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Iterated loop algebras are by definition obtained by repeatedly applying
the loop construction, familiar from the theory of affine Kac—-Moody Lie
algebras, to a given base algebra. Our interest in this iterated construction
is motivated by its use in the realization of extended affine Lie algebras,
but the construction also appears naturally in the study of other classes of
algebras. This paper consists of a detailed study of the basic properties of
iterated loop algebras.

1. Introduction

Over the past 35 years affine Kac—-Moody Lie algebras have been at the centre
of a considerable amount of beautiful mathematics and theoretical physics. As
of late, and perhaps influenced by some of the newest theories in physics, the
need seems to have arisen for some “higher nullity” generalizations of affine Kac—
Moody Lie algebras. It is still too early to decide what the correct final choice for
these algebras will be, but it is fair to say notwithstanding, that Lie algebras graded
by root systems and extended affine Lie algebras (EALAs) will play a prominent
role in the process [Berman and Moody 1992; Benkart and Zelmanov 1996; Allison
et al. 1997a; Saito and Yoshii 2000].

Recall that given a Z,,-grading X = {s{;};cz,, of an algebra s over a field k, the
loop algebra of ¥ based on oA is the subalgebra

L(st, %) := P oty @k 7
ieZ
of A®yk[z, z~']. Using this beautiful construction, V. Kac showed that (the derived
algebra modulo its centre of) any complex affine Kac—-Moody Lie algebras can be
obtained as a loop algebra of a finite dimensional simple Lie algebra [Kac 1969].
The loop construction makes it clear, among other things, that the affine algebras
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are objects of nullity one in a sense that can be made precise. Indeed, in EALA the-
ory, where the concept of nullity is well-defined, one finds that finite dimensional
simple algebras are precisely the (tame) EALAs of nullity zero whereas affine
algebras are precisely the (tame) EALAs of nullity one [Allison et al. 1997b].

It thus seems almost inevitable to ask whether, starting from an affine Kac—
Moody Lie algebra and applying the loop construction, one obtains an extended
affine Lie algebra of nullity 2. This and related questions have been investigated
in some detail in [Wakimoto 1985; Pollmann 1994; Allison et al. 2002; Allison
et al. 2004; van de Leur 2001]. In our work on this topic, as well as in [van de
Leur 2001], it became clear that some advantages are to be had by thinking of loop
algebras based on an affine algebra as being obtained from a finite dimensional Lie
algebra by applying the loop construction twice (the advantages stemming from the
fact that in this case the “bottom” algebra, namely the finite dimensional one, is
much simpler than the affine algebra). As the reader will have surmised by now,
the study of these “iterated loop algebras” took on a life of its own and became the
subject of the present paper.

In general, if o is an (arbitrary) algebra over k, an n-step iterated loop algebra
based on & is an algebra that can be obtained starting from ${ by a sequence of
n loop constructions, each based on the algebra obtained at the previous step (see
Definition 5.1). Far from being a mere generalization of the loop construction,
iterated loop algebras seem to yield interesting mathematical objects in a natural
way. Even when the resulting objects are known, the new point of view can be
illuminating. As an example, we see in Example 9.8 that algebras representing
elements of the Brauer group of the ring k[tlil , tziz] are obtained as 2-step iterated
loop algebras of M,,(k). This information is not apparent if one thinks in terms of
single loop algebras of M, (k[tlil]).

This paper contains a detailed study of the basic properties of iterated loop al-
gebras. We begin in Section 2 by recording some simple properties of the centroid
of an algebra. In the rest of Section 2 and in Section 3 we define and give the basic
properties of a very important class of algebras which for lack of a better name we
have simply referred to as pfgc algebras (nonzero, perfect, and finitely generated
as modules over their centroids). The property of being a prime pfgc algebra arises
naturally in the study of iterated loop algebras since this property is carried over
to a loop algebra (and hence to an iterated loop algebra) from its base. In contrast
the property of finite dimensional central simplicity certainly does not carry over
in the same way. After this discussion of pfgc algebras we establish in Section 4
some basic properties of (one step) loop algebras.

The main results of the paper appear in Sections 5, 6, 7 and 8 . These all deal
with properties of an n-step iterated loop algebra &£ based on a pfgc algebra .
First Theorem 5.5 establishes a long list of properties that carry over from # to &£.
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In particular, it is shown (as mentioned above) that if & is a prime pfgc algebra then
so is &. Next Theorem 6.2 shows that the centroid C(¥) of & is itself an n-step
iterated loop algebra of the centroid of «f. The same theorem describes a method
of calculating C () explicitly. Then Theorem 7.1 shows that & can be “untwisted”
by a base ring extension of C (&) that is free of finite rank. That is, the algebra &£
(after such a base ring extension) becomes isomorphic to the iterated loop algebra
obtained using only the trivial gradings at each stage. Finally, Section 8 deals with
the concept of type of an algebra (which is motivated by the concept of type in
terms of root systems which exists in Lie theory). The main result, Theorem 8.16,
states that type cannot change under the loop construction.

Each of the main results in Sections 6, 7 and 8 has several corollaries that are
discussed in the respective sections. To give one important example, we show in
Section 8 that if & is an n-step iterated loop algebra based on a finite dimensional
split simple Lie algebra s{ over a field of characteristic O then both o and n are
isomorphism invariants of & (see Corollary 8.19). This result will play a crucial
role in our forthcoming work on the classification of the centreless cores of EALAs
of nullity 2 [Allison et al. > 2006].

In the last section, Section 9, we look closely at 2-step iterated loop algebras.
If the base algebra is finite dimensional and central simple, these 2-step iterated
loop algebras come in two kinds, depending on the structure of their centroids.
We illustrate this fact along with many of the concepts discussed in the paper by
describing two examples dealing respectively with Lie algebras and associative
algebras.

2. Centroids and pfgc algebras

We record here some basic facts about centroids, and we define a class of algebras,
which we call pfgc algebras, that will play an important role in the study of loop
algebras. A good basic reference on the centroid is [Jacobson 1962, Ch. X, § 1].

Terminology and notation. A ring will mean a unital commutative associative
ring. Homomorphisms, subrings and modules for rings will always be assumed
to be unital.

A base change will mean a homomorphism v : B — B’ of rings. This base
change is said to be free (respectively flat, faithfully flar) if B’ is a free (respectively
flat, faithfully flat) B-module. Note that if v : B — B’ is free and B’ # 0, then v
is faithfully flat and hence flat [Bourbaki 1972, §1.3.1, Example 2]. An injective
base change v : B — B’ will be called an extension of rings, in which case we
often identify B as a subring of B’ and denote the extension by B’/B.

If B is a ring, an algebra over B will mean a B-module o together with a B-
bilinear product (which is not necessarily associative, commutative or unital). If
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A and A’ are B-algebras, we use the notation
A ~pB .SZQ/

to mean that ${ and " are isomorphic as B-algebras. If o is an algebra over B and
v : B — B’ is a base change, we will denote by s{ ® g B’ the (unique) B’-algebra
which is obtained from s by base change [Bourbaki 1974, Ch. III, § 1.5].

For the rest of the section we assume that B is a ring, and that  is a B-algebra.
Note that s can also be regarded as Z-algebra under the natural action of Z on «.
We now recall the definition of the centroid of &{ [Jacobson 1962, Ch. X, § 1].

Definition 2.1. (i) For a € s consider the two maps from & to
ap :x+—ax and ag:x+— xa.

The multiplication algebra of s [Jacobson 1962, Ch. X, § 1] is defined to be the B-
subalgebra Multp (s4) of Endp () generated by {1 }U{ay |aed}U{ag|aecd}.

(i) The set Cp(sA) of elements of Endg(s{) that commute with the action of
Multp (s4) is called the centroid of si. Equivalently

Cp(d):={x € Endg(d) : x(xy) = x(x)y=xx(y) forall x,yedd}.

(The notation Cent g (s4) has been used for the centroid in some articles, for example

in [Allison et al. 2004]. We are using the abbreviated notation Cp(s{) since it will

arise frequently.) Clearly Cg(sd) is a B-subalgebra of Endp(sd), and therefore s

can be viewed in a natural way as a left Cp(s{)-module by defining x - x = x(x).
(iii) For b € B we define A4 (b) € Endp () by

(A (D)) (x) =b - x.

Clearly A4 (b) € Cp(sd) since A is a B-algebra. Then the map A4 : B — Cp(sA) is
a ring homomorphism, and Cp(HA) is a unital associative B-algebra via this map.
Furthermore, if o is a faithful B-module then B can be identified with a subring
of (the centre of) the centroid Cp ().

(iv) The B-algebra o is said to be central (or central over B) if Ly : B — Cp(A)
is an isomorphism.

(v) The centre of o is defined to be the set Z () of elements in & that commute
and associate with all elements of s{. Then Z(s) is a B-subalgebra of o. If o is
unital, the map which sends z to left multiplication by z is a B-algebra isomorphism
of Z(s) onto Cg(A) [Erickson et al. 1975, § 1].

The following is clear:
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Lemma 2.2. Suppose that A and A’ are B-algebras and p : 4 — A’ is a B-algebra
isomorphism. Then p induces a B-algebra isomorphism Cg(p): Cp(s4) — Cp(A’)

defined by x — pxp~\.

The formation of the centroid does not commute with base change. Nonetheless
these two processes do commute in two important cases that we now describe. If
B — B’ is a homomorphism of rings, we define

v=vypp:Cp(d)® B — Cp(d®p B')

to be the restriction of the canonical map Endg () ® 3 B’ — Endp (4 ®p B’).
Then v is a homomorphism, said to be canonical, of unital associative B’-algebras.

Lemma 2.3. Suppose that B — B’ is a homomorphism of rings. Then the map
V.. Cp(d) ®p B' — Cp/(d ®p B’) is an isomorphism of B'-algebras in the
following cases:

(a) oA is finitely generated as a module over its multiplication algebra Multg ()
and B’ is a free B-module.

(b) B’ is a finitely generated projective B-module.
Proof. (a) Let {s;};c; be a basis of the B-module B’.

It is clear that v is injective. Indeed if ) x; ® s; is in the kernel of v then
> xi(x)®s; =0 forall x in s and so x; =0 for all / in 1.

To see that v is onto, let x € Cp (4 ®p B’). Then for x € o we can write
X (x ®p 1p/) uniquely as

Xax®lIg) =) X ®s,

where x;(x) € & and only finitely many of these are nonzero. It is easy to see that
for all i € I the map y; : dd — o given by x; : x — x;(x) is an element of Cg ().
Thus to see that x is an image under v it suffices to show that only finitely many
of the maps yx; are nonzero. For this let { x1, ..., x, } be a set of generators of
as a Multg (s#d)-module. Then whenever y; vanishes on all x;’s we have

n n
Xi () = x,( > Multp(sd) -xj) =Y Multg(sh) - xi(x}) =0.
j=1 j=1
(b) Consider the unique B-module homomorphism
¢B.s1 : Endp(sd) — Homp (A @p A, A D A)
satisfying

op.a(f) (a1 ®p ar) = (f(ar1a2) — f(a1)az, f(araz) —ay f(a2)).
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By definition
ker(¢p ) = Cp(d).

