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THE UNITARY DUAL OF THE HERMITIAN QUATERNIONIC
GROUP OF SPLIT RANK 2

MARCELA HANZER

We classify the irreducible noncuspidal representations of the hermitian
quaternionic group of split rank 2. We also find the complete noncuspidal
unitary dual of this nonquasisplit group.

1. Introduction and preliminaries

We are interested in studying the composition series and unitary dual of the p-adic
hermitian quaternionic group of semisimple rank 2, denoted by G, (D). This group
is not quasisplit, so the calculations of the unitary dual cannot be obtained by the
direct application of Shahidi’s methods. The group has an interesting feature: it
has an isolated unitary representation, a phenomenon that occurs, for example, in
the case of the exceptional group G».

We also calculate the unitary dual supported on the non-Siegel maximal par-
abolic subgroup using global methods similar to those used in [Mui¢ and Savin
2000] for the Siegel case, but resolving some obstacles related to the Langlands
correspondence between the hermitian quaternionic group of semisimple rank 1
and its split form. Similar classifications were obtained for classical split groups by
Sally and Tadi¢ [1993] for p-adic GSp(2, F') and Sp(2, F'), and by Konno [2001] for
the quasisplit unitary group. Regarding the exceptional groups, the classification
for the group G, was done by Mui¢ [1997]. In the classification of the subquotients
of the principal series of the hermitian quaternionic group we use the structure of
the W-Hopf module on the Grothendieck group of the representations of the finite
length. This structure in the case of the split connected groups with the root system
of types C,, and B, was observed by Tadi¢ [1995] and then, in the case of O (2n, F),
the similar result was obtained by Ban [1999].

In this section, we recall the structure of the hermitian quaternionic groups,
state a result about the aforementioned structure of the W-Hopf module on the
Grothendieck group, and state the Langlands’ classification and the criterion for
square integrability. We resolve the questions of the reducibility of the induced
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representations for the hermitian quaternionic group of the semisimple rank 1 and
make some observations about its structure.

In Section 2 we deal with the reducibility and composition series for the principal
series for the group G,(D). Sections 3 and 4 are devoted to the determination of
reducibility in the case of the induction from the maximal parabolic subgroups.
Section 5 is devoted to the classification of the noncuspidal part of the unitary dual
of the group G»(D).

For the admissible representation o of any group we consider, we denote by w,
its central character (if it exists). We will denote the Steinberg representation of
the group G by Stg. If H is a subgroup of the group G and g € G normalizes H,
for the representation o of the group H, we denote by 8o the representation of the
group H defined by 40 (h) = o (g~'hg). We denote by {«, B} the basis of the root
system corresponding to the maximal F-split torus in G,(D). The choice of the
maximal F-split torus will be given in the next subsection. Also {«, 8} will denote
the basis of the root system with respect to the diagonal subgroup in SO(4, F).

Hermitian quaternionic groups. Let F be a nonarchimedean local field of char-
acteristic zero, having residual field with g elements. We choose a uniformizer of
the field and denote it by w. Let D be a quaternionic algebra central over F and
let T be an involution (of the first kind) fixing the center of D. By [Mceglin et al.
1987], the division algebra D defines a reductive group G over F as follows. Let

Vi=elD®---®e,D®e, 1 DB---PBery D

be a right vector space over D. The relations (e;, e2,—j+1) =6;; fori=1,2,...,n
define a hermitian form on V,;:

(v,v) =¢et((V,v)) forv,v e V,, e e {—1,1},
(vx, Vx)=t(x)(v,v)x" forx,x e D.
We extend the involution T on M (k, D), denoting it by *:
g =g =1z
For a smooth representation 7 of the group GL(n, D), we define the representation
(@) =T1(g ).

By the observation in [Muié¢ and Savin 2000], for the irreducible smooth represen-
tation 7 of the group GL( -, D), the relation t* = 7 holds. Let G, (D, ¢) be the
group of the isometries of the form (-, -). We can also describe G, (D) as

0o J, 0 Jy
Gn(D)z{geGL(Zn,D):g*(_J O>g=(_J 0)},
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where J, = B . Using this characterization, the isomorphism

DRFF=MQ,F),

and the well-known explicit matrix realization of the algebra D, it is easy to see
that G, (D, ¢) is the group of F-rational points of a reductive algebraic group, an
inner form of the split group SO(4n) or Sp(4n), if e = —1 or ¢ = 1, respectively.
In this paper, we will do explicit calculations for the case ¢ = —1, so we drop
¢ from the notation and, unless otherwise specified, assume ¢ = —1. Having in
mind a matrix representation of the group of F-rational points, there is a maximal
(diagonal) split torus Ay which has the following set of F-rational points:

A
Ao

Ag(F) = )\'*1 :)\.ieF*

-1
)‘2

—1

A
The element of Ag(F) shown is denoted by diag(Aq, ..., A,). X(Ap) denotes

the group of F-rational characters on Ag, which can be identified with characters

on Ao(F). The root system corresponding to the maximal F-split torus is of type
C,, with the set of simple roots {¢;, i =1, ..., n}, where

ai(diag(ri, ..., Aa)) = Mir ), fori=1,....,n—1,

a, (diag(hy, ..., An)) = A2,
The standard Levi F-subgroups correspond to the subsets 6 of the set of simple
roots A = A(G,(D), Ap) in the root system and we denote them by My. To
describe the Levi subgroups My (F), we set B; = Jl(Al_l)*Jl if A; is a quadratic
matrix of order /.

(i) If a, ¢ 6 there are positive integers ny, na, ..., ng such that ) " n; =n and

Ay,

MQ(F) = Bnk : Ani € GL(I’ll‘, D)
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(ii) If o, € 6O there are positive integers ny, na, ..., ng, r such that Y "n; +r =n
and

My(F) = G (D) . Ay, € GL(n;, D)

By,

We describe the Langlands classification, following [Borel and Wallach 2000].
Let v(x) = |x|p if x € F and v(x) = |detx|g if x € D; here det is the norm
homomorphism. For any essentially square integrable representation (mod center)
& of the group GL(m, D), there exists a unique real number e(§) and a unique
square-integrable representation 8“ such that § = v §*. We say that an (ordered)
multiset (1, d2, . .., 8) of irreducible essentially square-integrable representations
of GL( -, D)-groups is in standard order if e(61) > e(62) > --- > e(8;). For the
representations §; of GL(-, D) groups and representation t of the group G, (D),
we write

Sixdyxx&xt=Ind" P850 ®6®1),

where P is a corresponding standard parabolic subgroup of G, (D). Suppose
(61, 62, ..., 8) is amultiset of irreducible essentially square-integrable representa-
tions of GL( -, D)-groups which is in the standard order, and assume that e(8x) > 0.
If t is an irreducible tempered representation of G, (D), we consider the represen-
tation § =381 ® 5 ® - - - ® 8¢ @ T of the corresponding standard Levi subgroup and
let

e(8) = (e(81), e(81), ..., e(), e(8),0,...,0) € X(A)) @7 R=R".

Here the number e(6;) appears in e(8) exactly n; times if §; is a representation of the
group GL(n;, D), and O appears r times. We introduce a partial order on X (Ag) ®z
R = R” related to the root system of type C,. We say that (x, x2,...,x,) <
(¥1, Y2, ..., yu) if and only if Zle x; < Zf:] y; for k =1, ..., n. This order is
the one obtained in general as follows. Let (-, - ) be the Weyl group-invariant scalar
product on X (Ap) ® R and let (81, B2, . .., Bn) be the basis bidual to («y, ..., ;).
Then for vy, v, € X (Ap) ®z R we say v < v, if and only if (vy, ;) < (v, B;) for
alli=1,...,n.

Lemma 1.1 (Langlands’ classification [Borel and Wallach 2000]). The induced
(standard) representation §; X 8y X - -+ X 8; X T, where the irreducible essentially
square-integrable representations (81, 62, ..., 8) are in the standard order with
e(8x) > 0 and where t is an irreducible tempered representation of the group
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G, (D), has a unique irreducible quotient, denoted L (31, 82, ..., O; T), which is
of the multiplicity one in the induced representation. In this way, we obtain ev-
ery irreducible representation of the group G, (D). If the standard representation
81 X 8 X - -+ X 8 X T has an irreducible subquotient c = L(8}, ..., 8; t') other
than its Langlands quotient, then e(8] @8, ®- - -®8, ®T') <e(§1®52Q- - - 5 ®T).

Given an admissible irreducible representation 7 of G, (D) and an ordered par-
tition @ = (n1,n2,...,n,) of n —r, let s) () denote the normalized Jacquet
module of 7 with respect to the standard parabolic subgroup P, with Levi subgroup
isomorphic to GL(n, D) x GL(ny, D) x - - - x GL(ng, D) x G, (D). Let P, denote
a standard parabolic subgroup minimal with the property that s()(7r) 7 0. Each
irreducible subquotient of s(y) () is necessarily cuspidal. The square integrabil-
ity criterion from [Casselman 1995] for general p-adic reductive groups readily
applies, and we obtain:

Lemma 1.2 (Square integrability criterion). A necessary and sufficient condition
for an irreducible admissible representation 7 to be square-integrable is that, for
every ordered partition « = (ny, na, ..., ng) of n —r minimal with the property
Sq(r) # 0 and every irreducible subquotient subquotient o of s() (), we have

(e(0), Bny4tn;) >0 foralli=1,... k.

Given an admissible representation o of the standard Levi subgroup My and an
element w of the Weyl group such that w(6) = 6’ is subset of the set of the simple
roots, we set N,y = No NwNyw~!, where Ny is the unipotent radical of the par-
abolic subgroup opposite to Py. For m € My we define the representation of My

by Yo (m) = o (w™'mw). We define (formally), for f e IndAGj;(D)(cr),

Aw(@) f(g) = /N Fw-ng)dn.

