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OPERATOR MULTIPLIERS

EDWARD KISSIN AND VICTOR S. SHULMAN

We introduce a noncommutative version of Schur multipliers relative to an
operator ideal. In this setting the functions of two variables are replaced
by elements from a tensor product of C*-algebras, and the measures (or
spectral measures) by representations. For commutative C*-algebras this
approach agrees with Birman and Solomyak’s theory of double operator
integrals. We study the dependence of the spaces of multipliers on the choice
of representations and find that the question is closely related to Voiculescu
and Arveson’s theory of approximately equivalent representations. The
space of multipliers universal with respect to the chosen measures is related
to the Haagerup tensor product of the algebras.

1. Introduction

Let H and K be Hilbert spaces, let B(H, K) be the Banach space of all bounded
linear operators from H into K, and let G, (H, K) be the Hilbert space of Hilbert—
Schmidt operators. Each symmetrically normed ideal / induces the norm | - |; on
X =1(H,K)NGyH,K). Let & : ¢ — ®, be a map from a set G into the
algebra B(G;,(H, K)) of all bounded operators on G,(H, K). If for some ¢ € G,
the operator ®,, preserves &; and is bounded in | - |, so that |®,(R)|; < C|R|;, for
all R € Xy, then ¢ is called a (&, I)-multiplier. Below we consider some examples
of (&, I)-multipliers with increasing generality.

Let X, Y be arbitrary sets, let H = [5(X), K = [5(Y), and let B(X x Y) be
the set of all bounded complex-valued functions on X x Y. Identify each T in
&,2(H, K) with the corresponding matrix (¢ (x, y)). Forgp € B(X x Y), set S,(T) =
(p(x, »)t(x,y)). Then S : ¢ — S, is a map from B(X x Y) into B(&2(H, K)),
and we call (S, I)-multipliers Schur I-multipliers. It is not difficult to check that,
at least for separable ideals I, they coincide with Schur /-multipliers as defined in
[Bennett 1977] and, for I = B(H, K), in [Pisier 2001].

More generally, for arbitrary measures p on X and v on Y, let H = Lo(X, )
and K = Ly(Y, v). Then &,(H, K) consists of integral operators R with kernels
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r(x,y) on X x Y such that

12
(1-1) |R|2=< /X Y|r<x,y>|2du(x>dv<y)> < 0.

Each ¢ € Loo(X x Y, uxv) defines a bounded linear map ®, on &,(H, K), where
®,(R) is the integral operator with kernel ¢ (x, y)r(x, y). The (P, I)-multipliers
in this case are called (u, v, I)-multipliers.

Birman and Solomyak [1967; 1973; 1989] developed a powerful machinery of
double operator integrals (DOI) in their study of multipliers related to various
problems arising in mathematical physics. Starting with two spectral measures €
and % on sets X and Y, respectively, they define, for each bounded measurable
function ¢, a map ®, on &,(H, K) by

b, (R) = /X fY o(x, ) dF(y) R dE(x).

The corresponding (&, I)-multipliers are called “functions that define bounded
DOI on 7”; we will call them (€, %, I)-multipliers or DOI I-multipliers. For
multiplicity-free spectral measures, they coincide with (i, v, I)-multipliers.

We consider now a noncommutative version of the example above. In this setting
the functions of two variables are replaced by elements of the tensor product s ® %R
of C*-algebras, and the spectral measures by representations 7, p of these algebras.
For ¢ € 4 ® %, the operator (7 ® p)(¢) acts on the tensor product # = H; @ H,,.
Identifying % with G,(H?, H,), where H is the dual of H,,, we may consider this
operator as an operator ®, on Gz(Hg, H,) and, in the sense above, speak about
I-multipliers. We call them (7 ® p, I)-multipliers. For commutative C*-algebras
A = Co(X) and B = Co(Y), the (r ® p, I)-multipliers coincide with (€, F, I)-
multipliers, where € and ¥ are the spectral measures corresponding to the repre-
sentations 7 and p. Even for commutative algebras the precise description of the
spaces of multipliers is known only for / = B(H); for Schur multipliers it was
obtained in [Grothendieck 1953], for DOI B(H )-multipliers in [Peller 1985].

In this paper we mainly study the dependence of the spaces of multipliers on
the choice of the representations and, in the commutative case, on the choice of
spectral or scalar measures. Our initial aim was to prove that a continuous function
o(x,y)is a (u, v, B(H))-multiplier if and only if it is a Schur multiplier on the
product of the supports of i and v. In other words, we were going to prove that the
space of continuous (i, v, B(H))-multipliers depends only on the supports of the
measures. This was conjectured by B. E. Johnson in a discussion with the second
author and previously proved in [Kissin and Shulman 1996] for functions of the
form (f(x)— f(y))/(x —y). Here this result will be deduced from a result of much
more general nature: the space of all («, p, I)-multipliers does not change if the
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representations 7 and p are replaced by approximately equivalent representations.
For its proof we use Voiculescu’s noncommutative Weyl-von Neumann theorem.
As far as we know, this is the first application of a deep result of the theory of
C*-algebras to multipliers and, in particular, to Schur multipliers. In fact, the
desire to understand the relation between these branches of the operator theory
was our main motivation during this work.

The restriction to the C*-tensor products of C*-algebras reflects our interest in
continuous multipliers. However, in the last sections we go further and study “non-
continuous” multipliers. More precisely, we consider (i, v, I)-multipliers contin-
uous in a pseudotopology instead of a topology. It was shown in [Erdos et al. 1998]
that each pair i and v of standard measures on X and Y defines a pseudotopology
won X x Y, and we study (u, v, I)-multipliers that are w-continuous functions. It
should be noted that the space of such multipliers is much wider than Co(X x Y)
and, moreover, all (u, v, B(H))-multipliers are necessarily w-continuous. The
main result here states that an w-continuous function is a (i, v, I)-multiplier if
and only if it becomes a Schur multiplier after deleting from X and Y suitable null
subsets. As a consequence we show how one can deduce Peller’s theorem on DOI
B(H)-multipliers from Grothendieck’s description of Schur multipliers. We also
prove that the space of all w-continuous (u, v, I)-multipliers does not change if
the measures u and v are replaced by equivalent measures.

2. Preliminaries

We need some notions and results from the theory of symmetrically normed (s.n.)
ideals. The general reference for this topic is Gohberg and Krein [1965]. We
denote the dual space of a Banach space X by X“ and the conjugate operator of
A € B(X) by A%, Let F and C(H) be the ideals of finite rank operators and of
compact operators in the Banach algebra (B(H), | - ||) of all bounded operators on
a Hilbert space H. A two-sided ideal I of B(H) is symmetrically normed if it is a
Banach space with respect to a norm | - |7, and

|AXB|; < |AllX|;IB]l, forA,BeB(H)and X €.

Such an ideal [ is selfadjoint and, by the Calkin theorem, & C I € C(H).

There is a one-to-one correspondence between the set of symmetrically normed
functions (see [Gohberg and Krein 1965]) on the space ¢y of all sequences of real
numbers converging to 0 and the set J of all pairs (Jp, J) of s.n. ideals, where
Jo is a separable ideal that coincides with the closure of & in |- |;,, and J is the
largest s.n. ideal such that Jy € J and the norms | - |, and | - | ; coincide on Jo. We
call J coseparable because there is another, “dual” pair (jz), f) in J such that J is
isometrically isomorphic to the dual space of j?) via the following correspondence:
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every bounded linear functional on Z) has the form
-1 Fr(X)=(X,T),=Te(T*X), withT € J and ||Fr|=|T|,.

In turn, the ideal J is isometrically isomorphic to the dual space of Jy.

Many ideals are separable and coseparable simultaneously. An important class
of such ideals consists of the Schatten ideals &, with 1 < p < co. We will denote
C(H) by G and B(H) by &,. The dual ideal @p of the Schatten ideal &, is
S, where

1 1 ) , . , .
;+?=11f1<p<oo; p =1 if p=o0; p=bifp=1.

For each s.n. ideal 7, there is a unique pair (Jo, J) in J such that Jo S I C J
and the norms |- |y, |- |; and | - |7 coincide on Jp.

If 1, J are s.n. ideals and J C I, Proposition 2.1 of [Kissin and Shulman 2005b]
tells us that there is ¢ > 0 such that

(2-2) |Al; <clAl;, forAel.
For their dual spaces 4 Jd we have 19 C J9 and
(2-3) IFllja <cl|Flija, for F eI’

Lemma 2.1. (i) For coseparable ideals I, J, the following conditions are equiv-
alent:

DIct; 2Dh<J; Sl HIcT
In particular, the following conditions are equivalent:
DG Sy DG CJ; 3HICSE; 4 IS

(i1) Let J < I be s.n. ideals. If a bounded map M: I — I preserves J, its
restriction to J is bounded.

Proof. Part (i) follows from (2-1)-(2-3).
Let A, - A and M(A,) — B in (J,|-|;). By (2-2), |A, — Al; — 0, so
IM(A,) — M(A)|; — 0. Therefore,

IM(A) — Bl; < [M(A) — M(A)|r +|M(A,) — Bl;
<|M(A) — M(Ap)|1 +cIM(A,) — B|; — 0.
Thus M(A) = B. Hence M is closed on J and, therefore, bounded. O
Let H, K be Hilbert spaces and I be an s.n. ideal of B(H). Then

I(H,K)={A e B(H,K): (A*A)? eI}
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is a closed left B(K)- and right B(H)-module supplied with norm
Al = |(4*4)' 2],

If U is an isometry from H onto K, then /(H,K) = Ul. For R € B(H, H),
SeB(K,K)),and AelI(H,K),

SAR e I(Hy, Ky) and |SAR[; <|S||A[/lIR].

