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We obtain a Green current in the sense of Gillet—-Soulé on an arithmetic
quotient of a complex hyperball for the modular cycle stemming from a
complex subhyperball of codimension greater than one, generalizing the
classical construction of the automorphic Green function for the modular
curves.

Introduction and basic notation

Let X be a complex manifold and Y its analytic subvariety of codimension r. The
Green current for Y is defined to be a current 4 of (r — 1, r — 1)-type on X such
that dd°4 + 8y is represented by a C*°-form of (r, r)-type on X. In the arithmetic
intersection theory developed by Gillet and Soulé, the role played by the algebraic
cycles in the conventional intersection theory is replaced with the arithmetic cycles.
In a heuristic sense, Green currents are regarded as the “archimedean” ingredient
of such arithmetic cycles [Gillet and Soulé 1990].

Consider the case when X is the quotient of a Hermitian symmetric domain G/K
by an arithmetic lattice I' in the semisimple Lie group G, and Y is a modular cycle
stemming from a modular imbedding H/H N K — G /K, where H is a reductive
subgroup of G such that H N K is maximally compact in H. Inspired by the
classical works on the resolvent kernel functions of the Laplacian on Riemannian
surfaces [Hejhal 1983] and also by a series of works [Miatello and Wallach 1989;
1992], T. Oda posed a plan to construct a Green current for ¥ making use of
a secondary spherical function on H\G, giving evidence for the divisorial case
with some conjectures. Among many possible choices of the Green currents for a
modular cycle Y, this construction may provide a way to fix a natural one. If r =1,
namely Y is a modular divisor, we already obtained a satisfactory result by properly
introducing the secondary spherical functions [Oda and Tsuzuki 2003]. So it is
quite natural to ask whether the same method works for the higher codimensional
case. Here we focus on the case when G /K is an n-dimensional complex hyperball
and H/H N K is also a complex hyperball of codimension » > 1.
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After two preliminary sections, in the third section we introduce the vector-
valued secondary spherical function ¢ together with its simple characterization in
Theorem 3.2. Then we form the Poincaré series G,(g) = ZyeHﬂF\F ¢ (yg) which
is shown in Theorem 4.2 to be L!-convergent to yield an (+ — 1, » — 1)-current on
I'\G/K when the parameter s lies in some right-half plane. In order to analyze G
further, in Section 5 we study its derivatives —2—13%)1' G, with sufficiently large
Jj by the same technique used in [Gon and Tsuzuki 2002]. Through the inductive
argument of Theorem 6.2, we show in Theorem 6.3 that the function s +— G
has a meromorphic continuation to the whole s-plane with a functional equation
and has a simple pole at the point s = n — 2r + 2. We put ¢ to be the constant
term of the Laurent expansion of G, at s = n — 2r 4+ 2 and prove in Theorem 6.5
that the (r — 1, r — 1)-current % is a Green current for our Y. For that purpose
we introduce another (r, r)-current W as a suitable Poincaré series and study its
properties. Among other things we show that the value of W; at its regular point
s =n—2r+2 is square-integrable harmonic form representing the current dd“$+-6p
up to a constant multiple; see Theorem 7.5.

This paper is a continuation of the joint work of Professor Takayuki Oda and
the author [Oda and Tsuzuki 2003]. Thanks are due to Professor Takayuki Oda for

his interest in this work and fruitful discussions.

1. Preliminaries

Let n and r be integers such that 2 < r < n/2. For a matrix X = (x;;) € M, (C),
X* denotes its conjugate transpose (x;;). Consider the two involutions o and 6
of the Lie group G = U(n, 1) := {g € GL,+1(C) | g*I,.1g = I,.1} defined by
0(g) =1,181,1 and o(g) = S g S respectively. Here I, := diag(I,, —1) and
S=diag(I,—,, —I,,1). Then K :={g e G |0(g) =g} =U(n) x U(1) is a maximal
compact subgroup in G and H :={g € G |o(g) =g} =Umn—-r,1) xU@F)isa
symmetric subgroup of G such that Ky := HNK = Um —r) x U(r) x U(1) is
maximally compact in H.

The group G acts on the hyperball © = {z="(z1,...,z,) €C" | Y1, lzil? < 1}
transitively by the fractional linear transformation

Z:gnz-i-glz :|:811 812

, ] eG, zeC".
8212+ 822 g2 &2

Under the identification G/ K =9 of G-manifolds sending gK to g-0, the quotient
H /Ky corresponds to the H-orbit of 0, i.e., D :={z€D|z4rp1=--=2,=0}
In particular the real codimension of H/ Ky in G/K is 2r.

The Lie algebra g := Lie(G) is realized in its complexification gc = gl,,+1(C)
as an R-subalgebra of all X € gl,1;(C) such that X*I, ;4 1I,1X =0,4;. Letp
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be the orthogonal complement of € := Lie(K) in g with respect to the G-invariant,
nondegenerate R-bilinear form (X,Y) = 27 !tr(XY) on g. We have the Cartan
decomposition g = € p. We put G/K a unique G-invariant complex structure
such that the map G/K =D is biholomorphic.

For 1 <i,j<n+1,1etE; j:= (84i8vj)uv € 8ln+1(C) be the matrix unit. Put

X;:=Ein41 and X; =E,1,;, 1<i<n—1

XO = En,n—H and )?0 = En+1,n-

Then py = Z?:_ol CX; corresponds to the holomorphic tangent space of G/K at
K,and p_ = Z?;ol CX; to the antiholomorphic tangent space.
The exterior algebra /\p{ is decomposed to the direct sum of subspaces

APTpe=(A"p)® (ATp"), p.qgeN.
With {w;} the basis of p* dual to {X;} and {®;} the basis of p* dual to {X;}, put

n—1
0= Y v @ e AVBEN AP and voli= Lo € AN A

n!
i=0

The dual inner product on p* naturally extends to the Hermitian inner product (- | -)
of /\p{.. The Hodge star operator s is the C-linear automorphism of /\ p{ such that
xa = ¥ and («|B) vol = a A xf, for a, B € Apg. We remark that

X+ X V/=1(X; = X)YiZ)

is an orthonormal basis of p, dual to {2_1(wj +oj), —2_1\/—_1(a)j —ch)};f;(l). For
a € /\p¢, define the endomorphism e(a) : Apg — /ApE by e(@)B =a A B. As
usual, we have the Lefschetz operator L := e¢(w) and its adjoint operator A = e¢*(w)
acting on the finite dimensional Hilbert space A\ p¢ [Wells 1980, Chapter V.

Put h = Lie(H). Then 6 restricts to a Cartan involution of f giving the decom-
position h = (h N €) & (h Np). The complex structure of p induces that of h N p
giving the decomposition (hNp)c = (hNp)+ b (hNp)_ with

(hNp)y =bcNpy=> CX; and (hNp)-=bcNp_ =) CX;.

i=1 i=1
We introduce two tensors wy and 7 as

n—r n—1
C()HZITi1 E w; Aw; and niz% E wiAain—wH—%woAao.
i=1 j=n—r+1
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For 0 < p <r—1let S, denote the set of all subsets J C{n—r+1,...,n—1}
such that #(J) = p. Then a computation shows that

’7p=(@)ppl anjACT)j, 0<p<r—1.

JeSy, jeJ
From [Wells 1980, (1.5), p. 163], we have
(1) A"y =pr—-pn’~', 0<p<r—1

The coadjoint representation of K on p* is extended to the unitary representation
7:K— GL(/\pE) in such a way that t(k)(a A B) = t (k) A 7(k)S holds for all
a, B € Ap¢ and k € K. The differential of 7 is also denoted by 7. Then we have
2 T(Z)(aAB)= (T (Da)AB+an(T(Z)B),

(1(Z)a|B) = —(a|t(Z)B)

fora, B e Apf, Z € te.
The irreducible decomposition of the K-invariant subspaces /\” "’pd"s is well-
known.

Lemma 1.1. Let p, g be nonnegative integers such that p +q < n. Put
Fpq:={ae A\P"pg | Ala) =0}.

Then F, , is an irreducible K -invariant subspace of /\p{.. The K -homomorphism
L induces a linear injection /\" _1"1_1]3% — APp% whose image is the orthogonal
complement of F, , in /\p’qu. In other words,

NIpe=Fpqg® L(/\p_l’q_1 pe)-
Proof. Use [Borel and Wallach 1980, Lemma 4.9, p. 199]. O

The one dimensional R-subspace a = RY with Y := X+ Xo € p is a maximal
abelian subalgebra in q N p with q the (—1)-eigenspace of do, the differential
of 0. Since (G, H) is a symmetric pair, by the general theory [Heckman and
Schlichtkrull 1994, Theorem 2.4, p. 108], the group G is a union of double cosets
Ha K (¢t > 0) with

. cosht sinht
a; :=exp(tYy) = diag (In_l’ [Sinhf COSht]) L ek

Put A = {a, | t € R}. Let My be the group of all the elements k € K such that
Ad(k)Yy =Yy and set M = My H. Then

Mo = {diag(u, uo, up) | u € U(n — 1), up € U(1)},
M = {diag(u1, ua, uop, ug) |uy € U(n —r), up € U(r — 1), up € U(1)}.
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It is important to know the structure of the M-fixed part of F, .

Proposition 1.2. Let p be an integer such that 0 < p < r. Put

p
»__ 1 Py p—j : T : _ i1
Vo _n—p+1;cf LY ((n—p—j+Dn’ + X577 (r—j) wo A@o A’ ),
]:

p
-1 N = S _
V(I”):p(n_sz) >l L (=i’ + = e Ado An'),
=0

where
P = (=i (7)(" P+‘)(’f‘)‘1,0<j<mf(p,r—1), and ¢ =1.

J

Then F I’,W is a two-dimensional space generated by v(p ) and v(p ),

Proof. Let W be the C-span of elements w;, @; (1 <i <n—1). Then for each p, ¢,
AP?pE is an orthogonal direct sum of four subspaces A" W, e(wo) N~ H1w),
e(@0) (AW and e(wo A @o) (A\"~"17'W). The space /AW has the Lefschetz
operator Lo and its adjoint Ag. These are also given as Ly = e(wy + n)|/\W
and A9 = A|/A\W. Let p, g be natural numbers such that p + g < n. Then the
subspace E,, , = {B € A" W| A¢(B) = 0} is an irreducible My-subspace of AW;
see Lemma 1.1. First we show that the linear map J7+¢ from the direct sum E, , ®
Ep1qg®E,q-1®Ep_14-1to /\p{ defined by sending (81, B2, B3, &) to

Trap1, B2, B3, &)

— B+ (B ) + (Bs A ) + 51 Ay g — — )

n—p—qg+1
is an My-isomorphism onto F), ,.

An element ¢ € N ’qpq*: is expressed uniquely using an element (&1, B2, B3, £4)
in the direct sum APIW @ AP MW @ AP 7'W @ AP IW as the sum ¢ =
Z1+ (Ba Awg) + (B3 Adwg) + (L4 Awg A @g). We examine the condition A(¢) =0.
Since the four equalities A(¢1) = Ag(¢1), A(BaAwp) = Ao(ﬂz) Awo, A(B3zAwg) =
Ao(B3) Awg and A (&4 Awo A wo) = Ao(L4) Awy A wo+ TQ hold, the COIldlthIl
A(¢) =0 1is equivalent to Ao(B2) = Ao(B3) = Ao(¢4) =0and ¢4 = Ao(é“l)
We can write {; =1 —(n—p—q+1)"'Lo(§) with By € E,, ; and £ € /\p La=ly
uniquely; see Lemma 1.1. By [Wells 1980, Proposition 1.1(c), p. 160], we have
AoLo(§)=((m—p—q+1)§ and hence ¢4 = @5. Since Ag(54) =0, € Ep1 4-1.
Consequently we arrive at { = TP 9(8y, B2, B3, &) to know the image of I77 is
Fp 4. The injectivity of J7-4 follows from Im Lo N E, , = {0}. Since wy, @
are My-invariant and since Lg is an My-homomorphism, the map J79 is also an
My-homomorphism.
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The map 77 induces a linear isomorphism
M M M M ~ M
) Ep,p@Ep—l,p@Ep,p—l@Ep—l,p—l :Fp,p

of the M-invariant part.

Claim: E%q ={0}ifp#qg,p+q<n ForO< p<r, E%p = Cu® £ {0}, where

n—p—j+1 )
(p) — A LR VR 2l
u _jZ_:O pa— c; Ly “().

Granting this, we easily prove the proposition easily. Indeed, a direct computa-
tion yields vi” = 77 (u®,0,0,0) and v{”’ = F77(0,0,0, u”~V). The claim,
together with the decomposition (3) implies these tensors form a basis of F I’]‘f’p.

We prove the claim. The element diag(I,_;, uo, ug) (ug € U(1)) of M acts on
E, 4 by the scalar uap+q. Hence Eg’{q ={0}if p #¢.

From now on, let 0 < p < r. Since M is a symmetric subgroup of My and
E, , is an irreducible Mp-module, we have dimc (E g” » < 1. Hence to show that
EY = Cu'® # {0}, it is sufficient to prove that the element u'P) is M-invariant,
nonzero and Ao(u?) = 0.

Since 1 is M-invariant and Lg is an Mp-homomorphism, the M-invariance of
uP) is clear. We prove that it is nonzero using the expression

P, . .
n—p—j+1l o (r—J p—a  «
@ = (R (7)o
ponr n—p+1 o—j
which we get from the original formula for u”) by substituting the binomial ex-

pansion of Lg_j = e((wy +n)P~7). It is easy to see that the tensors a)z_a A
are linearly independent. The coefficient of w?, in expression (4) is c(()p ), which is
nonzero. Hence we conclude u‘? # 0.