If this integral converges for every f, it defines the intertwining operator
Aw(0) : Indgp P (o) — Indyy P (Vo).

Often, the operator A,, will have some additional (complex) arguments, usually
denoting the action of the family of intertwining operators on the family of the
representations, which depends on these complex numbers in an obvious way. If
w is the longest element in the relative Weyl group, we call the operator A, the
long intertwining operator. Sometimes we use a different definition for the long
intertwining operator: we denote by 6; X §> x --- X & X 7 the representation of
My induced from the opposite (lower-triangular) parabolic subgroup. The long-
intertwining operator from the representation space of the standard representation
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81 X 82 x - -+ X 8 x T to the representation space of the representation §; X 8, x
-++ X 8k ¥ 7 is denoted by R and defined (formally) by

R(81®52®---®5k®r,N9,zV9)f<g>=/ f(ig) di.

No
If this operator is injective or surjective (for the standard representation §; x §p x
-+ X 8 X 1), the representation §; X §, X --- X 8 X t is irreducible.

Reducibility of the induced representations. We recall briefly some results from
[Bernstein et al. 1984; Tadi¢ 1990] about the reducibility of the induced repre-
sentations of GL(n, D). To the irreducible cuspidal representation o of the group
GL(n, D), Jacquet-Langlands correspondence attaches an irreducible essentially
square-integrable representation ¢’ of the group GL(2n, F). If ¢’ is a cuspidal
representation, we set s (o) = 1, and if ¢’ is a subquotient of the induced represen-
tation 7 x tv for some irreducible cuspidal representation t of the group GL(n, F),
we set s(o0) = 2. These are the only possibilities. We then set v, = V@) Then,
for the irreducible cuspidal representations o; of GL(n;, D) and GL(n,, D), the
representation o1 x oy is reducible if and only if n; = ny, s(o;) = s(02) and
o] = vgizlaz.

Using the factorization of the long intertwining operator [Speh and Vogan 1980]
we obtain the following lemma, for which see also [Tadi¢ 1994].

Lemma 1.3 (Reducibility of the principal series). For the irreducible admissible
representations T; of the D* the principal series representation T) X --- X t, X 1 of
the group G, (D) reduces if and only if

(i) there exists i such that t; x 1 or T; X 1 reduces in G{(D), or

(ii) there exist distinct i and j such that T; X Tj or T; X T; or ; X T; or T; X T
reduce in GL(2, D).

We will describe reducibility in G (D) shortly.

We recall from [Zelevinsky 1981; Tadi¢ 1990] the Hopf algebra structure on
the Grothendieck group R, of smooth representations of finite length of the group
GL(n, D). Let R(x) be the Grothendieck group related to the corresponding re-
ductive group, and R = ., R,. The multiplication m : R® R — R is defined
by induction, and Comultipligation m*: R — R ® R by Jacquet modules:

n
m*(m) = ZS-S(r(k,n—k),(n)(ﬂ)) €ER®R.
k=0
Here 7 is a smooth representation of finite length of GL(n, D), and 7 ,—x), () () €
Ri ® R, is the normalized Jacquet module with respect to the maximal standard
parabolic subgroup with Levi subgroup GL(k, D) x GL(n—k, D). By linearity, we
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extend the definition of m and m* to R. The tensor product R ® R has an algebra
structure in the usual way. The comultiplication m* is a ring homomorphism; the
proof can be found in [Zelevinsky 1981] for the case of general linear groups over
the field F.

Set R(G) = ®nzo R(G,(D)). This is obviously and R-module, and a comod-
ule structure is defined like the one in the GL-case: for a smooth, finite length
representation 7 of the group G, (D) we put

pu(o) = ZS-S(S(k)(U))-

k=0

Denote by s : R® R — R ® R the linear map such that s(m; ® m) = mp, ® 7y for
representations 1 and ;. Define the ring homomorphism W : R - R ® R by

Y=m®1)o(~@m*)osom®.

Proposition 1.4 (The W-Hopf module structure on R(G)). For the smooth, finite
length representation w of the group GL(m, D), and smooth, finite length repre-
sentation o of the group G (D) we have

W (T x o) =W (r) x u* (o).
Proof. As in the split case in [Tadi¢ 1995]. Il

Proposition 1.5 (R-groups). Let o1, 02, . .., oy denote discrete series representa-
tions of general linear groups over the division algebra D, and t a discrete series
representation of G,(D). The representation

O] X0 X+ XOXT

is multiplicity-free and has length 2¢, where d is the number of mutually nonequiv-
alent o; such that o; x T reduces.

Proof. This is proved in [Hanzer 2004]. Ol

Structure and reducibility results for G(D). It is easy to see that

ad1 bdl

D Gl(D)={[Cd1 dd

];a,b,c,dEF, dy e D, (ad—bc)dlt(dl)zl}.

So there is an epimorphism
¢:G1(D) — F*/(F*)?*, ¢(g) = (ad — bc)(F*)*

whose kernel is isomorphic to SL(2, F)D;, where D; denotes the subgroup of
elements of norm 1 in D*, and is realized as a subgroup of diagonal matrices in
G(D). Also SL2, F)N D = {*1}.
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From now on, for irreducible smooth representations of D* (which are always
finite-dimensional) we will use x to denote (unitary) characters and t to denote
(unitary) higher-dimensional representations. The distinction is important, be-
cause, by the Jacquet-Langlands correspondence, characters correspond to twists
of the Steinberg representation of GL(2, F'), and higher-dimensional representa-
tions of D* correspond to the cuspidal representations of GL(2, F') [Bernstein et al.
1984]. Each (continuous) character x of D* is of the form y = x’ o det, for some
character x’ of the field F.

Proposition 1.6. Assume t and x are irreducible admissible representations of D*.

(1) If t 221, then Tv* x 1 is irreducible for all s € R.
(i) If x> # 1, then xv* x 1 is irreducible for all s € R

(iii) Assume © = T. Then tv° % 1 reduces if and only if s = :I:% and w; =1 or
s =0and w; # 1.

(iv) If x= =1, xv* x 1 reduces if and only if s = +5.

In both cases, when we have reducibility at s = :I:%, the induced representation
has length 2 and one of the subquotients is a square-integrable representation,
denoted by S[le/z; 1] (or 8[tvY/?; 1]). When the representation T X 1 reduces,
it is a direct sum of the two nonequivalent tempered representations. The square-
integrable representations obtained this way are mutually inequivalent.

Proof. Let wg be the unique nontrivial element of the Weyl group of G(D). Ap-
plying the standard result of Harish-Chandra [Ban 1999], and taking into account
the action of the Weyl group, the representation 7v* x 1 of G (D) reduces for some
s € Ronlyif * =7 = 7. So we assume that T = 7. Let

Ay (T, 9) fi(e) = / fs(wg ' u) du
U

be the action of the standard intertwining operator, where f denotes a function in
the “compact” picture of the representation 7 X 1 and f; is its analytic section.
Make the identification U = F. We have the explicit calculation:

00 —1
Ay (T, 5) fi(e) = fowg 'y dn+ 3 g7 o @) /0* / ([iﬁk 2]) au
k=1

[n]<1

We denote by K,, the m-th congruence subgroup in GL(2, D). If we denote the
first integral above, which always converges, by Iy, and if f is (K, N G1(D))-
right-invariant, we get
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m—1
— s _ 1 0
Auy (T, S)fs(e)=11+;q 25 @, (@) /O w ) f ([u—lak 1]) du
+Zq_2k‘ywr(5)")f(e)/ w, (1) du.
k=m o*

We conclude that the operator A, (7, s) is holomorphic at s = 0 if and only
if the central character w, of the representation 7 is nontrivial. By the results of
Harish-Chandra, in this situation the induced representation is reducible at s = 0,
and this is the only point of the reducibility [Silberger 1980].

Now consider the self-contragredient representations t (or x ) with trivial central
character so the induced representation is irreducible at s = 0.

We determine the poles of the Plancherel measure by computing the composition
of the intertwining operators A, (7, s) Ay, (T, —5). Set ﬂ = Ay, (t, —5) f—s. Then

tuiro o= a7 ([ L 1] e
0
—2s—1 2s—1 0
= [ e ([ g V]) aeae

To detect the poles of the Plancherel measure, it is enough to consider an f such
that supp f—s C PyUo and such that

10 0 if[§]>1,
f—S |[70 1 = .
3 vo if |E] < 1.
The vector vy belongs to the representation space of t. After some simple calcu-
lations, we conclude that the composition of those intertwining operators is trivial

only for s = :I:%. (Note that the characters of D* having order at most 2 are
necessarily trivial on F*.) U

2. The principal series representations

In this section we write down all the composition factors for the principal series
representations, identifying the occurrence of square-integrable and tempered irre-
ducible subquotients.

Recall that to each square-integrable representation of GL(#n, D) is attached a
segment of cuspidal representations [Tadi¢ 1990]. So the (essentially) unique
square-integrable subquotient of the representation pv X ,ovk I'x...xpis denoted
by §(pvk »+ ). Here p denotes the cuspidal representation of some GL(m, D). In
our case, v, = v for segments of characters of D* and v, = v for segments of
higher dimensional irreducible cuspidal representations of D*.
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The next two propositions describe the composition series of all principal series
induced from the characters. Lemma 1.3 and Proposition 1.6 give the reducibility
points.

Proposition 2.1. Let x| be a unitary character of D* and take oo € R. In the
Grothendieck group R(G,(D)), we have

xiv® x xiv¥t? sl =

LOav28(w, v D) 4o+ LOa v 800w 2 1) + Loy, v 1)
~ 1
lf X12 = 1’ a = 2

LOav' 28w, v= 15 D) +ma+ LOnv 2 80av! /2 1D + LOav™2, xiv'/2 1)

l:lezzlva=_%’

LOavet! 8, v D +LOave ™2, xiv¥s 1) if @ e RT\ {3},
JLOav's, v D+ L(xiv% x1 x 1) if a =0,

LOave 8w, v h; 1) + L +2, v 1) if @ € (—=1,0)\ (-1},

LG, v D+ L0av, x; 'vi D if o =—1,

L(Xl_lv_l_"‘S(v, v 1) +L(X]_1v_"‘, xivet2: 1) if a e (=2,-1),

L ws, v D+ Lx v = 1) if @ =—2,

Lix; 728w, v™ ) D+LOG v 0, v 5 D) ifa < =2,
The representations | and m, are square-integrable and mutually inequivalent.