Also, by standard properties of projective modules we obtain the diagram

0— Cp(A)®pB — Endp(A)Qp B’ — Homp(ARQpA, ABA)QpB’

Lv l l
0 — CB/(&Q®BB,) — EndB/(&d®BB’) — HOII’IB/ ((ﬂ@BB/)®B/(&i®BB,), ﬂ@gB’@ﬂ@BB/)

where the horizontal rows are exact. Indeed the exactness of the top row is by flat-

ness of the B-module B’ (every projective is flat). The two vertical isomorphisms
come from B’ being a finitely generated B-module which is projective [Bourbaki
1974, Ch. 11, § 5.3, Prop. 7]. It follows that v is an isomorphism. O

The following important fact is proved in [Jacobson 1962, Ch. X, § 1, Theo-
rem 3]:

Lemma 2.4. Suppose that B is a field and 3 is finite dimensional and central
simple over B. If B’/ B is a field extension, then i ® g B’ is finite dimensional and
central simple over B’.

Next we consider gradings on Cp(A) that are induced by gradings on #. For
this suppose that s{ is Q-graded algebra over B where Q is a finite abelian group.

Thus
st =P e
aeQ
for some B-submodules s, and s, g C Ay 5. Then, since Q is finite,

Endg (o) = @ Endp (s4)3
reQ

is also a Q-graded B-algebra, where
Endp (), = {6 € Endp(A) | 0(sdy) C A 44 for all ¢ € Q}.

It is easy to check that Cp(s) is a Q-graded B-subalgebra of Endp(s4), and so we
have:

Lemma 2.5. Suppose that d is Q-graded algebra over B, where Q is a finite
abelian group. Then

Cp(sh) = P C(sh),
aeQ
is a Q-graded algebra over B, where Cg(A); = Cg(d)NEndg(A), forall & € Q.
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Definition 2.6. If $ and ¢ are ideals of the B-algebra & we define

$¢={Yxiyi:xi €9, yi € §}

(finite sums of course). Note that in general $ ¢ is not an ideal of s{. We say that
A is perfect if AA = A.
Remark 2.7. It is clear that o is perfect as a B-algebra if and only if o is perfect
as a Z-algebra.
Lemma 2.8. Assume o is perfect. Then

(1) Cp(A) is commutative.

(i) Cp(sd) = Cz(sA).

Proof. (i) See [Jacobson 1962, Ch. X, § 1, Lemma 1].
(i) We must show that any element y € Cz(«) is B-linear. Indeed if x, y € A

and b € B we have x (b-(xy)) = x (x(b-y)) = x (x)(b-y) =b-(x (x)y) =b- x (xy).
0

We now introduce a convenient acronym, pfgc, that will be used throughout the
paper.
Definition 2.9. A B-algebra o is said to be pfgc if it satisfies the following condi-
tions

PO. o # (0)
P1. o is perfect
P2. o is finitely generated as a module over its centroid Cpg ().

Remark 2.10. The notion of pfgc algebra s is independent of the base ring under
which s is viewed as an algebra. More precisely, if &{ is an algebra over B, it
follows from Remark 2.7 and Lemma 2.8(ii) that s is a pfgc algebra over B if and
only if o is a pfgc algebra over Z

We now summarize the basic facts that we will need about pfgc algebras.
Proposition 2.11. Suppose that s is a pfgc algebra over B. Then
(i) Cp(A) is a nonzero unital commutative associative B-algebra.
(1) oA is finitely generated as a module over its multiplication algebra Multg ().

Proof. (1) Since o is perfect and nonzero, this follows from Lemma 2.8(i).
(ii) Let C = Cp(sA). Let {x, ..., x,} € o be such that «{ = ) Cx;. For each i
we can write x; = Y j YijZij (finite sum) for some y;; and z;; in 4. Then

A= ZCxi = ZC(y,'jZij) = Z(Cy,-j)zij C ZMUltB(&g) *Zijs
i i,j i,j i,j

which shows that o is generated by the z;;’s as an Multg (s4)-module. O
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3. Prime pfgc algebras

In this section, we recall some basic facts about prime algebras and consider in
particular properties of prime pfgc algebras. A good basic reference on prime
nonassociative algebras and their centroids is [Erickson et al. 1975].

We suppose again in this section that B is a ring and that «{ is B-algebra.

Definition 3.1. The B-algebra o is said to be prime if for all ideals $ and $ of the
B-algebra s{ we have

$9=0 —= $=0o0r $=0.
On the other hand o is said to be semiprime if for all ideals $ of o we have

$39=0 = 9=0.

The following lemma which is easily checked (see [Zhevlakov et al. 1982,
Exercise 1, §8.2]) tells us that the notion of ¥ being prime (or semiprime) is
independent of the base ring under which s is viewed as an algebra.

Lemma 3.2. o is prime (resp. semiprime) as a B-algebra if and only if A is prime
(resp. semiprime) as a Z-algebra.

The following is proved in [Erickson et al. 1975].
Lemma 3.3. Assume i is a prime algebra over B. Then

(1) Cp(A) is an integral domain and A is a torsion free Cp(A)-module.

(i1) Ifwe denote the quotient field of Cp () by C/;(—gﬁ), then A Qc () C/B_\(gi) isa
prime algebra over Cg(A). Moreover, if A is finitely generated as a module
over its multiplication algebra Multg (), then A Qcyu) Cp(A) is central
over Cp(A).

Proof. (i) is Theorem 1.1(a) of [Erickson et al. 1975], whereas (ii) follows from
Theorem 1.3(a) and (b) of [Erickson et al. 1975]. O

In a later section of the paper we will investigate the type of an iterated loop
algebra. In that section, we will need the notion of central closure.

Definition 3 4. Let o be a prime pfgc algebra over B. Denote the quotient field of
Cp(dA) by Cp (sﬁ) and form the Cp (&Q) -algebra

= A @cy sty Cp(sd).

We call s the central closure of si. (This is not apparently the same as the central
closure defined in [Erickson et al. 1975, § II]. Here we are following the termi-
nology in, for example, [McCrimmon and Zel’manov 1988, p. 154].) By Lemma
3.3(i), A is a torsion free Cp(s)-module, and so the map a — a ® 1 is an injection
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of s into & which we regard as an identification. In this way A is regarded as a
subalgebra of its central closure A.

We now summarize the main facts that we will need about the central closure:

Proposition 3.5. Let A be a prime pfgc algebra over B. Then the central closure A
of d is a prime pfgc algebra over B. Moreover, A is finite dimensional and central
as an algebra over the field Cp(A).

Proof. A is prime by Lemma 3.3(ii). Next, since & is embedded as a subalgebra
of s, we have o # 0. Also, since A is perfect A is perfect. Furthermore, since
oA is finitely generated as a Cp (&i) module, A is finitely generated asaCg (&d)
module and therefore also as a Cpg (&ﬁ) module (since A ~ (C g(d)) CCp (&ﬂ)) Thus
A is pfgc.

We have just seen that A is finite dimensional over C/;(gd).

Finally, since # is pfgc, Proposition 2.11(ii) tells us that s{ is finitely generated
as a Multg (4)-module. Thus A is central over C/B\(Q) by Lemma 3.3(ii). [l

4. Loop algebras

Assumptions and notation: For the rest of the article, k will denote a fixed base
field. Unless indicated to the contrary, the term algebra will mean algebra over k.
For the sake of brevity, if &{ is an algebra (over k), we will often write

C () 1= Cr(sh).

In this section we recall the definition of a loop algebra and derive some of its
basic properties.
Throughout the section let m be a positive integer and let

Zy=1{i:icZ}
be the group of integers modulo m, where 1 =i +mZ € Z,,, fori € Z. Let
R=k[t*"] and S=k[z*"]
be the algebras of Laurent polynomials in the variables ¢ and z respectively, and

we identify R as a subalgebra of S by identifying

t=z7".
Observe that S is a free R-module of rank m with basis {1,z,...,z" !}, and
hence the ring extension S/R is faithfully flat.
Recall that a Z,,-grading of the algebra o is an indexed family ¥ = { d; };ez,,
of subspaces of o so that o = EBieZm A and Azl C Aiyj fori, j € Z,,. The
integer m is called the modulus of X.
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Definition 4.1. Suppose that o is a k-algebra, and we are given a Z,,-grading X
of the algebra «:
st = @B st

1€4,,

In A ®; S we define

L, D) i= @D ol @17 = (e @k R) @ (sl 1 2R) © - @ (sl @4 "' R).
ieZ

Then L(sd, X¥) is an R-subalgebra of o ®; S that we call the loop algebra of X

based on A. Since L(s, ¥) is an algebra over R, it is also an algebra over .

Remark 4.2. If we wish to emphasize the role of the variable z in the construction
of the loop algebra we write L(sd, X) as L(d4, X, 7).

Example 4.3. If m =1, then Z,,, = {(_) ), d =95 and L(sA, ¥) = A Q S is called
the untwisted loop algebra based on .

Remark 4.4. Suppose that k contains a primitive m-th root of unity ¢,. In that
case we can choose to work with finite order automorphisms of period m rather
than Z,,-gradings, provided that we fix the choice of ¢,,.

Indeed, suppose that o is an algebra. If o is an algebra automorphism of period
m of o, we may define a Z,,,-grading ¥ = { sd; };ez,, of s by setting

sli={xesd|ox)=¢x},

for 1 € Z,,. We refer to this grading ¥ as the grading determined by o. It is clear
that any Z,,-grading is determined by a unique automorphism o in this way. If X
is the grading determined by o, we denote the algebra L(sA, ) by L(A, o), or
L(dA, 0, z) if we want to emphasize the role of z. The algebra L(s, o) can alter-
nately be defined as the subalgebra of fixed points in A ®; S of the automorphism
o® nnjl, where 7, € Auti(S) is defined by n,,(z) = {mz.

Remark 4.5. When k = C, o is a finite dimensional simple Lie algebra over k
and o is a finite order automorphism of #, the loop algebra L (s, o) was used by
V. Kac in [Kac 1969] to give realizations of all affine Kac—Moody Lie algebras and
to classify finite order automorphisms of s4. (See [Kac 1990, Ch. 8] and [Helgason
1978, Ch. X, § 5] for more information about this.)

For the rest of the section, let A a k-algebra, let ¥ be a grading of A by Z,,,
and let

F =LA, 2).

