||®ln:1 D, Rih; ”2 + ” 69?:1 DR,-hi ”2
> | Dy (B AR |+ | Bl Dy Riti |

forany h; €¥;, i=1,...,n. Since A € B(¥, %) is a contraction and the subspaces
&, are orthogonal, the operator [Alg,, ..., Alg,] is a contraction acting from the
Hilbert space @;_, ¥; to . Fori =1, ..., n, define the operators M; € B(¥;, )
by M; := X; — Aly, and write M :=[M;, ..., M,]. Since

(1-4) M = X—[Alg,, ..., Alx,],

it is clear that ||[M|| < 2. Setting y :=2||M||, we have ||[M*M| < y and it makes
sense to define the defect operator

Dy, = (y1-M*M)" € B(@L, %)
Note also that

(1-5) ITAl%,, - .., Ale, "M + M*[Alg,, ..., Alg,]

| < 7.

Taking into account the relations (1-4) and (1-5), we obtain

| Dx (@ )|
<((I = [Alw,s - Al T [Alys - o Al 1) (D=1 ki), By hi)
+ <(VI—M*M)(€B?=1hi)v D hi)
= @ mill” = i Akl + | Dary (@ i) |
= [DA(ZEem) | + | Dary (@5 i) |

forany h; €¥X;, i =1, ..., n. The latter equality is due to the fact that the subspaces
«; are orthogonal and A is a contraction. Now, putting together the two inequalities
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for Dy, we obtain

[Dylatys -+ Dyla, ]
5, @

Y

| = [["afse @)

forany h; € ¥;, i =1,...,n. Hence, by using Douglas’ factorization theorem,
we infer that there is a contraction

[g ?] L9, (B, %) — 9,0 (D, ,)

[C E} [[DAl%l, s DAl%l} _ [DT(@L AR:-)]
ZF Dy, Di=i DsRi
The operator C € B(%,, %) satisfies the equation

(1-6) C[Dylays - -+ Dylz,] + EDy,, = Dp (D) AR:),
while the operator Z € B(%,, @!_, 9,) satisfies

(1-7) Z[Dyl#,, .- Dala,] + FDy,, = @/ D4R;.

such that

The equality (1-6) implies

(1-8) CDAhi + EDM,y,ihi = D;AR;h;, hi e¥%;,
where D, it ¥ — @, %; is the i-th column of the operator matrix of D M,y
Setting Z=1[(Z; -+ Z,]" : 9, — @;_,9D,, Equation (1-7) implies
ZjDA//ll’ + PjFDM,y,ihi = 6ijDARihi» //l,' € %,‘,
for any i, j = 1,...,n, where P; denotes the orthogonal projection of ;_, %,

onto the j-th component. In particular, if i = j, we get
(1-9) Z,’DAhi + PJ'FDM,y,ihi = DAR,']’IZ', h; €X%;.

Since [C Z; -+ Zy]" : Dy — D, & (@;’:1 @A) is a contraction, one can prove
that the operator A : %, — F2(H,) ® 9, defined by

o0
A=) ea®CZsh,  hedy,
k=0 |o|=k

is also a contraction, where & stands for the reverse of « = g;,g;, - - - g;, € ", that
is, @ = gj, - - - 8i»&i,- Indeed, since

n
(1-10) ICRI> + > NZihl* < IR1% ke,
i=1
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we can replace 4 with Z;h in (1-10) and, summing up over j =1, ..., n, we get
dTICZihl? < Y NZihlP = DD ZizZih)*.
j=1 j=1 i=1 j=1

Similarly, we obtain

(1-11) S NCZah)* < D N Zahl? = Y 1 ZghI.

lor|=k loe|=k |Bl=k+1
Summing up the inequalities (1-11) for k =0, 1, ..., m, we obtain
m
DO NCZhIP < RIP = D 1ZghI* < RI
k=0 ler|=k |Bl=m+1

which proves that A is a contraction. Now, we define the operator

. 2 ) A
B:%— % (F>(H,) ®%r) by B.:[ADA .

