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The relation type question, raised by C. Huneke, asks whether for a com-
plete equidimensional local ring R there exists a uniform number N such
that the relation type of every ideal I C R generated by a system of pa-
rameters is at most N. Wang gave a positive answer to this question when
the non-Cohen-Macaulay locus of R (denoted by NCM(R)) has dimension
zero. In this paper, we first present an example, due to the first author,
which gives a negative answer to the question when dim NCM(R) > 2. The
major part of our work is to investigate the remaining situation, i.e., when
dim NCM(R) = 1. We introduce the notion of homology multipliers and
show that the question has a positive answer when R/ (R) is a domain,
where s{(R) is the ideal generated by all homology multipliers in R. In a
more general context, we also discuss many interesting properties of homol-
ogy multipliers.

1. Introduction

Throughout this paper by “ring” we mean a commutative Noetherian ring with
identity.

The existence of “uniform bounds” in Noetherian rings is an interesting and
important question. By uniform bounds we mean statements which give some
numerical bounds not just for one ideal, but for all (or an infinite set of) ideals
simultaneously.

In Noetherian rings we have an obvious finiteness condition, i.e., that every ideal
is finitely generated; there are, however, deeper forms of finiteness which can be
expressed in terms of uniform behavior.

Several types of uniform behavior have been demonstrated recently. See for
instance [Huneke 1992; O’Carroll 1987] (uniform Artin—Rees), [Raghavan 1991]
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(uniform annihilation of local cohomology), and [Lai 1995; Wang 1997a; 1997b]
(uniform bounds on relation type). This is by no means a complete list.

In this paper we wish to extend the results of Lai and Wang concerning uniform
bounds on relation type of parameter ideals in the papers cited above. We are able
to extend the class of rings for which such uniform behavior exists. Moreover, we
show that, in general, such uniform behavior should not be expected.

Let R be a Noetherian ring, and let I = (x1, ..., x,) be an ideal of R. The Rees
algebra R[It] of I is a quotient of a polynomial ring over R. More precisely, there
is a canonical surjection ¢ : R[Ty, ..., T,] = R[It] given by T; — x;t. By giving
degree 0O to elements of R and degree 1 to ¢t and 7; (for 1 <i < n), we have that
¢ is a homogeneous map, and so the kernel Q of ¢ is a homogeneous ideal of
R[Ty, ..., T,]. The relation type of I is defined to be

1t(I) = min{k| Oy = O},

where Qj denotes the subideal of Q generated by forms of degrees < k. The
relation type is independent of the choice of the generating set of 1.
Let F € R[Ty, ..., T,] be a homogeneous form of degree §. It can be seen that

G(F)=F(xit, ..., xq1) =1°F(x1, ..., Xp).

Thus, F € Q if and only if F(x1, ..., x,) = 0. Therefore, by saying a relation on
X1, ..., X, we mean a homogeneous form in Q.

An ideal of relation type 1 is said to be of linear type. Huneke [1980, The-
orem 3.1] and Valla [1980, Theorem 3.15] proved that if / is generated by a d-
sequence, then [ is of linear type. In particular, an ideal generated by a regular
sequence is of linear type. Buchsbaum rings are precisely the rings for which
every parameter ideal is of linear type.

If I is generated by a system of parameters (s.0.p.) in the local ring R we say
that / is a parameter ideal. The following question was raised by C. Huneke.

Question 1.1 (The relation type question). Let R be a complete equidimensional
Noetherian ring of dimension d. Does there exist an uniform number N such that
for every system of parameters xi, ..., xq of R, 1t(x1,...,x4) < N?

If such a uniform bound exists, we will say that R satisfies bounded relation
type, or equivalently, R has a uniform bound on relation type of parameter ideals.

Question 1.1 is closely connected to the strong uniform Artin—Rees property.
Let M C N be two finitely generated R-modules. The pair (M, N) is said to have
the strong uniform Artin—Rees property if there exists an integer k£ (depending on
M and N), such that for all R-ideals I and all n > k,

I"'MNN=1" I*MnN).
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There are several cases in which the strong uniform Artin—Rees property holds
[O’Carroll 1987; 1991; Duncan and O’Carroll 1989; Huneke 1992; Planas-Vila-
nova 2000], but Wang [1997b] has shown that it does not hold in general. See
[Planas-Vilanova 2006] for a recent summary and explication of results relating to
uniform Artin—Rees theorems.

Being a weaker version of the strong uniform Artin—Rees property [Lai 1995],
Question 1.1 has attracted a great deal of attention.

If R is Cohen—Macaulay (CM) any system of parameters forms a regular se-
quence and so the relation type of any parameter ideal is 1. CM rings are char-
acterized by the property that the local cohomology modules H (R) vanish for
i <dim R. The next step was to consider local rings R such that H. (R) is finitely
generated (therefore of finite length) for all i < dim R. Such rings are called
generalized Cohen—Macaulay or rings with finite local cohomology (fl.c.). Lai
showed in [Lai 1995] that bounded relation type holds for rings with finite local
cohomology under the assumption that the residue field is finite. In [Wang 1997b]
Wang showed that every 2-dimensional Noetherian local ring satisfies bounded
relation type. Later he showed in [Wang 1997a] that bounded relation type holds
for rings with finite local cohomology without any restriction on the residue field.

The first main result in this paper is to show that bounded relation type does
not hold in general. A counterexample, due to the first author, has been known for
some time and is presented in Example 2.1. In this example the non-CM locus of R
has dimension two (and the counterexample easily generalizes to give counterex-
amples in rings of arbitrarily high dimensional non-CM locus). On the other hand,
as observed at the beginning of Section 6, if R is a complete equidimensional
Noetherian ring, then R has finite local cohomology if and only if R has zero
dimensional non-CM locus.

The rest of the paper is devoted to studying the remaining case, i.e., when the
non-CM locus of R has dimension one. The methods of [Wang 1997a] cannot
be extended to this case. Wang uses strongly in his proof that if R has f.l.c. and
X € R is a parameter, then R/x R has f.l.c., and, moreover, the length of the lower
local cohomology modules in R/x R can be bounded in terms of the lengths of
the lower local cohomology modules of R. When R is not generalized CM then
there is no uniform bound on the length of the local cohomology modules of R/x R
as x varies among parameters in R. Hence, the starting point of our work is an
alternative proof of bounded relation type for rings with finite local cohomology
which can be generalized. We present this proof in Theorem 6.4. We make use of
“homology multipliers”, defined in Section 3, and of a “Ramsey number” combi-
natorial lemma, stated in Section 5.

By a homology multiplier we mean an element in R which annihilates all homol-
ogy of complexes satisfying the standard rank and height conditions. We denote by
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A(R) the ideal of R generated by homology multipliers. It follows from a result of
Hochster and Huneke that under mild conditions on the ring R, s (R) is, up to rad-
ical, the defining ideal of the non-CM locus in R (see Corollary 3.6). An important
property of homology multipliers that we repeatedly use throughout the paper is the
fact that, upon multiplying by a homology multiplier colons of monomial ideals
in parameters behave as if the parameters were variables (see Remark 3.5). We
obtain several interesting results relating relation type and homology multipliers.
We show that if an element of an s.o.p. is “adjusted” by a homology multiplier
(and results in a new s.0.p.) then the relation type is unchanged (see Theorem 4.3).
This result generalizes a result of Lai. Also, the above process does not affect
superficiality (see Lemma 4.4).

We show in Section 2 that there are rings where dim(R/s{(R)) > 2 which fail
to satisfy bounded relation type. Hence our attention is focused on the case that
dim R/A(R) = 1.

The new class of rings satisfying bounded relation type is given by this theorem:

Theorem 7.2. Let (R, m, k) be a formally unmixed local ring of dimension d such
that A(R) is a prime ideal of dimension one in the completion R of R. Then R has
a uniform bound on relation type of parameter ideals.

We outline the proof briefly. Our hypotheses allow us to assume that R is com-

plete. Let I = (x1, ..., x4) be a parameter ideal of R, and let « be a homology
multiplier. Theorem 4.3 shows that if x1, x», ..., xg +« is a system of parameters,
then rt(xy, ..., x4) = rt(xy, x2, ..., xg + «). This allows us to “modify x; in a

convenient way”. In particular, we replace x; by w'x/, where w is a reduction of
mR/s4(R) and x), is in a uniformly bounded small power of mR/s4(R). We do
not have that Hlfn(R) has finite length for all i < d (as in the generalized CM case),
but since the ring R/ (R) is a complete one-dimensional domain we can obtain
uniform bounds for the lengths of lower local cohomology modules of R/x),R.

Given a relation F(Ty,...,Ty) on xi, ..., X4—1, X = w'x), we look at larger
and larger “partial sums” and use homology multipliers and uniformly bounded
length of local cohomology modules of R/x/,R to find a relation G(T1, ..., Ty) of
uniformly bounded degree such that the initial monomial of G divides the initial
monomial of F. Inductively, we obtain a bound (which does not depend on the
given system of parameters) on the highest degree of a minimal generator of a
relation on the system of parameters.

The general argument given is rather subtle, and certainly complicated. How-
ever, the basic ideas in the general argument are already present in the argument
for two parameters, in which case, the algorithm is transparent. We urge the reader
to start with this case by reading Theorem 6.1.

In Corollary 7.4 we apply this theorem just discussed to F-pure rings.
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2. Bounded relation type does not hold in general

In this section, we will present an example showing that bounded relation type does
not hold in general. In our example, the ring has non-CM locus of dimension 2,
but it is possible to generalize to rings with non-CM locus of any dimension > 2.

Example 2.1. Let R = k[[x, y, z, w]] where w? = wz = 0. Then, R does not have
bounded relation type.

Proof. Let I,, = (x”*ly—l—z", x", y")y = (uy, uz, usz). Clearly, I, is a parameter ideal
for all n > 1. We will show that for every n € N, the ideal I, has relation type at
least n.

We order monomials of R[Ty, T, T3] using lex and Ty > T, > T3. Consider the
relation w7|" — wTZ"_ng on uy, us, u3 in R. Suppose that w7 — wTZ”_1T3 can
be written as a combination of relations on uy, u;, u3 of degree less than n. Then
there exists a relation F (T, T, T3) on uy, uy, uz of the form

F(T\, T, Tz) = le"_1 + smaller terms.

Let F be the image of F in (R/wR)[T;, T», T3]. Since F is a relation on u1, u2, u3
in R/wR, and R/wR =k[x, y, z]| is Cohen—-Macaulay, we can write F = H; K|+
H, K, + H3; K3, where

Ki=—-uT1+ui1Th, Ko=—u3Ti+uiTz, Kz =—uslr+uyT;

are the Koszul relations on u;, us, u3 in R, K, K», K3 are the Koszul relations on
uy, up, us in R/wR, and Hy, H,, H3 are polynomials with coefficients in R/wR.
Hence F — H1K1 — Hsz — H3K3 € (w)R[Tl, Tz, T3]. Write

F—H1K1 —HQKZ—H:?,K:;:U}F/,

where F'(T1, T», T3) € R[T), T», T3]. Notice that F’ contains the term T]"_l.