If S and R are isometries, then |SAR|; = |A|;.

The dual space H? of H is a Hilbert space; there is an antiisometry map 9 from
H onto H?, where x4 := 9(x) is given by xd(y) =(y,x)= (x4, yd) [Wegge-Olsen
1993]. The space G,(H?, K), being a Hilbert space with respect to the scalar
product (T, R) =Tr(R*T), is isometrically isomorphic to the tensor product space
H ® K. More precisely, the linear map 6 from the algebraic tensor product H © K
into the set of all finite rank operators in B(H?, K') defined by

0(h@k)x? =x¥(h)k = (h,x)k forx € H,
extends to an isometric isomorphism from H ® K to G,(H 4 K):

©0(), 02 =Tr(OM0E) =&, m for§,ne HRK.

Let 6, be the isomorphism from H; ® K| on (‘52(Hd, K;). For R € B(H, H)),
denote by R* its adjoint, acting from H; to H, and by R? its conjugate from Hld
to H%. Then

IR‘I=1IRIl,  R'x!=(R*x)? forxeH,
and
(2-4) (R =TRY,  (RHY=(RY)*, (R =AR? forxreC.
The second of these equalities can be written in the form
(2-5) RI=0aR*3;".

Let S € B(K, K1). We have 6;(R® S)(h®k)) = S6(h®k)R? for h € H and
k € K, so

(2-6) 0,(R® S)E) = SO(E)R?, foréc H®K.

3. Multipliers and approximate equivalence

A normed subspace X of a Hilbert space H is a linear subspace supplied with
its own norm || - ||x. By b1(X) we denote the closed unit ball of (X, || - ||x). As
important classes of normed subspaces we mention full and normal subspaces:



114 EDWARD KISSIN AND VICTOR S. SHULMAN

(1) X is full if X = H, while || - || x need not coincide with the norm of H;
(2) X is normal if b1(X) is closed in H.

We define the dual normed subspace X* of a normed subspace X in H by setting

1(x, y)|
(3-1) X '={yeH: |ylx: <oo}, where |y|x: = sup :
vex lxllx

Then X € X% and ||x||y= < ||x|lx, for x € X. Thus b;(X) C by (X™).
Proposition 3.1. (i) For a normed subspace X of H the following conditions are
equivalent:
(1) X is normal,
(2) X is a dual of some normed subspace;
(3) bi(X) =bi(X™).
(1) Let X be full. It is normal if and only if

(3-2) Ixllx <Clx|l, forallx € H and some C > 0.

Proof. (3) = (2). Set Y = X". 2) = 1) follows from (3—-1).

(1) = (3). Let z € b1 (X™) \ b1 (X). Since by (X) is closed in H, then, by the
Hahn—Banach theorem, there is y € H such that |(z, y)| > 1 and |(x, y)| < 1, for
all x € bi(X). Therefore, by (3-1), y € X% and | y|lx: < 1, so ||z]|x= > 1. This
contradiction shows that b; (X) = b (X"). Part (i) is proved.

Let X be full: H =X = Uflozl n b1(X). If X is normal, then b (X) is closed.

By Baire’s theorem, b;(X) contains an open subset of H and this implies (3-2).
The converse is evident. O

Let X be a normed subspace of H. An operator M € B(H) is called bounded
on the pair (X, H), if it preserves X and is bounded on X in || - || x. The proof of
the following result is straightforward.

Lemma 3.2. Let X be a normed subspace of H, and let M be bounded on (X, H).
(i) M* is bounded on (X°, H) and I M* | pxsy < IM|lBx).

(ii) M is bounded on (X%, H).

(iil) If X is normal, then |M* || gxs = | M| B(x).

Let 7 be a representation of a C*-algebra & on H and X be a normed subspace
of H. Anelementa € A is a (;r, X)-multiplier if w(a) is bounded on (X, H). Set

I (a@)x]|
(3-3) lal% = |7 (a) | pox) = sup ~———=
vex  xllx

We now recall the notions of approximate equivalence and approximate subor-
dination for representations of C*-algebras, introduced in [Voiculescu 1976] (see
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also [Arveson 1974]) and [Hadwin 1981], respectively. Among the various possible
definitions, we use the one given in this last reference.

Definition 3.3. (i) Let 7 and 7’ be *-representations of a C*-algebra 4 on Hilbert
spaces H and H’. The representation 7’ is approximately subordinate to 7
(we write 7’ <, ) if there is a net {U,} of isometries from H’ into H such
that

(3-4) |7 (@)U, — Usn’(a)| — 0, foralla e dA.

(ii) If the operators U, are unitary, then 7 and 7’ are approximately equivalent,
and we write 7w ~, 7’.

Let X’ and X be normed subspaces of H' and H, respectively. We say that
an approximate subordination 7’ <, 7 or approximate equivalence 7’ ~, ) is
(X', X)-consistent if the operators U, in Equation (3-3) can be chosen in such a
way that

(3-5) UX'CX, U XCX', U llx <Clx'lIlx, IIUixlx <Clxl|x,
for some C >0and all x' € X', x € X.

Proposition 3.4. Let 7’ and 7 be *-representations of 4 on H' and H, let X' and
X be normed subspaces of H' and H, and let there exist an (X', X)-consistent
approximate subordination 7w’ <, 7. Suppose that X' is normal. Then any (7, X)-
multiplier a in A is also a (7', X')-multiplier, and

(3-6) lal% < CHal% .
Proof. Set Fy, = (a)U, — U, n'(a). Given x" € X', we have U (a)Uyx' € X',
|Ufm(a)Usx' | x < Cllm(@U;x'||x < Clalgl|Uxlx < C*Hal% x| x,

and 7'(a)x’ = U} U,n'(a)x’ = Ufn(a)Uyx" — U} Fx'.

Set Cy = C2|a|’}(||x’||x/. Then all U (a)U,x' belong to C1b1(X’). Since X' is
normal, the ball C1b;(X’) is closed in H. Since ||U; Fyx'|| g — 0, we obtain that
7' (a)x’ € C1b1(X'). Thus 7' (a) preserves X', and

I’ (@)x'l[x < C1 = Clalx [Ix'llx,
which gives (3-0). l
4. Operators bounded on normed subspaces of S,

For an s.n. ideal /, define a normed subspace &; of G,(H, K) by setting
Xr=1(H,K)NG,y(H,K), with|X]|g, =|X|;for X e¥;.
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As in general (see Section 2), set
%, ={T € 62(H, K): the map X — (X, T)» = Tr(T*X) is bounded on %;}.

Let a pair (Jo, J) in JJ be such that Jo C I € J and the norms | - |, and | - |; coincide
on Jo. If &, € I, then, by Lemma 2.1(i), &2 € Jo, so &; = % ,. Let (Jo, J) be
the corresponding “dual” pair.
Lemmad.l. (i) (X)) =%
(i) If 6, C I orif I is coseparable (I = J), then the normed space & is normal.
(iii) If J € &a, then (%,)" = (%1)" = (%4)" = %7 =%5 and (X" =%,.
Proof. Since Jj is separable and the space #(H, K) of all finite rank operators
from H into K lies in & 7,, we see that &, is dense in Jo(H, K). From this, from
(2-1) and (3—1) we obtain (¥ JO)u = &7. Part (i) is proved.

If &2 C I, then ¥, is full. By (2-2) and Proposition 3.1, ¥; is normal.

Let I = J. By (i), (9670)u = & ;. Thus, by Proposition 3.1, &; is normal. Part
(ii) is proved.

Let I € &,. By Lemma 2.1, J € &,, so that ¥, € &; € &,. It follows from
(2-2) that

(%7)" S (%) S ()"
By (i), (¥,)* = %7. By Lemma 2.1, &, C f) c 7. s0 X7 =%j. From (2-1) we
have %7 € (%;)". Combining all, we obtain
©))F = @)F = @) =7 =27,

Applying (i) again, we complete the proof. 0

Denote by £(1) the algebra of all operators bounded on (¥;, G,(H, K)). Recall
that this means that they are bounded operators on G,(H, K), preserve &; and are
bounded on &; in || - ||z, . Set

(4-1) LD ={M": MeLD)} and |[M|;=IIMlpe)-

If there is an s.n. ideal J such that #; = (%;)", then it follows from Lemma 3.2
that

(4-2) LN* <L) and M|y <|IM|l;, for M € £(I).
If 2%, is normal, then
(4-3) M|y = IMIl;.
Let (Jy, J) € J and let (fo, f) be the corresponding “dual” pair.
Proposition 4.2. (i) £(Jp)* C §B(f) and ||M*|| 7 < M| s,, for all M € L(Jp).
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(i) If Jo = J, then |M*|| 7 = [IM|;, for all M € £(J). If J is reflexive (that is,
Jo=J and Jo = J), then also L£(J)* = L(J).

(ii1) Let J C &, and let I be an s.n. ideal such that jz) C I C T and the norms
|17 |11, coincide on Jo. Then

P(Jo) € L(To)* = L) =LI)* = L)),

and the inclusion and the equalities are isometric.
In particular, (6 ,)* = £(6,), if 1 < p < oo, where p" = p/(p —1);
L(61)* =L (6x) = L(S)) and the norms coincide.

Proof. Part (i) follows from Lemma 3.2(i) and (4-2).

If Jo = J, then, by Lemma 4.1(ii), the space &;, = ¥ is normal, and part (ii)
follows from (4-3) and (i).

