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A GENERALIZATION OF RANDOM MATRIX ENSEMBLE
I. GENERAL THEORY

JINPENG AN, ZHENGDONG WANG AND KUIHUA YAN

We give a generalization of random matrix ensembles, which includes all
classical ensembles. We derive the joint-density function of the generalized
ensemble by one simple formula, giving a direct and unified way to compute
the density functions for all classical ensembles and various kinds of new en-
sembles. An integration formula associated with the generalized ensembles
is given. We propose a taxonomy of generalized ensembles encompassing
all classical ensembles and some new ones not considered before.

1. Introduction

One of the most fundamental problems in the theory of random matrices is to
derive the joint-density functions for the eigenvalues (or, equivalently, the measures
associated with the eigenvalue distributions) of various types of matrix ensembles.
Mehta [1991] summarized the classical analysis methods by which the density
functions for various types of ensembles were derived case by case; but a systematic
method to compute the density functions was desired.

The first achievement in this direction was made by Dyson [1970], who in-
troduced an idea of expressing various kinds of circular ensembles in terms of
symmetric spaces with invariant probability measures. From then on, guided by
Dyson’s idea, many authors observed new random matrix ensembles in terms of
Cartan’s classification of Riemannian symmetric spaces, and obtained the joint-
density functions for such ensembles by using the integration formula on symmet-
ric space (see, for example, [Altland and Zirnbauer 1997; Caselle 1994; Caselle
1996; Dueiniez 2004; Ivanov 2001; Titov et al. 2001; Zirnbauer 1996)).

We briefly mention the recent work of Duefiez [2004]. He explored the random
matrix ensembles that correspond to infinite families of compact irreducible Rie-
mannian symmetric spaces of type I, including circular orthogonal and symplectic
ensembles, and various kinds of Jacobi ensembles. Using an integration formula

MSC2000: primary 15A52; secondary 58C35, 57525.
Keywords: random matrix ensemble, Lie group, integration formula.
This work is supported by the 973 Project Foundation of China (#TG1999075102).



2 JINPENG AN, ZHENGDONG WANG AND KUIHUA YAN

associated with the KAK decomposition of compact groups, he obtained the in-
duced measure on the space of eigenvalues associated to the underlying symmetric
space, and then derived the eigenvalue distribution of the corresponding random
matrix ensemble. These methods of deriving the eigenvalue distributions of random
matrix ensembles by means of Riemannian symmetric spaces were summarized in
the excellent article [Caselle and Magnea 2004].

In this paper we provide a generalization of random matrix ensembles, which
includes all classical ensembles, and then give a unified way to derive — with one
simple formula— the joint-density function for the eigenvalue distribution. The
proof of this formula makes no use of an integration formula. In fact, the corre-
sponding integration formula can be derived from this formula as a corollary. We
also show how these generalized ensembles encompass all classical ensembles and
some new ensembles that were not considered before.

Let 0 : G x X — X be a smooth action of a Lie group G on a Riemannian
manifold X that preserves the induced Riemannian measure dx. Let p(x) be a G-
invariant smooth function on X, and consider the measure p(x) dx on X, which is
not necessarily a finite measure. We choose a closed submanifold Y of X consisting
of representation points for almost all G-orbits in X. The Riemannian structure on
X induces a Riemannian measure dy on Y. If K is the closed subgroup of G that
fixes all points in Y, then o reduces to a map ¢ : G/K x Y — X. Suppose there
is a G-invariant measure diu on G/K and that dim(G/K x Y) = dim X it can
then be proved that the pull-back measure ¢*(p(x) dx) of p(x)dx is of the form
¢*(p(x)dx) = dudv for some measure dv on Y, the latter being the measure
associated with the eigenvalue distribution. The measure dv can be expressed
as dv(y) = P(y)dy for some function ?(y) on Y, this being the joint-density
function. If we write P(y) as P(y) = p(y) J(y), then, under some orthogonality
condition (that is, 7\,Y L T, O, for almost all y € Y), we can compute the factor
J(y) by

(1-1) J(y) = C |det Wy |,

where C is a constant that can be computed explicitly. This formula is the main
result of this paper, and the density function ?(y) and the eigenvalue distribution
dv are determined by it. Here, the map W, : [ — T, 0, is defined as

d
"ij (S) = E =0 O_explg ()7),

where [ is a linear subspace of the Lie algebra g of G such that g=€&®I, with £ being
the Lie algebra of K. We call the system (G, o, X, p(x)dx, Y, dy) a generalized
random matrix ensemble. The measure dv on Y is called a generalized eigenvalue
distribution and the function P (y) is a generalized joint density function.
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Using (1-1), one can derive the joint-density function for the Gaussian ensem-
ble, chiral ensemble, new transfer matrix ensemble, circular ensemble, Jacobi en-
semble, as well as some other new generalized ensembles. The precise deriving
process will be the content of a sequel paper [An et al. 2005]. We should point out
that the proof of formula (1-1) is not difficult, but this formula is very effective
and useful; the derivation of all concrete examples in [An et al. 2005], including
all classical random matrix ensembles, will be based on it.

Once the eigenvalue distribution dv is derived from formula (1-1), under a cov-
ering condition we can get the associated integration formula. The Weyl integration
formula for compact Lie groups, the Harish-Chandra integration formula for com-
plex semisimple Lie groups and real reductive groups, the integration formulae on
Riemannian symmetric spaces of noncompact and compact types that appeared in
[Helgason 2000], as well as their Lie algebra versions, are all particular cases of it
(see [An et al. 2005]).

We sketch the contents of this paper. In Section 2 we develop some geometrical
preliminaries on the geometry of G-space, which will be required to establish the
generalized ensembles. After presenting four conditions — that is, the invariance
condition, the transversality condition, the dimension condition, and the orthogo-
nality condition — on which the definition of generalized ensembles will be based,
we prove in Theorem 2.5 a primary form of formula (1-1).

Section 3 is devoted to integration over G-spaces, which will be needed when
we derive the integration formula associated with a generalized random matrix
ensemble. Based on the four conditions from Section 2 and a covering condition,
we prove an integration formula in Theorem 3.3, converting the integration over a
G-space to, first, integrating over each G-orbit, and then integrating over the orbit
space. Two criteria on when the covering condition holds are also given.

Prepared by Section 2 and Section 3, in Section 4 we give the precise definition
of a generalized random matrix ensemble, as well as of the associated generalized
eigenvalue distribution and generalized joint-density function. In Theorem 4.1 is
presented formula (1-1), from which the associated eigenvalue distribution mea-
sure and density function will be derived in [An et al. 2005] for various concrete
examples of the generalized ensemble, in a unified way.

In Section 5 we discuss a number of classes of generalized ensembles: the linear
ensemble, the nonlinear noncompact ensemble, the compact ensemble, the group
and algebra ensembles, as well as the pseudogroup and pseudoalgebra ensembles.
Gaussian and chiral ensembles are included under linear ensembles; new transfer
matrix ensembles are included under nonlinear noncompact ensembles; circular
and Jacobi ensembles are included under compact ensembles. Some new ensem-
bles not considered before are also mentioned.
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2. Geometry of G-spaces

We develop some geometrical preliminaries needed for our theory of generalized
random matrix ensembles.

We start with measures on manifolds. Let M be an n-dimensional smooth man-
ifold. A measure dx on M is called smooth (or quasi-smooth) if on any local
coordinate chart (U; xy, ..., x,) of M, dx has the form dx = f(x)dx;...dx,,
where f is a smooth function on U with f > 0 (or f > 0), and dx; ...dx, is the
Lebesgue measure on R”. Note that the smooth measures on M are unique up to
multiplication with a positive smooth function on M, so the concept of a set of
measure zero makes sense independently of the choice of smooth measure.

Let M, N be two n-dimensional smooth manifolds, and let ¢ : M — N be a
smooth map. If dy is a smooth (or quasi-smooth) measure on N, expressed locally
asdy = f(y)dy ...dy,, we can define its pull-back ¢*(dy) locally as

2-1) ©*(dy) = f(p(x)) ’det(?—i))dm coodxy.

It is easy to check that the local definitions are compatible when different coordi-
nate charts are chosen, and that ¢*(dy) is a quasi-smooth measure on M. Even if
dy is smooth, we cannot expect ¢*(dy) to be smooth in general, since ¢ may have
critical points; but if ¢ is a local diffeomorphism and dy is smooth, then ¢*(dy) is
smooth.

If M, N are Riemannian manifolds and dx, dy are the associated Riemannian
measures, then we can express the pull-back measure ¢*(dy) globally. To do this,
first we need some comments on the “determinant” of a linear map between two
different inner-product vector spaces of the same dimension. Suppose V, W are
two n-dimensional vector spaces with inner products. For n vectors vy, ..., v, €V,
set a;j = (v;, vj) for 1 <i, j <n, and define

Vol(vy, ..., v,) =/det(a;;).

Note that if vy, ..., v, is an orthogonal basis, then Vol(vy, ..., v,) = |vi]...|vs].
For vectors in W, define the same things. Supposing A : V — W is a linear map,
define

Vol(Avy, ..., Avy)

(2-2) |det A| = )
Vol(vy, ..., v,)
where vy, ..., v, is a basis of V. It is easy to check that the definition is indepen-
dent of the choice of the basis vy, ..., v,. In the special case when vy, ..., v, is
an orthogonal basis of V and Avy, ..., Av, are mutually orthogonal, we have
Avy|...|A
(2-3) det A = (Aol 1Av]

[vi] ... |val
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We can expect only the norm | det A| of the determinant to be well defined, since
the sign =+ depends on a choice of orientations for V and W.

Proposition 2.1. Suppose M, N are two n-dimensional Riemannian manifolds
with associated Riemannian measures dx, dy, respectively. If ¢ : M — N is a
smooth map, then

(2-4) ¢*(dy) = |det(dg) | dx.

Proof. Suppose that in local-coordinate charts the Riemannian metrics on M and
N are ds* = Zij gij(x)dx;dx; and ds* = Zij 8ij(y) dy;dyj, respectively, with
gij(x)=(d/0x;, 9/9x;) and g;;(y) = (d/dy;, 9/dy;). By definition, the Riemann-
ian measures dx, dy are

= /det(g;j(x))dxy ...dx, and dy = +/det(g;;(y)dy: ...dy,

We have: ; 4 )
| det(dg)s|” = Gl (8_)65) — (C;@xz(a»
V01<8x1 ’ axn>
B det<; BL(B_yk) )’ Xl: g_));j(aiyl)w(x))
det(ai, ai,>
der(2 32 mraulew)  det((32) (@) (3 )
= det(g;; (x)) - det(g;; (x))
e (L) det(z,; (9 (1))
- det(g;; (x))
Hence,

0 (dy) = /det(@ij () [det( 22 )] vy .. dx,
= |det(dg),| y/det(gij(x)) dxi ...dx, = |det(dp)y|dx. O

We now come to the main geometric problems that will concern us in the follow-
ing sections. Let G be a Lie group that acts on an n-dimensional smooth manifold
X. The action is denoted by o : G x X — X and we write 0,(x) = o (g, x). Our
first goal is, roughly speaking, to choose a representation point in each G-orbit
Oy = {04(x) | g € G}, depending smoothly on the orbit. In general, this aim can
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be only partially achieved. Hence, suppose we have a closed submanifold Y of
X, consisting of chosen representation points of the orbits, such that Y intersects
“almost all” orbits transversally. More precisely, supposing there are closed zero-
measure subsets X, C X and Y, C Y,set X'=X\ X, and Y' =Y \Y,, and assume
that

(a X'= Uer’ O, (invariance condition).
(b) T, X =T,0,@T,Y forally €Y’ (transversality condition).

It is clear that (a) implies that Y =Y N X" and Y, = ¥ N X,. Notice that X" and Y’
are open and dense submanifolds of X and Y, respectively. So, for all y € Y', we
have T, X' =T, X and 7,Y' = T,Y.

Set K ={g € G |o,(y) =y, forall y € Y};itis a closed subgroup of G. For
g€ G, write [g] =¢gK in G/K. The map o : G x X — X reduces to a map

¢:G/KxY—>X with go([g],y)zag(y).

By restriction, the latter induces a map G/K x Y’ — X', also denoted by ¢. From
assumption (a), ¢ : G/K x Y’ — X’ is surjective. For x € X, let G, ={g € G |
04(x) = x} be the isotropy subgroup of x. Then K C G, forall y € Y. Let dx, dy
be smooth measures on X and Y, respectively. Suppose that dx is G-invariant. In
what follows we also assume that

(c) dimGy =dimK forall y €Y' (dimension condition).

This means that G, and K have the same Lie algebra for all y € Y’, and that the
only difference between G, and K is that G, may have more components than K.
Then, for some y € Y’, we have

dimX =dim7,X = dim7,Y +dim7,0,
=dimY +dimG —dimGy, = dimY +dimG —dim K.
So ¢ is a map between manifolds of the same dimension, and thus the pull-back

¢*(dx) of dx makes sense. If there is a G-invariant smooth measure di on G/ K,
then the product measure du dy on G/K x Y is smooth, and so

(2-5) ¢*(dx)=J([gl. y)dudy
for some J € C*°(G/K x Y) with J > 0.

Remark. The G-invariant smooth measure du on G/K exists if and only if
Aglk = Ak, where Ag and Ak are the modular functions on G and K, respec-
tively; see, for example, [Knapp 2002, Section 8.3]. For the concrete examples in
the following sections, this condition always holds.
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Proposition 2.2. The smooth function J € C*°(G/K x Y) is independent of the
first variable [g] € G/K. So we can rewrite (2-5) as
(2-6) @ (dx) = J(y)dudy,
where J € C°(Y) with J > 0.
Proof. If we denote by /;, the natural action of 7 € G on G/K, then one can easily
verify that o, o 9 = ¢ o (I, x id). By the G-invariance of dx and du, we have
J(lgl. y)dudy = ¢*(dx) = ¢* o0 (dx) = (I x id)* 0 ¢*(dx)
= (I xid)*(J([g), y) dudy) = J(hlg), y)(I;(dp) x id*(dy))
= J(lhgl, y) dudy.

So J([g], y) = J([hg], y) for all g, h € G, which means that J is independent of
the first variable. U
Corollary 2.3. There exists a quasi-smooth measure dv on Y such that
(2-7) ¢*(dx) =dudv.
The measure dv is given by
(2-8) dv(y)=J(y)dy.

The factor J(y) can also be given for more general smooth measures u(x) dx
and v(y)dy on X and Y. A direct calculation yields:
Proposition 2.4. Suppose conditions (a), (b), and (c) hold. If we replace the
measures with

dx' =u(x)dx, dy' =v(y)dy, and du' =rdpu,

where u, v are positive smooth functions on X, Y, respectively, and if u is G-invar-
iant and X is a positive constant, then J(y) changes to

PN 16 ))
J(y)= —M(y)f(y).

Now we suppose that there is a Riemannian structure on X such that dx and dy
are the induced Riemannian measures on X and Y, respectively. We also assume
that the following condition holds:

(d) T,Y L T,0, forall y e Y’ (orthogonality condition).

In this case, the next theorem computes the factor J(y) in a simple way.
Let [ be a linear subspace of the Lie algebra g of G such that g =£® [, where £
is the Lie algebra of K. If 7 : G — G /K is the natural projection, then

dm)eli: 1= T (G/K)
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is an isomorphism. If we endow G/K with a Riemannian structure such that its
associated Riemannian measure is du, then it also induces an inner product on
Ti)(G/K). For y € Y, we define a linear map W, : [ — 7,0, by

d
(2-9) Wy (§) = E‘,zo(’m’% (y) forall& el

If y € Y/, then dim[ = dim 7,0,. We choose an inner product on [ and endow
T, 0, with the inner product induced from the Riemannian structure on X. The
“determinants” | det W] and |det((d).|()| now make sense.

Theorem 2.5. Under these assumptions, we have

(2-10) J(y)=C|detW,| forallyeY’,
where C is the constant C = ‘det((dn)eh) ‘_1.
Proof. By the transversality condition (b), the tangent map of ¢ at the point ([e], y),
(d(p)([e]’y) : T([e]’y)(G/K xY)—T,X,
can be regarded as
AdO)ery)  Tie)(G/K)STY - 1,0, & T,Y.

Denote (d9) (el 1,G/k) : Te)(G/K) — T,0y by W,. It is then obvious that
v, = \ily o(dm).|i, as one can easily prove it in its matrix form

U, 0
(dfﬂ)([e],y) = ( Oy id) .

Since du is the associated Riemannian measure on G /K, the product measure
du dy is the associated Riemannian measure on the product Riemannian manifold
G/K x Y'. By Proposition 2.1 and the orthogonality condition (d),

J () = |det(d@) .5y | = )(q(;y 1(21)’

= |det | = [det(¥y o ((dm)el)~")| = Cldet by,
where C = [det((dm). )| O

Remark. Although formula (2-10) only holds on Y’, since Y’ is dense in ¥ and
J € C*(Y), we can get J(y) for all y € Y by smooth continuation.
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3. Integration over G-spaces

Occasionally we will be interested in some kinds of integration formulae. In this
section we give some preliminaries on integration. The reader who is more inter-
ested in the eigenvalue distributions of the generalized random matrix ensembles
may skip to Section 4 directly.

The next proposition generalizes the change-of-variables formula for multiple
integration.

Proposition 3.1. Let ¢ : M — N be a smooth map between two n-dimensional
smooth manifolds M and N, and dy a smooth measure on N. If ¢ is a local
diffeomorphism that is a d-sheeted covering map, then, for any f € C°(N) with
f=>0o0r f e L\(N,dy), we have

1
(3-1) / Fody = / Fo) " (@dy).
N M

Proof. 1t is a standard argument using a partition of unity. U

Remark. Formula (3—1) resembles a formula relating the degree of a map with the
integration of volume forms on manifolds. When M, N are compact and oriented,
then, under the conditions of Proposition 3.1 and up to a sign, formula (3-1) says
nothing if not this. In general, however, the integration of differential forms is not
suitable for us. What we need is a change-of-variables formula that ignores the
negative sign.

As in the previous section, take a G-space X, where X is an n-dimensional
smooth manifold and G is a Lie group. We then have areducedmap ¢ : G/K XY —
X. Suppose dx, dy, and d u are smooth measures on X, Y, and G/ K, respectively,
with dx and dp being G-invariant. Our goal is to convert the integration over X
to integration over Y.

Proposition 3.2. If conditions (a), (b), and (c) hold, then ¢ : G/K xY' — X' isa
local diffeomorphism.

Proof. Let e be the unit element in G. At each ([e], y) € G/K x Y’ we have
d@(e1,y)(0,v) = v for all v € TyY’, and so TyY' C Im(dge),y)). Furthermore,
¢lo/kxy) 1 G/K x {y} > O, = G/G, is a local diffeomorphism, so 7,0, C
Im(d@(e,y)). Thus, dgge),y) is surjective. But dim(G/K x Y’) = dim X', so
d(e),y) 1s in fact an isomorphism.

For general ([g], y) € G/K x Y, notice that p o[, = 04 0 ¢, where [, ([h], y) =
(Lghl, ¥), s0 d(g.y) © (dlg)el.y) = (dTg)(el.y) © dP(el.y)» and d@e),y) being an
isomorphism implies that dg(g).y) is one as well. Thus, ¢ is everywhere regular
and hence is a local diffeomorphism. O

To make Proposition 3.1 useful, we also require the following condition:
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(e) The map ¢ : G/K x Y' — X' is a d-sheeted covering map, with d < +00
(covering condition).

Theorem 3.3. If conditions (a), (b), (c), and (e) hold, then
1
(3-2) / fx)dx = 7 f ( f(Cfg(y))dM([g]))J(y) dy
X r\JG/k

for all f € C®(X) with f >0 or f € L'(X,dx), and where J € C®(Y) is
determined by formula (2-6).

Proof. By Proposition 3.2, ¢ : G/K x Y’ — X’ is a local diffeomorphism. By the
covering condition (e), ¢ is a d-sheeted covering map. So, by Proposition 3.1, for
feC®(X) with f >0or f e L'(X, dx), we have

1
/ fodx= [ f@ar =~ / Fo(lgl ) ¢*(dx)
X X’ G/KxY'

1

=i [ re») o dutsay
G/KxY'

1

- ( | rem) du([g])) TG dy
Y’ G/K

1
- / ( / (o) du([g]))J(y)dy O
Y G/K

Corollary 3.4. Under the same conditions as in the previous theorem, if further-
more f(og(x)) = f(x) forall g € G and x € X, then

(3-3) / Foydx = MEK) / FO) IO dy. 0
X d Y

To make this conclusion more useful, we give some criteria on when the map
¢:G/K xY" — X'is a covering map.

Proposition 3.5. Let M, N be smooth n-dimensional manifolds. An everywhere-
regular smooth map ¢ : M — N is a d-sheeted covering map if and only if o~ (y)
has d points for each y € N.

Proof. The “only if” part is obvious; we prove the “if” part. For ye N, let ¢~ (y) =
{x1,...,x4}. Since ¢ is everywhere regular, there exist open neighborhoods U; of
x;, i=1,...,d, suchthat U;NU; =@ fori # j, and each ¢; = ¢|y, : U; — ¢(U;)
is a diffeomorphism. Let V = Uid:l ¢(U;) and V; = gal._l (V). Then ¢|y, is also a
diffeomorphism onto V. We conclude that ¢~!(V) = Uf.lzl Vi. In fact, if for all
zep N (V) wesetz; = goi_l(w(z)), then z; € o' (¢(2)) and z; # zj fori # j. But,
since z € ¢~ ! (¢(z)) and |¢_1((p(z))| =d, this forces z = z;, for some iy. Hence
Z€ U?:] V;. Therefore, ¢~ 1(V) = U?Zl V; and the lemma is proved. O
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Corollary 3.6. Suppose conditions (a), (b), and (c) hold. If furthermore there exists
d € N such that, forall y € Y',

(1) the isotropy subgroup G coincides with K,
(2) 10,NY'| =d,
then ¢ : G/K xY' — X' is a d-sheeted covering map.

Proof. By Proposition 3.2, ¢ is a local diffeomorphism. So, by Proposition 3.5,
we need only show that ¢~!(x) has d points for each x € X'.

For x € Y’, suppose that O, NY' = {yy, ..., yq4}. Then there exists g; € G such
that o, (y;) = x for each i € {1, ..., d}. It follows that ([g], y;) € ¢~ '(x). On
the other hand, if ([g], y) € ¢~ !'(x), then y = Vi, for some ip € {1,...,d}. We
have ogg’_?)' (x) = 0o4(yi,) = x, that is, ggl.;1 € G, = K, and so [g] = [gi,] and
(Lgl. ») = (Lgio]. ¥ip)- Thus, o~ (x) = {(lg1], y1). - ... ([ga]. ya)}-

In general, for x € X', suppose that o, (x) € Y’ for some i € G. Then the relation
0 (o4 (x)) =1,(¢~ " (x)) reduces the general case to the previous one. U

Both Proposition 3.5 and Corollary 3.6 will be used in a forthcoming article
devoted to concrete examples [An et al. 2005].

Remark. The converse of Corollary 3.6 is not true. That is, the isotropy subgroups
G, associated to y € Y’ may change “suddenly”, even if Y’ is connected. For ex-
ample, the group SO(n) acts on RP” smoothly if we regard RP" as a quotient space
obtained by gluing opposite points on the boundary of the closed unit ball B”. If X,
is the image of {0} and Y is the image of the segment {(x, 0, ..., 0) | [x]| <1}, then
the conditions (a), (b), (¢), and (e) hold. The isotropy subgroup associated with the
image of a point in Y’ that is an interior point of B" is diag(1, SO(n—1)), but, for
the image of the point (1, 0, ..., 0), its isotropy subgroup is diag(+1, O*(n—1));
here, OF(n—1) = {g € O(n—1) | detg = £1}. Other examples exhibiting similar
phenomena will appear in [An et al. 2005], where we consider the group ensembles
associated with complex semisimple Lie groups. When such sudden variation of
the isotropy subgroups happens, it is in general an open problem whether we can
make them be the same by enlarging the set X.

4. Generalized random matrix ensembles

We are ready to present the generalized random matrix ensembles.

Let G be a Lie group acting on an n-dimensional smooth manifold X by o :
G x X — X. For convenience, suppose X is a Riemannian manifold. Assume the
induced Riemannian measure dx is G-invariant (note that we do not require the
Riemannian structure on X to be G-invariant). Let Y be a closed submanifold of
X, endowed the induced Riemannian measure dy, and let

K={geG|o,(y)=y, forallyeY}.
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As in Section 2, we take the map ¢ : G/K x Y — X with ¢([g], y) = 0,(y). Let
X, C X and Y, C Y be closed zero-measure subsets of X and Y, respectively. Set
X' =X\ X,and Y =Y \Y,. We assume that the conditions (a), (b), (c), and (d)
of Section 2 hold. For the reader’s convenience, we list them below.

(a X' = Uer’ Oy (invariance condition).

(b) yX =T7T,0,®T,Y forall y €Y' (transversality condition).

(c) dimGy =dimK forall y €Y' (dimension condition).

(d) T,Y L T,0, forall y e Y’ (orthogonality condition).

Suppose du is a G-invariant smooth measure on G/K, and p(x) is a G-invariant

smooth function on X. Then, by Corollary 2.3, there is a quasi-smooth measure
dv on Y such that

(4-1) " (p(x)dx) =dudv.
Definition. Let the conditions and notation be as above. The system
(G,0,X, p(x)dx, Y, dy)

is called a generalized random matrix ensemble. The manifolds X and Y are called
the integration manifold and the eigenvalue manifold, respectively. The measure
dv on Y determined by (4-1) is called the generalized eigenvalue distribution.

Recall that in Section 2 we have defined the map W, : [ — T, 0, by

d
¥y (&) = o Texpie (y) forall£el,

where [ is a linear subspace of g such that g = £ @ [. Thanks to the preliminar-
ies in Section 2, we can compute the generalized eigenvalue distribution directly
with the next theorem, which follows directly from Proposition 2.2, Corollary 2.3,
Proposition 2.4, and Theorem 2.5.

Theorem 4.1. Let (G, 0, X, p(x)dx, Y, dy) be a generalized random matrix en-
semble. The generalized eigenvalue distribution dv is given by

(4-2) dv(y) = P(y)dy = p(y)J(y)dy,
where
(4-3) J(y) =C |det Wy |,

with C = |det((dm). )| . 0
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The function ?(y) = p(y) J (y) in (4-2) is the generalized joint-density function.

One of the fundamental problems in random matrix theory is to compute the
eigenvalue distribution dv. In our generalized scheme, it is given by formulae (4-2)
and (4-3). Note that the power of (4-3) is reflected in the fact that it provides a
direct and unified method to compute the eigenvalue distributions of various kinds
of random matrix ensembles. In [An et al. 2005] we show how all classical ensem-
bles are included in our generalized scheme, and how the corresponding eigenvalue
distributions can be derived from (4-2) and (4-3). We will also present various
kinds of generalized ensembles that were not considered before, and compute their
eigenvalue distributions explicitly.

Now, we consider the integration formula associated with the generalized ran-
dom matrix ensemble. As in Section 3, we assume the following condition holds:

(e) The map ¢ : G/K x Y — X’ is a d-sheeted covering map, with d < +00
(covering condition).

Theorem 4.2. Let (G, 0, X, p(x)dx, Y, dy) be a generalized random matrix en-
semble. If the covering condition (e) holds, then we have the integration formula

1
(4-4) / F) plodx =~ / ( f Fog») du([g]))dV(y)
X vy \JG/k

forall f € C®(X) withfZOorfeLl(X, p(x) dx). If moreover f(o,(x))= f(x)
forall g € G and x € X, then

G/K
(4-5) / f(x)p(x)dx=“(T/> / FO)dv(y).
X Y

Proof. 1t is obvious from Theorem 3.3 and Corollary 3.4. (]

If the measure p(x) dx in (4-5) is a probability measure and we let f =1, we get
(,u(G/K)/d) fY dv(y)=1. So, if G/K is compact, we can normalize the measure
dp such that u(G/K) =d, and then the generalized eigenvalue distribution dv is
a probability measure.

Remark. The condition f € C*°(X) in Theorem 4.2 is superfluous. It is sufficient
to assume that f is measurable. The same is true for Proposition 3.1 and Theorem
3.3.

5. Special cases

In this section we discuss several classes of generalized random matrix ensembles:
linear ensembles, nonlinear noncompact ensembles, compact ensembles, group
ensembles, algebra ensembles, pseudo-group ensembles, and pseudo-algebra en-
semble. These account for all kinds of classical random matrix ensembles and
some new examples of generalized ensembles.
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Linear ensemble and the nonlinear noncompact ensembles. Let G be a real re-
ductive Lie group with Lie algebra g, in the sense of [Knapp 2002, Section 7.2].
The group G admits a global Cartan involution ®, inducing a Cartan involution 6
of g. Let the corresponding Cartan decomposition of g be g = €@ p, and set

K={geG|O()=¢g} and  P=exp(p).

K is a maximal compact subgroup of G with Lie algebra &, while P is a closed
submanifold of G satisfying T,P = p. The spaces p and P are invariant under
the adjoint action Ad|gx and the conjugate action o of K, respectively. Let a be
a maximal abelian subspace of p, and let A be the connected subgroup of G with
Lie algebra a. Set

M={keK |(Adlx)k(m) =n, forallnca}={keK |or(a)=a, forallacA}.

It can be shown that there are Riemannian structures on p and P inducing K-
invariant Riemannian measures d X on p and dx on P. They also induce Riemann-
ian measures dY on a and da on A. Further, there is a K -invariant smooth measure
duon K/M. If p1(§) and pr(x) are K-invariant positive smooth functions on p
and P, then it can be proved that the systems

(K, Ad|k,p, p1(§)dX(§),a,dY) and  (K,o0, P, pr(x)dx, A, da)

are generalized random matrix ensembles, which we call linear ensemble and non-
linear noncompact ensemble, respectively. It can be shown that the Gaussian en-
semble and the chiral ensemble are particular examples of linear ensembles, while
the new transfer matrix ensembles are particular examples of nonlinear noncompact
ensemble.