We next describe a useful canonical form for elements of 9 ®; S in terms of
elements of L(sd, X). For this purpose note that o ®; S is an S-module (with
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action denoted by “-”) and L(s, X) is contained in A ®; S. Thus we may write
expressions like Z;":_Ol Zoxied @k Sifxg, ..., xm1 € L(sA, T).

Lemma 4.6. Each element of d ®; S can be written uniquely in the form

m—1
(41 > 7k
i=0

where xo, ..., Xyu_1 € £L.

Proof. This fact was proved using a Galois cocycle argument in [Allison et al. 2004,
Theorem 3.6 (b)] in the case when k contains a primitive m-th root of unity. We
give a direct proof here instead. Let x € 4 ®y S. Then x is the sum of elements of the
forma®z/, where j e Zanda € Ay for some £ € Z. But, if we write j —¢ =gm+i,
whereg € Zand0<i<m—1,thena®z/ =7 - (a®z/™) =7 - (a®z9"*%) and
a®z9"m*tt e £. So x can be expressed in the form (4—1). For uniqueness, suppose
that Z;":_Ol 7' - x; =0, where xo, ..., Xy_1 € L. Write x; = ZjeZ aij ® 7/, where
a;j € d; for all j and only finitely many a;; are nonzero. Then

m—1
Z Zaij Rz =0.

i=0 jeZ

For 0 <€ <m—1, the o; ®; S-component of the expression on the left above must
be zero. Thus we have

m—1

DY aedt =0

i=0 j=t
for 0 < £ <m — 1, where = denotes congruence modulo m. The exponents i + j
appearing in this sum are all distinct and so we have a;; =0 for all i, j and hence
x; =0 for all 7. O

Next note that we have the canonical map £ =&y 5 : L(A, X)) Q@ S = AR S
defined by
E(r®7)=27"x
for x € L(A, X),i € Z. As observed in [Allison et al. 2004, Theorem 3.6(b)],

Lemma 4.6 has the following interpretation:

Lemmad4.7. The map &4 5 : L(d, £)QrS — A® S is an S-algebra isomorphism
of L(d,X) Qg S onto ARy S.

Proof. Clearly & is a homomorphism of S-algebras. Moreover, each element of
L(d, X) ®g S can be expressed in the form Z;";Ol x; ® 7', where x; € L(sA, ¥)
for each i, and so £ is bijective by Lemma 4.6. O
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Remark 4.8. Lemma 4.7 tells us that after base ring extension from R to S the
loop algebra L (s, ¥) becomes isomorphic to the untwisted loop algebra o ®; S.
In other words, L(d4, ¥) is “untwisted” by the extension S/R. This fact is of great
importance in the study of loop algebras since, among other things, it allows one
to use the tools of Galois cohomology to study loop algebras [Allison et al. 2004;
Pianzola 2002].

Lemma 4.9.
1) If 4 #£0, then L(A, X) #0O.
(1) If A is perfect, then L(d, X) is perfect.

Proof. Statement (i) is clear and statement (ii) is easily checked (see the argument
in [Allison et al. 2004, Lemma 4.3]). U

We now examine the centroid of £ = L(A, X).

First note that since & is an R-algebra, Cr(¥) is naturally an R-algebra (see
Definition 2.1(iii)). So since Cr(¥) C C(&), it follows that C(£) is also an R-
algebra.

Next by Lemma 2.5 the centroid C(s) inherits a Z,,-grading that we denote
by C(X). Under this grading we have

C(sh) = @ C sy,
1€Z,,
where
4-2) Cl)i={xeC) | x(dj) Cdyjforjesy,).
Now let

¥ =Y,z L(C(sA), C(2)) — Cr(L(st, 2))

be the unique k-linear map so that

(V(x®z))@®z))=x(a) @

fori,jeZ, x € C(A);, a € s;. It is immediate from this definition that v is a
homomorphism of R-algebras that we call canonical.

Lemma 4.10. Assume s is finitely generated as a module over its multiplication
algebra Multy (). Then the map ¥y 5 : L(C(&Q), C(E)) — Cg (L(&Q, E)) is an
R-algebra isomorphism.

Proof. Since the ring extension S/ R is faithfully flat, to show that v is an R-module
isomorphism it suffices to show that ¢ becomes an isomorphism of S-modules after
the base change from R to S. That this is so follows from the commutative diagram
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L(C(4),C(2)) ®r S vel Cr(£)®r S

I

éc Cs(g Rr S)
lcs(@
C(sh) @ S Cs(sA @ S)

in view of the fact that all vertical maps and the bottom row therein are S-isomor-
phisms. In this diagram éc =&¢(y),c(x) asin Lemma 4.7, vy = vy i s as in Lemma
2.3(a), v¢ = ve g.s as in Lemma 2.3(b), and Cgs(§) is the isomorphism induced by
the isomorphism £ =&y 5 : F®r S — A ®; S (see Lemmas 2.2 and 4.7). O

The following proposition tells us that the centroid of a loop algebra based on a
pfgc algebra o is isomorphic to the loop algebra of the centroid of «.

Proposition 4.11. Let £ = L(A, X) be a loop algebra based on a pfgc algebra A.
Then Cr(¥) = C(£), and the canonical map

Y =vux: LICHH), C(X) = C&)

is an R-algebra isomorphism.

Proof. Since & is perfect by Lemma 4.9(ii), it follows that Cg(¥) = C(¥) by
Lemma 2.8(ii). Also since o is pfgc, it follows from Proposition 2.11(ii) that s{
is finitely generated as a module over Mult,(s4). Thus, by Lemma 4.10, v is an
R-algebra isomorphism from L(C (), C(X)) onto C(&). O

Finally we want to show that a loop algebra based on a pfgc algebra is pfgc. For
this we will use the following:

Lemma 4.12. If A is finitely generated as a C (d)-module then L(d, X) is finitely
generated as a Cg (L (A, Z))-module.

Proof. Let {ay, ... ,a,} be a set of homogeneous elements of o that generates
s as a C(sd)-module. Fix integers di, ...,d, so that a; € &de. Let /L be the
Cr(%)-submodule of ¥ generated by the elements a; @ z%. Since S /R is flat we
may identify Ml ®g S as an S-submodule of £ ®p §, and since S/R is faithfully
flat it is sufficient to show that Ml @ S = £ ®& S [Bourbaki 1972, Ch. I, §3.1,
Proposition 2]. We do this by showing that £(M Q@ S) = £(L ®r S), where & =
Eay : LORS — A QxS is the S-algebra isomorphism from Lemma 4.7.
Suppose that i, j € Z, x € C(sd); and 1 < £ < p. Then ¥ (x ®z') is an element
of Cr(), where ¥ = Y51, 5. So (Y (x ®2'))(ae ® z%) € M. But under £ we have

((1//()( ®1)) (@ ® Zd[)) ®z > x(a) @4t
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Since {ay, ..., ap} generates o as a C(s4)-module, it follows (Mg S) =E(L Qg
S) as needed. O

Proposition 4.13. Let £ = L(A, X) be a loop algebra based on a pfgc algebra HA.
Then &£ is a pfgc algebra.

Proof. & # (0) and & is perfect by Lemma 4.9. So PO and P1 hold (see Definition
2.9). By Lemma 4.12, & is finitely generated as a Cg(£)-module. But by Proposi-
tion 4.11, we have Cg(&£) = C(£). Thus ¥ is finitely generated as a C (£)-module
and so P2 holds. Hence & is pfgc. 0

5. Iterated loop algebras

In this section we define iterated loop algebras and prove some of their basic prop-
erties.

Notation: For the rest of this article, we fix some notation. Let n be a positive
integer. Let z1, ..., z, be a sequence of algebraically independent variables over k.
For0 < p <n,let

SOV i=klzy', ..., 7 ]

be the algebra of Laurent polynomials in the variables zy, ..., z, over k. (So
5§20 =k.) We identify S®”®S5%7 = §®(P+49) in the natural fashion when 0 < p, ¢ <n
and p+¢q <n. We also fix a sequence m1, ..., m, of positive integers, and we set

Iyi={(i1,....ip) €27 |0<ij <mj—1forall j},
forl1 <p<n.

Definition 5.1. Suppose that o is an algebra over k. An algebra & over k is called
an n-step loop algebra or an iterated loop algebra based on s if there exists a
sequence $g, L1, ..., E, of algebras so that £y =, £, =& and

for 1 < p < n, where X, is a Z,,-grading of &£,_;. (See Remark 4.2 for the
notation used here.) In that case we write

=LA, 2q,...,5,)
(suppressing in the notation the role of the variables zi, .. ., z,).

Remark 5.2. Suppose that & is an n-step loop algebra based on &{ and we have
the notation from Definition 5.1.
@ Forl<p<n,¥,=L(A, Xy,...,%),)isa p-step loop algebra based on .
(ii) Observe that £, C £, _1 ®x k[zfl] for 1 < p <n. Thus

Lp C G (A Rkl D ®cklzy D) ) ®cklzy =A@kl .., 2,
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for 0 < p < n, where the last equality is the natural identification using the asso-
ciativity of the tensor product and the identification k[z7" ] ®x . . . ®x klzy']=S®P.
Consequently, £, is a subalgebra of 4 Qy S®” for 0 < p <n, and in particular &
is a subalgebra of A ®; S®".

(iii) Suppose that k contains a primitive m,-th root of unity ¢,,, (which we fix)
fori =1,...,n. Then for p =1, ..., n, the grading X, of &£,_; is determined
by a unique automorphism o, of &,_; of period m,. We then denote the algebra
LA, Zy,...,Z,) by L(dA, 01, ...,0n).

Example 5.3. If m| =---=m, =1 then L(A, 1, ..., Z,) = A ®; S®" is called
the untwisted n-step loop algebra based on .

Example 5.4 (Multiloop algebras). Suppose that k£ contains a primitive m; -th root
of unity ¢, for 1 <i <n. Let & be an algebra, and let o1, ..., 0, be commuting
finite order automorphisms of « with periods my, ..., m, respectively. Let

A, ={xed]|ojx = g“,i{jx forl <j<n}

for (iy,...,iy) € Z", whereij:=ij+m;Z € Zm_,. for 1 < j <n. Then
d= @ ..
(il ----- in)EIn
and we set
M(A, o1,...,0,) = @ Ai, ,—n®kzi11...zi{’
(i1, eyin) €27

in 9 ®; S®". Then M (A, o1, ..., 0,) is a subalgebra of A ®; S®" that we call the
n-step multiloop algebra of o1, . .., 0,, based on .

Now the multiloop algebra & = M (d, o1, ..., 0,) can be interpreted as an it-

erated loop algebra. To see this, let £y = o and let £, = M (A, 01, ..., 0)) for
1 < p < n. Then by definition we have £y = and £, = <. Also, for 1 < p <n,
we may define a Z,, -grading X, on £,,_; by setting

i1 ipfl
(Ep-1i, = P A, ®z 2
(il,...,ip_l)EZP’I

for i, € Zy,, in which case it is then clear that L(£,_1, X, z,) = £,. So &£ =
L(sA, Zq, ..., Zp).