By Lemma 2.1, &, C .76, so that 9570 =& =%7 (= 6,) and the norms coincide.
Hence 58(?6) =%)= SB(f) and the norms coincide. By Lemma 4.1, & 7 is normal
and (£7)" = (%7,)* = %,. It follows from (4-2) and (4-3) that

@4  XD*CLU) and [M|5=|M*||; for M € ().
Combining this with (i), we have

(4-5) P(Jo) € L(Jo)* € L(J),
(4-6) 1My = IIM*|l5, = IM*|l7 < IMlly, for M € £(Jo).

By Lemma 4.1(iii), = 9{,’70. Hence, by (4-2),
L(J)* S L(Jp) and IM*|5 < IM||; for M € £(J).

Since X, € ¥ and the norms |- |; and |- |, coincide on Jy, we have ||M |, <
|M] s, for M € £(Jp). Combining this with (4—4)—(4-6), we conclude the proof
of (iii). O

Let I C R C J be s.n. ideals. The ideal R is called an interpolation ideal for
the pair (1, J), if every bounded operator 7 on J preserving I also preserves R. It
follows from Lemma 2.1 that 7’| and T | R are bounded operators. All coseparable
ideals are interpolation ideals for the pair (&1, G) (see [Mitjagin 1965]).

Using the results of [Boyd 1969], Arazy [1978] associated the Boyd indices
(pJsy>q15), where 1 < pj, < qj, < oo, with each separable ideal Jy and proved
that Jy is an interpolation ideal for a pair (&,, &,) if p < py, and g, < q. For
Jo = &, one has p;, = qj, = p. In particular, G, is an interpolation ideal for
(6,,6)ifp<r<gq.
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Corollary 4.3. If R is an interpolation ideal for a pair (1, 1) of separable ideals,
then L(1)NE (1) € L(R). In particular,

L(Gx)* NL(Soo) CSL(J)  for each coseparable ideal J,
£(G,)CL(G), f2<p<rorl<r<p=<2,
L(Gp)NE(Sy) SE(Jo) ifp<py and qj,<q.

5. Multipliers for tensor products of representations

Let s{ ® B be the minimal tensor product of C*-algebras & and % — the comple-
tion of the algebraic tensor product s{ © & in the minimal C*-norm || - ||pmin. If 7
and p are *-representations of &l and % on Hilbert spaces H and K, we denote by
7 @ p their tensor product; it is a *-representation of 4 @ B on H Q K.

Leté € H® K. Then 0 (&) € S,(H?, K). It follows from (2—-6) that, fora © b €
AOB,

0((r ® p)(a©b)E) =0((m(a) ® p(b))§) = p(b)0(§)7 (@),

where 7 (a)? is the conjugate of w(a) on H 4 Thus the representation 7 ® p is
equivalent to the representation oy , of 4 ® B on G, (H 4 K such that

(5-1) 07 ,@Ob)T =pB)Tr(a)?, foracdd, beB, T e Gy(H, K).

We say that g € A @ B is a (m ® p, [)-multiplier if it is a (05, ,, 1)-multiplier, that
is, 0 »(¢) € $(I). Recall that it means that o, ,(¢) preserves ¥; = I (H?, K) N
S,(HY, K), and its restriction to %; is bounded in |- 17.

Denote by M7 (4 ® B) (or just M} *) the algebra of all (7 ® p, I)-multipliers,
and by ||¢| |7,r"0 the norm of o5 ,(¢) on &, (see (4-1)):

lpll7” = llox (@)1

Then Mg = st ® B. We have Mg” = Mg’ and, omitting the subscript, write
M™" and [l¢|™*.

Remark. It follows immediately from our definitions that all results of Proposition
4.2 and Corollary 4.3 hold if (/) is replaced by M’;’p .

Clearly, all algebras M;"” contain &l © %, so they are dense in & ® B. We will
see now (and use later on) that the unit ball of M71T"0 is norm closed in 4 ® &B. In
fact, it is closed in a much stronger sense — with respect to a weaker convergence,
which can be considered as the analog of the point convergence in the case of usual
Schur multipliers.

Let X and %) be Banach spaces. Probably the weakest condition for an operator
T from X into 9) to be considered as a “limit point” for a set W of operators is the
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condition that Tx € W, for any vector x € X. In this case one says that T’ belongs
to the reflexive hull Ref(W) of W.

Let 7 be a *-representation of a C*-algebra & on a Hilbert space #. We say that
@ € 9 is a t-cluster point of a convex subset W of %, if 7(¢) € Ref(r(W)). For
¥ = ©,(H,, H,), this means that there are ¢, € W such that

(5-2) lim |t(e)(T) = t(@)(T)|, =0 forall T € Sy(Hy, Hy).

We say that ¢ is a weak t-cluster point of W if, for each T € G,(H;, H;), the
operator t(¢)(T) € G,(Hy, H) belongs to Ref{t(w)(T): w € W}. By the Hahn—
Banach theorem, this means that, for each x € H; and y € H,, there are ¢, € W
such that

(5-3) (t(@n)(T)x, y) = (t(@)(T)x, y).
Recall that, for any normed space (X, || - ||), we denote by b,(X) the closed ball
{xeX: x|l <r}.
Proposition 5.1. (i) If &, C I, then b, (MJIT’p ) contains all its o ,-cluster points.
(ii) b.(M™") contains all its weak o5 ,-cluster points.
Proof. Let ¢ be a 0 ,-cluster point of b, (M;T"O). Then, for T € &,(H?, K), there
are ¢, € b, (M’;’p ) such that (5-2) holds. Hence, by (2-2),

low,p (@) (D)1 < |ow,p(@ — @) ()1 + 07,0 (@) (T)]1

< clowp(@ = ) (D2 + @all 71T 11 < low. o (@ — ) (T2 +rIT1,

for some ¢ > 0. Thus |0 ,(@)(T)|; <r|T|1, s0 ¢ € b, (M’Ir’p). Part (i) is proved.

Let I = G and let ¢ be a weak o ,-cluster of b, (M™”). For T € S,(HY, K),
x € HY y e K, choose ¢, € b,(M™") satisfying (5-3). Then a similar argument
gives

|0, (@) (T)x, M =rIITNlx [yl

Hence ¢ € b(M™"). O

We consider now how the space of multipliers depends on the choice of repre-
sentations. The next theorem establishes that M} * does not change if 7 and p are
replaced by approximately equivalent representations.

Theorem 5.2. Let ' <K, w and p’' <K, p. If I is either a coseparable ideal or
contains &y, then

7,0 a0 a0 T,0 T,0
M;" cM; and |lell; " =llell;"" for ¢ e M;"".
As a consequence, if ' ~, T and p'~, p, then

7,0 7’ p ', 0 0 T,0
M} * =M and oll; " =llll;" for ¢ e M;".
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Proof. Let isometries U, : H' — H and V,, : K’ — K satisfy (3—4). Then, for
acdand b eRB, |n(a)U, — Uyn'(a)|| — 0and || p(b)V,, — V.0 (b)|| — 0. The
operators W,,, = U, ® V,, are isometries from H' ® K’ into H ® K, and
l(x ® p)(@@b)U, @V, — Up @ V(' ® p))(a@Db)|

< |[@@U,. - Uur' @) @ p &)WV, | + |Usr' (@) ® (0 () V. = Viup' (B))

| El

which tends to 0. By linearity, [|(7 ® p)(x)W,,, — W, (7' ® p’)(x)|| — 0, for all
x € AORB. Since ||Wy,|| =1, it also holds for all x € 4 ® %B. Thus

7'Q® P TR p.

By Lemma 4.1(ii), the normed space %;((H')?, K’) is normal. Identifying
H® K with G,(H?, K) and H' ® K’ with G,((H")?, K'), we have from (2-6)
that,

WiuT = U@ V,)T =V, TU and  W;,R=(U;®V;)R=VIRWU}",
for T € G>((H?, K’) and R € G,(H?, K). Since I is an ideal,
Wi (H)YY, K" S %1 (HY, K);
see (4-6). By (2-4),
(Wi Tl < WV T 1NULN < IT1 and W5, Rl < IVENRIWUH? <RI

Hence the approximate subordination 7’ ® p' <&, 7 ® p satisfies (3-5). Applying
Proposition 3.4, we complete the proof. 0

Remark. We do not know whether Theorem 5.2 extends to all separable ideals
contained in &,. Proposition 4.2(i) only gives that (M%p )" C M’; it Jo C G,

Recall that for T € B(H), rank(7) =dim (T H). Let = and 7’ be representations
of a C*-algebra . It was proved in Theorem 5.1 of [Hadwin 1981] that

(5-4) 7', <<= rank(x'(a)) < rank(w(a)) foreacha e HA.
Thus it follows from Theorem 5.2 and (5-4) that, if
rank(7'(a)) =rank(mw(a)) and rank(p’(b)) =rank(p (b))

for all a € 4 and b € B, then M’;’p = M’IT/’p /, and the corresponding norms are
equal.

For some applications (see Section 0) it is important that, for representations of
separable algebras on the spaces of arbitrary dimension, one need not distinguish
infinite values of the rank.
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Corollary 5.3. Let an s.n. ideal I be either coseparable or contain &;. Let w, '
and, respectively, p, p’ be representations of separable C*-algebras A and B on
Hilbert spaces H, H and K, K'. If

min{Rg, rank(7'(a))} < min{Ry, rank(w (a))}
and
min{Ro, rank(p’ (b))} < min{Ro, rank(p (b))},
forallae s, be®, then M* S MY and ||p|T " < |lg|T*. for o € MT*.
Proof. Let ¢ € ler,p and ||(p||7;’p = C. We have to prove that for every T €
I(H, K"),
llow,p (@)Dl = CIT ;-

Since T is compact, there are separable subspaces Ko C K’ and Gy C H’ 4 such that
T = Pk, T Pg,, where Px,, Pg, are the corresponding projections. The subspaces
Ki = p'(B)Ky of K’ and G; = n'4(s4)G of H'? are also separable because s
and 9% are separable. We denote by H; the orthogonal complement in H’ of the
annihilator of G;.