Compact ensembles. Let G be a connected compact Lie group G with Lie algebra
g. Suppose O is a global involution of G with induced involution § = d® on g.
Let K ={g € G| O(g) =g} Letp be the eigenspace of 6 of eigenvalue —1, and let
P =exp(p). Then P is invariant under the conjugate action o of K. It was proved
in [An and Wang 2006] that P is a closed submanifold of G satisfying T, P = p,
and that it is just the identity component of the set {g € G | ©(g) = g ). Letabe
a maximal abelian subspace of p, and let A be the torus with Lie algebra a. There
is a Riemannian structure on P that induces a K-invariant Riemannian measure
dx on P and a Riemannian measure da on A. Let

M ={k €K |or(a)=a, foralla e A}.

There is a K-invariant smooth measure du on K /M. Take p(x) a K-invariant
positive smooth function on P. It can be proved that the system

(K,o, P, p(x)dx, A,da)
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is a generalized random matrix ensemble, which we call compact ensemble. The
circular ensemble and the Jacobi ensembles are particular examples of compact
ensembles.

Group and algebra ensembles. Let G be a unimodular Lie group G with Lie
algebra g. There are Riemannian structures on G and g inducing a o-invariant
Riemannian measure dg on G and an Ad-invariant Riemannian measure d X on
g, where o denotes the conjugate action of G on itself. Let p;(g) and p,(§) be
two functions on G and g, respectively, that are invariant under the corresponding
actions of G. If there exists a closed submanifold ¥ of G such that

(G,0,G, p(g)dg.Y,dy)

is a generalized random matrix ensemble, where dy is the induced Riemannian
measure on Y, then we call it a group ensemble. And, if there exists a closed
submanifold ) of g such that

(G, Ad, g, p(§)dX(§),v,dY)

is a generalized random matrix ensemble, where dY is the induced Riemannian
measure on 1), then we call it an algebra ensemble.

Among all unimodular Lie groups, connected compact Lie groups and connected
complex semisimple Lie groups are of particular interest. For a connected compact
Lie group G, we can let the submanifold Y of G be a maximal torus T of G, and
let the submanifold 1 of g be the Lie algebra of T. For a connected complex
semisimple Lie group G, we can let the submanifold ) of g be a Cartan subalgebra
of g, and let the submanifold ¥ of G be the corresponding Cartan subgroup of G.
For these cases, it can be proved that the systems (G, o, G, p(g)dg,Y,dy) and
(G,Ad, g, p(§)dX(£),9,dY) are generalized random matrix ensembles.

Pseudogroup and pseudoalgebra ensembles. These are related to real reductive
groups. Let G be a real reductive group with lie algebra g. Let 6 be a Cartan
involution of g, and by, ..., b, a maximal set of mutually nonconjugate 6-stable
Cartan subalgebras of g, with corresponding Cartan subgroups Hi, ..., H, of G.
Denote the sets of all regular elements in G and g by G, and g,, respectively. Let
H/=H; NG, and h; = h; N g,. It is known that

m m
Gr=LlUog) and g =L] U Ad®h)
j=1geG j=1geG

(see [Knapp 2002, Theorem 7.108] and [Warner 1972, Proposition 1.3.4.1], re-

spectively). Here, “Lu” means disjoint union. Each (_J ¢cG ag(Hj/ ) is an open set in
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G, and each UgeG Adg(f)]/.) is an open set in g. Let
Gj= U ox(H)) and g = U Adg(b)).
geG geG

It can be shown that some suitable Riemannian structures on G and g induce, for
each j, a o-invariant measure dg; on G;, and an Ad-invariant measure d X; on g;,
and that they also induce Riemannian measures dh; on H; and dY; on b;. Itis
known that

Z(H))={g € G| o4(h)=h, forall h € H;},

H;={g€G|Ady(§) =&, forall & €b;}.

Letd /,LJ/. and d; be G-invariant measures on G/Z(H;) and G/ H;, respectively. In
general, the spaces G; and g; may have singularities, but this doesn’t matter, since
these spaces are closures of open submanifolds in G and g, whose boundaries have
measure zero. If we ignore this ambiguity, it can be proved that

(G, o, G/adgj’ I’I/,dhj) and (G, Ad, gj’de7 bldej)

are generalized random matrix ensembles, which we call pseudogroup ensemble
and pseudoalgebra ensemble, respectively.

The classes introduced above do not exhaust all generalized ensembles. But they
include all kinds of classical random matrix ensembles and some new examples of
generalized ensembles, which will be studied in [An et al. 2005].
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QUADRATIC FORMS OVER RATIONAL FUNCTION FIELDS
IN CHARACTERISTIC 2

ROBERTO ARAVIRE AND BILL JACOB

A basic result of Milnor and Scharlau determines the Witt ring of rational
function fields Wk(x) whenever char k # 2. An analogous result is obtained
here for the Witt group of quadratic forms W,%(x), where ¥ is a field of
characteristic 2. This generalizes earlier work by the authors where & was
assumed to be perfect.

Milnor’s determination [1970] of the Witt ring of a rational function field in
terms of the Witt rings of the finite extensions of the base field is a fundamen-
tal result in the algebraic theory of quadratic forms, and was complemented by
Scharlau’s reciprocity law (see [Lam 1973] or [Scharlau 1972]). Here we give an
analogue of these results for the Witt group of rational function fields in charac-
teristic 2, extending earlier work where the base field was assumed to be perfect
[Aravire and Jacob 2004].

All our fields will have characteristic 2. We use the notation & for the base field
of our rational function field F = %(x). Whenever p € Z[x] is monic and irre-
ducible, we denote by %(x) , the completion at the discrete valuation v, : F(x) — Z
determined by p. Similarly, we denote by F(x)1 the completion at the %-adic (or
infinite) valuation v1 : F(x) — Z. We use W, F and WF to denote the Witt group
and Witt ring of F, and we follow the standard notation. In particular, [a, b] denotes
the Witt class of quadratic form ax? 4 xy + by?. These classes form an additive
set of generators for W, F, and (a) denotes the 1-dimensional symmetric bilinear
form (x, y) + axy. The symbol [, ] is biadditive and W, F is a WF-module
via the action (a)[c, d] = [ac, a~'c]. This means that W, F is also generated by
the forms (a)[1, ] and when considering such an element we will refer to a as
being in the multiplicative slot and b as being in the additive slot. We use the
standard notation /" F for the n-th power of the fundamental ideal in WF, so that
I"W, F is generated by the forms ay, az, ..., a,» [1, b]. Arason [1979, Satz 8]
gave a generator-relation description of W, F as a WF-module, and we use these
relations throughout. We frequently use what we call the fundamental relation,
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(a+b)[1, c] = (a)[1, ac/(a+Db)] + (b)[1, bc/(a+b)], which shows how addition
in the multiplicative slot can be distributed across a sum of forms.

A key component of the classical Milnor—Scharlau sequence is the second residue
homomorphism 9, : WF — WF, »» Where F, » 18 the residue class field of a discrete
valuation v, : F — Z. This map has proved to be of considerable importance in
quadratic form theory. For example, if X is a variety defined over F, the kernel
under all 9, : WF(X) — WF, p 18 the unramified Witt group of X, which when X
is a nonsingular curve coincides with the Witt group of X. This paper gives the
appropriate version of d,, in characteristic two, and in a subsequent paper this work
is applied to the study of Witt groups of curves in characteristic two.

Whenever v, : F — Z is a discrete valuation, we set

Wi F), = coker(Wqu — W, F)),

where the map is induced by a Teichmiiller lifting F, » <> F,. We show in Corollary
1.7 that the group W F), is independent of the choice of a Teichmiiller lifting. For
such a lifting we define the second residue map 0, : W, FF — W F, to be the
composite map induced by inclusion and projection:

Wy F — Wy F, — Wi F).

We are also able to identify a quotient of Wy F, with W, F, » Where, when p € F[x]
is an irreducible polynomial, we have F, » = F[x]/(p). Using this we obtain a
version of Scharlau’s transfer s, : Wi F), - W, % as a composite of maps W F), >
W, F[x]/(p) — W,F, where the latter map is the same transfer used by Scharlau.
Both maps 9, and s, are analogous to the classical maps, but as they depend upon
choices of Teichmiiller liftings and of subgroups of W, F), these selections must
be made to meet certain compatibility requirements for our main result to hold.
With this notation, the main result of this paper is the following.

Theorem 6.2 (Analogue of the Milnor—Scharlau Sequence). Suppose that F is a
field of characteristic 2 and F = F(x) is a rational function field in one variable
over F. There exists a compatible collection of second residue and transfer maps
that fit into an exact sequence
B9 ®s;
0 — W,F — W,F =2 P WF, —* W,F — 0,
Py
where the direct sum is taken over discrete valuations on F.

We now provide an overview of the proof. As we do this we will recall the
main features of the proof in the classical case in order to illustrate the similarities
and differences. When char F' # 2 and F is complete with respect to a discrete
valuation v : F — Z, a well-known result of Springer shows that WF = WF @
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(m)WF, where 7 is a uniformizing parameter for v. This decomposition enables
one to construct the second residue map and the transfer in the Milnor—Scharlau
sequence. When char F' =2 and F is complete it is first necessary for us to compute
the Witt group W, F. This is the main objective of Section 1. The main result
proved there, Theorem 1.3, shows that W, F = WqF SRD (m)W, F, where again
7 is a uniformizing parameter. The subgroup R is quite large and although its
description depends upon choosing a 2-basis for F and a Teichmiiller lifting F <
F it has adequate uniqueness properties. (When & is perfect, then there is a unique
Teichmiiller lifting, however in general, such lifts depend upon the choice of a 2-
basis for &. See [Schilling 1950, p. 236] for details.) This decomposition shows
that Wi\ F =R @ (n)WqF and enables us to define both the second residue and
Scharlau transfer maps needed for the main theorem.

After defining the second residue maps, Milnor’s proof requires a filtration Ly C
LiyCcLy,C---C WF, where by L; C WF he considered the subgroup generated
by all (f), where f is a polynomial of degree at most d. He then proves a key
result, namely that the successive quotients L;/L,—; for d > 1 are isomorphic to
the direct sum of groups EBdeg p=d WF, ». To do this he shows there is a well de_ﬁned
splitting of the sum of induced maps @deg p=d Op :La/La—1— @deg p=d WFp. In
Section 2 we use the same idea and notation, except that our L; are generated by
the forms ( f)[1, h/u®], where now both f and u have degree at most d in F[x]
and h € F[x] is arbitrary. These forms are needed for two reasons. First W, F' has
as generators 2-dimensional forms, and second, the quotients //u® are needed to
take into account all the extra stuff in Q. In the following section, Theorem 3.5
gives the exact analogue of Milnor’s key result, namely that the map

@ apiLd/Ld,1—> @ Wlfp
deg p=d deg p=d

is a split isomorphism.

To prove the latter result we must take several detours. First there is the com-
plexity introduced by the existence of different ways to extend a 2-basis for & to
a 2-basis for F and F),. If p is separable, one can either add x or p, with x the
natural choice for the rational function field F and with p the natural choice for
F,. When p is not separable, we have to specify which element we choose to omit
from the 2-basis of & and then we must add both x and p to form a 2-basis for F),.
Since the 9, relate W, F to W F),, we need to be able to relate these choices. The
bulk of Section 2 accomplishes this, by establishing the equivalence of different
generating sets for the L, in Lemma 2.5 and Proposition 2.8.

A second detour provides a generator-relation description of W, F' (Theorem 3.3)
needed to prove that the splitting maps are well defined (Lemma and Definition
3.4). The proof of the splitting is similar to that of the classical case, but is
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complicated again by the fact that 2-bases and Teichmiiller liftings have to be
selected carefully and in a compatible fashion. The details of these choices are
set up in the discussion that follows Lemma 3.1. Finally one has to deal with the
structure of Lo, which is just W& in the classical case. In our case it is gener-
ated by forms with polynomials f, g € F[x] in the additive slots of binary forms,
[f, g]. The result in Theorem 3.6 is that Ly is described by an exact sequence
0— W,%— Lo— WiFL — W,F — 0.

When Theorems 3.5 and 3.6 are combined with the definitions, we obtain a
version of what Milnor did, namely that the sequence in Theorem 6.2 is exact if
truncated to

a
0 — W,F — W,F Doy P wiF, & (WiF/(x)WF) — 0,

p,finite

where the reciprocity law provided by the transfer is omitted. However, because
the reciprocity law has important applications, we continue with its development
in subsequent sections. Section 4 is devoted to defining the transfer maps. The
subgroups of W;F), needed to define the maps are given in Definition 4.1 and are
selected in a compatible way to ensure that the resulting s7; vanish on the subgroup
R C Wi F),. The definition of s;’; when p fails to be separable, Definition 4.3(ii),
is adjusted to take into account the change in the 2-basis resulting from the failure
of the 2-basis of F to extend to F,. In this case the exact terms necessary to make
the reciprocity law work are added to the transfer of the residue form.

Having defined the s;, we check the reciprocity law for elements of Lo+ (p)Lg
(Theorem 5.4). This requires computing the ordinary transfer 7, : W, F[x1/(p) —
W, % on generators [A1x', Aox/] of W, F[x]/(p). There are quite a few cases to
consider, but it is a straightforward computation. With this result, the main the-
orem, with the reciprocity law in general, is proved in Section 6, where the final
stages of the proof consist of checking that the definitions involved in setting up
W, F), and the s, are arranged properly to ensure cancellation of the appropriate
terms. Although the definition of s is based on the same linear functional as
in the classical case, this portion of the paper differs from the approach in that
case. Because of the additive nature of generators for W, F we are able to reduce
to forms that vanish on all but two 9,,’s, and therefore we don’t have to consider
more complex transfers from algebras such as #[x]/(p1p2 - - - pn), as did Scharlau.

1. Local information

If F has characteristic 2, a collection of elements ¢, t>, ..., t, € F is said to form
a 2-basis of F if we have a strictly increasing sequence of subfields

FPCFP ) S F () S SF(h.n. ... 1) = F.
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A field F' can have many different 2-bases; if [F: F 2] = 2n, every 2-basis has
exactly n elements. We will assume that fields in this paper have finite 2-bases,
since our main results are readily reduced to this case.

For fixed n we denote by T the set of n-tuples I = (i, i2,...,i,), where
i; €{0,1} for all j. We order T lexicographically, with minimal element O :=
0,0,...,0), then (1,0, ...,0), then (0, 1,0, ..., 0), and so forth. It will be con-
venient to add elements of T as in the Z/2Z-vector space (Z/27)" and let Ty denote
the nonzero elements of 7. Whenever 1, ,,...,t, € F and I € T, we abbreviate
t{ltéz . t,i” by ¢!. In this notation, whenever ¢, t», . . ., t, form a 2-basis for F and
f € F, there exist unique elements x; € F indexed by I € T such that

1.2
1T

For the remainder of this section we assume that v : F — Z is a complete
discrete-valued field of characteristic 2 with residue class field F and uniformizing

parameter . We assume that ¢, to, ..., f,—1 are units in F whose residues form
a 2-basis for F. Since v is complete and discrete, we know that ¢y, 1>, ..., #,—1, T
form a 2-basis for F. We will use the notation ¢/, where I = (I}, I, ..., I,) €T,

to represent elements in this 2-basis:

L L I,

1 __ Iy
th=1't -t \m

From [Schilling 1950, pp. 230-238] we also know that there is a unique monomor-
phism of fields p : F < F with p(f;) =t; fori =1,2,...,n— 1. Since we will
regard this map as an inclusion, we will drop the residue bars from the #; and view
f,t2, ..., t—1 as lying in F C F. With these conventions, v(’) = J, € {0, 1} for
all JeT.

Since F is complete, we can view F = F ((7r)) as formal Laurent series in its
fixed uniformizing parameter 7. We let R := F[7~!] C F be the “backwards”
polynomial ring, and with this, if f € F then there exists a unique » € 7' R with
v(f —r) > 0. Moreover, every element r € 7' R can be uniquely expressed as
r=>Y,.pt'r}, where r; € R.

Definition 1.1. We set % to be the subgroup of W, F of all forms

)3 (tl)[l, )3 zfr,%,] e withr,yen 'R.
IeT J, JHI>1
Whenever v(a) > 0 (that is, a € F((rr))), we must have a € p (F) since F is
complete with respect to v; consequently, [1,a] =0 € W, F. We will use this fact
repeatedly. When r € 7 ~! R, however, we are in the opposite situation, since then
v(r) < 0; in this case, if v(r) is odd or the lead coefficient is not a square in %,
then r cannot lie in g (F). This is why the module R is of interest.
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Lemma 1.2. Every element ¢ € W, F can be expressed as ¢ = ZIGT(ZI)[L Arl,
where Ap =3, ;. ;o t'r] jandr;j € F.

Proof. Applying the W, -relations we know that every element of W, F is a sum of
elements (t/)[1,t/b*] forb € F. Applying the W,-relation (1)[1, a] = (ta)[1, a]
we find for I, J with I + J < I that (¢/)[1,¢/b?] = (+/*/)[1, t/b?], and when
[ = J we find that (+/)[1, t'b*] = (1)[1, t'b*]. Hence every element of ¢ € W, F
can be expressed as ¢ = Y, (1)1, X /oy tjb%J], with by ; € F. (In fact
this much is true for any 2-basis of any field F of characteristic 2.) The statement
for R follows applying this same argument to that case. ([

Theorem 1.3. Suppose that v : F — Z is a complete discrete valued field of
characteristic 2 with residue field F C F and uniformizing parameter . Then
every class ¢ € W, F can be expressed uniquely as

¢p=¢1 Ly L (m)¢o,

where g1, ¢y € WyF and v = Y, ()1, Xy yyya t7r7 1 € Rowith rp ;€
n~'R. The classes of ¢1, ¢» and the r;_j are uniquely determined by ¢. In partic-
ular, there is a split exact sequence

0—> W,F > W,F > (R (m)W,F) — 0.

Proof. Consider Y, (¢t")[1, Y, ;- t'b] ;] € W, F. Since F is complete and
discretely valued, we can express each by ; as r1,J+f1,J +b’1’], wherer; ;€ 7R,
frye€FCFand v(b; ;) > 0. Since v(t’) > 0 we have tJb/IJ2 € o (F) and hence
[1, t’b’I’Jz] = (. We observe:

e If J, =0 then t/ € F and we have tJrI2J e 7' R while tjf%J € F C F. When
I, =0 we have (t/)[1, 1’ f] ;1€ W, F, and when I, = 1 we have (t/)[1,¢/ f] ;] €
(T)W, F. So

DI Tb7 1= ), /e 1+ DLt T )1 € WoF + R+ (m) W, F
in this case.

o If J, = 1, then we know v(t’) = 1 and consequently t/r; , € 7~'R while
v(t! f7 ) > 0,50 [1, ¢/ f7 ,1=0. Therefore, (t')[1,¢7b7 ;1= (t")[1,1/r] ;1€ R
in this case.

Altogether this shows that every element of ¢ € W, F can be expressed as ¢ =
¢1 + ¥ + ()¢, with ¢y, ¢po € W, F and ¢ € R.

To prove the uniqueness assertions and the exactness of the sequence we need a
bit more notation. We denote by n° the set of all subsets of {1, 2, ..., n} containing
s elements. For any I = (Iy, I, ..., I,) € T we use I to denote {j | 1I; #0}. Note



QUADRATIC FORMS OVER k(x) WHEN chark =2 25

that I € n® for some s =0, 1, ..., n, and that any subset I € n* is determined by a
unique / € T. For any subset S C {1, 2, ..., n} we write

sy =Ry,
ieS

where, when S = &, (tz) = (1) by convention. Whenever I € T, we define
£(I) = max([/). Finally, we define [I]p:={J €T |J #(0,0,...,0)and J C I}
and [[€]:={JeT|JNI=0u}.

Lemma 1.4 [Aravire and Jacob 1996, Lemma 1.6]. Suppose that t, t5, ..., t, are
2-independent in a field F and let aj € F. Suppose

g=Y <1y [.ajle YW, F.

fens

Then each

a;e(p(F)+ Z tJF2>:(p(F)+ Z tJF2> O

Jelllo+[I] Jinite
The next result is a modification of [Aravire and Jacob 1996, Proposition 1.7].

Proposition 1.5. Suppose that v : F — Z is a complete discrete valued field and
t, t, ..., t, are as above. Suppose

g=> <tpy[lajle I'T'W,F,

Tens
where aj €Y, 1’ (w"'R)% Then aj = 0 for each I. O

Proof. Assume the contrary. Let M be the maximal index among the I with
[ en® and aj # 0. We express aj; as a sum ZK+M>MIKA%(’M, where each
Ax.m €m~'R. Since aj; # 0, there is some J with J +M > M and tjAa’M # 0.
The result will be proved when we derive the contradiction that 7 A%y » =0.

Since J + M > M we have £(J) ¢ M. We denote by 1, ...t the 2-basis
obtained from f1, t5, ..., t, by replacing ;) by . Then, since £(J) g M, we
have (t5y = <<t1"71>>. Also, we have

Kty =<'y = 3 ¢tly (mod I7F).
jef
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We now suppose that K € T', Ken®,and(J)e K. We express K as {£()H)}UQ
for Q € n*~!. Computing in WF modulo 7**' F we have

<<l%,>> = <<t/Q>> <<té(])>> = <<tQ>> <<t]>> EZ<<tQ>> <<tj>>

jel
=) + D ) Ky =gy + D Lip) <)y
jeJ jeld. j#tdJ)
JALD) 120

The conditions j € J, j#L(J),and j & Q, are equivalent to the single condition
j € J—K. So, as each such j < £(J) we find <<tQ>> Ktjy = <<t » <<t y = <<t >

for some L € T with L < K. Altogether this shows that Whenever KeT,Ken'
and £(J) € K,

O Ltgd €<<f;€>>+( Z <<t;:>>WF+IS+1F>.

_ LeT
Len®, L<K

Expanding using (1) we can rewrite ¢ in terms of the new 2-basis involving the
t'. We find

q= Z<<tj>> [1,a5]= ( Z tg» [L%g]) + Lty [, ag]

Tens K<M
Ken'
= < D Kyl a/k]> + <ty [1ag] (mod IFT'W, F),
K<M
Ken®

where the a’k for K < M are the elements of F that arise in the expansion using
(1) repeatedly. Observe that aj; remains unchanged when passing to the 2-basis
using the ¢'. We now apply Lemma 1.2, where the 2-basis used is the one with the
t’. We find that

2) ag= Y tKAiy e+ > F
K+M>M L.INnM#@

When constructing the 2-basis involving ¢ we replaced #,;y by ¢/, which means
that ¢/ = '/, where J/ = {€(J)} € n'. Since £(J) ¢ M, this gives J' N M = @.
Therefore, moving all the other terms on the left side of (2) to the right we find
A e+ Y P
1€Ty,I#J
We claim that this gives Ay y =0. Ast’/ A% | e 'R, if 1/ A5 |, # 0 we must
have v(tJA%’M) =5 <0, where sisevenif J,=0andisoddif J,=1. For K e T
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let K’ be such that K;, =0 and K] = K; for 1 <i < n. With this notation,
Z 2 J 52
nSt A et

Next, if w = ©B) + 3 jeq, 127 1'b7 5 € 9 (F) + X g 1yt F? is such that
v(b) =5 <0, then

F2+ > t/F> whens iseven,

1€Ty, I#J
- 1,=0
pi—fw e L
Y t'F? whens is odd.
I'eTo, I#£J]
1,=1
In either case, because f{, f7, ..., t,— is a 2-basis for F, we cannot have
n—stJAayM =15Ww,
contrary to the assumption that A 3 # 0. This proves the proposition. O

We may now complete the proof of Theorem 1.3. The main task is showing that
if = cr ([ X o t'r] ) ]=0€R withr; y e~ 'R, theneach r; ; =0.
Assuming this temporarily for all such complete discrete valued fields, to prove the
uniqueness statements we consider an expression ¢ = ¢ L i L (w)¢ = 0. Let
L be a separable finite unramified extension of F chosen so that (¢1); = 0 and
(¢2)L =0. Then L is still complete and discretely valued, the 2-basis is unchanged,
R C Ry, and we have that ¢; = ¥,. So our temporary assumption applies to
Y =0€ Ry, the r; ; vanish in this case, and we now have ¢; L (7r)¢> = 0. Now,
by valuation theory, if both ¢; and ¢, are anisotropic over F, then ¢; L ()¢
anisotropic as well, since 7 is a uniformizing parameter. So this gives ¢ =¢» =0
and the uniqueness assertion follows.

Thus we are reduced to studying ¥ =", .7 (t))[1, 2, ;4 /; tJrIZJ] =0eR,
where we want to show that each r; ; = 0.

Lemma 1.6 [Aravire and Jacob 1996, Lemma 1.5]. Suppose that t,, to, ..., t, are
2-independent in a field F and f € F. Then {t1,t, ..., t,»[1, f1=0€ W, F if
and only if

fep(F)+ Y t'F2

JeTy
Applying the identity in WF (symmetric bilinear forms)
xydy =<Kx)y +Ly» +<Lx,y),

we obtain

aly =" Ky

K,K<I
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(recall that iz = (1).) Abbreviating a; :=Y_, ;. ,.,;t'r] , and rewriting ¥
using this identity we obtain

0=1y :Z<z’> [1,a;] :Z( Z <<t,g>>>[1,a1]

IeT IeT “k RKci
—Z<<tK>>[ > a1}= > (Z«W[l, 3 a,D.
KeT 1. Kci s=0,...,n " Keps I,K<i

By induction on s we shall show that
2. ar=
1, Rci

whenever K € n®. When s =0, K = @ and since Y, a; is the Arf invariant of ¢
we find ), ar €  (F). Since nonzero elements of 7~ 'R have negative value,
by valuation theory we find ZleTO xRN ¢ (F) = {0} and we are done if

s = 0. Assuming the result for 1,2, ...,s — 1, we have
Z<<tK>>[ 3 a,]eIS“WqF.
Kens IEgi

We observe that if K - Tand J+1>1 , then J 4+ K > K. Therefore Proposition
1.5 applies and we conclude for fixed K € n’® that

2 ar=
I,KcI
. _ J 2 .
Usinga; =) _;,,.,1'r; ; we obtain

0= o= Y ( 3 tfr,z,)—kzmﬂ( ) r,%,).

I,Kci I, Kci T+7>1 I,Kci
1+J>1
Since 11, 15, ..., t, form a 2-basis of F, for fixed K, J we find
2
(3) Z I’I’J = O
I,KCI
I1+J>1

We next show that rlz’ ; =0 for all 1, J such that I +J > I. We proceed by
reverse induction on card(i). If card(i) =nwehave I=(1,...,)and I+J > J
is impossible, so the conclusion is vacuous. Now suppose the desired conclusion is
known for all / with card(/) > r. Fix some K with card(K) = r and some J with
J+K>K.IfI #K,andif K C I, we have card(/)> r. Our inductive hypothesis
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implies that r,27 ; = 0 for these I, J, and since these are all but one summand of
(3), we find that r,z(’ ; = 0 as well. This completes the induction. The definitions
give a; = 0 and the proof of Theorem 1.3 is complete.

Since the ring R = F[r '] C F is simply a polynomial ring over the residue
field F of F, the choice of the lift to F of the 2-basis #1, f2, . . ., t,_; of F does not
affect the isomorphism type of R or . This, together with the uniqueness results,
implies:

Corollary 1.7. Suppose that v : F — Z is a complete discrete valued field of
characteristic 2 with residue field F and uniformizing parameter w. Then up to
isomorphism, the submodule R is independent of the choice of lift of the 2-basis
t, t, ..., th—1 of F. In particular, the cokernel

W\ F = coker(WqF — W, F)
is independent of the choice of lift of this 2-basis.

Remark 1.8. Both residue forms ¢, and ¢, in Theorem 1.3 depend upon the choice
of the uniformizing parameter 7.

When F is complete and discretely valued, the group W; F defined in Corollary
1.7 will play the role of the “second residue forms” in characteristic 2. The pro-
jection map 9, : W, F — W F, is the analogue of the second residue map. It is an
immediate consequence of this definition that

0 W,F — W,F 2% WiF —0

is split exact. (This definition also coincides with the second residue map away
from characteristic 2, for in that case Springer’s Theorem gives a group isomor-
phism WF = WF @ (p)WF, so W, F = WF.)

Remark 1.9. Arason [2003] has proved a result that captures all the information in
Theorem 1.3. His proof uses the generator-relation structure of the Witt group. His
description of R is different (it uses a filtration based on negative exponents of the
uniformizing parameter) and his proof does not require powers of the fundamental
ideal since he directly uses the generator relation structure for the Witt group.

2. The filtration of W, % (x)

We now denote by % a fixed field of characteristic 2 with 2-basis t, fp, ..., t,. We
study the Witt group of the field of rational functions F' = &(x). The results of the
previous section will be applied to the completions of F at its discrete valuations,
which are trivial on . Following Milnor’s original approach away from charac-
teristic 2, we also filter the Witt group W, F' by degree. We denote by F[x]<4 the
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set of polynomials in F[x] of degree at most d, and by F[x] ., those of degree less
than d.

Definition 2.1. For d > 1, let L, be the subgroup of W,%(x) generated by all
forms (f)[1, h/u¢], where f, u € F[x]<g and h € J@[x] When d =0, let Lg be the
subgroup of W,%(x) generated by the forms [A1x, Ax7], where A1, A2 € F and
i,jeN.

Lemma 2.2. (i) For any polynomials p, g, h € F[x] we have (p)[g, ph] € Ly.

(i) Ford>1, L, is generated by the forms (ax€)[1, h/u®], where a e &, € € {0, 1},
h € F[x] and u factors as a product of elements in F[x]<4.

(iii) If f,u € Flx]<q and p € F[x] then (pf)[1, pg/u‘l € Lg—1.
Proof. (i) The first statement follows from the identity (a)[b, c] = [ab, c/a]. For

then (p)lg, ph] = [pg, k], and using the biadditivity of the symbol [ , ] this can
be expressed as a sum of generators for L.

(ii) For the second statement, since the u’s used as generators in this version are
products of elements in F[x]<;, we can use apply partial fractions to i /u® to-
gether with the additivity of [ , ] to express (ax€)[1, h/u®] as a sum of generators
of the type in specified in Definition 2.1. Conversely, given (f)[1, h/u®] as in
Definition 2.1, where f, u € F[x]<4, and given h € F[x], we write f = thol a;x’
with a; € & and use the fundamental relation to express ( f)[1, #/u®] in the form
Zd_l( HIL, ha,x '/ fu®]. Since (x') = (x<), where ¢; € {0, 1} and i = ¢; (mod
2), and since ha;x'/fu® = ha;x' f¢~'/(fu), we have a generator of the desired
type.