There remains to show that Ag(u”’) = 0. By [Wells 1980, Proposition 1.1(c),

p. 160] and (1), we have
ALy )y = LE Aoy + (p— N — j — p) L™ ()
=jr =LY+ (p—pH—j—p) LT ().
Hence Ao(u?) equals (n — p+1)~! times
p—1
Y —p=)(GHDE—j=D) P+ —p—j+D(p—j) ) LE 7 ().
j=0

We can easily check that the coefficient of each L g —i1 (n/) in the expression above
18 zero. O
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For convenience, we put v(()o) =1, vﬁo) = 0; these are elements of Fp o= C.

We also need the structure of the (H N K)-invariant part of F), , (0 < p <7).

Proposition 1.3. For each 0 < p <r — 1, put

p
WP =3 = He L (0 — wn)).
j=0

For p =0, we set w9 =r. Then

— —p+1
(r—p)n—p+ )V(p)_p(n_p_rJrl)vgp)’

5 (p) —
) v n—2p+1 0

and FYOK = Cw® £ {0}.

Proof. The (HNK)-invariance of wP) follows from the fact that w—wp is (HNK)-
invariant and L is a K-homomorphism. The formula (5) follows from a direct
computation. Since H N K = U(n —r) x U(r) x U(1) is a symmetric subgroup of
K =U(n) x U(1), we have dim(F ') < 1. Since w(P) =£ 0 belongs to FIOK the
last assertion follows.

For convenience, we put w =r — 1 and I = n — 2r + 2. Then our assumption
2<r<n/2isequivalentto u > 1 and A > 3.

Proposition 1.4. Define w := (0 — wy)* and voly = ﬁw’,‘j’. We have
1
(6) *VOIH:;W/\(CO—CL)H), wA(n—@qu/\ao)zo,
l 122
M AGvoly) = -w, W=y, L),
! =

where the y,, 0 < p < w, are real numbers defined by the recurrence relation

1 ) S » ,
yllzm’ VJCJ =_Z VpCj ) O<J</’L
Cu p=j+l

Proof. Using [Wells 1980, Lemma 1.2, p. 161], we easily check the first formula
in (6) by a computation. The second follows directly from n” = 0 and w = n* +
@ wwo A@og Ant~L. The first formula in (7) is a consequence of (6) and [Wells
1980, (1.5), p. 163]. To justify the last formula, note that its right-hand side equals

n

"
> (Z Vp CE‘D)) (r = DL (0 — o)
p=J

j=0

this equals w by the definition of w and y;. O
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2. Radial parts of several differential operators
We define 2n — 1 elements Z,, Z, and Z of ¢ by

ZC{:EO[,}’H Zot:_En,a, I<ag<n—1,
ZO =V _I(En,n - En+l,n+1)-

Note that (ENh)cisa direct sum of Lie(M)¢ and the C-span of the 2r — 1 elements
ZJ,Z m—r+1<j<<n—-1), Z.

Lemma 2.1. For 1 < a, 8 <n—1, we have

t(Za)aﬂ =0, I(Za)wﬂ = _Saﬂ wo,
T(Zy)wo = g, T(Zy)wo =0,
(8) T(Zo)wy = —vV —1wy, T(Zo)wy = —2+—lawy.

Forn—r+1<a<n-—1, wehave

T(Za)n=—gwo/\5a, T(Za)r)= —@wa/\ﬁo-

Definition. Let C2° be the space of C*°-functions ¢ : G — HK — /\p{. having the
(H, K)-equivariance property ¢(hgk) = t(k)"'¢(g) forhe H, k€ K.

Lemma2.2. Leti,ve{l,...,n—r}and j,pue{n—r+1,...,n—1}. Letp € C:°.
Then:

9) Ry x9(a)= (% tanh 1L +7(2,Z,) tanh 2

dt
vl

T

(1 +tanh 2 )7(Z0) )¢ ay)

Ry z,0(@) = "2 (tanh 14 1YL ann? s 1 1)7(20) )o@

RXOJ?,-‘P(at) = r(ZZ,-) <tanh t% +2— g(tanh2 t+ l)r(Zo)><p(at)

1 d? V-1
(10) Ryg,0(@) = (4 + F(tanh 1 +coth) 4+ Y =Le(zg)

+ 1—6(tanh t + coth t)zr(Zo)z)(p(a,)
Ry.z,9(a) =t(Z Z)¢(ar)

Ry x,9(a) = T(Z;Zi)¢(a)
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5 d
(1) Ry,x, () = (L coth1 4 +7(2,Z,) coth®s
+ —V4(1 + coth? t)3jMT(Zo))(p(a,),
Z; d V=
Rng()(p(a,) = T(ZJ) <cothta + T(l + coth? t)r(Zo))go(a,),

Proof. We prove these formulas through a computation similar to that of [Oda and
Tsuzuki 2003, Lemma 7.1.2], using the formulas

X;=—tanht - Z; + lh Ad(a) 7' X;, 1<i<n-—r,
Xj=—cotht - Z; —I— 1 Ad(at) 1Zj, n—r+1<j<n—1,
1 v V- —1
==Y th(2¢ Ad Z
5 Yo +coth(21) Zo— 5ot (2t) (ar)™" Zo
and their complex conjugates. g

Casimir operators. Let 2, Qg and €24, be the Casimir elements of g, £ and mp :=
Lie(My) correspondlng to the invariant form (X, ¥) =2"'tr(XY). Since {Xa—i—)?a,
VN=1(Xy — X a)} is an orthonormal basis of p, we have

n—1
(12) Q=Qk+2)  (XaXu+XoXa).
a=0
Since {Zg+Zp, v—1(Zp— Zp) }Z:I U{Zo} is a pseudo-orthonormal basis of the
orthogonal complement of my in €, we have
n—1
(13) QK=QMO—ZZ(ZﬂZﬂ+ZﬁZ,3)—Z§.
p=1
Theorem 2.3. Let ¢ € C2° be such that its values ¢(g), g € G, belong to /\p’pp?é
for0< p <r. Put f(z) = p(a;) where 7 = tanh? ¢. Then Qo(a;) (t > 0) equals

d? u+l n—1\ d ¥ 4 T(Q2um,)
4z 1—z2(—+<—+—)—— + + - )
(1=2) z z -z /) dz z(1-2) z22(1-2) 4z(1—2)? 1@,
where & and ¥’ are operators on /\pq*: defined by

n—r n—1
yZIZ_IZ‘E(ZiZi—i-ZiZ,‘) and &' 322_1 Z ‘L’(Zij-i-Zij).
i=1 j:n—r+1
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Proof. By (8) and Proposition 1.2, the operator t(Zy) is zero on the space
AP oM =(Lrv” L7710 < < pes

to which the values ¢(a;) (t > 0) belong by the (H, K)-equivariance of ¢. Hence
under the assumption, we have t(Zg)¢(a,;) = 0 identically. We also note that the
center of K acts on A" p¢ trivially. Noting these remarks and using the fact that
ZZ;(I) [ Xy, Xo]isin the center of £, we obtain the following expression of Q¢(a;)
from (12) and (13).

n—1 n—1
Qp(a) =4 Ry g 0@) =2 1(ZsZg+ ZpZp)p(ar) + T(Qua,)¢(ar).
a=0 B=0

We can compute the first n terms of the right-hand side of this equation using the
formulas (9), (10) and (11) to obtain

(14) Q(p(at) = <d_ + ((271 2r+1) tanh t+ anh t> B cosh2t E

/

+ r(QMO)) p(ar).

sinh ¢
The conclusion follows since
d? d? d d d
15 — =4z7(1-2)*— +2(1-2)(1-32)—, — =27'2(1—-7)—. O
T e T L
Lemma24. LetO < p<uandputl=n—p—r+1andm =r — p. Then:
(16) Lywm___tm e ~1 V(p)+iv<p)
mp~ ° md+p+m) ! I+m?° m !
a7 g HEm e WP
Ip~ ml+p+m)” ' I+m b

(18) T(Quy)vS" =4p(n — p)vi” and 1 Qu =4(p —1)(n— p+ 1P

Proof. As shown in the proof of Proposition 1.2, the tensors v/’ and v\”’ are
obtained as the image of u'” € E,, , and u'?~" € E,_; ,_; respectively by the Mo-
homomorphism J 77, Hence in order to prove (18) we have only to check that the
eigenvalue of Qy, on E, , equals 4p(n — p). The eigenvalue is easily calculated
if we note that the highest weight of an irreducible My = (U(n—1) x U(1))-module
Ep pis

p n—2p—1 p
—— N ——
a,...,1,0,...,0,—1...,—-1;0).

We prove the formula (17). Since w(”) is (H N K)-invariant and since the elements
Z], Zi(n—r+1<j<n—1)belong to (h NE)¢c, we have F'w (P) = (0. This
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together with (5) gives the first equality of (17). To obtain the second equality we
need some computation. From definition we have the expressions

V%P) — —1 C(P)f(r p) 0)0/\600/\77 +L($1),
(19) n—2p+17°
(p) 1 J=1
vy = n—pt+i© ;;p) ((n—=2p+D)n” + Y p(r—p) wo A@o AP~ ') + L(&),

for some &j and &;. Using Lemma 2.1 and (2), we compute that

W(Z;Z)(wonwo AP DY =wj A@j AP 4w A (—@p) AP !

—@(p— l)a)o/\cﬁj/\a)j/\cT)o/\n"’_2
forn —r 4+ 1< j <n— 1. Taking the sum over j, we obtain
n—1
Y tZiZpondo A"l =~ = p)og ndo A" 4+ Fs?.
j=n—r-+1
We use (19) to write the right-hand side in terms of v(p ) and v(p ).
n—1
Z ‘L'(Zij)(C()o/\ao/\T’]p_l)
j=n—r+1

2 n—p+l1 1
VA 2 n—2p+1

for some &,. From this and the first equality in (19), we obtain

(P)+V(1P)) —J’_L(SZ)

n—1
() _ (r p)(n—p+1) 1 VP P
20 E Z Z; +v + L
20) Pl rfl( Vi n—2p+1 n—2p+1 Yo Vi (63)

for some &3. Since all terms in this identity except L(&3) belong to F), , and since
F, ,NIm L = {0}, the residual term L (&3) has to be zero. Noting that v(p ) and v(p )
are real elements of /\p{, we know that 25"v (p ) is given by the sum of (20) and its
complex conjugate. This completes the proof of the second identity of (17). We
can deduce (16) from (17) and (18) using the relation

Qv = 1 Quv? — 4P — 4PV P
obtained from (13), since the eigenvalue of Qg on F), , equals 4p(n+1— p). 0

Let 0 < p < u and ¢ € C° be such that its values ¢(g) belong to F, ,. By
the (H, K)-equivariance, the vector ¢(a,) belongs to the space of M-fixed tensors
F%p = (Ev(()p) @ Cvgp). We can write

Q) ola) = fovd + iV = VP VPIF(Z), z=tanh?t € (0, 1),
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with a C2-valued C®°-function

_ | fo(@)
= 70)

on 0 < z < 1. Given a complex number s, consider the differential equation
(22) Qp(g) = (s> ~2Np(g). g€G—HK.
We rewrite this equation in terms of F(z).

0 |
Proposition 2.5. Let Q) (z) := |:Q0(Z) QO(Z):| with

0%(2) 012

1 pm Ip
0y(2) = 2027 (—l+mz2+(p—(m—1)l+}T(nz_SZ))Z_H_m>,
1 _ ml+p+m) 14z
0 14z
=—lp—-
Lo 1 _l(l+p+m)2 o 12
Ql(Z)—ZZ(l_Z)z( T Z+(p—(m—DI+ 30" —59))z
_m(l+p+m)>
[4+m '

Then ¢ € C° with values in F), , is a solution of (22) if and only if F(z) (0 <z < 1)
satisfies the second order ordinary differential equation

d’F  (p+1 n—1)\dF
23 — — ®(\F =0.
@3) d22+( z +1—z>dZ+Q @)
Proof. This follows from Theorem 2.3 and Lemma 2.4. O

The Schmid operator. Let V1 be the Schmid operator, which is given by

n—1 n—1
Vif(9) = e@)Ry f(g) and V_f(g)=) e(@)Ry,f(g)
i=0 i=0

for a /\pg-valued C*°-function f on an open subset of G. To describe the radial
part of the Schmid operator, we introduce four operators acting on A\ p¢:
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n—r n—r

Po= > e@)t(Z). P_=Y e(w)T(Z)

i=1 i=1

n—1 n—1
Ry =Y e@HNT(Z)., Ro= ) e(@)T(Z)).
j=n—r+1 Jj=n—r+1

Theorem 2.6. Let ¢ € C2° and f(z) be the same as in Theorem 2.3. Then for t > 0,
V_V,i¢(a;) equals

2 (A4 BN d

— 2 Y —_—— — —_— JE—

24) z(1-2) (e(wo/\wo) ) (Z +1_Z> i
PP Ry

(=02 " 21— © z(l—z)z)zf ®

where the numerators 3, B and € are given by

+

sl = ——Fe(@—wh) + (@) R — e(w0) R+,
B = —L5Le(w) + e(wo A Do) +e(@0)(P— +R_) — e(w0) (P4 + ),

(6 = e(a)o)(@+ + %+) + @_g{+ + %_QP+.