We have just seen in Example 5.4 that any multiloop algebra is an iterated loop
algebra. However we will see later in Example 9.7 that there are iterated loop
algebras o that are not multiloop algebras.

For the rest of the section we assume that

L=L(A, 2.0, )
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is an n-step loop algebra based on an algebra s over k, and we use the notation
Zo, ..., <y, of Definition 5.1.

Our first theorem describes some important basic algebraic properties that are
inherited by a loop algebra from its base. In the last part of this theorem we will
see how the Krull dimension of a loop algebra depends on the Krull dimension of
its base. Here and subsequently we use

Dim 6

to denote the Krull dimension of a unital commutative associative k-algebra €
(when regarded as a ring). Note that if € is finitely generated as a k-algebra then
Dim € is finite [Kunz 1985, p. 52].

Theorem 5.5. Let £ = L(A, X1, ..., Zy,).
1) If A #0then & #0.
(ii) If A is perfect then & is perfect.
(iii) If A is pfgc then £ is pfgc.
(iv) If A is prime then &£ is prime.
(v) If A is unital then & is a unital subalgebra of A ® S®".
(vi) If A is commutative then & is commutative.
(vii) If A is associative then ¥ is associative.
(viii) If A is an integral domain then & is an integral domain.

(ix) If A is unital and finitely generated as a k-algebra then & is unital and finitely
generated as a k-algebra.

x) If A is unital, commutative, associative and finitely generated as a k-algebra,
then & has the same properties and

(5-1) Dim& = Dim A + n.

Proof. Since &, is a loop algebra based on &, for 0 < p <n— 1, we can assume
in the proof of each of these statements that n = 1. So we may use the notation of
Section 4:

m=mi, z=21, 2 =31, =LA, T,7), S=S®' =k[z*'] and R = k[z™"].

Now (i) and (ii) follow from Lemma 4.9. (iii) follows from Proposition 4.13.
(v) follows from that fact that 14 € s, since then 14 ® 15 € £. (vi), (vii) and (viii)
follow from the fact that & is a subalgebra of o ®; S >~ Az, So we only need
to prove (iv), (ix) and (x).
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(iv) We show first that s ®; S is prime. For this let $ and $ be ideals of the
k-algebra o ®y S such that $$ = 0. Form € Z, let

&mz{aeﬂ|3aiG&Qforimeithamzaandzizmai®zi69},

in which case $,, is an ideal of s{. Similarly, using $ instead of $, we define
an ideal $,, of o for n € Z. Furthermore, since $$ = 0, we have $,,$,, = 0 for
m, n € Z. Now suppose that $ # 0. Then $,, # 0 for some m € Z. Thus, since s
is prime, we have $, =0 for all n € Z and so $ = 0. Therefore s{ @y S is prime.

But Qg S ~5 A ®; S by Lemma 4.7. Hence ¥ Qg S is a prime algebra. To
prove that & is prime (as a k-algebra), it is enough to show that & is a prime R-
algebra (by Lemma 3.2). For this let $ and $ be ideals of the R-algebra & such
that $$ = 0. Since S/R is flat, we can identify $ ® S and $ Qg S as ideals of the
S-algebra & ®z S. Furthermore, we have ($ @g S)($ ®r S) = 0. Since L ®r S
is prime, either $ @ S or $ ®g S is 0. Therefore $ =0 or $ = 0 by the faithful
flatness of S/R.

(ix) &£ is unital by (v). Let {ay, ..., a,} be a set of homogeneous elements of A
that generates o as a k-algebra, and fix integers di, ..., dp so that a; € s ;.. One
easily checks that the elements a; ® z%, ..., a »® 7% together with the elements
14 ®z™ and 14 ®z~™ generate ¥ as a k-algebra.

(x) & is unital, commutative, associative and finitely generated as a k-algebra
by (v), (vi), (vii) and (ix), and so the Krull dimensions of both & and & are finite.
Now recall that & is a subalgebra of 4 ®; S and, by Lemma 4.6, each element of
A @y S can be written uniquely in the form

m—1 m—1
Z zxi = in(lsd ®z')
i=0 i=0

where xg, ..., xn—1 € £. Thus A ®; S is a free £-module of rank m, and so in
particular & ®y, S is a finitely generated £-module. Hence o ®; S/ is an integral
ring extension and so by [Kunz 1985, Corollary 11.2.13],

Dim & = Dim (o ® ).
On the other hand since both &{ and S are finitely generated k-algebras
Dim (s ®; S) = Dim { + Dim §
[Kunz 1985, Corollary I1.3.9]. Since Dim § = 1, we obtain Dim £ =Dim #{+1. [J

Remark 5.6. It follows in particular from Theorem 5.5 that any n-step loop algebra
based on a prime pfgc algebra is a prime pfgc algebra. The corresponding statement
is not true for simple pfgc algebras. For example, an untwisted pfgc algebra o ®
S®" is never simple (since S®" is not simple). This is the reason why prime pfgc
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algebras are natural algebras to consider when studying loop algebras, even if one’s
main interest is in the case when the base algebras are simple.

We conclude this section with a generalization to iterated loop algebras of the
canonical form described in Lemma 4.6. If 1 < p <n, we use the usual convenient
notation

for i = (i1,...,ip) € ZP. Note that ol ®; S®? is an S®P-module (with action
denoted by “-”), and £, is contained in o ®; S®”. Thus, we can write expressions
like Zielp 2 x; € A @i S®P, where x; € ¥, foralliel,.

Lemma 5.7. If 1 < p <n, each element in A ®;, S®P can be expressed uniquely in
the form

(5-2) >,

iel,
where xi € &£, for all i.

Proof. We argue by induction on p. When p = 1, the statement follows from
Lemma 4.6. So we suppose that the statement is true for p, where 1 < p <n —1.

Let x € sl @ S®@+D | To show that x can be expressed in the form (5-2), note
first that x is a sum of elements of the form x’ ® zf,H, where x’ € o ®; S®P and
j €Z. But by the induction hypothesis, x’ is the sum of elements of the form zi-x”,
where i € I, and x” € £,,. Thus x is the sum of elements of the form

i J i J
@ xXN®z,, =2 (" ®z,,).

But x” ®zp+1 e¥, ®k k(z p+l] and so, by Lemma 4.6, x” ® sz is the sum of
elements of the form z/, | - x”, where 0 < £ <m; — 1 and x"” € £, ;. Thus x

is the sum of elements of the form
Z (zp+1 x"y = (z‘z )X

as desired.
For uniqueness, suppose that Zje 1o - xj = 0, where xj € ¥, for each
J€ 1,41 Then

mp+171

> Z (@'zh ) Xie =0

icl,
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where, if i = (i1, ...,i,) € I, and 0 < £ < m, | — 1, we are using the notation
Xie = X(iy,..., ip,0) € $p+1. So we have
mpy1—1
i, t v, =0
Z Zp+1 Xie | = V.
icl, £=0

) -1
But for i € 1, the element Y, /0" z¢

p+
we can write

+1

s 1] and therefore

1 Xi e is in gp Rk k[Z

mp+1_1

¢ _ - J
DBREATEE YED DENL- LA
=0

jez
where each y; ; is in £, and only finitely many of these elements are nonzero.
. ; B
Then Ziel,, z'- (Zjez Vi, j ®zp+1) =0, and so
S (S Yo, =0
L [7+1 .
JjeZ “iel,

Hence ) ;. I, 2w j = 0 for each j and so by the induction hypothesis y; ; = 0

mpp1=1 ¢

forallie I, and j € Z. So ) , %, Tppy Xil = 0 for all i € I,, and hence, by
Lemma 4.6, xj, =0forallie I, and 0 <{ <m 4 — 1. O
If o is unital and associative, then £ = L(A, X, ..., X,) is a unital associative

subalgebra of s ®; S®" and hence o ®; S®" is an $-module (with action denoted
by ‘4"7)‘

Corollary 5.8. Suppose that ¥ = L(d, Xy, ..., X,) where A is unital and asso-
ciative. Then s Q@ S®" is a free £-module of rank m . .. m,, with basis

{14 ®2 Jier, -
Proof. This follows from Lemma 5.7 (with p = n) and the observation that
dox=x- (1&1®Zi)
for x € £ and i € Z". (On the left of this equation - denotes the action of S®" on
A ®; S®", whereas on the right - denotes the action of &£ on o ®; S®".) O
6. The centroid of an iterated loop algebra

In this section, we give an explicit description of the centroid of an n-step loop

algebra based on a pfgc algebra o as an n-step loop algebra based on C ().
Throughout the section we assume that £ = L(A, X1, ..., %,) is an n-step

loop algebra based on a algebra s over k. So we have algebras %y, ..., ¥, so
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that £p =, &£, = £ and

for0 < p <n—1. As we observed in Remark 5.2, £, is a subalgebra of s ® Ser
for0 < p <n.

We next introduce some notation.

First let 0 < p < n. Then C(«) ®; S®? is a unital associative algebra and
ARy S®P is a C(A) @ S®P-module under the action “-” defined by

(X ®7) - (a®7)=x() 77,

We let C(&£ p») denote the stabilizer of &, in C () ®; S ®P under this action. That
is we let

C(&y)i={ueCH)xS® |u-£,C%,}

Then C(& p) 18 a unital subalgebra of C(s4) ®x S®? and &£ pisa C(& p)-module.
(For convenience, our notation suppresses the fact that C (& p) depends on oA,
X1, ..., X, and not just on the loop algebra £,,.)

Next suppose that 0 < p <n — 1. Then X4, is a Z,,,,,-grading of the algebra

&£, which we write as
%= P @&

lEZ,,,p+1

We set
(6-1) C&Ep)i={ueC&y) lu-(Lp); C(Lp)iyjforall j€Z, . }

fori € Z,,,,,. We denote the collection {C_‘(&E,,);},—ezmp+1 by C_'(Zp+1). We will see
in Lemma 6.1(ii) below that é(2p+1) isaZy,, -grading of C‘(&Ep).
Finally for 0 < p < n we define y,, : C_'(iﬁp) — C(%,) by
Yp)(x) =u-x

for u € C(& »), x € £,, in which case y,, is an algebra homomorphism. Note in
particular that C(£y) = C () and yy is the identity map.

Lemma 6.1. Suppose that ¥ = L(A, 2y, ..., Xp), where d is a pfgc algebra.
(i) If0<p=<ntheny,: C_‘(ilip) — C(£,) is an isomorphism of k-algebras.

() If0<p <n—1then C_‘(ZPH) is a Zm,,,-grading of the algebra C_'(EBI,) and
the map vy, is an isomorphism of graded algebras.