(iii) We apply the fundamental relation, expressing pf as 27;11 a;x' witha; € ¥, so
(PA)LL. pe/ucl = Yo )L, pix’ pg/ pfu] = Y2 a1, pix'g/ fuc] =
S aix") 1, pix'gf <~ /(fu)°] € La—1 by part (ii). g

In particular, by the lemma, for any A € & and h € F[x], both (A)[1, h] and
(Ax)[1, hx] lie in Lo. This will be used frequently.

Lemma 2.3. Suppose that p is a monic irreducible polynomial of degree d. If
r € F is a vy-unit, and if s is v,-integral, then 3, ((r)[1, s]) = 0. Consequently, if
degp=dand ¢ € Ly_1, we have 3,(¢) =0

Proof. Since r is a v,-unit we can write r = ro + pr’ with 0 # ro € F,,, where r’
is v,-integral. Next, in F), we can write s(ro/r) = so + ps’, where 59 € Fp and s’
is vp-integral in F,. Since v,(s(pr'/r)) > 0 and v,(ps’) > 0, we know that both
s(pr'/r) and ps’ lie in p (F),). Computing in W, F}, we find that

()1, s1= (ro+ pr)[1, s1= (ro)[1, s(ro/r)1+ (pr)[1, s(pr'/r)]
= (ro)[1, s0 + ps'] = (ro)[1, sol.
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Since each of ry and sy lie in F, we see (r)[1,s] € im(W,F, — W,F,) and
0, ((r)[1, s]) = 0 follows.

Now consider a generator {f)[1, h/u®] for Ly_1. As f,u € F[x]4, we know
that i /u® is v,-integral and f is a v,-unit, so d,({f)[1, h/u’]) = 0 and we are
done in this case. Next consider a generator [Axt, Aax/] = (Ax)[1, Aqaxiti]
of Lo. If p # x then A;x' is a p-adic unit and A Ax’T/ is v,-integral. If p = x
and i = 0, then again A; is an x-adic unit and Ahaxt is v p-integral. Otherwise if
p=xandi >0 we know that vy (A1 A2xT/) > 0 and so A1 Ax' 1/ € p (F,,), giving
[Mx', Aox/] =0 € W, F,, . This proves the lemma. O
Definition 2.4. Whenever p is a monic irreducible polynomial we define S, to
be the subgroup of W,%(x) generated by all forms (r)[1, n/p°], where r € F,
h € F[x],and s > 0. When p = % we denote by Si the subgroup generated by all
forms generated by (r)[1, hx], where r € & and h € Flx].

We observe that W, F(x) = Uff:o L,. This is because the usual additive gen-
erators for W, F(x) are included in some L, for large enough d. The next lemma
describes several generating sets for the L.

Lemma25. () Ly=3}, jegp<a(Sp+ (x)Sp).

(i) W, F(x) = Zp(Sp +(x)Sp).

(iii) Whend > 1, L, is generated by Ly and S, U (x)S,, where deg p =d.
Proof. Part (i) follows from Lemma 2.2(ii) and partial fractions. Part (ii) follows

from (i) since W, % (x) = U?zozo Lg. Part (iii) follows using partial fractions and
@). O

We next establish a result from linear algebra needed to relate (x)S, and (p)S,,.
For p = x4 + p1x=' + ... 4 py_1x + ps we express each p; as Y ker thzK,
where p; ; € F. For each K € T we define Px € F(x), by

@ P tK(p%’de—1 + pg’de—3 +-- 4 pﬁfl’Kx) when d is even,
K =

tK(xd + p3 o x4 24+ p3 | x) when d is odd.
Next let M be the 2" x 2"-matrix with entries indexed by the group 7 and with
(I, J)-th entry P;1 ;. We show that M is invertible:

Lemma 2.6. Assume T is an elementary abelian 2-group with 2" elements and Pk
are elements of a field of characteristic 2 indexed by K € T. Suppose that M is the
(2" x2™)-matrix with (I, J)-th entry Pryj. If Y g or Px # 0, then M is invertible.

Proof. Let Perm T denote the set of permutations of 7. We know that

detM = Z <l_[ Pf+a(r))

oePermT “teT
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For each s € T we define o, € Perm T by o,(t) = v +s. In this case T +0,(t) = s
for all T and we have [[,.; Prio,r) = P> .

Now let T acton Perm T via 0€(t) =0 (1t +€)+¢€ for all € € T. (That this is an
action is readily checked using the fact that T is abelian.) If 0¢ =0 foralle € T,
then o(¢) =0(e) =0 (e +€)+ € =0(0) + € for all €, and we see that 0 = 05 ()
in this case. In particular, if o # o, for some s € T then the orbit of o under T has

more than one element. We next note that for any o € Perm 7" and € € T we have

1_[ Pr—i—a‘(r) = l_[ PT+(T(‘[+€)+€ = l_[ P(‘[+e)+cr(r+e) = 1_[ P‘[+O‘(‘L’)a

tel teT (t+e)eT teT

and consequently for any o different from the o, we have

> (1_[ Pf+e<r>) = card(Orbit(0)) [ | Priocir) =0,

0eO0rbit(c) “teT teT

since card(Orbit(o)) is a proper power of 2. Decomposing the sum in the determi-
nant over the orbits in Perm 7" shows that

o
detM:ZP2"=(ZPK) .
KeT KeT

If M fails to be invertible, we have det M = 0, which implies ) xer Pk = 0,
contrary to our hypothesis. The lemma is proved. U

Corollary 2.7. If p is irreducible and separable and if the Pk are defined as in (4),
then M is invertible as a matrix over F(p) := F[x]/(p).

Proof. Suppose that det M = 0. Then ) ., Px = 0. Each Pk lies in tXx%(x)2,
and since the 7y, 7, . . ., t, remain 2-independent in m (because p is separable),
we see that each Px = 0. Now, since 1, x, x2, ... x%"! are linearly independent
over F, we find for all K that each p; x vanishes, where i is odd when d is even
and even when d is odd. So the same follows for the p;. The first case contradicts

the separability of p and the second case contradicts the irreducibility of p. ([

We are now able to apply Corollary 2.7 and relate S, (x)S, and (p)S,. When-

ever p is not separable we choose i so that ¢; € F(p)(t1, ..., ti—1) and then we
denote by S, the subgroup of S, + (x)S§, generated by the elements tH[1, h/p©l,
where ¢/ is a product of 11, tp, .. . 1j_1, £j41, -+ Iy, X.

Proposition 2.8. (i) For all p, we have S, 4+ (p)S, € S, + (x)S).
(i) If p is separable, S, + Lo+ (x)S, =S, + Lo+ (p)S).
(iii) If p is not separable, S, + Lo+ (x)S), = S'p + Lo+ (p)S'p.
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Proof. Part (i) essentially follows from Lemma 2.2(ii), but we give a direct calcu-
lation here because it is necessary for part (ii). Consider (p)[1, h/p°] € (p)S, and
apply the fundamental relation in W, to obtain

d

j=0

Whenever d — j is even, we have

. xd=in xd=ip
d— Pj* Pj*
(i1 = e[ e s

from which we find, modulo §,,,

S P s P ol ORI

d—jodd d—jodd N KeT

K 2 d—j
= (th>[1’t By o Pt j)h]EZUKx}[l’;Lj]’

s+1
p KeT

where the second equivalence uses p; =, 7 tK p?y - the third changes order of
summation, and the fourth uses the definition of the Pg. Part (i) follows from this.

For (ii) we consider the problem of reversing this process when p is separable.
Namely, we must express an element (x)[1, g/p**1] e W, %(x) as a sum, modulo
Sp + Lo, of elements of the form Zj(tjp)[l, hy/p*]. For this we denote by S,
the subgroup of §, generated by the generators of S,, where the exponent of p
doesn’t exceed s. We can then proceed by backwards induction on s and calculate
in F(x),,. Multiplying the equivalence in the previous paragraph by (t') gives a
system of 2" such equivalences, one for each J € T':

<z1p>[1, };—’] = Z(tKHx)[l, I;’j—fl’} (mod S,).

KeT

Taking the sum gives, again modulo S,
hy Pxhy Prijhy
S p[1 2] = 30 Sk [1, R 2 Y 1, 2l
J p J KeT p L p

where in the second sum the variable L is introduced to collect terms with like
K + J. Since we want the latter sum to equal (x)[1, g/p**!], we obtain for the &,
the equations

ZP]hng and ZPL+]h]:0 when L#O
J J
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in %(x) . In matrix form this system is
M-(h)=(g 0 - 0),

where (4 ;) means the column with 2" entries aligned with corresponding entries of
M, whose (I, J)-th entry is Py ;. Since M is invertible over % (x), by Corollary
2.7, we can find elements h; € F[x].deg  such that

(x)[l, pil] ;a p)[l %] (mod S, + (x)S,.s).

By backwards induction on s we can reduce to s = 0. When s = 0, the error terms
are sums ) (t' p)[1, hy p] lying in Lo by Lemma 2.2(i). The result in (ii) follows.

For part (iii) we write p=) P jxd ~/ and note that since p is not separable, each
d—j is even, and we have a 2-dependence between t1, 1o, .. .t,—1, t,, p. Reordering

f1,t, ..., 1, we can assume that 7, € F(x)2(t1, t2, ..., ty_1, p). This relabeling
guarantees that 71, 12, .. . 1,1, x, p is a basis for F(x) as well as F(x) ,. We express
each p; as po j + p1,jt,, where p; ; € F(x)2(t1, ta, . .., t,—1), and further express

each pj jas) ; th%’j’J; here each J,, vanishes. Then we can form

Py = fK(Plz,o,de + 1T712,2,1<xd_2 +eet plz,d,[()

and note that 3", Px = dp/dt, #0 € F(t1, 12, . . ., tn_1)[x>].
We can write

(p)[l, %] = Z(pi)[l, p’:;#] = Z(po,i +p1,itn>[1, p’;#],

i i

and so, modulo S D>
h pl’ilnxd_ih
(P)[l,—]—z (P1.itn) [ T]
2 d—i
p i kX" Pxt,h
= 31, PP e o, P
i,K p X p°
What we must do is reverse this process and solve, modulo S »+ Lo, the congruence
g hi Pgtahyp
I B o e B B a1 [
p 3 p° KL D
_ Z [ L ﬁJ+LtnhL]
= t tn b
J

pe+1
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for appropriate polynomials /;. As in part (ii) it suffices to reduce the exponent
e by 1. This system is equivalent to solving the system in 2"~! variables in F(p),
g=7>, Pityhy and 0 = ", Pgypt,hy, where K # O. This can be written in
matrix form as

M-(h)=(g 0 --- O)F,

for the h; € &(p). Here M is the matrix with (K, L)-th entry 131(+L t, € F(p).
However, we have noted that ) x Px # 0, so the invertibility of M follows from
Lemma 2.6. This gives what is needed. U

3. The maps 9, and their splitting

From now on, unless stated otherwise, p denotes either a monic irreducible poly-
nomial in F[x] or % Then v, denotes the associated valuation and we continue
to use F, to denote the completion of F' = F(x) at v,. We use F), to denote the
completion of F' = %(x) at v,. We continue to assume that & has a finite 2-basis
t, t, ..., t,. To apply the results from Section 1 we will need to specify a 2-basis
for F(p) := Fx]/(p) = Fp. So in this section we will have to be careful and
keep track of separability conditions. We recall a well-known result, whose proof
is embedded in the subsequent discussion, where we set up notation.

Lemma 3.1. A 2-basis for F is a 2-basis for F(p) if and only if p is separable.

Since t,t2, ..., t, is the fixed 2-basis for %, t1,t,...,1,, x is a 2-basis for
F = F(x). We express the monic irreducible p € F[x] as

p=>_t'(pi))

1T

where p;(x) € F[x] and the multiindices t! refer to the 2-basis for F (which
includes x). Since F, » =F[x]/(p), we find that #1, 1, . . ., #, remain 2-independent
in Fp if and only if for some I with I, # O we also have p;(x) # 0. But this
happens if and only if p(x) has a nonzero summand of odd degree, i.e., if and only
if p is separable. Now, when p is separable, if 1,1, # 0 for some p;(x) # 0 we
take 11, o, ..., t, as our 2-basis for Fp C F, and then we can use t1,#, ..., 1, p
as our 2-basis for F),.

Otherwise, when p is not separable, we choose j maximal with ; # 0 for some

pi1(x) # 0 and we note that in this case 1, >, ..., tj_1,tj41, ..., Iy, X is a 2-basis
for F,. We then take 1,1, ...,tj_1,tj41,..., 1, X, p as our 2-basis for F),. In
this case we use the lifting to #1, %, ..., ¢j_1,¢j41,...,t,—1, X € F to define the

embedding 17[, — F), needed to define 9, : W, F — W F),.
We will need to keep track of products of elements of these various 2-bases.
This will be accomplished by using three different notations for multiindex sets:
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e We use {t/ | I € T} to denote products of elements of the original 2-basis for .

eWeuse {t/ | I e T,} to denote products of elements of the residue 2-basis of
% (p) as described above (which vary depending upon whether p is separable).

eWeuse {t/ | e Tp} to denote products of elements of the local 2-basis of F), as
described above.

In our study of W, F we will need to understand how W, F elements map to
elements of Wi F),, so we need to represent Wi F), classes in a special way. The
next result is a consequence of Theorem 1.3. Whenever s € F[x] we denote by
§ € F[x]<deg p the unique polynomial with s =5 (mod p). When applying Theorem
1.3, the Teichmiiller lifting used is the one associated with the 2-basis f’p.

Theorem 3.2. (i) If p is monic and irreducible, every class ¢ in W\ F), can be
expressed uniquely as

d=v L (p)p,

where

v=y 1 ¥ tul.

= JJ+I>1

upj= Zrzl s%’“/pzr with sy j.r € F[x]<deg p and ¢ € W 0 F),, and where s; ; ,
and the Witt classes of  in W, F), and ¢> in W,V F), are uniquely determined by
the class of ¢.

(ii) Every class ¢ in W Fi can be expressed as
1
o= L(1)on,

where ¥ = Zlef%(tl)[l, ZJ,J+1>I tJu%J] with uy j € x - F[x] and ¢ € W, F,
and where the Wiit classes of Y in WF), and ¢, in W, F are uniquely determined
by the class of ¢. In this expression we note that Z],J+1>I tju%’] e x - F[x].

Proof. In (i), since F, » = F(p), applying valuation theory we conclude that every
element f € Fp C F), can be expressed as f+ f2, where f| € F[x]<deg p, f2 € Fp,
and v, (f2) > 0. Consequently, any element r € R = F(x) [ p~'] can be expressed
in the form r = s; + s, where 51 € %[x]idegp[p_]] and v,(s2) > 0. Part (i)
now follows, interpreting Theorem 1.3 in this setting and making the appropriate
substitutions. Part (ii) is a direct consequence of Theorem 1.3, since there is no
ambiguity about viewing the residue field as a subfield of F1. ([

We next digress slightly and give a generator-relation structure for the Witt
group. A very similar characterization was found by Arason [2003].
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Theorem 3.3. For any field F of characteristic 2 the Witt group W, F is isomorphic
to (F* ® FT)/W, where W is the subgroup generated by

(1) a®b forab € p (F),
(1) a®b+b®a foralla,b e F, and
(i) a® b+ c ® ab/c whenever c € Dgla, b].

Proof. We show that the epimorphism F*® F* — W, F defined by a®b + [a, b]
has kernel W'. First we note that the generators of W’ map to trivial elements of
W, F. For type (i) generators, the Arf invariant of ax? + xy + by? is ab, and
therefore [a, b] =0 € W, F if and only if ab € p (F). Type (ii) generators vanish
by the symmetry of [a, b]. For type (iii) generators, since ¢ € Dr[a, b], we know
the form [a, b] L (c)[1, ab] = (a, c)[1, ab] is isotropic, hence hyperbolic. So
la, b] = (c)[1, ab] = [c, ab/c], which is what we want.

We next note that whenever [a, b] = [c, d] € W, F, and since ¢ € Drla, b], we
find [a, b] =[c, ab/c] =[c, d], the later equality being equivalent to [c, ab/c+d] =
0. By our observations about (i) this is equivalent to ab + cd € g (F'). This shows
that all equalities [a, b] = [c,d] € W, F are a consequence of multilinearity and
the relations (i), (ii), and (iii).

Next, given an isomorphism ¢ = [ay, b1] L ¢ = [c, d] L x, we must show that
it follows from the relations defining W'. For this we view each representation ¢
as having the same underlying vector space V = F?" and we let v, w € V denote
the first two symplectic basis elements in the second expression. Hence ¢ (v) = c,
q(w) =d and the inner product (v, w), equals 1. We suppose ¥ = [az, bo] L --- L
[an, b,]. If we view v € V according to the decomposition given by the first form,
we can express ¢ as a sum ¢y +c¢ +- - - 4+ ¢, Where ¢; € Dpla;, b;]. Applying (iii)
at each summand, we can write [ay, b1] L [a2, b2] L --- L [a,, by] = [c1,e1] L
[ca,ea] L --- L [cy,e,] for e; = a;bi/c; € F. Using the bilinearity of the symbol
[, ],andsince c=cy+cr+---+c,, wehave [c1,e1] L[ca, ea] L--- Lcn, en] =
[c,e1] L [cr,er +ex] L -+ Lcp,e1 +eu]. If v = v, wy, vp, wa, ..., U, Wy
is the symplectic basis corresponding to this new decomposition g = [c, e;] L
[ca, e1+ex] L---L[cy, e1+e,], we can express w as z; +2z2 +- - - 4+ z, with each
z; alinear combination of v; and w;. This means that if d; =g (z;) for 1 <i <n, then
d=q(w)=d\+dr+- - -+d,. Since (v, w), =1 while (v, z;); =0for2 <i <n, we
see that (v, z1)4 = 1. Since span(v, wi) = span(v, z1), restricting our attention to
this subspace we see that in fact [c, e;] = [c, d1]. We now apply relation (iii) to the
other summands to obtain [¢;, e1 +¢;] = [¢], d;] for ¢; = c;j(e1 +¢;)/d; € F. Using
bilinearity again we find [c, e;] L [c,e1 +ex] L -+ L [ch,e14+en] = [c,di] L
[¢),do]l L--- Lc,,d) =[c,d]l Lc+ch do] L--- L[c+c,,d,]. Altogether,
using only bilinearity and the rules (i), (ii), (iii), we have shown that our original
[a1, b1] L v is Witt equivalent to [c, d] L ¢’ for some v'. By Witt cancellation
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we now have ¢’ = x. By induction on n we can reduce to the case [a, b] = [c, d]
already considered. This proves the theorem. ([

We now define the Milnor splittings.

Lemma and Definition 3.4. Suppose p is a monic irreducible polynomial of de-
gree d > 1 and that ¢ € W\ F), is of the form

¢=1v L (p)pa.

where
v=y [t ¥ ]
I€T, JI+I>1
withry j € p_I@[x]<degp[p_1] and ¢ € Wyv F,. Here the t! depend upon the 2-
basis for ¥(x) ,, which has last element p and will include x in the case where p is
not separable. We further write ¢y = Zi[ri (x), s; (x)], where x denotes x modulo
p(x) and the ri(x), s;(x) lie in F[x]-deg p- Then the map t, defined by

)=y L (p)(Z[ri (x), i (X)]) (mod Lg—1) € La/La-

i
is a well defined homomorphism t, : W F, — Ly/Lq_1.

Proof. According to Theorem 3.2(i) every class ¢ in W F), can be expressed as
stated, and the Witt classes of v € W, F, and ¢, € W, F, » are uniquely deter-
mined. Further, the Witt class of ¥ uniquely determines the r; ; as elements of
P Fx]cdeg plp 7

The expression of ¢, as ) ;[r;(X), s;(x)] need not be unique so we suppose
also that ¢ = Zj[uj (x),v;(x)] € W, F(p), where each u;(x) and v;(x) lies in
F[x]<deg p- By Theorem 3.3, using the biadditivity of the symbol [ , ] we have the
expansion

1

D @), @14 Y i (), v;01= ) [a (%), be(¥)],
J k

where the latter sum is a sum of relations of the form given in Theorem 3.3(i),
(ii) or (iii). Since we only used the biadditivity of [ , ] in the expansion, we
know that each ai(x), bx(x) € F[x]<gqegp and we also have Zi [r; (x), si(x)] +
Zj [uj(x), v;(xX)] =D ;lax(x), bi(x)] € W,;%(x). Checking for each of the types
of relations given in Theorem 3.3 we will show that (p) times this sum liesin L;_;.

Suppose first we have a summand [a, b] with a, b € F[x]-geg p, Where ab e
© (F(p)) . Then we can write ab = g (z) + pg in F[x] and we find that [a, b] =
(a)[1, ab] = (a)[1,  (z) + pgl = (a)[1, pg] in W, F. By Lemma 2.2(iii) the form
(p)(a)[1, pgl lies in L,y since a € F[x]_geg p. Next, any pair in the sum of the
form [a, b] + [b, a] is zero in W, F as well. Finally, suppose we have a pair in
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the sum [a, b] + [c, d], where ¢ € Dgpla, b] and d = W where a, b, c,d €
F[x]<deg p- Then we can write ¢ = ar® +rs + bs? + pg and ab = c¢d + ph in
F[x] where r, s € F[x] gegp also. Since (s/r + bs?/r*)b € o (F), we obtain
[s/r + bs?/r?, b] = 0. Rewriting the expression for ¢, we find a = c/r*> +s/r +
bs?/r* 4 pg/r?, soin W, F we have

[a, b]l+[c,d] = [c/rz, bl+[s/r +bs2/r2, b]+ [pg/rz, bl +[c, d]
= (c)[1/r%, bel+1pg/r?, bl + (c)[1, cd]
= (c)[1, be/r?] + ()1, cd] + [pg/r?, b).

Next, substituting bc/r? = ab + bs/r + b*>s*/r> + bpg/r* and cd = ab + ph we
find

[a,b] +[c,d] = (¢)[1,ab+bs/r+b>s*/r*+ pgb/r*1+(c)[1,ab+ phl+[pg/r* b
= (c)l1, pgb/r*+ phl+[pg/r’ b,

since bs /r+b*s*/r? € p (F). Applying Lemma 2.2(iii) to each of these latter forms
we find that (p)([a, b] + [c, d]) lies in Ly_;. It follows that 7, is well defined. It
is clear from the defining formula that 7, is additive in v/, and the proof that the
lift of ¢, is well defined shows that 7, is additive in that term as well. Hence 7, is
a homomorphism. U

Our goal is to prove the surjectivity of the Milnor splitting. This requires the
information provided in Proposition 2.8 and is given next.

Theorem 3.5. The map @t : @p’deg p=d W1F(x)y, = La/Lq-1 is an isomor-
phism ford > 1.

Proof. 1t suffices to show the map is surjective, since for any p the composite
WiF(x)y, = La/La—1 — W1F(x)y, is the identity. (Here, the first map is 7,
and the second map is d,, which vanishes on L;_; by Lemma 2.3.) By the
definition of t,, every element ¢ = Z,dp(tl)[l, Do Juis1 tJrlzJ] with ry j €
p‘lg[x]«ieg p[p_l] lies in the image. When p is separable, these elements gen-
erate S, + (p)S, so we h~ave Sp —|: (P)Sp, € im(tp): and wh~en p is not separable,
these elements generate S, + (p)S, and we have S, + (p)S, C im(t,). Further,
if p is separable, then S, + (p)S, + Lo =S, + (x)S, + Lo by Proposition 2.8(ii)
and in case p is not separable we have S, + (p)S, + Lo = S, + (x)S, + Lg by
Proposition 2.8(iii). However, L, is generated by S, U (x)S, for p with deg p =d
together with L;_; by Lemma 2.5. From this the theorem is proved. (]

The definition of Ly combined with Theorem 3.2(ii) gives:

Theorem 3.6. There is an exact sequence

0— W, — L0—>W1F%—> W,F — 0,
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where the first two maps are induced by inclusion and the last map is ¢ +— ¢,
where ¢, is as given in Theorem 3.2(ii).

Proof. Since L is generated by the forms [A;x’, Aax/] = (A1xP)[1, AAaxt/],
applying the relations in W, F we see that every element ¢ € L can be expressed
asp=g¢ Ly, where gy e WyFand =", ,_,(¢")[1.t'r} Jwithr; ; € x-Fx].
Moreover, the expression of i as such a sum is unique, according to the local theory
at the vi-adic valuation as given in Theorem 3.2(ii). This means that the natural
map from Lg to W F1 has kernel W, % and cokernel the elements in (%)Wq . The
result follows. [l

4. The transfer maps s,

We continue to use the 2-bases for F(p) and F(x), defined in the discussion fol-
lowing Lemma 3.1, as well as the notation 7', T, and fp. When p fails to be
separable and I € T, we denote by I, the entry corresponding to the exponent
of x (so x occurs in ¢! if and only if I, = 1.) In the next definition, we define
subgroups S, , of S, + (p)S,, for each r > 1. We include p = %
setd =degp and d =1 when p = % As in the last section, when considering
elements of S, of the form (t1[1, h/p"] for h € F[x], we write he Flx]<deg p for

the unique element with 4 = & (mod p).

in our list. We

Definition 4.1. (i) Suppose p is separable or is % We define S, C S, +(p)S)

as the subgroup generated by elements of two types: those of the form

Nl

where I, J € T =T, 515 € F[x]<q, and where I + J > I whenever r is even,
and those of the form

(' p)Lt's? /P,

where I, J € T =T, s;j € F[x]<q, r is even, and where [ +J > I.

(i1) Suppose p is not separable. We define S, , C S',, + p)S‘,, as the subgroup
generated by elements of two types: those of the form

WL 177, /P,

where I,J € T =T,, 515 € ¥[x]<q, and where I + J > I whenever r is even,
and those of the form

' p1.t7st /P,

where I, J € T =T,, s;,j € F[x]<q, r is even, and where [ +J > I.
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(iii) Suppose p is not separable. We define Sg’r C S, as the subgroup generated
by elements of two types: those of the form

WL e's2, /0,

where I, =0, I,J €T),, s;j € F[x]-q, and where I + J > I whenever r is even,
and those of the form L

(' p1,t7s? /PN,
where I, =0, I,J €T,, riseven,s;; € ¥[x].q4, and where I +J > I.

(iv) We define Uy, := ) .., S, for all p and Ug =D Sg’, when p is not
separable.

The definitions in (i) and (ii) are formally the same, except that the T,’s differ
according to whether p is separable or not, which also accounts for using S, or
S‘p. In part (iii) the listed elements are a subcollection of those listed in (ii), and
are precisely those without an x in the ¢/. The reason for the restrictions on I, J, r
in the definition will become clear in the proof of the next lemma, where we apply

Theorem 3.2.
Lemma4.2. (i) Foreach p, S, +(p)S, €U, + Lo+ (p)Lo.
(i1) The group
Up=EP Sp.r CSp+(p)S,
r>1

is a direct sum.

(iii) Let the image of this group in W1 F, also be denoted by U ,. Then
Wle/U =(p)- qu(l?)-
Thus every element in Wi F,/ U, can be represented by an element of (p) Ly.

Proof. (i) This follows from the additive property of the symbol [1, a], expanding
elements of §, into sums of S, , elements one power of p at a time, leaving an
element of the form [1, g] where g € F[x]. The last summands lie in L.

(i1) The summands from ¥ in Theorem 3.2 can be uniquely expressed as a sum of
elements of the form

L es? /7,

where I, J € f"p satisfy I +J > I and 57, € F[x]gegp. Given this, we claim
that the generators identified in Definition 4.1 are equivalent to those required to
apply Theorem 3.2. There are four cases, depending upon whether 7, J € T), or
not. In case both I, J € T, , then the condition that / + J > I is the same for T},
elements as for Tp elements, and this is recorded in Definition 4.1 in the first type
where r is even. Incase I € T, but J ¢ T, then I + J > I is automatic and this
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corresponds to the first type in Definition 4.1 where r is odd. In case, I ¢ T, but
J €T,then I+J > 1Iin T, is equivalent to I’+J > I’ in T, where I’ is the same
as I except the p component is deleted, and this is the case of the second type of
generator in Definition 4.1. Finally, if both 7, J ¢ T, then I +J > I is impossible
as elements of f”p, and this case is ignored by Definition 4.1. So we are ready to
apply Theorem 3.2.

First, every sum of elements of S, , can be represented as

ool K P

r>11+J>1 r>2, even I+J>1

where 57,7, 8'1,7» lie in F[x]4 and as elements of T,, we have I +J > I in each
summand. These expressions can be rewritten as

I t]% I t'sT g
Do LY Y wlpy| 1 Y — .

r r
I1+J>1 r>1 p I1+J>1 r>2, even p

Now, in Theorem 3.2 the 2-basis f"p is used, which is in this case consists of the
elements of T), and p - T),. So each of the sums in the additive slots of the last
expression,
J2 J
t!s? t's’
IrJ r and Z Ir.l r i
p p

2

r>1 r>2, even

correspond uniquely to elements listed as 1757 7.7, in the statement of Theorem
3.2(1). The directness of the sum is follows. The statement in (iii) is also a conse-
quence of Theorem 3.2, proving the lemma. O

We are now able to define the transfer maps s,

Definition 4.3. For € W F), we define 6, ({) € W, %(p) to be the unique element
of W,vF, for which ¢ = (p)6,(¥) (mod U,). We denote by t; :F(p) = F the
Scharlau transfer associated to the linear functional 7, for which 7, x4 =1 but
tp (x') =0 when 0 <i < d — 1. Finally, whenever f € %[x] is a polynomial we
denote by f. its constant term.

(1) Suppose p is separable or % Then we define s;‘;(l//) = t;(ep(tjx)) e W,F
(ii) If p is not separable we express  — 6,(1) modulo Ug as

J 2 J o2
> <r’>[1,t ;’;”’]+ > <(z’>p>[1,t S”’].