Since wF’'(uy, up, u3) = 0 in R, we have F'(uy, uz,u3) € 0 :p w = (w, 2)R.
Hence the image of F' in (R/(w, 2))[T1, T», T3] =k[[x, y1[T1, T», T3] is a relation
on x" 'y, x", y" in k[[x, y]. This implies that

(xn—ly)n—l c (xn’ yn)(xn’ yn’ xn—ly)n—Z,
a contradiction (see also [Wang 1997b, Example 6.1]). ]

Note that the ring R has an embedded prime of dimension two. It would be of
interest to find a ring with unbounded relation type which is a domain.

Remark 2.2. Notice that in Example 2.1 the non-CM locus of R is defined by
(z, w) and so it has dimension 2.
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In a similar fashion, we can construct examples of rings with unbounded relation
type and non-CM locus of any dimension > 2. Let S = k[[#1, ..., ty, 2, w]] where

w? = wz =0 and m > 2. The proof of Example 2.1 shows that

ittty ) >0

for every n > 1. The non-CM locus of § is defined by (z, w) and so it has dimension
m.

3. Homology multipliers and superficial sequences

In this section, we introduce the notion of homology multipliers and investigate
a number of properties that will be used later on. We shall also briefly recall the
notion of filter-regular and superficial sequences. The proof for some of the results
(such as Lemma 3.3 and Corollary 3.4) would be simpler if the ring contains a
field. Our arguments work for rings of mixed characteristics as well.

Let R be a Noetherian ring, and let G, be a complex of finitely generated free
modules

G,: 0-G,—> Gy > —>Gi—>---—>G;—> Gyg— 0.

Denote by «; the map from G; to G;_;. Let b; denote the rank of G;, and let
ri = Z’t’:i(—l)’*ibi for 1 <i <n, while r,;.1 =0. Let I;(«;) be the ideal generated
by the ¢ x ¢ minors of «;.

Recall that a complex G, as above satisfies the standard rank and height con-
ditions if rank a; = r; for 1 <i < n, and height I, (o;) > i whenever 1 <i <n
[Hochster and Huneke 1990; 1992]. For simplicity, we denote I, («;) by 1;(G.).
If G, is acyclic, then [;(G,) is an invariant of Ho(G,), and localizes properly.

Definition 3.1. Let R be a Noetherian ring. We say that z € R is a homology
multiplier if for every finite complex G, satisfying the standard rank and height
conditions, z annihilates the homology H;(G,), for every i > 1. We denote by
A(R) the ideal of R generated by homology multipliers.

The notion of homology multipliers is a generalization of Cohen—Macaulay
multipliers [Hochster and Huneke 1990; 1992]. Recall that R is equidimensional
if dim R/ p = dim R for all minimal prime ideals of R. The following result is due
to Hochster and Huneke.

Theorem 3.2 [Hochster and Huneke 1990, Theorem 11.8]. Let R be an equidi-
mensional local ring which is a homomorphic image of a Gorenstein ring. Let 7
be an element of R such that R, is Cohen—-Macaulay. Then z has a fixed power 7
such that 7' is a homology multiplier.

Homology multipliers are introduced to handle colons of monomial ideals in
parameters (see Remark 3.5 for a precise statement). To see this, we need:
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Lemma 3.3. Let

R =171, Yf], LY YN X4,
where Y1, ..., Y, X1, ..., Xq are variables. Let I be an ideal generated by mono-
mialsin X4, ..., Xq4.

(1) There exists a resolution F, of R/1 of length < d. Furthermore, for every
1 <i<d,

(3-1) [T &.....X) SVI(F).

I<ji<<ji=d
(2) As a consequence, (3—1) holds for every resolution F, of R/I.

Proof. First we show the existence of a resolution of R/I of length < d. This is
clear if d = 1, so we can assume that d > 1. We use induction on the number of
generators (1) of I. The claim is trivial if () = 1. Assume that I = (I, m)
where m is a monomial with the largest possible exponent of X, and I’ is a mono-
mial ideal with w(I’) > 1. Then I’ : m is a monomial ideal in X1, ..., X4_1. We
have a short exact sequence

0— R/m(I':m)— R/I'"®R/mR — R/I — 0.

By induction on wu(7) we have that R/I’ & R/mR has a resolution of length < d.
By induction on d we see that R/m (I’ : m) has a resolution of length < d — 1.
Hence the mapping cone is a resolution of R/I of length < d. In particular this
shows that if G, is any resolution of R/, then 1;41(G,) = R.

Next we show that (X1, ..., X4) € +/1;(F,). This is clear if I;(F,) = R, so we
can assume that 7;(F,) is a proper ideal. If there exists i, with 1 <i <d, such that
X; ¢ /1,(F,), then localizing at X; we obtain a contradiction to the existence of
a resolution of length < d — 1 in the ring

Ziv Y Y Y X XX L X X - Xl

Nowletl <i<d-—1landletl <j <---<j; <d—1. Localize at the d — i
variables {X1, ..., X4} \{Xj,,..., X} and conclude as above. This finishes the
proof of (1).

Part (2) follows form (1) since the ideals I; (F,) do not depend on the resolution
of R/I. O

Corollary 3.4. Let R be an equidimensional catenary local ring of dimension d
and let x1, ..., xq be a system of parameters of R. Let ¢ : Z[ Xy, ..., X4q] = R
be the ring homomorphism from a polynomial ring over Z to R sending X; to x;
for all i. Suppose J is a monomial ideal in Z[ X1, ..., Xq4] and G, is a resolution
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of Z[X1, ..., Xal/J of length at most d. Let Fy = G4 ® R be the complex ob-
tained from G, by base change. Then, F, satisfies the standard rank and height
conditions.

Proof. By Lemma 3.3, for 1 <i <d,

[l &.....x) VLG,
I<ji<-<jizd
This implies that H1§j1<~~-<j,-§d(le’ ..., X)) © /1;(F,). Since F, is obtained by
tensoring G, with R, the r;’s are unchanged. Also, since R is equidimensional and
catenary, we have

height [  Gy.....x) =i

I<ji<--<ji=d
Hence, F, satisfies the standard rank and height conditions since G, certainly does.
O

The following remark will be used very often in the rest of the paper.

Remark 3.5. Let R be an equidimensional catenary local ring of dimension d and

let x1, ..., x4 be a system of parameters of R. Let § = Z[X1, ..., X4] be a poly-
nomial ring over Z, and let ¢ be as in Corollary 3.4. For a d-uple of nonnegative
integers n = (ny, ..., ng), we denote by X” the monomial X{" ... X}, and by x"
the monomial x{" ... x}*. Let I = (X", ..., X™) and let X" be any monomial in
S such that X™ ¢ I. By considering the minimal free resolution of I + (X™),
I % Gr+l S
> 5SS %Semao,

it can be seen that the colon ideal I : (X™) is generated by elements of the last row
of the matrix of d,. Thus, as a consequence of Corollary 3.4, for any homology
multiplier z € R, we have

ZUIR g x™)=(I:s X™)R.

More generally, if J = (X™',..., X™) is another monomial ideal in S, and
a=IR=(x",...,x™)and b=JR = (x",...,x™),thenz(a:p b) = (I s
J)R. Hence, up to multiplying by a homology multiplier, colons of monomials in
X1, ..., xg behave as if the elements x1, ..., x; were variables.

Let R be an equidimensional catenary local ring with maximal ideal m and
let z € d(R). Let xy,...,x; be a sequence of elements of m that is part of a
system of parameters of R. Then z annihilates all the higher Koszul homology
H;(xy,...,xt, R),i > 1. In particular,

z((x1, ooy X)) R g Xk R) S (X1, ..o, xk—1) R;
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that is, z is a Cohen—Macaulay multiplier [Hochster and Huneke 1990; 1992].
The next corollary shows that up to radical, S(R) is the defining ideal of the
non-Cohen—Macaulay locus in R.

Corollary 3.6. Let R be an equidimensional local ring which is a homomorphic
image of a Gorenstein ring. Let z € R. Then z € \/A(R) if and only if R; is
Cohen—Macaulay.

Proof. One direction is Theorem 3.2. Conversely, let z € \/s{(R), and let x; /1, . . .,
x,/1 be a system of parameters of R, where p is a prime ideal of R such that z ¢ p.
There exists a power z’ of z such that z'((x1, ..., x4 1)R:g Xk R) S (x1, ..., xx—1)R
for every 1 <k <n. Hence x1/1, ..., x,/1 form a regular sequence in R,. O

We conclude this section recalling two definitions that we will use later on.

Definition 3.7. Let S be a standard N-graded algebra over a local ring Sy (i.e.,
S = So[S1]). The sequence of elements z1, ..., z, € S is called filter-regular if, for
eachi > 1, ((z1,.--,2i—1) :2i)n = (21, - - -+ Zi—1)n for n > 0.

When Sy has infinite residue field, any homogeneous ideal of S may be gener-
ated by a filter-regular sequence, by [Trung 1987, Lemma 3.1]. If z;,...,z, is a
filter-regular sequence, the Koszul homology modules H;(zy, ..., zZ,; S) vanish in
sufficiently high degree; see [Aberbach and Huneke 1993, Lemma 4.7].

We will be most interested in the case where S is the associated graded ring of
an ideal generated by a system of parameters.

Definition 3.8. Let (R, m) be a local ring with infinite residue field and let / be an
ideal. Recall that x € [ is a superficial element for I if for some integer ¢ and all
n>0,(I":x) NI =1""1 Let S = G(I), the associated graded ring of /. Let
x €1 and let z = x + I*> € S;. Notice that x is a superficial element for 7 if and
only if z is a filter-regular element. Let I = (x|, ..., x4) and let z; = x; + I*e S,
for 1 <i <d. If the sequence zy, ..., z4 is filter-regular, we say that the sequence
X1, ..., Xq is a superficial sequence for I.

Remark 3.9. If x1, . . ., x4 is a superficial sequence for / then there exists an integer
¢ suchthat,if 1 <i<dandrix;+ --+rx;€l"withn>c andry,...,r; €€
then we have rix; +- - +rix; =r{x; +---+rlx; withrj, ..., r/ € I""!. Notice
that the converse is not true in general.

Given any set of generators ay, ..., ag for I, there is a Zariski-open set U of

(R/m)”’2 such that setting x; = Zj:] ujja; with (u;;)1<; j<a € U, where u;; is the

image of u;; in R/m, gives a superficial sequence generating /.
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4. An application of homology multipliers to relation type

In this section, we shall investigate two interesting properties of homology multi-
pliers. First, we show that when an element of a system of parameters is changed
by a homology multiplier (such that we still have an s.0.p.), the relation type is not
changed (see Theorem 4.3). This provides a nice tool for studying relation type by
modifying s.0.p.’s in a “‘convenient” way, which we will apply in Sections 6 and
7. Secondly, we prove that superficiality is also preserved by changing an element
of an s.0.p. by a homology multiplier (see Lemma 4.4).