Proof. In the course of the proof we will make extensive use of [Tadi¢ 1998,
Remark 3.2 and Lemma 3.7]. We have

x1v® X xv¥t2 sl = x® s, v ) T4+ L v 2, xv®) x 1.
Using the W-Hopf module structure (Proposition 1.4) we obtain

s@ Oy 8w v ) 1)
x* s v he1+ Xl_lv*(“H)(S(v, v ) @1+ xr v x P el

and
sayOav s v x D = x* @ x v x 1+ 3 v @ xv* T x 1L

First, assume that all three expressions Xl_l VX 42 ®1, xv¥x 1 and xv¥t2x1
are irreducible. Then, applying [Tadi¢ 1998, Lemma 3.7] on Jacquet subquotients,
we see that, in that case, the representation le“H(S(v, v‘l) x 1 is irreducible. In
general (without assumptions on the reducibility of those three expressions), with
the aid of the Aubert involution [1995], we conclude that xw"‘“é(v, v %1 and
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L(x1v**2, x1v%) x 1 have the same length. So with the previous assumption, the
representation xv% x x;v*+2 x 1 has length 2.

Second, assume x, 'y=® x x;v**2 is reducible. This implies X12 =landa €
{0, —2}. For each choice of o from this set, we get representations which are the

same in the Grothendieck group. We have
X1v2 X x1 X 1= xvé(v, 1)71) X l—f—lelGL(z,D) x 1.

Lemma 2.2. The representation x1v8(v, v=") x 1 is irreducible.
Proof. We can apply ideas from [Tadi¢ 1998, Section 6]. O

Third, assume that x v* x 1 is reducible. It follows that X12 =land o € {:I:%}. The
case o = % will be addressed first. We have (in the Grothendieck group)

@) xvx xv2xa = v 8(w, v 3 14 x1v gL p) 1
= x1v*? 3802 1+ v L2 .

We have

3) s v 8w, v ) x1) =
X1v3/28(v, v_l) ®1+ le_3/28(v, v_l) X1+ X1v5/2 X le_l/z ®1,
@) s@Ouv? 38" 1) = xv' 2 x 2 @ 1T+ xiv 2 x ' 2 @ 1.
From this, applying [Tadi¢ 1998, Remark 3.2], it follows that both
X1v3/25(v, v_l) x1 and X1v5/2 X 5[)(11)1/2; 1]

are reducible representations and that they have an irreducible subquotient in com-
mon. Examining Jacquet modules in (3) and (4), we conclude that there is only
one such subquotient, denoted 7y, and it is a square-integrable representation.
Analogously we conclude that X1U3/21GL(2,D) x 1 and X1v5/2 X S[lel/z; 1] have
a common irreducible subquotient. We also conclude that each of the represen-
tations which appear on the right-hand side of (2) has length at most 3. If we
explore Jacquet modules of the representation x1v>/? x 8[x;v'/2; 1] with respect
to the minimal parabolic subgroup, we see that this is impossible. So we obtain
the decomposition of the principal series into 4 irreducible subquotients.

In the case o = —%, the discussion is similar, but here we find a common square-
integrable subquotient 75 in x;v'/28(v, v=!) x 1 and x1v3/%2 x L(}1v'/?; 1). Ex-
amining the Jacquet modules with respect to the minimal parabolic subgroup, we
find that the principal series has length 4.

Finally, the reducibility of x;v**2 x 1 leads to the representations already seen
above. 0
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Proposition 2.3. We assume X12 = 1. Then

oV x x v x 1=

LOoav¥ 28, v™15 1) 4+ + LOav?80av' 2 1D + LOa v, xiv!' 1)
if x2=x1, =13,

LGav' 28w, v D) 4+ + LOav % 80av 25 1) + LGav2, xiv'/% 1)
if x2=x1, =3,

L(xav' % 802 1) + 73+ LOav' 2, xav' 2 D) 4+ LOav' /% 8lxav'/2: 10)
l:f X22:1’ XZ#Xls a:%,

x2 XS24 11+ LvY? xa 3 1) if a =0,
and in other cases:
L(x2v%; 8[x1v'/2; 1) + L(x2v®, x1v1/25 1) if >0,

L v 80av/% 1D + Ly, v, xiv2 1) if a <0,

Moreover, 7y, o, 3 are mutually inequivalent, square-integrable representations.

Proof. We have xv* x K172 %1 = xov® % 8[x1vV/%; 11+ x2v® x L(x1v'/%; 1).
Also sy (x2v® x 8[x1v"/?; 1) = x2v® x x1v"/2 + 3, 'v™% x x1v!/? and

sy (rav® x 8[xiv'% 1)
= x1v' 2@ xov® x 1+ x1* @ 8[xiv"/% 1+ x; v @8[x1v'/%; 11.

The assumption that xov® x x1v'/2, x; 'v™% x x1v!/2 and xov® x 1 are irre-
ducible, together with [Tadi¢ 1998, Lemma 3.7], lead to the conclusion that y,v® x
S x1 v!/2: 1] and x2v¥ X L(xq v1/2: 1) are irreducible. If we drop these assumptions,
the only new case to consider is o2 x x1v1/2 % 1, with X22 =1.

First, suppose that xo = x;. The representations x1v/% % 8[x1v'/?; 1] and
x1v' /2 x L(x1v'/%; 1) are irreducible. Namely, the representation y;v!/? x x;v=!/2
is an irreducible unitarizable representation of GL(2, D), so the representation
x1v'/% x x1v~1/2 % 1 is also unitarizable and x;v'/? x 8[x;v!/?; 1] is its quotient.
But the latter is also a standard representation, so it is irreducible.

Next suppose that x» # x1. By examining s@)(x2v!/? x 8[x1v!/%; 1]) we see
that X2v1/2 X B[lel/z; 1] has length at most 2. Also we see from [Tadi¢ 1998,
Remark 3.2] that this representation and x 1125 L(x2v'/?; 1) have one common
subquotient, a square-integrable representation denoted 3. O

Now, we describe the composition factors of all principal series induced from
higher-dimensional representations. The principal series representation of the form
1% X 7P X 1 where 77, 7, have dimension greater than 1, are reducible only in
the situations covered by the next four propositions.
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Proposition 2.4. Let 7| denote an irreducible, admissible, unitary representation
of D* of dimension greater than 1. If t| is not a selfdual representation, we have

+1

¥ x ¥ x 1=

L 28(mv' 2, o= 72); 1) + L(mpp+!, oo 1) if >0,

LOY28(riv!2 v~ 12); D)+ L(zv; 1y x 1) ifar=0,
Lt 28(rv' 2, =2y, 1) + L™, 5v7 1) ifac (=3.0),
S(rv'2, vy} 1+ L(zv'/?, 5107172, 1) ifa=-3.

L2782, 572 D+ LE ™ et 1) ifae (=1, 1),
Lo 3@ 5o 2 DHLEV S 575D ifa < -1

Proof. We have
m* I xuvxl= v1/26(rlv1/2, rlv_l/z)) X 1—|—v1/2L(flv1/2, tlv_l/z) x 1.
Analogously to the proof of the previous proposition, we examine

s(z)(vl/z-‘rag(rlvl/z’ T]V_l/z)) X 1) — V1/2+a6(flvl/2, T]V_1/2) ® 1

4y /2 (8(711)1/2, rlv_l/z))w QI+ *x*t@l.

Also sy (02§12, =12 =ttt @ v x 1+ T4 @ Tt 1.
With the assumptions that Tjv~—* atl 7% % 1, and tyv*t! x 1 are irre-
ducible, and applying [Tadi¢ 1998, Lemma 3.7], we obtain that the representation
W'2Fe§(rv!/2, 1jv=1/2) % 1 is irreducible. By the properties of the Aubert invo-
lution, also that the representation w120 (tvV/?, 1jv=1/2) % 1 is irreducible. These
assumptions are met when t| 2 7). O

X TV

Proposition 2.5. Let t| denote an irreducible, unitary, selfdual representation of
D* of dimension greater than 1. Without loss of generality we can assume o > — 1.

2
@) If xz, =1 we have
vt x ¥ x 1=
LOV2S@v! 2 gy 2 D) + L(mvi o x 1) if « =0,
LS (rv'2, riv=12); 1) + L(t)v¥/%; 8[tv'/2: 1]) + 74 + L(z) V32, 10125 1)
fa=1,

1/2. 1/2. 1/2 172, P |
L(tv/58[tpv/ 5 1)+ L(zv, "ty 5 D+ T + T2 if a=—5,
LAt 28(o! 2, 1= 2): 1) + L+ ;1) if @ € (~4,0),
L0218t 2, 1o 1/2); 1) 4+ L(mve™!, 12 1) if « € R\ {%}.
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(i) If Xz, # 1 and 1) x 1 =T + T, we have

+1

¥ x ¥ x 1l =

L(tv; T)+L(tv; T)+2L w28 (xpv2, 11v=12); Dtos e if a =0,

Lo 282, 52 1) + Lzt 1p; 1) if >0,
S(tiv2, tjv Y2 ) 1 4+ L(rvV/%, tjv'/2; 1) if a= _%’
Lt 28(v'2, 7o~ 2); 1) + L(zjv* ™, 1p2; 1) ifae (_%’O)'

Moreover, my, w5 and 1wg are mutually inequivalent square-integrable represen-
tations, and Ty, T» and 8(t;v'/?
inequivalent tempered (not square-integrable) representations.