Proof. Input the formulas in Lemma 2.2 to the right-hand side of the identity

n—1
V_Vig(a)= ) Ry z,0(@) Aoy Aag.
o, =0
Then a direct computation using (15) yields (24). O

3. Secondary spherical functions

Before we state the main theorem of this section, we prove a lemma which is
important not only in this section but also in the global theory to be developed in
Section 5.

Lemma 3.1. For each integer p with 1 < p <r, there exists a unique holomorphic

function s — vfp ) on the domain C — L p With

(25) Ly={sevV=IR[2{/(r=p)(n—p—r+2)>|Imsl},
which takes a positive real value for s > 0 and such that
WP =52 +40r —p)n—p—r+2).
The functional equation v(_ﬂ) = —vs(p ) holds for s € C— L. Also, if Re s > 0, then
Re vs(p) > Re vS(pH) > Re s.
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Proof. Put ¢, =4(r — p)(n — p —r +2). By the residue theorem, the value (mod
2/ —17Z) of the integral

¢
I(s) = d
(s) /CS 4c, ¢

is independent of the choice of the path C; connecting 1 and s inside the region
C — L, and locally defines a holomorphic function on C — L,. Since v(p ) =
exp(I(s)),/cp +1 for s € C — L, the first assertion follows. Put 0 = Re s and

t =Im s and suppose o > 0. Then we have

Re v® =2712(x,  +Vx2 +97)",

with x,, s = o2 — 12 +c¢p, ys = 20t. Since ¢, > cpq1 and x5 > X415, WE have
Re v(P) > Re v(P“) The formula Re v\’ = (02 + 27/ (VT? +4c\0? )1/2

with T =>4 0% —¢ p» obviously implies the inequality Re vf P,
To prove v'?) = —v{", take a path C;, _, lymg in the domain C — L, from s to
—s and C’ the image of Cs _sbythemap z =¢2+ cp. Then C' is a 51mple loop

rounding the point ¢ = 0. By definition, v(p) =exp(I(s)—I(— s))v(p) Since

B e _1 dz
I(s)—I(—s)_/CH ke, d§_2 i — =4 —

we have v(p) —vs(p). O

Consider the holomorphic function

dis):=[[re)'r@ o -n+D7", seC-Ly,
p=1

and define the related sets

={seC—L;| d(s)#£0}, D= m{seD|Rev(p>+Rev§"“)>4}.

Note that {s e C|Re s >A}CD.
The aim of this section is to prove the following theorem.

Theorem 3.2.~There is a unique family of C*-functions ¢;: G—HK — N\'""pE, s
varying over D, satisfying the following conditions.

(i) Foreach g € G — HK, the function s — ¢5(g) is holomorphic.
(i1) ¢s has the (H, K)-equivariance property

by (hgk) =1(k) '¢s(g), heH kekK, geG—HK.



GREEN CURRENTS FOR MODULAR CYCLES 325

(iii) ¢y satisfies the differential equation
(26) Q¢s(g) = (s —27)ps(g), g€ G—HK.

(iv) (Recall the (H N K)-invariant tensor w € A"*p% defined in Proposition 1.4.)
We have

lim **¢g(a;) = w.
t—+40
(v) IfRe s > n, then ¢s(a;) decays exponentially as t — +o0.

We call the function ¢ the secondary spherical function.

Differential equations. In this subsection, we fix an s € D. Lemma 1.1 yields the
decomposition

n
27) Nt = L' (Fyp)

p=0
of K-modules. Hence in order to obtain the function ¢; as in Theorem 3.2, we
have only to construct a function ¢S(p ):G-HK > F p,p for each 0 < p < p with
the same properties as ¢ listed in Theorem 3.2 except condition (iv). Instead we
require

tgm t2M¢§P) (a,) = W(P)’

and then form ¢(g) = Zg=0 Yp L”_p(%(p) (8).

From now on we fix 0 < p < p and examine the conditions to be satisfied by

s(p). We use the notation/ =n—p—r+ 1, m =r — p as in Lemma 2.4.

The case p > 0. Since ¢S(p ) should be a solution of (22), we first analyze the

differential equation (23) in some detail.

Proposition 3.3. Consider a C*-valued C*®-function F(z) = B:Og;] O<z< 1.
The following conditions on F(z) are equivalent. :

(a) F(z) is a solution of (23) and also satisfies

(28) fo(z) = —+
p

z(d ml+p+m)l I+p+m
l<+(p )1 tEp

dz I+m 2z 11—z )fl(Z)'

(b) F(z) is a solution of

dF
(29) — =BP(9)F
dz
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BY(z) Bl(2)

h B(» —
where BY7(2) [B?(z) Bl(z)

] with entries

Ip 1 l
B@=-rl -1 Bo=-T.
Bl(z)z_m(l+p+m)1_s2—(l—m+1)2 1
0 (I+m)? z Alp (1-2)%’

m(l+p+m) 1 l+p+m
[+m Z 1-z

(¢) The entries fyand fi of F(z) satisfy (28) and

(30) <d2 +(”+2+ﬂ)i

Bl(z)=—

dz? 4 1—z/dz
n+2)2—4l(m—1) —s? /1 1 1 )
+ (— + + ) 2)=0
4 z l_Z (1_2)2 fl( )
Proof. This follows by direct computation. U

Remark. When F(z) is related to some ¢ € C2° by the relation (21), the equation
(28) comes from Pr(Vi¢(a;)) = 0, where Pr: F, , ® p* — F, ,_1 is a certain
K -projector.

Lemma 3.4. Let Fo(z) and F1(2) be two solutions of (29) and form the 2 x 2-matrix
valued function ®(z) := [Fo(z) F1(2)]. Consider a C*-valued C™-function A(z) on
0 < z < 1. Then the following two conditions on A(z) are equivalent.

(a) The function |~:(z) = ®(2) A(z) is a solution of the differential equation (23).
(b) The function U(z) = CD(z)%(z) satisfies the differential equation

31) = (B(”)( + (M + 1= ?D u.

Proof. Put p(z) = (u+ 1)z7' 4+ (n — 1)(1 —z)~L. Since ®(z) satisfies

d2

dod
+ p(z) — + QP ()®=0 and — =BW (),
dz2 dz

we have

d2
( +p(2) — +Q(‘D)(Z)> (P(2)A(2))

dz2
- (ol ) (0 52),

by a direct computation. This identity proves the equivalence of (a) and (b). [
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Lemma 3.5. Consider a C*-valued C*®-function U(z) = [Zogg] on0<z<l.
Then U is a solution of (31) if and only if it satisfies :

i(d_i_ Ip 1+p:§>ul(z)=uo(z)

Ip dz  I+mz 1
and
d* | (p+2  n=3\d  n*—s*—4l(m—1)—8(m+]) 1
(dz2+( z + )dz+ 4 ( +l—z)
n?>—s>—4lm—1)—8(mn—p) 1 _
+ 7 1=z ui(z) =0
Proof. This is a direct computation. O

The case p = 0. Since the function ¢§0) is Fp o = C-valued, we can write, thanks
to (H, K)-equivariance,

¢O®@) = foz), z=tanh?1,
with a C*°-function fy(z) on 0 < z < 1. From (22) we obtain:

Proposition 3.6. The function fy(z) satisfies the differential equation

d? u+1l n—1\d 1 A2—s?
(32) (d2+( . +1—z>E+z(1—z)2 1 )fo(z)z

Construction of solutions. Let N be a nonnegative integer and y; (0 <i < N)
complex numbers. For a function f (s, z) on {(s,z) | s € D, 0 < z < 1}, if there
exist a meromorphic function ¢(s) on C — Ll holomorphic on D and a family of
holomorphic functions a(s), a;(s;z) (0<i < N)on {(s,z) | s € C— Ly, |z| <&}
with some ¢ > 0 such that

N
f(s:2) =q(S)z°‘(S)<1 +Zz”"(10gz)i a;(s; Z)>, O0<z<e, seD,
i=0

then we write f(s; 2) =q(s)z%®(1+0(s; 27, 2" logz, ..., 2"V (log 2)V)). Given
a C2-valued function
So(s; Z)}
F(s;z) =
(32 [ﬂ (s:2)

on{(s,z)|seD, 0<z<1}, we write

qo(s)zo“’(s)

F(s;2) = [ql(s)zo”(s)

} (1+0Gs; 2", 2" logz, ..., ZVN(logZ)N))

when f;(s; 2) =¢;()y* O (1+0(s; 2, 2" logz, ..., 27" (log 2)V)) for j =0, 1.
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We define three new functions:

o(s) = Cs+1DT(r+2)
T D(s4+n)/2+DT((s—1)/24+1)]
hy(2) —2F1( Lt —S;*H +2:2),
H;(z) :=1»F) (szn S—g)\ s+1; 1—Z>

Note that c¢(s) has no poles nor zeros in the domain D.
Lemma 3.7. Let s € D. Then
c(s) (

hy(z)=140(s;z) and Hy(z)= 14 0(s; z, 2t log2)).

With y =1 — z, we have

h(z) = Q(l—i—O(s y)) if Res >0, and H(z)=140(s;y).

Proof. Use [Magnus et al. 1966, p. 49, line 6 and p. 47, last line]. O
The case p > 0.

(p)
552
Proposition 3.8. For i =0, 1, define Flgp)(s; 7) = [fo )( )] 0<z<l1,seD,
by flp (s;2)
(p+D)
f(p)(S Z) — (1 Z)( Pt +n)/2+1 hv§11+1)(Z),
(p+1)
fl(iv)(S; Z) — Z*(lH*l)(l_Z)(vsﬂr +n)/2+1 Hv§1’+1>(2),
FP s 2 (l—z)<u§”+“+n>/2< Gond v 4l m —1
00 Ip i dz 2 ¢
m(+ p+m)
T (10 e Q).
s _z—w+“u—zr*”D+MQ( G d =
Ip TV 2 <
_ ra ) Hypon ).

Then FP(s; 2) (i = 0, 1) is a C™®-solution of (29) such that
—m(+p+m)/(Ip(+m))
1

e[ 1/U+m)
p+1 |: 1

(33) F(()p)(s;z)=|: }(I—I—O(s;z)),

FiP(s52) = i|Z_(”+1)(1 +0(s;z, 7" log ),
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and such that forRe s > 0and y =1—z,

(34)
(p+D (p+1)
cvs™ ) +l+m—1)/(21 RS,
Fo (s:2) = (p+D |: y " p)i| . E(1+0G3 ),
Vg

(=™ 4 14m—1)/(2Ip)

F(l”)(s;z)=|:
y

]y("x(”l)*”’/z(l +0(s: y)),
Proof. By Proposition 3.3, we have only to check that the functions f(fp ) (s;z) and

fii (P) (s; z) are solutions of the equations (28) and (30) for each i = 0, 1. This is
done by a direct computation. Using Lemma 3.7, we obtain (33) and (34). O

Remark. The function F(()p ) (v/s2—41(m —1); tanh*¢) is the A-radial part of an
Eisenstein integral for H\ G associated with the principal series Indg0 (Ep,p;s), to
be defined in the proof of Proposition 5.5.

By Propositions 3.3 and 3.8, F(()p ) (s;z) and ng ) (s; z) are two linearly indepen-
dent solutions of (23). We proceed to construct two more solutions using Lemma
34.

(p)
§;2
Proposition 3.9. Fori =0, 1, define the function U;p) (s;2)= [ p)( )] seD,
O<z<l1,by M],- (s52)
(p)
ulf) (s:2) = (1) W2 (),
»)
uf(s12) =2~ #D (A =)0 Y (),
— AP 4n)/2-2 (p) _
) (1-2) d v —(m+1)
ugp (55 2) = T (za —9 Z
+ T(l ~2) hn (@),
)( )= 27D — )(”$p>+")/22( (1—2) d —vc(p) —(m+1)
uy, (s; —7)—
o1 (552 Ip z z dz 5 z
m(l+ p+m)
i 49)

Then Ul(p) (s; z) is a C*-solution of (31).

Proof. A direct computation shows u(p )(s z) and u(p )(s; 7) satisfy the two differ-
ential equations of Lemma 3.5. The conclus10n then follows from Lemma 3.5. [J

Lemma 3.10. Let ng ) (s; z) be the solutions defined in Proposition 3.8 and form
the matrix-valued function oW (s;7)= [F(()p)(s; 2) F(lp)(s; 2)]1 (0 < z < 1). Define
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the function
(P) (S Z)

)
i (s; 2)

Agp)(s;z) [ i|, 0<z<1,seD,

fori=0,1, by

(p+1) _ (p)

aoo)(s ) =—z(1—z)™ 1 H (”“(Z)h (”)(Z)

< WPy o
+/ (I —w)s (1+w)H (17+1)(w)h (p)(U))dw

v(p+l)

(p) _
ai,g) (s;2) = ZM+2(1 )( )/2 ]hvserl)(Z)hvx(P) ()

< 41 (=P n_o
— w1 —w)™ s (A +w)h e (W)h »(w) dw,
0 £ s

(p+1)

(p)
agy (s:2) = =2 (1 =" ) () H oo (2)

< (D) WP n_o
+ w T (1 —w)t™ s (A +w) H oy (w)H i) (w) dw,
1 s s

(p+1)

(p)
a;‘f)(s ) =z(1 —Z)( vt T 4wy )/2—1hv5p+1) (z)vam(Z)

P+, ()
- / (1= w) 22wy e () o (w) dw.
0 s s
These integrals are convergent, and fori =0, 1, we have
(35  @P(si2) - A(p)(s ) =cPtMHUP(s;2), 0<z<l1,seb.