Throughout this section, R is an equidimensional catenary local ring of dimen-
sion d and (xp, ..., xg) denotes an s.o.p. of R.

Foratuplen=(ni,...,ng),let|n|=n;+---+ng and let x" denote x|" - - - x))".
From now on, we shall always use graded reverse lex monomial ordering. Suppose

F(Ty,...,Ty) = Z raT"

|r|=n,n<ng

is a homogeneous form of degree n in R[T1, ..., T;] with leading term r,,T"°
which provides a relation on x, ..., x4, i.e. F(x1,...,xq) =0 (if a monomial T"
does not appear in F', we shall take r, = 0). Let A be a new variable and write

F(T,...,.T)=F(T1+A,Tp,...,.T)) —AG(Th + A, T», ..., Ty).

Lemma 4.1. Let R be an equidimensional catenary local ring of dimension d.
Suppose x = (x1,...,xq) and y = (y1,X2,...,Xq) are s.o.p.’s such that o =
y1 — x1 € A(R) is a homology multiplier. Then using the notation as above,

aG(y1, x2, ..., xq) € (Y™ | m < ny).

Proof. Let Jy = (T" | In| =n,n < no) € Z[Ty,..., Tyl and J = (x" | |n| =
n,n< no) = Jr ® R C R. Then, J7 is a stable ideal in the sense of [Eliahou and
Kervaire 1990] if we reverse the order of variables, i.e., if we list the variables as
T4, ..., T, and so it admits an Eliahou—Kervaire graded free resolution. Notice
that [Eliahou and Kervaire 1990] in fact provided a graded free resolution of Jr
rather than of Z[Ty, ..., T;]/Jr; there is, therefore, a shift of one index in our
resolution compared to that given in [Eliahou and Kervaire 1990]. By base change,
R/J admits the following complex

Fo:i- s B3R A RS RSO,

where F;’s are free R-modules, and 9; is given by a matrix M = M (F) where each
column has exactly 2 nonzero entries and is of the form

(4-1) [0 —xj -~ x; --- 0]" for some i < j.
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It follows from Corollary 3.4 that F, satisfies the standard rank and height con-

ditions. Since F(x1, ..., xq) =0, we have
[Fug “-+ Tn ---]Te ker 91,
where [ry, - rp -+ 1T is the column vector of coefficients in F. Since o annihi-

lates H;(F,), we have

afrpy <+ Tn 1T eima,.
Let K = K (F) be the number of columns of M and let Cy, ..., Cg be the columns
of M. We then can write
(4-2) alrug <+ ta 1" =b1C+- -+ bgCg,
where by, ..., bg € R.
Consider an arbitrary term r, T" = r, T} ... T;* of F(T1, ..., T;). We have

mT" =ry(Ti +A— A" T, ... T}
n

=M+ AT T Ty Ta?”(Z(—l)l(nzl)(TwA)”'—lAl)
=1

n m
- rn(Tl +A)an2nz e T;d —+ Ar"%(Z(_l)l<nll>(Tl+A)nl_lAl_l)_
LN =g

Thus, we have
AG(M +A, Ty, ..., Ty) =

ni
Z r Z (M 1411
rnT" is a term in =1

F(Ty,....Ty)

This implies that
(4-3)

n i n
aG(y1, x2,...,Xq3) = Z Arn )% (Z(—l)l( ll)(xl —I—oz)”'_’a’_l).
TN =

rpx™ is a term in

F(x1,...,Xq)
It follows from (4-2) that ary, € (b1, ..., bx)R. Hence, aG(y1, x2, ..., xg) can be
written as a combination of by, ..., bx with coefficients in R.

Let ¢; be the /-th unit vector of N and suppose C1 =[0 --- —xj --- x; --- 01T
for some fixed i < j. Now, consider the contribution to G (y1, X2, . . . , X4) coming
from b;C; after substituting (4-2) to (4-3). It follows from (4-2) that this contri-
bution results from 7y, ¢, X"+ — rypy e, x™ % of F(x1,...,x4), where e; > e;. If

i > 1, in which case j > i > 1, then in (4-3), terms coming from ry, 4, x™ "¢ and
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T'm-+te; x™*¢ cancel each other since they have the same power of x. Suppose that

j >i=1. Substituting (4-2) to (4-3), Fmte, X" ' = rmte X 'f““x;"z X gives

m mi+1
~b1 Ty ( Y (" +a>m1+”a“),

1 =1

and 1y ¢, X" gives

bt il <Z( D! ) oy = 1)

m
Thus these two terms of F(xq,...,x;) contribute b1 S to aG(yy, x2,.
where Xy P

"’ d)’

mi+1

Z( D! (") G+ e = 3 (=) (m1+1)(x1+a)’"1+1—1a’—1.

=1 =1
Note that (m ll+1) = <n}1) + (;Tl). Therefore,

S= Z( 1)< )(x +o)y" gy — Z( 1)( )(M-I—oz)’"‘“‘lal—l
_ (— 1)l<l 1)(x +a)m1+1 |
=S (et =8 ! (] o e el

mi
+ 30 () G+l
=0
= > D) (@ Fom e e + ( +a)™al) 4 (e e
=1 !
mi+1
_ Z( 1)( )(xl—l—a)’"l“ ~lgl-1
We eventually get
mi+1
IZ( 1)( )(x oyl
=1 mi+1
S S N G T L N
I=1
= (x; +a)".

Hence, in aG(y1, X1, ..., Xq), the term with factor by is b; y™1%. Since y™+¢% <
y"™, we have b y™ % € (y™ | m < ng). A similar analysis works for the contribu-
tion to G (y1, X2, . .., Xg) coming from b,Cs, ..., bgCk. O
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Suppose x = (x1, ..., xqg) and y=(y1, X2, ..., Xg) are s.0.p.’s such that y; —x; =
o € A(R). As before, let F(Ty, ..., T;) be a homogeneous form of degree N with
leading term r,,T™° that gives a relation on x. Let M = M(F), K = K(F) and
Ci,...,Cgbeasin Lemma4.1. Suppose Cj,, ..., Cj are the columns that contain
xy, 1.e. fori <1 <s, Cj, has the form

Ciy=1[0 - —xjj -~ x1 - 01".
Suppose that in (4-2), ary,, foreach / =1, ..., s, lie in the same row as x;. It
follows from the proof of Lemma 4.1 that, for each choice of by, ..., bx in (4-2),

we can write
N
0=F(x1,....x0) = F(y1. x2.....x0) + D _ by
=1

Set

.....

tion on y. Notice that for any by, ..., b, Fp,,. b (T1, ..., Ty)and F(Ty, ..., Tg)
always have the same leading term. We shall denote by &4, », the func-
tion which sends a relation F(Ty,...,Ty) on x = (x1,...,Xxq) to the relation
Fbl ’’’’’ bK(Tla"'de) ony:(yl,xz,...,xd).

Lemma 4.2 (compare [Lai 1995, Theorem 3.6]). Let x = (x1, ..., xq) be an s.o.p.
and o € SA(R).

(1) Suppose F(Ty,...,Ty) is arelationonx and 1 <[l <d. Let K = K(F) and
K' = K(T;F). For any choice of by, ..., bk there exist b\, ..., by, such that

Do by, (THE (T o Ta)) = Ti @ty (F (T, - - - Ta)).

(2) Suppose F(Th, ..., Ty) and H(Ty, ..., Ty) are two relations on x of the same
degree. Let K' = K(F), K" = K(H) and K = K (F + H). There exist choices
ofbi,...,bx,and b\, ..., by, and by, ..., by, such that

Povpy....bog (F A+ H) =Py v, (F) + Py, (H).

(3) Suppose F(Ty, ..., Ty) is a relation on x and P(Ty, ..., Ty) is any polyno-
mial. Let K = K(F) and K' = K(PF). There exist choices of by, ..., bk
and cy, ..., ckg such that

Dy by, (P(Thy .., T)F (T, ..., Ta))
= P(Tlv L ] Td)q)a,cl,...,cK (F(Tl9 MR Td))
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Proof. It is easy to see that (3) is a consequence of (1) and (2). We shall first prove
(1). Suppose
F(Ty,....T) =Y _ raT"
n<ng

with leading monomial 7"°. Let M = M (F) and M" = M (T; F) be the presentation
matrices associated to relations F and 7; F, respectively, as obtained in Lemma 4.1.
Suppose C=[0 ... —x; ... x; ... 0]T is a column of M whose entries —x;j and x;
give the relation between monomials x™ and x"2 of F(xy, ..., x4). Then, in M’,
there is a corresponding column C' =[0 ... —x; ... x; ... 0]T (with more 0’s)
whose —x; and x; entries give the relation between monomials x™MTe = x;x™ and
x"te = x;x" of x;F(x1, ..., xs). By reindexing, if necessary, we may assume
that C{, ..., Ck are columns in M’ corresponding to columns Ci, ..., Cg of M.
Now, in the presentation obtained from the relation 7;F(Ty, ..., T;) similar to
(4-2), we may pick b; =b; fori =1,..., K and b, =0fori =K +1,..., K’. (1)
then follows from the construction of ®.

It remains to prove (2). Without loss of generality, we may assume that K’ > K.
If the leading terms of F' and H do not cancel each other (which implies K = K’),
then (2) follows from the construction of functions ®q 5, .. 5, by taking the tuple

(bl,...,b[():(b/,..., /I(/)“I‘(O,...,O, /1/,..., /I/(”)'
K'—K"

Suppose now that F(Ty, ..., T;) = strzo rmT™ and H = strzo ri, T™, and
rn, T"" and r,/llT "t are the highest terms in F and H that do not cancel (with
ny < ngp). In this case, K < K’ = K" To prove (2), we only need to show that there

are choices of by, ...,bg and b}, ..., b}, and b, ..., b%, such that the leading

term of Py 1., b/K,(F) + Do b/}/{//(H) is the same as that of ®y 5, ., (F+H),
which is (rp, +7, )T"'.

Let Cy,...,Cg (K' = K”) be the columns of the matrix of d,’s correspond-
ing to F and H as in Lemma 4.1. Suppose b/, ..., b%, and b}, ..., by, are the
coefficients in equalities of the form (4-2) corresponding to F and H. We have

0
a(rptr! )
(4-4) MU = B+ B)Cy 4+ B+ D) Cr
o« (Fpy+1p,)
Suppose in (4—4), Cy, ..., Cr are columns that have at least a nonzero entry higher

than a(ry, + 1y, ). Then, b} + b} = --- = b} +b] = 0. It can be easily seen that
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K = K’ — L. We can now pick by = b} | +b},,...,bx = by, + b, and the
required equality follows from (4—4). The lemma is proved. ([l

Theorem 4.3 (compare [Lai 1995, Theorem 3.1]). Let (R, m, k) be a local ring.
Assume that x = (x1,...,xg) and y = (y1, X2, ..., Xq) are both s.o.p.’s such that
o=y —x1 € A(R). Then

rt(xy, ..., xq) =1t(y1, X2, .. ., Xg4)-

Proof. 1t is enough to show that rt(xy, ..., x4) < rt(y, X2, ..., Xxg) (since we
then can apply the inequality for —«). Suppose that r = rt(y, x2, ..., xq). Let
F(Ty, ..., T;) bearelationon xy, ..., x; of degree N > r. Let K = K (F) and let
Fbl,m,b,( (Th, ..., Ty) = Pop,...p (F(Th, ..., Ty)) for some choice of by, ..., bk.