Since H; and K are invariant for 7" and p’, respectively, define new represen-
tations 7{ and p| of s{ and B by

(@) =7n"(@)|g, ®0 and p|(b)=p'(b)|k, ®0 foracd, beB.

Since H; and K are separable, it follows from our assumptions that rank(r{(a))
< rank(;r(a)) and rank(,oi (b)) <rank(p(b)), for all a € A, b € B. By (5-4),

T &K, and pj <K, p.
Hence, by Theorem 5.2,
eeM;"" and el < llell7”
Thus llog; 1 (@)(T)ll; < CIIT ;. But by the construction of m; and p;, we have

ol (@)T) = 0 o (9)(T),

1

whence |lo, (@) (T)ll1 < CIIT ;- O

Corollary 5.4. Let an ideal I be either coseparable or contain &, let 7w, ' be
representations of s, and p, p’ be representations of B. Suppose that 7w (A) and
0(B) contain no nonzero finite rank operators, and that 7' and p' are separable
and satisfy the condition

(5-5) Ker(w) C Ker(n’') and Ker(p) € Ker(p').

) 7’ p 7’ p 0 7,0
Then M € M} and |lg|7" < oI  for ¢ € M.
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Proof. Tt follows from (5-5) that rank(r'(a)) < rank(w(a)), for a € o, and
rank(p’ (b)) < rank(p (b)), for b € B. Hence, by (5-4),

', oand P, p,

and it remains now only to apply Theorem 5.2. O

Remark 5.5. (1) The first condition in Corollary 5.4 can be replaced by the
conditions

rank(sr'(a)) <rank(mw(a)) and rank(p’'(b)) <rank(p(b)),

whenever 7 (a) and p(b) are nonzero finite rank operators.

(2) If o and % are separable, the condition in Corollary 5.4 that 7’ and p’ are
separable can be omitted.

Applying Corollary 5.4 to simple C*-algebras we get the following result.

Corollary 5.6. Let I be either a coseparable ideal, or Gy C 1. If A and B are
simple C*-algebras different from S, then M}T’p is the same for all separable
representations w of A and p of B.

For I = G or &, the conditions in Corollary 5.4 can be further simplified if
the representations 7, p have separating vectors. This simplification is based on
the results of Smith [1991].

Recall that a vector x € H is separating for a representation 7 of o if the map
T — Tx is injective on the second commutant 77 (s{)”. This is equivalent to the
existence of a cyclic vector for the commutant 77 (4)’. In the lemma below, 1 is the
identity operator on a fixed Hilbert space 7. The representations 7 @ 1 and p ® 1
acton H ® # and K ® ¥, respectively.

Lemma 5.7. Let *-representations w and p of C*-algebras A and B on H and K
have separating vectors. Then M™P = M” @ L.r®1 ynd the norms coincide.

The proof of the lemma follows along the lines of the proof of in [Smith 1991,
Theorem 2.1] and we omit it.

Corollary 5.8. Let representations w of A and p of B have separating vectors.
Then M™P C M™ " and ||@||™*" < |l@||™*, for ¢ € M™P, if representations 7'
and p’ satisfy (5-5).

Proof. If dim ¥ is sufficiently large, then condition (5-5) implies
rank(7r'(a)) <rank(mw(a) ®1) and rank(p’(b)) <rank(p(h)®1),

forall a € o and b € %. Hence, by (5-4), 7', 7 ® 1 and p' <, p ® 1, and to
complete the proof it remains only to apply Theorem 5.2 and Lemma 5.7. O
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6. Universal multipliers

In this section we consider only the case I = G;,. We saw in Corollary 5.8 that
in this case all multipliers for a pair of faithful representations with separating
vectors are multipliers for all pairs of representations. Let us denote by M (s @ %R)
the algebra of “universal” multipliers; it consists of all elements of & ® % that are
(r ® p, &p)-multipliers for all pairs (7, p). Clearly 4 © BCM(A RQRB) C AR RB.
For ¢ € M(s4 ® B), set

(6-1) el = sup [lo]I™".

7P
It is not difficult to see that ||¢||, < oo. Indeed, if ||@|™* — o0, consider the
representations 7 = @, and p = @ p,. Then |@||™ P < ||p|™* for all n, a
contradiction.

As usual, we denote by {°P the C*-algebra that consists of all elements of s
and has the same norm and involution, but the reverse multiplication: aob = ba. If
7 is a *-representation of s{ on H, the map 7°P : a — 7 (a)? is a *-representation
of s4°P on HY.

Recall that the Haagerup norm on s ® @ is defined by

wl :inf{“ Yaar|"?| o] w=Ya ®bi}.

It is known that
lwlmin < llwllp, forw e AORB.

Define a “pseudo-Haagerup” norm on ¢ © & by setting
. x| 1/2 x || 1/2
(6-2) il =inf{| Zasaf |2 Lbibn)| " w =0 @b ).

It is a norm, because ||w|,, = [Twl;, where I': AORB — B O AP is a linear
bijection defined by '(a ® b) = b ®a.

Theorem 6.1. The Haagerup and pseudo-Haagerup norms satisfy |[wll, = [|w|l pn
forw e AORB.

Proof. Let 7w and p be representations of & and B on H and K. Forw =) a; ® b;
in 4 OB, set A; = 7(a;), Bi = p(b;). Take T € S,(H?,K), x € H, y € K. By
(5-1),

(@ p @) Tx, 1) = [SBT Alx, )| = X (T alx, Bl y)|
1 1

1/2

d * d. 2 12 * 112
< AT ALNIB Y ITI(X0ALx1?) (S8 v1P)
1 1 l
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We have
S IBEy IR =SBy, By = (v, (S BiB}))
l l l
< HP(Z bib;k>
i

We see from (2—4) that (77 (a)?)*m(a)? = m(aa*)¢ for a € . From this, and using
(2-4) again, we get >, [|A%x > < | X;aia}| llx||*. Therefore

lyl2.

[Iv1P = [t

172
(@ p@)Tx, )| < ITN| L aiaf REITEL

1/2“;@197

Hence
oz, o (W)T || < lwllpulI Tl

so |lw]|™# < [[w| pp. Thus
(6-3) lwll, < llwlln  for w e st OB.

To prove the converse inequality, denote by % the space of all linear functionals
g on & © B such that

lg(w)| < lwllpn, forwedOBRB.

For g €%, let g be the linear functional on B © A°P acting by the rule g(w) =g(TC'w)
for w € BOAP. By (6-2), |g(w)| < |[w|n. Hence g extends to a bounded
functional on the Haagerup tensor product B ® ,4°P and ||g|| < 1. Consider now
the bilinear map on % x A°P defined by the formula: G(b,a) = g(b®a), for
b e B and a € A°P. It follows from Theorems 1.5.2 and 1.5.4 of [Sinclair and
Smith 1995] that there exist *-representations p of B on K and t of #° on L, a
bounded operator T: L — K, and elements x € L and y € K with || x| =|y] =1,
such that

GWb,a)=(pB)Tt(a)x,y), forbe®B, aec AP,
and [|Gllep = 1glln = IT| < 1.
Set H= L% and 7(a) = t(a). Then 7 is a *-representation of & on H and

(6-4) ga®b)=g(b®a)=Gb,a) = (p(b)Tr(a)x, ),

fora € sl and b € B. For w = )_.a; ® b;, denote by Ggfp(w) the extension of
o, p(w) from Gy(H?, K) to G (HY, K). Let Az, o(w) be the second adjoint of
a;f’p(w) acting on the second dual space B(HY, K). By (6-1),

(6-5) 1Az (Wl = llog, )l = lwl™” < lwll,.

For T € G (H?, K), we have 02° (w)T = Y_p(b;)T7(a;)*. This implies that
Az p(w)T = Zp(bi)Tn(a,-)d for all T € B(HY, K). Hence, by (64), g(w) =
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(Ar,p(w)Tx,y). Using (6-5), we obtain |g(w)| < [|Az ,(w)T|| < |[[w]|,. Thus
lg(w)| < ||lw|l, forgebandw e AOB.

Making use of the Hahn—Banach theorem, we have ||w|| ,, = SUPgeg lg(w)| <|wl,
for w € A © %B. Combining this with (6-3), we complete the proof. 0

We say that a net {d, } of elements of a C*-algebra 9 point-weakly converges to
d € 9, and write
d, 5 d,
if for each irreducible representation t of &%, t(d,) — t(d) in the weak operator

topology. Denote by (4 © %)™ the linear space of all ¢ € s @ B for which there
is a net {w, } in o4 © % point-weakly converging to ¢ such that sup ||w, || ,» < 0.

Theorem 6.2. (A ORB)” C M(ARQRB).

Proof. Letw, e A ORB, w, LA peAQRBand D =sup |w| ,, < oo. To prove that
¢ € M( ® B), we have to check that | ¢|™* < D for all representations 7, p.