Proof. Lemma 3.7 shows that for a given compact set U in D there exists € > 0 such
that 415 (z) and H,(z) are bounded on (0, e]U[1—¢, 1) uniformly in s € U. Hence the
integrands of the formulas above except a(p ) (s; z) are bounded on (0, £] uniformly
ins e U, which 1mphes the convergence of the integrals except ao (s 7). To obtain
the convergence of aO (s z) we need to assume s € D.

We prove (35). Since A(z) = det ®P)(s; z) is the Wronskian for the funda-
mental solutions F;p ) (s; z) of the differential equation (29) it satisfies the relation
(d/dz) A(z) = tr(BP)(z)) A(z). Since

~trBP @) =m+H A -2 "+ @m+Dz !,

we easily obtain A(z) = Cy z~®*+D (1 — z)"*! with some constant C,. Using (33),
we have

c(uPt!
A(z) = —%Z_(“H)(l +0C(s; z, zlogz)),
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which implies that C; = —c(vs(pH))/(lp). Hence

Ip () _ O(p)
P (s;2) ' =—— Q- L2
b +1 )
C(V§P )) _ 1((1)7) fo(é))

Direct computation then gives diAgp)(s; ) =cWPTy oP)(5; 7)~! ng) (s;2). O
4

Proposition 3.11. ForO <z <l and s € 13, set
FP(s52) = 0P (s; AP (s; ) = FP (55 20 a (53 ) + FP (s ) aP (s 2).

For each i =0, 1, the function IEEP)(s; 7) is a C*-solution of the differential equa-
tion (23) satisfying the equalities

(36) F{(s32) =

ey [1/<l+m)
u+2 1

]Z(H—O(s; z, 2" og2)),

ED (51 0y = ey ™) [—m(l+p+m>/<lp(l+m))}z_ﬂ

p(pu+1) 1
x(14+0(s; z, 7 log z, 22 (log 1)2))-

When Re s > 0, setting y = 1 — z, we have

(37) EP (s: 2)= cw"™) e () -2 |:ao(s)
D sy 2)=

(=P 4n)/2 )
y 1+0(s; y)),
vy w4 +m+1L 1 ] ( )
(p+1)
- -2
ng)(s; Z) _ C(Vs ) |:a1(s)

WP 4n)/2 )
y 1+0(s; y)),
w@ﬂwwll} ( )

for holomorphic functions ay(s), a;(s) on C.

Proof. Lemma 3.4 combined with (35) shows that |“:1(P ) (s; z) is a solution of (23).
The formulas (36) and (37) follow from (33), (34) combined with the asymptotics
of al.(f ) (s; z) which is deduced from their explicit formula and Lemma 3.7. Il

Proposition 3.12. The functions F(()p)(s; 2), ng) (s;2), IE(()p) (s;z) and |~:§P) (s;2)
constructed above form a fundamental system of solutions of the differential equa-
tion (23) on 0 < z < 1, which depend holomorphically on s € D.

Proof. The solutions of (23) form a 4 dimensional C-vector space. We already
know that the functions F;p Y(s:2) i =0, 1) and IEfP )(s:2) (i =0, 1) are solutions
of (23) with linearly independent asymptotic behavior as z — +-0. O



332 MASAO TSUZUKI

The case p = 0.
Proposition 3.13. Fori =0, 1, define IN:EO) (5:2,0<z<l1,s€ D by

~ ) 1 _ (n

F(()O)(s;z)=(1—z)(*”s +n)/22F1(_Vs 5 n’_vs 2+K+1;/H_1;Z>’

. o a_ 1)

FOG3 0 =2 (1 =) 2R (B g, B R 011 ),

The IEEO) (s; z) form a fundamental system of C*°-solutions of (32) such that

FO(s;20)=140s;2),

(38) c(vs(l)) vs(l)—i-n

up+1) 2
and such that forRe s > 0and y =1—z2

|~:§O) (s52)=

ZH(140CGs; 2,2 log2)),

FO(y: 2) = ey v+
(39) (u+Du? 2

. M
FY(s:2) =y™ ™2(14 01 y)).

y(*"él)*”)/z(l + 0(s; y)),

Proof of Theorem 3.2. First we construct the family of functions ¢; (s € D). By
the general theory, the map v : (h, t, k) — ha;k from H x (0, oo) x K onto G— H K
is a submersion whose fibres are given as VN hak) = {(hm, t,m™'k) | m € M}.
Hence we have a well-defined C°°-function ¢§p ). G- HK — F »,p for each
0 < p < u by setting

upn+ Dip
ey i)

¢ (hak) = ()~ (D (s5tanh 2 0) VP + 7P (s tanh 2 1) i),

Here f:ip ) (s; z) is the column-matrix with entries fo(f’ ) (s;z) and fl(f’ ) (s; z), the

solution of (23) constructed in Proposition 3.11. For p = 0 we also have a well-
defined C*°-function ¢§0) :G — HK — C such that

ulp+1) 2

( )

I r:go)(s;tanh%), (h,t, k) € H x(0,00) x K,
)
c(vs’) vy +n

¢ (ha,k) =

where IEEO) (s; z) is the function defined in Proposition 3.13. Define the function
¢s:G—HK — /\M’Mp&kj by ¢5(g) = Z:() Vp Lu—p(d)s(p)(g)) with {y,} the family
of real numbers in Proposition 1.4. Then, by Propositions 3.11 and 3.13, {¢s},5
has the required properties.

We prove the uniqueness of the family ¢;. Assume we are given another fam-
ily of functions ¢; (s € D) possessing the same properties as ¢s. Then we can
write ¢;(g) = ZZ:O pr“_p(gos(p) (g)) with C*°-functions (ps(p) :G—HK — F,,
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uniquely along the decomposition (27). We shall show that for each 0 < p < pu,
¢§p) (g)= (p‘gp)(g) forallge G—HK and s € D; by condition (i) of Theorem 3.2,
we have only to show it assuming Re s > n.

First consider the case p > 0. Then (psp) (a;) =go (tanh t) v + g1 (tanh 21) v,
with a C®°-function G(z) = [g?g] on 0 < z < 1. Since ¢¥ » satisfies (22), the
function G(z) is a solution of (23). Hence by Proposition 3.12, there are complex

numbers cg, ci, dy, di such that

(») (p)

G(2) = coF (55 2) +ciFP (55 2) +doF (55 2) + i F P (53 2).

We examine the behavior as z — +0 on both sides of this identity to show ¢; = 0.
We have lim,_, ;¢ z*7!'G(z) = 0 by condition (iv). By Propositions 3.8 and 3.11
we have
lim z*t! F(p) (s;2)= hm s F(p) (s;2)= 11rn faan F(p) (s;2)=
7z—+0 —+40 —40
lim P (55 2) £0.
Z—)
Hence ¢; =0 and ¢ F(()p ) +dy |”:(()P ) +d, |”:§P ) —G. Similarly we can use the behavior
as y =1—z — 40 to conclude ¢y = dyp = 0. Indeed, since we assume Re s > n,
we have lim;_, e(_v§p)+”)’ G(tanh2 t) = 0 by condition (v), and
lim e P (1 tanh 2 1) = lim e HIEP) (5 tanh 2 1) =
t——+00 — 400
by Propositions 3.8 and 3.11. Hence dyp = 0 and coF(()p) + dllzip) = G. Since
Re 1P > Re vPtD > Re s > n (see Lemma 3.1), we have

(p+1)
lim e
t——+00

- (p+1)

EP (5 tanh? 1) = lim e " G(tanh 2 1) = 0
t—+00

by condition (v) and Proposition 3.11. Hence ¢y = 0.

Consequently, G = d; IE(lp ). By condition (iv) and Proposition 1.3, we have

|:m(l+p+m)/(l+m):|

lim zG(z) = —Ip

z—+0

At the same time, Proposition 3.11 gives

cWP ™) e Py [m(l—i—p—{—m)/(l—i—m)]

lim z“F(p) s
2=>+0 0= n(u+1Dlp —lp

so the constant d; equals ,u(u+l)lp/(c(vs(p+l))c(v§p))).
From the definition of ¢\”’, we have " (a,) = ¢”(a,). This is sufficient
to conclude ¢\ (g) = ¢\ (g) for all g € G — HK by the (H, K)-equivariance
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condition. The discussion for the case p = 0 is quite similar. This completes the
proof of uniqueness.

Some properties of the secondary spherical function.

Theorem 3.14. Let ¢ (s € D) be the secondary spherical function constructed in
Theorem 3.2.

(a) There exist . polynomial functions a,(s) (0 < « < u — 1) with values in
(/\“’“pq*:)M, positive number ¢ and (/}’L’“p}‘:)M-valued holomorphic func-
tions bis,) (i =0,1,2) on {(s,2) | s € D, |z| < &} such that

ao(s) =w, ag(—=s) =ae(s), deg(an(s)) < 2a,

and such that for s € ﬁ, z=tanh?t e 0, ),

u—1
(40) ¢xa»::§:a“?)%—mxs;@—%bus;mlogz+bzm;z>ﬂﬁiaogoz
a=0 e

(b) There exists a positive number &' and (/\“ H pE)M -valued holomorphic func-
tions fP)(s;y) (0< p < ) on{(s,y)||y] <€, Res > n} such that

€ (0, &).

n

(p) 1
41 a;) = WTHm/2¢(P) (g1 y), Res>n, y=
4D ¢s(a) E y (s55) Y=

p=0
(c) For any differential operator with holomorphic coefficient 95 on D, the func-
tion 9;s¢5(g) on G — HK belongs to C:°.

Proof. (a) Recall the construction of ¢;. Then (36) and (38) immediately yields
the existence of the expression of the form (40) except the nature of the functions
ay (s). We have ag(s) = w from condition (iv). Hence it remains to show that a, (s)
is an even polynomial function with degree no more than 2. For that purpose, we
examine the differential equation (22) again. By Theorem 2.3, equation (22) can
be written as

d? u+1 n—1\d
42 I - 94 ; S:07
“42) <dz2+( z +1—z>dz+ (s Z))d)
with
-9 g’ T(Quy) + A2 — 57

A(s;z) = +

R s T s S B G
We have

AR
A9(s;2) =—=+ 9,(s)z7, <1,
(s:9) = Egly()z 2]
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with
92,()=-F+F+ 1y +2(A* —s*+1(Qu,)). ¥ =-—1.
Substitute this expression of 2(s; z) and (40) to the left-hand side of (42) and com-

pute the coefficient of z7#+%~2, Since it should be zero, we obtain the recurrence
relation among the tensors ay(s): for0 <o < u —1,

a—1

43) (¥ —a(n—a) ax(s) =— Z (Qa—y—2(5) = (n = 1) (= ¥)) a, (s).

y=0

By (17), the operator ¥ preserves the subspaces L"_”(F;}f’p) (0 < p < ) and the
restriction of &’ is represented with respect to the basis L*~7 (vgp )) i=0,1) by

pl _m(l+p+m)

» l+m (I +m)?
Q_2 ==
_y, _mitptm
p l+m

Since det(Q(f’z) —oz(p,—a)) =a(a+1)(a—pu—1)(x—p)isnot zeroforO <o < u—1,
the operator ¥ —a (u—«) is invertible on (/\” H pE)M . Therefore we can determine
ay (s) uniquely by the recurrence relation (43), from which we easily know that
aq(s) is an even polynomial function with degree no more than 2.

By the construction of ¢y, part (c) is obvious. Part (b) follows from (37) and
39). O

The function . For s € D, define the function ¥ : G — HK — A""pZ by

Vs() =V_-Vigs(g), g€G—-HK.

We easily see that i has the same properties as (2) and (3) of the previous theorem
for ¢;. It also behaves similarly to (40) for ¢ near t =0,

n—1
(44) Vs(ar) = ZO ?;(_Sj +0(s: 1. logz, 2" (log2)*),

except that the degree of the (/\”pE)M -valued polynomial c,(s) is no more than
2(oe + 1). Indeed by applying the expression (24) of the Schmid operator to (40)
we can obtain the required expression with one extra term of the form uz~*+1D,
The only thing we have to do here is to show u = 0. By a direct computation, we
have u = (u(u + e(wg A @g) + A +R_R)w. Since w is (H N K)-invariant
and the elements Zj, Z; withn —r+1<j<n-—1belong to (ENh)c, we have
Riw = 0. Hence u = /,L(2/\/—_1) (n — (\/—_1/2) L wy A 60) A w. By Proposition
1.4, the right-hand side of this identity is zero.
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4. Poincaré series

Let I be a discrete subgroup of G. We assume that (G, H,I') is arranged as
follows. There exists a connected reductive Q-group G, a closed Q-subgroup H of
G and an arithmetic subgroup A of G(Q) such that there exists a morphism of Lie
groups from G(R) onto G with compact kernel which maps H(R) onto H and A
ontol". Set Ky=HNK, 'y=INH.

Invariant measures. Let dk and dko be the Haar measures of compact groups K
and Ky with total volume 1. There is a unique Haar measure dg on G such that the
quotient measure dg/dk corresponds to the measure on the symmetric space G/ K
determined by the invariant volume form vol. We define dh on H analogously:
dh/dkgy corresponds to the measure on H /Ky determined by voly.

Lemma 4.1. For any measurable functions f on G we have

/ Fg)dg = f dh / dk f " Fhaor) dt
G H K 0

with dt the usual Lebesgue measure on R and
o(t) = 2¢, (sinh )~ (cosh )2+ ¢, ="/l

Proof. For closed subgroups Q1 C O, of G with Lie algebras q; = Lie(Q;) for
i=1,2, weregard (q2/q1)* C g* by the dual map of the composite of the orthogonal
projection g — ¢ and the canonical surjection q2 — q2/q;. Let volg,,q, be the
element & A --- A& € A(q2/q1)* with {§;} any orthonormal basis of (q2/q1)*.
Assume Q1 is compact. Then there exists a unique left Q»-invariant s-form Z, o,
on Q>/Q1 whose value at 0 = eQ3 is volg,/q,. Let dZgp,,0, be the Q;-invariant
measure on Q>/Q; corresponding to Zg,,p,. For example, volge = vol and
voly/m = voly A volpng/m.