(i) If0< p <n—1 then

(6-2) C(Epr1) = LIC(£L)), C(Zpi1)s Zpt1)-
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Proof. (i) We first show that y,, is injective for 0 < p < n. To see this, suppose
that u € ker(y,,). Then u - x =0 for all x € £, and so (since &, spans A ®j S®p
over S®” by Lemma 5.7) we have u - x =0 for all x € 4 ®; S®. This implies that
u=20.

Next we prove the bijectively of y, for 0 < p < n by induction on p. This is
clear if p = 0 since yp is the identity map. So we suppose that 0 < p <n — 1
and that y), is bijective. It is clear from this bijectivity and from the definitions of
C(£p4+1) and C(£,41) (see (6-1) and (4-2)) that

Yp(C(Lpi1)0) = C(Lpi1)i

fort€Zy,,,. Hence C_‘(ZH]) is a grading of the algebra C_‘(Sfp) and y), : C_'(ifp) —
C(¢£)) is a graded isomorphism. So y,, induces an algebra isomorphism

L(yp) : L(C(£)), C(Zp+1), 2p+1) = L(C(£,), C(Zpi1)s 2p+1)-

Consequently we have the composite algebra isomorphism

(6-3)
4 w Zp, p+l
L(C(£p), C(Zpi1), 2pt1) oy L(C(&p), C(Zpt1), 2p41) —> C(Epr),

where ¥¢, 5 ., is the isomorphism of Proposition 4.11. (Note that the proposition
can be applied since £, is a pfgc algebra by, Theorem 5.5(iii).) But

L(C(%,), C(Zp11), 2p11) C C(Epi1)
and one easily checks that the restriction

(6-4) VP-H|L(C_‘(££,,),C‘(E,,+1),z,,+1) : L(C_'(SNPP), é(2p+1), Zp+1) = C(Ept1)

equals the composite map (6-3). Hence the restriction (6—4) of y, is bijective.
Thus, since y, itself is injective, it follows that

L(C(£,), C(Zp11)s 2p+1) = C(Epi1)

and y,4 is bijective. So we have proved (i).
(ii) and (iii): These were proved in the argument for (i). O

Since & = ¥, we write C(£) = C(¥,) and so
C&):={ucCH)QxS® |u-LCL).

Then C (%) is a unital subalgebra of C () ®; S, and A ®; S®" is a C (£)-module.
We also write y¢ = y,,. Thus y¢ : C (&) - C(¥) is the k-algebra homomorphism
(said to be canonical) defined by

ye)(x) =u-x
forue C($),x €.
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Using Lemma 6.1 we can now give an explicit description of the centroid of an
n-step loop algebra as an n-step loop algebra.

Theorem 6.2. Suppose that ¥ = L(A, X1, ..., X,) is an n-step loop algebra based
on a pfgc algebra S. Then the canonical map yy : C(£) — C(£) is an algebra
isomorphism and we have

(6-5) C(L)=L(C(A),C(Z)),...,C(Z).

Proof. y¢ is anisomorphism by Lemma 6.1(i). Moreover (6-5) follows by repeated
application of (6-2). 0

Corollary 6.3. Suppose that & is an n-step loop algebra based on a pfgc algebra
A. Then

(i) C(A) and C(¥) are nonzero unital commutative associative algebras over k.
(ii) If C(A) is an integral domain, then C (&) is an integral domain.

(iii) If C(A) is finitely generated as an algebra over k, then C(¥) is finitely gen-
erated as an algebra over k and Dim C(£) = Dim C () + n.

Proof. (i) Since A is pfgc, we know that & is pfgc by Theorem 5.5(iii). Hence
C(dA) and C (&) are nonzero unital commutative associative algebras by Proposi-
tion 2.11(1).

(ii) and (iii): We know by Theorem 6.2 that C(¥) is isomorphic to an n-step
loop algebra based on C(sf). Thus (ii) and (iii) follow from Theorem 5.5 (viii) and
(x) respectively. O

If o is a finite dimensional central simple algebra over k, then C () =k and o
is a pfgc algebra. Hence we have the following consequence of Corollary 6.3:

Corollary 6.4. Suppose that & is an n-step loop algebra based on a finite dimen-
sional central simple algebra s over k. Then C(£) is an integral domain, C (<)
is finitely generated as an algebra over k, and Dim C (&) = n. Consequently, if &'
is an n'-step loop algebra based on a finite dimensional central simple algebra s’
over k, then

L~ ¥ — n=n'.

Remark 6.5. Suppose that & is an n-step loop algebra based on a finite dimensional
central simple algebra s{ over k. Then C () ®; S®" =k ®; " = $®" and so

CEHE, CP)={ueS u-$cs).

This fact can be used to explicitly compute C (&) in examples.
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Corollary 6.6. Suppose that ¥ = M (A, o1, ..., 0,) is a multiloop algebra based

on a finite dimensional central simple algebra A over k, where o1, ..., 0, are
commuting finite order automorphisms of s with periods m, ..., m, respectively.
Then

(6-6) C® =kl @™,

and so C(&) is isomorphic to the algebra of Laurent polynomials in n-variables
over k.

Proof. Recall (using the notation of Example 5.4) that

and so the inclusion “>” in (6-6) is clear. For the inclusion “C”, let u € C(¥).
Now $®" is naturally Z"-graded and it is clear that C(¥) is a graded subalgebra.

Hence we can assume that u = z{' ...z, where (ji, ..., jn) € 7" _But th_en
Az, iy C iy gy iyt g, forall (i, ... iy) € Z" and so (jy, ..., o) =(0,...,0).
[l

7. Untwisting iterated loop algebras

In this section we show that any n-step loop algebra based on a pfgc algebra can
be untwisted by an extension of the centroid of & that is free of finite rank.

Suppose again throughout the section that £ = L(A, X1, ..., ¥,) is an n-step
loop algebra based on an algebra A over k. We use the notation of the previous
section.

It will be convenient to work with C (%) rather than C (%) (although one could
use y¢ to identify these algebras using Theorem 6.2 and avoid this distinction).
Note that C (<) is a subalgebra of C(s) ®; S®”, and so C () @ S¥"/C(¥) is a
ring extension. This is the extension that we use to untwist &£.

We define

0y L®¢ g (C(sh) @ ") — s @ S
by
wy(xXQu)=u-x
for x € £ and u € C(sd) ®; S®". One easily checks that wy is a well-defined

C () @i S®"-algebra homomorphism which we call canonical.
Our untwisting theorem is the following:

Theorem 7.1. Suppose that ¥ =L(A, Xy, ..., X,) is an n-step loop algebra based
on a pfgc algebra s, where %, has modulus m, for 1 < p <n. Then
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(i) C(A) @i S®" is a free C(%)-module of rank my . ..m, with basis
{leey @7 iel, ).
(i1) The canonical map ws is an isomorphism and so
(7-1) L®¢ ) (C(h) @ ST") ¢ sty son o @ S

Proof. (i) Since C(%) is an n-step loop algebra based on C(s) by Theorem 6.2,
statement (i) follows from Corollary 5.8.

(ii) First & spans & ®; S®" over S®" by Lemma 5.7, and so & spans s ®; S
over C (o) ® S®". Thus wy is surjective.

To show that wg is injective, let x € ker(wg). Then, in particular, x is an element
of & Q) (C(A) @i S®"). Now since C(¥) is an n-step loop algebra based on
C (), it follows from Lemma 5.7 that every element of C(sf) ®; S®" can be
written as a sum of elements of the form z' - u, where i € I, and u € C(¥). But
dou=u- (Qrere ®z'). Thus from the balanced property in the tensor product
7 Q) (C () @ S®™), it follows that x can be written in the form

X = Z)ﬁ ® (e ®7Y),

iel,

where x; € £ for all i. Applying w to this expression yields ) ;_ I, 7' x; =0, and
so xj =0 for all i € I, by Lemma 5.7. Thus x = 0 and wg is injective. O

Remark 7.2. Suppose that & is an n-step loop algebra based on a pfgc algebra .

(i) We can use the canonical isomorphism yg : C(¥) — C(2) of Theorem 6.2
to identify the algebras C(¥) and C(¥). This identification is compatible with
the actions of these algebras on £ and it gives C(s4) ®; S®" the structure of a
C(¥)-module. Then (7-1) can be restated as

(7-1) L Rc#) (C(h) @k S®") (g, sen A @k SP".

Since o ®; S®" is the untwisted n-step loop algebra based on s, Theorem 7.1
tells us that & is untwisted by a free base ring extension of rank my . ..m, of the
centroid of .

(ii) Also observe that the algebras o ®; S®" and sl ®c () (C () @k S®") are
canonically isomorphic as C (o) ®; S®"-algebras. Thus the isomorphism (7-1")
can be further restated as

(7-1") L@c) (C(A) @k S®") ~cyepsen A Qcsy (C(sh) Qr SE").

Theorem 7.1 can be used to compare properties of an iterated loop algebra as
a module or algebra over its centroid with corresponding properties of the base
algebra over its centroid. We now indicate an example of this sort of argument.
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Corollary 7.3. Let & be an n-step loop algebra based on a pfgc algebra . If A is
a projective C(A)-module then & is a finitely generated projective C(£)-module

Proof. As in Remark 7.2, we identify C(%) and C(%) using y¢. By axiom P2
of pfgc algebras and the present assumption, « is a finitely generated projective
C(s4)-module. Hence st ®c () (C(s4) ®k S¥") is a finitely generated projective
C (s4) @k S®"-module. Thus by (7-1"), £ ®c () (C(sd) ®; S®") is a finitely gen-
erated projective C () ® S®"-module. But the extension C () ®; S€"/C(¥) is
free of finite rank by Theorem 7.1(i), and so it is faithfully flat. The result now
follows from [Bourbaki 1972, Ch. I, § 3.6, Prop. 12] O

In the same spirit, we now describe an application of Theorem 7.1 for asso-
ciative algebras. For this purpose we first recall some definitions and basic facts
about Azumaya algebras. A unital associative algebra &% over a ring B is called
an Azumaya algebra over B if 9 is central and separable over B (see for example
[Knus and Ojanguren 1974, §5]). If & is an Azumaya algebra over B, then ¥ is a
finitely generated projective B-module [Knus and Ojanguren 1974, Théoréme 5.1],
and so 9, is a free By,-module of finite rank r, for each maximal ideal m of B.
9 is said to have constant rank r over B if r,, = r for all such m [Bourbaki 1972,
§IL1.5.3]. It is known that if & is a unital associative algebra over a ring B and ¢ is
a positive integer then

9 is an Azumaya algebra of constant rank ¢> over B if and only if

(7-2) there exists a faithfully flat extension B’/B of rings so that 9 ®p
B’ is isomorphic as a B’-algebra to the algebra M,(B’) of £ x £-
matrices over B’.