:
L=lr p
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Then we define s;‘;(x//) ce W, F by

( r)C ts’ e
S =10, W)+ Y (tzm[ s, }JFZ ! o) [ GE) ]
Ii=1,r

-
Li=1,r Pe Pe

(Note that ¢/ /x € F since I, = 1.)

To prove reciprocity, we must check it for each (p)Lg and each U,. This will
be done in the next two sections.

5. The reciprocity law for Lo+ (p) Ly

In this section we prove the reciprocity law in a critical special case. We assume
p= x4+ plx‘l_1 +--- 4 pg € F[x] is a monic irreducible polynomial of degree
d =2e when d is even, and of degree d =2e + 1 when d is odd. Since we will be
calculating in both F[x] and F[x]/(p) we will use x to represent the variable in
F[x] as well as its residue in F[x]/(p), since no confusion will arise. For & € {0, 1},
A1, Ao € &, and k > 0 we will compute the transfer t;([)qxh, Mmxk) =¢ € W, F
described in Definition 4.3. We note that in case 4’ > 1 we can write i’ =h+2h for
h € {0, 1} and as [Ax", aoxk] = (L x")[1, AaoxE ) = 0 x™ 1, A doxk ) =
[Ax”, )szk”’,_h] we see there is no loss of generality in our restriction on /.

For 0 < j < e we define the polynomials f; = x¢*/ + pyx¢t/ =1 ... 4 py;x¢
and g; = x4+ pix¢t T4 4 poix 7L Thus g = £+ pajrix¢ /7L We
next define y; € & by expressing xdti-l= y,-xd_l +G; e F[x]/(p) where G; € F[x]
is a polynomial of degree at most d — 2. Note that this means that 7, (xdFi-ly =y,
Clearly, yp =1, and using the equation x4 = plxd_1 4+ pseF(p):=F[x]/(p)
we see that y; = p; and by induction fori > 1,

F xS o pxi

= (P1Vic1paVia + -+ pivo)x ' 4 p1Gi_1 p2Gia 4 -+ piGo.

xd+l—1 +i—-2

d
= p1Xx

This shows that in general the y; satisfy the recurrence relation

Vi=VYi-1p1 +vYic2p2+---yop;i fori>1.

In fact, this recurrence relation is the same as the relation that guarantees that, as
power series, (1+p1X + pa X2+ YA+ X +»X>+--) =1€ F(X)), and
which we use below in proving Lemma 5.3.

Lemma 5.1. (i) Suppose d =2e. We have t,(f§) =y1 = p1 and t,(xf3) = y» =
p]2 + po. Forall j with 1 < j < e we have tp(sz) = Pp2j+1, tp(xij) = p2jt2.
For all k > 0 we have t,, (xkg(%) = Yi+1 + p%yk_l.
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(i1) Suppose d = 2e + 1. We have tp(foz) =y =1and tp(xfOQ) =y = p1. For
all j with 1 < j < e we have t,(f7) = paj, t,(xf}) = paj1. Forall k >0 we
have and t, (xkg%) =Y+ p%)/k_z.

Proof. Since fy = x° we have t(thoz) = t(x"*2¢) so when d = 2¢ we find

t(x" f§) = yn41 and when d = 2e + 1 we find 1(x" f§") = yj as required. When
j > 0and d = 2e we have in F(p)

sz = (xe+j + plxeﬂ_l +---+ pzj)ce_j)2
21 4 M) i 4 )

= (p2j1x o )+ prx¥ T o))
= P2j+1xd71 + (p2j+1P1+ sz+2)xaL2 + -+ pap2j.

=(x*+ p1x

We find that 7,(f7) = 1,(p2j+1x/"") = pajy1v0 = p2j41 and that 1,(xf}) =
tp(p2j 41X+ (p2j41P1+ P2j42)x™ ) = pajivi 4+ (P2j41P1 + P2j42)V0 = P2j42
as yp=1and y; = p;.

When j > 0 and d = 2e + 1 we have

sz — (xe+j+p1xe+j—1 +_”+p2jxe—j)2
= (2 2 py a2 HT g p 2y )
2 T g Yy
= (pojr1x T 4 p )T P TR pai)
O 4 i g Yy
= pojx? '+ (paj1 + Pipe)x T 4+ papajoi.

So we find 1,(f7) = paj and 1,(xf7) = p2jy1 + (P2 P1 + P2j+1)V0 = P2j+1, as
yo=1and y1 = pi.

Finally, as go=x°+p;x¢~!, we find that x* gg =X and therefore
tp (xkgg) =Y+l —l—plzyk_l whend =2e and ), (x"gg) = yk—i—plzyk_z whend =2e+1.
This proves the lemma. O

2e+k +p%x2€+k—2

The next lemma calculates the transfers.

Lemma 5.2. Let Ay, Ay € F, h € {0, 1}, and k > 0. When d = 2e, the transfer is
given by

e—1
e (ax™, 2264 = [k Ja(vepy + pivi- D1+ Y I pace-iytar1s aViri-a—1]

i=1

+ [A1Vng1, Aoyi—1]
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and when d = 2e + 1 by

e
2 (Dax™, 22X ) =Y I pace—iyins MaVirai—an1l:
i=0
Proof. We first give a symplectic basis for t; ([rx", 2xK7). For (r, s) e F[x1/(p) x
F[x1/(p), applying the quadratic form we have

t;([klxh, )\zxj])(r, s) = z‘p()q)chr2 +rs+ Azxjsz).
If d = 2e is even we consider the basis

{(1,0), (0, ge—1); (x,0), (0, ge—2); ...; x¢71,0), (0, go);
(fe=1.0), (0, 1); (fo=2.0), (0, x): ...: (fo, 0), (0, x"H}.

If d =2e + 1 is odd we consider the basis

{(1,0), (0, g&); (x,0), (0, ge—1); -..; (x°~1,0), (0, g1);
(fer 0), (0, 1); (fou1,0), (0, %); ...; (0, x%), (fo, 0)}.

In each case we claim the basis is symplectic. When d = 2e, since each polynomial
x'~1f,_; and x'~'g,_; is monic of degree d — 1 when 1 < i < e we see that the
inner products ((x'~', 0), (0, g.—;)) and ((0, x'~1), (f.—i, 0)) equal 1. Likewise,
when d = 2e + 1 each of ((x', 0), (0, ge—i)) and ((O, xt), (fe-i, 0)) equal 1. Next,
whenever i 4+ j <d —2 we have ((x%,0), (0, x/)) =0, showing that such pairs are
always orthogonal. Since the product x’ f,_; has degree i +2e — j, when d = 2e
and i < j we have tp(xi_lfe_j) =0, and when d = 2e + 1 with i < j we have
tp(x"fe,j) =0. Fori > j, when d = 2e, we have

X =TT e paejyx)
= @ pre DA = (page—jypx® T 4 pax T

this last having degree i + j —2 <d — 1. Fori > j, when d = 2e + 1, we
have x' fo—j = x" 1 4 paejyx!) = 0+ -+ prejyx*Hx' T =
(P2e—j+1x7 71+ + pa)x'=/ =1, this last having degree i +j—2 <d — 1. So
we see that the inner products ((f.—;, 0), (0, x'~1)) vanish whenever i # j and
d =2e, while ((f.—;, 0), (0, x%)) vanish whenever i # j and d = 2e + 1. This also
shows that when i # j the inner product ((0, g.—;), (x'~!,0)) vanishes as well
when d = 2e:

(0, ge—), (X'1,00) = (0, fouj + Prte—jp+1X? 1), (¢, 0))
= tp(Pae—jy+1x 177 = 0.

Similarly ((0, ge—;), (x%,0)) =0 when d = 2¢ + 1.
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So to check the required orthogonality we must calculate #,(g; f;) where 0 <
i,j<e—1and j =eas well as whend =2e¢+ 1. Whend =2e and j > i or
d=2e+1and j > i+ 1 we calculate

tp(8&i fj) = tp((xe+i +--+ p2i+1xe_i_1)(xe+j 4+ 4 pzjxe_j))
= tp((X2i+1 +--- 4+ p2i+])(x2€+j7i71 4.+ pzszefjfifl))

=1, (2 o o) (P2 X T TR e T =0,

because the latter polynomial has degree 2e +i —j —1 <d — 1. When d = 2e and
j<iord=2e+1andi < j+ 1 we calculate

tp(gi f) = tp((xT 4 o x T Hx T (X - 4 pa)))
= 1y e P XTI o py))
= t,,((pzi+zx2‘3_i_j_2 +---+ pdxi_j)(xzj +---+p2j)) =0,

because the latter polynomial has degree 2e —i + j —2 < d — 1. This shows that the
inner products ((f;, 0), (0, g;)) = 0 and therefore both bases listed are symplectic.

We are now able to compute the transfer t;([k 1x", AxK]), where h € {0, 1}.
When d = 2e, since h < 1 the vectors (x’, 0) are isotropic as long as 0 <i <e—1.
So we can apply the previous lemma and we only need to use the portion of the
symplectic basis that involves go and the f;. We find

e .
o (Dax”, hox D) =[1, x"x>D), 1, (ax"gg) 1+ > [1p0ux" 7). 1,0x x> )]
1=
=Mk 2 (Vi + pive-1)]
e—1
+ D [MP2we—iy+h+15 Ao Vit2i—a—11 + [ Va1, Aayie—1],
i=1
where in this last summand we have used 7 (x" f02) = Yp+1. Whend =2e+ 1 we
note that, since 4 < 1, each of the vectors (x?, 0), where 0 <i < e — 1, is isotropic.
Hence we need only consider the part of the symplectic basis involving the f; and
we find

EOax®, Aax ) = 3 [t (ax £2,), 1 Gaxt 2 %))
i=0

e
= Y [MP2te—i)+hs A2Vk42i—d+1],
i=0

where in the latter sum we have used y;, = pj, for h =0, 1 when i = e. This proves
the lemma. O

We next have to compute 91((p)[A1x", A2x¥]) = 01((px")[A1, 2ox"**]). There
are four cases, depending upon the parity of 4 and d:
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Lemma 5.3.
Z;;z)[)‘lmjﬁ s Aavk—2j—1] ifdiseven,

sE@LUPYIA, Aax ) = | o
> i=olMp2js Aayi—2j] ifd is odd,

Z;:o[klpzj, MVi—2j+1] if d is even,

sE@L(px)Ar A ) = 1 7
o ijo[)»lpzjﬂ,)»zyk_zj] ifd is odd.

Proof. As p=x?+ p1x?~' 4+ ... + p; we are able to express (px")[1, x" ] as

<Xd+h>[1’ xh+k+dp71] 4 <p1xd+h*1>[1’ plxh+k+d*lp71]
+ o (pax™IL, pax"tFpT 1.

Since p = x4(1+ pl)c_1 + pzx_2 + .- pdx_d), inside the completion @(X)XL we
can write p~ ' =x 414+ yix ' +px 2 +--.). Whend + h —i is even we have
st((pix =1y, Ay pix"T*+4=1 =17y = 0 and when d + h — i is odd we have
sEUpix ™ Ay, g pix AT p )

= st ((pix™ ") D, dopix" T A4y )

= (pi) A1, A2piVirk—il.

So when 4 = 0 and d is even we have

sE@LUPIAL, 22" D) = (pO)TA1, A2 prya—1]+ (p3)[A1, Ao p3ve-s]
+ -+ (pa-1) A1, A2 pa—1Vi—a+1]

e—1

= Z [(A1p2j+1, AoVi—2j—1].
=0

Similarly, if # = 1 and d is even we find

sE@1Upx) s ax* D) = (po) (A1, A2 poyie ]+ (p2) 21, Aapayii]
+ o+ pa)As A2 paVi—a+1]

e
=Y [ap2j, Mkl
Jj=0

Next, if 4 =0 and d is odd,

st@1((p) (A1, 2ox* D) = (po) (A1, A2poyil + (p2)[A1, A2 p2yi—2]
+ -+ (p2e) A1, A2p2eVi—2e]

e
= Z [(A1p2j, A2Vi—2j].
j=0
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Finally, if # =1 and 4 is odd,

sT(@1((px) A1, AxkD) = (p1) (A1, Aaprivid + (p3) A1, Aap3vk—al
+ -+ (pa-1)[A1, A2 pa—1Vi—d+1]

e—1

= Z [A1p2j+1, A2Vk—2]- a
j=0

Theorem 5.4. The reciprocity law Zq s;‘ (94(¢)) =0 holds for all € Lo+ (p)Lo

Proof. We first consider a generator ¢ = [A1x!, Apx/] of L. By Lemma 2.3, 9,,(¢)

vanishes for all p # % When p = 1 , Theorem 3.6 shows that ST (¢) =0. So

the reciprocity law holds for elements of Lo. We next note that for any generator
¢ = (p)[M1x", hax*] of (p)Lo we have s (3,(¢)) = 0 as long as g # p, %. So we
must check that s*(8 () = sl*(al(qﬁ)) for all such generators.

When d = 2e and h =0, we have by Lemma 5.2

e—1
15 ([hr, Aax]) = Z [MP2(e—ir+15 A2Vit2i-a—1] + [A1yis Aove—1].
i=1

Also in this case by Lemma 5.3 we have

e—1

sT(01((p)Ar, rx*])) = Z (M1p2ji1, Aavi—2j—1]s
=0

But p; = yj; therefore the terms in these sums match exactly, which shows that
sH(0, ()1, Aax*]) = 13 ([h1, Aax*]) = st(@1({p)[A1, A2x*1)) in this case.
When d =2e and h = 1 we have by Lemma 5.2

e—1

ty([A1x, Axk]) = [A, M (Ve + Pive—)] + E (A1 P2e—ir425 AM2Vit2i—d—1]
i=1
+ [A1y2, Aoyr—1].

Also in this case by Lemma 5.3 we have
e
S;(a%ﬂp)[)»lx, rxk]) = Z [(A1p2j, AoVk—2j+1]-
j=0
These two expressions will be equal provided we can show
(A1, A2 (Y1 + p%yk—l)] + [A1y2, Move—1] = A1, AoV ]+ [ p2s Aovi—1]

since the summands Zf;ll [A1P2(e—iy+2, A2Vk+2i—d—1] correspond exactly to the
summands Zj.:z[)quj, AMVi—2j+1]. So we need that

[A1, )sz%yk—l] +[My2, Moyi—1] = [A1p2, Aoyi—1]
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which follows because [A1, 2p?yi—1] = (p?) - [A1p}, Aayk—1] and y» = p7 + po.
When d = 2e + 1 and h = 0, we have by Lemma 5.2

e
£ ([hr, Aax"]) = Z [A1P2(e—i)s A2Vit2i-d+1]-
i=0

Also in this case by Lemma 5.3 we have

sE@LUPYD, X' D) = ) " D paj, hayaajl,
j=0

which shows that t;([kl, raxk)) = si(@1({p)r1, 22xk1)), since the summations are
the same apart from indexing.
When d =2e+1 and h = 1, we have by Lemma 5.2

e

2 (ax, Apx*]) = Z[)\IPZ(e—i)—Ha A2Vt 2i—d+1]-
i=0

Also in this case by Lemma 5.3 we have

e
sE@1(P)hix, Aax* D) = D Dapajiis haviajl,
j=0

which shows that tl’j([)q, roxk]) = st @1((p)[A, *axk1)) again since the summa-
tions are the same. This gives the reciprocity law for (p)Ly. ([

6. The reciprocity law and the analogue of Milnor’s theorem

We next turn to the reciprocity law for W, %(x).
9 sy
Theorem 6.1. The composite W, F @p» ED Wi F, E'i'i Wy F is zero.
P

Proof. According to Lemma 2.5(i1), W, %(x) = ZP(S,, + (x)S,). So it suffices
to check the composite vanishes on S, + (x)S, for each p. In case p = % then
St+ (x)S1 C Lo + (%)Lo = Lo + (x)Lg. Since the reciprocity law holds for
Lo+ (x)Lo by Theorem 5.4, we can assume that p is monic and irreducible. By
Lemma 4.2, we know that S, + (x)S, C U, + Lo + (p)Lo. By Theorem 5.4 we
know the composite vanishes on Lo + (p)Lg. Since U, = >, S ».r» therefore, it
suffices to verify the composite vanishes on each generator of S, . If ¢ is not one
of p,x, +, we know by Lemma 2.3 that 9, vanishes on §, ., so we only need to
worry about those three primes.
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We consider first the generators of S, , of the form ¢ = 1, h /p"1 €S, or
¢ = (t'p)[1,h/p"] € {p)S, where degh < degp and r > 1. Since t! € F we
can assume / = 0 by Frobenius reciprocity. If p # x then p is both an x-unit
and a %—adic unit. This means v,(h/p") > 0 and since degh < deg p we must
have vi(h/p") > 0. So by Lemma 2.3 we find that 9,(¢) = 91(¢) = 0 in these
cases. However by definition we know that sl’; (0p(9)) =0 for these particular
generators of U, so reciprocity is established in these cases. In case p = x then
v%(h/x) > 0 50 0,(¢p) = (@) = 0 in this case as well. In case p is separable
we know that all generators for U, are of the form just considered so we are done
when p is separable. When p is not separable, the generators just considered are
the generators in Ug, so we are done in that case as well.

Finally, when p is not separable, we must consider generators of U, that don’t lie
in UY. These have the form (¢/x)[1,h/p"] € S, or (t' px)[1. h/p"] € (p)S, where
degh < deg p and r > 1. Again, since t/ € & we can by Frobenius reciprocity as-
sume / =0. In these cases we have by Definition 4.3(ii) that s (0, ((x)[1, h/p"])) =
[1. he/pL). and s3(@.:((px)[1, h/p' D) = (pe)lL. he/pLl. Since vi(h/p") > 0 we
have sl*(axi((x)[l, h/p"]) =0, and sj"(axl((px)[l, h/p"])) = 0. By the definition
of 5%, we know that s%(3,((x)[1, h/p' 1) =[1, he/pl] and s%(3,((px)[1, h/p']) =
(po)[1, h/pL], giving the reciprocity law in this case. U

Putting everything together gives the main result of the paper.

Theorem 6.2 (Analogue of the Milnor—Scharlau Sequence). Suppose that F is a
field of characteristic 2 and F = F(x) is a rational function field in one variable
over F. There exists a compatible collection of second residue and transfer maps
that fit into an exact sequence

0 sy
0— W, 7 — Wng@ P wiF, o) W, — 0,

Pt
where the direct sum is taken over discrete valuations on F.

Proof. Everything completed previously applies when % has a finite 2-basis. In
that case Theorem 3.5 shows that

WyF/Lo= @D La/Lay — EP Wi F,
d>1 p
is an isomorphism. Theorem 3.6 shows that
0— W, F— Lo— WIF%—> W, — 0

is an exact sequence. Theorem 6.1 shows we can patch the two sequences together
and obtain the result. When & does not have a finite 2-basis, the result follows
from the finite 2-basis case because any element in any group in the sequence lies
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in the same sequence defined for a finitely generated subfield of . This proves
the theorem. U
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DISTORTION OF WREATH PRODUCTS
IN SOME FINITELY PRESENTED GROUPS

SEAN CLEARY

Wreath products such as Z 1 Z are not finitely presentable yet can occur as
subgroups of finitely presented groups. Here we compute the distortion of
717 as a subgroup of Thompson’s group F and as a subgroup of Baumslag’s
metabelian group G. We find that Z 1 Z is undistorted in F but is at least
exponentially distorted in G.

1. Introduction

We consider aspects of the question of the distortion of infinitely related groups as
subgroups of finitely presented groups. Higman [1961] showed that every recur-
sively presentable group occurs as a subgroup of a finitely presented group, but it
is not clear in general what happens to the geometry of the group since this em-
bedding uses complicated algebraic methods and methods from recursive function
theory which may affect the geometry of the group severely. Ol’'shanskii [1997]
constructed isometric embeddings of recursively presentable groups into finitely
presented groups using difficult methods that do not lead to easily constructed
examples. In the particular concrete cases here, we consider concrete embeddings
of one of the simplest finitely generated but not finitely presentable groups, Z:Z.
We consider two embeddings of Z: Z into finitely presented groups. The first is as
a subgroup of Thompson’s group F and the second is as subgroup of Baumslag’s
remarkable finitely presented metabelian group which contains Z:Z and thus a free
abelian subgroup of infinite rank. The distortion of the metric of Z:Z is linear in
Thompson’s group F but is at least exponential in Baumslag’s group.

2. Background

Metrics of wreath products. Two of the simplest infinite wreath products are the
lamplighter group Z;:Z and Z:Z. Cleary and Taback [2005] analyzed aspects of
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the metric geometry of those groups and other wreath products. There are natu-
ral normal forms for elements in these groups which lead to geodesic words for
elements in these groups with respect to their standard generating sets.

For Z: 7, we consider the standard presentation

a,t|la", a1, fori,je?,

where a? denotes the conjugate b~lab and [a, b] the commutator aba'b~1.

Geometrically, we can think of this wreath product by imagining a string of
counters arranged from left to right and infinite in both directions, with one counter
distinguished as the origin. As in the lamplighter group, we imagine a cursor
that moves along the string of counters and will point to a particular one of these
counters as being of current interest. The generator a acts as a generator of Z in the
factor to which the cursor currently points and increases the counter in that factor,
and the generator t moves the cursor to the right to the next counter. A typical such
word is illustrated in Figure 1.

The starting configuration of these counters, corresponding to the identity ele-
ment in Z:Z, is with all of the counters at zero and the cursor resting at the counter
designated at the origin. We consider a word in these generators as a sequence of
instructions to move the cursor and change the counter in the current factor. After
application of a long string of the generators, we will be in a state where a finite
number of counters are nonzero and the cursor points at a particular counter, called
the final position of the cursor for that word.

We define a, = a'" and note that a, is a generator of the conjugate copy of Z
indexed by n. These a,, commute and, as described in [Cleary and Taback 2005],
we can put any word in the generators into one of two normal forms:

rf(w) =aj'a;’ .. .ai"a{'jlafzjz . .aflj]t’" (right-first),
Ifw)=a’,a? .. a’ alal .. .a"  (leftfirso),

Figure 1. Diagram for w = aga; 2a4a%3t_2. The origin in the

wreath product direction is indicated by a vertical line, empty cir-
cles denote counters which are zero, and the final cursor position
is indicated by the arrow.
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with iy > ...i > [ anndjl >... 2> ]1 >Oandei,fj;é0.

The final resting position of the cursor is easily seen to be m for either of these
normal forms, and we can see that the leftmost nonzero counter is in position — j
and the rightmost nonzero counter is in position ix.

In the right-first form, r f (w), the cursor moves first to the right from the origin,
changing the counters in the appropriate factors as the cursor moves to the right.
Then the cursor moves back to the origin not affecting any of the counters until
passing the origin. Past the origin, the cursor continues to work leftwards, again
changing the counters in the appropriate factors. Finally, the cursor moves to its
ending location from the leftmost nonzero counter to the left of the origin.

The left-first form is similar, but instead of initially moving to the right, the
cursor begins by moving toward the left.

At least one of these normal forms will lead to minimal-length representation for
w, depending upon the final location of the cursor. If m is nonnegative, then the left-
first normal form will lead to a geodesic representative, and if m is nonpositive, the
right-first normal form will lead to a geodesic representative, giving the following
measurement of length:

Proposition 2.1 [Cleary and Taback 2005, Proposition 3.8]. If a word w € Z2Z is
in either right-first or left-first normal form, the word length of w with respect to
{a, t} satisfies
k !
wl =" lei, |+ Y 1f,| +min {2ji+ix+Im—icl, 2ie+ji+Im+ il }.
n=1 n=1

The first two terms are the minimum number of applications of a*! needed to
put all of the counters into their desired states and the last term is the minimum
amount of movement required to visit the leftmost and rightmost nonzero counters
and then the final position of the cursor, counting the required applications of %!,

The word w = a%a; 2a4a33t*2 pictured in Figure 1 has geodesic representatives
in right-first normal form since the final position of the cursor is to the left of the
origin. One such minimal length representative is r2a>ta~>tat~a’t, of length 20.

3. Z1Z as a subgroup of Thompson’s group F

Thompson’s group F' is a remarkable finitely generated, finitely presented group
that can be understood via a wide range of perspectives. For an excellent overview
of its properties, see [Cannon et al. 1996]. The standard infinite presentation of F' is

(X0, X1, ... | X7 = xpqq fori <nmp.

Since x, = x|" and so on, F is generated by the first two generators and we can
define x,;1 = x;° to express all generators and thus all group elements in terms of
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xo and x;. Furthermore, all of these infinitely many relations are consequences of
the first two nontrivial relations, so we have the standard finite presentation

X X
(xp, x1 | x5" =23, x5 = x4) .

Thompson’s group F can be described in terms of rooted tree pair diagrams, and
there is a straightforward method of converting between words in a normal form
with respect to the infinite generating set and tree pair diagrams, via the method of
leaf exponents, as described in [Cannon et al. 1996]. There is also an easy method
of converting from tree pair diagrams to piecewise-linear homeomorphisms of the
unit interval where F can be regarded as the subgroup of elements with dyadic
breakpoints and slopes which are powers of 2. There is a natural notion of a reduced
tree pair diagram described there and there are efficient means to convert between
the unique normal form for an element of F and the unique reduced tree pair
diagram for that word.

We consider a rooted binary tree with n leaves as being constructed of n—1
carets, which are interior nodes of the tree together with the two downward directed
edges from that node. The left side of a tree consists of nodes and edges connected
to the root by a path consisting only of left edges, and similarly for the right side
A tree pair diagram (S, T') is made up of a “positive” tree 7" and a “negative” tree
S with the same number of leaves.

To understand the metric properties of F, we consider expressing words with
respect to the finite generating set. Burillo, Cleary and Stein [2001] estimated the
word length in terms of the number of carets and showed that the number of carets
is quasiisometric to the word length. Fordham [2003] developed a remarkable
method using tree pair diagrams to efficiently compute exact word length and find
minimal length representatives of words.

We can understand word length of elements represented as tree pair diagrams
by understanding how the generators change the tree pair diagram for w to that for
wg for the generators, as described in [Fordham 2003; Cleary and Taback 2004].
The right actions of the generators can be described as ‘rotations’ which change
the negative tree in a possibly unreduced representative of the element.

The wreath product Z: Z is a subgroup of F and can be realized in many
different ways. Perhaps the simplest is as the subgroup H generated by x¢ and
h = xlxle_z, pictured in Figure 2. The element /4, regarded as a piecewise-linear
homeomorphism of the unit interval, has support [% %] The conjugates 40 have
support

|:2n+l -1 2n+2 -1

o+l ont2 ] for n >0,

1 1
[Zl—n’ Z—n] forn < 0.
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1 2 2 3

Figure 2. Tree pair diagram for xyxpx; 2, the image of a under ¢.

The isomorphism between this subgroup and Z:Z is given by the homomorphism
¢(w):Z17 — F where ¢p(a) =h = xlxle_z and ¢(¢) = xo. The conjugates of
¢ (a) by x¢ generate infinite cyclic groups, and these conjugates each have interiors
of their supports which are disjoint from the interiors of the supports of the other
conjugates. Thus they freely generate a free abelian group of countable rank. Since
xo conjugates each of these abelian factors to the next, the isomorphism is readily
established with Z: Z.

To understand the distortion of the subgroup H in F, we compare the word

length of an element w =a;'a;” .. a%alt a” . a e withits image in F.
12 Ik J1 J2 Ji

Theorem 3.1. The subgroup H isomorphic to Z 17 in F generated by xo = ¢(t)

and h = x12x2_1x1_1 = ¢ (a) is undistorted.

Proof. We count the number of carets of the image of a word w. First, we consider
the case when m = 0 and then the cases where m is nonzero.

Case m = 0. Here, the image of the word as a tree pair diagram has a characteristic
form where the root of the positive tree is paired with the root of the negative tree,
such as that shown in Figure 3. In the general case, where both k and / are positive,
we have

« a single root caret,

e iy + 1 right carets,

k
> (leq| + 1) interior carets below the right arm of the tree,
n=1

o jj left carets, and

I
> (I fal + 1) interior carets below the left arm of the tree.

n=1
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Figure 3. The tree pair diagram for the image ¢ (w) of a word w =
agaf ...ata® a®, ... a%, witht exponent sum O and all positive

exponents for ;.
This gives a total of

k !
N(pw)) =ix+ji+2+ Zl(lenl +D+ Zl(lfnl +1)
n= n=
carets in the image of w. By [Burillo et al. 2001], the number of carets is quasi-
isometric to the word length in F with respect to {xo, x;} and since the length of
winZ::Zis
k l
2jl + 2ix + Z |en| + Z Ifn|v
n=1 n=1
we see that these lengths are quasiisometric.
The image of a typical word with all e, and f, positive is shown in Figure 3,
corresponding to a series of rightward rotations at nodes distance one from the
sides of the tree.

Case m > 0. Here we start with the same tree pair diagram for the m = 0 case and
apply xo on the right m times. Each application of xy will change the negative tree
by moving the root caret to a right caret and the topmost left caret to the root, if
there is a left caret. If there is no left caret, a new caret will need to be added for
each such application. For each application of x¢ which requires a new caret, in
the negative tree, that new caret will become the root caret and in the positive tree,
the new caret will be added as the left child of the leftmost caret. Since there are
Jji left carets, if m < j;, we do not need to add any carets and the number of carets
is
k !
i+ ji+2+ Zl(lenl +D+ Zl(lfnl +1

n= n=

as before. If m > j;, we will need to add m — j; new carets and will have

k !
i+ +2+ 2 (eal + D+ 2 (ful + 1) +m—ji

n=1 n=1
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carets. Again, these quantities give lengths which are comparable to word length
inZ:7.

Case m < 0. This works in the same way as the case m > 0.

Thus in all cases ¢ does not distort distances more than linearly, so the subgroup
H isomorphic to Z: Z is undistorted in F. (]

We can obtain more precise estimates of the quasiisometry constants using Ford-
ham’s method [2003] for computing exact lengths in F'. We can keep track of the
particular caret pairings and their weights and we find that the caret pairings that
occur are easily computed. Caret pairing types are described in [Fordham 2003;
Cleary and Taback 2004]. For example, in the case where m = 0 and both / and k
are positive, we have the following caret pairs:

e One caret pair of type (Lo, Lg) from the leftmost carets, contributing no
weight.

e jj caret pairs of type (L, L) from the left side and root, contributing weight
2j.

e iy — 1 caret pairs of types (R, R,) not of type (Rp, Rp), contributing weight
2(ix — 1).

e One caret pair of type (Rp, Rp) from the rightmost carets, contributing no
weight.

o For each e, > 0, there will be a single pairing of type (ly, Ip) contributing
weight 2 and e, — 1 pairings of type (o, Ig), contributing weight 4(e, — 1).

o For each e, < 0, there will be a single pairing of type (ly, Ip) contributing
weight 2 and |e,,| — 1 pairings of type (Ig, Ip), contributing weight 4(|e, | —1).