Let firstly 7 and p be direct sums of irreducible representations: 7 = €D, ., 72
and p =, r py act on Hilbert spaces H = (P H, and K = (P K, respectively.
By Theorem 6.1, |w, [|™# < D, for each v, s0 [lox, ,(wy) (D) < lwu[™?IT] <
D||T||, for any operator T € S,(H?, K). To prove that ||o ,(@)(T)|| < D||T|,
it suffices to show that the operators o ,(w,)(T) tend to o5 ,(¢)(T) in the weak
operator topology. Moreover, the standard boundedness arguments show that it
suffices to prove that

(6-6) (07,0 (W) (T)x, y) = (Ox,p(@)(T)x, y),

foreachx e U=/ Hf and y e V =JK,, since U, V are generating subsets in
H? and K, respectively.

For x € Hf and y € K, set R = x®y. We have from (5-1) that, for each
Y eARB, 07 p(¥)(R) = 0x, p, (¥)(R). Hence, we obtain from (2-1) that

(02,0 (Y)T)x, y) = Tr(y @ 07,p (Y)(T)x) = Tr(om,,(Y)(T)(x ® y)")
=@ ®Y, 07,0 (Y)(T))2 = (07,0 (¥*)(R), T)2
= (Om,p, (W*)(R), T)2 .

Since oy, p, is an irreducible representation o ® % and wy = @*, it follows that
(6-6) holds.

Now let 7w and p be arbitrary. Consider the representation t of &, which is the
direct sum of all irreducible representations of o repeated dim (%) times. Then,
for each a € «, we have rank(m(a)) < rank(z(a)), whence 7 <, T; see (5-4).
Similarly, there is a representation x of %, which is a direct sum of irreducible
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representations, such that p <, x. By Theorem 5.2, M®X € M™", so ¢ € M™P,
Thus ¢ € M(d @ B) and (A O B)~ C M(A ® B). O

Problem 6.3. Does (4 © %)~ coincide with M(d ® %B)?

We will see further that for commutative C*-algebras the answer is positive.

7. Multipliers of commutative algebras; (x©, v)-multipliers

The commutativity of the C*-algebras ¢ and % implies significant simplifications
to the previous results and constructions. To begin with, each representation of a
commutative algebra has a separating vector. Hence, by Corollary 5.8, the algebra
M™? (4 @ B) depends only on the kernels of the representations 7, p. In particular,
if 7, p are faithful, then M™* (4 @ B) = M(A ® B) and ||¢||™” = |l¢|l,. Since
lellpn = ll@lln for commutative algebras, Theorem 6.1 shows that, for faithful 7
and p,

lell™? = llelln, foreedoB.

It was proved in [1953] that the norm || - ||, on &4 ® B is equivalent to the pro-
jective tensor norm || - [|,,. Thus in the case of commutative algebras our Theorem
6.2 implies that the Varopoulos tensor algebra V (X, Y) = C(X) ® C(Y) and its
“tilde-algebra” (see [Graham and McGehee 1979]) are topologically included into
M(C(X) ® C(Y)). In fact, this theorem deals with a wider “tilde-extension” con-
sisting of pointwise limits of || - ||, -bounded nets. We will return to this topic later.

Let U be a commutative operator C*-algebra on H with the space A of all
maximal ideals. Then

H=HH,.

yel

where all H, ~ Ly(A, u,) are invariant for U, and each f € A acts on H,, as a
multiplication operator. The antiisometric involution j : {g), (1)} — {M} on H
induces an involution on AU given by jAj = A*, for A € U. Taking into account
(2-5), which here becomes dA*9~! = A, we see that the unitary operator V = 3;
from H to H¢ establishes a unitary equivalence of A and A%: A? = VAV~
For representations 7 of &{ on H and p of & on K, we identify &,(H 4 K) with
G,(H, K) by the formula U(T) =TV, for T € S,(HY, K). Using this and (5-1),
we will assume that o , acts on G,(H, K) by the formula

0x,p(@®b)R = p(b)Rm(a).

We now prove that, for commutative s, %, the subalgebras M;"” in o ® % are
involutive.
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Proposition 7.1. If A and B are commutative, then ler,p (A Q@ B) is a*-subalgebra
of A ® B for each pair of representations w, p and each s.n. ideal I. Moreover,

le* 17 = llpll7”,  for o e M7’ (A B).

Proof. Consider the antiisometric involutions j on H; and i on K, such that
w(a*)=jn(a)jand p(b*)=ip(b)i, foralla € A, b€ RB. Then, for T € S,(H, K),

orp(@* @b*)(T) = p(b)T(a") =i{or p(a ®D)UT )}

Hence o ,(¢*)(T) = i{ox,,(9)(iTj)}j, for all ¢ € 4 ®RB. For any s.n. ideal 1
and any operator T € I (H, K),iTje€I(H,K)and |iTj|; =|T|;. Thus it follows
that ¢ € M} (4 ® B) implies p* € M}’ (A @ B), and |lp*|7* = llox,,(@*) 1 =
lox.p @l = llel7”’. O

Let X be the space of all maximal ideals of a commutative C*-algebra s{. Then
A = Cop(X) and each representation = of & corresponds to a spectral measure €,
on X, that is, a o-additive map from the o -algebra of all Borel subsets of X to the
lattice of projections in H,. An isolated point x in the support, supp(é,), of €,
must be an atom: €, ({x}) # 0. To apply the results of the previous sections we
need to express rank(s (f)) in terms of the spectral measure. Set

F(f, €x) = {x e supp(€y) : f(x) #0}.

Lemma 7.2. For f € Co(X), rank(zw(f)) < oo if and only if F(f, €,) consists of
a finite number of points of finite multiplicity (dim(€, ({x})) < 00). In this case

rank(r(f) = ) dim(@({x}).

xeS(f,éx)

Proof. If S(f,€,) is infinite, it contains a countable set of points with disjoint
neighbourhoods. Hence rank (7 (f)) is infinite. Let (f, €;) ={x1, ..., x,}. Since

f is continuous, €, ({x;}) Z0and w(f) =), f(x))€; {xi}). O

It follows from Lemma 7.2 that the kernel of a representation depends only on the
support of the corresponding spectral measure.

Corollary 7.3. Let &, ©’" and p, p’ be, respectively, representations of commutative
C*-algebras A = Co(X) and B = Co(Y). Let

(7-1) supp(€y/) C supp(€;) and supp(€,) Csupp(€,).
Then

(i) M™P(AQB) C M™ - (A ®B), and the inclusion is contractive.
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(i1) Suppose that I is either a coseparable s.n. ideal or &, C I. Let the represen-
tations v’ and p' be separable, and let, for all isolated points x € supp(€,)
and 'y € supp(€,),

dim(€, ({x})) <dim(€;({x})) and dim(é,({y})) < dim(E,({y})).

Then MJIT’p (ARB) C M}T/’p / (AR B), and the inclusion is contractive.

Proof. The inclusions (7-1) imply (5—4). Since all representations of commutative
C*-algebras have separating vectors, (i) follows from Corollary 5.8.

Applying Lemma 7.2, Corollary 5.4 and Remark 5.5, we get (ii). O

Let it and v be measureson X and Y, let H = L,(X, u) and K = L,(Y, v). Then
G, (H, K) consists of integral Hilbert—Schmidt operators R with kernels r(x, y)
on X x Y satisfying (1-1). Each ¢ € Loo(X x Y, u x v) defines a bounded linear
map ®, on G,(H, K): ®,(R) is the integral operator with kernel ¢ (x, y)r(x, y).
Recall from the Introduction that if &, preserves &; and is bounded in |- |, then
@ is called a (u, v, I)-multiplier. We denote by || ®,||; the norm of the operator
®,, acting on &, and by M, , (1) the set of all (u, v, I)-multipliers.

Every multiplicity-free representation of C(X) is defined by a regular o -finite
Borel measure © on X, and acts on L,(X, n) by multiplication operators:

7, (fIR(x) = f)h(x).

Let p, be a multiplicity-free representation of Co(Y) defined by a regular o -finite
Borel measure v on Y. Then Co(X) ® Co(Y) = Co(X x Y) and, for each ¢ in
Co(X x Y), 0x,.5,(¢), acts on &,(H, K) by multiplying the integral kernels of
operators R € G,(H, K) by ¢. Thus

On00(@) =D, forgpe Co(X x7Y).
Therefore (7, ® 7y, I)-multipliers are continuous (i, v, I)-multipliers, and
M7 (Co(X) ® Co(Y)) = My, o (1) N Co(X X V).
We will use the simplified notations and write
M?’v instead of M;r’“'o” and ||(p||§"v instead of ||g0||71[‘“p”.

Thus

def v Py def
el S 107" Z o, o @l = 1Pyl for g € Co(X x Y).

Corollary 7.4. Let X,Y be locally compact spaces with countable bases. Let
w, W and v, v' be o-finite Borel measure on X and Y, respectively. Let I be either
a coseparable s.n. ideal or G, C 1. If

supp(i’) € supp() and  supp(v') C supp(v),
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then MI“" (Co(X) ® Co(Y)) € MY (Co(X) ® Co(Y)), and the inclusion is con-
tractive.

Proof. Since X, Y have countable bases and all measures are o -finite, the corre-
sponding L(-, -) spaces are separable. For any A C X, €,,(A) is the multipli-
cation operator by the characteristic function of A. Hence supp(u) coincides with
supp(€y,). Since dim(€,, ({x})) =1 for each isolated point x € supp(), our result
follows from Corollary 7.3. O

Our next aim is to relate continuous (u, v, I)-multipliers to Schur /-multipliers.
Let H = I,(X) be the Hilbert space of all complex-valued functions g on X such
that erx|g(x)|2 < 00. Denote by tx the representation of Co(X) on /»(X) by
diagonal operators

(tx(h)g)(x) = h(x)g(x) for h € Co(X), g € r(X).