We will prove that the contraction B has the required properties. Assume now that
[Vi,..., V,] is the minimal isometric dilation of [T7, ..., T,]. Since

(1-12) Bh = Ah® (Y ye5r €a ® CZgDyh),  heX,

by taking into account the Fock space realization of the minimal isometric dilation
of T, we obtain

V;BRih; = V;(AR;h; ® D wck €a ® CZsD,Rih;)
=T;ARih; ® (1® DiARihi + Y, cp+ €ga ® CZgDyRih;)

for any h; € ¥;, i =1, ..., n. Hence, by using relation (1-12) again, we get

ViBR;h; — Bh; =
(T,-AR,-—A)h@(l ® (D; AR —CD)hi + Y €40 ® (CZzDyRi—CZsy, DA)h,->.

ekt

Using relations (1-4), (1-8), and (1-9), we obtain
ViBR;h; — Bh; = M;h; ® (1® EDy , ih; + > wck: €gia ® CZzP,FDy.yih;)
forany h; € ¥;, i =1, ..., n. We deduce

IViBRihi — Bhi||> = [ M;hi||> + |EDpyihil|* + Yyeps ICZaPiF Dy y ihil*



162 GELU POPESCU

forany h; € ¥;, i=1,...,n. Since A and [f;] are contractions, we obtain

Vi BRihi — Bhi||* < [IMih;||* + I|IEDp.y.ihill* + || P;F Dy ihi
< |M;hi||* + |EDp.yihill* + I|F Dy ihil?

< |M;hi||* + | Dpsyihill?
= |[My,..., Mkl + | Dy, kIl
= ylhil?

for any h; € ¥;. Here, k := @,"1:1 k; with k; := h; and k; := 0 if j # i. Therefore,

IViBR; — Blz, |l </v

forany i =1, ..., n, which proves inequality (1-3).

Now, assume that [V, ..., V,] is an arbitrary isometric lifting of [T, ..., T,].
The subspace ¥y := \/OlEHr Vo # is reducing under each isometry Vi, ..., V,, and
[Vilsys - -+ Valy,] coincides with the minimal isometric dilation of [T7, ..., T,].

Applying the first part of the proof, we find a contraction By € B(«X, ¥) such that
Py, By = A and

(1-13) |(Vils,) BoRi — By,

<7
foranyi =1, ..., n. Define B € B(¥, X) by setting Bh := Byh for h € ¥. Observe
that

ViBR; — Bly, = (Vila,) BoRi — Bolw, . i=1,...,n,
and use inequality (1-13). To complete the proof, notice that the constant V2 is
the best possible in (1-3), since we get equality for some simple examples. O

We can now prove the commutator lifting inequality announced in the introduc-
tion.

Theorem 1.2. Let T = [T1, ..., T,] with T; € B(3) be a row contraction and let
V=[Vi,..., Vu] with V; € B(X) be an isometric lifting of T on a Hilbert space
HOHK. Let Y =[Y1,..., Y, | with Y; € B(Y) be another row contraction and let

W =Wy, ..., W, with W; € B(¥X) be an isometric lifting of Y on a Hilbert space
X DY, If A e B(Y, #) is a contraction, then there is a contraction B € B(X, X)
such that B*|y = A™ and

(1-14) IViB — BW;|| < V2||[[TiA - AY1, ..., T,A— AY,]||'/2
forany i =1, ..., n. Moreover, /2 is the best possible constant.
Proof. Define the contraction A : % — % by setting

Aly=A and Algey =0.
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Foreachi = 1,...,n, set &; := W;& and define the operator R; : &; — & by
R; := W[|y,. Since Wi, ..., W, are isometries with orthogonal subspaces, it is
clear that the subspaces &; are pairwise orthogonal and that R; are contractions.
Applying Theorem 1.1 to the contraction A, we find a contraction B : % — I such
that P, B = A and

|ViB— BWil = [[ViBRiW; — BW;|| < [[ViBR; — Bly, |l
< V2|11 AR — Alg,, ..., T,AR, — Alg, 1|
=V2|[A— AWy, ..., T,A— AW,]||">
for any i =1, ..., n. The latter equality is due to the fact that [Wy, ..., W,] is a
row isometry. Therefore, we have
(1-15) IViB— BWi|| <2 |[TiA— AWy, ..., T,A— AW,]|"?
foranyi =1, ..., n. Notice that B*|y¢ = A*. Moreover, since [Wy, ..., W,] is an
isometric lifting of [Y1, ..., ¥,] and A|ygy = 0, we have

(TiA—AW)y = T;Ay — A(Py + Pyea) Wiy = T; Ay — AP,Wy
= (T;A— AY;)y

forany y e ¥ andi =1, ..., n. On the other hand, we have (Tl-A — AWi)x =0
for any x € ¥ ©%. Therefore

T,A— AW, =[T;A — AY;, 0], i=1,...,n,

with respect to the orthogonal decomposition & =Y @ (X © Y). Using (1-15), we
deduce the inequality (1-14). The proof is complete. U

We remark that if one does not require the operator A to be a contraction in
Theorem 1.2, then we can find an operator B with the properties that | B|| = ||A]|,
that B*|s¢ = A*, and that

IViB— BW;| < V2|AII'* |[T1A — AYy, ..., T,A— AY,]|"?

foranyi=1,...,n.