In that case we will say that 9 is split by the extension B’/ B. Indeed the implication
“=" of (7-2) is Corollary 6.7 of [Knus and Ojanguren 1974]. For the converse,
the algebra M,(B’) is an Azumaya algebra of constant rank ¢> over B’, and hence
9 is an Azumaya algebra of constant rank £2 over B since the extension B’/B is
faithfully flat (see Lemma 5.1.9(1) in [Knus 1991] and Exercise 8 in [Bourbaki
1972, § IL5)).

Corollary 7.4. Suppose that & is an n-step loop algebra based on the matrix
algebra My (k) over k. Then & is a prime Azumaya algebra of finite rank £* over
its centroid C (%) which is split by the extension S®"/C(%).

Proof. Let sl = My(k). Then o is a prime unital associative algebra over k and
hence so is £ (by Theorem 5.5). Also C(s4) =k and so C(sd) ®; S®" = S as in
Remark 6.5. Thus by (7-1") we have

L ®c(x) S xgen My(k) Qi S®" 2gon My(S®").
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Our conclusion now follows from (7-2), since the extension S®" / C (&) is faithfully
flat. g

8. Permanence of type

There is a classical notion of type for simple pfgc Lie algebras in characteristic zero
(see Example 8.1 below). This notion can easily be extended using the central clo-
sure to include prime pfgc Lie algebras in characteristic 0. It will be a consequence
of the results in this section that type is preserved under the loop construction (that
is type is permanent).

An analogous notion of type can be defined for many other important classes
of prime pfgc algebras besides Lie algebras in characteristic 0. Moreover, since
algebras in these classes arise naturally as coordinate algebras in the study of Lie
algebras, and in particular in the study of extended affine Lie algebras, it is desirable
to include these classes in our discussion of type. This generality requires almost
no extra effort once the appropriate definitions are made. That being said, the
reader can safely choose to assume throughout this section that the base algebras,
and hence their loop algebras, are Lie algebras in characteristic 0.

We begin by recalling the classical notion of type for simple pfgc Lie algebras
in characteristic 0.

Example 8.1. Suppose that k has characteristic 0. Let s be a simple pfgc Lie
algebra over k (or equivalently let &4 be a simple Lie algebra over k that is finitely
generated as a module over its centroid). Then, since s is simple, it is easily
checked that C () is a field. Hence, if we let K be an algebraic closure of C(A),
the algebra s{ ® c () K is a finite dimensional simple Lie algebra over K by Lemma
2.4. The type of A is defined in [Jacobson 1962, Ch. X, § 3] to coincide with
the type of the root system of the K-algebra { ®c(y) K relative to any Cartan
subalgebra.

In order to extend this notion to other classes of algebras, we need to introduce
some terminology.

Definition 8.2. Recall that a variety over k is a class V; of algebras over k that
is defined by a set of identities in the free nonassociative algebra kp,[x1, x2, .. .]
in countably many symbols [Zhevlakov et al. 1982, § 1.2]. A variety V; over k is
said to be homogeneous if the ideal in ky,[x1, X2, ... ] consisting of all identities
satisfied by all algebras in V; is homogeneous. Algebras in a variety V; over k
will be simply called Vi-algebras.

A very familiar example is the variety V; of Lie algebras over k which is de-
fined by the identities x;x; and (x1x2)x3 4 (x2x3)x1 + (x3x1)x2. In that case Vi is
homogeneous [Zhevlakov et al. 1982, § 1.4], and a V-algebra is just a Lie algebra
over k.
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Remark 8.3. Suppose that V; is a variety over k. Suppose that B is a unital
associative commutative k-algebra. A Vy-algebra over B will mean a B-algebra
A with the property that o, when regarded as an algebra over k, is in V. In other
words, a Vi-algebra over B is a B-algebra that satisfies the identities (which are
identities with coefficients from our fixed base field k) that define V.

The homogeneity assumption is important for our purposes since homogeneous
varieties are closed under base ring extension.

Lemma 8.4. Suppose that \VV; is a homogeneous variety over k and B — B’ is a
homomorphism of unital commutative associative k-algebras. If s is a Vi -algebra
over B then 4 ®p B’ is a Vy-algebra over B’

Proof. This follows the proof of Theorem 6 in [Zhevlakov et al. 1982, § 1.4]. [

Corollary 8.5. Suppose that V. is a homogeneous variety over k. If £ is an n-step
loop algebra based on a Vi-algebra A, then & is a Vi-algebra.

Proof. By Lemma 8.4, A ®; S®" is a Vj-algebra. Hence so is its subalgebra £. [

We will be interested in homogeneous varieties V that satisfy the following
axiom:

(S) If K/k is a field extension and « is a finite dimensional semiprime V-algebra
over K then  is a direct sum of simple algebras over K.

Example 8.6. In each of the following cases, the variety V; is homogeneous and
satisfies axiom (S):

(a) char(k) =0, V is the variety of Lie algebras.

(b) V, is the variety of associative algebras.

(c) Vy is the variety of commutative associative algebras.
(d) Vg is the variety of alternative algebras.

(e) char(k) # 2, Vi is the variety of Jordan algebras.

Indeed the fact that these varieties are homogeneous is proved in [Zhevlakov et al.
1982, § 1.4]. Moreover axiom (S) follows from the structure theory for the variety
Vy in each case. For example, in case (a), suppose that K /k is a field extension
and o is a finite dimensional semiprime Lie algebra over K. If the radical R of
o is nonzero, then the last nonzero term in the derived series for R has trivial
multiplication, contrary to the assumption that s« is semiprime. So ® = 0 and
hence s is the direct sum of simple algebras [Jacobson 1962, §II1.4]. Similarly
we can use (for example) [Zhevlakov et al. 1982, §12.2, Theorem 3] in cases (b),
(c) and (d) and [Jacobson 1968, § V.2, Lemma 2 and § V.5, Corollary 2] in case (e)
to verify axiom (S).
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The reason for our interest in Axiom (S) is that it allows us to prove the following
proposition.
Proposition 8.7. Let Vi be a homogeneous variety over k that satisfies axiom (S).
Suppose that A is a prime pfgc Vy-algebra over k and let C () be the quotient field
of C(A). Then the central closure A= Qc(st) (/{(\&Tﬁ) of A is a finite dimensional
central simple \/-algebra over C/'(\&?)

Proof By Proposition 3.5, disa prime pfgc algebra over k and hence also over
C () (sd) (see Remark 2.10 and Lemma 3.2). Also, by Lemma 8.4, Aisa \/k -algebra.
Hence, by axiom (S), A is the direct sum of simple algebras over C (&d) Since
A is prime, there is only one summand in this sum. Thus Aisa simple algebra
over C(sd). Finally, by Proposition 3.5, A is central and finite dimensional over
C (). O
Remark 8.8. Suppose that « is as in Proposition 8.7. Then in the terminology
of [Polikarpov and Shestakov 1990, § 1], Proposition 8.7 says that & is a central
order in the finite dimensional central simple algebra A.

We will also need a set X, of algebras over k that play the role of the split simple
Lie algebras over k.

Definition 8.9. Suppose that V; is a homogeneous variety over k. A set of ar-
chetypes for Vy, is a set X of finite dimensional central simple V;-algebras over k
such that the following axioms hold:

(A1) If K/k is an algebraically closed field extension and # is a finite dimensional
central simple V-algebra over K then there exists & € X, so that # ~ g XQ; K .

(A2) If K/k is a field extension and &, ¥’ € X, then
X R K >~k %/(X)kK — ¥=9%

In particular, the elements of X} are pairwise nonisomorphic over k.

Example 8.10. In each of the cases (a)-(e) in Example 8.6 there is a natural choice
for a set Xy of archetypes:

(a) char(k) =0, V, is the variety of Lie algebras and X; = { &y }, where IT runs
through all connected Dynkin diagrams (up to isomorphism) and &1 denotes
the split simple Lie algebra with Dynkin diagram IT [Jacobson 1962, § VII.4].

(b) Vg is the variety of associative algebras and Xy = { My (k) | £ > 1}, where
M, (k) is the algebra of ¢ x £-matrices over k.

(c) Vy is the variety of commutative associative algebras and X = {k }.

(d) V¢ is the variety of alternative algebras and X = { My (k) | £>1}U{ 0}, where
O denotes the split Cayley—Dickson (octonion) algebra [Zhevlakov et al. 1982,
§2.4].
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(e) char(k) # 2, Vy is the variety of Jordan algebras and X is the set consisting
of the following algebras: k; the Jordan algebra constructed from a nonde-
generate symmetric bilinear form with matrix diag(l, —1,...,1,—1) on a
2¢-dimensional space over k, £ > 1; the Jordan algebra constructed from a
nondegenerate symmetric bilinear form with matrix diag(1, —1, ..., 1, —1, 1)
on a 2¢ + 1-dimensional space over k, £ > 1; the algebra of £ x £ hermitian
matrices with coordinates from the split composition algebras of dimension 1,
2 and 4, ¢ > 3; and the algebra of 3 x 3 hermitian matrices over O [Jacobson
1968, § 1.4 and 4.3].

The fact that X, satisfies axioms (A1) and (A2) follows from the classification of
finite dimensional central simple algebras over algebraically closed fields in each
case. See for example [Jacobson 1962, § IV.3, Theorem 3] in case (a), [Zhevlakov
et al. 1982, § 12.2, Theorem 3] in cases (b), (¢) and (d), and [Jacobson 1968, § V.6,
Corollary 2] in case (e).

Remark 8.11. A homogeneous variety V; over k may possess more than one set
of archetypes. For example if k = R and V; is the variety of Lie algebras over
k as in Example 8.10(a) above, then an alternate choice of a set of archetypes is
the set Xy = {61y }, where I1 runs through all connected Dynkin diagrams (up to
isomorphism) and ‘6 denotes the compact real Lie algebra whose complexification
is the simple Lie algebra with Dynkin diagram IT.

Assumption. For the rest of this section we assume that Vi is a homogeneous
variety over k that satisfies axiom (S), and that there exists a set Xy (which we fix)
of archetypes for V.

We can now prove the proposition that allows us to define the notion of type.
Proposition 8.12. Suppose that s is a prime pfgc Vy-algebra over k. If
CA)— K

is a unital k-algebra monomorphism of C () into an algebraically closed field
extension K of k (such a monomorphism exists since C(A) is an integral domain),
then there exists a unique X € Xy so that

(8-1) AQc K g Q¢ K,

where on the left K is regarded as an algebra over C () using the given monomor-
phism. Moreover, X is independent of the choice of the k-algebra monomorphism
C(d)— K.
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Proof. First let L be an algebraic closure of C(sd). By Proposition 8.7, A is
a finite dimensional central simple Vj-algebra over C?Ts@) Therefore, by Lemma
24, ﬁ®~ L is a finite dimensional central simple algebra over L. So, by Lemma
8.4, ® 5(;17 L is a finite dimensional central simple Vj-algebra over L. Thus, by
axiom (A1) (see Definition 8.9), there exists & € X so that AQ—~— L~ L X R L.