Then, as shown before, I:"bl by gives a relation on y = (y1, x2, ..., Xg). Since

.....

Fp,....p; has degree N > r, it can be written as

m

Fyoobg(Tis o Ty =Y Pi(Th, ..., TOHi(Ty, .., T,

i=1
where the P;’s are polynomial in Ti,..., Ty and the H;’s provide relations on
y=0O1,%x2,...,xq) withdeg H; <r foralli. Fori =1,...,m,let K; = K(H;).
It follows from Lemma 4.2 that there exist choices of ¢y, ..., cx and b;1, .. ., bk,
such that

i=1

By the definition, ®_q p,,..... bik, (Hi(Ty, ..., Ty)) gives arelation on xy, ..., xg for
each i, and
deg q)—ol,b,'],...,h,'l(i (Hl (T19 LRI ] Td)) S r.

Moreover, since Fhl ,,,,, »r and F have the same leading term, ®_, ;... ¢« (1:“;,l ,,,,, br)
and F also have the same leading term. Thus, we can write

i=1
where F'(T\, ..., T;) gives arelation on x1, ..., x; and has a smaller leading term
than that of F(Ty, ..., Ty). Repeating this process, we eventually will get to the
situation when F'(Ty, ..., T;) =0, or equivalently, when F(Ty, ..., T;) is a com-
bination of relations on xy, . .., x; with degrees at most r. Hence, rt(xy, ..., x7) <
r =r1t(yy, X2, ..., Xg). The theorem is proved. ]

Now recall from Definition 3.8 the notion of a superficial sequence.
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Lemma 4.4. Let x = (x1, ..., xq) be an s.o.p. such that x; is superficial for (x).
Suppose y = (x1, ..., Xq—1, Yq4) is an s.o.p. such that « = y; — x4 € A(R). Then
vq is superficial for (y).

Proof. Suppose ¢ € N is an integer such that [(x)" : x;4] N (x)¢ = (x)"~! for all
n > c. Also, let k € N be an integer given by the Artin—Rees lemma for the modules
x4R € R and the ideal (x1, ..., x4—_1), i.e., for m > k we have

-1
(1, o xg—)" N (xg) S xg(xy, ..oy xq—1)"

We first observe that (0: x;) C Hg(R) since if xyu =0 we have x;(x)‘u=0C (x)"
for all n > c. By superficiality, (x)‘u € (x)"~! for all n > 0, so by the Krull
intersection theorem, (x)“u = 0. Since (x) is m-primary, u € H,?l(R). Welett e N
be such that m’ N HY(R) = 0.

We will now show that if s € (y)*T*** and yzs € (y)” for m > ¢ + k + ¢ then

s € (y)™"!. Since we then have ya(s —s') € (x1, ..., xq—1)" where s’ € (y)" 71, it
suffices to assume that s € (xq, ..., x4—1)" : y4. Since « is a homology multiplier,
we then have as € (xq, ..., x4—1)™. Thus,

4-5) SXg=58yg—as € (x1,...,xq_1)".

From the Artin—Rees lemma we see that

$Xg € (X1, ..o Xq—1)" N (xg) S xa(x1, ..y xg—)™ 5
hence s € [(x1,...,xq—1)" F+(0: x7)]N (y)'. If we write s = s; + s, where
52 € (0:xg), then sp € (0: xg) Nm' € H2(R) Nm’ = 0 (since m — k > t). Thus
s € (x)¢, and since x4 is superficial for (x), we must have s € (x1, ..., x)" L. Set
s = Z apx".
|n|=m—1

We can now write (4-5) as

(4-6) Y anx"xg— Y dyx" =0,

[n|=m—1 |n|=m
where Q(x1,...,X4-1) = Zw:m dpx™ € (x1, ..., xq-1)". Let P(x1,...,xq) =
Z|n|=m—1 anpx”. Then, (4-6) gives a relation on xy, ..., x4 of degree m, namely

HMT,....Ty)) =T;P(T, ..., Ty) — O(T1, ..., Ta—1).

Let 7y, T™° (wWhere |mo| = m) be the leading term of H (T, ..., T;). It follows
from Lemma 4.1 that

H('xlv""xd)_H(xlv"'7xd—1vyd)e(ym |m<m0)
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Moreover,
H(-xla .. 'a-xd)_H(-x]a .. 'a-xd—la yd):de(-xl’ o .. 7-xd)_ydP(-xla .. '7-xd—1a )’d)
Thus
4-7) XaP(x1, ..., xq0) —yaP(x1, ..., X4-1,ya) € Y™ | m < my).
Since the calculation done in Lemma 4.1 is formal on the coefficients of the relation
F(Ty, ..., Ty),in our situation it is formal on the coefficients of T, P (T, ..., Ty),
which are exactly the same as those of P(T1, ..., Ty). Therefore, the same calcula-
tion as in (4-7) would hold for P(x, ..., x4). Hence, for m6 =my—(0,...,0,1),
we have

P(x1,....,xq) — P(x1, ..., X4—1, ya) € Y™ | m < myy).

It follows from this that
s=P(x1,...,xd)€(xl,...,xd_l,yd)m_l. O

Lemma 4.5. Let x and y be as in Lemma 4.4 in a local ring (R, m) with infinite
residue field. There exist y|, ...,y _, such that (y{,..., ¥, ;. ya) = (), and
Yd> Yy_1» -+ Yy is a superficial sequence.

Proof. Take y{, ..., y,_, to be general linear combinations of xi, ..., x4—1. O

5. Ramsey numbers

In this section, we provide a “Ramsey number” combinatorial lemma which will
be used to establish uniform bounds on relation type of parameter ideals in the next
two sections.

For a set S, and a positive integer [, we denote by [S] the set of all subsets of
[ elements of S. We shall use the following infinite version of Ramsey’s theorem
[1929] (see also [Adhikari 2002, Theorem 3.4]).

Lemma 5.1. Let n and [ be two given positive integers. Let T = {x1, x2, ...} be an
infinite countable set. Then for any way of coloring [T using n colors, there is an
infinite subset U of T with all its subsets of | elements having the same color.

For any d-uple A = (ay, ..., aq) of nonnegative integers, we denote by |A|
the sum Zﬁ:l aj. For two d-uples of nonnegative integers A = (ay, ..., aq) and
B=(by,...,by),wewrite A< Bifandonlyifa; <b;forall j=1,...,d. A chain
of length [ is a sequence of d-tuples of nonnegative integers A; < Ay <--- < Ay
For ad-uple A= (ay,...,ay) and anumber ¢t € {1, ..., d}, we use A(¢) to denote
the ¢-th entry a, of A.
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Lemma 5.2. Suppose d and | are given positive integers, and k is a nonnega-
tive integer. Then, there exists a positive number M = M(d, k,l) such that for
any sequence of d-uples of nonnegative integers s = (A1, Ay, ..., Ay), in which
|A;| = k + i, we can always find a chain A;, < A;, <X --- <X A;, of length | with
I1<ij<ira<---<ii <M.

Proof. By contradiction, suppose the assertion is not true. That is, for any M > k,

there is a sequence Ay = (Ap.1, Am2, ..., Ay m) of d-uples of nonnegative
integers such that |Ay ;| = k+i for i = 1,..., M, which has no subchain of
length /.

We shall first inductively construct an infinite sequence of infinite subsets Jl; 2
My DD My, 2 --- of N as follows. Since |Apy 1| = k+ 1 for all M > &,
there must be an infinite subset Jl; of N such that for any M, N € .l;, we have
Ap.1=An,1. Suppose My, ..., M; (i > 1) have been constructed. Since for each
M e M;, |Apm iv1] =k + i+ 1, there must be an infinite subset Jil;4 of A; such
that for any M, N € /M;41, we have Ay iy1 = AN.it1-

Let s = (Aj, A2, ...) be the sequence defined by letting A; = Ajs;, where M
is an arbitrary element of Jl;. Clearly, by definition, |A;| =k +i.

Claim 5.3. The sequence si = (A1, Aa, ...) does not have a subchain of length .

Proof of Claim. Indeed, if B < By <--- < By is a subchain of &, and B; = Aj,
then for any M € Jly, the sequence s = (Apr,1, Ap 2, - . . ) contains the subchain
B| < By < --- < B; of length [. This is a contradiction. Il

Now consider a coloring of [s4]? using (d + 1) colors as follows. Suppose i < j.
If A; < A;, then we color {A;, A;} by 0. Otherwise, there must be an integer
t €{l,...,n} such that A;(s) < A;(s) for any s < ¢ and A;(¢) > A;(?), and we
color {A;, A;} by ¢. Clearly, this is a valid (d + 1)-coloring of [s4]>. By Ramsey’s
theorem (Lemma 5.1), there exists an infinite subset U = {Uy, Uy, ...} of & such
that [U]* has one color. Suppose [U]? is colored by ¢. If ¢ > 0, then we obtain an
infinite sequence of nonnegative integers U; (c¢) > Ux(c) > ..., which is impossible.
Thus, ¢ =0, and so U; < U, < ... is a chain of infinite length in &{. But this is
impossible by the Claim.

Hence, we always get a contradiction. The lemma is proved. 0

6. Relation type in generalized Cohen—-Macaulay rings

The goal of this section will be to give a new argument that rings of finite lo-
cal cohomology have uniformly bounded relation type. Throughout this section,
(R, m, k) will denote a local ring R with maximal ideal m and residue field k.
We recall that a Noetherian local ring R of dimension d is said to have finite local
cohomology (f.l.c.) if H&(R) is finitely generated fori =0, ...,d — 1 (and hence
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is of finitely length). Rings with finite local cohomology are called generalized
Cohen—Macaulay. We observe that R has f.l.c. if and only if R has f.l.c. if and only
if dim R /p =dim R for every minimal prime p of R, and R » is Cohen—-Macaulay
for all p # M.

Notice that if a Noetherian local ring R has f.l.c. then sd(R) is m-primary.

We shall start with a result in two dimensions, through which the argument in
the general situation becomes more transparent. (The bound /] + [ in this special
case improves the bound 2/; + [y of [Wang 1997a, Theorem 4.1].)

Theorem 6.1. Let (R, m, k) be an equidimensional local ring of dimension 2 such
that M(HX(R)) = lp < 00 and L(HL(R)) =1, < 0o. Then R has a uniform bound
[y + o on relation type of parameter ideals.