2. New lifting theorems in several variables

Fori =1,...,n, let Y; € B(%) and T; € B(¥) be operators such that ¥ :=
[Yi,...,Y,Jand T := [T}, ..., T,] are row contractions. Let W = [W;, ..., W,]
be an isometric lifting of ¥ on a Hilbert space ¥ 2%, and V =[V1, ..., V,] be an
isometric lifting of T on a Hilbert space X D #. Let A € B(%, ¥) be an operator
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satisfying AY; = T;A fori =1, ..., n. An intertwining lifting of A is an operator
B € B(%, ) satisfying PjyB = APy and BW; =V;Bfori=1,...,n.

The noncommutative commutant lifting theorem for row contractions [Popescu
1989b; 1992] (for the classical case n = 1, see [Sz.-Nagy and Foias 1968; Foias
and Frazho 1990]) states that, if A € B(%W, J) is an operator satisfying

AY; =T A, i=1,...,n,
then there exists an operator B € B(¥, }) with the following properties:
(1) BW;=V;B foranyi=1,...,n;
(2) B¥|y = A%,
) 1Bl = [IA[l-
The noncommutative commutant lifting theorem for row contractions is a conse-
quence of the commutator lifting inequality obtained in Theorem 1.2.

We present a new multivariable lifting theorem, which is a simple consequence
of Theorem 1.1.

Theorem 2.1. Let T = [Ty, ..., T,] with T; € B(#) be a row contraction and let
V =1[Vi,..., Vu] with V; € B(X) be an isometric lifting of T on a Hilbert space
HOHK. LetX; CX withi=1, ..., n beorthogonal subspaces and let R; € B(¥X;, %)
be contractions. If A € B(¥, #) is such that

T AR; = Aly,
fori=1,...,n,then there exists an operator B € B(X, J) such that Py,B = A,
IBll = IIAll, and
V:BR; = By,
foranyi=1,..., n.

A very useful equivalent form of Theorem 2.1 is

Theorem 2.2. Let T = [T}, ...,T,] with T; € B(#) be a row contraction and
let V=1[Vy,...,V,] with V; € B(X) be an isometric lifting of T on a Hilbert
space X O #H. Let Q; € B(%;, &) be operators with orthogonal ranges and let
Ci € B(%;, %) be such that C’C; < Q7 Q; fori=1,...,n. If Ac B(X, ¥) is such
that, foranyi=1,...,n,

(2-1) T;AC; = AQ;
then there is an operator B € B(X, J{) such that P,yB = A, ||B| = ||A||, and
(2-2) ViBC; = BQ;

foranyi=1,..., n.
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Proof. Since C'C; < QFQ; forany i =1, ..., n, there exist some contractions
R; :@a X suchthat C; =R;Q;, i=1,...,n. Set¥; ::@amd notice that
X; L¥; if i # j. Relation (2-1) is equivalent to T;AR; = Aly, forany i =1, ..., n,
while relation (2-2) is equivalent to V;BR; = Bly, forany i =1, ..., n. Using
Theorem 2.1, we can complete the proof. 0

Let us show that Theorem 2.2 implies Theorem 2.1. Indeed, write ; := &;,
R; :=C;, and Q; := Iyly,;, i = 1,...,n. Applying Theorem 2.2, the implication
follows.

As in the classical case, the general setting of the noncommutative commutant
lifting theorem can be reduced to the case when ¥ = [Y, ..., Y,] is a row isom-
etry (see [Popescu 2003]). Notice that Theorem 2.2 implies the noncommutative
commutant lifting theorem. Indeed, it is enough to consider §; := ¥, C; := I, and
Q=Y e B(®¥) foreachi=1,...,n, where Y =[Yq,...,Y,]is a row isometry.

Applications of Theorem 2.2 to interpolation on Fock spaces and the unit ball
of C" will be considered in the next section.