The decomposition G = HAK yields the diffeomorphism j from H/M x (0, co)
to (G — HK)/K defined by j(k, t) =ha; K (ﬁ e H/M, t > 0); see [Heckman
and Schlichtkrull 1994, Theorem 2.4, p. 108]. A simple computation with the aid
of the formulas in the proof of Lemma 2.2 proves the identity

J*Z6/x = 2(sinh ) " (cosh t)* 2T Z g Adt.
Hence under the identification H/M x (0, 0c0) = (G — HK)/K we have
(45) dZg/k (&) =2(sinh 1) ! (cosh )" " d Zy ;s (h) dt.

The measure d Zg/x(¢) is precisely dg/dk in our normalization. Let dm be the
Haar measure of M with total volume one. The resulting quotient measure dh/dm
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on H/M should be proportional to dZp/, m (). We determine the proportionality
constant Cy in such a way that

dh ,
(46) o = CodZpu(h).
m

We have a decomposition
. dh .
dZym(h) = —dZynk m(ko),
dky

since dZH/HmK(fz) = dh/dky. Using the relation dh/dm = (dh/dky) (dko/dm),

it follows that
dkg

— =CpdZ ko).
I 0dZunkm(ko)

Since the total measure of H N K /M with respect to dko/dm is 1, we then obtain
the equality CO_1 = me(/M dZHnK/M(/%o). To compute this integral, we use the

diffeomorphism IT: H N K /M — S*~! defined by
T (diag(u1, ua, uo) M) = ug'uz(e),  (u1, uz, uo) € Un —r) x U(r) x U(1),

with S 1:={zeC"|Y!_, |zi|*=1} ande:="(0, ..., 0, 1) €S* . Thus, easily,
the pullback of the volume form Zgp,-1 = 212;1 (=D x; dxy A - -/\ﬁx,- A...dxy,
of the sphere S* ! is 2Zynk/m. Hence

. 1 "
c;! =/ dz (ko) = —/ dZecr1 = .
0 HNK/M HOK/M 2 Jora "8 ['(r)

Using (45), (46) and the value of Cy just obtained, the required integration formula
easily follows. U

Currents defined by Poincaré series. Let § denote the set of the families of func-
tions {¢;},. p such that o, =950 (s € 5) or s =055 (S € 13) with some differential
operator d; with holomorphic coefficient on D.

For {¢,;} € §, introduce the Poincaré series

(47) Plg)@= Y ¢lrg), g€,
y€Elu\I'

which is the most basic object in our investigation. First of all, we discuss its
convergence in a weak sense. Note that ¢ takes its values in a finite dimensional
Hilbert space /\pE with the norm ||| = («|o)'/2.

Theorem 4.2. The function in s defined by the integral

P o) = B dg
(sl /F\G< S <yg>||> 8

yely\T'
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is locally bounded on Re s > n. For each s with Re s > n, the series (47) converges
absolutely almost everywhere in g € G to define an L'-function on T'\G.

Proof. We assume ¢; = d¢. (The proof for v, is the same.) Let U be a compact
subset of Re s > n. Then by Theorem 3.14 and Lemma 3.1, there exist positive
numbers a, § and Cy such that

los(anll < Cor =2, (s,1) € U x (0,al,
lgs(@)ll < Coe™ " (s,1) € U x [a, 00).
From the form of o(¢), we can find a positive constant C; such that
o(t) <C 2+ fort € (0,a] ando(r) < Cp e for t€la, o).

First as in the proof of [Oda and Tsuzuki 2003, Proposition 3.1.1] and then by using
the estimations above, we obtain the uniform bound of P (]|¢s]|) for s € U. O

If T is neat, then the quotient space I'\G/K acquires a structure of complex
manifold from the one on G/K =9. Let 7 : G/K — I'\G/K be the natural pro-
jection. Let A(I'\G/K) denote the space of C*°-differential forms on ['\G/K and
A.(I'\G/K) the subspace of compactly supported forms. Given ¢ € A(I'\G/K),
there is a unique C*°-function @ : G — /\p{ such that @ (y gk) = (k)" 'a(g) for
y € I' and k € K and such that

48) ((m ) (gK), dLg(§,)) = (a(8). ), 8€G, & € N\p=ATo(G/K).

Here Ly denotes the left translation on G/K by the element ¢ and we identify
p with T,(G/K), the tangent space of G/K at o = e¢K. Then for any «, 8 €
A('\G/K), we have

(49) [ ansi= [ @iz
\G/K I\G
For any left I'-invariant function f on G, the integral

94/ 8) =/ flhg)dh, geG,

Tu\H

plays a fundamental role in our further study. We already discussed the conver-
gence problem of this integral in [Oda and Tsuzuki 2003, §3.2]. For convenience
we recall the result. If I" is cocompact, we take a compact fundamental domain &'
for I' in G and t& the constant function 1. Hence G =I'&! in this case. If T is not
cocompact, then one can fix a complete set of representatives P’ (1 <i < h) of A-
conjugacy classes of Q-parabolic subgroups in G together with Q-split tori G,,, = A’
in the radical of P’ such that an eigencharacter of Ad(¢) (t € G,,) in the Lie algebra
of P! is one of t/ (j =0, 1,2). For each i, let T and N’ be the images in G of
A (R) and the unipotent radical of P’ (R) respectively. Then we can choose a Siegel
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domain &' in G with respect to the Iwasawa decomposition G = N'T' K for each
i such that G is a union of I'&' (1 <i < h). Let tgi : &' — (0, 00) be the function
tgi(nit;k)=t (njt;k € G'). Here t; denotes the image of t € G, (R) = AL(R) in
T'.

Given § € 2rn—!, 1), let M5 be the space of all left I"-invariant C*°-functions
f:G— /\pq*: with the K-equivariance f(gk) = t(k)~! f(g) such that, for any
g€ (0,8) and D € U(gc), we have

IRpp(9)ll < 1e1 ()", ge€&', 1<i<h.
Proposition 4.3. Let f € Ms with § € 2rn~', 1) and D € U(ge).
(1) Forany e € @2rn~1, 8)
$u(IRp fll; ar) < =", 1 >0.
The function $5(f; g) is of class C*, belongs to C° and

$u(Rpf;8)=RpIu(f;g), ge€G.

(2) Forany {¢,} € §, the integral

/ (P(g) (@) R f ()] dé
G

is finite if Re s > 3n — 2r, and

fF\G(ﬁ(%)(g)lRDf(g))dé =f0 o) (@s(a)|RpSu ([ ar))dt.

Proof. See [Oda and Tsuzuki 2003, Theorem 3.2.1] and its proof. The number
10(G, o) is 2(1 — rn~") in our setting here. Il

Proposition 4.4. There exists a unique current P(¢s) on I'\G/K such that for
a € Ac(T\G/K),

(50) (P(py), #0) = /

r

\G(f’(%)(g)lé(g))dg=/o o) (ps(a)|$u(a; ay))dt.

Let 3, be a holomorphic differential operator on D. Then for any a € Ac(T'\G/K),
the function s — (P (¢s), a) is holomorphic on D and d;{ P (¢y), o) = (P (9s¢5), o).

Proof. The L'-function P(gp,) on I'\G satisfies P(g;)(gk) = T(k)~' P(¢s)(g)
for all k € K. Hence it defines an L'-form P(¢,) on I'\G/K naturally. Then
the linear functional o — fF\G/K P(ps) Ao on A.(I'\G/K) is a current, which
we also denote by P(¢s). The first equality of (50) follows from (49). Let @ €
A (I'\G/K). Since & is left I'-invariant and has compact support mod I', the
image @(I"\G) is a compact subset of A p. Hence there is a positive constant Cy
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such that |(ul@(g))| < Collu| for all u € Apg and g € G. Then for any loop C in
Re s > n, we have

¢ srgllalyeNlds < Co | d dg
/C S/r\c Z [(ps(yg)la(yg)|dg O/C sfr (Z e (yg)”) g

yelg\Il \G Xy ery\r
=C0/ Pl ds.
C

By Theorem 4.2, the last integral in s is finite. Hence by Fubini’s theorem and by
the holomorphicity of each function s — (¢,(g)|@(g)), we have

/ ds f (P(95)(9)l@(g))dg = 0.
C G

Since C is arbitrary, the holomorphicity in s of the integral (50) follows. The
second equality of (50) follows by a standard computation. O

Differential equation of functions related to G,. Foreach0< J<m,putd; G,=
(cr M!)il P(as,ﬂpx) with

5. — (L4 ! i e N
o=\ 25as ) TS

which we will regard as a A" p¢-valued L'-function on T'\G.

Theorem 4.5. Let 0 < j < u be an integer. Suppose Re s > 3n — 2r. Then for any
feMswithd e 2rn~', 1), we have

~ 4
/ (85Gs (@R @12—5)in1 f(8))dg = — WIFu(f; e)).
I'\G !

Proof. For f € Ms, let 1;(f) denote the integral above. Then we shall prove
Li(f)=1;—1(f) for 1 < j<pand Ip(f) = % (w|$H(f;e)), which obviously
imply the equality. Since we already have Proposition 4.3, we can set aside the
convergence argument of various integrals in these formulas. Fix 0 < j < ¢ and
put

F(e)=Fn(Rg_s12if:8). g€G.
Since F € CX, (14) implies

Rg-oFa) =@ +2* —5)F @)

with & the differential operator in ¢ > 0 given by the formula inside the bracket of
(14), and F(t) = F(a;). By Proposition 4.4(2), we have

1 o0
(51) Ij(f)=m fo 0(t) (855 (@)@ +21* =5HF (1)) dt.
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Let 0 < &€ < R. Then performing integration-by-parts and using the fact that the
operators &, ¥’ and t(Q2y,) are self-adjoint, we obtain

R
(52) / 0(1) (8,55 @) |(@ + 27 — Y F(1)) di

R
=0+ 0@+ [ o) (@ +17 58 pu (@ F0) di
with
(1) = 0(1) (81,585 @) | /(1)) — @' (1) (8.5 (an | F (1)
o0 ( 58,0 @) F (1))
+0()((2n —2r 4+ 1) tanh ¢ + (2r — 1) coth 1) (8 s (@) | F (1)).

Now we use (40). Since the function a, (s) appearing there is an even polynomial
function of degree no more than 2«;, we have

w

8.5s(a) = ——2 (14 O(s; z, zlog2))

7M1
with wy = (84,534)(0). Using this, we easily see that

() =de (1 — j)(WuejIF(0)) 2/ (1+ O(s; z, zlog 7))
to conclude that

(53) lim (&) = 4c; udo; (w|F(0))

e—>+

with 8¢; the Kronecker delta. To compute the limit of ®(R) as R goes to infinity,
we use (41) and Lemma 3.1. After a computation we obtain

(54) lim ®(R) =0.

R— 400

Here we need the inequality Re s > n which follows from Res > 3n —2r. A
simple computation (or [Gon and Tsuzuki 2002, Claim 3.1.6, p. 240]) shows the
first equality of

(55) @+ 22— 518, s (@) =8, (D+ 2% —s?)s(ar) + 81,55 (ar)
= S.j—l,s(ﬁs(at),

and the differential equation of (22) gives the second equality. Putting together
equations (51)—(55), we obtain the result. Il
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5. Spectral expansion

In this section we investigate the spectral expansion of the functions §; ;G to
obtain a meromorphic continuation of the current-valued function s +— G, which
is already holomorphic on the half plane Re s > n.

Spectral expansion. In order to describe the spectral decomposition of the func-
tion & Més, we need some preparations.

For positive g, let £1.(t) denote the Banach space of all measurable functions
f:G — Apg such that forall y e I" and k € K, f(ygk) = t(k)~' f(g) and
fr\G I f(@?dé < oo. For 0 < d < n, let PL(r)@ denote the subspace of those
functions f € §£q (7) with values in /\ p¢. The inner product of two functions
f1and f> in 582 () is given as

ilfa) = / (1) f(2) dg.
G

For each 0 < d < n, let {Afld)}neN be the increasing sequence of the eigenvalues
of the bidegree (d, d)-part of the Laplacian A = —Rg such that each eigenvalue
occurs with its multiplicity. Choose an orthonormal system {&,(,d)}neN in 2% ()@
such that Aa(d) Af,d)&f,d) for each n. From now on we assume I is not cocompact.
Recall the parabolic subgroups P’ used to construct the Siegel domains & (page
338). Let P! = M)T'N' be its Langlands decomposition with M := Zx (T"). For
eachi let I'pi =I'N P' and Ly = MyN (T'piN'). Then Ly is a finite group
which is trivial if " is torsion free.