Proof. Let I = (x, y) be a parameter ideal of R. By [Wang 1997a, Lemma 2.2] we
can assume that H\%(R) = 0 and show that rt(/) < ;. Suppose

F(Ti, Ty) =ryT +FN—1T1N71T2 Ty,

with N > [y, provides a relation on (x, y). That is,

N-1

(6-1) rvx +ryox¥ Ty 4+ gy =0,

We may assume that ry # 0, otherwise we can factor out a power of 7.
Let y € s{(R) be a homology multiplier which is part of an s.o.p. (in particular,
y is not a zero-divisor). Let [ = )L(Hg(R/yR)). By [Wang 1997a, Lemma 3.7]
we have that [ < [;. It follows from (6-1) that ry € y : x"V. Thus, since y is a
homology multiplier, we have
yry € ().

Similarly, (6-1) implies that ryx +ry_1y € y>: x¥~!, and so

y(rnx +ry-1y) € (0%).
Proceeding in this way, we obtain a sequence of relations as follows.

yry =s1y,  yOnx+ry_1y) =sy5 ...,
(6-2)
ynxN ey N Py N = sy,

where 51, ..., sy € R.
For every 1 < j < N, from (6-2) we have s; € (y : y/) C H2(R/yR). Since
N > [y, there exists p <[ such that

Sp-i-l € (V’ S§1y .- 7sp)'
Write
SP+1 =ay +blsl +-- '+bpsp~
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Substituting this into the relation y (ryx?4+ry_1x? " y+- - Fry_pyP)= s,,Jrly"Jrl
in (6-2), we obtain

]/(I”pr +rN—1xp_1y +-- +VN—pyp) =(@y+bisi+--- +bpsp)yp+l
=ayy"™ 4+ bisiyP T 4 b s,y
that is,
y(rvx? +ryoixPly ok (ryop —ay)y?)
= (b1y")s1y + (b2y? Dsoy? + -+ (bpy)spy?.

Using (6-2), replace each term (b4 yP=i )Sj+1Yj+1 on the right-hand side with
y(rnbj1yPDxd + -+ (rn—jbj+1y? ) y7). Moving everything to the left-
hand side and observing that (rybj+1y?~/)x/ = (rybj+1)x’ yP~/ < ryx?, for each
j=1,..., p—1, we obtain, upon factoring out y,

y (rnx? + smaller terms) = 0.
But y is not a zero-divisor, so
ryx? + smaller terms = 0.
We thus get a new relation on (x, y),
G(T,Th)=rn Tlp + smaller terms

which has the same leading coefficient as F (71, T») but is of lower degree.

Now, write F = TIN_pG(Tl, T,) + T H(Ty, T»). Then, clearly H (T}, T,) also
provides a relation on (x, y) and is of smaller degree than F (T, 77). That is,
F (T, T>) can be written as a combination of relations of lower degrees. This
proves our result. U

To prove the result for generalized CM rings of any dimension, we shall need
the following lemma of Schenzel (see [Wang 1997a, Theorem 3.2]).

Lemma 6.2. Let (R, m, k) be a d-dimensional Noetherian ring having finite local

cohomology. Let (x1, ..., x5) be part of an s.o.p. in R. Then,
( ) SAs—1
A(M>< (_-)KHiR.
(Xz,...,xs) _g 1 ( m( ))

Remark 6.3. Under the assumptions of Lemma 6.2, we have

0 (2, ..., x0) i xP° (X2, ..., x5):xV
Hu(R/ G2 3)) = e = o)
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for some positive integer n. Since if (xy, ..., xy) is part of an s.o.p. then so is
(x},x2,...,x5), Lemma 6.2 now gives
— /s—1 i
AHAR G2, x0) = D0 (U7 )AHRR)).
i=0

Our result for generalized CM rings of any dimension is stated as follows.

Theorem 6.4. Let (R, m, k) be a local ring of dimension d such that )»(H,il(R)) <
oo for 0 <i <d —1. Then R has a uniform bound on relation type of parameter
ideals.

Proof. By [Wang 1997b, Lemma 4.1], since our hypotheses pass to the completion,
we may assume that R is complete. By [Wang 1997a, Lemma 2.2], we may also
assume that Hg(R) =0. Next, by passing to a faithful extension of R if necessary,
we may assume that k is infinite; see the proof of [Wang 1997a, Theorem 4.4].

Let I = (xy, ..., xg) be a parameter ideal in R. We can pick x4, x4—1, ..., X1
to form a superficial sequence and x; not to be a zero-divisor. We will use graded
reverse lex monomial ordering with x; > xp > --- > xgand 71 > T > --- > Ty.
Forg=2,...,d,let

d—q+1
d—q+1 ;
L, = ( 3 ( l. )A(H&(R))) s
i=0
Set L=(L,—1)+---+(Lys—1)+1. Let M(d, k, ) denote the Ramsey number
determined as in Lemma 5.2, and set K; = M(d, 1, L) = N;. We recursively
construct three sequences of finite numbers: for i > 2, let

be the number of all (i — 1)-tuples of nonnegative integers whose sum is at most
Ki_i;thenlet Ny =M(d,2K;_1, M;(L—1)+1) and K; =2K,;,_1 + N;.

To get the conclusion, it suffices to prove that any relation on xi, ..., x4 of
degree greater than K;_; can be written as a combination of relations of smaller
degrees. Consider an arbitrary relation of degree N > K41 in xq, ..., x4:

F=F(,...,T) = Z rnT".

. =N
That is, Il

(6-3) F(x1,...,xq) = Z rpx™ = 0.
|n|=N
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We can assume that 7,; does not divide the leading term of F, since otherwise we
can factor out 7; and get a relation of smaller degree (since x, is not a zero-divisor).
Let ord; (T") be the i-th component of n, and let ord ; (T") = Zz<, ord; (T"). We
shall show that for any 1 < j < d — 1, if F contains a term r, T™ (say m =
(my,...,mg)) withord_ ;11 (T™) > K; then we can write

F(T\,...,Ty)=H(Ty,....,T))G(T\, ..., T))+ F'(T1, ..., Ty),

where H is a monomial divisible by [];.;7."", G and F’ both provide rela-

i>j
tions in x, . .., X4, the leading term ry T* of G satisfies rka‘rm T™, and further
ord<j+1(Tk) <Kj and ordj+1(Tk) =...= ordd(Tk) =0 (in particular, the degree

of G is bounded by K;), and all terms r,, T"" of F’ with ord_;{(T"") > K; are
smaller than r,, T"™. By taking j = d — 1, and successively eliminating terms r,, T"
of F with ord_,(T") > K4_1, we then prove our theorem.

Suppose our assertion is not true. Let j be the smallest index for which our
assertion fails. Let F be a relation such that our assertion fails for this value of j.
In particular, F contains a term r, T" such that ord ;1 (T") > Kj. Let r,, T"° be
the largest term of F for which ord_ ;. (T™°) > K;. Among all such relations F’s
for which our assertion fails for j, we shall pick F such that r,,T™ is smallest
possible. Let ng = (no1, ..., noq). For simplicity, we write r for rp,. We shall
derive a contradiction.

From the choice of j, we may assume that

j—1
= Zno, <K;_
i=1

‘We first observe that

(6—4) n0j>Kj—Kj71:Kj71+]Vj.
Let J denote the set of all monomials in 77, ..., T, that appear in the expression
of F(Ty,...,Ty). Let
_ Tmo
P(Tl’~"aTd)::1_[Tin0l<rl—[T.ﬂ()l + Z rl’ll—[Tl’l():)
i>j i~ ! nel, r;;éno i~
1_[1>] o |Tn

be the sum of all terms of F divisible by [, ; T;"". We first observe that if r > n,
then from the choice of r,,,T"°, we must have ord<j+1 (T™) < Kj=ord_j1(T™),
whence

(6-5) > ord;(T") > ) " ordi (T™).

i>j i>j
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This implies that for all T" € J such that n > no, we must have [];_; Tnof 1T,
ie. r,T"isnotin P(Ty, ..., Td). It now follows from (6-3) that
x"
(6-6) r———m H ) D
i>j net, ”n<"0 i>j
1_[1>] X o |xn
P(xy,...,xq) . i
H—X € Z r,,x” : 1_[)6?0 .
) nel -]
l_[l>] IOI |dx
Since R is generalized Cohen—Macaulay (so s4(R) is m-primary), there exists a
positive integer qj’ such that xqf’ € A(R). Take B = (xj11, ..., xg). It can be seen

that if n < ng and [[,_; T, ; "OJ 1 T" then there exists / > j such that ord;(T") >
ord;(T™). On the other hand, if n > ng then it follows from (6-5) that there also
exists / > j such that ord;(T") > ord;(T"°). Thus, from (6-6), we have

4 x"o x"
(6—7) xjj<rw+ Z rnw> € B.
. l_[i>j xfoi |x"

Since x4, ..., x; form a superficial sequence, (6—7) and Remark 3.9 imply there
exists an integer ¢; such that

(6-8) x/( e n0,+ Yoo )eB(xl,...xdﬂf*“"Of—l.

neJ,n<no,

n0i
1_L>_/ X ' |x

i>j i>j

Write this as

no(j-1) 1o +q;
(6-9) I E Umx™ =0,

J J
lm|=gj+K+noj,
m<(no,...,no;+¢;,0,...,0)

and let
(6-10)  Q(T1,....Ty) = rT/" . .T7 "1™ 4 > UmT™
|m|=g;+K+no;,
m<(not,-...,n0;+q;,0,...,0)
= rTmO + Z Mme,
|m|=q;+K+ny;,
m<m
where mg = (moy, ..., mog) = (not, ..., noi—1), 1oj + gj, 0,...,0). Then,
o(Ty, ..., Ty) gives a new relation on x, ..., Xg4.