3. Norm constrained interpolation problems on Fock spaces

We say that a bounded linear operator M € B(FZ(H,,) QK, F2(H,) ® 3{’) is mul-
tianalytic if
Note that M is uniquely determined by the operator 6 : ¥ — F>(H,) @’ defined by
6h:=M((1®h) for h € K. The operator 6 is called the symbol of M. We denote M
by My. Moreover, My is uniquely determined by the “coefficients” 64y € B(¥, HX')
given by
(3-2) (O@yh, W) :=(0h, e, @) = (Mg(1®h), eq @h'),
where h € H, b’ € H', o« € F}, and & is the reverse of «. Note that

D 00 < 1Mol Iy

ae[Ff{

We can associate to Mp a unique formal Fourier expansion

(3-3) My ~ > Ry ®b(a).
ote[F;{
where R;, fori =1, ..., n, are the right creation operators on the full Fock space

F2(H,). For simplicity, since M acts like its Fourier representation on “polyno-
mials”, we will identify the two. The set of all multianalytic operators acting from
F?(H,) ® % to F>(H,) ® %' coincides with R ® B(I, '), where R is the
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weakly closed algebra generated by the identity and the right creation operators
on the full Fock space. A multianalytic operator My (respectively, its symbol 6)
is called inner if My is an isometry. More about multianalytic operators on Fock
spaces can be found in [Popescu 1989a; 1989d; 1991; 1995a; 1995b].

We remark that, in general, if 6 : % — F2(H,)®3{’ is a bounded operator (which
is equivalent to the weak convergence of the series ) _, cFF 9{‘;)6?(0()), then the linear
map My uniquely determined by relations (3-2) and (3-1) is not a bounded operator.
However, for each k =0, 1, .. ., the restriction of My to P, ® K, that is, to the set
of all polynomials of degree < k, is a bounded operator acting from ?; ® ¥ to
F2(H,) ® '. We define the P;-norm of My by

1Mollg, := sup{l|Mogll : g € P, ®%¥ and |lg|| < 1}.

It is easy to see that ||M9||9,k < ||M9||9,k+1. Observe that My is a multianalytic

operator if and only if 6 € B(JX, F?(H,) ® 3{/) and the sequence {”MGH%}
converges as k — oo. In this case, we have

oo
k=0
Mgl = lim [|Mp]|g,.
k— 00
Fori =1, ..., n, define the operators C; and Q; from P;_; ® ¥ to P, ® I by

(3-4) Ci:= I@k®%|@k’l®%’ and Q;:= P@k®j{(st’ 02y Iﬂ£)|9’k71®3{,

where P@k &% is the orthogonal projection from F?(H,) ® ¥ onto P; ® K.

WEe recall that the invariant subspaces under the operators S1 ® I/, ..., S, ® Iy,
(It is a Hilbert space) were characterized in [Popescu 1989a]. The next lifting
theorem will play an important role in our investigation.

Theorem 3.1. Let % C F?(H,) ®H’' be an invariant subspace under each operator
S¥Q® Iy, fori=1,...,n,andlet A: P, @I — I be a bounded operator. Let

(3_5) T‘l = P%(Sl®lf]{/)|%a i=17"~’ns

and let C;, Q; be the operators defined by relation (3-4). There exists an operator
0 € B(X, F*(H,) ® %') such that

(3-6) PyMplp, e =A and |[Mgllgp, <1
ifand only if ||A|| <1 and T;AC; = AQ; foranyi =1, ...,n.
Proof. Note first that relation (3-5) implies that

(3-7) Py (Si ® Iyp) = T Py, i=1,...,n,

This shows that [S; ® Iy, ..., S, ® I,] is an isometric lifting of [Ty, ..., T,].
Assume that relation (3-6) holds. Because of the definitions of the operators My, C;



COMMUTATOR LIFTING INEQUALITIES AND INTERPOLATION 167

and Q;, we have
(3-8) (Si ® Iyp) (My |9 29) Ci = (Moo, 2) Qi i=1,...,n.
Using relations (3-7) and (3-8), we obtain
TAC; = Ti(PyMplo,eu)Ci = Py(Si ® Iyp) (Mg o, 0) Ci
= Py(Molopon) Qi = AQi

foranyi =1, ..., n. Itis clear that ||A| < 1.
Conversely, assume that A : P, ® X — ¥ is a contraction such that T;AC; =
AQ; forany i = 1,...,n. According to Theorem 2.2, there exists an operator

B: P ®% — F*(H,) ® % such that | B|| = |A|l, P,B = A, and

If B: %, Q% — F?*(H,) @ H is a bounded operator, then there is an operator
0 e B(?]f, F?(H,) @ %' ) such that we have B = My|p, g3 if and only if relation
(3-9) holds. This completes the proof. 0

The next result is a Sarason-type interpolation theorem [Sarason 1967] on Fock
spaces, which generalizes the corresponding result for the noncommutative ana-
lytic Toeplitz algebra F° that was obtained by Arias and the author in [Arias and
Popescu 2000; Popescu 1998], as well as in [Davidson and Pitts 1998].

