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ELLIPTIC FUNCTIONS TO THE QUINTIC BASE

HENG HUAT CHAN AND ZHI-GUO LIU

We study two elliptic functions to the quintic base and find two nonlinear
second order differential equations satisfied by them. We then derive two
recurrence relations involving certain Eisenstein series associated with the
group I'y(5). These recurrence relations allow us to derive infinite families
of identities involving the Eisenstein series and Dedekind »-products. An
imaginary transformation for one of the elliptic functions is also derived.

1. Introduction

2wit

Let g = e“™'*, where Im t > 0. The Dedekind n-function is defined by
n(t) =q""(q; ¢)co,

where
o0
(@ @)oo= [ (1 —ag"™").
n=1

Srinivasa Ramanujan, on a page of his t(n)-p(n) manuscript [Ramanujan 1988,
p. 139; Berndt and Ono 1999], stated without proof that

© . q" }75(5‘5)
(1-1) Z(E) =g @

n=1

where (—) is the Legendre symbol.
This identity is of great interest historically because Ramanujan deduced from
it his famous partition identity
o0 5. 5\5
3 p(n+4)g" = UL Y
= (@: D%
where p(n) is the number of partitions of n. Proofs of (1-1) can be found in [Bailey
1952a; 1952b], and more recently in [Shen 1994, p. 329; Chan 1995].
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In an unpublished work, Z.-G. Liu and R. P. Lewis discovered that

i n3(qn _q2n _q3n +q4n) B 7]5(51')

1-2 = A(1),
(1= . (I—¢™) 2 O
where
(1-3) A(r) =

n>1 n>1

571\ 6 500\ 12
<r>\/ e (n( ﬂ) s (n< ﬂ)
~ 260 n(z) n(r)
The last identity relating A(t) to n-products can be found in [Berndt et al. 2000,

Lemma 3.6].
If we rewrite the left-hand side of (1-1) as

o n q" B o n(qn_q2n_q3n+q
; (5) (1—gm? ; (1-4%)

4n)

and set

X ko.n 2n 3n 4n
n“(q" —q”" —q" +q™)
Li(g) = E =) :

n=1
then we observe that (1-1) and (1-2) correspond to expressions in terms of the
Dedekind n-products for L;(g) when k =1 and 3 respectively.

Motivated by our recent paper [Chan and Liu 2003], we propose to construct a
recurrence satisfied by Loz41(q), which would then give us expressions of Lyg1(q)
in terms of n products for every integer k > 0. In order to achieve this, we first
define

Q2 )2k+l

(1-4) V<u|r>—4Z(— D Gk yibrn @

In Section 2, we will see that V (u|t) is a elliptic function with periods 7 and S t.
In Sections 3 and 4, we construct two differential equations associated with V (u|7)
and

(=D*@uy*
(1-5) M(u|7) = (A(>+6Z o 52k+1(q>),

where A(t) is given by (1-3) and

k( 2n 3n 4n
9" +q +q +q )
Scg) =Y " .

n>1
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Using these differential equations, we obtain two difference equations satisfied
by Sx+1(q) and Lyiy1(g). These equations allow us to tabulate S;y1(g) and
Lox+1(g) in terms of the modular functions

(5D’ UNC)
(-0 x_(n(r)) ad 2=

for any k > 1. In Section 5, we study the behavior of V (#|t) under the imaginary
transformation 7 — —1/(5t). As a corollary, we indicate some computations of
special values of Dirichlet L-series.

2. The Jacobi theta function #4(#|7) and V (u|7)

Recall that the Jacobi theta functions ¢ (u|7) and ¥4(u|7) are given by

D1(ulr) =292 (=1)"q" "V sin@n + Dyu,

n>0

o
94|ty =142 (=1)"q""/? cos 2nu.
n>1

From [Whittaker and Watson 1927, p. 489] we know that

4(u|r) Z — sin 2nu.
n>1
Hence,
o) 0y
ﬁ—j(u +3n7|57) + ﬁ—j(u —3n7|57)
an/Z
=4 Z m (sin2n(u + %T[‘L') +sin2n(u — %JT‘L'))
n>1
5n/2
=8 Z 15 cos 3nmt sin2nu
n>1 —4
5n/2(,,3n/2 —3n/2
_4 q (ql —;q ) sin2nu =4 Z a sin 2nu.
n>1 —4 nzl B