Let A be the collection of all terms of Q that are smaller than »T™°. For a
term u, T™ € A, we observe the following. If ord;(T™) = 0 for all i > j then
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we must have ord; (T™) > ord; (T™°) = my;, and so ord_;(T™) < K. Otherwise,
suppose there exists / > j such that ord;(T™) > 0. If ord; (T™) > K;_; then from

the choice of j, we may write Q(T\,...,Ty;) = H(Ty, ..., T))G(Ty, ..., Ty) +
Q'(Ty, ..., T;) where H is a monomial divisible by 7; (since ord;(T™) > 0), G
and Q’ are relations on x, ..., x4, G has the form
(6-11) G(Ti.....To =ve, T + Y wT*,

k<ko, |k|=|ko|
with kaTk0|umT'", ord<j(Tk°) < K;_; and ordj(TkO) = ... = ordy(T*) = 0.
Notice that since H is divisible by T;, all terms in H(Ty, ..., Ty)G(Ty, ..., Ty)

are smaller than rT™°. By replacing Q by Q' and repeating the process to succes-
sively remove all terms u,, T™ € A such that ord_;(T™) > K;_; from Q, we may

assume that in our relation Q(T1, ..., Ty), every term u,, T™ satisfies the condition
ord<j(T'") < Kj—l-
Let y € A(R) be a homology multiplier such that (y, xy, ..., )’C}, ..., Xq) 18 an

s.0.p. Since y is part of an s.o.p. and Hr?l(R) = 0, y is not a zero-divisor. Let
M denote the set of all monomials appearing in Q. Recall that K =), _ jnoi =
Zi<j mo; < Kj_l and B = (Xj+1, e X4).

moj—Kj—1,

Let F(Ty, ..., Ty) be the sum of all terms of Q that are divisible by 7}

moj—&y [ T™ ™"
B, T =170 <rm+ 2 ”'"W>

J meM ,m<my, j
7" =t pm
J

Fi(Ty, ..., Ty) )
Let Gi(Ty,...,T;) = — Then, (6-9) gives
T.mOJ_ j—1
J
Gi(x1,....,x9) € (x™ € M | m < myg, ord; (x™) < mg; — K;_1) :x;no"'_K"_1

= (x”’ eM | ord; (x™) < my; — K;_; and
.7K.7
ij ord; (x™) > K) :xij’ /-
This is because
Yoinjordi (x™) > Y ord; (x™) — ord_; (x™) — (mo; — Kj_1)
=Y ord; (x™0) — ord_; (x™) — (mo; — Kj_1)
>K +mo; — Kj_l — (m()j — Kj_l) =K.
Therefore, since y is a homology multiplier, we have

~ Ki_| pK+1
yGi(xy, ..., xqg) € (X1, ..., X}, ..., xq) ' B +l
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Similarly, let F»(Ty, ..., T;) be the sum of all terms of Q that are divisible by
Tmoj—Kj,1—1
j ’

moi—Ki_1—1 Tvm0 Tm
BT, ... Ty=T"" (”ﬁJr > ”mﬁ)

j meM,m<my, j
mg;i—K;j_1—1
7} 0j %) |Tm

ie.,

_hBM,.... Ty
- 7}"10./'—1(1—!—1

and let Go(Ty, ..., Ty) , we then have

mo;—Kj-1—1

Ga(xi, ..., xq) € (x™ € M |m < my, ord; (x™) <mo; — Kj—1 = 1) : x;

= (x'" eM | ord; (x™) <mp; — Kj—1 — 1 and

> jordi(x™) > K +1) :x

moj—Kj—1—1
i .

This is because
Zi>j ord; (x™) > Z?:l ord; (x™) —ord_;(x™) — (mg; — Kj—1 — 1)
= Zle ord; (x™0) —ord_; (x™) — (mg; — Kj—1 — 1)
>K+my; —Kj—1—(mo; —K; 1 —1)=K+1.
Thus, again since y is a homology multiplier, we get
YGa(X1, ..oy Xa) € (X1y vy Ky oo, xg) K71 BEF2,

Proceeding in this way, we obtain:

yGi(xi, ..., xq) € (X1,..., X, .. L xg) S pEAL
)/Gg(xl,...,xd)e(xl,...,)/c},...,xd)Kf*IBKﬁ, s
(6-12) pr(xl,...,xd)e(xl,...,)’c},...,xd)KHBK+p, .
VGmoj—qu-i-l(xla ..., Xq) € (x1, ... ,)’C'}, e, xd)Kj’lBK—’_mOj_Kj"-’_l,
where
G,(Th,...,Ty)= B, ..., Ta) =rT"" ...Tini()l(j’l)TjKj’l+p_l + smaller terms

Y}mOj*Kj—I*IH‘l

and F,(T1, ..., T;) is the sum of all terms in Q that are divisible by i~ Ki-i=p H,

J
forlfpfmoj—Kj_l—i—l.
Observe that G, (x1, ..., xg) has degree K; |+ K+p—1inxy,.. .,55}, ey X4

LetCp = (x1,..., )’c;, ..., xg)Ki-1 BK+P Tt follows from the relations (6—12) that,
foreach1<p<mo;—K;_+1,wecanwrite yG,(xy, ..., xq) =Hp(x1, ..., xq),
where H,(x1, ..., xq) € C) is a polynomial of degree K;_;+K +ponxi, ..., X,

..., Xq. From now on, we shall write G, for G, (x1, ..., x4), and likewise for H,.
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We order the terms in H,, with respect to our monomial ordering (graded reverse
lex), and let s, be the leading coefficient of H,. That is,

m

yGi=s1X" + Y SmX™,

Y Gy = spx™ +Zm<m2 SmX™, ...,

(6-13)
yGp =s5,x" + Zm<mp Smx™, ...,

_ mmO-—K-,l-H m
meOj—Kj—l‘i'l = Smo;—Kj_1+1X + Zm<m,,1oj_,(j71+1 SmX™,

where x™» € C, and [m,| = K;_; + K + p. In the p-th equality of (6-13), among
all different ways of writing y G, = H, where G is a polynomial expression in

. mocj—1) Kj—1+p—1
X1, ..., xq of degree K;_;+K + p—1 and leading term rx}""" .. .xj_oi’ ”xj 1P
and H, is a polynomial expressionin xi, ..., x4 of degree K;_1+K + p, we choose

the one with smallest possible leading term s,x™» on the right-hand side.
Claim 6.5. There exists an integer p < N; such that H, = 0.
Proof of Claim. From (6-4) we have mo; —K;_1+1>no; —K;_1+1> N;+1. By
contradiction, suppose the assertion is false. That is, s, ..., SN, are all nonzero.
Fix an integer 1 < p <mg; — K;_1+ 1, and suppose the x;’s that appear in x™» are
in {x; | i > h}\{x;} (and & is chosen to be the largest integer with this property).
Then

spe(y. (x™eCp|m<mp}):x"

= (v, {x™ € Cp | ord;(x™) > ord;(x™7) for some i > h+1}) : x™7.

Choose o € s(R) such that (y, {Xnet, oo xab\(xj}, a) is part of an s.0.p. (since
xp divides x™», we have h # j, so this choice is possible). Then,

asp € (v, {Xnt1, .- xad\(x;}),  thatis, s, € (v, {xng1, ..., xad\ %)) s e

Since R is a generalized Cohen—Macaulay ring and (y, {Xntt, oo xab\{xj}, Ol) is
part of an s.0.p., o avoids all associated primes of (y, {Xn+1, ..., xd}\{xj}) except
possibly m. Hence, we have

5p€ Ho(R/ (v, (xhtts -, xa\lx})),

where 5, denotes the image of s, in R/(y, {Xp+1s ..., xd}\{xj}).
Consider the sequence {m, m,, ..., mN_i}. Since

Ny =M. 2K;_. My(L— 1)+ 1) = M(d., Kj—y + K. My(L— 1) + 1)

and [m| = K;_+ K +1, it follows from Lemma 5.2 that there exists an increasing
subsequence of length V = M;(L — 1) + 1, say m;, <m;, < --- <my,, with 1 <
Lh<b<---<ly SN]‘ §moj—Kj_1. Since sz(xl, ...,56;, ...,xd)Kj’lBKer,
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we have ord_;(x™») < K;_; forany 1 < p < mg; — K;_1 + 1. Thus, since M;
is the number of (j — 1)-tuples of nonnegative integers whose sum is at most
K;_1, we can choose from the sequence m; < m;, < --- < my, a subsequence
of length L, m;, < m;, < --- < m,;, such that they have the same j — 1 first
components, i.e., for any 1 < a, b < L we have (ord;(x™«), ..., ord;_j(x™a)) =
(ord; (x™), ..., ordj_1(x™?»)). Since L = (L, —1)+--- 4+ (Lg — 1)+ 1, we can
choose from this sequence yet another subsequence m, <m,, <---<m, Lg? for
some 2 < g <d, such that

Ep, € H,%(R/(V, {-xq-i-lv ce xd}\{xj}))’

foranyr=1,2,..., L,. It follows from Remark 6.3 that

MH(R/(v: (g1 xah\}))) < Lo,

SO we can write L,-1
Spr, = Z aixi +ajy + Z bisp,.

i>q,itj i=1

Substitute this into the equality y G, 1, = Hp, to get

L,—1
m m m
6-14) y(Gp,, —ajx Plg) = E aixix "t + E bispx " + E smx™
i.>q', i=1 m<mqu
i#] I
xMrLg k. 7 x"rLg m
— . —l  — i
= E (aixq) < + E (b, P >Spix pi
i>q, 4 i=1
i#]j
+ E Smx™.

Since x4 € C pry> We have (after absorbing extra powers into the coefficient if

m moci—y Kji—1+pr,—1
necessary) a;jx 't < rx{" . x Y x 7. Also,

XX
m

X ]’L‘/X,' mp, .
— Lt <x " fori>gq.
Xq

Furthermore, since m pry and m , have the same j — 1 first components, we have

x"a [x™ri € (Xj+1,-..,Xq), which then implies that all terms of b; (x™"La Jx™ri) Gy

mo mo(j—1y  Kj-1+pLy—

are smaller than rx| X 1. Thus, after using (6—13) to replace

sp, x"ri by (y Gy — Z\m|=lmp[ | m<m,, smx”’) in (6-14) and moving terms involving

y to the left-hand side, we get a relation

mogj—1y Kj-1+pry—1
y(Gqu + terms smaller than rx}™ .. .x ) "x /" T )

2
j—1 J =H

PLy’
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That is,

mo(i—1y Kj—1+pr,—1
(J )x_ q

6-15)  y(ra Yy

_ /
+ smaller terms) =H pLy’

where the leading term of H [’,L is strictly smaller than s, x""La | which is the
q

leading term of H pLy- This contradicts the way (6—13) was chosen. Our claim is

proved. U

We have just shown that there exists an integer p < N; such that the p-th equality
in (6-13) is y G, = 0. Thus, since y is not a zero-divisor, G, = 0. That is,

iy Ki1+p—1
rxy" ...x;rﬁ)i] 1)xj =P 4 smaller terms = 0.
This gives a relation on x1, . .., x4, which by abusing language we shall denote by
Gp:
i) K14 p—1
Gp(Ti,...., Ty =rT{" ... T}'T’l(" ”7} TP L Smaller terms

no(i— Ki_1+p—1
=rT" 7}_0(1’ ”7} IZITPTR 4 smaller terms.

Observe that K;_1 +p—1=<K;_; + N; — 1 < ng; by (6-4). We now can write

—Ki_1—p+1 ,
F(Tl,...,Td)z[Tjnw 1= HT;M»]GP(T],...,Td)+F’(T1,...,Td>,

i>j
where both G, and F " are relations on x1, ..., x4. It is clear that every term r, T"
of F’ with ord_;41(T") > K; is smaller than r,,T"°. We obtain a contradiction.
Hence, the theorem is proved. O

7. Relation type in rings with non-Cohen-Macaulay locus of dimension one

This section is devoted to treating the unknown situation where the ring R has
non-CM locus of dimension 1. Our main theorem shows that R satisfies bounded
relation type provided A(R)isa prime ideal in the completion R of R. As before,
throughout the section, (R, m, k) shall denote a local ring R with maximal ideal m
and residue field k.

Lemma 7.1. Let (R, m, k) be a complete unmixed local ring of dimension d > 3.
Assume that A(R) = P is a dimension one prime. Then )\(Hnll(R)) <oo. Letxg€R
be a non-zero-divisor such that its image in R/ P is in mR/P — m'R/ P for some
positive integer t. Then for any system of parameters x1, ..., xXq and any integer
1 < j <d there is a bound on )»(H%(R/(xj, ey xd))), depending only on v and j.