For a vector u € V¥ := (/\d de) My and a complex number s, define the

function ¢ (u; g) on G using the Iwasawa decomposition G = N'T'K by
oy (usnit k) =T (k) "y,

for n; € N', t > 0, k € K. The Eisenstein series associated with u is defined by
the absolutely convergent infinite series

(56) El(s;uig)= Y ¢lusyg), ge€G,
yel i\l

if Re s > n. There exists a family of linear maps E’(s) from V,@ to the space
of automorphic forms on I'\G, which depends meromorphically on s € C and is
holomorphic on the imaginary axis such that (E'(s)(u))(g) =E!(s; u; g) coincides
with (56) whenRe s > n. Ifue V )is an elgenvector of the Casimir operator €2 M}
of M’ with eigenvalue ¢ € C, then RoE(s; u) = (s> —n?4¢) El(s; u) forany s € C
where E’(s) is regular. It is also known that there exists a meromorphic family of
operators { c; (s)} with c; (s) e Homg (Vfd), V;d)) satisfying the functional equations
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h
E'(-s)=) E/(s)oci(s), 1<i<h,
(57) N J=1
PIACTHEIAC) =ldyw, 1<i<h.
j=1

Lemma 5.1. For 0 < p < d and ¢ € {0, 1}, let Wl@(p; €) be the eigenspace of
T(QMS) on ng) corresponding to the eigenvalue (2p — e)(2n —2p + ¢). Then we
have the orthogonal decomposition

p=0 e£€{0,1}

Proof. First we recall the construction of invariant tensors given in Proposition 1.2.
For each p, g, let E,, ; be the Mp-module defined in the proof of that proposition
and J7-9 be the My-homomorphism constructed there. For convenience we set
E, 4 = {0} when p or g is negative. Choose a parabolic subgroup Py of G with
Levi subgroup MyA. Then we can find an element lgi € K such that P! = 1€,~ Polzf 1,
M} =kiMok; ", and T' = k; Ak;". For p e N, put p(+) := p and p(—) :=p — 1.
Fore, e’ e {4+, =}, set E, oo = TP P(E p(e), p(e)); then EI7 LS t(lzi)(Ep,ggf) is an
irreducible sub M;-module of F,, ,. For each 0 < p < 2n, the space F), ,, when
considered as an M(-module, is decomposed to the orthogonal direct sum of four
subspaces E i e/ w1th e, &’ € {+, —}. The operator (2 M,) acts on E! by the

scalar (p(e) + p(eN)(2n — p(e) — p(e)). Now put

p,eg’

d _ . | r i

(58) W@ (p:0) =L P(Ep ) W @LTPTHE),, ),
. r . i
Wl(d)(p’ 1) — Ld—p(E;L—i__) M @ Ld_p(Elp,—-i-) MO,

Then the operator I(QM(I')) acts on Wl(d)(p; g)for0 < p<dandee{0,1} asthe
scalar 2p — ¢)(2n — 2p + ¢). By the K-decomposition (27), the space Vl.(d) is
decomposed as the orthogonal direct sum of those subspaces W@( p; ). U

Lemma 5.2. (a) The ezgenﬁmcnons am “D lie in the space Ms for any § € 2rn="',1).

For each 0 < j < u, we have
S L AW @ns e)
(59) [ GG e s = ni@ .
G w! (A2 = A8 —s2)i+l

(b) Let U be a compact subset on which the function E'(s) is holomorphic. Then
forallu e V;d), the image E!(s)(u) is in M for any 8 € 2rn~", 1) such that
sup,cpy IRes| <1—=6. Ifue Vi(”) satisfies t(QM(;))u = c u, we have, for each
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0<j<u,
4 (w|$n(E'(v;u);e))

w! A2 —n?+c—s2+02)Jtl

60) / 8,,Gy()E (i u: g)) di =
NG

fors e Cwith |Res| <1—2rn~!

Proof. The estimation in [Oda and Tsuzuki 2003, Lemma 3.3.1], which implies the
first assertion of (a), is valid for our oz( ) without modification. The first assertion
of (b) follows from [Miatello and Wallach 1989, Lemma A.2.2]. The argument to
prove (59) and (60) by Theorem 4.5 is the same as that in the proof of [Oda and
Tsuzuki 2003, Proposition 6.2.2]. O

For each index (d, i, p, ¢), fix an orthonormal basis %fd)(p; ¢) of the space
@@, .
W (p; €).

Theorem 5.3. Let Re s > 3n — 2r. Then there exists € > 0 such that the function
8,,5G;(g) belongs to the space §E%+€(r)(“). The spectral expansion of 8,, ;G is

"
8usGs =Sais()+ ) D 4P Gs)
p=0 £€{0,1}
with

oS AW @i e)
(61) Gais (s) = mXZ;) ! (B2 — )WSI;«) — §2)r m
1
471«/—

[ 4(wWFuE ;5 u);e)
VEIR 2 u! (A? — (n—2p+e)> —s2+¢2)"

G (s) =

E'(¢;u)de

%(H)( )

where the summations in the right-hand side of this formula are convergent in

PE ().

Proof. Since the differential operator §,, ; annihilates the even polynomial func-
tions a;(s) (0 < j < @ — 1) appearing in (40), the behavior of 8, ;¢;(a;) near
t =01is given as 8, s¢s(a;) = O(s; 1,logz, z’”z(log 2)%). By (41), the function
8,,s%s(a,) has an exponential decay as t — +o0o when Re s > n. Hence we can
argue in exactly the same way as [Oda and Tsuzuki 2003, §§5.2, 5.3] to obtain
the estimate SM,SGS € ii?%“(r)(’” with some £ > 0. (In this reference, the results
in Section 4, on which the arguments in §§5.2 and 5.3 rely, remain valid for our
(G, H, T') without modification.) Once we establish the L>t¢-estimate of Sﬂ,sés,
we can work out the spectral expansion of § ,MGS using (59) and (60) by the same
argument as in [Oda and Tsuzuki 2003, 6.2]. O
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Some properties of Eisenstein period.

Proposition 5.4. For 1 <i < handue V( ) , there exists a unique /\d dpc valued
meromorphic function P (s u) on C which is regular and has the value given by
the absolutely convergent integral $(E!(s; u); e) at any regular point s € C of
Ei(s;u)in|Res| <1 —2rn~!

Proof. This can be proved by the same argument as in [Oda and Tsuzuki 2003,
Proposition 6.1.1]. U

Proposition 5.5. Let 1 <i < hand 1< p <d. Then forany u € Wl@( p; 1), we
have % H(s, u)=0 zdentzcally.

Proof. We freely use the notation introduced in the proof of Lemma 5.1. For any
unitary representation (£, o) of My and s € C, let Indg0 (E; s) be the Fréchet space
of all C*™-functions f : G — E satisfying the relation f (ma,ng) =e"+9 o (m) f(g)
for any m € My, a; € A and n € N. The group G acts by the right translation on
the space IndG (E; s) smoothly. For e, &’ € {+, =}, 1 <i < h,0< p <d, put

ou;, ¢er :=Homr , (E

0).

p,eg’’

Then by the theory of Eisenstein series there exists a meromorphic family of con-
tinuous G-homomorphisms

/(s) : Ind§ (Epeers s) QU

pee’ = AM\G), seC,

pee

which is given by the absolutely convergent sum

(E @D = > ilttk)fki'vg), geG,
y€lpi\l
for f € Inng(Ep’ss/; s)and i € OUJIP’(%, when Re s > n. Here s4(I"\ G) denotes the
space of (not necessarily K -finite) automorphic forms on G. By slightly extending
the argument in the proof of [Oda and Tsuzuki 2003, Proposition 6.1.1], we can
show that the integral dDP e ) (fQu) = }H(EP ce’ (s)(f®12)' e) is convergent in
some neighborhood of the imaginary axis and the function ®*
morphic continuation to C. The linear map

».e¢'(8) has a mero-

@ o (8) : IndF (Epcers s) @UL, . — C

is continuous and H -invariant, that is, ® _,(s) is an H-spherical distribution. The

p.eg’
maps E. _(s) and ® _(s) naturally induce the linear maps

p.eg’ p,eg’
p e (8)x : Homg (/\ p@, IndG (Epeer ,s)) ®0u; . — Homg (/\d’dp@,&ﬁ(F\G)),

Ol (5)« : Homg (A*"pe, Ind$ (Ep eoris)) @ U, — N/pi.
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On the other hand, we define the linear map
J;;’gg/ :Homg (/\d’d pe, Inng(Ep,ss/; s)) ®0u;’88, — Vl@
by composing the maps
Homg (A"“pe, Ind% (Epees ) ®6up ool
A HomK(/\ pe, IndM (Ep e’ ®0up o))
A HomK(/\ e, IndK (E; 88/®0u1p,66/)) A Hom,: (/\d’dp@, P, gg/®0up ce’)
2 HomM(iJ (/\d’dp@, Ind?ﬁé(lr%)) % HompM (/\ pe, 1 L) ng),

where J; is the isomorphism induced by the natural identification of the K -modules
Inng(Ep e/ 38)® Ou;, el = IndMO(Ep ee’ ® oup e'), the map J; is induced by the
K -isomorphism IndX Mo (Epeer) = IndX. i (E i . o) that assigns the function

k> (ki) f (k] 'k) eIndK,(E’

Do) 0 flk) €Indyy (Epeer),

J3 and Js5 are the isomorphisms giving the Frobenius reciprocity, and J4 is the
inclusion induced by the map E! pee’ @ owp eer > C¥(Cyi \Mé) which identiﬁes
the tensor u @ € E; e’ ®6u;) ¢er With the function m +— (i, T(m)u) on T’y \ M.

The map J 1’7’ ¢ 18 injective and has the defining formula

(J} (@ ®i0), &) = (it T (ki) ((§) (k1))

for & € /\d’dp@, o € HomK(/\d’dpq;, Inng(Ep’ss/; s)), and u € %;’88,. From

" j . i j
the definition of J[l),ss/ and (58), we get W, (p; 1) = Im le7,+— @ Im J[’,’_Jr. The
formula

Elssu)=(E, () @®E, __ ()0 @I _)7'w, ueW(p;1),

which follows directly from the definitions when Re s > n, remains valid as an
identity of meromorphic functions on C. When |Re s| is sufficiently small, the
integration on I' iy \ H of this formula yields yet another formula: foru e Wl.(d) (p; 1),

62)  Fu(E(s;w);e)=(P), , (9).BP, (o, &J) )7 ().

By the general theory, there exists an open dense set U such that for s € U the space
Cc—° Ind (Epgs ;)1 of H-spherical distributions is isomorphic to E, MOﬂH =E, M

[Heckman and Schlichtkrull 1994, Theorem 6.4, p. 151], which is zero when )4 7é q
by the Claim in the proof of Proposition 1.2. Hence @), , (s)=0and &, _, (s)=0
for s € U. This, combined with (62), implies $5(E'(s; u); e) = 0 for generic s.
By analytic continuation we obtain %" % (5 u) =0 identically. O
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Lemma 5.6. For each 0 < p < u, put

63) €W(v;g) = z: > WP (=P w)E(viuig), geG, veC.

‘ i=1 UG%(M)(‘D O)

Then %g‘ )(v; g) is independent of the choice of the orthonormal basis %;“ ) (p;0)
and satisfies the functional equation %TE,“ )(—s; g) = %7;“ )(s; g).

Proof. The independence of the basis %E“ ) (p; 0) is clear to see. The functional
equation follows from (57). O

Meromorphic continuation and functional equations. Let J{r(7) be the space of
C°-functions 8 : G — /A p¢ with compact support modulo I" such that B(ygk) =
r(k)*l;‘;"(g) forally e"and k € K.

Theorem 5.7. Let L be the interval on the imaginary axis defined by (25). Let
0 < j < . Then for each B € ¥r(t), on Res > n the holomorphic function
s> 4 (s, ,3) =8 GS |/§) has a meromorphic continuation to the domain C— L.
A point so € C— Ly with Re 5o > 0 is a pole of the meromorphic function §; (s, B)
if and only if there exists an m € N such that (wlﬁH(&,(n“), e)) #0, (& (“)l,B) #0
and sg —A2= —A%L). In this case, the function

| 4w|Fn @’ ; ) ian’ 18)
(g](s,ﬁ)_ ’;N M!(SO_S2)1+1
A(M)_)\Z

m —

is holomorphic at s = so. We have the functional equation

<%;“)<vip+‘>>|5>>

2vs(p+1)

1%

(64) Gj(—s, B)—G(s, B) =8 ,-,S(Z

p=0

Proof. We prove the assertions by downward-induction on j. Consider the case

of j = u. By the same argument in [Oda and Tsuzuki 2003, §§6.2, 6.3], we see

that the serles Yqis(s) is convergent in 352 (r) for any s € C such that for all m,

A(“ ) #£ A2 — 52 it gives an 332 (t)-valued meromorphic function on C (namely, for

each sg € C there exists a € Z such that (s — s0)“9gis(s) is holomorphic around sp).
By Proposition 5.5, 9,,(s) — %ais(s) is the sum over p of

€37 (¢)
4 /=1 J=ir (22 — PTD Y2y

G0 (s) =

0<p<u.