Theorem 3.2. Let ¢ € B(‘f7{, F*(H,) ® 57{/) and let My € R}° ® B(€, ') be an
inner multianalytic operator. There exists € B (57{, F*(H,) ® %) such that

My —MgMy |y, <1

if and only if the operator A := Py, M|y, g% is a contraction, where 3 is the sub-
space
9 = (F>(Hy) @ W) © My(F*(H,) ®€).

Proof. First, note that if f = ¢ — My for some i € B(f](, F2(H,) ® %) then
Myp — My p = MgM,y p for any polynomial p € P, ® ¥. Hence,

A = PyMyloon = PyeMylocu

and
1Al < [IMfllg, = [IMyp —MoMy|g,.
Therefore, we have
(3-10) IA|l < inf{| My, — MgMy iy, : ¥ € B(X, F*(H,) ®€)}.

Let us prove that we have equality in (3-10). According to [Popescu 1989a], the
subspace ¥ is invariant under each operator S* ® I, fori =1,...,n. Fori =



168 GELU POPESCU
L,....n, let T; := Py(S; ® Iy)|% and note that [S1 ® Iy, ..., Sy ® Iy,] is an
isometric lifting of [T}, ..., T,]. A straightforward calculation shows that
= AQ;

forany i =1, ..., n. Now, using Theorem 3.1, we find f € B(%C, F*(H,) ®57{’)
such that A = Py My|ogy and [[Mrllg, = Al Since Py (M, — My)lo, g% = 0,
there exists y € B(TJ{, F%(H,) ®%) such that ¢ — f = Myyr. Hence,

1Al = IM¢llg, = IMy—MoYrllg,,
which proves that equality holds in (3-10). This completes the proof. O
Corollary 3.3. Under the hypotheses of Theorem 3.2, we have

min{[|My, — MgMy iy, : ¥ € B(¥, F>(H,) ®€)} = || Al
where A := PyyMy|o, o%.

We can now extend the Schur—Carathéodory interpolation result [Carathéodory
1907; Schur 1918; Popescu 1995b] to Fock spaces.

Theorem 3.4. Let k, m be nonnegative integers and let © := 3, ,, Ro ®6(«) With
O) € B(H, H'). There exists an operator ¢ € B(TK, F%(H,)) ® 57{/) such that

(-11) 1Mgllg, =1 and B = ¢ whenever || <m
if and only if

I By, oo @loainll <1 ifk <m,

I Py, g @le,eull <1 ifk >m.

Proof. Let % :=%; ®@K'. The subspace ¥ is invariant under each operator S’ ® I,
fori=1,...,n. Let

Since O(S; ® Iy;) = (S; ® I;,)® forany i =1, ..., n, a straightforward calculation
shows that

(3-12) T;AC;, =AQ;, i=1,...,n,
where the operator A : %, ® 5 — I is defined by

(3-13) A= By, g Olowwi ifk<m
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Note that (3-11) is equivalent to the existence of an operator ¢ € B (57{ , F 2(H,1)®S7{’)
such that

PyMylo,gn = A and | Mgloe| < 1.
One can now apply Theorem 3.1 and complete the proof. (|
Corollary 3.5. Let k, m be nonnegative integers and let © = ZI a|<m Ra ®b() with
O@) € B(H, H'). We have
min{||Mylly, : ¢ € B(H, F>(Hy) ®K). O = o) if la] <m} = || Al

where the operator A is defined by (3-13).

In what follows, we present the left tangential Nevanlinna—Pick interpolation
problem with operatorial argument for B (%, F*(H,) ® 37{).