» Similarly, for the interior carets from the left side of the tree, we have for each
fn, there will be a single pairing of type (ly, Ip) contributing weight 2 and
| fu| — 1 pairings of type (lo, Ir) or (Ig, Ip), contributing weight 4(| f,,| — 1).

These will give a total weight of
21426k — D) +2k+4) le | +204+4D | ful
=2ji+2ig +2k+21 44> le | +4D | ful =2

in the case when m = 0, which compares to the corresponding length in Z: Z of

2jl +2ik +Z Ien| +Z Ifn|
Again, these give lengths comparable to word length in Z: Z. After a similar
analysis for other cases, we see that for a word w in Z:Z, we have

lwlzz —2 < |¢pw)|r <4 wlzz.
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4. 717 as a subgroup of Baumslag’s metabelian group

Baumslag [1972] introduced the group G = <a, s, t | [s, 1], [a’, a], a® = aa") to
show that a finitely presented metabelian group can contain free abelian subgroups
of infinite rank. This group in fact contains Z: Z: all relators of the form [a’ "l j]
are consequences of these three, so the subgroup H generated by a and ¢ is iso-
morphic to Z: Z.

Here we examine the distortion of this subgroup in G.

Theorem 4.1. The subgroup H has at least exponential distortion in G.

Proof. First, s conjugates elements in H to other elements in H in a manner
illustrated here:

2 2
a®?) = (@) = (ad")* = a*(@*) = ad'(ad") =ad'a'a’” = aoa%az.
In terms of the notation described above, we have a; = a,a,+1. Further conju-
gation by s leads to increasingly long words, such as
3
a®?) = (aoa%az)s = aoala%a%a2a3 = aoafa§a3,
and we notice the occurrence of the binomial coefficients with repeated iteration,
formalized below:
Lemma 4.2. Higher conjugates of a by s in G give elements of the following form:
a = aé(’)al(l) . .a,g”).

Proof. We work by induction. The cases with n = 1, 2 and 3 are described above,
and by assuming it is true for n we derive

el n n n n n n n n n n+1 (ZJrl
N N N N O O I I O ) R € B )
using the commutativity of the a; and the fact that a} = a;a;1. U

Returning to the proof of the theorem, we see that *" has length 2n + 1 as an
element of G, and that it lies in the subgroup H, as there is a representative with
no occurrences of s.

To compute the length of this element in the subgroup H with respect to its
generators a and ¢, we use the method described in Section 2 on the expression
with the binomial coefficients and find that

n
@’ lg=2n+Y <’:> =2n+2".
i=0

Thus we have |a@*" |y = 2n + 2" while |a*" | = 2n + 1, so the wreath product
Z 7 is at least exponentially distorted in G. ([
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COMMUTATION RELATIONS
FOR ARBITRARY QUANTUM MINORS

KENNETH R. GOODEARL

Complete sets of commutation relations for arbitrary pairs of quantum mi-
nors are computed, with explicit coefficients in closed form.

1. Introduction

The title of this paper begins with what may seem to be a misnomer; the term
commutation relation, in current usage, does not refer to a commutativity condition
xy = yx, but has evolved to encompass various “skew commutativity” conditions
that have proved to be useful replacements for commutativity. Older types of com-
mutation relations include conditions of the form xy — yx = z, used in defining
Weyl algebras and enveloping algebras. In quantized versions of classical algebras
appear relations such as xy = gyx (known as g-commutation), along with mixtures
of both types. Thus, it has become common to refer to any equation of the form
Xy = Ayx 4+ z, where A is a nonzero scalar, as a commutation relation for x and y.
One important use of such a relation, especially in enveloping algebras, is that, if
the algebra supports a filtration such that deg(z) < deg(x)-+deg(y), then the images
of x and y in the associated graded algebra— call them X and y — commute up to a
scalar: Xy = Ayx. Similarly, the cosets of x and y modulo the ideal generated by z
commute up to A. Such coset relations are key ingredients in the work on quantized
coordinate rings of Soibelman [1990], Hodges and Levasseur [1993; 1994], Joseph
[1995], and others.

In many quantized algebras, the available commutation relations are homoge-
neous and quadratic, of the form xy = Ayx + . u;x;y; (where A and the yu; are
nonzero scalars). Relations of this type are particularly important in establishing
a (noncommutative) standard basis of monomials in generators that include the
elements x, y, x;, y;. Namely, if the generators are ordered in such a way that
each x; < y; but x > y, then the given relation allows one to rewrite monomials
involving xy as linear combinations of monomials closer to standard form. For
example, noncommutative standard bases have been constructed by Lakshmibai
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Keywords: quantum matrices, quantum minors, commutation, quasicommutation, g-commutation.
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and Reshetikhin [1991; 1992] (for quantized coordinate rings of flag varieties and
Schubert schemes), by Goodearl and Lenagan [2000] (for quantum matrix alge-
bras), and by Lenagan and Rigal [2006] (for quantum Grassmannians and quantum
determinantal rings).

In order to work effectively with quantized coordinate rings of matrices, Grass-
mannians, special or general linear groups, and related algebras, one needs explicit
commutation relations for quantum minors and related elements. Such relations
have often been derived for special cases as needed, either by induction on the size
of the minors, using quantum Laplace relations as in Parshall and Wang [1991] and
Taft and Towber [1991], or by applying the quasitriangular structure of U, (sl, (k))
(that is, its universal R-matrix) to coordinate functions in O, (SL,(k)), as in the
work of Lakshmibai and Reshetikhin [1991; 1992], Soibelman [1990], and Hodges
and Levasseur [1993; 1994]. Along the former line, the most complete results
to date were obtained by Fioresi [1999; 2004], who developed an algorithm that
yields a commutation relation for any pair of quantum minors. This algorithm
is an iterative procedure, in which certain products of quantum minors may ap-
pear multiple times; explicit coefficients are produced, but are not expressed as
closed formulas. Via the quasitriangular approach, general commutation relations
for pairs of coordinate functions in quantized coordinate rings O,(G), where G
is a semisimple Lie group, have been derived in special cases (for example, see
[Lakshmibai and Reshetikhin 1991; 1992; Soibelman 1990; Hodges and Levasseur
1993; 1994]), not all with explicit coefficients. (Quantum minors in O, (SL, (k)) are
special coordinate functions.) Perhaps the largest group of explicit commutation
relations obtained in this way appeared in Hodges et al. [1997] (see also [Brown
and Goodearl 2002]). However, to make these fully explicit, canonical elements
for the Rosso—-Tanisaki Killing form on U, (s[,(k)) had to be computed.

Here we introduce a new method — new only in the sense that it has apparently
not been used for this purpose before — with which we derive complete commu-
tation relations for arbitrary pairs of quantum minors, with explicit coefficients in
closed form. Our method is dual to the quasitriangular approach, as it relies on the
coquasitriangular (or braided) bialgebra structure on the quantized coordinate ring
of n x n matrices. Representation-theoretically, the two approaches are based on
equivalent information, in that a quasitriangular (respectively, coquasitriangular)
structure on a bialgebra encodes braiding isomorphisms

VW —weV

for finite dimensional modules (respectively, comodules) V and W. To record
such isomorphisms, one typically requires formulas for matrix entries. However,
in the case of a coquasitriangular bialgebra A, the above isomorphism information
is stored more compactly, in a bilinear form r on A. The braiding isomorphism for
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left A-comodules V and W is then given by the formula

VW H—> Z r(vo, wo) wi vy,
(), (w)
where we have used Sweedler’s notation: vi— } ) vo®u; for the comodule struc-

ture map V — A ® V, and similarly for W. The resulting commutation relations
are equations with values of r as coefficients, namely,

(1-1) D ranbyaby= ) r@.by)bia
(a),(D) (a),(D)
for a, b € A, using now Sweedler’s notation for the comultiplication map A —
AQA.
When A is the bialgebra O, (M,,(k)),and a =[I | J] and b =[M | N] are quantum
minors (see below for the notation), equation (1-1) becomes

(1-2)
Z r([1|S], [M|T])[SIJ]ITIN]= Z r([SIJL[TIN])[MI|T][I]S].
||fg||:=|‘1{/1|\ \|7§=:||1{/|\

Observe that [I|J][M|N] occurs on the left hand side of (1-2) when § = I
and T = M, while [M|N][I|J] occurs on the right when S = J and T = N.
As we shall see, the coefficients for these terms — namely, r([l [I1,[M|M ]) and
r([J |J], [N|N ]) —are nonzero (in fact, they are powers of g). Thus, to obtain
explicit commutation relations for [/ |J] and [M |N], we only need to compute
the values r([I | ST, [M | T]) and r([S |J], [T| N]). This is precisely what we do in
this paper, see especially Theorems 5.6 and 6.2. Additional relations follow from
these by various symmetries, or by using quantum Laplace relations. (Quantum
Pliicker relations in quantum Grassmannians can also be used for this purpose.)
See Theorems 6.7 and 7.3, and Corollaries 6.3, 6.8 and 7.5.

Our notation and conventions are collected in Section 2. In particular, the rela-
tions we use for O, (M, (k)) are displayed in (2-6), so that the reader may compare
them with other papers in which ¢ is replaced by ¢~' or g>. Our computations
of the values of the form r on pairs of quantum minors occupy Sections 3 and 5;
the intermediate Section 4 provides a first set of commutation relations to illustrate
our methods. The general commutation relations are derived in Sections 6 and 7,
and we conclude, in Section 8, by using these relations to evaluate the standard
Poisson bracket on pairs of classical minors.

2. Notation and conventions

Fix a positive integer n, a base field k, and a nonzero scalar ¢ € k*. We work
within the standard single-parameter quantized coordinate ring of n x n matrices
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over k, which we denote 0, (M, (k)), as defined in Section 2.2 below. We use the
abbreviation

21 Gg=q-q"".
since this scalar appears in numerous formulas.

2.1. R-matrix. The standard R-matrix of type A,_; can be presented in the form

n n n
(2-2) R=q) ei®ei+ Y ei®e+q Y e @e
i=1 i,j=1 i,j=1
i#j i>j

see [Reshetikhin et al. 1989, Equation 1.5, p. 200]. We view R as a linear auto-
morphism of k" ® k", which acts on the standard basis vectors x; ® x; according
to the formula

n
(2-3) R ®xm) =Y R xi ®x,
i,j=1

using the conventions of [Klimyk and Schmiidgen 1997]. The entries of the n?xn?
matrix R;fn are

o Ril =g foralli, Rl =1 fori#j,
lelj =q fori> ], R;ﬁ1 =0 otherwise;

see [Klimyk and Schmiidgen 1997, Equation 9.13, p. 309].

2.2. Generators, relations, and grading. The algebra A =0, (M, (k)) is obtained
from (2-4) by the Faddeev—Reshetikhin—Takhtadzhyan construction, that is, as the
k-algebra A(R) presented by generators X;; (for i, j =1, ..., n) and relations

n n

(2-5) > RIXuXm= Y XjXisRj,

s,t=1 s,t=1
forall i, j,[,m=1,...,n (see [Reshetikhin et al. 1989, Definition 1, p. 197] and
[Klimyk and Schmiidgen 1997, Section 9.1.1]; we have written X;; for the gener-
ators labelled #;; in [Reshetikhin et al. 1989] and uj‘: in [Klimyk and Schmiidgen
1997]). As is well known, the relations (2-5) are equivalent to

Xinlj:leinj for i <l,
(2-6) XijXim=qXimXij for j <m,

i Xij Xim = Xim Xij fori <l and j > m,

Xinlm_leXij:éXilej for i <landj<m
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(see [Klimyk and Schmiidgen 1997, Equations 9.17, p. 310]). Some authors define
quantum matrices using relations as in (2-6) but with ¢ replaced by ¢~ !; thus, the
algebras they define match what we would label 04-1(My (k). See, for example,
[Larson and Towber 1991, p. 3317] or [Parshall and Wang 1991, Equation 3.5a,
p- 37]. In comparing our work with those papers, we must be careful to interchange
g and ¢~ !; however, § is defined to be ¢! — ¢ in [Parshall and Wang 1991, p. 38],
and so we do not change ¢ when carrying over results from that paper.

Because of the homogeneity of the relations (2-6), A carries a natural (Z" x Z")-
grading, such that each X;; is homogeneous of degree (¢;, €;), where €, .. ., €, are
the standard basis elements for Z".

2.3. Coquasitriangular structure. We follow [Hayashi 1992, Section 1] in defin-
ing a coquasitriangular bialgebra (also called a bialgebra with braiding structure
[Larson and Towber 1991, Theorem 2.7] or a cobraided bialgebra [Kassel 1995,
Definition VIIL.5.1]) to be a bialgebra B equipped with a convolution-invertible
bilinear form r : B ® B — k such that

@-7) Y r(anbyasby= Y r(a, by) bray,
(a),() (a),()
(2-8) r(ab,c) = r(ac)r(b, c),
()
(2-9) r(a,bc) = r(ai, c)r(ay. b),
(@)
(2-10) r(a, 1) =r(l,a) = &(a),

for all a, b, c € B, where r(x, y) stands for r(x ® y) for convenience and we use
Sweedler’s notation for comultiplication, in the form A(x) = Z(x) X1 ® xp. Con-
dition (2-10) is redundant by [Klimyk and Schmiidgen 1997, Proposition 10.2(ii),
p- 333]. Thus, the above definition agrees with [Kassel 1995, Definition VIIL.5.1],
[Klimyk and Schmiidgen 1997, Definition 10.1, pp. 331-2], and [Lambe and Rad-
ford 1997, Definition 7.3.1], but not with the conditions in [Larson and Towber
1991, Theorem 2.7]. However, the latter conditions match those of (2-10) if one
uses the form (- | - ) given by (a | b) =r(b, a).

By [Klimyk and Schmiidgen 1997, Theorem 10.7, p. 337], whenever R is an
invertible R-matrix satisfying the original form of the quantum Yang—Baxter equa-
tion, the FRT-algebra A(R) is coquasitriangular with respect to the form r deter-
mined by

(2-11) r(Xij, Xim) = RiL,
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foralli, j, I, m. (By “original quantum Yang—Baxter equation” we mean the equa-
tion Rip R13R>3 = Ry3R13R 1> [Reshetikhin et al. 1989, Equation 0.7, p. 195], as op-
posed to the form exhibiting the braid relation, namely Rj> R;3R12 = Ra3R12R23.)
Note that, in view of (2-11), if we put a = X;; and b = X, into (2-7), we recover
relations (2-5).

It is well known that the R-matrix given in (2-2) satisfies the original quantum
Yang-Baxter equation (see, for example, [Klimyk and Schmiidgen 1997, Section
8.1.2, pp. 246-7, and Equation 8.60, p. 270]). Consequently:

Theorem 2.4. The algebra A = 0,(M, (k)) is a coquasitriangular bialgebra with
respect to the bilinear formr : A ® A — k determined by the following conditions:

5o r(X;i, Xij)) =q foralli, r(Xi;, Xj;)) =1 fori# ],
(2-12) r(X;j, X;))=q fori>j, r(X;j, X;n) =0 otherwise.

2.5. Quantum minors. We write [/ |J] for the quantum minor in A with row-
index set / and column-index set J; this minor is just the quantum determinant in
the subalgebra k(X;; |i € I, j € J), which is naturally isomorphic to O, (M (k)).
Specifically, if we write the elements of / and J in ascending order, say,

I={iy<--<i) and J={jj<---<jl

then
(2-13) [/ | J]= Z (_Q)E(U)Xia(l),jl Xl}r(2>,j2 T Xin(r),]}
o€eS;
= Z(_q)E(U)Xil,jo(l)Xinja(Z) o 'Xit»ja(r)’
o€eS;

where £(o) denotes the length of the permutation o € S; as a product of simple
transpositions ([, /+1) (see [Klimyk and Schmiidgen 1997, Equations 9.18 and
9.20, pp. 311-312], [Parshall and Wang 1991, p. 43]). Note that [/ | J] is homoge-
neous of degree

(€, +--+¢€,, € +--+¢€,)

with respect to the grading of Section 2.2.
Comultiplication of quantum minors is given by the rule

(2-14) A1) =Y UIKIK|J]

Kc{l,....n}
IK =11

(see, for example, [Klimyk and Schmiidgen 1997, Proposition 9.7(ii), p. 312]).
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2.6. Transpose and antitranspose. As observed in [Parshall and Wang 1991, Pro-
position 3.7.1(1)], there is a k-algebra automorphism 7 on A such that 7 (X;;) = Xj;
for all i, j. We refer to T as the transpose automorphism. There is also a k-algebra
anti-automorphism 7, on A sending X;; — X, 41— n4+1—; forall i, j [Parshall and
Wang 1991, Proposition 3.7.1(2)]. This proposition also shows that 7 is a coalgebra
anti-automorphism, while 7, is a coalgebra automorphism; that is,

AoT=¢go(T®T)0A and Ao, =(p®T)0A,

where ¢ is the flip automorphism on A® A, sending a®b+— b®a forall a, b € A.
Hence,

At(@) =) t@)®t(@) and  An@) =) nla)®n(a)
(a) (a)

for a € A. Consequently, when writing out At(a) and A1,(a) in Sweedler’s nota-
tion, we may take

t(a)1 = t(az), t(a)y = t(a1),
1(a) = n(ar), ©(a)y = n2(an).

We recall from [Parshall and Wang 1991, Lemma 4.3.1] that

(2-15)

(2-16) t([I1J)=[JI1I1 and  w([/|J]) =[wol |woJ]

for all quantum minors [/ |J] in A, where wy is the longest element of S, that is,
the permutation i —n + 1 —i.

As discussed in [Parshall and Wang 1991, Remark 3.7.2], there is an isomor-
phism (of bialgebras) O, (M, (k)) — O,-1(M,(k)) that sends X;; > X:/1+1 Ciondl—j
forall i, j, where the X’ _ are the standard generators for O,-1 (M, (k)). We call this
isomorphism $ and use the notation [/ | J]’ for quantum minors in Oy-1 (M, (k)). Tt

was shown in [Goodearl and Lenagan 2003, proof of Corollary 5. 9] that

(2-17) B(LI1J1) = [wol |woJ

for all quantum minors [/|J] in A.

Lemma 2.7. The form r satisfies r(a, b) = r(t(b), 1(a)) = r(12(b), 12(a)) for all
a,b € A. In particular,

(2-18)  r(/|J], [M|N]) =x([N|M],[J|1]) =r([woM |woN], [@o] |woJ])
for all quantum minors [1|J] and [M|N]in A.

Proof. Setr'(a, b) =r(z(b), t(a)) and v (a, b) =r(12(b), 12(a)) for all a, b € A.
From (2-12), note that r'(X;;, Xin) =1"(Xij, Xim) =1(Xij, Xi) forall i, j, I, m.
To prove that " and r” coincide with r, it suffices to show that these forms agree
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on all monomials in the X;;. This will be clear by induction on the lengths of the
monomials, once we show that r’ and r” satisfy (2-8) and (2-9). With the aid of
(2-15), these identities are routine; we give one sample:

r'(ab, c) =r(t(c), T (@)t (b))

= > r(t(@1.1®) r(t(@2. @) =Y _r(tc2). 7)) r(x(cr). T(a))
(t(c)) (c)

=Y rb.e)rac)=) rc)rb, c),
(c) (c)

forall a, b, c € A. O

2.8. Definition of the quantities £(S; T). Many formulas concerning quantum
minors require powers of g or —g whose exponents are quantities that might be
called the number of inversions between two sets. We follow [Noumi et al. 1993]
in defining

(2-19) eS;T)=|{(s,0) €SxT|s>t}
for any subsets S, T C {1, ..., n}.

2.9. Quantum Laplace relations. We shall need the following g-Laplace rela-
tions from [Noumi et al. 1993, Proposition 1.1], for index sets I, J C {1, ..., n}
of the same cardinality. If /1, I, are nonempty subsets of [ with [I{|+ |»| = |1],
then

2200 Y (=)L N L] h] =

J=JiuJp
[J11=I1]

(=) DI fLNL =2,
it NL #o;

while if Ji, J, are nonempty subsets of J with |J;| 4+ |J2| = |J|, then

@21) > (=" P L] L] h] =

I=Lul,
[i|=[J1]

(=) YD1 if S NhL =0,
if JiNJ, #0.

Observe that (2-20) holds trivially in case I} or I, is empty, and that (2-21) holds
trivially in case J; or J, is empty

Reduction formulas for the values of the form r can be obtained by combining
(2-8) and (2-9) with (2-20) and (2-21). For example, if J = J; U J,, then (2-21)
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together with (2-8) yields

(222) (=) (1|71, [M|N])
= Y Y P re(in ), ML) r(IL] ], [LIN])

I=Lul, L
for all [M |N].

2.10. Some further notation. To simplify notation for operations on index sets,
we often omit braces from singletons; in particular, we write

(2-23) I\i=1\{i}, Tul=TIuil, I\Niul=(I\{i})u{n,

fori € I and [ ¢ I. The Kronecker delta symbol will be applied to index sets as
well as to individual indices; thus, §(/, J) =1 when I = J, while § (1, J) =0 when
I # J. In the case of an index versus an index set, the Kronecker symbol will be
used to indicate membership, that is, §(i, /) = 1 means i € I, while §(, I) =0
means i ¢ 1.

Finally, we shall need the following partial order on index sets of the same
cardinality. If [ and J are f-element subsets of {1, ..., n}, write their elements in
ascending order, say,

I:{i1<i2<---<it} and ]={j1<j2<-‘-<jt},
and then define

(2-24) I1<J if and only if ip<j; forl=1,...,t.

3. Initial computations

Throughout this section, let i and j denote indices in {1, ...,n}, and let I, J, M,
N denote index sets contained in {1, ..., n}, with [I| =|J| and |[M| = |N]|.

Lemma 3.1. r(X;;, [/|J]) =r(/1J], Xi;) = ¢°“Ds, ).
Proof. Write I ={i; <--- <i;}and J ={j; <--- < j;}, and, using (2-13) and
(2-8), note that

G-1) r([71J], Xii)

n
= Z(_q)li(cr) Z r(Xilja(l)a Xill) r(Xisz(z)s Xlllz) e r(Xl',jg(,)a Xltfli)'

oes; Iyl

In view of (2-12), a nonzero term can occur in the second summation of (3-1) only
wheni <l; <l <..-<l,_; <i,thatis, whenly =---=1[,_1 =i. Hence, (3-1)
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reduces to

(3-2) r(UI1J], Xii)

= Z(—Q)E(U)I’(Xi.ja(l), Xii) v (Xiyjy 000 Xii) = - ¥( Xy jpiy» Xii)-

oeS;

In (3-2), a nonzero term can occur in the sum only when iy = j;() fors =1, ..., 1.
Since the iy and j; are arranged in ascending order, this situation only happens
when I = J and o =id. Thus, r([/|J], X;;) =0 when I # J, and

r([7111, Xii) =Xy, Xit) *Xinins Xii) -+ - ¥ (Xiiys Xii) = ¢° 1.
The formula for r(X i | J ]) follows via Lemma 2.7. O
Lemma 3.2. r(X;;, ) =0wheni < j,andr(-, X;;) =0 wheni > j.

Pl"OOf. Consider any monomial a = Xi(l),j(l) Xi(2),j(2) te Xi(t),j(t) € A. By (2-8),

n

r(a, Xij) = Z r(Xi, iy, Xu)r(Xi),j@» Xunn) -1 (Xiwy, jwys Xi,25)-
lh---Jt—l

If some term r(Xi(l),j(l), Xill) l'(X,'(z),j(z), Xlllz) cee I‘(Xl'(t),j(z), X[,flj) does not
vanish, we must have i <[y <--- <[,y < j. This shows that r(-, X;;) can fail
to vanish only when i < j. The first statement of the lemma follows via Lemma
2.7. (]

Corollary 3.3. r([|J],-) =0when I # J,andx(-,[I|J]) =0when I £ J.

Proof. Write I = {i; < --- < i;} and J = {j; < --- < J;}, and suppose that
r([Z]J], c) # 0 for some c € A. Then, by (2-13) and (2-8),

Z r(Xiyj, a0 €D T Xiyjoy» €2) - T(Xiy 0 1) # 0
(c)

for some o € S;. Lemma 3.2 then implies that iy > j,) fors=1,...,1.

First, i1 > jou) = j1. Now let 1 < s <t. If o(s) > s, then iy > jo(5) > Js.
If o(s) < s, then o(u) > s for some u < s, whence iy > i, > jyu) > js. Thus,
is > jg for all s, and therefore I > J. Similarly, if r( -, ] J]) does not vanish,
then I < J. U

Proposition 3.4. Ifi < j, then

(3-3) (1], Xij) = g(—g)OI=ILDOI s G gy 8, DS j, I\ i)
(3-4) =G (—q) 1 EDMs G gy 8 (G, DS\ j, T\ i).
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Proof. Note first that (3-4) follows from (3-3). For, if the right-hand side of (3-3) is
nonzero, then / = (INJ)Ujand J = (I NJ)Ui, whence [1,i)NJ =[1,i)NINJ =
[1,ilnINJand [1, j)NI=[1,j))NnINJ.

We induct on |/], the case |/| =1 being clear from (2-12). Assume that |/| > 1,
and suppose that r([l | J], X[-j) # 0.

Choose s € I, and write [ = I1 U1, with I} ={s} and I, = I \ {s}. The g-Laplace
relation (2-20) yields

(3-5) (="M I =) (=) X [T\ s |\ 1.

tel
For each ¢t € J, we have

n
(3-6)  r(XylI\s|J\1], Xij) =D v(Xg, Xi) v(U \ s 1T\ 1], Xpj).

=1
Since r([/|J], X;;) # 0, we must have r(X,;, X;)r([/ \ s|J \ 1], X;;) # O for
somel/e{l,...,n}and t € J.

Suppose that i ¢ J. Then ¢ # i, and so, because r(Xy;, X;;) # 0, we must have
t =sand [ =i. Then r([l \s|J\s], X,-.,-) # 0, which contradicts the induction
hypothesis because i ¢ J \ s. Therefore i € J.

Next, suppose that j ¢ I \s. If [ < j, we would have r([l \s|J\1], le) =0
by the induction hypothesis. Since r(-, X;;) would vanish if / > j, we must have
I =j.Nowr(Xy, X;;) #0,and so s = j and t =i. Thus, either j € I \s or j =5,
and so in any case we conclude that j € [.

We may now assume that s = j. Since j ¢ I\ j, we have r([l\j | J\t], Xij) =0
for all # € J by the induction hypothesis. On the other hand, r(Xj;, X;;) = 0 for
[ #i, j,and r(Xj;, X;;) =0 for 7 # i. Hence, the right-hand side of (3-6) vanishes
when 7 # i, and it equals ¢ r([l \JjlIJ\il, ij) when ¢ = i. Combining (3-5) and
(3-6) thus yields

G711, Xij) = (O G e(L\ 1T\, Xjj).

Since the left-hand side of (3-7) is nonzero by assumption, Lemma 3.1 implies
that 7\ j=J\iandr([Z\ j|J\il, Xj;) = 1. The formula (3-3) follows, and the
induction step is established. (]

Corollary 3.5. Ifi > j, then

(3-8) (X, U1J]) =G(—g) ™ PMIEDNVIsG 1y 8(j, DS\ j. T\ i)
(3-9) = G(=q)" VIS @, 1) 8, D SU N j, I\ ).

Proof. Apply Lemma 2.7 to Proposition 3.4. ([
Proposition 3.6. r([1|I], [M|N]) =r([M|N1, [1|1]) =¢""™MIs(M, N).



74 KENNETH R. GOODEARL

Proof. This is parallel to the proof of Lemma 3.1. Write M ={m| <--- <m,} and
N ={n; < --- < n;}, and note that

(3‘10) r([M | N [I | I Z( C])[(G) ming (1) m2n0<2) e Xm,ng(,), [I | I]),
og€eSs;

while for each o € S; we have

(3_11) r(Xmln()'(])szn(r(z) e thn(f(t)’ [I | I])

= Z r(Xmm(,(])v [I | L]]) r(szng(z)v [Ll |L2]) e r(ijno'([)’ [Ll—l |I])'
Ly,....Li—y

Consider the right-hand side of (3-11). By Corollary 3.3, a nonzero term can occur
in that sum only when I < L; <--- <L,y <1, and so only when all L; = 1.
Thus,

(3-12) r([M|N],[1]1])
=Y D (Xmngays U ) T (Ximgnyys 1) - X (X - [ 11]).

og€eSs;

In view of Lemma 3.2 and Corollary 3.5, r(X,-j, 1] I]) =0 for all i # j. Hence,
a nonzero term can occur in the right-hand side of (3-12) only when m; = ny )
for all s, that is, only when M = N and o = id. Therefore, r([M|N], [1] I]) =
when M # N, while, in view of Lemma 3.1,

r([M MY U ) =2 (Xommys L) Y (X, [ 11) -0 (X, L1 1]) ="M

The formula for r([l |11, [M | N]) follows via Lemma 2.7. O

4. Initial commutation relations

We now use the computations of r( -, - ) obtained so far to derive some commuta-
tion relations, both to illustrate the method and to double-check the results against
known relations in the literature. As in the previous section, let i and j denote
indicesin {1, ...,n},andlet I, J, M, N denote index sets contained in {1, ..., n},
with [I| = |J]| and |M| = |N|.