Proof. The assertion that )»(H,L(R)) < oo follows by duality. Let S € R be a Goren-
stein ring with R module-finite over S. Then Hnl.L(R) is dual to Ext‘Si_l(R , ). For
any nonmaximal prime Q C R of height &, let g = QN S. Then (Ext‘é*1 (R,8))o=
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Ext‘é ](RQ, Sy) is dual to Hh d+] (Rg). If h <d —1 this clearly vanishes. Other-
wise h = d—1, and the assumptlon that R is unmixed gives H) ORy (Rg)=0. Thus
AMHL(R) = A(Ext YR, 8)) < 0.

For simplicity of notation let x; = x. We next observe that the hypotheses give
the non-CM locus of R is { P, m}. Since x ¢ P, the ring R/x R is generalized CM.
Thus, if we can bound the lengths of H (R/xR) for 0 <i < d —2, depending only
on i and v then Schenzel’s result (Lemma 6.2) may be applied.

Since P = s4(R) annihilates H. (R) for 0 <i <d — 1, we see that H. (R) is
an Artinian R/P module. Let E = Eg,/p(R/m) be an injective hull. For each
1 < i < d there is an exact sequence 0 — HI’;(R) — E" - C; — 0 (and C;
is Artinian). From the snake lemma applied to multiplication of this short exact
sequence by x we get an exact sequence

(7-1)
0 — Anng; (g x — (Anng x)" — Annc, x — H}(R)/xH}(R) — E" /xE" =0.

We also have, from the sequence 0 — R S R—> R /xR — 0, the long exact
sequence in local cohomology, which gives

(7-2)  0— Hy(R)/xHy(R) — Hy(R/xR) = Annii g x — 0.

From (7-1) and (7-2) we see that it suffices to bound A(H/,(R)/xHL(R)) and
A(Ann HiFL(R) x) for i <d —2, and hence to bound A(Anng x) depending only on
v (using the fact that each C; embeds in a finite direct sum of E’s). By duality,
A(Anng x) = A(R/(P +xR)).

Thus the problem reduces to showing that if (S, m) is a one dimensional com-
plete domain and x € m — m"® then there is a bound on A(S/xS) which depends
only on t. Let T be the integral closure of S, and set N to be the degree of the
extension of fraction fields. Then Ag(S/xS) < NA¢p(T/xT). By Rees’s strong
valuation theorem, there is an integer k such that ordr(x) < ordg(x) + k [Rees
1988]. This shows that As(S/xS) < N(t+k). O

Theorem 7.2. Let (R, m, k) be a formally unmixed local ring of dimension d such
that A(R) is a prime ideal of dimension one in the completion R of R. Then R has
a uniform bound on relation type of parameter ideals.

Proof. By [Wang 1997b, Lemma 4.1], since our hypotheses pass to the completion,
we may assume that R is complete. By [Wang 1997a, Lemma 2.2], we may also
assume that Hg(R) = 0. Observe further that we can assume k is infinite. Indeed,
let S = R[ylmnr(y)- Then the residue field of S is infinite. Since R < § is smooth,
for c € R, R, is CM if and only if S, is CM. Thus, #(R)S C A(S). Moreover, for
any prime ideal P € R, PSS is prime. This implies that if s{(S) properly contains
SA(R)S then it is primary to the maximal ideal of S, and so § has f.l.c. It then
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follows that R has f.l.c., a contradiction. Hence, A(R)S = «(S). We may pass
from R to S and assume that k is infinite.

Let I = (x1, ..., xg) be a parameter ideal in R. We may pick x4, x4—1, ..., X
to form a superficial sequence. If d = 2, the theorem is true by [Wang 1997b].

Suppose d > 3. Since dim R/4(R) =1, in R/A(R), m + A(R) has a principal
minimal reduction w. Let ¢ be the reduction number of m+ s (R) in R/HA(R), and
let w be a representative of w in R. Suppose y € R. Then, there exists an integer
ty > 0 such that y e m" — m»~!in R/A(R). Observe that if ty > v+ 1, then we
can write y = y'w' + o where y’ e m®, [ =t, —vand & € sd(R). If t, <, we can
write y in the same form y = y'w’ + « by letting y =y, [ =0 and o = 0.

By replacing x; by a generic combination of x, ..., x;—, we may first assume
that t,, = min{t,, | 1 <i <d} (since being superficial is an open condition, after re-
placing x4 by a generic combination of x, . .., x4_1, the sequence x4, x4_1, ..., X]
is still superficial). We will now use Theorem 4.3 to modify our parameter ideal
as follows. If 7., > v+ 1 then we write x; = x,w’ +« where x;, e m®, t =1, —¢
and o € si(R). We may choose w, x/, and o such that (xi, ..., xs—1, w) and
(X1, ..., Xq—1, x;) are s.0.p.’s. Thatis, (x1, ..., xg—1, x,w") is ans.o.p. Let y; = x;
for1 <i <d—1, and y; = x/,w’. It follows from Theorem 4.3 that

t(xg, ..., xq) =1t(y15 ..., Yd)-
If t;, > v, then we let (y1, ..., yq) = (x1,...,xq) and xt’i = x4. The theorem will
be proved if we can show that rt(y;, ys, ..., y4) is uniformly bounded. By Lemma
4.5, we may assume that yy, ..., y; form a superficial sequence.
It follows from Lemma 7.1 that for 2 < g < d there exists a uniform bound B,
(depending only on ¢ and v) with the following property: if z,_1,...,24-1 € R
are such that (z,, ..., z4—1, x(}) is part of an s.0.p., then

AMHA(R/ (Zg—1, -+ 2d—1, X)) < By.
Forg=2,...,d, set
L, =max{B,, B;11}.
By considering the exact sequence 0 — R L R—>R /(y) — 0, for any non-zero-
divisor y € d(R) which is part of an s.0.p., it also follows from Lemma 7.1 that
there exists a uniform bound L, not depending on y such that

A(HA(R/())) < Las1.

LetL=(L,—1)+---+(Lgr1—1+1. Let M(d, k, ) be the Ramsey number de-
termined by Lemma 5.2. Similar to what was done in Theorem 6.4, we recursively
construct the following sequence of finite numbers: let K, = M(d, 1, L) = Ny;
and for i > 2, let M; = 3105 (T53), Ni = M(d, 2K;_1, M;(L — 1) + 1) and
Kl' = 2Ki—1 + Nl'.
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Our proof now proceeds along a very similar line of argument (with some mod-
ification at the end) as in Theorem 6.4. Use graded reverse lex monomial ordering
with y; >y, >--->yzand Ty > T» > - - - > Ty, and consider an arbitrary relation
in yq, ..., yq of degree N

(7-3) F(Ty,...,Ty) = Z raT" = 0.
|n|=N

As in Theorem 6.4, it suffices to show that for any 1 < j <d — 1, if F contains a
term r,, T™ (say m = (my, ..., my)) with ord ;1 (T™) > K; we can write

F(Ti,....,To) =H(Th, ..., T))G(Th, ..., Ta) + F'(Th, ..., Ta),

™M i

where H is a monomial divisible by [[;_; T,

G and F’ both provide rela-
tions in xy, ..., x4, the leading term ry T k of G satlsﬁes 'k T* |rm T™, and further
ord<j+1(Tk) < K; and orde(T") =...=ordy(T*) =0 (in particular, the degree
of G is bounded by K;), and all terms r,, T"' of F’ with ord;1(T"') > K; are
smaller than r,, T™.

Suppose our assertion is not true. As before, let j be the smallest index for which
there is a relation F contradicting our assertion. Suppose r,,,T"° is the largest term
of F for which ord_;1(T"°) > K;. We shall pick F such that r,,T"° is smallest
possible. Let ng = (no1, ..., nog). For simplicity, we write r for r,,. We shall
derive a contradiction.

From the choice of j, we may assume that K = ord_; (T "y < K j—1. Again, we
first observe that

(7-4) no;j >Kj—Kj,1=Kj,1+1Vj.

Let B=(yj+1, ..., ya). We proceed along the same line of argument used in going
from (6—4) to (6-7), with the exception that instead of having s{(R) we now have
HA(R) + (y4) being m-primary. Hence, yjqj —cyq € A(R) for some positive integer
g, and ¢ € R, and so

J
(yj!'_cyd)< 1_[ SR + Z Tn (ti) € B.

neJ,n<ng, ;. Yi
[Ty 3 " [y l>j
i>j i

i>j

Since y; € B, we get an equality similar to (6-7):

y-( n0,+ > rn‘l—[ )

neJ,n<ng,
l>j ,,Ol|
l_lz>, y
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By a similar argument as in Theorem 6.4 again (as to get (6—10) and the condition

in the next paragraph), we obtain a new relation in yy, ..., y;:
O(T1, ... Ty =rT}" ... T 4 3 U T™
|m|=q;+K+no;,

m<(n0| ..... noj+qj,0 ..... 0)
Tm() Tm
L § ”m ’

n<mg

where mo = (moy, ..., moq) = (no1, - .., no¢j—1), noj+4q;, 0, ..., 0), and each term
un T™ in Q satisfies ord;(T™) < K;_;.

Let y € #(R) be a homology multiplier in R such that (y, yi, ..., ¥, ..., Ya)
is an s.0.p. We also pick y such that y; is not in any associated primes of y.
Since y is part of an s.0.p. and H(R) = 0, y is not a zero-divisor. Recall that
K =ord_;(T") =ord;(T™) < K;_;. Foreach 1 < p <mg; — K;—1 + 1, let
F,(Ty, ..., T;) be the sum of all terms in Q that are divisible by Y}mOijjflpr,
and let
_F,(Ty, ..., Ty
- Z}mO./—Kj—l—PJrl -

Gp(Th, ..., Ty) rT . T‘mo("'_”T}K/_ﬁp_l—i— smaller terms.

j—1

We can continue in the same line of argument as in Theorem 6.4, up to (6-13), to
get a system of equalities which is similar to (6-13):

VGl = Slym1 +X:m<m1 Smym’

yG2=S2ym2+Zm<m2 Smym, RN

(7-5)
)/szspy’”ﬁ-{—zm<mpsmym, e,

— mn10-—K~_1+] m
VGmoj'—K_/—l-H—5771()j—1<_/_1+1y (e +Zm<mm0j,1<j_l+1 SmY" >

where y%' € Cp = (y1, .., 5j» -+ ya)5i-1BE*P \m | = K;_1 + K + p, and G,,
denotes G ,(y1,...,ya), for 1 < p <mo; — K;_1+ 1. Let H, = H,(y1, ..., Ya)
be the right-hand side of the p-th equality in (7-5). As before, among all possible
system of the form (7-5) associated to the relation Q(71, ..., Tz), we choose one
such that all the leading terms on the right-hand side are minimal.

The following claim is similar to Claim 6.5.

Claim 7.3. There exists an integer p < N; such that H, = 0.