Since Re v(p D'~ Res forRes > 0 by Lemma 3.1, the denominator of the inte-

grand is never zero as long as ¢ € +/—1 R and Re s > 0. Hence the same argument
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just cited proves the convergence of the integral <§£” 0 (s) in 3% (7) not only on
Re s > 3n —2r but also on the broader domain Re s > 0, and moreover the integral
defines a holomorphic function on Re s > 0. Thus a meromorphic continuation of
G5, B) = (Gais(9)1B) + 1, (4" ()1 B) exists.
The next step is to obtain the analytic continuation of 9, (s, B) around a point

50 = ~/—10p € v/—1R — L. For that purpose, we consider the same problem for
each integrals (cgép’o) (s) |,B Put ¢p= vsfH) Note that ¢y € V—1R. Leta, b>0be
arbitrary numbers such that the functions (%E,“ ) ()|B),0< p<u, are holomorphic
on the open rectangle R, ;(¢o) having the vertices {o +a * V/—1b. Let Cu.p be
the path which, as a point set, is a union of v/—1 R — [{o—b~/—1, Co+b/—1]
and d R, 5(¢o) N {Re ¢ > 0}, and which rounds the point £y counterclockwise. Let

U,.»(Es0) be the inverse image of R, ,(¢p) by the map s +— v(p+1) thus U, ,(£s0)
is an open neighborhood of {sg, —so} in C — L. For s € U, ,(%sp) N {Re s > 0},
by the residue theorem,

(65) (470 (s)1B)

1 € )18 €9 (0)1B)
= 47“/__1(/6” (- (v(p—l—l) 2y dc — 271\/—_1Resz:v§p+1> (;2—(vs(p+1) )2)r)

(&(0)18) s <<%%;“><v§”+l)>|3>>
7 :

1)s(p+l)

de — &
471\/ /ab (2 —( §p+1))2)r ¢ 4

using Lemma 5.8 to compute the residue. The integral in the first term of this
expression is convergent even for s € U, j,(£s0) and defines a holomorphic function
on U, p(Esp). Since the second term is also holomorphic on U, ;(%sp), we ob-
tain an analytic continuation of (%&P 0 (s)|,é ) on a neighborhood of {sg, —so}. The
functional equation (64) for s € U, »(£s0) follows if we note that the first term in

the right-hand side of the second identity of (65) is invariant under the substitution
(p+1) (17+1)

s — —s and also note the equation v ; see Lemma 3.1. Once the
functional equation (64) is estabhshed ona small open set of the form U, ,(£s0)
with so € v/—1R — L, we can use it to obtain a meromorphic continuation by
defining the value 9, (s, B) for Re s < 0 in terms of 9, (—s, B) which is defined
above and the terms containing the derivative of (¢ (s)|8) which is meromorphic
on C; see Proposition 5.4. The poles of (9, (s)|8) on Re s >0 stem only from the
discrete part (‘gdis(s)“‘:’ ), whose series expression (61) itself proves the criterion in
the theorem for sg to be a pole, as well as a statement on the behavior around the
poles. This completes the proof of Theorem for j = u

We prove the theorem for j assuming it holds for j + 1. Since

1
GG, =G+ D! ——(g (s, B)
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for Re s > n by Proposition 4.4, the function %, (s, B) should be a primitive function
of 2(j 4+ 1)s 9;41(s, B). Fix a point zg with Re zg > n so that the value 4; (29, B)
is already defined. For each sg € V—1R— Ly, let U, p(Eso) be its neighborhood
constructed above and put D, , (£s0) = U, »(£so)U{Re s > 0}. We take sufficiently
small a and b such that (%E,“)(vs(”l)lﬁ) are all regular on U, j(=%so). For a path
C, connecting zo and s € D, p(£so) inside D, ;(£sp), consider the integral

(66) G(s) = 2(j + l)fc 610, B T+, (20, B).

Since the residues of 9; (s, B) at any poles in Re s > 0 are all zero by induction-
assumption and since the poles of 9, (s, B) in D, ;(£so) are automatically in
Re s > 0 by the choice of a, b, this integral is independent of the choice of the path
C, and defines a meromorphic function of s on D, ;(%s0). Since @(Zo) =%;(z0, B)
and 2(j + 1)s Gj41(s, B) = d/dsG(s) for Re s > n, we have §(s) = G, (s) at least
on Re s > n. Thus the integral expression (66) gives us an analytic continuation of
%4;(s, B) to D, (£so). The functional equation (64) for j + 1 takes the form
1 d 7

25 ds (s) =0,

with

~ - H %7(#) Y(p+1) =
J(S)=‘gj(—s,ﬁ)—<§j(s,ﬂ)—6j,s(z< pz(‘%(pm)lﬁ))
Vs

p=0
on D, »(%so). Hence J(s) is a constant on the domain D, ;(£so) on the one hand.
On the other hand, by the functional equation of %’25,“ ) (v) (Lemma 5.6) and that of
vs(,‘” +) (Lemma 3.1), we have J(—s) = —J(s). Hence the constant J(s) should
be zero. This establishes the functional equation (64) on D, ,(£so). By defining
the value of 9 (s, B) for Re s < 0 by the functional equation (64), we obtain the
meromorphic continuation of §; (s, 8) to C— L1 keeping (64) correct. The assertion
on the poles for §; (s, B) follows from that for §; (s, B) from (66). O

Lemma 5.8. Let 1 < p <r and put vy = vx(p). Let U be an open domain in C — L
and F(z) a holomorphic function on some open neighborhood of {vs(p ) | s € U}
Then for each j > 1 we have

F(Z) F(Vs)
Res,—), ——F—=4§6,_ —_— ), el.
@y Y 1( 2, ) '

6. Green currents

For Re s > n, the currents G := (¢, u u) "' P(¢) and Wy = (¢, )~ P (ry)
are of (u, w)-type and of (r, r)-type respectively. In this section we study some of
the properties of the currents G and W, using the knowledge of the function G
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obtained in the previous section. We put the Kéhler form @ on I'\G/K such that
@(g) = w for all g € G. The metric on I'\G/K corresponding to @ defines the
Laplacian A, the Lefschetz operator and its adjoint A acting on the space of forms
and currents on ['\G/K.

Currents defined by modular cycles. Denote by D the image of the map from
'y\H/Kpy to I'\G/K induced by the natural holomorphic inclusion of H/Kpy
into G/K. Then D, a closed complex analytic subset of '\G /K, defines an (r, r)-
current §p on '\G/K by the integration

(8D,a)=/ jfa, a€ A(I'\G/K).
DHS

Here j : D — I'\G/K is the natural inclusion and Dy is the smooth locus of D.
Since §p is closed, it defines a cycle on '\G /K of real codimension 2r [Griffiths
and Harris 1978, p. 32-33].

Proposition 6.1. For o € A.(I'\G/K), we have
(67) (8p, xa) = (xvoly|Fpu(a; e)),
(68) (Aép, *a) = (A(xvolp)|Fnu(as e)).

Proof. We give a proof assuming the natural map p : 'g\H/Ky — I'\G/K is
one-to-one. (The general case is similar.) For any 8 € A.(I'\G/K), we have

(6p, B) = / p*B= (f (h)|voly) dh,
'y\H/Ky Ty\H

noting that ||voly||=1. Here f: H — /\(bﬂp)é is the function on H corresponding
to p*B which is determined by a formula similar to (48). Put 8 = x&. Equation
(67) holds since

(f () |voly) = (Bh)|voly) = (volg| % &(h)) = (xvol|&(h).

Thus (68) follows from (67), since (Adp, B) = (§p, AB) by definition. O

Differential equations. First we show that Gy and W, satisfy some differential
equations.

Theorem 6.2. Let Re s > n. Then

(69) (A+52—22)Gy = —4A8p,
(70) AW = (A* —s7) (W, —24/=18p),
(71) 300G, = W, —2/—16p.
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Proof. Tt suffices to prove these formulas for s with Re s > 3n — 2r because they
depend on s holomorphically; see Proposition 4.4. Since Rod = —(Aa)™ for
a € A(I'\G/K) by Kuga’s formula, equation (69) follows from Theorem 4.5, the
first equality in (7) and (68). To prove (71), take an arbitrary form « € A.(I'\G/K).
First by definition and then by an application of (50),

(090G, xa) = —(Gy, 00 @) = (Gy, *0*3*@) = (G, x9*d*a)
(72)

= '/ Q(t) (¢S(al‘)|}H(f;a[))dt,
Cr L Jo

with f(g) = (3*3*a)~(g). Since

n—1
(@*9* )" (g) = — ) e(@a)*e(@p) Ry, 5,8(8),
o, =0
we have
n—1
(73) Iu(fia)=— ) el e@p) Ry, 5,In@: a),
«o,f=0

using Proposition 4.3(1). Inserting the formulas in Lemma 2.1 to the right-hand
side of (73), we obtain $y(f; a;) =%;$u(f; a;) with €, the differential operator
on ¢ > 0 given by
é; = M @ + - : (&dtanh t—l—%cotht)—
4 dr?
— P, P_tanh?r — R, R_coth’r — P, R_ — R, P_,

where
n—r n—r

o= f@TZ). Po=) )T,

i=1 i=1

n—1 n—l
gﬁ‘?,_;,_: Z 6*(6])T(Zj)a g{_: Z e*(w})l'(zj),
j=n—r+1 j=n—r+l

A =e"2V-1wy) — %e*(wo A @o) + € (w)P 4 — e (@0)P_,
B =e*(2v/=1n) — Je*(wo A@o) + e* () Ry — e (@) R_.
Let 0 < ¢ < R. Integration by parts yields

R
(74) / 0(0) (s @)\ F 1 (F 1 a) di )
— O(R) — b(e) + / 0(t) (s (an) | (f: a)) dt,
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(75) @) = =0 (@0 Ao A ¢y(@)|F'(1)

+ 10/ (w0 AB) A 8@ F) + Lo (@0 Ado A Lgy(@)IF )

+1o(0)((s4" tanh 1+ B* coth 1)¢s ()| F (1)).

Here €; is the formal adjoint operator of ¢;, uniquely determined by the relation
0.¢] o
76) | @awiboendr= [ Gorebe en
0 0

for any compactly supported (/\pq*:)M -valued functions a(¢) and b(¢) on (0, 00).
We compute the limit of ®(¢) as ¢ going zero. By (40),

(77) d(e) = %((e(wo A o) + 2B )w|F(0)) (14 O(s; &, e loge)).

Using the formulas in Lemma 2.1 and the relation t(Z)* = —1(2) (Z € ), we
compute to obtain

Gt e(w) = —e(2V/=1n+ pwy A @o) + e(@o)P,
R*e(@o) = eV —1n+ pwo A o) + e(@o)R_.

Using these formulas, (6) and the relations #iw = 0, we obtain 97{*+e(a)o)w =
R* e(@y)w = 0. Hence

Brw = e(2v/—1n)w — %e(wo A o)W + Qﬁie(wo)w — R* e(@o)w
=2v—=InAw— %wo/\cﬁo/\w.
From this formula and (77),

(78) 1in+10 @ (g) =24/ =1Ly (n AW|F(0)) = 24/ =1y p ! (kvol g | F(0))

using (6) to obtain the second equality. We compute the limit of ®(R) as R tends
to infinity by means of (41) noting Lemma 3.1. The result is, when Re s > n,

(79) lim ®(R)=0.
R—+o00

Putting (72), (74), (78) and (79) together and using (67), we finally obtain

(00Gy, *&@) = —24/—1{8p, *&@) + /0 o(t) (€ ds(aFu(f; ar))dt.

cr !

To complete the proof of (71), we have only to prove that €;¢,(a;) = ¥ (a;) for
t > 0. Since Y (a,) = €,¢5(a,) with €, the differential operator in ¢ given by (24)
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in the z-coordinate, it suffices to show €} = €, For that purpose, we show that
o - o
/ (€:a(0)|b()) Q(t)dt=/ (€ra(®)[b(r)) o(t) dt
0 0

for arbitrary compactly supported (/\ pz‘:)M -valued C*°-functions a(¢) and b(¢) on
(0, 00). By the decomposition G = HAK, we can extend the functions a(¢) and
b() to smooth functions a(g) and b(g) belonging to C2° by the formula

a(ha;k) =t(k)~'a(t), and b(hak)=t(k)"'b(t), heH,t>0, keKk.

By Lemma 4.1, (76) and the definitions of ¢, and %t, we obtain

n—1

/ ( > e@pe@)Ry,5,a(0) | b(g)) di = / (Eab()) o) dr.
H\G @, =0 0

n—1 00
/ (a(g)) > e(wa)*e@,e)*kxaxﬁb(g)) di = f (&ra)Ib(1) o) d1.
H\G @, f=0 0

The left-hand sides of these two formulas are easily seen to be identical, since

/ (al(g)leaz(g))dg'=—f (Rgai(g®)lax(g))dg, a1, axeC, X ege.
H\G H\G

We now deduce (70) from (69) and (71). That the current §p is real and closed
implies that 38 p =0 and 35, =0. Hence ASp =d d*8p = (8+9)(8*+3*)8p. Since
I'\G/K is a Kihler manifold, we have 3* = +/—1[A, 8] and 3* = —v/—1[A, 3];
see [Wells 1980, (4.5), Corollary 4.10, p. 193]. Using these equalities, we compute

ASp=~v—=1@+)(—[A,d—3Ddp =+v—=1(0+8)(@—d)Aép = —2v/—130A8p
to obtain
(80) A8p +2/—183A8p = 0.
Since ¥, = BSGS +2/—18p by (71), we have
AV, = ADIG +2v—18p) =39 A Gy +2v/—1 A 8p

=99((A\% —sH)Gy —4AS8p) +2v/—1A8p

= (A2 —52)30G, —400A8p +2/—1A8p

= (A2 — D) (W, — 2/~ 18p) +2/—1(28p +2v/—133 A8 )

= (\* =) (W, — 2V 16p),
using (69) for the third equality, (71) for the fifth and (80) for the last. Il
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Main theorem. Let Afz’)q (I'\G/K) be the Hilbert space of the measurable (p, g)-
forms on '\G/K with the finite L?>-norm |«|| := (fF\G/K a A *a@)'/2. For each
c e C, let Afz’)q (I'\G/K ; c) be the c-eigenspace of the Laplacian A acting on

Af’z’)q (I'\G/K). In particular,

%0y (D\G/K) := A (T\G/K ; 0)

is the space of the harmonic L?-forms of (p, ¢)-type. For each p, let %2‘ )(v) be
the C*°-form of (u, u)-type on I'\G/K corresponding to the function %5,“ )(v) on
G defined by (63). Then Theorem 5.7 immediately gives us the following theorem.