4.1. Direct application of (2-7). If we set a = X;; and b = [I|J] in (2-7), we
obtain

@0 Y r(Xa, L)) Xy [L1J1=) x(Xy;, [L]J1) [ [ L] X

I,L I,L
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We claim that (4-1) reduces to

42) DX+ (1=8G, D)) (=) " OMIX [\ 1ui]J]
lel

I<i
=g’ DUN X+ (1=8G. D) ¢ > (=) IPVIT I\ Tu j1Xy.
leJ
I>j

According to Lemma 3.2 and Corollary 3.3, r(X;;, [/|L]) =0 unless i > and
I <L.ByLemma3.1,r(X;;, [I|L])=0unless L=1, and r(X;;, [I|1]) =¢°"".
When i > [, Corollary 3.5 shows that r(X;;, [/|L]) is nonzero only when i € L,
lel,and I\l =L\i. Insuchcases,i ¢ [ and L =1\ /Ui, and the exponent
of —¢q that appears in (3-9) is —|({,i) NI N L| = —|(, i) N I|. Thus, the left-hand
sides of (4-1) and (4-2) agree.

Similarly, r(X;;, [L|J]) =0 unless [ > j and L < J, while r(X;;,[L|J]) =0
unless L = J, and r(X;;, [J|J]) = ¢°YU)). When ! > j, Corollary 3.5 shows that
r(le, [L|J]) is nonzero only when/ e J, je L\ J,and L = J\/Uj. In such
cases, the exponent of —¢g that appears in (3-9) is —|(j, DNLNJ|=—|(j, )N J].
Therefore, the right-hand sides of (4-1) and (4-2) agree. This establishes (4-2).

4.2. Application of the transpose automorphism. There are several ways to ob-
tain a second commutation relation of a kind similar to (4-2). First, we could set
a=[I|J] and b = X;; in (2-7) and proceed as above. Alternatively, we could
apply the automorphism t, the anti-automorphism t;, or the isomorphism 8 of
Section 2.6 to (4-2) itself. As we shall see in Remark 4.4, the first three ways are
equivalent, up to some relabelling. The use of g is discussed in Section 4.5.

Among the first three alternatives above, the most convenient choice is to apply
the transpose automorphism t to (4-2). If we do this, and then relabel the terms
by interchanging i <> j and I <> J, we obtain

@3) U DXGIIT+ (158G, D) G Y (=) P Ixylr 1T\ 11 j]

leJ
I<j
=’ CPUNX+ (186G, D) ¢ Y (=) EPMI I\ 1wi | 11X
lel
1>

4.3. Some known cases. We now compare some cases of (4-2) and (4-3) with the
literature.

Wheni €l and j € J, (4-2) and (4-3) both yield ¢ X;;[1|J]=q[l | J]1X;; —the
well-known fact that X;; and [/ | /] commute in that case (this is just the centrality
of the quantum determinant in the subalgebra k(X;, | s € I, t € J)). If i € I and
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j & J, then (4-2) yields

@4 gXyIN=1T1X;+q Y (= " YPYIT1I\ 1o j1Xq.
leJ
[>]

Multiply (4-4) by ¢!, and note that

q—l (_q)—l(j,l)ml _ _(_q)—uj,z]m\_

Thus modified, (4-4) recovers [Goodearl and Lenagan 2000, Lemma A.1(b)] (this
is the second equation of [Parshall and Wang 1991, Lemma 4.5.1(2)], rewritten
using the present notation). Similarly, consider the case thati ¢ I and j € J. Then
(4-3) yields

@5 XU JI=11J1Xi;+4 Y _(—=g)" P I\1ui| 11X,

lel
1>

1

We again multiply by ¢, and note that

)—\(i,l)ﬂ]l — )—l[i,l]ﬂll.

q ' (—q —(—q
Thus, (4-5) recovers [Goodearl and Lenagan 2002, Lemma A.2(c), Equation (A.3)]
(this is the second equation of [Parshall and Wang 1991, Lemma 4.5.1(4)], in
present notation).
Finally, consider the case when i ¢ [ and j ¢ J. We may assume that / LIi =
Juj={1,...,n}. fwewrite s ={1,...,n}\{s}fors =1,...,n, then (4-2)
yields

4-6) Xili1j14q Y (=) Xyl 1 =T1i1j1Xi+4 Y_ (=)’ 'l 11X

lel leJ
I<i I>]

1

Multiplying (4-6) by ¢~' and then interchanging ¢ <> ¢~' recovers the fourth

equation of [Parshall and Wang 1991, Lemma 5.1.2].

Remark 4.4. As mentioned above, (4-3) could also have been obtained by setting

a=|[I|J]and b= X;; in (2-7) and proceeding as with (4-2). In fact, interchanging

any choice of a and b in (2-7) has the same effect as applying 7, as we now explain.
First, apply 7 to (2-7), and use (2-15) for both a and b. This yields

(4-7) > ran by t@i )= Y ray. by) t(b)2 T(a),.
(a),(b) (a),(b)
Invoking Lemma 2.7 and setting @’ = t(a) and b’ = t(b), (4-7) becomes

(4-8) > rh.dy)aibi= Y by, a))bya.
(@), @) (a),(®")
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Equation (4-8) is nothing but (2-7) with a and b replaced by b’ and a’, respectively.
Similarly, applying the anti-automorphism 7, to (2-7) and relabelling again re-
covers (2-7) with a and b interchanged.

4.5. Two further commutation relations. Each case of commutation relations for
X;; and [I | J] derived in [Parshall and Wang 1991] has four subcases — two pairs
in which one equation of each pair is obtained from the other by inserting a g-
Laplace relation. Two commutation relations from each group of four correspond
to our equations (4-2) and (4-3). It is more efficient to derive the remaining two
by applying the isomorphism g of Section 2.6, as follows. Set

A= 0,1 (M, (k)

and recall the notation X ; and [ | J]' for generators and quantum minors in A’.
First, consider the relation (4-2) in A’, but replace i, j, I, J by i, j, I, J,
respectively. The result is

@-9) g CDXLITIT +(1-8G, D) (=) Y (=)' POMX N Uil Ty

lel
I<i
=g PPN+ (=8 D)) Yo POV TW Y X
Now set ﬁf
f:a)()(l'), j:a)o(j), i: wo(l),
I = wo(D), J = wo(J),

and apply ™! to (4-9). This yields

@-10) ¢ CDXGU I+ (3G, D= 1)§ Y (=)' “P™M X[\ 1ui|J]

i<

>1

=g VDN IX+ (8G. D =1)§ > (=) T\ 1w j1X5.
leJ
I<j

Similarly, the relation (4-3) in A’ can be written

@-11) ¢ PUDXLTI + (1=8( D) (=) Y (=) VXTI \Tu jY
leJ
i
=g DTV X 4+ (1=8G, D)(=3) Y (=) PN TUT T X
el
I>i
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Applying 87! to (4-11) as above, we conclude that

@12) gV IXGII+ (G, D= 1)§ Y (=)' Xl [\ 1u )]

leJ
I>j
=q DU X+ (8G. D —=1)§ > (=)' M\ Tui| 11Xy
lel
I<i

4.6. Quasicommutation. Elements a, b € A are said to quasicommute or q-com-
mute provided they commute up to a power of g, that is, ab = ¢" ba for some integer
m. The relations (2-6) say that two of the standard generators for A which have the
same row (or column) indices must quasicommute, and it is natural to expect other
instances of this in A. From the results above, we can recover the quasicommuta-
tion relations for quantum minors given by Krob and Leclerc [1995]. These apply
to certain quantum minors whose row (or column) index sets are disjoint. Cases
allowing nondisjoint index sets were obtained by Leclerc and Zelevinsky [1998,
Lemmas 2.1-2.3] by applying quantum Pliicker relations. Building on the results of
[Leclerc and Zelevinsky 1998], Scott [2005, Theorems 1 and 2] determined exactly
which pairs of quantum minors quasicommute, and calculated the corresponding
relations. We will recover some other cases of his results in Corollary 6.5.

First, consider X;; and [M|N], withi € M. If j < min(N), then either (4-3)
or (4-10) implies that X;;[M|N] = q[M|N]X;;, while if j > max(N), then, by
either (4-2) or (4-12), X;;[M|N] = q_l[M|N]X,-j. Of course, if j € N, then
Xiji[M|N]=[M|N]X;.

Now suppose that I € M and that J and N are separated in the following sense:
there is a partition J = J' U J” such that

max(J’) < min(N) < max(N) < min(J").

Each of the generators X, j occurring in (2-13) quasicommutes with [M | N] as
in the previous paragraph, whence

Xio(l)sJIXiU(Z)st "'Xiam,jx [MlN]:qlJ/l_U//l[M|N]X X X

io(1):J1 Y ig2).J2 lo(t)+ Ji

for all o € S;. Consequently, under the present hypotheses,
(4-13) 1M INT =g M N1,

This recovers [Krob and Leclerc 1995, Lemma 3.7] (after interchanging g and ¢ ).
In fact, (4-13) holds when I € M, and J and N are weakly separated in the sense
of [Leclerc and Zelevinsky 1998], meaning that there is a partition J\ N = J'u1J”
such that max(J") <min(N \ J) <max(N \ J) <min(J”) [Leclerc and Zelevinsky
1998, Lemma 2.1].
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Applying T to (4-13) and relabelling, we find that
(4-14) I1J1[M|N1=q"" =" M |NY[1]J]

when J C N and I = I’ u1” with max(I’) < min(M) < max(M) < min(I").

5. Computation of r([1|J], [M|N])

Throughout this section, let 7, J, M, N denote index sets contained in the interval
{1,...,n}, with |I| = |J| and |M| = |N|. Our goal is to develop a formula for
r([Z|J], [M|N]).

Lemma 5.1. If v([1|J1,[M|N1) #0, then INM = J N and [UM = J UN.

Proof. We induct on |/|, starting with the case [/|J] = X;;. If i = j, Lemma 3.1
implies that M = N, and the conclusion is clear. If i # j, theni > j by Lemma 3.2,
whence Corollary 3.5 implies thati e N, j € M, and M \ j = N \i. Consequently,
INM=JNN=gand IUM =JUN.

Now suppose that |/| > 2. If I = J, then Proposition 3.6 implies that M = N,
and we are done. Hence, we may assume that / # J. Since |/| = |J|, there must
exist an element j € J\ 1. Set J = JyuJ, with J; ={j} and J, = J \ j, and write
(2-22) in the form

(5-1) £q° r([|J1.IMIN1) =) 4q" r(Xij, [M|L]) r([I\i|J\j].[L|N]).

iel L
Since r([1|J], [M|N]) # 0, (5-1) implies that
(5-2) r(Xij, [MIL])e(LI\i|J\jI.[LIN]) #0

for some i € I and some L.

Note that i # j, because j ¢ I. Equation (5-2) and Lemma 3.2 now show that
i > j, and then Corollary 3.5 implies thati € L, j € M, and L\i = M \ j.
Consequently, i ¢ M and j ¢ L, while L=(LNM)Uiand M =(LNM)Uj.
Since the second factor of (5-2) is nonzero, our induction implies that (/ \i) L =
(J\j)NNand I \i)UL =(J\j)UN. Now,

TULNM)=I\D)UiULNM)={U\i)UL=(J\j)UN,

andso IlUM =1TU(LNM)Uj=JUN. Since j ¢ I UL, we see from the equation
(I\i)UL=(J\j)UN that j ¢ N. Consequently,

INM=INM\j)=INL\i)=I\)NL=J\j))NN=JNN.

This establishes the induction step. O
LemmaS2. I[fINM=JNNand UM = JUN, then:
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(@ IN\J=N\Mand J\1=M\N;
(b) r([]J1,[M|N]) = g!""Ml(—g)?IN=LIIOM e ([7\ M| J\ N1,[M|N]).

Proof. (a) This follows easily from the hypotheses.

(b) Write J = Jiu Jp with J1 =J\ N and J, =J NN = 1N M, and recall
equation (2-22). We focus first on the term on the right-hand side of (2-22) with
I, =Jy and L = N, in which case I} = I \ M. For this term, we have

(5-3) (—=)"" (1|11, IMIL]) x((L2] 121, [LIN])
= (—gq) MO GIOMUR([1\ M| T\ N1, [M|N]),

in view of Proposition 3.6. We claim that all other terms on the right-hand side of
(2-22) vanish.

Suppose that r([11 | J1], [M | L]) r([12 |21, [L] N]) is nonzero for some I, I, L.
Lemma 5.1 implies that I, N L = J, N N = J,, and then, because |I;| = | /2|, we
must have I, = J,. Consequently, Proposition 3.6 implies that L = N, verifying
the claim. Equations (2-22) and (5-3) thus yield
(5-4) (=) I \MIOME([1]], [M|N])

= (=) NMIONIGIOME R ([7\ M| T\ N1, [M| N]).
Finally, we have

¢I;JNN)=EI\M;JNN)+L(INM;JNN),
(T INM)=€¢J\N:INM)+£(JNN; INM),

and, since / "M = J N N, we obtain

(5-5) LAI\M; JNN)—LJ\N; INM)=L(I; JNN)—L(J; INM).

Part (b) follows from (5-4) and (5-5). U
LemmaS3. [fINM=JNN=Zand [ UM =JUN, then

r(1J1, [M|N]) = (=) POV DZISMEADE([I\ T1T\ T [M\ NN\ M]).

Proof. Write J = JiuJ, with J=1NJ and J, = J\ I, and recall (2-22). Consider
the term with Iy = J; and L = M, in which case I =1\ J. Since I} "M = @,
Proposition 3.6 implies that r([11 | Jil, [M | L]) = 1. Thus, for this term of (2-22),
we have

(5-6) (—)""Px([1; |11, IM|L1) x([12] 121, [L|N])
= (=)™ "D p([I\ T I\ 11, [M|N]).
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We next claim that all other terms on the right-hand side of (2-22) vanish. Hence,
suppose that r([1; | Ji], [M |L]) r([ 2] J2], [L|N]) # O for some Iy, I, L. Lemma
5.1 implies that hb,NL=J, "N =@ and LUL =J,UN =(J\I)UN, from
which it follows that I, = N\ L. Now, L,NJ CNNJ=J,andso I, C 1\ J.

Since also
|| =L =|J\I|=[I\J],

we must have I, = I\ J. Consequently, /; = Ji, and then Proposition 3.6 implies
that L = M. This verifies the claim. As a result, (2-22) and (5-6) combine to yield

(5-7) r(I1J1, [M|N]) = (—=q) IOID=EUNEAD p([1\ J1 T\ T1,[M|N]).

Note that (/\J)NM =(J\)NN=gand (I\J)UM=MUN =(J\I)UN.
Hence, (5-7) also holds with I, J, M, N replaced by N, M, J\ I, I\ J, respec-
tively. That is,

(5-8) r(IN|ML[J\I|I\J])
= (—g) NOMENAID=EWOMMN p(IN\ MM\ N1, [T\ T[T\ J]).
In view of Lemma 2.7, (5-8) can be rewritten as
(5-9) r(LI\J|J\I],[M|N])
= (—q) NOMNAMDZEWOMMN e ([1\ J [T\ 1], [M\ N [N \ M]).
Combining (5-7) and (5-9), we obtain
(5-10) r([71J],[MIN]) = (=¢)"r(LI\JIJ\I],[M\N|N\ M]),

where (recalling Lemma 5.2 (a) )

(5-11) A =edNJ;IN))—edINJ;J\])
+Ee(NNM; N\M)—¢(NNM; M\ N)
=L(INNHUMNN); I\NJ)—L(INJHUMNN); J\I).

Next, observe that
ITUN={U\J)udNJH)U(MNN), JUM=U\DHudnNnJ)yu(MNN).
Because |[I\ J|=|J\I|,wehave £(I\ J; I\ J)=4£(J\I; J\I), and therefore
(5-12) A=LIUN;I\J)—L(JUM; J\I).

Equations (5-10) and (5-12) establish the lemma. U
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In view of Lemmas 5.1-5.3, it remains only to calculate r([/|J], [M|N]) in
the case when

(JUNNJUM)=2 and [IUM=JUN,

whence I = N and J = M. Further, because of Corollary 3.3, we may assume that
I > J. In these cases, certain sums of powers of —g appear in r([I [J], [M] N]),
and we introduce the following notation to deal with them:

5.4. Definition of §;(I; J). Recall that, for d € N, the (—q)-integer [d]_, is given

b
’ _ (™
(=¢) — (=)

=T+ T+ (T
=" U+ +q -+ 47D,

1,

Hence, 1+ ¢ +q*+- - +¢* 2 = (=¢)""'[d],.

For index sets / > J, we define a scalar &,(/; J) as follows: First, set m = |/|
and write I ={r; <--- <ry}. Then,setd; = |[1,rnINJ|—1l+1forl=1,...,m,
noting that d; > 1 because J < I. Finally, define

& J) =ldil—g [d2]—¢ - - [dm]—g,
with the convention that §,(&; @) = 1. When I N J = &, as in the next lemma,
each dj = £(r;; J) — 1 + 1. Note that [d]_q—l = [d]-4 for all d € N, whence
E (L ) =§&,(I; J).
Lemma S.5. If I > J and INJ = &, then

(5-13) r([Z1J), [J|1]) = " (=) D=t EDg (15 ).

Proof. Setm = |I| = |J|, write  ={r; <--- <rp},andsetd; =€(r;; J) —1+1
for/=1,...,m as in Section 5.4.

We proceed by induction on m. If m = 1, then J = {j} for some j < ry,
whence £(J; I) = £(I; I) = 0. Moreover, d; = 1 and so §,(/; J) = 1. By (2-12),
r([Z1J], [J|11) =x(X,j, Xjr,) = §, which verifies (5-13) in this case.

Now suppose that m > 1. Write I = Ul with I} ={ri}and I, ={r, ..., rn}.
Since £(1; I,) = 0, equation (2-20) implies that

U11=) (=)' V"X, L] T\ j1.
jeJ
Applying (2-8), we obtain
(5-14) r([I|J]1, [J11])

=33 =™ e(X,, [T L) e([12| T\ j1 (L 1]).

jeJ L



COMMUTATION RELATIONS FOR ARBITRARY QUANTUM MINORS 83

According to Lemma 3.2 and Corollary 3.5, a nonzero term can occur on the right-
hand side of (5-14) only if r; > j and ry € L, as well as J \ j = L\ ry, in which case

r(Xp, j, [J|L]) = § (—q)/tH)07 1= lLront,
Now, |[1,r)NL|=|[L,r)NEL\r)| =1, r)N(J\j)|=di — 1, and so
(5-15) r(Xrlj, [J|L]) _ C}(_q)l-i-l[l,j)ﬂll—dl'

Next, note that L = J \ j Ury, whence L N[ = {r;}. Consequently, [, N L =
U\)HNI=Zgand LUL=1UL=(J\ j)UI. Lemma 5.3 now implies that

(5-16) r([L1J\jLILI1) = (=) v (21T \ j1. [\ j | 12])
where
A=L(; ) —L(L; T\ j)

(5-17) . . .
=Ll(l; L) —L(J\j; I\J)+L(r;; I) —C(r;; J\j) = —di + 1.

Combining equations (5-14)—(5-17), we obtain

(5-18)  r([IJ1, [T 1) =G Y (—q)* D22 e ([ | T\ 1, [T\ j I 1)),
jeJ
J<ri

It remains to compute r([12 WAWIE [J\jllz]) for j € J with j < r;. Observe
that I, > J \ j for any such j, so that our induction hypothesis will apply. Now,

CIN\Jji ) =C0J; L) =4J;1)—tJ;r) =LJ; ) —m+d,
Ul L) =L L) =L(U;1)—m+1,
whence £(J \ j; L) —€(ly; ) =¢(J; [)—£U; [)+d,—1.Forl=1,...,m—1,

observe that
Lrip; INJ) —1+1=L(rq15 J) =1 =djq1,

and consequently &§,(I2; J \ j) = [d2] 4 [d3]—¢ - - [dn]—4. Thus, our induction
hypothesis implies that
(5-19) (2| J\j1. [J\ jlL])
=§" " (=)D D ) [d3]g - [dn] g
Inserting (5-19) in (5-18), we obtain
(5-20) r(I|J], [J]1])
— qu(_q)K(J;I)—Z(I;I)+1—d] [do] 4 [d3]—y - - [dm]—y Z q2\[1»j)ﬂ/|.

jeJ
Jj<ri
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The summation appearing in (5-20) is just th:l g?t=D = (—g)4—! [d1]-4, whence

(5-21) [da] g [d3] g -+ [dn]—q Y ¢* " = (=)', (15 ).
jedJ
j<n
Equations (5-20) and (5-21) establish (5-13), completing the induction step. [
Theorem 5.6. Let I, J, M, N C{1,...,n}with|I|=|J|and |M|=|N|.
@ If r([I|J], [M|N]) #0, then
(5-22) 1>, INM=JNN, IUM=JUN.
(b) If conditions (5-22) hold, then
5-23)  r(UIJLIM|N]) =¢GN =g) I\ T T\ D),
where . =€((J\N)YUM\D; I\J)—e((J\N)UM\I); J\I).

Proof. (a) Follows from Corollary 3.3 and Lemma 5.1.

(b) Recall from Lemma 5.2 that I\ J =N\M and J\I =M\ N. If [ = J, then
we must have M = N. In this case, r([I |J], [M| N]) = q|mM| by Proposition 3.6,
and we are done. Now assume that / # J, and note that / \ J > J \ I. We shall
need the observations that

(IN\M)UN =1UN, (I\M)\ (J\N)=1\J,
(J\NYUM =JUM, (J\N)\ I\ M)=J\1I.

Applying successively Lemmas 5.2, 5.3 and 5.5, we obtain
524 x(UIJ)IMIN]) = g"MGI =gy (1N T TN D),
where
A=LU; JNN)—L(J; INM)+ LI UN; I\ J)
—L(JUM; J\ND+LJIN\L;IN\NT)—=LU\J; I\ J).
Observe that { UN)U(J\NI)=JUN=IUM=(JUM)u\ J), whence
(5-25) LUUN;INJ)—=L(JUM; J\ND)+LJIN\NL;INJT)—LUI\J;I\J)
=0(JUM;I\NJ)—L(JUM; J\I).
Next, observe that [\ N =J\ M and N\ I = M \ J. Moreover,

IUM=IUMUN=IUN\D)U(M\N),
JUN=JUMUN=JuM\J)U(N\M),
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and consequently
LU; INN)+HLINNT; JNN)+LMA\N; JNN)=LIUM; JNN),
LI INM)+EMN\JT; INM)+E(N\M; INM)=4(JUN;INM).
It follows that
(5-26) L(I; JNN)—L(J;1INM)
=¢(N\M;INM)—L¢(M\N;JNN)
=|N\M|-|INM|—€INM; N\M)
—|M\N|-|[JNN|+L(JNN; M\ N)

=LUNM;J\I)—LINM;I\J).
Finally, since

JUMNUINM)=(J\NUINN)UM\UINM)=U\N)UM\I),
we conclude from (5-25) and (5-26) that
(5-27) A=L(J\NYUMN\ID); INJT)—e((J\N)UM\D); J\I).
In view of (5-24) and (5-27), the theorem is proved. 0

Example 5.7. Let [1 | J]=[45678|12345] and [M | N] =[123459|456789], where
we have omitted commas between elements of the index sets. It is clear that I > J;
moreover, INM ={4,5}=JNN and IlUM ={1, ..., 9} =JUN. Hence, conditions
(5-22) hold. Now I\ J ={6,7,8}and J\ I ={1, 2, 3}, while (J\N)UM\ ) =
{1, 2, 3,9}, whence

U\NNYUMND;INT)—=L(J\NN)UM\T); J\I)=3—-6=-3.
Since all the elements of I \ J are greater than all the elements of J \ I, we have
EUNTIND =314 214114 = (@ +1+¢ (=g —q7 .

Thus, we conclude from (5-23) that
r([11J1.IMIN]) =G (=) (@ +1+q (=g —q7").

6. General commutation relations

Now that we have formulas for the value of the braiding form r on pairs of quantum
minors, commutation relations follow readily from property (2-7). The following
notation for certain index sets and exponents will be helpful in displaying the re-
sults. Recall the quantities £( -, -) and &,( -, -) from Section 2.8 and Section 5.4.
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6.1. Definitions of index sets {<X||Y} and {> XY} and numerical quantities
$(S, X, Y) and $*(T, X, Y). For any subsets X and Y of {1, ..., n}, define

6.1 {<X|Y}={ScXxuYy|XnYcs; ISI=IX]; S<X},
- {(>X|Y}={T CXUY|XNYCT; |T|=|X|; T > X}

In Section 7, we shall need index sets {<X||Y} and {>X||Y}, defined in a similar
manner. For any set § € X UY such that XNY C S, define

(6-2) $P =53y =(XNY)U((XUY)\S).

Note that, if S € {<X||Y} or S € {>X| Y}, then |S*| =|Y]|. Finally, for S € {<X]|| Y}
and T € {>X]||Y}, define
(6-3) Z(S, X, V) =L((S\SHUX\ X); X\ S) —£((S\SHU (Y \ X); S\ X),
PUT, X,Y)
=¢((T\T)UX\Y); T\ X) = L((T*\T)U(X\Y); X\T).

For example, suppose that X = {2,3,4,6} and Y = {1, 3,5}. Then {<X| Y}
consists of those 4-element subsets S of {1,...,6} such that 3 € § and S < X.
There are six such sets:

{1,2,3,4}, {1,2,3,5}, ({1,2,3,6}],
{1,3,4,5}, ({1,3,4,6}, {2,3,4,5}.

Similarly, {>X||Y} consists of those 4-element subsets T of {1, ..., 6} such that
3eT and T > X. There are two: {3, 4,5, 6} and {2, 3, 5, 6}. Finally, consider the
set S ={1,2,3,4} € {<X]||Y}). Then §* = {3, 5, 6}, and so

LS, X, Y)=£({1,2,4,5}; {6}) — £(({1,2,4,5} {1}) =0—3.

Theorem 6.2. If I, J, M, N C {1,...,n} with |I| = |J| and |M| = |N|, then

6-4) "M IIIIMINT+¢"™M Y ag[S11S*IN]

Se{<I|M}
= ¢""™MIMINIT N +¢Y™ Y wrMITAU T,
where Te(=JIN}
ks =" (=) ST g 1\ S; S\ 1)
(6-5)

A i
ur =" =) e (TN TS INT)

for Se{<I|M}and T € {>J|N).
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Proof. Takinga =[I|J] and b =[M|N] in (2-7), we obtain

6-6) Y r(UI|SLIM|SN)S|JILS'|N]

it = 5 (71T INYIMIT' T
|T|=|J|
TN

In view of Corollary 3.3 and Lemma 5.1, the left-hand summation in (6-6) can be
restricted to index sets S and S’ such that

S| =111, =S5,

(6-7) , y
INM=SN§, ITUM=SUS".

Proposition 3.6 shows that the coefficient of the term with S = I and §' = M is
g'"""M! and that the terms with S = I and S’ # M vanish.

The index sets S and S’ such that S # I and (6-7) hold are precisely those for
which S € {<I||M} and S’ = S°. For these index sets, Theorem 5.6 shows that

r([7151,[M|S]) = qg"™M)s.

Thus, the left-hand side of (6-6) reduces to the left-hand side of (6-4).
Similarly, the right-hand side of (6-6) reduces to the right-hand side of (6-4),
and the theorem is proved. (]

Corollary 6.3. If I, J, M, N C {1,...,n} with |I| = |J| and |M| = |N|, then

6-8) " NIUIINMIN +4"™N ST aglr]S1(M S

Se{<J||N}
= ¢""™MIMINITI +¢"™ > pur[THINIT |,
Te{>1|M}
where
rs =g\ (—g)PSI N g (T\S; S\ J)
(6-9)

pr =g =) g (TN 1IN T)
for Se{<J||N}and T € {>1||M}.

Proof. Interchange the index sets in the statement of Theorem 6.2 as follows: I <> J
and M <> N. Then apply the automorphism t to the resulting version of (6-4) to
obtain (6-8) (recall (2-16)).

This corollary can also be obtained from Theorem 6.2 by interchanging / <> M
and J < N, in which case one should also interchange S <> T% and T < S*. [
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6.4. Further quasicommutation. In particular, Theorem 6.2 yields quasicommu-
tation relations of the form ¢!/"™MI[I|J1[M|N] = ¢g"/"NI[M|N][I|J] in cases
where the index sets {</||M} and {>J||N} are empty. This occurs, for instance,
if either

[L|J1=11,...,rln+1—=r,...,n] or [M|N]=[n+1—r,...,n|l,..., 7],

recovering the well-known fact that the northeastern-most and southwestern-most
quantum minors are normal elements of A. Moreover,

(6-10) [1,....r[J]1[M]|1,....s]
= gV S AOMI A 1, sTIL L e ],

which is part of [Hodges and Levasseur 1994, Proposition 1.1] (with ¢ replaced by
q). Also, (6-10) immediately implies the type A case of [Berenstein and Zelevinsky
2005, Equation 10.3].

We record the general quasicommutation relations of the above type in the next
corollary. Part (a) recovers one case of [Scott 2005, Theorem 2]. It does not seem,
however, that the relations (4-13) and (4-14) follow directly from equations such
as (6-4) or (6-8).

Corollary 6.5. Let I, J, M, N C{1,...,n} with |I| =|J| and |M| = |N|.
(a) If max(M \ I) < min(I \ M) and max(J \ N) < min(N \ J), then
(6-11) [11J1[M|N]=q""™M=VON M N [T ).
(b) If max(I \ M) < min(M \ I) and max(N \ J) < min(J \ N), then
(6-12) [11J1IM|N] =gV MM v N .
Proof. (a)If S € {<J||N}, then S\ (JNN) < J\ N, whence

max(S\ (J NN)) <max(J \ N) <min(N \ J).

But then § is disjoint from N \ J. Since JAN € § € JUN and |S| = |/J], this
forces S = J, which is ruled out by the assumption that § < J. Thus, {<J||N}=2.
Similarly, {>1||M} = &, and thus (6-11) follows from (6-8).