Similarly,

o 9!
ﬁ—:(u—l-%ntlSr)—i-ﬁ—j(u ~larlsn=4) ql _+q

n>1

sin 2nu.
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This implies that

v o
@-1) V@lt)=-2u+3nt|50) + 2 —377|57)
ﬁ4 04 / /
—Au+irr)50) - ﬁ(u —1xz7157)
V4 2 V4 2 ’

where V (u|7) is given by (1-4). By using the transformation formulas

ﬁ{u) '+‘/‘( 22419 {< |7) {(|>2'
—(ult)=—1+—w—5snt|t), —W—71T|T)=—(U|T)—"LI,
51 U4 2 24 4]

we find that

¥ ¥ ) )
(2-2) —1(u +mt|57)+ —l(u —nmt|57) = —4(u + %nﬂSr) + —4(u — %nr |5T)
28 1241 V4 o

9, 9, o 0
—(W+2rt|St)+ —(u—2nt|57) = —(u+57t|57) + —(u — 577|57)
2 1231 U4 0y

2n 3n
(2-3) =4 Z % sin 2nu.
—q

Combining formulas (2—1) through (2-3), we conclude that

B 0/
2-4) V(ult) = ﬁ—l(u—i—nrlSr) + ﬁ—l(u—n‘r|5‘c)
1 1
/ /

ﬁ1(+2 157) ﬁl( 27 T|57)
——u TT T)— —(U—2LTTT T).
™ ™

3. Differential equations satisfied by V (u|t) and M (u|1)

Before we proceed with the derivation of a differential equation satisfied by V (u|t),
we first define the classical Eisenstein series to be used in the sequel. For Im t > 0,
the Eisenstein series E»(7) is given by

nqn 2mwit
(3-1) Ez(r)=1_2421_qn,q=e .

n>1

For integer k > 2, we define
(27.”-)2]( n2k—lqn
2k — D¢ (2k) e 1—gn’

(3-2) Exy(t) =1+

where

o(s) = Zni Res > 1.

n>1
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We now construct a differential equation satisfied by V (u|7). Define

Y(vt+u+mt|St) (vtu—mt|5T)
X M(w—u+2nt|5t)H (v—u—2m7|57)

9 (v|57)

f)=flr)=
where |u| < m|t|. Our choice of f(v|7) is clearly motivated by (2—4). Using the
transformation formulas

Dt +mlt)=—01(t]t) and O(r+7t|t) =—q 229 (t]1)

from [Whittaker and Watson 1927, p. 463], we verify that f(v) is an elliptic
function with periods w and 5z 7. It has a pole of order 4 at v = 0. Now, set
F(v) =v*f(v) and

By elementary calculations, we find that
res(f (v); v ="0) = £F(0) (¢°(0) + 3¢ (0)¢'(0) +¢"(0)) ,

where res(f (v); v = p) denotes the residue of f at the pole p. Since the sum of
residues of an elliptic function over a period parallelogram is zero and F(0) # 0,
we conclude that

(3-3) ¢*(0) +3¢(0)$'(0) + " (0) = 0.

Next, note that
4 ¥ 0 ¥
B4 ov)y=——4—w|St)+—@W+u+nt|57)+ —(W4+u—mnt|57)
v ™ ™ 8

V] At
+—W—u+2nrt|5t)+ —(W—u—2m7|57)
a1 g}

4 ¥ ¥
=-EGt)v+—=—@w+u+nat|5t)+ —w+u—mt|57)
3 2] ™

U] v 3
+ﬁ—(v—u+2nr|5r)+ﬁ—(v—u—ZnﬂSt)—i—0(v ),
1 1

where we have used the expansion

qn
1—g"

sin 2nt

,&/
(3-5) ﬂ—i(rlr):cott+4z

n>1

from [Whittaker and Watson 1927, p. 489] and the representation given in (3—1).
From (3-4), we find that

¢(0) =V (u|7).
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Differentiating (3—4) with respect to v and setting v = 0, we find that
9\ 9\
(3-6) ¢'(0)= 4E2(5t) + (19 ) (u+mnt|57)+ (19 ) (u—mt|57)
1

) / 2wt|5 ) / 27 t|5
+<ﬁ)(u+ 7T | r)—i—(ﬁ)(u— TT|57).

1
Differentiating both sides of (2-2) and (2-3), we conclude from (3-6) that

M (ult) = ¢'(0),

where M (u|7) is given by (1-5). Finally differentiating (3—4) twice and setting
v = 0, we conclude that

¢"(0) = V"(ul7),

by (2—-4). Substituting these expressions for ¢ (0), ¢’(0) and ¢”(0) into (3-3), we
conclude:

Theorem 3.1. V" (u|t) +3Mu|t)V (u|t) + V3(ult) = 0.
Corollary 3.2. For integer k > 1,
2k — D! Log—1-1)+1521+1

en'k-=0H -1

k—1k—1-2

Lojy1 =ALy_1+6 Z

4 Z Z (2k — D!'Lyjy1Loms1 Log—1—m—2)+1
= RQL+D'Cm+ DRk —=1—m—=2)+ 1)’

0 m=0

where Ly := Ly (q) and S := Si(q).