C(st)
Then

(8-2)  A®c) L =L (AQcu) C(A)) B L=d i L~ QL.

Now let C(d) < K be an arbitrary unital k-algebra monomorphism of C ()
into an algebraically closed extension K of k. This extends to a unital k-algebra
monomorphism (7(\&?) < K which in turns extends to a unital k-algebra monomor-
phism L — K. We use this latter monomorphism to identify L as a subfield of K.
Then using (8-2) we have

AQcsty K =g (AQcy L) ®L K =g (¥ QL) ®1 K >~ X Qi K.

This shows the existence of an element & € X satisfying (8—1). The uniqueness
follows from Axiom (A2).

Finally if C (o) <> K’ is another unital k-algebra monomorphism of C () into
an algebraically closed extension K’ of k, then the argument just given using (8-2)
shows that o Qc(s0) K >~ X, K'. O

Definition 8.13. Let s be a prime pfgc Vj-algebra over k. The element X € X;
described in Proposition 8.12 is called the type of o (relative to X;) and denoted
by #(s4). We also sometimes refer to 7(sd) as the absolute type of o since it is
determined by extending the base ring C(s{) to an algebraically closed field.

Example 8.14. Let char(k) = 0, let V; be the variety of Lie algebras, and let
Xr = {¥n} be as in Example 8.10(a). If we identify ¥ with the diagram IT,
then Definition 8.13 assigns to each prime pfgc V-algebra sd a connected Dynkin
diagram (o). (If o is a simple pfgc algebra, this is exactly what was done in
Example 8.1.)

The following result tells us that type is an isomorphism invariant for prime pfgc
algebras.

Proposition 8.15. Suppose that 4 and A’ are prime pfgc Vi-algebras over k. Then
Aoy A = t(d)=t(A).

Proof. Let ¢ : C(sd") < K be a unital k-algebra monomorphism of C (') into an
algebraically closed field extension K of k. Denote the resulting action of C (")
on K by (x',a) > x'-a.
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Fix a k-algebra isomorphism p : s§ — «’. Then p induces an isomorphism
C(p):C(A) — C(4") by Lemma 2.2. So the composite map ¢oC(p): C(#4) — K
is a unital k-algebra monomorphism which we use to view K as an algebra over
C (). The resulting action of C(#) on K is given by

x-a=C(p)(x)-a.

for x e C(d) and o € K.
The biadditive map p : o4 x K — o' @y K satisfying p': (a, o) — p(a) @«
is then C(sf)-balanced. Indeed if x € C(s4), a € A and @ € K we have
p(x(@),a)=p(x@)®@a=C)0)(0(a) @«
=p@) Q(C(p)(x)-a)=p@)®x -a=pa, x o).

Thus p induces a k-linear map A Q¢ ) K — A’ @1y K so that a@ — p(a) @«
for a € o and @ € K. This map is clearly a homomorphism of K-algebras. In a
similar fashion we obtain a homomorphism of K -algebras d’ @ ¢ (1) K = A Q¢ (s1)
K sothata' @ a — p~'(a’) @ a for a’ € s’ and « € K. These maps are inverses
of each other and so we have

A®cin K >k A" @cary K.
Thus, X1 K ~x X' Qr K, where X =t (A) and ¥ =1 (A"), and so t (A) =t (A). O
Our main result in this section is the following:

Theorem 8.16. (Permanence of type) If & is an n-step loop algebra based on a
prime pfgc Vi-algebra A, then & is a prime pfgc Vy-algebra and

t() =t(A).

Proof. By Theorem 5.5(iii) and (iv) and Corollary 8.5, & is a prime pfgc V-
algebra. So ¢ () and 7 (&) are defined and it remains so show that these types are
equal. For this note first that C(s) is an integral domain by Lemma 3.3(i), and so
the algebra C(sd) @ S®" = C(s)[z7", ..., zF'] is an integral domain. Let K be
an algebraic closure of the quotient field of C (sf) ®; S®". Now by (7-1") we have
the isomorphism

FQcw) (C(A) @k S%") ~cyeysen A Qcsy (C(sh) ®r SE).
Tensoring this over C (o) ®; S®" with K yields the isomorphism
LQcw) K =k A®c) K.

Hence we have ¥ @ K ~x ¥ Qi K, where ¥ = 1() and ¥’ = ¢(¥), and so
x=%. O
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Since finite dimensional central simple algebras over k are prime pfgc algebras,
we have:

Corollary 8.17. If & is an n-step loop algebra based on a finite dimensional central
simple VVi-algebra sd over k, then & is a prime pfgc Vy-algebra and t (£) = t (A).

Corollary 8.18. If ¥ € Xy and & is an n-step loop algebra based on ¥, then £
is a prime pfgc Vy-algebra of type X. If further X' € Xy and &' is an n'-step loop
algebra based on X', then

P4 —= ¥=% andn=n.

Proof. The first statement follows from Corollary 8.17 since #(¥X) = %. For the
second statement suppose that £ ~; £’. Then by Proposition 8.15, 1 (¥£) = ¢t (¥')
and so ¥ = ¥’. Finally by Corollary 6.4, n =n’. O

Our primary focus in future work will be on the case when the base algebra is
a finite dimensional split simple Lie algebra. For ease of reference we therefore
record Corollary 8.18 explicitly in that case.

Corollary 8.19. Suppose that s is a finite dimensional split simple Lie algebra
over a field k of characteristic 0, and & is an n-step loop algebra based on .
Then & is a prime pfgc Lie algebra and for any unital k-algebra monomorphism
C(¥) — K into an algebraically closed extension K of k we have

LQc) K ~g AR K.

Moreover, if A is a finite dimensional split simple Lie algebra and &' is an n’-step
loop algebra based on SA’, then

(8-3) L4 P — Ay A andn=n'.

Proof. We apply Corollary 8.18 to the case when V is the variety of Lie algebras
and X; = { ¥} as in Example 8.10(a). Since any finite dimensional split simple
Lie algebra over k is isomorphic to exactly one algebra in X} the result follows. [J

If & is an n-step loop algebra based on a finite dimensional split simple Lie
algebra & (in characteristic 0), then (8-3) tells us that both (the isomorphism class
of) the base algebra s and the number of steps n are isomorphism invariants of £.
This answers a natural question that began the research described in this paper.
We have now seen in Corollary 8.18 that the result is true in a much broader
context. The interested reader can easily write down the results corresponding
to Corollary 8.19 for the varieties of associative algebras, alternative algebras and
Jordan algebras (see Example 8.10(b), (d) and (e)).
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9. Two-step loop algebras

In this section we look more closely at 2-step iterated loop algebras and their cen-
troids. We then conclude with a detailed look at two examples that illustrate several
of the concepts studied in this article.

Throughout this section, we assume that m| and my are positive integers and
that k contains a primitive m_-th root of unity ¢,,,, i =1, 2. We use the notation of
Section 5 (for iterated loop algebras).

We start with some further notation. Let k* = {p € k | p # 0} be the group of
units of k. If p € k™, we let

kluy, uzil, wl,
denote the unital associative commutative k-algebra presented by the generators
up, u, uy 1, w subject to the relations

wuy' =1 and  w? = ul —4p)us.

It is clear that the set

(Wb w! iy €750, ixeZ, j=0,1)
is a k-basis for k[uy, uécl, w],. It is also easy to verify that the group of units of
kluy, uzﬂ, w], is given by

(9-1) Ukluy, uf!, wl,) = {aul |a e k>, i € Z).

Indeed, one way to see this is to make use of the multiplicative norm function
N k[uq, uéﬁl, wl, = kluy, uéﬁl] defined by N (a; +aw) =a% —a%w2 foray,ap €
kluy, uécl], and use the fact that if  is a unit in k[u, uéﬁl, w], then N (u) is a unit
in kluy, ufl]. We leave the details of this to the reader.

The algebra k[u, uzil, w], is important in the study of iterated loop algebras
because of the following fact.

Lemma 9.1. Let £ = L(k, X1, ) be a 2-step iterated loop algebra based on the
algebra k, where X; has modulus m; fori =1, 2. Then exactly one of the following
holds:

(a) &£~ k[tlil, tzﬁ] (the algebra of Laurent polynomials in 2 variables).

(b) £~ kluq, uzil, w], for some p € k*.

Moreover (a) holds if and only if z'lnlzé € & for some j € Z.

Proof. Note that the group of units in k[tlﬂ, tzil] spans the algebra k[tlil, tzil],
whereas this is not true for the algebra k[u, uéﬁl, w], (by (9-1)). Thus (a) and (b)
cannot hold simultaneously. So it remains to show that either (a) or (b) holds (the
final statement will be proved along the way).
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Now as noted in Remark 5.2(iii), we have
¥ = L(k,01,02),

where o7 is an automorphism of period m| of £y = k, and o, is an automorphism
of period m, of £1 = L(k, 01). Then, since o7 is an algebra homomorphism, o1 =1
and so

$ = k[ylil], where y; = z7'".

Thus o7 is an automorphism of period m, of k[yftl]. Hence either o2(y1) = py;
for some m,-th root of unity p in k™ or o2(y1) = ,oyl_1 for some p € k*. Moreover
(for the proof of the final statement in the proposition) the first of these possibilities
holds if and only if y; is homogeneous in the grading ¥, determined by o, which
in turn holds if and only if ylzé € & for some j € Z.

Case (a): Suppose that 02(y1) = py; for some m,-th root of unity p in k™. Let
n, be the order of p in k. Then n; is a divisor of mo,

gmz , where p, = %,
and r is relatively prime to n, (take r = 0 if n, = 1). Choose an inverse s for r
modulo n; (take s = 0 if np = 1). Now the grading ¥, of & is given by &| =
@J-Ezmz (££1)7, where (£); is spanned by the elements y; withi € Z and 05(y]) =

{,f;z yi. But n; and s are relatively prime and so any integer can be expressed in the
form an, + bs, where a, b € Z. Also

Gz(yimz+bs) — an2+bsyim2+bs pbsyanz+bs é‘pzrbs any+bs é.pzb any+bs
and so y”"”bs € (1)~ Therefore & = L(£1, 02) is spanned by elements of the

form
b
yf"2+bsz§2 , abel.
But y‘mﬁbvzmb (Y[)*(y{z5*)P. Hence we obtain

1 42
F=klt", 657, where t; = y|? and t, = yjz}*.