Let K = [b(Y). Each T € G,(H, K) corresponds to a matrix (¢(x,y)) with
>t (x, y)|> < oco. For a bounded complex-valued function ¢ on X x Y, the
operator S,(T) = (¢(x, y)t(x,y)) is bounded on &y(H, K). If S, preserves
*;r = I(H,K) N G6,(H, K) and is bounded in |- |7, then ¢ is called a Schur
I-multiplier and || S, ||; denotes the norm of the operator S, acting on &;. Clearly,
Schur 7/-multipliers on X x Y are exactly (tx, ty, I)-multipliers.

Theorem 7.5. Let X, Y be locally compact spaces with countable bases and let
W, v be Borel o-finite measures on X and Y, with supp(u) = X, supp(v) =Y.
Suppose that an s.n. ideal 1 is either coseparable or S, C I. A function ¢ €
Co(X xY)isa (u, v, I)-multiplier on X x Y if and only if it is a Schur I -multiplier
on X x Y. Inthis case ||Sy|l; = ||g0||’;’u.

Proof. Since Ly(X, ) is a separable space, rank(mr, (f)) < R, for f € Co(X). Let
us show that

(7-2) rank(rr, (f)) = min{Ro, rank(rx (f))}.

If rank(tx (f)) > 8o, then, by Lemma 7.2, rank (7, (f)) can not be finite, so (7-2)
holds. If rank tx(f) = n < oo, then the set ¥(f, é;) consists of n points. By
the continuity of f, these points must be isolated in X. Hence, by Lemma 7.2,
rank(7, (f)) = n, and (7-2) holds. Since the same equality holds for 7, and ty,
and the C*-algebras Cy(X), Co(Y) are separable, our result follows from Corollary
5.3. O

Problem 7.6. Let X and Y be locally compact spaces with countable bases and
I =&,. Is each Schur /-multiplier ¢ € Co(X x Y) a (7 ® p, I)-multiplier for all
separable representations 7w of Cy(X) and p of Cy(Y)?
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The positive answer to this problem follows from the previous results in two
cases: if X and Y have no isolated points, and if I = G..

(1) Assume X and Y have no isolated points. Let u, v be Borel o-finite measures
without atoms, with supp(u) = X, supp(v) =Y. Then 7, (Co(X)) and p,(Co(Y))
have no nonzero finite rank operators, and Ker(r,) = Ker(p,) = {0}. By Theorem
7.5, ¢ is a (u, v, I)-multiplier on X x Y. By Corollary 5.4, itis a (m ® p, I)-
multiplier for all separable representations 7w of Co(X) and p of Co(Y).

(2) Assume I = Gy. Let I = G4. Every cyclic representation of Cy(X)
is of the form m,. Each separable representation 7w of Co(X) is equivalent to a
subrepresentation of 7, ® 1y, for separable ¥ and some cyclic representation 7.
By Theorem 7.5, ¢ is a (u, v, I)-multiplier on X x Y. By Lemma 5.7, it is a
((my ® 15) ® (py @ 13¢), I)-multiplier. Hence it is a (7 & p, I)-multiplier.

For I = G (or equivalently &, &), Schur /-multipliers were described by
Grothendieck in [1953] (see also Theorems 5.1 and 5.5 in [Pisier 2001]): ¢ is a
Schur &-multiplier if and only if there are bounded families {u,} and {v,} of
functions on X and Y, such that ¢ belongs to the pointwise closure of the convex
hull of {u; (x)v,(y)}. It can be easily seen from the proof in [Pisier 2001] that if
¢ € Co(X,Y), one can choose u;,, v, among Borel functions. Since each Borel
function u(x) with |u(x)| < 1 can be pointwise approximated by functions from
b1(Cp(X)), the inclusion of Theorem 6.2 is, in fact, an equality for commutative
s and 9B .

Corollary 7.7. If A and B are commutative, then (4O RB)™ = M (A QRB).

Recall one of the equivalent definitions (cf. [Birman and Solomyak 1967]) of
a double operator integral (DOI). Let €, & be spectral measures on X and Y with
values in the sets P(H) and P(K) of all projections in B(H) and B(K), respec-
tively. One defines their direct product § as a spectral measure on X x Y with
values in P(S,(H, K)) by 4(A x B)(T) = F(B)T€é(A), and further extends it
from rectangulars to all Borel sets. For a bounded Borel function ¢ on X x Y, one
defines the operator J, on G,(H, K) by

3¢=/¢(x,y>d<9.

If J, is bounded on / NS, in | - |7, then one says that ¢ defines DOl on 1.

Let now ¢ € Co(X x Y), and let spectral measures €, %, correspond to rep-
resentations 7w and p of Cp(X) and Co(Y), respectively. Then ¢ defines DOI on
I if and only if ¢ € Mj;’p(Co(X) ® Co(Y)). Thus the DOI theory, restricted to
continuous functions, can be considered as a part of the general operator multi-
pliers theory for tensor products of representations of C*-algebras. In particular,
Corollary 7.3 states that the space of continuous functions that define bounded DOI
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depends only on the supports of the spectral measures and (if I # S, G, Sp)
on the multiplicity of their atoms.

Some results in this section are known or can be deduced from the DOI theory.
Proposition 7.1 was, in fact, proved by Birman and Solomyak [1967; 1973]. We
presented the proof here because it is short and “coordinate free”. For functions
that define DOI on &, (or, equivalently, on &, G;), a precise description was
obtained by Peller [1985], completing previous results of Birman and Solomyak
[1967; 1973] (a transparent proof of Peller’s theorem can be found in the recent
book [Hiai and Kosaki 2003]). Without stating this directly, Peller’s theorem shows
that only supports of the spectral measures are essential in the description of M™”.
No definitive description of M}”’ is known for other /. We will discuss Peller’s
theorem at the end of Section 8.

8. The notion of w-continuity and an analog of Luzin’s theorem

Our goal now is to remove the restriction of continuity on (u, v, I)-multiplier in
the main results of Section 6. Moreover, we are going to extend these results to
functions on the product of measure spaces (X, n) and (Y, v) without distinguished
topologies. On the other hand, even in this case, in order to be a (i, v, I)-multiplier
(at least if ] = G; see Proposition 9.1), a function still has to be “continuous”
in some natural pseudotopology, called w-pseudotopology, associated in [Erdos
et al. 1998] with the product of measure spaces. In this section we establish some
auxiliary results on w-continuous functions.

Recall that a pseudotopology on a set is defined by a family of its subsets (called
pseudoopen), which is closed under finite intersections and countable unions. The
complements of pseudoopen sets are called pseudoclosed. A complex-valued func-
tion is pseudocontinuous if the preimages of open sets are pseudoopen.

The w-pseudotopology on the product of measure spaces is defined as follows. A
subset N of X x Y is called marginally null if there are subsets F C X and SCY
of zero measure such that N € (F xY) U (X x §). A set E is w-open if there
is a countable family of measurable rectangles A, x B, such that the symmetric
difference of | J(A, x B,) and E is marginally null. The space of all w-continuous
functions on X x Y is denoted by C,, ,, (X x Y).

A measure space (X, ) is called standard if there is a topology on X (called
admissible) with respect to which w is a o-finite Radon measure, that is, for each
measurable set A of finite measure and each ¢ > 0, there is a compact set F such
that F € A and (A \ F) < . A standard space (X, ) is separable if there is an
admissible topology in which X has a countable base.

Lemma 8.1. Let Z x W C | J/_,(A; x B;) for A; € X, B; €Y and n < oo. Then
there are finite families of disjoint sets {Xp}’[’f:1 in Z and {Y; }/;:1 in W such that
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each X, X Y; is contained in at least one of A; X B; and

7z =

ﬁcg

k
X,, w=U7Y,
1 j=1

Proof. When z spans Z, there is only a finite number of different sets

AZ=Zﬂ<ﬂ A,-)m(m(Z\A,-)).

ZEA; Z¢A;
Denote them by X1, ..., X,;. Choosing, similarly, sets Y7, ..., Y in W, we obtain
the sets {X,}, {Y;} satisfying all conditions of the lemma. O

Denote by xg the characteristic function of a set E. We say that a function g
on X x Y is simple if there are measurable, disjoint sets {X;}7_,, {Y; }’}’:1, with
n, m < 0o, such that

n m
X = UXL', Y = U Yj, and gZZO(,'jXXiXYj with Oll'jGC.
i=1 j=1 ij
Let ¢ be a functionon X x Y and let Z € X, W C Y be measurable. Set
Mo, Z x W) =sup{lo(x, y) —o&', Y| :x,x € Z, y,y' e W}

For & > 0, a function g is called e-decomposable on Z x W if there are measurable

sets {X;}7_,, {Yj};f’:l, with n, m < 0o, such that

AS

TC=

m
Xi, WclUY;, and A(p,X;xYj)<e foralli,j.
i j=1
Theorem 8.2. Let (X, ) and (Y, v) be standard finite measure spaces. For a
function ¢ on X x Y, the following conditions are equivalent.

(1) ¢ is w-continuous.

(i1) For each € > 0, there are measurable sets X, and Y, such that u(X \ X¢) <e,
v(Y\Ye) < & and ¢ is e-decomposable on X, X Y.

(iii) For each ¢ > 0, there are measurable sets X, and Y, such that u(X \ X;) < ¢,
v(Y\Y:) < eand ¢| X, x Y is a uniform limit of simple functions.