The recurrence in the corollary involves both L; and S;. In order to tabulate
Ly, we need another difference equation expressing Sy in terms of L and S; for
3 <s,t < k. To achieve this, we need to obtain a second differential equation
satisfied by M := M(u|t) and V := V(u|r). Using the method in the proof of
Theorem 3.1 with f replaced by

D1 (2v|57)
gw)=—"""(wt+u+nt|5St)1(v+u—mt|57)

9% (v[57)
x(v—u+2mt|5t)0 (v —u—2m7|57),
we find that
VO+14VIM +60M VPV + 15M° — BB Eg(57) + 6V DV
+20VAV +10(V")? +45M*V? + 15(— 8 Ey(51) + MP)(M + V*) =0,

where E4(t) and E¢(t) are given by (3-2) and @ denotes i-fold partial differen-
tiation with respect to u.
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It turns out that there is a differential equation simpler than the one just given:
G-7) M@ -8EG5r)+3M?+3(M - $A)VI+3VPV + (V) =0.

We will devote the next section to the proof this equation. In the meantime, here
is a result that follows immediately from (3-7):

Corollary 3.3. Fork > 2,

2k =2 Loj1 Log—i—-1)+1

Sok41=ASou—1 +6L Ly 1+6Z(21_1)!(2(k—l—1)+1)'

22k -1 —-1))!

k=3 k—1-3

k-
Z Qk =2 (S2(k—1-1)+152041 + Loy 1 Lagk—1-1y41)

D Z Z 2k —2)'Loj41 Lom1182(k—1-m—2)+1
= QU+D'Cn+ D) Rk —1—m —2))!

0 m=0

Alternate applications of Corollaries 3.2 and 3.3 yield tables for Ly and Sy
in terms of z and x given by (1-6). Here are first few terms derived from these
recurrences:

Li(q) = zx, S3(g) = 22 (x + 13x?),

L3(q) = zxA(7), S5(q) = 22 A(7) (x +31x?),

Ls(q) = 22x(1 +40x +335x2),  S7(¢q) = z*x (1 + 143x + 3255x% +20345x°).
4. Sketch of the proof of (3-7)

We first note that for k > 1,

n2k+1g5n n+lgn
(4-1) Su+1(q) =)  ——= —
+ ; 1 _q5n e 1 —q"
( 1)k+1 2k 4+ D¢k +2)(Exx42(57) — E2k+2(f))
(27.[)2k+2

where Ey(t) is given by (3-2). Ramanujan [Berndt et al. 2000, Theorems 3.1,
3.2] offered the identities expressing E4(t), E4(57), Es(t) and Eg(57) in terms
of x, z and A, and since Ey(t) can be expressed in terms of E4(t) and Eg(7)
by [Serre 1973, Corollary 2, p. 89], we can compute Syr+1(g) in terms of x, z,
and A(t) for any positive integer k, and in particular for 1 < k < 9. Now, using
Corollary 3.2, we compute Ly;41(q) in terms of x, z and A for 0 < k < 8 using
the identity

A%(7) = 22(1 4+ 22x + 125x7),
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which follows from (1-3) and the definitions of x and z in (1-6). These yield a
total of 18 identities, which gives Log4+; and Sp,4; in terms of x, z and A(t) for
O0<s<8and1<r<09.

The coefficients of u?*! in V (u|t) and u?* in M (u|r) are constant multiples
of Lo+ and Soxy respectively, by (1-4) and (1-5). Hence, we may write

8
V(ult) =" Fi(x, z, A+ +0@'),
(4-2) =0 .
M (u|t) = %‘A(r) +> " Grlx, 2 A +0w™),

k=1

where Fy and G are certain polynomials in x, z and A(7).
Identity (3-7) is discovered by first assuming that there is a relation between
M® o Eg(5T),M?> (M +a2A) V?, VAV, and (V')?, namely,

M@ £y E¢(57) 4+ BIM?* + By (M +02A) V+ B3 VAV 4+ (V)2 =0.

We then use the representations (4-2) to establish relations among B;’s by equating
the coefficients of u*. The determination of B;’s gives (3—7) immediately.

In order to show that (3—7) is valid, we note that M and V are both elliptic
functions with the total number of poles being 8 and 4 respectively; see (2—4) and
(3-6). Therefore the left-hand side /4 (u) of (3-7) is an elliptic function with at
most 16 poles. We know that an elliptic function has the same number of poles
and zeros in a period parallelogram. Hence, /(1) must have at most 16 zeros in a
period parallelogram. This last step can be established by using the representations
(4-2) and showing that h(u) = O(u'”).