,T1v /%) x 1 in the second case are mutually

Proof. Dropping the assumptions that Tjv™* x 7;v**!, 7% x 1, and 7;v**! x 1

are irreducible (see proof of the previous proposition), we are left to deal with the
following families of representations in (5)—(8) below:

5 T1v X 71 X 1, when x,, =1.

Analogously to Lemma 2.2 we conclude that v128(rv/2, rv=12) % 1 is irre-
ducible. Another representation to consider is

(6) T1v X 71 X 1, when x;, # 1.

Here we obtain a single case where multiplicity one fails; this is also the only
induced representation of length 6. Examining the Jacquet modules we learn that
the representation 7; < 75 has length at most 3 and that it is reducible (because it
has the same length as 71 % 7}). If we assume that it has length 2, then also

V282, tv 2y ) 1 = L0268 (riv'?, v %); 1) + 7, (in R(G2(D))),

where 7 is some subrepresentation. We see that then L(v'/28(tjv!/2, tjv=1/2); 1)
has to be a subrepresentation of Tjv x 7 x 1, but v!/28(t v/, Tjv=12) % 1 is
also a subrepresentation of 7jv x 71 x 1. This leads to conclusion that either
LOY28(xpv!2, =2y 1) is a subrepresentation of V128 (rvl/2, qv=12) x 1,
or the multiplicity of LOY28(xpv2, rpv= %) Din v x 7y x 1 is greater then 1;
both of them false (in this situation). So we conclude that 7; x T3’ and 7, x T, both
have length 3, and both have unique subrepresentations which are square-integrable
(denoted 75 and 7rg). By careful examination of the composition sequences of the
Jacquet modules, we conclude that the representations v'/28(t;v!/2, rjp~=1/2) x 1
and v'/2L(t;vY/%, 7;v71/2) % 1 have one irreducible quotient in common. In the
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Grothendieck group we have
vl/zé(rlvl/z, tlv_l/z) X 1= L(v1/25(rlvl/2, tlv_l/z); 1) + 5 + 76,
v X Ty = L(tyv; T3) + 75 + LOW28(rv/2, 1po=172); 1),
The next case is
@) 3 x v!?x1 if x,, =1.

Examining the length of Jacquet modules, similarly to the case of inducing from
the characters, we see that the length of v8(tiv!/2, 7jv~1/2) x 1 can’t be 3, because
that’s inconsistent with the associativity of Jacquet modules. The rest is straight-
forward. We use a similar analysis to deal with

() T1V1/2X‘51v1/2>41 if x,, =1. O

Proposition 2.6. Let v be a unitary, irreducible selfdual representation of D* of
dimension greater than 1, with trivial central character, and let T| denote a unitary
irreducible representation of D* of dimension greater than 1.

(a) If t1 & T1, we have

L(t1v%; 8[v/2 1) + L(xv®, vv'/%5 1) ifa > 0,

172 _
V¥ x v/ xl=
T35+ L(tov'?; 7y % 1) ifa =0,

where Tz = 11 x 8[tov'/?; 1] is an irreducible tempered representation.

(b) If 11 = 11, we consider two cases:

Q) If xr, = 1, then Tt x 1jv® x 1 =

L(tv*; 8[mov!/2 11 + L(zv®, ov'/2; 1) if lel ¢ RS\ {0, 5.3},
L(tiv'%;8[0ov 2 1D+ L(tav V2 8[tv /2 1) + Lz v /2, 1ov /25 1) + 17
if la|=1% and 71 %12,
L(tiv'/%;8[rv'/?; 1])+L(rv11/2,rv11/2; H+T\+T, if |oz|=% and 11 =1,
71 X 8[1ov'2; 11+ L(tov/%; 1y 1 1) if =0,
Lws(v'2, rpv=2); D+ L (0w /2 8[ev /2 1D 4+ L(zv /2, 7o' 1)
if |a|:% and 11 =19,
L(tiv3/%; 8[tov1 /2 1]) + L(t1v32, 1ul/2: 1) if || =% and 11 £ 1.

The representation my is square-integrable, and 1| X S[tov/2: 1] is an
irreducible tempered representation.
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(i) If Xz, # land ty x 1 =T + T, then

L(tiv%; 8[mov!/2; 1)) + L(tjv®, v/ 1) if > 0,

1/2 _
T XU/ xl=
L(tov'/?; Ty) + L(tpv'/?; T)+Ts+ T4 if «=0.

Ty and Ts are irreducible tempered representations.

Proof. The only new case left to check, after dealing with ones which are covered
by [Tadi¢ 1998, Lemma 3.7], is

) tlvl/zxrzvl/le if11 20, X, =X, = 1.
This case is resolved in the same way as for the characters. O

Proposition 2.7. Let t, be a unitary, irreducible, self-dual representation of D*
such that x-, # 1, so that vy x 1 = T; ® T, and let T\ be an irreducible unitary
representation of D*.

(@) Ifa>0,then TV Xy x 1=

LV T) + L% T) + Tu+ Ts if o = % =7, 0, =1,
L(tov; T+ L(0v; T)+2L (/28 (02, 10~ 1/2); 1)+ 715+ 716
fau=nanda=1,

L(tiv*; T3) + L(71v*; T,) in other cases.

®) If a =0, then

Te+T1+Ts+Ty ifti =11, oy #1, 11 Z 12,

T XThX1l= .
Tio+ 111 in other cases.

The representations T;, i = 6, ..., 11, are mutually inequivalent, tempered (not
square-integrable) representations.

Proof. The cases in the first part of this Proposition were already covered, and the
statements of the second part follow from [Hanzer 2004]. O

We now settle the mixed case of the principal series representations.

Proposition 2.8. Let x be a unitary character of D*, and let T be irreducible,
admissible unitary representation of D* of dimension greater than 1. Then the
principal series representation xv* x tvP x 1 (for a, B € R) reduces only in the
following cases:
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G) If x> =1, then v x x'/2x 1=

Lt 8[xv'/% 1) + L(xvP, xv'/% 1) if B>0and tvP x 1 is irreducible,
T XS xv /2 1]+ L(xv'/% 1 x 1) if B=0and t % 1is irreducible,

1 T7—|—T8+L(le/2,T3/)+L(Xv1/2, T) ift=7,0.#1, =0,

L(tv'2;8[xv/2; 1)) + g+ L(xv'/%; 8[tv'/?; 1) + L(zv'/2, xv1/2; 1)
if =%, 0. =1, |Bl=1,

where, in the third case, T X 1 = T3’ + T4{. The tempered representation T X
S[ le/ 2 1] from the second case is irreducible, and the representation mg is
square-integrable.

(i1) Iftvl/2 x 1 reduces, then xv® x tv'/? x 1=
L(xv%; S[tvl/2; 1)+ L(xv%, Tvl/2; 1) if a>0and xv* x 1 isirreducible,
L(xv'2;8[xv! /2 1)+ L(xv/% 8o/ 2 1D+ L(xv!/2, x /2 1) +g
if x>=1 andoe:%,
x X 8[tv /2 1]+ L(zv'/?; x x 1) if a=0.
The tempered representation x X S[tv'/2; 1] in the third case is irreducible.

(i) If t x 1 =Ty @ Ty, then xv* x T x 1=

L(xv¥; T;) + L(xv*; T,) if a>0and yv® x 1 is irreducible,
XXT{+xxT, if a=0,
T+ Ty + Lxv' 2 T +LO0' 2T if x*=1, lal=5.

Proof. Use [Tadi¢ 1998, Lemma 3.7]. O

3. Induced representations of the group G,(D); the Siegel case
We now consider the reducibility of the representations of the form
ov’ xl,

where o is an irreducible admissible cuspidal representation of GL(2, D) and s is
a real number. By a result of Harish-Chandra [Ban 1999], if this induced repre-
sentation is reducible for some s, o must be self-contragredient. So, from now on,
we assume that 0 = &. Let o’ be the square-integrable representation of GL(4, F)
corresponding to o by the Jacquet-Langlands correspondence. It is actually a
cuspidal representation as well [Bernstein et al. 1984].

Proposition 3.1. Let o be an irreducible, admissible, selfdual cuspidal represen-
tation of the group GL(2, D). The representation o X 1 is irreducible if and only if
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L(s, o', A%py) has a pole at s = 0. If this is so, the representation ov* X 1, where
s € R, reduces only for s = :i:%.

Proof. Recall that the Plancherel measure is defined as
R(s,0, N(F), N(F))R(s. 0, N(F), N(F)) = n~' (s, 0).
Our notation is as in [Mui¢ and Savin 2000]. From that paper we know that

(s, 0) = pu(s, o),

where on the left-hand side we have the Plancherel measure in the group G2 (D),
and on the right-hand side the Plancherel measure corresponding to the represen-
tation induced from o’ in SO(8, F). Because o’ is cuspidal, the reducibility of
o’v® x 1 can be obtained directly from the Plancherel measure: there exists a
unique so > 0 such that o’v*® x 1 reduces [Silberger 1980] and

so=0 if and only if (0, 0") # 0,

so >0 if and only if (s, o) has a pole at s = 5.