As in [Popescu 1989c], the spectral radius associated with a sequence Z =
(Z1, ..., Z,) of operators Z; € B(%) is given by

r(2) = im0 Za 2| = i [ ZaZa ]

k— 00

Note thatif Z, Z¥+---+Z,Z; <rl, withO <r <1, thenr(Z) < 1. Any element
¥ € B(9, F?(H,) ®%) has a unique representation y/ := > wert €a ® A@h for
some operators A € B(¥, ). Therefore,

My~ Ri®Aw
ote[F,,+

and ||y ||2 = H Zae[F,T Az‘a)A(a) “ If r(Z) < 1, it makes sense to define the evaluation
of ¥ at (Zy, ..., Z,) by setting

o0
(3-14) V(Zi, .. Z) =Y Y ZahAw),
k=0 |a|=k

where @ is the reverse of «. Using the fact that the spectral radius of Z is strictly
less than 1, one can prove the norm convergence of the series (3-14). Indeed, it is
enough to observe that

13 ik ZaA@ | < |0k ZaZE | 2| 0k Aty A |
<N g ZaZ2] 2.

Given C € B(#,%), we define Wiz F*(H,) ® ¥ — Y, the controllability
operator associated with {Z, C}, by setting

W{z,c}(zaen+ eq ® ha) = 2 Zlal:k ZyChg.

1/2
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Since r(Z) < 1, note that W Wiz.c) is a well-defined bounded operator. We call the
positive operator G —W, (Z.C) W{*Z’C} the controllability grammian for {Z, C}.
It is easy to see that

o0
(3-15) G{Z,C} = Z Z ZaCC*Z;’

k=0 |o|=k

where the series converges in norm. As in the classical case (n = 1), we say that the
pair {Z, C} is controllable if its grammian G, ., is strictly positive. We remark
that X = G, (, is the unique positive solution of the Lyapunov equation

(3-16) X =Y 7,XZf +CC*,
i=1

For any nonnegative integer k, we define W, ., : P ® % — Y, the k-control-
ability operator associated with {Z, C}, by setting

k
W{Z,C,k}(z €y ®ha) = Z Z ZyChy.

| <k p=0la|=p

The corresponding Grammian is G ¢ 1y = Wiz c ywWiz.c.)-

Let#, 3, and%;, withi=1, ..., m, be Hllbert spaces and consider the operators
(3-17) B :H — %Y, Ci:#H—->%Y;, j=1,...,m
(3-18) Zi=1Zj1,....Zin: D% — Y, j=1,....m,
such that r(Z;) < 1 for any j =1, ..., m. Given a nonnegative integer k, the left

tangential Nevanlinna—Pick interpolation problem with operatorial argument for
B(%, F>(H,) ® ) is to find ¢ € B(%, F*(H,) ® ¥) such that | My, <1 and

(3-19) I®B)$NZ)=Cj,  j=1,....,m.

Theorem 3.6. Given two nonnegative integers k, m, the left tangential Nevanlinna—
Pick interpolation problem, with operatorial argument and data Z;, B;, and Cj,
j=1,...,m, has a solution in B(%, F2(Hn) ®37{) if and only if

%) m m
(3-20) [Z > Z,-,aBjB?‘ZZia} [Z Z-,aCjC?‘ZZ‘,a}

p=0lal=p ij=1 Ll ij=1

Proof. Define the following operators
By Ci
B:=|:! [A->BLY Ci=|: |:%—>DLY
By, Cn
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and Y :=[Y1, ..., Y,], where ¥; is the diagonal operator defined by

Z,;, 0 0
‘ 0 Z,, 0 m ”
Yi = . . . . ®j:1 O.yj e @j:l Oy
0 0 Zn,

foreachi =1,...,n. Since r(Y) < 1 and My ~ 3, r+ Rz ® A(q), note that

(3-21) [/ ® B)pl(Y) =
if and only if
o
> ZjaBiAw=Cj,
p=0la|=p
for j =1,..., m. Therefore, relation (3-19) is equivalent to relation (3-21). On

the other hand, a straightforward computation on the elements of the form eg ® A,
h € % and B € F," shows that relation (3-21) holds if and only if

(3-22) Wiy syMgloer = Wiy c k-
Now, another calculation reveals that

o0
Wiy syWiv.s) = Wir.coWiv.en Z > Y,BBY; - Z > y,ccryg
p=0la|=p p=0 |a|=p

where Wy p, and Wy, . ,, are the controllability operators associated with {Y, B}
and {Y, C}, respectively. The inequality (3-20) holds if and only if

(3-23) Wi syWiv.sy = Wiv.coWiv.cay = 0.