Proof. (1) = (ii). Choosing admissible topologies on X, Y and compacts Q C X
and K C Y such that u(X\ Q) <¢/2 and v(Y \ K) < ¢/2, we only need to prove
the implication for Q, K and ¢/2. Thus we may assume that X and Y are compacts
in these topologies.

Cover the range of ¢ by open disks D* of radius £/2. Since ¢ is continuous,
the sets ¢ ~!(D*) are w-open. Hence, for each k, there are marginally null sets N
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in X x Y and measurable sets Af.‘ in X and Bf‘ in Y such that

o
¢~ (D) =NV | 1(A{f x Bf)
1=
Thus ~
XxY=NU {J (Af x BY,
i=k=1
where N is a marginally null set, and A (g, Af.‘ X B;‘) < g, foralli, k.
Choose U C X, V C Y such that

NCXxWVUWUxY), nU)<e/2, v(V)<e/2.
The set k = (X \ U) x (Y \ V) is w-closed and

o0
k< U (Af.‘ X B{‘).
i=k=1
By [Erdos et al. 1998, Lemma 3.4], there are sets R, C X and T, C Y, with
WX\ R;) <e/2and v(Y \ T¢) < &/2, such that the set

KN (Re xTe) = (R \U) x (T \ V)

is covered by a finite number of the rectangles Ai.‘ X B;‘ . Setting X, = R, \ U,
Y. =T, \ V, we obtain what we need.

(i) == (iii). For ¢, = 27"¢, choose X, , Y,, as in (i)): w(X \ X;,) < €n,
v(Y\Y,,) <e, and X, x Y, is covered by a finite family of rectangles

(AT x BV with A(p. A" x BY) <.

Set
o0 [e.¢]
X, = ﬂ Xe,, Ye= ﬂ Ye,.
n=1 n=1
Then u(X \ X;) <e¢, v(Y \Y:) <&, and, for each n,
p(n)

XexYe C X, XY, C le(A;? X B;’).
It follows from Lemma 8.1 that there is a simple function ¢, on X x Y such that
sup{lo(x, ¥) —@a(x, )| : (x,y) € Xe X Yo} <&y
(iii) = (i). Every simple function is w-continuous. By [Erdos et al. 1998,
Lemma 3.3], the uniform limit of w-continuous functions is w-continuous. Hence,
for each ¢ > 0, the function ¢| X, x Y, is w-continuous. The set

N =X x 1\ U (Xijn % Y1y0)

n=1
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is marginally null. Hence, for any open set G C C,

o0
e MG\ U@ MG N (X1 x Y1) =¢ ' (G)NN
n=1
is a marginally null set. Since all (p‘l(G) ﬂ(Xl/n X Yl/n) are w-open, <p_1(G) is
w-open and ¢ is w-continuous. 0

A sequence {X,} of measurable sets in (X, w) is exhaustive if
o0
X, C X,y and ,u(X U X,,) —0.
n=1

Fix an admissible topology on a standard measure space (X, n). Then X has an
exhaustive sequence {X,} of compact sets. For each n, there are disjoint compacts
{Ki(n)} in X,,1 such that K(n) = X, and j+(X,+1 —J; Ki(n)) = 0. Hence there
are disjoint compact sets {K,} in X such that u(X — |, K,,) =0.

The following result can be considered as an w-version of Luzin’s theorem.

Theorem 8.3. Let 1 and v be Radon o -finite measures on topological spaces X
and Y. For a function ¢ on X x Y the following conditions are equivalent.

(1) ¢ is w-continuous.

(i1) For any & > 0, there are measurable sets X, € X and Y. € Y such that
WX —X,) <e,v(Y —Y,) < e and ¢ is continuous on X x Y.

(iii) There are exhaustive sequences {X,} and {Y,} of compacts in X and Y such
that ¢ is continuous on each X, x Y,,.

Proof. Step 1. First we will prove the theorem for compact X and Y.

(i) = (ii). Let E be a measurable subset of X. By Luzin’s theorem, for § > 0, there
is a compact subset K of X such that (X \ K) < § and xg is continuous on K.
Hence if g is a simple function on X x Y, there are compacts K € X, R C Y such
that u(X \ K) <48, v(Y \ R) < é and g is continuous on K x R.

Let ¢ be w-continuous. For ¢ > 0, let sets X, and Y, be chosen as in Theorem
8.2 (iii) and let simple functions ¢, uniformly converge to ¢|X, x Y. Set ¢, =
27"¢. By the argument above, there are compacts K, € X, R, C Y such that
w(X\ K,) <e&,, v(Y\ R,) <&, and the functions ¢, are continuous on K, X R,.
Set

o0 o0
Le)=X.N()K, and M(e)=Y.N[) Ry
n=1 n=1
Then w(X\L(e)) <2eand v(Y\M(¢g)) <2¢e. All ¢, are continuous on L(g) x M(e)
and uniformly converge to ¢|L(e) x M (e). Hence ¢ is continuous on L(g) x M (¢).
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(i) = (iii). Set
[e.e] o
L,=()L(ex) and M, = ) M(&).
k=n k=n
Then L, € L,+1, M,, € M,,11, and ¢ is continuous on L, x M,. Furthermore,

PX\Ly) < Y u(X\ L(ep) < 227",
k=n

VY \ M) < Y (Y \ M(ep) < 2>,
k=n
Thus {L,}, {M,} are exhaustive sequences. Since u, v are Radon measures, there
are compacts £, C L, and F,, € M,, such that u(L,\E,) <1/n, v(IM,\ F,) <1/n.

Hence
n

n
Xn=UEk and Yn=UFk
k=1 k=1

form exhaustive sequences of compacts in X and Y.

Step II. Now assume that X and Y are not compact spaces. Let {F,,} and {G,} be
disjoint compact sets in X and Y such that (X \ |J, Fn) =v(¥Y \U,,G») = 0. For
e>0,setg, =627,

(1) = (ii). It follows from step I that, for each pair (n, m), there are sets R, ,, (€) C
F, and T, ,,(¢) C G, such that ¢ is continuous on Ry ;,(¢) X T}, ;m(€), w(Fy \
Ry m(€)) < €ném, and v(Gp \ Ty, m(€)) < €n&m. Set

o0

Tn,m(g)-
=1

n=

(8-1) Ru(e)= () Rum(e) and  Tp(e) =
m=1

Then w(F, \ R,(¢)) <e&,e, u(Gyu\ Tyn(e)) < e,e, and the map ¢ is continuous on
R, () x Ty, (¢) for each pair (n, m). Set

o0 [o,0)

(8-2) Xe= U Ru(e) and  Ye= | Tu(e).
n=1 m=1

These are the sets we need.

(i) = (iii). We preserve the notations above. Let &g = 27, It follows from
step I that, for each pair (n, m), there are increasing sequences of compact sets
{Rum(e0))e, in Fy, and (T, (ex) )32, in Gy, such that

/L(Fn \ Rn,m(gk)) =< En€m€i, V(G \ Tn,m(gk)) < EnEmék,

and ¢ is continuous on Ry ,, (&x) X T, m(ex). The compact sets R, (gx) € F,, and
T (ex) € Gy (see (8-1)) increase with &, u(Fy, \ Ry (1)) < €n, (G \ Tin(e1)) <
emé€k, and ¢ is continuous on R, (ex) x T;,(ex). The compact sets X = X, and
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Yy =Y, (see (8-2)) form exhaustive sequences in X and Y, and ¢ is continuous
on each X; x Y.

The proof of (iii) = (i) is the same as in Theorem 8.2. O

9. Schur multipliers and discontinuous (¢, v)-multipliers

In contrast to Schur multipliers, (i, v, I)-multipliers are not sensitive to changes on
null sets. Therefore one cannot expect that the classes of noncontinuous (u, v, I)-
multipliers and of Schur /-multipliers coincide. In this section we will show that
for any I, w-continuous (u, v, I)-multipliers coincide marginally a.e. with Schur
I-multipliers. More precisely, an w-continuous function is a (u, v, I)-multiplier if
and only if it becomes a Schur /-multiplier after deleting a marginally null subset.

Remark. Two w-continuous functions ¢, ¢’ coincide a.e. if and only if they coin-
cide marginally a.e. Indeed, set ¢ = ¢ — ¢'. If ¥ = 0 marginally a.e., then ¢ =0
a.e. Suppose that i vanishes a.e. The set L = {z € C: ¥/ (z) # 0} is w-open and
(u ®v)(L) = 0. Therefore it coincides with some union of rectangles A, x B, up
to a marginally null set. Hence w(A,)v(B,) =0, so all A, x B,, are marginally
null. Thus L is a marginally null set.

Our restriction to w-continuous functions is strongly motivated by the following
result.

Proposition 9.1. If (X, n) and (Y, v) are standard measure spaces, then
My v(G) CCuv(X xY).

Proof. Choose admissible topologies on X and Y, so that X = J, X, and ¥ =
U, Yu, with u(X,) < oo and v(¥,) < co. Let ¢ € M, ,(S) and let G be an
open set in C. Since

¢ (@) =U (e (G N Xy x V),
we only need to show that each set (p_l (G)N (X, x Yy,) is w-open. Hence we may
assume that ©(X) < oo and v(Y) < oo.