So, ov* x 1 is reducible if and only if o’v® x 1 is reducible, and s¢ € {%, 0}, by
the results in [Shahidi 1990b]. Because o’ is generic, the Plancherel measure is
expressible in terms of L-functions. To conclude, o’ x 1 is irreducible if and only
if L(s, o', A®ps) has a pole at s = 0; see [Shahidi 1992]. O

4. Induced representations of the group G,(D); the non-Siegel case
We now consider the representations of the form
V¥ x4,

where 7 is an irreducible admissible unitary representation of D*, § is an irreducible
cuspidal representation of G (D), and s € R. As in the previous section, to examine
the reducibility, it is enough to assume that T = 7, and s > 0. Throughout this
section we keep this assumption. For an algebraic number field k, we denote its
ring of adeles by Ax. We consider the restriction

k
dlsL.Fyp, = Z 7, ® 6,
i=1

according to the observation about the structure of G|(D)—see Equation (1).
The procedure we use is this: we choose a summand in the restriction above, such
as 71 @ &1, and lift it to the discrete series representation 7; ® &; of the group
SL(2, F) x SL(2, F). Then we find representations 8" and §” of SO(4, F) such that
the representation 7; ® 8] is a component in the restrictions of the representations
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8" and 8" to SL(2, F) - SL(2, F). Then, using global methods, we will prove that
uis, 7 ®8)% = u(s, v’ ®8)u(s, v’ ®8”). The difficulty in applying the global
methods lies in that there are global L-packets for the group SL(2, A;) includ-
ing both automorphic and nonautomorphic global representations [Labesse and
Langlands 1979], so we have to make some adjustments. Also, in order to ensure
that the representations 8’ and 8" differ only in quadratic character, i.e., they have
the same restriction to SL(2, F) - SL(2, F), we have to be careful when varying
representations in the local L-packets of 7, and §,. Before we proceed with the
detailed exposition, briefly remind the reader how the group SL(2, F) - SL(2, F)
sits in SO(4, F). Let {«, B} denote the basis of the root system ®(SO4, F), T),
where T is a diagonal subgroup in the standard matrix realization of SO(4, F).
So, with the obvious meaning, we choose « = ¢; — e and § = e¢; + e;. The Levi
subgroup M, corresponding to the root « is isomorphic to GL(2, F'); the same is
true for Mg. One copy of SL(2, F) is standardly embedded in M, and the other in
Mg; one is block-diagonal, and the other is not.

We can choose a number field k£ having two places v; and v, such that k,, =
ky,, = F, and a division algebra D of rank 4 over k that it splits only at v; and
v, with D,, = D =D,,. Then we can define the reductive group G over k such
that Gi(k,) = SO(4, k,) for all v ¢ {v1, v2} and Gi(ky,) = G1(D) = G (ky,).
Analogously, we define G, over k. Also, we can define Dy, the subgroup of
elements of norm 1 in D* such that D(k,) = SL(2, k,) for v ¢ {vy, v2} and
D;(ky,) = D1 = Dy (ky,). We choose any of the summands from the restriction
of §,e.g., 71 ® 4.

First assume that dim8; > 1. Consider the set of ideles ((£/7),) that can be
observed as a subgroup of D;. We can form the character @ = [[ w, on that set
such that w,, = ws,, @, = ws,, and w,, are almost everywhere trivial. Then we can
introduce the space L(D(Ag)) (and other notation) as in [Flicker 1987], and study
the representations of the functions from C (D;(A)) on the space L(D;(Ag)). We
choose a full tensor f = ® f, from the space C(D;(A;)). We can choose f in
such a way that f;, and f,, are the coefficients of the representation §;, and at
all other nonarchimedean places f, are spherical. Then we can adjust the support
of f, at the archimedean places in such way that we can reason analogously to
[Flicker 1987, Proposition §3.3 and Theorem §4.3]. We obtain the existence of
an automorphic cuspidal representation 7| = &), n[’v of the group D (Ay) with
central character w such that {,vl =6 =w { s, Then there exists a grossencharacter
o' = @), ), such that o’|(+y,)) = w. Also, we can find an automorphic cuspidal
representation 7’ = ), 77, of the group D*(Ay) with central character o’ such that
7| embeds in 7’; the proof is analogous to one in [Flicker 1992]. Note that 7,
and m,, are cuspidal representations of D* of dimension greater then 1, so by the
Jacquet-Langlands correspondence, they correspond to cuspidal representations of
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GL(2, F). This enables us to use results of [Flicker and Kazhdan 1988] about lifts
of representations of D*(Ay) to the representations of GL(2, A;) with one fixed
cuspidal place. So there exists an automorphic cuspidal representation 7 = ), 7,
of GL(2, Ay) such that w, = 7)) for all v ¢ {v;, v2}, and 7, and n;i correspond.
Let m; = ), 71,, denote some automorphic cuspidal representation of SL(2, Ay)
embedded in the representation 7 |SL(2, Ax). We can arrange that 7 , = 711’, , for
every place v different from vy, v,. Indeed, let {¢} be an admissible homomorphism
{¢}: Wk /x — PGL(2) x Wk i defined by the representation Ind(Wg /., Wk /g, ),
where K is some large, but finite Galois extension of k, E a quadratic extension
of k contained in K, and 6 a Grossencharacter of E that doesn’t factor through
Nmg. Let my be some automorphic cuspidal representation of SL(2, A;) em-
bedded in 7. If w, does not belong to the L-packet parameterized by {¢}, we
define a representation mr; of SL(2, Ax) in the following way:

Ty = ”{,u for all v ¢ {vy, v2},

My =M,y fori=1,2.

The representation 77 is in the same L-packet as 7, and it is automorphic; see
[Labesse and Langlands 1979]. If m, corresponds to {¢} as above, we can form 7
as above at split places, but at v; and v, we must adjust representations to obtain a
representation which is in the same L-packet as 7, but is also automorphic. We can
do so because the multiplicity with which 1 occurs in the space of cusp forms is

1
m Z (s, 1),

SES;\S(;,
with notation as in [Labesse and Langlands 1979]. So we want to make

(s, 1) =[(s, m1,0)

a trivial character. But we can easily do that fixing at the place v the representation
which defines the trivial character on the local group S;Ul \ Sg,,» and adjusting
accordingly at the place v;.

Second, if dim §; = 1, i.e., §; = 1, we fix a nonarchimedean place u outside
{vi, 12} and fix some cuspidal representation i, of SL(2, k,) at that place. As
before, we can choose an automorphic cuspidal representation 77y of D; which
has that component on the place u, and which is unramified at the places v; and
vy, i.e., equal to 8; = 1. Now there exists a lift from the automorphic cuspidal
representations of D* to such representations of GL(2, Ay), with fixed place u
with cuspidal component, and, as before, we obtain the representation of SL(2, Ay)
having properties as in the previous case.

If the finite set {g; = [ 2 ]} is a set of representatives of GL(2, F)/SL(2, F) F*,

Xi
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then the set

10 00
, Jlox 0 0
5= 100 x"0

00 0 1

is a set of representatives (in our realization) of SO(4, F)/ (SL(2, F)-SLQ2,F )).
Now, with the same character w as before, we can find an automorphic cuspidal
representation € = (), €, of SL(2, Ay) with the central character @ such that

~ ~ 'f ~
Eyy =&y, =T L 71,0 = 71,0,

Ev =11, &y, E 8T ifmy,, =8,

There exists an automorphic cuspidal representation o’ of the group G;(Ay) in
which ¢ ® 71{ embeds as a representation of the group SL(2, A;)D{(Ax). Anal-
ogously, there exists an automorphic cuspidal representation o of SO(4, Ay) in
which e ® 7 embeds as a representation of SL(2, Ax) - SL(2, A;). We can arrange
that
;2 =) and o, =0, forall v¢{v,v2}.

ty = ® . be an automorphic cuspidal representation of D*(Ax) such that
Vv1 =y, =1 and let y be its lift to GL(2; Ax) such that y, = y, for all v ¢
{vi, 12} and y,, = y, = v/, where 7’ corresponds to T by Jacquet-Langlands
correspondence. This can be arranged; see [Flicker and Kazhdan 1988].

We have to normalize measures on the unipotent radicals of the groups consid-
ered in order to get the global functional equation right. We can decompose D as
F & D™, looking at the center F of the algebra D as the r-hermitian part of D
and D™ as the t-antihermitian part. Now, the unipotent radical of the non-Siegel
parabolic subgroup in the group G,(D) in the case ¢ = —1 (the case we are now
considering) is N(F)ZD®D@®F, and inthecasee=1itis N (F)ZD®D®D.
Let ¢r denote a nontrivial additive character of F. Introduce self-dual measures
on N(F) and N'(F) by the use of the F-form (x, y) = Zle x;iyi +7(x;y;) on D,
and a character v/ so that the self-dual measure on D> is the product of a self-dual
measure o on N(F) and o, on N'(F). Fix a nontrivial character ¢ = ), ¥,
of Ay trivial on k and such that ¥r,, = ¥, = Y¥r. As above, at each split place
we can get a self-dual measure «, on N (k,) with respect to v, and a self-dual
measure o on N(Ay). In this way, we get a coherent family of measures {«,}
such that @ = [] @, and « is actually the Tamagawa measure [Weil 1973, §VII.2,
Corollary 1], meaning that (N (Ax)/N (k)) = 1. The Plancherel measure is defined
analogously to the Siegel case.