Using the definitions of the controlability operators, we deduce that

(3'24) W{Y,B}(Si ® If]{) = Yi W{Y,B}’
(3-25) W{Y,C,k}(Si ® Iy) o 03 = Yi W{Y,C,k}l@k—1®?€v
fori =1, ..., n. Itis easy to see that if relation (3-22) holds and ”M¢|@k®%H <1,

then the inequality (3-23) holds.
Conversely, assume that inequality (3-23) holds. Then there exists a contraction

A irange Wiy 5y — P @ %

such that AW{*Y’B} = W{j},c,k}- Since W{*},B}Yi* =(5'® I%)W{*Y,B} fori=1,...,n,

it is clear that the subspace #' := range W{*; p) 1s invariant under each operator
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S*®Iy, i=1,...,n. Let
(3-26) T :=Pp(Si®Iy)lwe, i=1,...,n,
and denote A := A* : P, ® # — #. Note that
(3-27) W51 A =Wy ch
We claim that
(3-28) T,AC; =AQ;, i=1,...,n,
where
Ci=Ipgxloox  and Qi =Py gy (Si ® I3)lo,_ 0%

fori = 1,...,n. Indeed, using relations (3-26), (3-27), (3-24), and (3-25), we
obtain

W{Y,B}EACi = W{Y,B}P%’(Si ®157{)AC,- = W{Y,B}(Si ®Ifj{)ACi
= YiW{Y,B}ACi = YiW{Y,C,k}Ci
= Wy cn(Si ® Iy o, e% = Wiy gy AQi

fori =1,...,n. Since W{Y’ B}|gg/ is one-to-one, we get relation (3-28). According
to Theorem 3.1, there exists ¢ € B(%, F?(H,) ® ¥) such that IMglly, <1 and

(3-29) Py Mylp, g =A.

Using (3-27), it is easy to see that (3-29) implies (3-22). This completes the proof.
O

Now, assume that {Z, B} is controlable, that is, its grammian G,z p) is strictly
positive. It easy to see that the operator A in the proof of Theorem 3.6 has an
explicit formula given by

—1
(3-30) A=Wz 3Gz 3Gz

Corollary 3.7. Under the conditions of Theorem 3.6 and assuming that {Z, B} is
controlable, we have

min{||Myl5, : ¢ € B(¥, F*(H,) ®%), [I ® B)¢l(Z) = C;} = |A],
where the operator A is defined by Equation (3-30).

As a consequence of Theorem 3.6, we can obtain the following left tangential
Nevanlinna—Pick interpolation problem in the unit ball of C", which extends the
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corresponding results for the noncommutative analytic Toeplitz algebra F;° (see
[Arias and Popescu 2000; Popescu 1998; 2003; Davidson and Pitts 1998]).

Corollary 3.8. Let z; :== (2j,1, ..., 2jn) for j =1, ..., m be distinct points in B,,,
the open unit ball of C", and let B; € B(},%;) and C; € B(¥,%;), j=1,...,m,
be bounded operators. Given a nonnegative integer k, there exists an operator
6 € B(¥, F?(H,) ® }) such that

IMgllp, <1  and  Bijb(z;)=Cj, j=1,...,m,

if and only if
[ B;B;} r . [(1 —(zj, zq>k+1)cjc;;r
1— <Zj’ Zq) j.g=1 N 1— (Zj» Zq) j.g=1
Proof. For any j,qg =1, ..., m, we have
IETR: :
Zj,a Zq,a - .
acF;} 1= <Zj’ Zq)
In Theorem 3.6, consider the particular case when Z; ; :==z; Iy, for j=1,...,m
andi =1, ..., n. A simple computation shows that
m B: B* m
_ = p* _ J 7 q
Gizp = [Z ZJ,aZwBJBq]. o [1—(1,-,@)] 0
_— j.q j.q

Hence, we have

0 m m
Gz —Gizcn= [Z > ZmBjBZZ;k,a] - [ Zj,aCjC::ZZ,a}

p=0la|=p Ja=1 Lig|<k j.q=1
:[ﬂr _ [“—@fﬂﬁk“)CJ-C;‘r
1 —(zj.2¢) 1j 4=1 1 —(zj, z4) =1
Now, applying Theorem 3.6, we complete the proof. U

We remark that the evaluation z+— 0(z) on B,, is an operator-valued holomorphic
function on the unit ball of C".
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