(b) Interchange I <> M and J <> N, and apply part (a). ]

Example 6.6 (n = 6). Let / = N = {1,2,3}, and take I = {1,4,5} and M =
{2, 3, 6}. We first apply Theorem 6.2. Note that {>J|| N} is empty because J = N.
For S € {<I|| M}, we make the calculations in Table 1, where commas have been
deleted for the sake of abbreviation (for instance, {123} stands for the index set

{1, 2, 3}).
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S {123} {124} {125} {134} {135}
s° {456) (356} (346} {256) (246)
I'\S {45} {5} {4} {5} {4}
S\I {23} {2} {2} {3} {3}
(S\SHUM\I) (1236} {12346} {12356) {12346} {12356}
E((S\SHUM\I); 1\ S) 2 1 2 1 2
e((S\SHUM\1); S\ T) 3 3 3 2 2
F(S, 1, M) —1 -2 —1 —1 0
§qUUN\S; S\I) —q—q"" 1 1 1 1
Table 1

Consequently, Theorem 6.2 implies that

(6-13) ¢°[236|J1[145|J]
= [145] 7112361 J1+3°(=¢) ™ (=g —¢~H[123|J1[456] J]
+4(—q) (1241 J1[356]J1+4(—¢)~'[125] J][346] /]
+4(—q) "' [134]J1[256|J1+ G[135|J1[246] J].
The relation (6-13) matches the one calculated by Fioresi [1999, Example 2.22]
(see the first display on page 435, where one must replace g by ¢! to account for
the difference between (2-6) and the relations used in that paper).

For contrast, we record the relation obtained from Corollary 6.3 for the current
choices of I, J, M, N:

(6-14) ¢°[145]|J1[236]J]
=[236|J][145]J]1+¢[235|J]1[146]J]
+G(—q) ' [234| J1[156|J1+ G[136] J][245]J]
+¢*[135]J1[246|J1+¢*(—q) ' [134]J1[256] J]
+q(—q) 711261 71[345| 71+ 47 (—q)'[125] 71346 J]
+§¢*(—q)*[124| J1[356] J1+q(—¢)*[123] 1 [456 ]| J].
We derive two further relations from Theorem 6.2 and Corollary 6.3 with the

help of the isomorphism g of Section 2.6, as in Section 4.5. For use in the upcom-
ing proof, note that, since wy reverses inequalities of integers, it also reverses the
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ordering on index sets: if U and V are subsets of {1, ..., n} with |U| = |V|, then
U <Vifandonlyif wogU > wyV.

Theorem 6.7. If I, J, M, N C {1, ...,n} with |I| = |J| and |M| = |N|, then

6-15) g"™MI1IIIMINT+¢""™ " fs[SII11S"IN]

Se{>1|M}
=g""MIMINY[T1J] 46" Y~ R IMI T T],
where Te{<JIN}
i
= (=)M(=q) "SI E (S\T; 1\ S)
(6-16) Ks q q Eg(S\I; T\

1= =)™V INT T\ D)
for Se{>I|M}and T € {<J||N}.
Proof. Just for this proof, write U = wo U for index sets U, and observe that
wo({>1IM}) ={<IIIM}  and  wo({<JIN}) ={>JIN}.

Note also that S7 = S for S € {>1||M}, and similarly T'=TiforT e {<J|IN}.
Set A" = 0,-1(M,(k)), with generators X; ; and braiding form r’, and label the
quantum minors in A’ by [1|J]'. Recall the isomorphism 8 : A — A’ from Section
2.6, and equation (2-17). Note that, when specializing general results to A’, the
scalars g and § change to ¢! and —4, respectively.
Now apply Theorem 6.2 to the quantum minors [l | J1 and [M | N7 in A

6-17) g IPMITJY (M| NY +q7 1M Y LIS 1TY 8% N
Se{>1|M}
=g VNUMINY [T1TY +q7"™N Y uh M T N T,
h Te{<J|N}
whnere

Wy = (=" =gy S (TN S5\ D),
W= (=T =gy FTI Mg (F\ T T\ T,
for S € {>I||M} and T € {<J||N}. (Here we have simplified the exponents of

the —q terms and used the observation that §,-1(U; V)=§,(U; V) forany U, V.)
Applying the isomorphism B~! to (6-17) yields, in A,

6-18) ¢ OMILIIIIMINT+q 7™M " LS| ITIS" V]
Se{>1|M}

=q VONIMINIU | +q7 YN M| T2 T T,
Te{<J|IN}
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Equation (6-15) will follow from (6-18) once we see that )JS = [is and ,u/T =Ar
for all S and T.
Take S € {>1||M} and observe that

SNS*=INM, SUSt=1UM,
(6-19)
ST\M=1\S, M\ S"=S\1I.
It follows from Theorem 5.6 and Lemma 2.7 that
g "ML =g M = (LTISY, (M1 5°)) = ' (1M1 S°1, L] ST').
With the help of (6-19), a second application of Theorem 5.6 shows that
C(IMIST, 11ST) = q7"™ s,

and therefore Ag = fis. Similarly, M/T = iy forall T € {<J||N}, and the theorem
is proved. ([

The next corollary is obtained from Theorem 6.7 in the same way as was Corol-
lary 6.3 from Theorem 6.2.

Corollary 6.8. If I, J, M, N C {1, ...,n}with |I|=|J|and |M| = |N|, then

6-20) g""™MI[11JIIM|NT+¢"™ " fis[1]S1(M]5"]

Se{>J|IN}
=g "NMIMINIIIT1+¢"™ Y A [TEINIIT|J],
where Tel<rim)
621) fis = () =gV E S\ I\ S)
hr = (=) (=) UNT; T )
forSe{>J|N}and T € {<I||M]}. O

7. Some variants

Consider the general form of a commutation relation for quantum minors [/ | J] and
[M | N], namely, an equation that allows a product [/ | J][M | N] to be replaced by
a scalar multiple of the reverse product [M | N][I | J], at the cost of some additional
terms. In an equation such as (6-4), the additional terms are of two types: scalar
multiples of [S]J/] [SYIN] and of [M|T*][I|T]. In some applications, one type
may be more useful than the other. For instance, the prefered bases constructed
in [Goodearl and Lenagan 2000] consist of certain products of quantum minors
in which quantum minors with larger index sets must occur to the left of those
with smaller index sets. Thus, if |/| < |M]|, then [M|N][I|J] and the terms
[M|T®][I|T]arein preferred order, but [/ | J][M | N] and the terms [S | J ] [ST|N]
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are not. A commutation relation in which all the extra terms are in preferred
order can be achieved by iteration: after a first application of (6-4), apply (6-4)
to any products [S|J][S%| N] that appear, and continue until all terms have the
desired form. This produces a relation in which q” OMITT|J][M|N] is expressed
as q'mN| [M|N][I]|J]plus alinear combination of products [ST)T%)[S|T], where
Se{<I|M}and T € {>J|N}. We begin by illustrating the iteration process in
the next example.

The aim of this section is to derive closed formulas (that is, without iterations)
for commutation relations of the type just discussed.

Example 7.1 (n = 4). Consider [/|J] = [23]|12] and [M |N] = [14|23]. First,
(6-4) leads to the relation

(7-1) [23]12][14|23] — ¢ [14|23][23]12]
=qq[14]121123123] - §(—¢)~'[12]12][34|23] - G [13|12][24|23].

The last two terms on the right-hand side of (7-1) must now be treated. Applying

(6-4) in each case, we obtain

(7-2) [12]12][34]23] = q[34]23][12]12]+gq[34|12][12]23]

(7-3) [13]12][24]23] = q[24]23]1[13]12]1+ gq[24|12][13]|23]
—q[12|12][34]23].

Note that (7-3) contains a term involving [12]|12][34]23]. Hence, we first sub-

stitute that equation into (7-1), and then combine the two [12]|12][34]|23]-terms,
before substituting (7-2) into the result. The final relation is

(7-4) [23]12][14]23] — q[14]23]1[23]12]
— g 14]12][23123] — §q[24]23] [13]12] — §%q [24]12] [13]23]
+§4°[34123][12]12] + §%¢%(34]12] [12]23].

In each of the terms on the right-hand side of (7-4), the second factor is of the form
[S|T], where S € {23, 13, 12} ={<I||M}and T € {23, 12} = {>=J| N}.

Lemma 7.2. Lets € {1,...,n — 1}, and let B and C be the subalgebras of A =
0,(M, (k)) given by

B=k{X;j|1<i<n,1<j<s) and C=k{X;j|1<i<n,s+1=<j=<n).

The multiplication map 1 : B @, C — A is a vector space isomorphism.



COMMUTATION RELATIONS FOR ARBITRARY QUANTUM MINORS 93

Proof. Let X, Y, and Z be the standard PBW bases of the respective algebras B,
C, and A. Thus,

X = {(leil ---X?;”)(Xé’f‘ ---Xgﬁ”) . (X:T ...Xsm) | bij € Z+},

S
Y= {OGST o X OGETL - XS - (X X |y € 27,

2,5+1° n,s+1
Z={(X{)' - XU X - (G - X | 4y € 27,

nl

n

where the variables occur in each monomial in lexicographic order. Observe that

. b; b C, .
the monomials X iil < X and X ’;j;ll . XIC,’l" commute whenever i > [. Hence,

any product of a monomial from X with a monomial from Y can be rewritten as

(XTI XU (XD X5 o (Xt X))
x ((X(,‘l,s+l . X(i"[{,) . (XCZ,S+1 . X;fln) L. (XCn,s+l .. Xfl,;;l))

1,s+1° 2,54+1° n,s+1
_ (ybn b1y Cls+1 c1 ba boy
= (X7) "'Xlsb)(Xl,s+1 e XX X0
C2.5+1 2, bn1 b Cn,s+1 ¢
X (XZ,S—H e in") e (Xn’i e Xngs)(xn,s-i-l e Xmil").

Consequently, © maps the set {x ® y | x € X, y € Y} bijectively onto Z, and the
lemma follows. ([

Theorem 7.3. If I, J, M, N C {1, ...,n} with |I| = |J| and |M| = |N|, then
(7-5) ¢""™MI[11J]1[M|N]
=g""™NMIMINITII1 "™ Y Rspr[S*ITOIISIT],

Se{<I|M}
Te{>J|N}
where (S, TY#,J)
rs = (=q)"\Sl(—g)~PEL Mg (1\ S; S\ 1)
(7-6)

N b
pr =¢"™V(=g)* I §(T\J;J\T)
for Se{<I|M}and T €{>J||N}.

Remark 7.4. We have isolated the term q” ONIIM|N][I|J] on the right-hand
side of (7-5) to emphasize that this equation is a commutation relation. It may, of
course, be incorporated in the given summation as a term where (S, T) = (I, J),
since Aypuy = 1.

Proof of Theorem 7.3. Note that the coefficients Ag and wr defined in (6-5) also de-
pendon I, J, M, N. For purposes of the present proof, we record that dependence
by writing

dsh =g =) g (X S 5\ X,

N =GN —g)yT TN g (T\ J; J\T),
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for S € {<X|Y} and T € {=J|N}. Note that A3’" = 1 and )" = 1. For
Se{<I||M}, set

R IOV b P

Sie(<11M)
N ISR IIS }

Se{<Si—1l1S"_,}

where, in terms with i = 1, we interpret So = I and Si=M. Finally, set a;’M =1.
We claim that

7D MM NI =g T e gV [SHI TRLS I T
Se{<I|M}
Te{=J|IN}
Let t = |I], and let N; denote the collection of z-element subsets of {1, ..., n},

partially ordered as in Section 2.10. For proving (7-7), we proceed by induction on
I relative to the ordering in N,. To start, suppose that / is minimal in N, (that is,
I ={1,...,t}). In this case, {< /|| M} is empty, and so Theorem 6.2 implies that

g""™M 1|1 M [NT=g" MM |NTLT 11+ > ™ M T 1 T,

) ] Te{>J|N)}
which verifies (7-7).

Now suppose that / is not minimal in N, but that (7-7) holds whenever [ is
replaced by an index set I’ < I. Theorem 6.2 implies that

(7-8) ¢"™I[1|J1[M|N]

=g M IMITRI T =g M IS TSIV,
Te{=J|N} Sie{<I|M}

Recall that S| N Sf =I1NM for S € {<I||M}, by definition of Sf. Hence, our
induction hypothesis yields

@9 @M IS N =gV S oSS N s T s T

Se{<Si1S])
Te{=J|N}

for all S € {<I||M}. Substitute (7-9) in (7-8), which yields

(7-10) "™ J1IMINT=g""™ Y g MM TR | T]
Te{=J|IN}

LM, S st N
g™ 3 g Vs T ST,
Sle{<1||M}

Se(<81115})
T€{>J|IN}
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Since af’M = 1, the coefficients in the first summation of (7-10) match the corre-

sponding coefficients in (7-7). The second summation of (7-10) may be rewritten

in the form N
g"™ " BsugNISTITUIISITY,
Se{<I|M}
Te{>J|N}
where each
Z )LIM S1 _ I,M.
Sye{<I|M}
Se(<Si115%)

Thus, (7-10) yields (7-7), establishing the induction step. This proves (7-7).

It remains to show that aé’M =g for S € {(<I||M}.

Observe that all quantities appearing in (7-7) involve index sets contained in the
union I UJ UM UN, and so they remain the same if we work in O, (M, (k)) for
some v > n. Hence, there is no loss of generality in assuming that n > ||+ |M|.
If we set

={n—|I|4+1,...,n} and N*={1,..., M|},

we have max(N*) < min(J*). Note also that J* is maximal among |/|-element
subsets of {1, ..., n}. The quantum minors [U | N*], for U C{1,...,n} with |U|=
| M|, are homogeneous elements of distinct degrees with respect to the grading on
A discussed in Section 2.2. Hence, the [U | N*] are linearly independent over k.
Similarly, the [V | J*], for V C {1, ..., n} with |V | = ||, are linearly independent,
and thus it follows from Lemma 7.2 that the products [U | N*] [V | J*] are linearly
independent over k.

Now apply (7-7) to the quantum minors [/ |J*] and [M | N*]. Since {>J*|| N*}
is empty, we obtain

(7-11) g"™ I TMINT =) agM [STIN*ILS]J*].
Se{=1|M}

However, we also have a relation of this type from Corollary 6.8, which may be
written in the form

(7-12) "™ U TMINT = Ar[TEIN*IT|J*].
Te{<I|M}

Since the products [S TIN*1[S|J*] are linearly independent, it follows from (7-11)
and (7-12) that ozé’M = Mg for all § € {<I||M}. Therefore (7-7) implies (7-5), as
desired. O

As is easily checked, Theorem 7.3 directly yields equation (7-4).
We next consider the derivation of new relations from Theorem 7.3. Unlike the
situation in Section 5, however, the methods used there to prove Corollary 6.3 and
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Theorem 6.7 yield the same result when applied to Theorem 7.3. Hence, we use
the method of Corollary 6.3.

Corollary 7.5. If I, J, M, N C {1, ...,n}with |I| = |J| and |M| = |N|, then

(7-13) g""™I[11J1[M|N]
=g"™MIMINIUTI4+¢"™ 3" ushe [STITALSITI,

Se{>1|M}
Te{<J|N}
where (8. T)£(,J)
_ ~IS\| FH(S, I, M) .
s = (—q) §,(S\I;1\S)
(7-14) q q FICAVAR A

ar = (=N (—q) T INg (J\T; T\ J)
for Se{=I|M}and T € {<J|N}.

Proof. Interchange I <> J and M <> N in the statement of Theorem 7.3, and also
interchange the roles of S and 7 in the summation. This yields

(7-15) gY"NI[J| I[N |M]

:q\IﬂM\[N|M] []ll]_i_q”mM‘ Z X;’NuéM[TMSD] [T|S],

Te{<J|N}
Se{=1||M}
(T, $)#, 1)

where we have placed the superscripts on X;’N and ug’M as reminders of the
changes required when carrying over (7-6) to the present situation. Thus, ob-
serve that X;’N and ué’M are equal to the scalars denoted Ar and wg in (7-14).
Consequently, an application of the automorphism t to (7-15) yields (7-13) (recall
(2-16)). O

Remark 7.6. In addition to (7-5) and (7-13), one can derive two commutation rela-
tions for quantum minors [/ | J] and [M | N] in which the additional terms involve
products in the same order as [/ | J] [M | N], rather than in reverse order. To obtain
such results, simply interchange the roles of [/ |J] and [M | N] in Theorem 7.3 and
Corollary 7.5. One may wish to simplify the coefficients; for instance, with the
help of observations such as (6-19), one sees that

PSE, M, ) =SS, I, M).
We leave this to the interested reader.

Example 7.7 (n = 4). We close the section by applying Corollary 7.5 to the quan-
tum minors [/ |J] = [23|13] and [M | N] = [14|24]. In this case, equation (7-13)
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becomes

(7-16) [23|13][14]24]
=[14]24][23]13]+§[13|24][24]13] + §(—q) ' [12]24][34]13]
+ (=)[14]34][23]12] + g (—¢)[13]34] [24]12]
+3(=¢)" (=9)[12|34][34] 12].

Equation (7-16) matches the relation calculated by Fioresi [2004, Example 6.2]
(after replacing ¢ by ¢™").

8. Poisson brackets

In this final section, we use the commutation relations for quantum minors obtained
above to derive expressions for the standard Poisson bracket on pairs of classical
minors in O(M,, (k)). In particular, we recover, for the case of the standard bracket, a
formula calculated by Kupershmidt [1994]. Although the study of Poisson brackets
18 often restricted to characteristic zero, that restriction is not needed for the results
below.

8.1. Standard Poisson bracket on O(M, (k)). Recall that a Poisson bracket on a
commutative k-algebra B is a k-bilinear map {-, -} : B x B — B such that

e Bis a Lie algebra with respect to { -, - }; and

e {b, -} is a derivation for each b € B.

Note that a Poisson bracket is uniquely determined by its values on pairs of ele-
ments from a k-algebra generating set for B.

Write O(M,,(k)) as a commutative polynomial ring over k in indeterminates x;;
fori, j = 1,...,n. The standard Poisson bracket on this algebra is the unique
Poisson bracket such that

{xij, x15} = xijxi; ifi <,

(8-1) {'xij’xim} = XijXim lfJ < m,.
{xij, xim} =0 ifi <1, j>m,
{xij Xim} = 2ximxi; ifi<l, j<m.

8.2. 0,(M,) as a quantization of O(M,). Itis well known that O, (M, (K)), for a
rational function field K =k(q), is a quantization of the Poisson algebra O(M,, (k)),
in the sense that the Poisson bracket on O(M,,(k)) is the “semiclassical limit” (as
g — 1) of the scaled commutator bracket q%][ «,+]on0,(M,(K)); we indicate
the details below.
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For the remainder of this section, replace the scalar g by an indeterminate, and
consider the quantum matrix algebra

0y (M (k(q))),

defined over the rational function field k(q).

The k[g*']-subalgebra Ay of O, (M, (k(q))) generated by the X;; can be pre-
sented, as a k[¢T!]-algebra, by the generators X; ; and relations (2-6), from which
it follows that there is an isomorphism

(8-2) Ao/(q — 1) Ag = O(M, (k)
sending the cosets
Xij+(q—1)Ag—>x;;  foralli, j.
We identify Ag/(g — 1)Ag with O(M,(k)) via (8-2). Since O(M, (k)) is commu-

tative, the additive commutator [ -, - ] on Ag takes all its values in (g — 1) Ay, and

SO q_ll[ ., »] is well-defined on Ag. It follows that the latter bracket induces a

well-defined Poisson bracket on O(M,,(k)), such that

(8-3) {a,b}=(ab—ba)/(g —1)

for a,b € Ag, where overbars denote cosets modulo (¢ — 1)Ag. This induced
bracket is nothing but the standard Poisson bracket on O(M, (k)), as one easily
sees by computing its values on pairs of generators x;;, X;,.

We shall apply (8-3) when @ and b are minors. In order to reserve the notation
[1|J] for classical minors, we denote the quantum minors in O, (Mn (k(q))) by

7171,

Note that [/]J], is an element of Ag, and that the isomorphism (8-2) maps the
coset of [I|J], to [I]J]. Hence, for pairs of minors, (8-3) can be written as

(8-4) {1, IMIN1} = (11 J1g[M N1y = [MN1g[11J1g)/(q = D).

Combining (8-4) with formulas for additive commutators of quantum minors thus
yields formulas for Poisson brackets of classical minors. For instance, from (6-10)
we obtain

85 {[1,....rIJLIMIL,....s]}=
(L, rInJ =ML sT) [ ..., r [ J1IMI, . s],

which recovers some cases of [Kogan and Zelevinsky 2002, Theorem 2.6].
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Theorem 8.3. If I, J, M, N C {1,...,n}with|I|=|J| and |M| = |N|, then

(8-6) {[1]J],[M|N1}
=(JNN|=|INM|)[I[J][M|N]
+2)  (=DIVAVNUDIT T Up\ jIIMIN U j\n]
jeJ\N
neN\J

j<n
—2 3 (=DIIAMNCDIT i\ | T [M Ui\ m|N].
iel\M

meM\I
i>m

Proof. Write (6-4) in the form

@®-7) UJ];IM|N]lqg—[MIN]q[I1J]q
— (q\JﬁN|—|IﬂM\ _ l) [MlN]q [I|J]q

+ g/ ONIZIOMEN " IMIT ), U | Ty =Y As[S|J], [S*| N,
Te{>J|N} Se{<I|M}

Since §%/(g — 1) vanishes modulo g — 1, we only need to consider the terms in the
sums for T € {>J||N} with [T\ J| =1, and S € {<I||M} with [\ S| =1. Any
such T has the form

T=Jun\j
with j € J\ N and n € N \ J such that j < n, whence
T"=NuUj\n and (T*\T)U(J\N) = (JAN)\n,
and so
FNT, J,N) =L((JAN)\n;n) —€((JAN) \ n; j)
={L(JAN;n)—L(JAN; j)+1 =—|(JAN)N(j,n)|.

Similarly, the indices S that appear have the form
S=1um\i
withi € I\ M and m € M \ I such that i > m, whence
Sf=Mui\m and  £(S,I,M)=—|(IAM)N (m,i)|.

Consequently, dividing (8-7) by ¢ — 1, and then reducing the resulting equation
modulo g — 1 yields (8-6). ([

Similarly, Corollary 6.3 yields:
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Theorem 8.4. If I, J, M, N C {1,...,n}with|I|=|J| and |M| = |N|, then

8-8) {lI1J],[M|N1}
=(INM|—|JNN|)[I[J][M|N]

+2 3 (=D IAMDNEMIL L\ [T [M Ui\ m|N]
iel\M
meM\1
<<m
=2 " (=DWANCDI g un\ jIIMIN U j\n].
jeJ\N

neN\J
j>n

Finally, provided k& does not have characteristic 2, we can average equations
(8-6) and (8-8) to obtain:

Corollary 8.5. Let I,J,M,N C {1,...,n} with |I| = |J| and |M| = |N|. If
chark # 2, then

8-9)  {[I1J1,IMINT} = D (=DIIADEDITm\ i | J1[M Ui\ m|N]
iel\M
meM\I

— Y (=D)AL g \ [T [M Ui \m|N]
iel\M

meM\I
i>m

n Z (—=DIVANNGDI | Jun\ j1[M|NUj\n]
jeJ\N
neN\J

j<n

= (=D VARSI U\ jIIM N U j\n].
jeJ\N
ngN\J
j>n

Equation (8-9) is the standard case of the formula of Kupershmidt [1994, Equa-
tion (9)]. To obtain the standard Poisson bracket in his setting, make the following
choices for the structure constants:

1 ifi>j I=j m=i,
rm=1-1 ifi<jl=jm=i,

0 otherwise.
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APPROXIMATING THE MODULUS OF AN INNER FUNCTION

GEIR ARNE HJELLE AND ARTUR NICOLAU

We show that the modulus of an inner function can be uniformly approxi-
mated in the unit disk by the modulus of an interpolating Blaschke product.

1. Introduction

Let H be the algebra of bounded analytic functions in the unit disk D). A function
in H® is called inner if it has radial limit of modulus one at almost every point of
the unit circle. A Blaschke product is an inner function of the form

B(z) =7" l_[

where m is a nonnegative integer and {z,} is a sequence of points in D \ {0} satis-
fying the Blaschke condition ) _, (1 —|z,]) < co. A classical result of O. Frostman
tells that for any inner function f, there exists an exceptional set £ = E(f) C D
of logarithmic capacity zero such that the Mobius shift

f—a

l1—of
is a Blaschke product for any « € D \ E. See [Frostman 1935] or [Garnett 1981,
p- 79]. Hence any inner function can be uniformly approximated by a Blaschke
product.

A Blaschke product B is called an interpolating Blaschke product if its zero
set {z,} forms an interpolating sequence, that is, if for any bounded sequence of
complex numbers {w,}, there exists a function f € H* such that f(z,) = wy,
n=1,2,.... A celebrated result by L. Carleson [1958] (or see [Garnett 1981,
p. 287]) tells us that this holds precisely when two conditions are satisfied:

F l—znz

Zn —Zm
1 inf
(1) nf.

> 0,

1 - Zm Zn
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and there exists a constant C such that ) __ o(1=1zx]) < CL(Q) for any Carleson
square Q of the form

2) O={re’ :0<1—r<£(Q), 10 —6| <7(Q)}

where 6y € [0, 2r) and 0 < £(Q) < 1. Although interpolating Blaschke products
comprise a small subset of all Blaschke products, they play a central role in the
theory of the algebra H™. See the last three chapters of [Garnett 1981].

D. Marshall [1976] proved that any function f € H* can be uniformly approx-
imated by finite linear combinations of Blaschke products. That is, for any & > 0
there are constants cy, ..., cy and Blaschke products By, ..., By such that

N
S
i=1

Here the co-norm is given by || g|lcc = sup{|g(z)|: z € D}. This result was improved
in [Garnett and Nicolau 1996] by showing that one can take each of By, ..., By
to be an interpolating Blaschke product. However the following problem remains
open.

<é.

o0

For any inner function B and ¢ > 0, is there an interpolating Blaschke product 1
such that ||B — I ||oo < &7

This question was posed in [Garnett 1981, p. 430; Havin and Nikol’skii 1994,
pp- 268-269; Jones 1981; Nikol’skii 1986, p. 202]. Here we provide a positive
answer if one restricts attention to the modulus.

Theorem 1. Let B be an inner function and € > 0. There exists an interpolating
Blaschke product I such that

IB()|—1(2)|| <& forallzeD.

The proof may be described as follows. The first step consists of constructing a
system I' = |, I'; of disjoint closed curves I'; C D such that arclength of I is a
Carleson measure, and verifying that

(a) |B(z)| is uniformly small on hyperbolic disks of fixed radius centered at points
of I', and

(b) in any hyperbolic disk of fixed radius centered at a point outside the union of
the interiors of I';, | J; intT';, there is a point z where |B(z)| is not small.

Write B = B; - By, where Bj is the Blaschke product formed with the zeros of B
which are in | J; int T;. Statement (b) implies that B; is a finite product of interpo-
lating Blaschke products. Since D. Marshall and A. Stray [1996] proved that any
finite product of interpolating Blaschke products may be approximated by a single
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interpolating Blaschke product, the relevant zeros of B lie in | J; intT';: they are
those of B;. The construction of I" is a variation of the original corona construction
introduced by L. Carleson [1962] (or see [Garnett 1981, pp. 342-347]).

Next, for eachi =1, 2, ..., let u; be the sum of harmonic measures in int I';
from the zeros of B; contained in int I';. Then the mass u;(I";) is the total number
of zeros of By contained in intI';. The second step consists of splitting ['; as
U ik, where the pieces T'; ; satisfy u;(I';ix) =1, k = 1,2,..., and choosing
points &; x € I';x matching a certain moment of the measure w; on I'; ;. This
choice may be compared with that of [Lyubarskii and Malinnikova 2001], where
a related discretization argument is performed in a different context. Let /1 be the
Blaschke product with zeros &k, i, k = 1,2, .... The last step of the proof is to
use (b) above to show that [} is an interpolating Blaschke product and to use the
location of {§; x}, as well as (a) above, to show that |/;(z) - B2(z)| approximates
|B(2)].

Besides the individual problem mentioned above, some questions concerning
approximation by arguments of interpolating Blaschke products remain open. Let
B be an inner function.

A. Given ¢ > 0, is there an interpolating Blaschke product I such that
| Arg B — Arg I |lBmo) < €7?

B. Is there an interpolating Blaschke product 1 such that Arg B — Argl = v,
where v € L*°(0D)?

C. Is there an interpolating Blaschke product I such that Arg B — Argl =u+7v,
where u, v € L*°(0D) and ||u||s < /2?7

A positive answer to Problem A would imply the main result of this note. Prob-
lem C was posed by in [Havin and Nikol’skii 1994; Nikol’skii 1986] in connection
with Toeplitz operators and complete interpolating sequences in model spaces.
Problems B and C are discussed in the nice monograph by K. Seip [2004, p. 92].

2. Construction of the contour

The hyperbolic distance between two points z, w € D is

L+ p(z, w)

1
z,w)=—1lo )
Pl =3 e T w)
where p(z, w) is the pseudohyperbolic distance,

I—w

p(z,w)=‘ —

1—wz|
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Recall that a positive measure w in the unit disk is called a Carleson measure if
there exists a constant M = M (u) > 0 such that u(Q) < M£(Q) for any Carleson
square of the form (2). The infimum of the constants M satisfying the inequality
above is called the Carleson norm of the measure p and it is denoted by ||u]|c.-

The main result of this section is a variant of the classical construction of the
Carleson contour introduced by L. Carleson in his original proof of the corona
theorem [1962] (or see [Garnett 1981, pp. 342-347]).

Lemma 2. Let B € H® with |Bllco = 1. Let 0 < & < 1 and K > 0 be fixed
constants. Then, there exist a constant § = §(¢, K) > 0 and a system T = JT'; of
disjoint closed curves I'; contained in D such that

(@) |B(2)| < ¢ ifinf; B(z,intT;) < K;
(b) sup{|B(w)|: B(w,2) < K +14} > 8 ifz ¢ JintI';; and

(c) arclength ds\r on I' is a Carleson measure with ||ds|r||c < 68.

Proof. The proof is essentially contained in [Nicolau and Sudrez > 2006], but we
sketch it for the convenience of the reader. Given a set £ C D, let Qg (E) denote
the set of points that are at most at hyperbolic distance K from the set E, that is,

Qk(E) = {2 inf Bz, w) < K.
Consider dyadic Carleson squares of the form
Qnj={re :1-27"<r <1, 2mj27" <6 <27(j + 27"},
for j=0,1,...,2" —landn=1,2,..., and their top halves
T(Qnj)={re € 0, :r<1-27""1}.