Proposition 4.1. (s, T ®8)> = u(s, T’ @ oy (s, T’ ® 7y,).
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Proof. Denote by § a finite set of places containing v; and v, all the places of
residual characteristic 2, and all the places where y,, o,, and ¥, are ramified. For
every v ¢ S, let f, ; denote the unique unramified vector in y,v* X o,, normalized
to be equal to 1 on the maximal compact subgroup K,. Analogously, define f,
in y,v* x o). In the L-group SO(8, C) of SO(8, k,), the action (representation) of
the GL(2, C) x SO(4, C) on the unipotent radical is equal to A?(C?) & (C*> ® C*).
So, for v ¢ S we can explicitly calculate the constants c(v, s, ylf ® 0{)) in terms of
L-functions, where

R(s, )/,ﬁ ®O’1/}, N (ky), N(kv))fvv =c(v, s, )/l: ®(71/,)J_Cv,s-
We then have

L. ®0. m® pa) (1 — Xy (@)g;%)
L(1+5,7,®0}, 02 ® p) (1 — xy(@)gy* D!

c(v,s,y,®0,)

It is easily seen that the product
cs(s, ¥ @) =[] cw.s.v,®0)
V¢S
converges in some right half-plane, and it continues to a meromorphic function on
C. Analogously we have

R(s,y,®0,, N(ky), N(ky)) fv.s = c(v, =5, 7, ®T}) fu.s-

We now take f; = ), fu.s € ¥'v’ x o', where for each v ¢ S we have chosen
spherical f, ; as above. Because we have chosen the Tamagawa measure on the
(global) unipotent radical we have the global functional equation

R(s,y' ®0', N(AR), N(ADR(s, v’ ®6', N(Ap), N(AV) fs = f;

see [Mceglin and Waldspurger 1995, Theorem IV.1.10]. When the right-hand side
of this equation is written as a product of local intertwining operators, the local
Plancherel measures appear. So we have

[[uG.vi@o)ests.v' @ es(—s. 7' @) = 1.
vesS
By analogy with the previous equation for G,(Ay), we have the equation
[[16 n@0)es(s, y @0)es(—s, 7 @0) =1
veS

in SO(8, Ag). But at each split place we have an isomorphism G;(k,) = SO(8, k)
that preserves unipotent radicals, and we have isomorphic representations, so we
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have equality of the Plancherel measures. From this, it follows that
(s, T®8) = pu(s, T @0y (s, T ®0uy). O

Remark. Because of our adjustment of the representation &, we conclude that
the representations o, and o,, differ in the quadratic character that is trivial on
SL(2,F)-SL(2,F).

We now compute the Plancherel measure above. Because t; is a generic rep-
resentation for some nontrivial character of F' and 7, is a generic representation
for some nontrivial character, we conclude that o, is a generic representation of
the group SO(4, F). We can now use [Shahidi 1990b] and express the Plancherel
measure in terms of y-factors. We fix a nontrivial additive character ¢ of F and
obtain, up to the exponential factor,

y(2s, ', A2p2, Yy (s, T/ X 03))
y(L+2s, 7/, A2p0, ¥)y (1 45,7 X 0y,)

The only difficulty appears in the calculation of the Rankin—Selberg y-factor of the
groups GL(2, F) x SO(4, F). If o,, is noncuspidal, the computation is straight-
forward, using the multiplicativity of y-factors [Shahidi 1990a]. So, assume that
the representations o, appearing in the previous proposition are square-integrable,
noncuspidal representations. This is the case when, with the previous notations,
81 = 1. Let w denote the cuspidal unitary representation of GL(2, F') with trivial
central character such that 1 < m|sp(2,r). Then 7 is a self-contragredient repre-
sentation. Such 7’s differ mutually by a quadratic character. We denote the basis
of the root system for SO(4, F) by {«, 8}. Now, the standard Levi subgroup M, is
diagonally embedded in SO(4, F) and contains the diagonal version of SL(2, F'),
and Mg isn’t diagonal and also contains the other copy of SL(2, F'). Consider the
representation Indso(4 Bl pl2 1eis easy to see that this representation restricted
to SL(2, F) - SL(2, F) decomposes as

SO, F)
Ind Mj

lu’(sa t/®0v1) ~

v 2 |sLeF) sLar) = Z VX 1®1,

where the 7; are components of the restriction of 7 to SL(2,F). Let § denote
SO(4 F)T[l)l/2. Then StSL(Z,F) ® 11
injects in 8’, so 0, and o, differ from §’ by a quadratlc character. We can conclude:

the unique square-integrable subquotient of Ind,,

Corollary 4.2. Assume that the representations o,, are not cuspidal and that o,

injects in Ind), 0(4 Brgy1r2,

(1) Ifdim t > 1 then

(a) if xv (@) # 1 the representation Tv® X § reduces only for s =0, and

(®) if x¢ (@) =1 then T %6 is irreducible, and Tv°® x § reduces at s = 1

EOI’GZ‘

s = % depending on whether t/ 2 1w or v/ = 1, respectively.
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(1) If T = x is a quadratic character, the representation xv® x § reduces only at
X q 4 X Yy

=1
s =3

Proof. In the formula for Plancherel measure we include the expression for the
Rankin—Selberg factor

y(s, T x oy, ¥)=y(s, ' x a2 )y (s, o x mvT V2 ).

If 7’ is cuspidal, we obtain the claim, and if v’ = x Stgr2.F) We have

y (s, xStaLa.r X 77, ¥) =y (s, xv 2 x v 2 )y (s, v~ 2 x vl gy =1
]

We denote by ¢ the conjugation in SO(4, F) by the element

0001
0100
0010
1000

E =

of 04, F)\ SO(4, F), and, accordingly, if 7 is the representation of SO(4, F)
we denote the representation of SO(4, F') obtained using the involution ° by °x.
Keeping the assumptions from the proposition, in the case of cuspidal o,,’s we
have

Corollary 4.3. (i) Suppose t = x is a quadratic character of D*.

(a) Iffoy, 2 0y, the representation xv*® X § reduces only at s = %
(b) If¢oy, = oy, (so that also ®o,, = 0y,) then if at least one of the represen-
tations x X oy, i = 1,2, of the group SO(6, F) is irreducible, xv* x §
reduces (only) for s = % On the other hand, if both of the representations

. 1
X X0y, I =1,2, reduce, xv* X § reduces for s = 5.

(i1) Suppose dim 7 > 1.

a) If x (@) = 1 the representation tv'/* x § reduces.
(a) If x P

() If x: (@) = —1 then the points of reducibility are at s =0 or s = 1. We
have reducibility at s = 1 if at least one of the representations T’ X oy, of
the group SO(8, F) is irreducible.

Proof. We prove (i). Using the multiplicativity of y-factors, we come to y-factors
y (s, xv'/? x 3,,), which leads us to consider the reducibility of the representations
xv* X oy, of the group SO(6, F'). It is well known that in order to have reducibility
for some real number s, the nontrivial element of the Weyl group has to fix the
representation x ® o,,, which amounts to the statement that ®o,, = o,,. If it isn’t
s0, the aforementioned L-functions and y-factors appearing in the case of SO(6, F)
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are trivial, so the only pole of the Plancherel measure comes from the Hecke L-
function for 7’. If “0,, = 0,,, the irreducibility of x x&,, implies that L(s, x x oy,)
has a pole at s = 0. This implies that (s, T ® §) has a pole at s = % no matter the
situation with y % &,,. On the other hand, if both of the representations x x oy,
reduce, the Rankin—Selberg L-functions are holomorphic for real s and the only
poles of w(s, T ® §) come from the Hecke L-function for x StgL2.F).

The proof of (ii) follows from [Goldberg and Shahidi 2001, Theorem 4.8]. [J

5. Unitary dual of the group G2 (D)

We are interested in finding the hermitian, and especially irreducible unitarizable
representations of G,(D). We will list them by grouping together the ones with
the same cuspidal support.

5.1. Unitary subquotients of the principal series. Let x; and x, denote unitary
characters of D*. Let m = x1v®! X xpv*2 x 1. Without loss of generality we can
assume that s; > 5o > 0.

Proposition 5.1. Assume that we have unitary characters x| and x such that
xi # land x3 # 1.
G) If x1 # Xfl then the representation w has a hermitian subquotient if and only
if s1 = so = 0 and then it is an irreducible tempered representation.

(1) If x1 = x2 then the representation w has a hermitian subquotient if and only
if s1 = so = 0 and then it is an irreducible tempered representation.

(iii) Suppose if x1 = x, L If s = 0 the representation w has a hermitian sub-
quotient only if s1 = 0 and we obtain an irreducible tempered representation
(isomorphic to one obtained in the previous case for the same x1).

If sp > O the representation w has a hermitian subquotient only if s| = s3;
then for all s1 > 0 all the subquotients of the representation m are hermitian.
For sy € (0, 1) we have m = x1v*' X Xl_lvsl x1=L(xv", Xl_lvsl; 1) and ©
is a unitary representation. For s; > 1, m is not a unitary representation. For
s1 = 1 we have

= x18Ww, v x L+ L(xiv, x; 'v; 1),

where the first subquotient is a tempered representation, and the other is uni-
tary (nontempered).

Proof. The first two cases follow from the criterion for the hermiticity of the
Langlands quotient. For the third case we observe that x;v® x x;v™°' is the
complementary series of the group GL(2, D) for « € (0, 1). From this, it follows
that x;v° x ;v x 1 has exclusively unitarizable subquotients for s; € (0, 1].

g
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Proposition 5.2. Let x; and yx» be unitary characters such that x 12 =1and X22 # 1.
Again, let 1 = x1v°! X oV X 1. The representation w has a hermitian subquo-
tient only if s, = 0; then all of its subquotients are hermitian representations. In
this case, for sy = 0, mw is an irreducible tempered representation; for s| = %,
the representation w has an irreducible tempered subquotient; for s| € (0, %], the
representation L(x1v°'; xo X 1) is unitarizable; and for s; > % the representation
7 is irreducible and nonunitarizable.

Proof. We just comment on the case s, = 0. We have the standard intertwining
operators Ay, ,(s1) @ x1v™" X x2 X 1 = x1v™"" x x2 x 1, which converge for
s1 > 0. These operators define, for s; > %, a continuous family, indexed by s,
of nondegenerate hermitian forms on the compact picture X of the representation
X1 X x2 X 1 by means of

Fio fo)s, = /K (Frons (k). Auns (51) fom (6)) k.

Here f; and f> belong to X and fi,. f25 denote their holomorphic sections,
which are identified with elements from x v’ x x, x 1. If one of these forms
were unitarizable, meaning that the irreducible representation x;v*! x xo X 1 is
unitarizable, all the other forms would have to be unitarizable, too, because of the
connectedness of the indexing set. But for 51 > % the representation x1v°! x yp x 1
has unbounded matrix coefficients, which implies nonunitarizability. The oper-
ator Ay, ,(s1) has a pole at s; = 0, but we can normalize it by multiplying it
by an appropriate real polynomial; we obtain, for s; € [0, %), a family of (nor-
malized) intertwining operators A;Uz“ 5 (s1) which also define a continuous family
of nondegenerate hermitian forms on X. By the same argument, we obtain the
unitarizability of the representations considered for s; € [0, %). In this way, we
obtain the complementary series representations, and, by the results in [Milicié
1973], the subquotients of the representation on the edge of the complementary
series (s] = %) are unitarizable. O

Proposition 5.3. With notation as before, assume that X12 # 1 and X22 = 1. Then
the representation w has a hermitian subquotient only if s1 = s, =0, and 7 is then
irreducible and tempered. This representation is already described in the previous
proposition.