5. Behavior of V (u|7) under the imaginary transformation 7 — _Sl

T
T —i—ﬁ—{ u—2\t —ﬁ—{ u+2—n
th 5 h 5

o) 5 )
Theorem 5.1. The function U (u|t) and V (u|7) satisfy the transformation formula
14 (ﬁ
T
’19/
Proof. The function ﬁ—l(ult) satisfies the relation [Chan and Liu 2003, (4.2)]
1

O (u| 1\ _ 2iu V]

Let

D! T
U(u|‘l,')=l9—: u—i-g

1
— 5) =tU (u|7).
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Replacing u by u + % and u + 2?77 in (5-1), we find that

M (u , w 1 2iu | 2i V T
E<?+§_?)‘ TSy (”Jrst) and
v 2| 1 2iu | 4i 27
19_1(r+5r _;) +5+ —<u+? )

Replacing u# by —u in these two equations and using the fact that l9—(u|r) is an
odd function of u (see (3-5)), we find that

O (u w 1 2iu 2 v T
S <;‘57 ‘;)—7‘§+ o (”‘§ ’) and
191 5t T o T 5 191 5 ’
From these four equations we deduce Theorem 5.1 immediately. |

Let X5(n) = (%) and define

. ﬁ n2r—1 q"
6D Eun@) =14V G (5 ™)’ szm)

where

X
L(I", X5) = Z il(rn)
n>1

Our function U (u|t) can be expressed in terms of Ey, xs(q):

2r
Theorem 5.2. Uult) = =2 Z u ! (%) L(2r, X5)E2, x5(q).

r>1

Proof. Using (3-5), we find that

Uulr) = S@)+4 Y Sulw) zqn,

>1
where n=

2

T T 21
S(u)_cot(u+§)+cot<u—§> —cot(u—k?)—cot(u—?),

S, (u) = sin<2n (u+ %)) + sin<2n (u- %))
_ Sm(gn (u n %”)) - sin<2n (u - 2?”))

Here the last equality follows by elementary calculations using trigonometric iden-
tities.

= /5X5(n) sin 2nu.
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1 1
u—mn u+@m—Nm

From the expansion cotu = Z (

m>1

) , we then find that

4
(5-3) Sa)=Y Xs(k) cot <u n ’%)

k=1
1
_;;Xs(k)< +k7r/5 mm +u—|—kn/5_(m_1)n>
j— r 1 (_1)}"
_;u ( ) ;;m(@( m—k) 1 + (S(m_1)+k)r+l).

Next, we find that

2. Z (Snf 5(:))r+1 ) Z éigsmk)’]?l 2 );(fr(fl) =L+ X%s)

m>1 k=1 m>1 k=1 m>1

and

4
X5k
2 Y Gy = Lo+ 129

m>1 k=1

Hence, we conclude from (5-3) that

2r+2
Sy =-23"u?H @) LQ2r +2, Xs)

r>0
and this completes the proof of Theorem 5.2. 0

Now, using Theorem 5.2 and equating the coefficients of powers of « in Theorem
5.1, we derive a transformation formula for Lyx1; and Eog41 x5:

Theorem 5.3.

(— 1)k+1

2k +1)!
This result shows that there is a “one-to-one correspondence” between identities

satisfied by Ex2 x, and Lyg4 if we know the corresponding behavior of all the

functions in the identities under the transformation v — —1/(5t). We illustrate
our observation in the case kK = 0. In this case,

it 2 \H2 s —27i/(57)
L(2k +2. X5) Exp 2,1, (€¥77) = () o™ Lo (e ).

. 2 _
(5-4) L(2, X5)Ea x5 (eZmT) - _ (%T) t—le (e—Zm/(Sr)) ‘

From (1-1) and the transformation formula

n(—%) =V/—itn(7),
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we find that

. 1 .
L e—2m/(51) — __TZZ(eZﬂzr)’
1 ( ) J5
which upon substitution into (5-4) yields
. 47[2 .
(5-5) L(2, X5)Ep x5 (€7'7) = ——=2(e”™"").
5 2,Xs 2Sﬁ
Since the g-expansions of E; x, and z(g) start with 1, we conclude from (5-5) that
L2, Xs) 4
, X5) =
255
and
(5-6) E> xs(q) = z(q).

The latter is another identity of Ramanujan [Ramanujan 1988, p. 139].

The equivalence of (5-6) and (1-1) was illustrated in [Chan 1996]. However,
in that work, the special value L(2, X5) needed to be computed. Here, we obtain
the value L(2, Xs5) as a consequence of the transformation formula of n(r) and
Theorem 5.3.
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