Proof. By (7-4), we have mg; — K;_; +1 > N; + 1. By contradiction, suppose
the assertion is false. That is, sy, ..., SN; are all nonzero. Fix an integer 1 < p <
mo; — K;_1 + 1, and suppose the y;’s that appear in y™» are in {y; | i > h}\{y;}
(and h is chosen to be the largest integer with this property).
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If h <d, we have
spe (. (y"eCplm<mp}):y™
= ()/, {x"eC, ‘ ord; (y™) > ord; (y™7) for some i > h+1}) : y™».

Choose o € s4(R) such that the images of (y, {yn+1, ..., ya—1}\{y;}, @) form a
part of an s.0.p. in R/(x)) (this is possible because & # j and d > 3). Then,

asp € (v, ntts - ya\i}) S (v, Dntts - - o0 ya—1 N\ i) x3),
ie.,
sp € (Vs (Whsts oo ya—i N\ i} x)) s e
Letm,s,, Y,y =1,...,d), and a be the images of m,s,, y, yi(i =1,...,d),
and o in R/(x)). Since x); is part of an s.o.p., R/(x)) is a generalized Cohen—

Macaulay ring. Since (¥, {yx41, - - ., Ya—1}\{}j}, @) is part of an s.0.p., & avoids
all associated primes of (y, {yn+1, ..., Ya—1}\{)j}) except possibly m. Thus, we
have

Sp € HY(R/ G, Fntts - - - Va1t \FiD).
whence
5p€ Ho(R/(vy sty -« oy yami N1 x0),

here 5, denotes the image of s, in R/(y, hsts - ya—1 1\ i}, xl’i).
If h =d, then the p-th equality of (7-5) is

(7-6) vGp=spy,",

where m, = (0, ...,0,m,). Since y was chosen such that y, is not in any associ-
ated primes of y, we must have

5p € Ha(R/(1)).
Consider the sequence {m, m,, ..., m Nj}. Since
Nj=M(d.2K;—1, Mj(L = 1)+ 1) > M(d, K;_1 + K. Mj(L — 1) + 1),

it follows from Lemma 5.2 that there exists an increasing subsequence of length
V=ML-D+1,mj=mj = =mj,withl<ji<jp<-<jy=<N;=
mo; — K;_1. Since Cp, = (1, ..., &}, ...,yd)Kf*'BKﬂ’, we have ord_;(y"r) <
K;_y forany 1 < p <mg; — Kj_1 + 1. Thus, since M; is the number of (j — 1)-
tuples of nonnegative integers whose sum is at most K;_;, we can choose from the
sequence mj, <mj, <--- <m;, asubsequence of length L, m;, <m;, <---<m;,
such that they have the same j — 1 first components, i.e. for any 1 <a,b < L
we have (ord;(y™e), ..., ordj_i(y™a)) = (ord;(y™®), ..., ordj_1(y™?*)). Since
L=(L—1)+---+(Lg+1—1)+1, we can choose from this sequence a subsequence
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Mmp <mp, <---=mp, , for some 2 < g < d + 1, with the following property: if
q <d then

HQ(R/(r, (g1 -+ Yaar Ny x0)),

forallt=1,...,L,, andif g =d +1thens, € HO(R/(y)) forallt=1,..., L,.
Notice that when ¢ =d + 1, as in (7-6), forall t =1, ..., L,, the p;-th equality
of (7-5) is
vGp, = spxy;p[’
where m, = (0,...,0,m,,).
If g = d + 1, it follows from the choice of L, that we can write

Spry = Z bisy, +ay.
Substituting this into the equality y G pr, = Hp,,» we get

L,—1
(7=7) v(Gpr, —ayy e )= Z (Biva ™" " Yspyy"

i=1
We can now use the p;-th, ..., py —i-th equalities in (7-5) to simplify the right-
hand side of (7-7) as we did in the 2-dimensional case (Theorem 6.1), bringing all
terms with y to the left-hand side and absorbing extra powers into the coefficient
if necessary, to get

mogj—1) KI—I+PLq—1) —0

)/(G,,Lq + terms smaller than ry;"" ... ir Y

This contradicts the fact that the right-hand side of (7-5) was chosen to be minimal.
Consider the case g < d. By the choice of L,, we can write
L,—1
Spy = Y @Yi+ajy +aaxy+ ) bisy,.
g<i<d i=1
i#]
Substituting this into the equality y G pr, = Hp,,» we get

(7-8) ¥(Gp,, —ajy" ")

L,—1
m m m
= D aniy™ faaxpy"" 4y bisp Y4 Y sy
g<i<d, i=1 m<mp,
i#]
Mppr,
. r,m
= T 3 (b s+ 5 s
g<i<d, m<mp

i#]
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: my, L My moy mo(j-1y  Kj-1+pry—
Since y* "¢ € Cp, , we obtain a;y " <ry™ ...y, { "y

sorbing extra powers into the coefficient if necessary). Also,

] (after ab-

m,,L
Yy 1y

<y for g<i<d.
Yq

Since ym” Le and y™»i have the same j — 1 first components, we have ymp Lo /y™pi €

(¥j41s - - - » Ya), which then implies that all terms of b; (y™"-4/y™» ) G ,, are smaller
mo(j—1) Kj—l+PLq_

Tyl J

[pr,. — Z|m|=|m,,,. |m<mp, smym] in (7-8), we get a relation

than ry;"" . " Thus, after using (7-5) to replace s, y™» by

m oy Ko -1
(7-9) y(Gqu + terms smaller than ry}""' ...y;'ﬁ)(l’ Yy 1Ly )

/ / mp
= Hqu + agxqy ta ’

where the leading term of H 1/7L is strictly smaller than squxm”Lq , which is the
q
leading term of H,, .
If x/, = x4 (that is, x4 is in a small power of m), then

. m ymqu xé]
agxyy " = (aqyq) .
q

Thus, by absorbing y, into the coefficient, a,x), y""4 gives a term strictly smaller
than ym”Lq . We can rename H [/,Lq +aqx), ym" L in (7-9) as H I/,Lq. This contradicts
the way (7-5) was chosen.

Suppose now that y; = x;w'. Write y, = x,w’ + g for some g € (R) (this
is possible since Ix, = ty,). Write ym”q = ]_L-Zq’i#j yf". Then, since all terms of
H z/uq are smaller than ym” Lq , it follows from (7-9) that

ag € (v, It i > q.i # j}) 1)y
C(y. it g <i<d.i# j}, )y  xy™
Therefore,
(7-10) Base (v.vilg <i<d,i#j}w').

We also have

(7-11) adx;lym”q = adx(’l(x;wt +,B)yé"_1< I1 yfi) (xéwt)’d =
g<i<d

i#j
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l,—1 I; lq
= adxc/ixc/]wt)’qq ( I1 Vi ) (x:iwt)ld +,3adx[/1)’q ( I1 Vi >(xdu) )ld
g<i<d g<i<d
i#]j i#]j

l,—1 I
= (aax)(xw)Hyg ( I y,)+ﬁadx;,y; ( I yi><x;w’>’d
g<i<d g<i<d
i#]j i#]

l -1 ll' l 1 -1 ll'
= (agx,)y, ( [T v ) g Bagx,yg ( [T » ) (xpw'),

g<i<d g<i<d

i#] i#]
By (7-10), we can write

Bag =cjy + Z CuYu +cqw'.

g<u<d
i#]

Substituting this into (7-11), we get

(7-12)  agx,y™"a

lg—1 l; a+1 l;
=(adx;))7qq < H yi) it +ijxd)7q < H yj)(x:jwt)ld

g<i<d g<i<d
i#] i#]
l,—1 I;
+ > (Cuxp)yuyy ( I y,-)(x;wfﬂd
g<u<d q.<i<.d
i#] i# L l
ratuly™ (T o) e
g<i<d
i#]
lg—1 L\ e+l lg—1 L\ .
= (aaxy)yq ( [T v )yd" +¢YXgyqd ( [T ¥ )yd"
g<i<d g<i<d
i#]j i#]j
1,—1 I; ) l,—1 l; lg+1
+ Z (Cuxé))’uyqq ( H y,‘)ydd+cdyqq ( 1_[ yi)ydd+‘
g<u<d g<i<d g<i<d
iy i#] i#]
Observe that since y"% € (y1,..., 3}, ..., ya) ' B¥TPLa we have
ly—1 i\ la ymqu = K1 pK+pr,—1
yq l—[ yi yd: E(ylv""yj’--'9yd)J B 4 )
g<i<d Ya
i#]j

that is,

I,—1 I Kj1+pr,—
(C]xd)yq ( 1_[ yi)yd <ry;n01 yjmoij I)y]l q

g<i<d
i#j
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Hence, substituting (7-12) into (7-9), bringing terms with y to the left-hand side,
we get

mogj—1y  Kj—1+prs—1 —H"

(7-13) y(Gqu + terms smaller than ry}"" ...y, 7"y, ) =Hp, .

where the leading terms of H z/;L,, is strictly smaller than y"”*« which is the leading
term of H, Lo This contradicts the way (7-5) was chosen. Our claim is proved. [J

We have just shown that there must exist an integer p < N; such that
yG,=0.

Thus, since y is not a zero-divisor, we have G, = 0. That is,

ryi" .. y}@;"’”yjK"’ﬁp—l + smaller terms = 0.
This gives a new relation in yy, ..., Y4, which by abusing language we also denote
by G,
Gy(Ty,....,Ty)=rT{"" ... 7;._01(]'7”7}1(]'7&[7_1 + smaller terms
=rTy ... 7}@(1"71)7}1{"7'%_1 -+ smaller terms.

Once again, observe that K;_1+p—1=<K;_1+ N; —1 < ng; by (7-4). Therefore,
Wwe can write

K — 1 .
F(Tl,...,Td):[z}”of -1-pt HTino,}Gpm,...,Td)+F’<T1,...,Td),

i>j
where G, (T, ..., T;) and F'(Ty, ..., Ty) are relations in yq, ..., y;. Again, it is
clear that every term r,T" of F’ with ord;1(T") > K is smaller than r,,T™.
We obtain a contradiction. Hence, the theorem is proved. U

Let R be a ring of positive prime characteristic p. We denote the eth power of
the Frobenius endomorphism f : R — R sending x +— x” by f°. For g = p°, a
power of p, and I C R we let 1191 = (i9]i € I). The ideal I C R is called Frobenius
closed if whenever x9 € 1'9) then x € I. The ring R is called F-pure if f is a pure
morphism and cyclically F-pure if all ideals of R are Frobenius closed. When R
is excellent these conditions are equivalent [Hochster 1977].

Also, when R = §/J is the image of a regular local ring (S, n), Fedder [1983]
has given a criterion for F-purity in terms of J: namely, R is F-pure if and only if
Jlrl s J Z nlpl

When (R, m) is an excellent local ring then R is F-pure if and only if Ris F-
pure. Moreover, in an F-pure ring, the ideal s{(R) is radical. We may thus apply
Theorem 7.2 to obtain:
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Corollary 7.4. Let (R, m) be an complete local equidimensional F -pure ring such
that the defining ideal of the non-CM locus is a dimension one prime ideal. Then
R has a uniform bound on relation type of parameter ideals.
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