The proof is left to the reader.

Proposition 5.4. Assume that we have unitary characters x1 and x» such that
X12 = )(22 =1and x1 # x2. Let 1 = x1V*! X V%2 x 1. Consider the regions defined
on the s1sp plane in Figure 1 (which also includes points that do not have s| > s7).

(i) The representation w for (s, s2) from the closed region I has all its subquo-
tients unitarizable. The composition factors are given in Proposition 2.3.



THE UNITARY DUAL OF G,(D) 379

§$2 4

I
1 1
1I (3, 3)
| v
"
Figure 1

(i1) For (s1, s2) in each of the open regions 11, Ill, IV we obtain representations
all of whose subquotients are hermitian, but none unitarizable.

Proof. For (s, sp) with s > s, > 0 from open region I we have the family of
standard long intertwining operators A(sy, s2) : X1V X x2v%2 x 1 — xv=% x
X2V "2 x 1 which defines a continuous family of nondegenerate hermitian forms on
the compact picture. So, we can fix such a pair (sy, s2) and form the one-parameter
family ¢t — (¢s1, tsp) for t > 0. Because x; x x2 % 1 is irreducible, we can assume
that we have unitarizable representations for 7 > 0, until V™! x xv"*2 % 1 starts
being reducible. An analogous reasoning and the unboundedness of the matrix
coefficients ensures the nonunitarizability of the representations on the unbounded
regions. We, of course, could apply immediately [Tadi¢ 1983] to conclude that. [J

Proposition 5.5. Given a quadratic character x| of D*, set 1 = x1v* x x1v*2 % 1.
All subquotients of w are hermitian representations. Let the notation be as in
Figure 2.

52

n [&D
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(i) First we consider the open regions in the figure. Only for (s1, sp) lying in
the (open) regions I or Il is it the case that 7 is unitarizable (irreducible)
nontempered representation.

(i) Now we consider the boundaries. Besides the square-integrable and tempered
subquotients, the other unitarizable subquotients that appear for (s1, s3) lying
on the boundaries are the subquotients of w for (sy, s2) on the boundary of
regions I and Il and L(x1v>'%, x1v'/?; 1).

Proof. As in the previous proposition, we obtain the unitarizability of region L.
Consider x;v*! x x1v~* in GL(2, D) for s; € (0, 1). These (irreducible) represen-
tations belong to the complementary series of GL(2, D), so all the subquotients of
the representation y;v*' x x;v®' x 1 are unitarizable. In the open region III this
gives unitarizability of some representations and the unitarizability on the entire
region then follows. This gives, by [Mili¢i¢ 1973], the unitarizability of all sub-
quotients for 7 from the boundaries of I and III. Now, consider the representation
x1v>/% x x1v1/2 % 1. If we prove that it has some nonunitarizable subquotients, this
would imply the nonunitarizability in the open region VI (and, symmetrically, in
V). We have

v 2 x xv2 x1 = L 28w, v 1) 41
+L(x1v% 80v' % 1) + LG v™?, xv!/2: 1),

The unitarizability of L(x1v>/2, x;v!/2; 1) is proved using global methods [Grbac
2004]. In the case x; =1, L(les/z, xwl/z; 1) is a trivial character, so we know
from [Casselman 1981] that the only unitarizable subquotients of v/2xvl/2%1 are
the Steinberg representation and the trivial one. In general, the nonunitarizability of
L(x1v3?8(v, v™1; 1) and L(x;v>/%; 8[x1v'/?; 1]) can be proved using the Howe—
Moore theorem [Borel and Wallach 2000]. Denote L(x;v3/?8(v, v=1); 1) by .
Consider the unbounded set S = {ag € Ag : | (ap)|r < 1, |az(ag)| = 1}. We have

1/2 5/2 1/2 -5/2

sa,n@) = x1v T@x1v T+ x1v T®x1v + xiv 7 P@x v,

Let v and v be the canonical lifts of the vectors in Jacquet modules corresponding
to the last summand in this sum. There exists & > 0 such that for every ap from
Ap(e) we have

(7 (o), B) = 8 (a0) (x1v > @ v (@) (i, (V). jp, (D))

Here Ag(e) = {ap € Ao : |lai(ao)|F < ¢, |aa(ao)|lr < €}. The vectors jp,(v)
and fpo(f)) denote the projection on the corresponding Jacquet module. We fix
an element ag from Ag(e). Then aoS is a subset of Ay(e). So, we can find an un-
bounded sequence of elements in apS that defines a sequence of matrix coefficients
of 7 not vanishing at infinity. By the Howe—Moore theorem 7 is not a uniformly
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bounded representation, hence is not unitarizable. Quite analogously we prove the
nonunitarizability of L(x1v%; 8[xv'/?; 1)).
Now, consider the representation

x1v2 X 1 3 1= L(vs, v 1)+ L, xi % 1.

We prove that both subquotients on the right are nonunitarizable. We have a holo-
morphic family of the irreducible hermitian representations x;v*8(v, v=!) x 1 for
s e [l, %), because we have a holomorphic family of nondegenerate hermitian
forms obtained by standard intertwining operators on the compact picture of the
representation x;8(v, v~!) x 1. If we assume unitarizability at s = 1, this would
imply unitarizability on the whole interval, and the unitarizability of all the sub-
quotients on the edge of the interval, at s = % which is false by the preceding
reasoning. Analogously, the unitarizability of L( v xix D) =xvLw,v ) x1
would imply the unitarizability of all the subquotients of x;v¥/?L(v, v™!) x 1; but
we have shown that this is not the case. This proves nonunitarizability on the region

IV and on the remaining boundaries. U

We continue with the examination of the principal series representations induced
by the higher-dimensional representations of D*. Let t; and 1, be unitarizable
representations of D* of dimension greater then 1. Let w = 71V X 1ov%2 x 1. We
can assume that s; > s, > 0. The next four propositions are completely analogous
to the first four propositions in the previous subsection, so we just note them.

Proposition 5.6. With the notation as above, assume that t) % T| and 1) % 7.

() If 11 Z 1o and T) 2 T2, then the representation w has a hermitian subquotient if
and only if sy = so = 0, and then 1 is an irreducible tempered representation.

(1) If 11 = 1) then w has a hermitian subquotient if and only if s1 = so = 0, and
then 7 is an irreducible tempered representation.

(iii) If T1 = 1y the representation w has a hermitian subquotient if and only if
s1 = sp. In that case all of its subquotients are hermitian. For s| € (O, %) the
representation L(t\v®', T\v®'; 1) is unitarizable, for s| > % nonunitarizable.

. 1
We also get tempered subquotients for s| € {0, 5 }

Proposition 5.7. Assume that Tty = T and 15 2 To. Then the representation w
has a hermitian subquotient only if s, = 0. In that case, if w;, = 1, w has a
tempered subquotient only if s| = % or sy =0. On the other hand, L(t1v*', 1o x 1)
is unitarizable for s| € (O, %], and for s| > % it is a hermitian nonunitarizable
representation. If w., # 1, w has a tempered subquotient only if s; = 0; in that case
7 is a sum of two nonequivalent tempered representations and L(tiv°*!, 1o x 1) is
hermitian nonunitarizable representation for every positive s;.
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Proposition 5.8. Assume that t| 2 7| and ©) = 15. Then w has a hermitian subquo-
tient only if s1 = so = 0. In this case 1 is an irreducible tempered representation
or a sum of two nonequivalent tempered representations, depending on the central
character of T1. These tempered representations are those described in the previous
proposition.

Proposition 5.9. Assume that t| and 1, are nonisomorphic, unitary, self-contra-
gredient representations. We keep our assumption s; > s, > 0. Then all the sub-
quotients of the representation  are hermitian and

(1) If o, = wr, =1, we have the same situation as in Figure 1, w has unitarizable
subquotients only inside closed region I, the tempered (not square-integrable)
subquotients appear for (s, $2) € {(%, 0), (0, 0)}, and square-integrable rep-
resentation appears for (s, §2) = (% %)

(i1) If wr, =1 and w., # 1 7 has unitarizable subquotients only for s; =0 and 51 €
[0, %]. Tempered (not square-integrable) representations appear for (sy, s2) €
{4.,0), 0,0}

(iii) If xr, # 1 and xo, # 1 7 is unitarizable only for s| = so = 0 and 7 (as we
have already seen) is a sum of 4 nonequivalent tempered representations.

Proposition 5.10. Assume that T = 1, and T, is self-contragredient, such that
wr, # 1. Then all the irreducible subquotients of the representation w are her-
mitian, and the unitarizable subquotients appear only for (s, s3) from the closed
region I on Figure 3 (when all of them are unitarizable). The square-integrable
subquotients appear for (s1, s2) = (1, 0) and the tempered (not square-integrable)
subquotients appear for (s, s2) = (0, 0).

In the next proposition, we note an occurrence of the isolated unitary represen-
tation in the unitary dual, namely, the representation L(r1v3/ 2 vl/2:0).

S2‘

1
1 1

1 51

Figure 3
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S2‘
\%
31
I I v X
1 51
3 1
Figure 4

Proposition 5.11. We keep all the assumptions of the previous proposition, except
now wr, = 1. In Figure 4, considering the open regions, we have unitarizability
only on region I, where we have nontempered representations. On the boundaries,
%, %), and tempered sub-
quotients for (s1, §2) € { (% 0) , (% %) ,(0,0) } We have other unitary subquotients
32

we have a square-integrable subquotient for (sy, s2) = (

on the boundary of region I, and L(t\v>/*, 1 v1/2: 1) is a unitarizable subquotient.