Theorem 6.3. There exists a meromorphic family of (., iw)-currents G, with s €
C — L1, on I'\G/K with the following properties.

(1) Fors € C with Re s > n, the family is given by

1 o0
(Gs, xa) = —,/ o) (@sa)|$ua;ar))dt, o€ A(I\G/K).
(r="Dn" Jo

(2) A point so € C— Ly withRe s > 0 is a pole of G if and only if there exists an

L2-forma € Ay TH(T\G/K ; (n — 2r +2) — 52) such that

/ J¥x (@A) #0.
D

In this case sq is a simple pole with residue

2
Res;—;,Gs = — Z (/ JEx (w/\&m)> SOy
D

S()m

where {a,,} is an orthonormal basis ofAfzf)l’rf1 (T\G/K; (n—2r+2)>—s).

(3) The following functional equation holds:

r—1 %g—l)(vs(p-i-l))

G—Gy=)_

p=0

, SGC—LI.
sz(p+1)

Theorem 6.4. There exists a meromorphic family of (r, r)-currents Vg s € C— Ly,
on '\G/K such that for s € C with Re s > n, the current Wsis given by

1 o0
(W, xa) = —,f o) (Ws(a|$nu(@;a))de, o€ A(I\G/K).
(r—Dr" Jo

Moreover, Vg is holomorphic at s =n — 2r + 2.

Proof. The meromorphic continuation of W, follows from the differential equation
(71) and the meromorphicity of G,. Let B be the residue of G at s = A. Then
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by Theorem 6.3(2), B is a harmonic L?-form. Moreover df and d*g are also L>-
forms due to the fact that for any D € gc, the derivative Rpf is square-integrable
on '\G. Then we can conclude that d8 = 0 and d*8 = 0 using the identity

0= ABI*=IdBII* + [d*BII*.

Since the residue of the function s — 9dG, at its possible simple pole s = A is
85,3 =2"1/=1d.dB = 0, the function 390G, is regular at s = A. By (71), ¥y is
also regular at s = A. O

Definition. We define the (r—1, r—1)-current 6 on I'\G/K to be the quarter of
the constant term of the Laurent expansion of G at s = A, Namely, if {«,,} is any
orthonormal basis of %Ezjl’rfl(F\G/K), we put

1 Oty (X)
G(x) = —hm(G‘Y(x) 2r+22/] *(w/\ocm) "o 2r+2))

Theorem 6.5. We have the equation
dde 9= YW, 50 +6p, AW, 040 =0.
The current W,_», 1, is represented by an element of A" (I'\G/K).

Proof. Since W, is regular at s = A, the differential equation (70) gives us AW, =0.
The current W, , which is annihilated by the elliptic differential operator A on
I'\G/K, is then a C*°-form by the elliptic regularity theorem. By comparing the
constant terms of the Laurent expansion at s = A of both sides of the identity (71),
we obtain the first equation in the theorem. U

7. Square-integrability of ¥,

In this section we prove the square-integrability of W, . To establish it we need the
spectral expansion of the functions

85 ((s2=A)7N) 1= (e, )T P8 (5% = 2D ).

Lemma 7.1. Let ¢, (s) (0 <o < uw—1) be the functions appearing as coefficients in
the asymptotic formula (44). For each a there exists an even polynomial function
Cu(s) with degree no more than 2o such that c,(s) = (s2 — ADE,(s). We have
Co(s) = —(«/_/2) u! xvoly, independent of s. For each 0 < j < u, we have

a W
(81) 51‘»'(;@‘1 ;)2> =24 (140(s; 2, zlogz)), z=tanh’y,

with \7Va = (6(1,‘?601)(0)-
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Proof. For f € Hr(t), consider the integral
1= [ (=3 Bl Ra e () d
I\G

By (70) and (67), I (f) = —2+/—1(xvolg|$u (f; e)) on the one hand. On the other
hand, we can compute /(f) in a way similar to that in the proof of Theorem 4.5
to obtain

1(f) = %(s2 D o) Fu(S: e)).

Comparing these two expressions for I (f), we get
82  —2v=1(xvoly|Fu(f;e) = %(s2 =) )| Fu ([ ).

By choosing f suitably, we can arrange for the value of $5 (f; e) to be any element
of (A\""pf)M. Hence the relation (82) implies

(83) co(s) :_\/T?l“! s voly (s> —A2).

Since the Schmid operators V. commute with the Casimir operator €2, (26) implies
that v, is also a C*-solution of (22). Hence the same argument as in the proof
of Theorem 3.14 yields that the coefficients c, (s) must obey the same recurrence
relation (43) as a4 (s). Since the operator ¥ —«(u — «) is invertible on (/\r’rpq*:)M,
the recurrence relation (43) with the initial condition (83) implies the first and the

second assertions in the lemma. The last assertion follows from the expression
Ca(8) = (s2 — A?)Cy () just obtained. O

Theorem 7.2. Let 0 < j < u be an integer. Suppose Re s > 3n — 2r. Then for any
feMs withé e 2rn~', 1), we have

\G<a,~,s((s2—x2>—1\TJS>(g>|R(Q+Az_gz>f+l () dg=—2v—1(xvoly|$u(f;e)).
I

Proof. The proof is analogous to that of Theorem 4.5. We use (81). g

Theorem 7.3. Let Res > 3n — 2r. There exists ¢ > 0 such that the function
) M,S((sz — A1y belongs to the space 581%“ (v)". The spectral expansion of
8,5((s2 =22~y is

~

\I’ r
Su.s <s2 _Sﬂ) = Fais(s) + Y _FP(s),

p=0
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with
%is(s>=2 = (*Vil(',”)@”'ij‘rm ) 5o,
h ,
! —2J/=T(xvoly |$5 (E (L5 u); €))
g (P) — E e wde.
c () 4/ —1 “/jRizl - (4.2_ vs(p+1))2)r (¢;uwdet

where the inner summation is over u € %I@( p; 0) and both summations are con-
vergent in if% (r)™.

Proof. Like that of Theorem 5.3. We use Theorem 7.2. ]

Theorem 7.4. Let L be the interval on the imaginary axis defined by (25). Let
0 < j < . Then for each B € K (t) the holomorphic function

s> Fils, B) = (84(s =) 711B)

on Re s > n has a meromorphic continuation to the domain C — L,. A point
so € C— Ly with Re so = 0 is a pole of the meromorphic function F (s, B) if and
only if there exists an m € N such that

voly | (@ s e)) #0, (@2 |p) #0

and sg -\ = —)Lf,:). In this case, the function

Z 2\/_(*V01H|}H(Ol(r) e)){a )|/§>

(SO _ SZ)]—H

Fi(s, B) —
( )meN
I =22 =53
is holomorphic at s = so. We have the functional equation

~ - r (@™ §p+1) 5
s T p g h a0,

s 2 vg

where, for g € G,

h
€ =—2v=1) Y (volulFu(E(=0;u); ) E'(v; u; @)
=1 uen” (p;0)
Proof. The proof is the same as that of Theorem 5.7. The statement for j = u

follows from Theorem 7.3. Then we use induction to show the statement for j
smaller than . O
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Some properties of the current V.

Theorem 7.5. (1) A point so € C— Ly withResg > 0and so #n—2r+2isa
pole of the current Vs if and only if there exists an L*-form

a € Ay (T\G/K: (n —2r +2)* — 57)

/ J xa #£0.
D

In this case sq is a simple pole with residue

V=1 — (n—2r +2)2
Res,_y W, = (sg — (n—2r +2)%) Z </ i* *&m> w
D

S0

such that

m
where {a,,} is an orthonormal basis ofAE’{ (N\G/K; (n —2r +2)% — 5}).
(2) We have

\pn—2r+2 =2\/__IZ (/;)]**Bm) ‘,Bmv

r,r

with {B,,} an orthonormal basis of H o (M\G/K). In particular, the current
W, 242 isin %zér)(F\G/K).

Proof. This is a corollary of Theorem 7.4. (]

By Theorem 6.5, the fundamental class [§p] € H*"(I'\G/K ; C) of D has the
harmonic L2-representative W,,_s, 5.

References

[Borel and Wallach 1980] A. Borel and N. R. Wallach, Continuous cohomology, discrete subgroups,
and representations of reductive groups, Annals of Mathematics Studies 94, Princeton University
Press, Princeton, NJ, 1980. MR 83c¢:22018 Zbl 0443.22010

[Gillet and Soulé 1990] H. Gillet and C. Soulé, “Arithmetic intersection theory”, Inst. Hautes Etudes
Sci. Publ. Math. 72 (1990), 93-174 (1991). MR 92d:14016 Zbl 0741.14012

[Gon and Tsuzuki 2002] Y. Gon and M. Tsuzuki, “The resolvent trace formula for rank one Lie
groups”, Asian J. Math. 6:2 (2002), 227-252. MR 2003;j:22011 Zbl 1026.22010

[Griffiths and Harris 1978] P. Griffiths and J. Harris, Principles of algebraic geometry, Wiley, New
York, 1978. MR 95d:14001 Zbl 0408.14001

[Heckman and Schlichtkrull 1994] G. Heckman and H. Schlichtkrull, Harmonic analysis and spe-
cial functions on symmetric spaces, Perspectives in Mathematics 16, Academic Press, San Diego,
CA, 1994. MR 96j:22019 Zbl 0836.43001

[Hejhal 1983] D. A. Hejhal, The Selberg trace formula for PSL(2, R). Vol. 2, Lecture Notes in
Mathematics 1001, Springer, Berlin, 1983. MR 86e:11040 Zbl 0543.10020

[Magnus et al. 1966] W. Magnus, F. Oberhettinger, and R. P. Soni, Formulas and theorems for the

special functions of mathematical physics, Third enlarged edition. Die Grundlehren der mathema-
tischen Wissenschaften, Band 52, Springer, New York, 1966. MR 38 #1291 Zbl 0143.08502


http://www.ams.org/mathscinet-getitem?mr=83c:22018
http://www.emis.de/cgi-bin/MATH-item?0443.22010
http://www.numdam.org/item?id=PMIHES_1990__72__93_0
http://www.ams.org/mathscinet-getitem?mr=92d:14016
http://www.emis.de/cgi-bin/MATH-item?0741.14012
http://www.ams.org/mathscinet-getitem?mr=2003j:22011
http://www.emis.de/cgi-bin/MATH-item?1026.22010
http://www.ams.org/mathscinet-getitem?mr=95d:14001
http://www.emis.de/cgi-bin/MATH-item?0408.14001
http://www.ams.org/mathscinet-getitem?mr=96j:22019
http://www.emis.de/cgi-bin/MATH-item?0836.43001
http://www.ams.org/mathscinet-getitem?mr=86e:11040
http://www.emis.de/cgi-bin/MATH-item?0543.10020
http://www.ams.org/mathscinet-getitem?mr=38:1291
http://www.emis.de/cgi-bin/MATH-item?0143.08502

GREEN CURRENTS FOR MODULAR CYCLES 359

[Miatello and Wallach 1989] R. Miatello and N. R. Wallach, “Automorphic forms constructed from
Whittaker vectors”, J. Funct. Anal. 86:2 (1989), 411-487. MR 91b:11065 Zbl 0692.10029

[Miatello and Wallach 1992] R. Miatello and N. R. Wallach, “The resolvent of the Laplacian on
locally symmetric spaces”, J. Diff. Geom. 36:3 (1992), 663—698. MR 93i:58160 Zbl 0766.53044

[Oda and Tsuzuki 2003] T. Oda and M. Tsuzuki, “Automorphic Green functions associated with the
secondary spherical functions”, Publ. Res. Inst. Math. Sci. 39:3 (2003), 451-533. MR 2004f:11046
7Zbl 1044.11033

[Wells 1980] R. O. Wells, Jr., Differential analysis on complex manifolds, Graduate Texts in Mathe-
matics 65, Springer, New York, 1980. MR 83f:58001 Zbl 0435.32004

Received December 15, 2004. Revised October 16, 2005.

MASAO TSUZUKI

DEPARTMENT OF MATHEMATICS
SOPHIA UNIVERSITY

K101-CHO 7-1 CHIYODA-KU
Tokyo, 102-8554

JAPAN

tsuzuki@mm.sophia.ac.jp


http://dx.doi.org/10.1016/0022-1236(89)90059-1
http://dx.doi.org/10.1016/0022-1236(89)90059-1
http://www.ams.org/mathscinet-getitem?mr=91b:11065
http://www.emis.de/cgi-bin/MATH-item?0692.10029
http://www.ams.org/mathscinet-getitem?mr=93i:58160
http://www.emis.de/cgi-bin/MATH-item?0766.53044
http://projecteuclid.org/getRecord?id=euclid.prims/1145476077
http://projecteuclid.org/getRecord?id=euclid.prims/1145476077
http://www.ams.org/mathscinet-getitem?mr=2004f:11046
http://www.emis.de/cgi-bin/MATH-item?1044.11033
http://www.ams.org/mathscinet-getitem?mr=83f:58001
http://www.emis.de/cgi-bin/MATH-item?0435.32004
mailto:tsuzuki@mm.sophia.ac.jp

	Introduction and basic notation
	1. Preliminaries
	2. Radial parts of several differential operators
	3. Secondary spherical functions
	4. Poincaré series
	5. Spectral expansion
	6. Green currents
	7. Square-integrability of 
	References