Case (b): Suppose that az(yl) = ,oyl_l for some p € k*. Then o, has order 2
and so m is even. Let p, = 7 and y, = Z . Then

= (% @ k[(y%)i]]) @ (L] @ 2k DHF'),

where 55?: is the +1-eigenspace for o,. Now it is clear that §ET has a k-basis
consisting of the elements (y; + ,oyfl)”, a > 0. Therefore EBT Rk k[(y%)il] has
basis

01+ oy N3P, a,beZ, a>0.
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Also one easily checks that £ = (y; — pyl_l)58+, so £ Rk yzk[(yzz)il] has basis

1 — oy D+ oy D", abeZ, a=0.
Thus, setting

ur=yi+py; ', uz=y; and w=(y—py; )y
we see that & has basis u‘l’ulz’wc, ae€lsy,beZ, c=0,1. Moreover, one checks

directly that w? = (u? —4p)uy, and so we have identified & with k[u1, u3", w],. O

Remark 9.2. In Case (a) of the proof of Lemma 9.1, the conclusion is an immediate
consequence of a more general “erasing theorem” that was proved in [Allison et al.
2004, Theorem 5.1]. We have included the proof above since it is short and self-
contained.

Remark 9.3. If p, p’ € k*, one can show that

1

k[ul,uécl,w]p zkk[m,uécl,w]pr < p'p~'isasquarein k*.

In particular, if k is algebraically closed, the isomorphism class of k[u, ufl, wl,
does not depend on p. In that case Lemma 9.1 tells us that, up to isomorphism, there
are exactly two (one step) loop algebras based on k[yftl]. This fact is a special case
of a more general result about (one step) loop algebras based on the algebra & of
Laurent polynomials k[yfﬂ, ey y;tl] over an algebraically closed field k. Indeed,
using the fact that the abstract automorphism group of # is (k™) x GL,(Z) and
some techniques from Galois cohomology (see Remark 4.8), one can show that
there is an injective map that attaches to each R-isomorphism class of loop algebras
based on s an invariant in the set of conjugacy classes of GL,(Z). (When g =1,
G L, (Z) has exactly two conjugacy classes and one can show that R-isomorphism
coincides with k-isomorphism.) We omit proofs of the statements in this remark,
since we will not be using these statements here and since their proofs would take
us rather far afield.

Lemma 9.1 together with Theorem 6.2 implies the following more general result:

Proposition 9.4. Let & = L(A, X1, Xp) be a 2-step iterated loop algebra based
on a finite dimensional central simple algebra s over k, where X; has modulus m;
fori =1,2. Then exactly one of the following holds:

(a) C(&P) =~ k[, 572,
(b) C(&L) > kluq, uE—Ll, w], for some p € k*.
Moreover (a) holds if and only ifz'f“zé € C(2) for some j € 7 (see Remark 6.5).

Definition 9.5. As in Proposition 9.4, let ¥ = L(«d, X1, X;) be a 2-step iterated
loop algebra based on a finite dimensional central simple algebra s over k, where
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¥.; has modulus m; for i = 1,2. We say that & is of the first kind (resp. second
kind) if C (&) is isomorphic to k[tlil, tzﬂ] (resp. k[uy, u;—Ll, w], for some p € k).

Remark 9.6. (a) It follows from Corollary 6.6 that any 2-step multiloop algebra
based on a finite dimensional central simple algebra is of the first kind.

(b) Suppose k is algebraically closed of characteristic 0 and ¥ = L(d, o1, 07)
is a 2-step iterated loop algebra based on a finite dimensional central simple Lie
algebra o over k, where o; has period m; for i = 1,2. Then L(4A, o1) is the
derived algebra modulo its centre of an affine Kac—Moody Lie algebra g [Kac
1990, Theorem 8.5]. Moreover one can show that the 2-step loop algebra & is
of the first kind in the sense of Definition 9.5 if and only if the automorphism o,
of L(d, 01) is induced by an automorphism of the first kind of g (as defined for
example in [Levstein 1988, Part III.1]). Indeed this example is the reason for our
choice of terminology.

We conclude by looking at two examples of 2-step iterated loop algebras. These
examples illustrate the above proposition (Proposition 9.4) as well as a number of
the concepts studied in this article.

Example 9.7. Suppose that k is of characteristic 0. In this example we consider a
2-step iterated loop algebra £ = L (s, o1, 07) based on the Lie algebra sd =sl,4 (k)
over k, where £ > 1 and o7 and o, have order m| = m, = 2.

Before beginning it will be convenient to define four commuting automorphisms
ni, N2, K1 and K2 of S®2 by

Mm@z = (D225, mGzg) = (=22 25,
Kz =z7"2% and ka(ZZd) =17'%,"
for iy, ip € Z. Each of these automorphisms restricts to an automorphism of k[zlil]
which we also denote by 711, 172, k1 and k, respectively.
To construct & we first let £y = . Next let o1 € Aut(sf) be defined by o) (a) =
—Ja'J, where

Then o7 has order 2 and we set
581 = L(Sd, o1, Zl),

using the notation of Remark 4.4. Thus &, is the algebra of fixed points in s ®
k[ziH] of the automorphism o7 ® n;. (If k is an algebraically closed field of char-
acteristic 0 and ¢ > 2, then & is the derived algebra modulo its centre of the affine
Kac—Moody Lie algebra of type AEZ) [Kac 1990, Chapter 8].)
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Next the automorphisms 14 ®«; and o1 ®n; of &ﬁ@kk[zfﬂ] commute, SO 14«
stabilizes 1. We set o0 = 1y ® k1 |, € Auty (£1). Then o, has order 2, and we set

L=%:=L($1, 02, 22).

By construction & is a 2-step iterated loop algebra based on .

It is clear from the above descriptions of & and &,, that & is the algebra of
common fixed points in o ®; S¥2 of the automorphisms o7 ® n; and 14 & k17>.
From this it follows easily that

9-2) E={xesl(K)|x"=—x},

where
K = (S®2)K1?72

is the algebra of fixed points in S®2 of the automorphism «{1,, and
(9-3) x*=—Jmx)'J

for x € M,,(K). (Here n1x denotes the matrix obtained from x by applying 7; to
the entries of x.) In more geometric language, & can be viewed as the Lie algebra
of K-linear transformations of the free K-module K‘*! that are skew relative to
the hermitian form (u, v) —~ (n1u)’ Jv.

Now by Remark 6.5, the centroid of & is isomorphic to the algebra

(9-4) C)={uecsS®|u-Lc%

of §®2. This together with (9-2) implies that C(¥) C K. But by (9-3), (u - x)* =
(nu) -x* foru € K and x € sly41(K). Hence it follows from (9-2) and (9-4) that
C(¥$) = K™. So we have

C&) = (S®2)(m,l(17lz).
Note also that, by Theorem 7.1, $%2 is a free C(&¥)-module of rank 4 and
L ¢ ) SP* 2 sl41 (S22).

Moreover, by Corollary 8.17, & is a prime pfgc Lie algebra of type A, (see Example
8.14). . ' ‘ '

Finally, note that « nz(z%zé) = (—l)jzl_zzé # Z%Zé and so Z%Zé ¢ C(¥) for
Jj € Z. Thus & is of the second kind. (In fact one can check directly that C(¥) is
isomorphic to k[u, uEH, w], for p=1.) So C (%) is not isomorphic to the algebra
of Laurent polynomials in any number of variables (since C (&) is not spanned by
its units). Hence, by Corollary 6.6, & is not isomorphic to a multiloop algebra in
any number of steps based on a finite dimensional central simple Lie algebra.
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Example 9.8. Suppose that £ > 1 and k is a field which contains a primitive £-th
root of unity ¢ = ¢,. In this example we consider a 2-step multiloop loop algebra
¥ = M(dA, o1, 07) based on the associative algebra s§ = M, (k) of £ x £-matrices
over k, where o7 and o, have order m; = m, = £.

First let
10... O 01...0
¢ ... 0 :
ap = .. X and ay = 1
00 ... {Z_l 10...0

in . Then aa; = ¢ajay, af = ag =1, and it is well known that
{afay |0<ijip<€—1}

is a basis for o. (See for example [Draxl 1983, §11].)

Define o; € Auty (o) by 0;(x) = aixalfl forx e d,i =1, 2. Then o;(a;) = a;,
o1(a2) =¢ 'a, and 02(ay) = ¢a;. Hence o and o, are commuting automorphisms
of A of order £. Let

¥ = M(SZQ, o1, 0'2)
be the multiloop algebra of o1, 07 based on o (with m| = m, = £). To calculate £
explicitly, note that

—iy o iy, —i1 02 —iy > ir ,—i1 02
oi(a, 'a’)=¢"a, 'a and o3(a, 'a;)=¢"a, 'a;
for iy, i € Z. Thus s;, ;, = ka, "'ay* for i, i» € Z. Consequently

¥ =spany{a, 'a} ®z\'z5 | i1,ir € Z} =span {x|'xy | i1, ir € Z},

where
0 ... 0 g4 2 0 ... 0
1 z1 ... 00 0 ¢zp ... 0
x1=a, @z1=|. . . . |adxy=a1®n= . )
0...2710 0 0 ... %y

in £. Thus & is the subalgebra of M,(S®?) generated as an algebra by the matrices

xlil, xéﬁl which satisfy the relations

(9-5) xl-xl._l =xl-_1x,- =1 and xyx| = {x1x3.

It follows that & >~ kg, where kg is the algebra presented by the generators xp, x»

subject to the relations (9-5). This algebra kq, which is called the quantum torus
determined by the matrix ¢
q= [ ¢ 1 1] )
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has arisen in a number of different contexts; see for example [Magid 1978; Mc-
Connell and Pettit 1988; Berman et al. 1996; Gao 2000].

Note that by Corollary 6.6, the centroid (= centre) of & is isomorphic to C&) =
k[tlil, t2il], where | = Zf and r, = zg. Moreover, by Theorem 6.1, §®2 is a free
C (¥)-module of rank ¢% and & QS ®2~ M, (S®?). Consequently (see Corollary
7.4) &£ >~ kq is a prime Azumaya algebra of constant rank €2 that is split by the
extension S®2/k[tlil, tzil].

Remark 9.9. The fact that the quantum torus kq (described in the preceding ex-
ample) is an Azumaya algebra was seen by a different method some time ago
in [Magid 1978, Lemma 4]. This information about the algebra kq is important
because it tells us that kq defines an element [kq] of the Brauer group of the ring
k[tlil, tétz]. In fact gBI‘(k[llil, tétz]) is cyclic of order £ and the element [kq] is a
generator of this group [Magid 1978, Theorem 6].

Remark 9.10. The authors wish to thank John Faulkner for conversations that led
to Example 9.8. This example turns out to be a special case of a more general con-
struction of quantum tori and their nonassociative analogs as multiloop algebras.
This topic will be investigated in a article in preparation by the present authors
together with John Faulkner.
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