Set H = Ly(X, ) and K = Ly(Y,v). All results of Proposition 4.2 hold if
£(1) is replaced by 9, ,(I). Hence ¢ € 9, ,(S1). The operator A with kernel
a(x,y) = 1is arank one operator. Hence the operator ®,(A) with kernel ¢(x, y)
belongs to G(H, K). Hence ¢(x, y) belongs to the projective tensor product
H & K and is w-continuous by Theorem 6.5 of [Erdos et al. 1998]. O

Let {X,}, {Y,} be exhaustive sequences of measurable subsets of (X, ) and
(Y, v), and let x, and x, be the characteristic functions of X, and Y. Let u, and
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v, be the restrictions of u and v to X,, and Y,,. For ¢ € Loo(X X Y, nt ® v), set

@n:Xan/I(/) and an:(MXnXYn-

Lemma 9.2. (i) Let an s.n. ideal I be either coseparable, or contain ©,. Then
@ is a (u, v, I)-multiplier if and only if all ¢, are (i, v, I)- multipliers and
sup, [|®y, I < 00. In this case

@yl = sup [Py, 1.
n

(ii) Let I be either a separable or coseparable s.n. ideal, or Sp,. Let X = Un Xn
andY =, Yu. Then ¢ is a Schur I-multiplier if and only if all ¢, are Schur
[-multipliers and sup,, || Sy, | < 0o. In this case || Sy|l; = sup,, |Sy, |l1-

(iii) @y, isa (i, v, I)-multiplier on X x Y if and only if @, is a ((y, vy, 1)-multiplier
on X, X Y,. Moreover, || ®,, |l = [|®g, |l

(iv) @, is a Schur I-multiplier on X x Y if and only if ¢, is a Schur I-multiplier
on X, X Y,. Moreover, ||Sy, |1 = ||Sg,1-

Proof. Set ® = &, and ®, = ®,,. The operators P, on H = L>(X, n) (identified
with H¢ as usual) and Q,, on K = L, (Y, v), acting by the multiplication by y, and
X, respectively, are projections, and

9-1) ®,(R) = 0, ®(R)P,, for R e Gy(H, K).

Since P, and Q, strongly converge to the identity operators, ®,(R) strongly con-
verge to ®(R).

Let I be coseparable. If ¢, are (u, v, I)-multipliers, then ®,(R) € I, for R ¥X;.
If sup,, [| P, |7 < oo, then sup,, |P,(R)|; < oo, and it follows from Theorem III.5.1
of [Gohberg and Krein 1965] that ®(R) € I and [P (R)|; <sup, |D,(R)|;. On the
other hand, by (9-1), all

|Pn (R)|1 < ([ QnllP(R) ][ Pall < [®(R);-

Hence ||®||; = sup,, |®,|l;. The proof of the converse statement follows from
(9-1) immediately.

If &, C I, then G, € I C J, for some coseparable ideal J. Since all results
of Proposition 4.2 hold, if £(I) is replaced by 9, , (1), the sets of (u, v, I)- and
(u, v, J)-multipliers coincide. Part (i) is proved.

Let I be a coseparable ideal, let Iy be the corresponding separable ideal and
(E), T) be the pair of the dual ideals. It is well known and follows from duality
(see, for example, [Kissin and Shulman 2005a, Lemma 5.1]) that the sets of Schur
I-, Iy-, 7-and T()-multipliers (in particular, G-, G- and G-multipliers) coincide
and the norms of the multipliers are equal. Hence we only need to prove (ii) for
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coseparable ideals. This proof is identical to the proof of (i) with ® replaced by S,
Ly(X, ) by [p(X) and Ly (Y, v) by L(Y).

Set H, = L>(X,, ), K;, = Ly(Y,, v,). For R € 6,(H, K) with kernel r, let
3, (R) be the integral operator from H,, into K, with kernel 7 = r|X, x Y,. Then
8, maps ¥;(H, K) onto ¥;(H,, K,), and it is an isometry from Q,%;(H, K)P,
onto &;(H,, K,). Conversely, for Re &,(H,, K,) with kernel 7, let A, (1/3\) be the
integral operator from H into K with kernel r that vanishes outside X, x ¥, and
r|X, x Y, =7. Then A, is an isometry from ¥;(H,, K,) onto Q,%;(H, K)P,,
and R . .

Su(A(R)=R forRe¥%;(H,, K,),
AN, (6,(R))=R forRe Q,%;(H, K)P,.

We also have &, (R) € Q,%;(H,K)P, for R € ¥;(H, K), §,P,, = ®g,d,,
by, Ay = A, Py, and

1Py, I = sup{| @y, (R)|, : R € 0% (H,K) Py, |R|; =1}

Making use of these formulae, one obtains a proof of (iii). Part (iv) is evident. [J
We will prove now an analogue of Theorem 7.5 for w-continuous functions.

Theorem 9.3. Let I be either a coseparable ideal, or a separable ideal containing
G,. Let (X, w) and (Y, v) be standard measure spaces with countable bases. An
w-continuous function ¢ on X X Y is a (i, v, I)-multiplier if and only if there are
null sets Xo C X, Yo C Y such that ¢ is a Schur I-multiplier on (X \ X¢) x (Y \ Yp).
In this case the sets Xo, Yy can be chosen in such a way that ||(p||’;’v = ISg1l7,
where ¢ = ¢|(X \ Xo) x (Y \ Yo).

Proof. Choose admissible topologies on X and Y. By Theorem 8.3, there are
exhaustive sequences {X,} and {Y,} of compact sets in X and Y such that ¢ is
continuous on each X, x Y,,. Let i, and v, be the restrictions of © and v to X,
and Y,,. One can assume that supp(u,,) = X, and supp(v,) =Y,,. Indeed, set K,, =
supp(un). If K, # X,,, replace X,, by K,,. If x € K,, then, for each neighbourhood
U, of x in X, we have u(X, NU,) # 0. Hence u(X,+1 NU,) #0,s0x € K, 1.
Thus K, € K,41. Since X, = K, UN, and u(N,) = 0, the sequence {K,} is
exhaustive and supp(u|K,) = K.

By Lemma 9.2(i), ¢ is a (u, v, I)-multiplier if and only if all its restrictions
on to X, x Y, are (u, v, I)-multipliers and the norms are bounded. Moreover,
|yl = sup, [Py, |l;. Since @, is continuous on X, x Y, it follows from The-
orem 7.5 that ¢, is a (i, v,, I)-multiplier if and only ¢, is a Schur I-multiplier
on X, x Y,; in this case [|Sg,[|; = ||Zﬁ,,||‘;”’v”. By Lemma 9.2(ii), the restriction ¢
of p to (Un X n) X (Un Y,,) is a Schur 7-multiplier if and only if all ¢,, are Schur
I-multipliers and the norms are bounded. In this case, ||Sg|; =sup, [|Sy, II. Taking
now into account Lemma 9.2(iii) and (iv), we complete the proof. Il
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Remark. Theorem 9.3 allows us to deduce Peller’s [1985] description of dou-
ble operator integrable functions from Grothendieck’s description of Schur & -
multipliers. Indeed, let €, & be spectral measures on locally compact spaces X and
Y. Denote by 7 and p the representations of Co(X) and Co(Y) corresponding to €
and %. Then (see the discussion at the end of Section 6) the set of double operator
integrable functions with respect to €, % coincides with M™”. Let u, v be scalar
measures such that supp(é) = supp(u) and supp(¥F) = supp(v). Then it follows
from Corollary 7.3 that M™# =M*-". By Proposition 9.1, every function ¢ € M*-¥
is w-continuous. Hence, by Theorem 9.3, ¢ becomes a Schur G,-multiplier after
deleting some null subsets from X and Y. Applying [Pisier 2001, Theorem 5.1], we
get p(x, y) = (a(x), b(y)), where a, b are bounded Hilbert space valued functions.
This is the first part of Peller’s theorem. Furthermore, by the proof of Theorem
5.5 of [Pisier 2001], there are a probability space (7', ) and bounded functions
a(x,t),b(y,t)on X xT and Y x T such that p(x, y) = fT a(x,t)b(y,t)dr. This
is the second (much stronger) statement in Peller’s result.

We now relate w-continuous (i, v, I)-multipliers for different pairs of measures,
just as we did for continuous (i, v, I)-multipliers in Corollary 7.4. Let u be a o -
finite Radon measure on a topological space X and let X be the o-algebra of all
w-measurable sets in (X, u). Let a measure 1’ on X be absolutely continuous with
respect to ju, that is, w(E) = 0 implies u'(E) = 0 for E € . Then, for every
wu-measurable subset Z of X, supp(u'|Z) C supp(u|Z).

Theorem 9.4. Let I be either a coseparable ideal, or Gy C I. Let u and v be
o -finite Radon measures on topological spaces X and Y with countable bases. Let
o -finite measures (' and v' on X and Y be absolutely continuous with respect to i
and v, respectively. Then every (ju, v, I)-multiplier ¢ is also a (', V', I)-multiplier
and || Py, vl < 1P, v llr-

Proof. By Theorem 8.3, there are exhaustive (with respect to p and v) sequences
{X,} and {Y},,} of compact sets in X and Y such that the functions

@ =¢|X, xY,

are continuous. Then {X,} and {Y,,} are also exhaustive sequences with respect to
w' and v'. Let u, and u,, be the restrictions of 1 and u’ to X,,, and let v, and v,
be the restrictions of v and v’ to ¥,,. By Lemma 9.2(i) and (iii), the functions ¢,
are (fby, vy, I)-multipliers and || Py 0 v ll7 = sup, P, 10,0, ll1-

Since supp(t,,) < supp(,) and supp(v;,) < supp(v,), it follows from Corollary
7.4 that @, are also (uj,, v, I)-multipliers and || ®g, ./ v ll7 < PG, 1,0, 17 Ap-
plying again Lemma 9.2(i) and (iii), we conclude that ¢ is a (i, v/, I)-multiplier
and ”q)(p,,u.’,v’”I = ”q)w,u’,v’”I' 0
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