Proof. We discuss only the more difficult cases. Consider the representation

t1v3/2 X r1v1/2 x 1
=Lws(xv'?, 1pv ™) D4+ L2 §[epv /2 1D+ L(rv¥?, 1v'/?: 1),

The unitarizability of the representation L(7;v3/%, 7;v!/?; 1) is proved by global
methods [Grbac 2004]. This is an isolated unitary representation in the unitary
dual. We will prove the nonunitarizability of L(v8(z;v'/?, 1jv=1/%); 1) and of
L(tv3/%; 8[t;v'/2; 1]). We will do that in the following way: we will calculate
the Plancherel measure (s, 8(t1v'/2, 7jv~1/2)). Let us again denote by A(s) the
standard intertwining operator such that

A@s): 8@, v 2 w1 = S, T w1,

We will prove that the Plancherel measure has a simple pole at s = 1 and that
A(s) has no pole at s = —1. We will apply these observations to the calcula-
tion of Jantzen filtrations near s = 1. This will give us nonunitarizability. Let
8§ = 8(r1vY/?%, rjv~1/2). First, we use the previously mentioned result stating that
w(s,8)=u(s,8). The representation &’ is generic, so we can apply the results from
[Shahidi 1990b] to compute the Plancherel measure in terms of the y-factors. Up
to an exponential factor, we have

(s ,)N y (s, 8, A%ps, V)
ul 5,9

227 ) T (45,8, Nps )
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where ¥ is a nontrivial additive character of F, given in advance. By multiplica-
tivity of y-factors [Shahidi 1990a] we have
y(s, 8, A2pa, )

=y (s, Tv!'/2, det, )y (s, v Y2, det, )y (s, ! x !/, v).

The last factor is a Rankin—Selberg y -factor. When a y-factor is expressed in terms
of L-functions, we obtain, up to an exponential factor,

(1—¢")A—¢")(1 —¢"™*) A —¢~"*) A —¢7)(1 - ¢")
(1—=g5(1—g=5)1 — q—2+s)(1 _q—2—s)(1 _q—r-i-rs)(l _q—r—rS)’

where r is a natural number satisfying L(s, 7y x 71) = (1 — q”)_l. Indeed (s, &)
has a simple pole at s = 1. Denote by w, the reflection in the Weyl group with

C.8)~
nG

respect to the root €. Then consider the intertwining operator

] s

1 _1 el 1
Ay s (8) I x Il s> v T2 xS T2 ¢ 1L

The poles of the operator A(s) are among the poles of the operator Ay, ,(s)
and Ay, ,(s)[sv:x1 = A(s). But using the factorization of the operator Ay, ,(s)
[Shahidi 1981], we see that it has no poles at s = —1. Let X denotes the compact
picture of the representation §v* x 1. We will consider the Jantzen filtrations of the
space X, for s € [0, 1]. For s € (0, 1) the representations §v* x 1 are irreducible, and
the mentioned interval parameterizes a nondegenerate family of hermitian forms in
the compact picture X. For s=0, A(s) is holomorphic, and, normalized, generates
the intertwining algebra of the representation § x 1 = T+ T, (follows from the proof
of the Proposition 2.5). The operator A(0) endows the space of this representation
with the hermitian form which is of a different sign on each of the 7;’s. This
gives us the nonunitarizability of §v* x 1 for s € (0, 1). By the theory of Jantzen
filtrations [Vogan 1984], at s = 1 we consider filtrations X = X (1) DX f D---D0.
Because we have a standard representation, we have X % = m4, a square-integrable
representation. We will prove that X 12 = {0}, i.e., that a hermitian form defined on
X 11 by

1
<0,V >1= limsﬁl/‘ < v(k), —lA(s)v;(k) > dk
s_

K

is nondegenerate, so its radical, namely X 2 is trivial. Because of the simplicity of
the pole of the Plancherel measure at s = 1, we have

A(—s) A(s) = h(s),

s—1

where / is holomorphic function in the neighborhood of s =1, and 4 (1) #0. Hence,
for nonzero v' € X such that v| € m4, we have lim;_,; A(s)v;/(s—1) ¢ L(év, 1).
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Now, we can choose v € X } such that

A(s)vg (k)

s—1

(v, v'); =lim,_, / (v(k), >dk £0.

K
We can obtain the signature of 6v° x 1 for s > 1 and for s < 1 in terms of signatures
(po, qo) and (p1, q1). But we know that on these segments we have nonunitarizable
representations. We conclude that pg # 0 and gy # 0, which is equivalent to
nonunitarizability.

The proof of the nonunitarizability of L(t; v3/2: §[1;v1/2; 1]) follows the same
pattern: We will compute the Plancherel measure of u(s, t; ® 8[r;v%; 1]). We
can easily extend the results from the fourth section to the case when we consider
square-integrable representations instead of cuspidal ones. So we have

(s, T @ 8[Tv*; 1D? = u(s, 7 @ o) uls, 1 ® 02).

The representations o;, i = 1, 2, from the above equation are obtained originally
by considering the restrictions of the representations to the groups SL(2, F)D; or
SL(2, F)-SL(2, F). It is not hard to see that, in this case, o; <> Indiz(4’F)(r{Xi),
where x; is a quadratic character on F*. Here M, is the standard Levi subgroup,
which is diagonally positioned in SO(4, F), and 7y is a Langlands’ lift of the repre-
sentation t1. Because of the genericity of the representations o;, we can apply the
results of Shahidi about multiplicativity of y-factors. We obtain that the Plancherel
measure (s, T{ ®0;) can have a pole of order one at s = % We obtain a pole there
if and only if, 7| = 7] x;. But (s, 71 ® 8[rv'/?; 1]) must have a pole there, so it
is a pole of order one. As in the previous case, we conclude that the intertwining
operators appearing in the definition of the Plancherel measure w (s, 71 ®3[71v*; 1])
are holomorphic near s = :I:%. Now we can conclude, as in the previous dis-
cussion, that L(t;v3/2; §[t;v'/2; 1]) is a nonunitarizable representation. The only
Langlands quotient left to settle is L(tjv; 7y x 1) = v/ 2L(zv'/%, rjv=1/%) x 1.
We obtain the hermiticity of the representations 7z, = v° L(7;v!/?, 1jv=1/%) x 1 for
s € (0, 1) using the action of the long intertwining operator acting on the space

1 1 . . . .
71572 x 711572 x 1. But unitarity of the representation 7, at s = % would imply
unitarizability of all the subquotients at s = 1, which contradicts what we have just
proved. O

Again, let 1 = 71v°1 X xv% X 1. We can assume sy, sp > 0. The proof of the
next result is straightforward.

Proposition 5.12. (i) If t; is not a self-contragredient representation and X12 #1,
7 has a hermitian quotient only if (s1,s2) = (0, 0), and then m is an irre-
ducible, tempered representation.



386

(i)

(iii)

(iv)

(iv)

5.2

MARCELA HANZER

If Ty is selfdual, but x 12 # 1 w has a hermitian quotient only if s; = 0 (then all
the subquotients are hermitian), and has unitarizable subquotients for s| from
the segment [0, %] if wr, =1 and only in the origin if w, # 1. If o, =1, w is
irreducible tempered for s| = 0, and has a tempered subquotient for s| = % If
wr, 7 1, we obtain a tempered representation for s; = s, = 0.

If Xlz =1 and 1 is not a selfdual representation, w has a hermitian subquotient
only for s; = 0 (then all quotients are hermitian). For sy = 0 representation
is irreducible tempered, for s; = % it has a tempered subquotient, and unita-
rizable subquotients appear for {(0, s2) : s, € [0, %]}.

If X12 = 1 and ©1 % 1 reduces, every subquotient of m is hermitian. For
s1 = sp = 0 representation w is a sum of two-nonequivalent tempered rep-
resentations, and for (s1, s2) = (0, %) has a tempered subquotient. Other

o . _ 1
unitarizable subquotients appear for s = 0 and s, € [O, 2].

If)(l2 =1 and 11v'/? x 1 reduces, we have the analogous situation as for the
characters; unitarizability of all subquotients of w on the closed region I in
Figure 1.

The unitary dual supported on the nonminimal parabolic subgroups. Once

we have handled the reducibility questions in this case, the rest is straightforward.
Assume that s > 0.

Proposition 5.13. (i) We consider induction from the Siegel parabolic subgroup:

(ii)

If T is an irreducible cuspidal representation of GL(2, D), let my = tv°® X 1.
If T is not self-dual, m is hermitian only when s = 0; then it is a tempered
representation. If t is self-dual, 7y reduces for some sg € {0, %}, and all of
it subquotients are always hermitian. In this case, if so = 0, mq is the sum of
two nonequivalent tempered representations, and otherwise, g are nonunita-
rizable. If S0 = ] , TTs is a nontempered irreducible unitary representation for
s € (0, ) tempered fors =0, and for s = 5 the representation ! has two
1rreduczble unitary subquotients; one of them is nontempered and the other is
a square-integrable representation.

We consider induction from the non-Siegel parabolic subgroup: the represen-
tation Tv® X6 for irreducible representation T of the group D* and irreducible
cuspidal representation § of the group G (D) is unitarizable for nonselfdual T
only for s =0, and then it is irreducible tempered representation. Otherwise,
30 Ly %} (Corollaries 4.2 and 4.3). If so =0, mg is a
sum of two noneqmvalent tempered representations, otherwise 1 is nonuni-

it reduces for some s € {0, 4

tarizable. If sy € { , 1, 2} the representation m is tempered, nontempered
unitarizable for s € (0, so) and for s = sg it has a nontempered unitarizable
Langlands quotient, and a square-integrable subrepresentation.
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