Let 0 < § < ¢ be a constant to be fixed later. A dyadic Carleson square Q will be
called good if

sup{|B(2)| : z € Qx (T(Q))} > e.
The collection of good dyadic Carleson squares will be denoted by
(09:j=1.2..}%
A dyadic Carleson square Q will be called bad if
sup{|B(2)| :z € Qx (T(Q))} <.

We denote the collection of bad dyadic Carleson squares by {Qf j=12,...}
The construction goes as follows.
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Qe {Qf} Qe {Qf}

b Dol 4 m A I <

7
Qe Qe
Figure 1. Choosing good and bad squares for constructing the contour.

Step 1. For each good dyadic Carleson square Q = Q¢, we choose the maximal
bad dyadic Carleson squares Q,If contained in Q. The main estimate needed is

3) > e =500

Qico
Since |B(z)| <difz € T(Q,f), while |B(z)| > ¢ for some z € Qi (T (Q)), taking
8 = &(¢g, K) sufficiently small, standard arguments lead to (3). See [Nicolau and
Suarez > 2006, Lemma 2.1] for details.
Step 2. For each bad dyadic Carleson square Q = Qf , we choose the maximal
good dyadic Carleson squares Q,? contained in Q. This family is denoted by

G(Q)={0Y%:k=1,2,...}.

So, from each good dyadic Carleson square we move to bad ones fulfilling the
estimate (3) and from each bad one we again move to good ones. See Figure 1.
Now for each bad square Q = Qf, let

R@=0\J 0of and R=[JR(Y.

G(Q) J
Finally, decompose R into its connected components R; and denote I'; = dR;,
i =1,2,.... Observe that each I'; consists of pieces of boundaries of dyadic

Carleson squares. See Figure 2. By construction if z € R we have
sup{|B(w)|: B(w,2) <K} <&

and hence part (a) in the statement follows. Similarly, if z ¢ R, the point z is not in
the top part of a bad dyadic Carleson square. As the hyperbolic diameter of a top
part of a Carleson square is uniformly bounded, say by 14, we deduce that there
exists w € D with B(z, w) < K + 14 such that |B(w)| > §. Hence statement (b)
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................................

Figure 2. The unit disk, some dyadic Carleson contours and an
example of a contour.

follows. Since the length of d R(Q) is bounded by 17¢(Q), the scaling (3) shows
that for any bad dyadic square Q, one has

> 1BRQY)| < 17(Q).
0fco

Then easy geometric considerations show that arclength on | JI'; is a Carleson
measure and its Carleson norm is smaller than 68. ([

3. Construction of the interpolating Blaschke product

We now use Lemma 2 to construct a contour I". Note that by Frostman’s Theorem
we can assume that B is a Blaschke product. Given ¢ > 0, let N be a big constant
dependent on ¢ to be fixed later. Apply Lemma 2 with ¢/2 and 2N instead of ¢
and K to obtain I" and § > O such that

(@) |B(z)| <¢&/2if B(z,int") <2N,
(b) sup{|B(w)|: B(w,z) <2N + 14} > §if z £ intI", and

(c) arclength on I' is a Carleson measure with Carleson norm ||ds|r||c < 68.
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With the contour I' in place, we want to construct the interpolating Blaschke prod-
uct /. Split B into two Blaschke products By and B;. Thatis B = B; - B, where B
is formed with the zeros {z,} of B that lie inside intI" and at hyperbolic distance
more than 1 from the contour I". For each zero z of B, part (b) provides a point
weD, B(w,z) <2N + 15 such that |By(w)| > |B(w)| > §. This implies that B,
is a finite product of interpolating Blaschke products; [Mortini and Nicolau 2004,
Theorem 2.2].

Hence the dangerous part of B will be B;, which has all its zeros contained
deeply inside the contour I". We want to mimic the behavior of | B1| by constructing
a Blaschke product /; with zeros on I'. To this end, for each component I'; of the
contour we consider the measure

dui) = Y (. & intly)
Zp€int T
B(zp,Ti)>1
defined for £ € I';. Here w(z, &; 2) denotes the harmonic measure from the point
z € Q in the domain 2 C D. Clearly u;(I';) will be equal to the number of zeros
zn of Bj inside I';. Next we split I'; into disjoint arcs I'; x such that u;(I'; x) =1
for each k. This is illustrated in Figure 3. On each such arc we locate one zero &; j
of I such that

4) 1—|&4* = /F (1—1&1%) dp; (8).

This will in general not determine the points &; ; uniquely. However, there seems
to be a lot of freedom for placing the zeros of I; in this construction, and the
condition (4) will be sufficient for our purposes.

Let 1; be the Blaschke product with the zeros &; , and factor I} = I - I{ where
I7 is the Blaschke product with zeros &; ; with k odd, while I{ is the Blaschke
product with zeros &; x with k even. In Figure 3, I} has its zeros placed in the
dark arcs, while the zeros of I{ are placed in the light arcs. We claim that both
I? and I are interpolating Blaschke products, and hence I; can be approximated
by an interpolating Blaschke product [Marshall and Stray 1996]. To show this
claim we will observe that their zero sets satisfy the two conditions of Carleson’s
theorem [1958] stated in the introduction.

In this case, the existence of a constant C as in Carleson’s criterion (see top of
page 104) follows from the fact that arclength is a Carleson measure on I', while
inequality (1) follows from the following lemma and the geometry of the contour.

Lemma 3. The hyperbolic length, £g(T; i), of I'; i is bounded from below:

Eﬂ(rl k) > 826Xp(2(2N+14)).
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i1 2

M2

i1

Ii10

oD

Figure 3. Each component I'; of the contour is split into arcs I'; x
such that the p-measure of each arc is 1.

Proof. We first show that for any point w € I', | By (w)| is bounded from below by
some constant depending only on § and N. To see this, recall that there is a point
¢ such that 8(¢, w) <2N + 14 and |B1(¢)| = |B(¢)| > 8. Consider

log| Bi(w)| ' = log p(w, z,) 7",

where the sum is taken over all zeros z, of Bj. As w is separated from the zeros
of B 1,

log p(w, z,) ™' < 1—p(w, z,)*.

Furthermore,
) - ) 5 _C
p(w,2,) > P (Zn, §) — p(&, w) . 0(Zn» ) ’
1= p@n, $)pC, w) ~ 1—=Cp(za, ¢)
e22N+14) _
where C = —+-—++—— < 1. Hence

e22N+14) 1
(1-pGw 0)(1-C%) _1+4C
(1-CpGnn0)® T~ 1-C

14+C - _
=2 logpGn. O) ' = 202N 1 100 p(z,, O) 71,

(1= p(z4, 0)?)

log p(w, z,) "' <

and we see that | B (w)| > §2PREN+14)
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Intuitively, this lower bound for the values of | B | should imply that the arcs I'; &
cannot be too short hyperbolically. To make this observation rigorous we argue as
follows. Using that the harmonic measure w is positive and harmonic, we have

that for any z € intI';,
/ log| z—w |7 |dw
Fo l—wzl 1—|w)?

min lo ‘z—w - _ldw]
R A 2 R T

w(z, Tiintl) <oz, T D\ T p) <

and
I=wu;(Tix) = Z @(zZn, Di g int T;)
zp€int T
1 Zn—w -1\ |dw]
=Cix 1°g( 175 )1—|w|2’
ik T Zp€int Iy Zn
where d
—w _ w
Ci,kzmin/ log| 2~ |~ '2
z€lik Jry, 1—wz' 1—|w|

is a constant dependent on I'; . Let B;; denote the Blaschke product with the
zeros of Bj that fall inside the component I';. Then, for w € I';,

log( IR I‘l) —log By, ()| " <log| By (w)| ! <2622+ Jog 5,

zp€int I - Wn

Thus

1 202N+14) -1 |dw| L son+1a -1

1 <—2e log 6 — = —2e logd™ £g(I'; 1)

ik r 1—|wl Cik

such that
Cik
Le(Tix) > :

— 2e2(2N+14) log 51 )
To estimate C; ; we use the substitution § = ¢, (w) = (z —w)/(1 —wz) and the
conformal invariance of the hyperbolic metric. A calculation then gives that

Cix > log(tanh £5(T; 1)) €s(Ti ),

which implies the desired bound, £4(I'; x) > §2XPCENF1D), O

4. Proof of the approximation

In this section we will show that the constructed function, I = I, - By, approximates
the given Blaschke product uniformly in modulus. We first claim that it suffices to
prove Theorem 1 for points z € D far away from the contour. Indeed, assume that
we can prove that

S [1B1(2) — L ()] <&/2
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for all z such that 8(z, intI") > 2N, where N is as in the construction of the contour.
Then, for points z with 8(z, intI") = 2N,
11(2)| = (11(2)| = |B1(2)| + |B1(2)]) | B2(2)]
<[IB1@| = @I +|B@)] <e/2+¢e/2=¢.

By the maximum principle |/ (z)| < € for all z € Qon(intI") as well. Hence

if B(z,intT) > 2N,

g/2
B@)| = @)l =|1Bi1(2)| - 1(2)l||B
1B = 1)l =[1B1(2)| = 111 2| 2<Z)'<[e if Bz, intT) <2N.

So Theorem 1 follows from (5).

The rest of the paper will be dedicated to prove that (5) holds. Fix a point z such
that B(z,intI") > 2N. We will consider the logarithm of |B;|. Since all the zeros
of Bj lie inside the contour I', log|(z —zn)/(1 — an)| is harmonic inside I" as a
function of z,,. Hence

Z_Zn
1_an

_ _ 2—§
o 101 = 3t = [0 |auco)

where du = ), du;. As the p-measure of each arc I';  is 1, we have

z
1-& 1=§i 2z

= z—§ z—&ik

B %: /Fi-k <10g‘ 1—52‘ —log| 1—&iz D W
_ P@E) gy

- Xkl /r o8 e ) B = ij H; k().

To estimate this sum we consider different types of arcs. By Q. we denote the
Carleson square with z as the midpoint on the top-side. We say that an arc ['; 4 is
in the class % if I'; ; C 2V Q.. Note that since B(z, intI") > 2N, this implies that
such an arc lies very close to the boundary. The rest of the arcs we split into short
and long arcs. For n > N + 1 define
Fn={Tix:€p(Tix) <1, Tix C2"Q.}\ (BU U %),
<n

Lo ={Tix:LgTi) =1, Tix C2"Q}\ (BU U &).

i<n

(6) 1og|Bl(z)|—1og|11(z>|:/Fbg‘ _—i‘du(r‘?)—Zlog‘ z=Eik ‘
ik

Consult Figure 4 for some examples of this classification. This partition is such
that each arc I'; ; belongs to one and only one of the classes &B, ¥, and &£, with
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2N+2QZ 2N+1Qz

2NQ,
Z -
Mike $N+2—-»|—I_|J Lf' - m _J—J \ri7k € A2 oD

Fik€ INe1” '\ Q, Fik € ANyt
ke

Figure 4. We divide the arcs I'; ; into classes denoted &, &, and &,,.

n > N 4+ 1. Hence we may decompose the sum (6) as

oo

Y Hu@= Y Hi@+ Y ( Y Hu@+ > H,-,k(z>).
ik

I xeB n=N+1 "T;;e¥, Tied,

Our goal is to show that the absolute value of the left hand side is small. To
accomplish this we will show that each of the terms

% Y Hii(2)

n=N+1 T; e,

and

io: Y Hix(2)

n=N+1 T e¥,

ik (2],

Fi,kE%

are small.
We begin with the boundary arcs I'; ; € B. Using that log(1 — t) = —t + 0(¢?)
we get

Z/ log 254

Ieed ¥ Lik p(Z &i k)
1 p(z, €)> ( (2. £)? 2))
T2 1— 2200 Lol (1- 2221 ) du).
2 r,,%:% /Fi‘k( Pz, &ix)? ( 0(z, 5“{)2) wn(&)
Taking absolute values,

P8 S)
Z/ p(ék) (5)‘_2

I keRB

(7

P67
AL YRR
FZ%/ oG 0 (S)‘

o(z, &)
( _p(z,s,-k>2)2)d ©

def
iE%HFE%Z,

lkE%
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where we define Eg | and Eg» for convenience. At first we focus on the term
Eg. 1. Note that since z is far away from &; ; € I';, the expression p(z, Ei,k)*z is
bounded above, say by 2. By expanding 1 — p(z,£)? and 1 — p(z, & )%, we can

write
1— & l—l%‘iklz) ‘
8) E — — = d
® %l<rze%/ )(I1—€z|2 =gz ) 4
Ll L1 R e T S e 1
= 1— 2( = + )d ‘
mze% /Fi,k( <F) [1=Ez2  [1=&xzl* |1 =& szl? e

By the placement, (4), of the zeros & x, the integral of the last term is zero. We
now move the modulus under the integral to get

©  Egxi<(1-1zP) Z/ — &7

IixeRB

du(§).

1—&z]2 |1 —&zf?

Because & and &; ; should be close to each other in some sense, compared to z, we
suspect some cancellation. Therefore we use the estimate

_ 1 _ 28 =&kl
1—&z2 [1—&uzl?|~ A—[2)?

(10)

and the more trivial inequalities |§ —&; | < €(I';x) and 1 — IzI2 <2(1 —z]) to
obtain
-2
Ex1<2’(1-1z))" > E(Fi,o/ (1— 1) dua(®).
Fi_ke% Fi'k

All the arcs I'; x € B are contained in a rectangle at the boundary with height
272N (1 — |z]) and width 2V (1 — |z|). Using that 1 — || <272V (1 — |z|) and that
the arclength ds|r is a Carleson measure, we then get

Eg1 <23 ||dsirllc -2~

where ||ds|r||c is the Carleson norm of arclength on I'.

Next we focus our attention on the higher-order terms, and give the estimate for
Eg.>. From (7) and (8) and the inequality (a + b)? < 2(a® + b*) we see that Eg, »
is bounded by a fixed multiple of

(1-12P) Zf —£P)

I reB

2

1 1
du(§)

1—§z|2 11— & xz)?

12 £12)2
+(1—|z|2)2 Z (1€ k| - 1£17) due).

- 4
Tired Tik 11 éz,kzl
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For the first term, we use as above the estimate (10) as well as 1 —|£] <272V (1—|z])
and |§ — & x| <2-2(1 —|z[). Then we find

(1P Y / —eP)

Iix€B

<2427V (1-12%) Zf — &)

IixeB

2

1 1
du (&)

—EP —EeP
1 1
1=&zP 1 —Euzl?

du(§).

The last sum is just (9), and by the earlier argument the last expression is bounded
by 27 |dsir|lc - 272V,

For the second term we use that |1 —&; yz| > 1—
and ||& x| — |€]| < €(T;x) to arrive at

2 2
(1-12P) Z/ (Iélzlkl_ §1%) due)

k| —IEl|<272M A —z))

TiceB izl
<2*(1—lzl)” Zf |16kl — 1&1]* due (&)
lkE%
<22 (1—pz) 7 Y e <24 dsielle 27N
l",-vke%

Thus we get Eg o < C(2*+ 1) ||dsir|lc - 27V for big N.

For the short arcs I'; x € &, n > N 4 1, we will use similar estimates as above,
but we do not need to be as delicate. For these arcs we can use the inequality
logx| <|1— x2|, which holds for x far away from zero, to obtain

P8
n;ﬂ r% / R d“@)’
_ p(z,8)?
Z 2 / p(z, &, )2}

n=N+1 T e¥,

The same calculations that gave (8) show that

p(z, €)* ) <‘ 1—&7 1-&P
1_ - — — —_ =
| p(z, & )2| 2(1=1F) 1—&z]2 |1 —& 4z

N ||Si,k|2_|§|2|)'

11— & xzl?

For £ e i € &, using |1 —£z| > 2"3(1 — |z|) we get

(1—1&1)

1 1

&P 1—GzP| (=Dl =bin] 0 IE=bial
-5z —&ikZ

23"(1_|Z|)3 - 22n(1_|zl)2'
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Similarly,
16 — 16| _ 7 1€ — il

1 =&uxzl? T 22(1—z])*
Adding up, we obtain
‘1_ p(Zaé)z S214 | — & k| .
p(z, & 1)? 22 (1 — |zl)

Hence

~l4 1 Sy <nld -
Ey <2 ;H 01 FZZP i) <2 dsirllc -2
Finally, we estimate the long arcs I'; € &,,, forn > N 4 1. As the zeros on these
arcs are well separated, one can expect only a small contribution from these arcs.
We will use an auxiliary interpolating Blaschke product to find a bound for the
&, -terms of (6). By the same reasoning that led to (8) and the triangle inequality,

o.¢]

p(z, &)
1 d
>N [ e S e

n=N+1 T; %, * Tik

HE 1—|s,~k|2)
2 — d
= Z 2 / (|1—s 2 TZE ) 4 ©

n=N+1 T; €&,

<2? Z > max (- |Z|2)(_1 _ |S|2).
n=N+1 Tppet, S€Tik 11—z

def
Eggi

For each I'; € &, let ¢; x € I'; x be such that

1—[gixl? 1— &7

*2 = mﬁ.x —_2,

1 —Gixzl®  geTix |1 —82]
and define B; to be the Blaschke product with {¢; x} as zeros. Now we reorder the
summation, and sum with respect to the placement of the ¢; ; instead. Then

Er<2(1-1)Y > 4 ';”;'P
—Sik

n=0 ¢ reU,

where Uy = Q. and U, = 2"Q. \ 2" 'Q, for n > 1. The scaling property (3)
implies that at most four of the points ¢; ; are contained in 2V~ Q_. These must
be close to the boundary, so

F(1—1z1) Z Z 'g”‘||2_4'24.2—2N.

n=0 ¢ €U, _glkz
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For the rest of the terms, we then get

|§l k| 8 |§l kl 9 _
(EED DS #Y 2 Y el e g
T —
n=N ¢ €U, |1 §k2| n= Nzné' eU, 2" 1 |Z|
where C; is the Carleson norm of the measure ) (1 —[Z; «|)d;, ,, which is bounded
by a fixed multiple of ||dsr[|c. Thus E¢ <2°(C, +1)-27V.
We have now estimated the contribution from all the arcs I'; x, and we have
found that for some constant C,

[log|B1(2)] —log |11 (2)]| < C-27%
This means that given & > 0, taking N so that C - 27" < ¢/2, we obtain
1Bi@)| ~ 11 ()] <e/2,

which is what we needed.
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FOLIATIONS ON SUPERMANIFOLDS
AND CHARACTERISTIC CLASSES

CAMILLE LAURENT-GENGOUX

We construct secondary characteristic classes of regular superfoliations on
smooth supermanifolds. We interpret these secondary characteristic classes
as characteristic classes of flat foliated connections.

1. Introduction

Smooth supermanifolds are becoming an increasingly important subject in math-
ematical physics [Leites 1980]; superfoliations should then be a central object. In
this paper, we construct secondary characteristic classes of regular superfoliations
with trivialized normal bundle, in the spirit of [Bernstein and Rosenfeld 1973; Bott
and Haefliger 1972; Fuchs 1986]. We show that the role of Vect(n) (the Lie algebra
of formal vector fields with n variables) from the classical theory is played by the
even part Vect(n, m)g of the super-Lie algebra Vect(n, m) of formal supervector
fields with n even variables and m odd variables. More precisely, when on a super-
manifold .l we are given a superfoliation & of codimension n +em with trivialized
normal bundle, we will associate to any element H in the Chevalley—Eilenberg co-
homology H *(Vect(n, m)o) a secondary characteristic class ¢ M’g(H ) € H*(M),
where M is the base manifold of the supermanifold Jl.

Theorem A. For any supermanifold M foliated by a superfoliation & of codimen-
sion n + em with trivialized normal bundle, there exists a natural homomorphism
@ . from H*(Vect(n, m)o) to H*(M) such that:

) If @ : N — M is a submersion of supermanifolds and ¢ : N — M is the map
induced by @ on their base manifolds M and N, then

k
PN, 05 =P Py

where @*F is the pull-back of the superfoliation F via @ and ¢* : H*(M) —
H*(N) is the pull-back through ¢.

MSC2000: primary 14M30; secondary 53C10.
Keywords: superfoliation, supergeometry, secondary characteristic classes.
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(2) If M is an ordinary smooth manifold endowed with a foliation F of codi-
mension n with trivialized normal bundle, then @ reduces to the well-known
homomorphism of Bernstein, Bott, Fuchs, Haefliger and Rosenfeld [Bernstein
and Rosenfeld 1973; Bott and Haefliger 1972; Fuchs 1973].

The reader should not be surprised that the de Rham cohomology of Jl is not
used: by a result of Batchelor [Leites 1980], this cohomology is indeed isomor-
phic to the cohomology of the base manifold. Note that the even part Vect(n, m)q
appears instead of Vect(n, m) itself. The theory is indeed more interesting like
this, since, for example, H *(Vect(n, m)) has only two nontrivial generators for
n < m (see [Fuchs 1973]). In [Koszul 1988], Godbillon—Vey classes for superfoli-
ations of codimension 04-em are constructed on supermanifolds of superdimension
n + em as maps from H *(Vect(O, m)) to H*(M). We will see that these classes
vanish for any class H € H *(Vect(O, m)) whose restriction to the cohomology
H*(Vect(0, m)o) of the even part is 0. Furthermore, we will show in Section 4D
that the classes constructed in [Koszul 1988] are among those built in this article.

Given a vector bundle £ — M and a foliation F, a foliated connection means a
connection on E defined (smoothly) over each leaf of the foliation F. A foliated
connection is said to be flat if it is flat on each leaf, and trivial if E is a trivial
vector bundle and F a foliation with trivialized normal bundle. For simplicity, we
say flat trivial foliated connection to name the entire collection of a foliation with
trivialized normal bundle, a vector bundle, and a flat foliated connection. There
is a canonical way to construct, from a flat foliated connection, a superfoliation
with trivialized normal bundle on a supermanifold. Therefore, our theory of sec-
ondary characteristic classes of superfoliations also gives a theory of secondary
characteristic classes of flat foliated connections.

Furthermore, to a superfoliation % of codimension n + em with trivialized nor-
mal bundle on a supermanifold J/t we shall associate a flat trivial foliated connec-
tion, that is, a foliation F;; of codimension n with trivialized normal bundle on the
base manifold M, a trivial vector bundle Eg of dimension m over M, and a flat
foliated connection V¥ of this bundle. It should be noted that this construction
is not the inverse of the previous one. However, we shall see that our theory of
secondary characteristic classes, because of our preceding construction, gives in
fact a theory of secondary characteristic classes of flat foliated connections. More
precisely, we show:

Theorem B. The homomorphism ¢g - H* (Vect(n, m)o) — H*(M) is completely
determined by the flat trivial foliated connection (M B, Eg, V%).

The paper is organized as follows. Section 2 is devoted to constructions and
properties of superfoliations on supermanifolds. More precisely, in Section 2A
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we introduce several useful maps; in Section 2B we recall the definition of a su-
perfoliation; in Section 2C we exhibit relations between superfoliations and flat
foliated connections; in Section 2D we show how to replace a superfoliation with
a superfoliation with trivialized normal bundle.

Section 3 is devoted to the study of the Chevalley—Eilenberg cohomology of
the Lie algebra Vect(n, m)o. We introduce this cohomology in Section 3A, then
present in Section 3B technical results that will play a fundamental role in the
construction of secondary characteristic classes. We show in Section 3C how to
compute the cohomology of Vect(n, m)y with the help of the Weil algebra.

We construct secondary characteristic classes of superfoliations with trivialized
normal bundle in Section 4. Secondary characteristic classes of a superfoliation
are defined in Section 4 A by constructing a homomorphism of differential graded
algebras from the complex /\Vect(n, m)o of the Lie algebra Vect(n, m)g to the de
Rham complex €2 (M) of the manifold M. We give examples in Section 4B, and
prove Theorem A (in fact, a more precise statement) in Section 4D.

We relate in Section 5A the previously constructed secondary characteristic
classes to the secondary characteristic classes of the (ordinary) foliation Fj on
the base manifold. We prove Theorem B in Section 5B.

Most result of this paper have been announced, but not proved, in [Laurent-
Gengoux 2004].

2. Superfoliations

2A. The algebra of superdifferential forms. For any supervector space V', denote
by VY its even part. For convenience, write DGA for “differential graded algebra”.
For a DGA (A, d,), denote by [a] € H*(A) the cohomology class of an element
a € Kerd,. Throughout this article, Il is a smooth supermanifold of superdimen-
sion p+é&q (p and g being nonnegative integers), and M is its p-dimensional base
manifold. In the sequel, we say “dimension” for “superdimension”, and “codimen-
sion” for “supercodimension”

We now recall some basic results about supermanifolds, and introduce some
maps that we will need in the sequel.

Denote by O(M) the superalgebra of superfunctions on ., and by $(M) the
superalgebra of nilpotent superfunctions; denote by Re( f) the smooth function on
M defined by the canonical projection O(M) — O(M)/F (M) = 6> (M, R).

Let (Q (M), /\) be the superalgebra of differential forms on (. The notion of
parity of a superdifferential form can be ambiguous; in this paper the parity is the
one that endows the superalgebra 2 (Jit) with a structure of a supercommutative
superalgebra. More precisely, in a local chart (xi, ..., x,, 01, ..., 6,), the 1-form
dx; is odd, the 1-form d6; is even, the O-form x; is even, and the 0-form 6} is odd.
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The parity is then extended by multiplication: for any w;, w; € Q (M), the parity
of w1 A wy is the sum of the parity of w; with the parity of w, (modulo 2). For
example, 6, dx; is even, x,?dej is even, and dx; A d6; is odd. Note that, with this
definition, a 1-form on an ordinary differential manifold is an odd element. Let
dy :Q (M) — Q*T1() be the de Rham differential.

Let E, be a g-dimensional vector bundle over M whose sheaf of sections is
J(M)/F(M)*. The supermanifold JL(M, E) whose superfunctions are the sections
of /\*EM is isomorphic to /M (as a supermanifold, see [Leites 1980]). A local
chart (x1, ..., xp,01,...,0,) is said to be attached to E if the odd superfunctions
01, ..., 0, are identified with sections sy, ..., s, of E;. Note that in this case the
supervector fields 9/06y, ..., 0/06, can be identified with sections of the dual
vector bundle Ej‘%, and the 1-forms d6, ..., d6, can be identified with sections
of E, again. More precisely, there is a natural bijection & from the vector bundle
whose sections are 1-forms in ! (/L) of the form Z?:l fitx1, ..., xp)d0; to the
vector bundle E given, in a local chart attached to £, by

q q
sf(z fj(xl,...,xp)dej) =3 Fx1 e xp) 55
i=1 j=1

with fi(x1,...,xp), ..., fg(x1,...,x,) smooth functions on M. It is straightfor-
ward to check that ¥ does not depend on the local chart attached to E,.
We recall the definition of three maps:

e The first map is a well-known (see [Leites 1980; Tuynman 2004]) canonical
DGA homomorphism p from (Q*(JI/L), A, d/vt) onto (Q*(M), A, dM), constructed

in [Leites 1980]. In a local chart (xi,...,x,,61,...,6,), it is defined on the
generators dx;, db;, f (f being a superfunction) of (/) by
pldx;) =dx;, p(db;) =0, p(f) =Re(f).

A proof of the next lemma can be found in [Leites 1980; Tuynman 2004].

Lemma 2.1. The map p from (Q* My, A, d/m) onto (Q* (M), A, dM) is well defined
(that is, independent of the chart) and a DGA homomorphism. The kernel of p
contains odd 2k-forms and even (2k+1)-forms.

Since p is a DGA homomorphism, it induces a homomorphism p from H*(M)
to H*(M). According to a theorem of Batchelor (see [Tuynman 2004, Theorem
8.2, p: H*(M) — H*(M) is indeed an isomorphism.

e The second map, p, is a map from Q'(M) to T(E 'w)» the space of sections of E,.
It is defined in a local chart by

p q q q
@1 p(X fidx+ Y grd6) =93 Re(g)de) = 3 Re(g))s;.
i=1 j=1 j=1 j=1
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Lemma 2.2. The map p is well defined (that is, it does not depend on the chart
attached to E,). For any odd 1-form w, we have p(w) = 0. For any nilpotent
function f € $(M) and any w € QY (M), we have p(fw)=0.

e The third map that we need, I1, is a map from the super-Lie algebra Vect(Jl)
of supervector fields on J to the Lie algebra Vect(M) of vector fields on M. For
any odd supervector field ¥ € Vect(Jl), we simply set I1(X) = 0. For any even
supervector field & € Vect(M)g, we set [T(X) = X, where X is the derivation of
C®(M,R) >~ 0O(M)/$ (M) induced by the even derivation X of O(M).

In a local chart attached to E,, IT is given by

A N AN
U(gﬁa—xl&r;& )= X Re(f -

9x; i=1

Lemma 2.3. The restriction of I1 to the subalgebra Vect(M)q of even supervector
fields is a Lie algebra homomorphism.

The next properties can be checked locally in a chart; we leave the computations
to the reader. Denote by (7 the contraction of a supervector field by a 1-form in
Q (M). For any 2-form n € Q? (L) and even supervector field % such that IT(¥) =0,

(2-2) pltym) =0.

For any even 1-form o € Q'(M) with p(a) =0 and any even supervector field ¥,
(2-3) ptyda) =0.

For any even supervector field & € Vect(Al)g and odd 1-form w € Qlu),

(2-4) Re(tgpw) = LH(X)p(a)).

2B. Definition of a superfoliation. We recall the definition of a superfoliation of
codimension n + em [Leites 1980; Monterde et al. 1997; Tuynman 2004]. First, a
distribution of codimension n+¢m is a sub-supervector bundle of 7/l of dimension
(p—n)+e(g —m).

Definition 2.4. A superfoliation % of codimension n + em is a distribution %,
of dimension (p —n) + (g — m) whose sections are closed under the bracket of
supervector fields.

Remark 2.5. Note that in the literature the terminology is not fixed: in [Leites
1980] the name “foliation” is used, while in [Tuynman 2004] it is called “inte-
grable distribution”. We choose “superfoliation” to avoid confusions when dealing
simultaneously with superfoliations on a supermanifold and (ordinary) foliations
on its base manifold.



124 CAMILLE LAURENT-GENGOUX

A supermanifold is said to be foliated when it is endowed with a superfoliation
of codimension n + em, for some n, m € N. A supervector field & is said to be
tangent to the leaves if and only if it is a section of the distribution that defines %.
We denote by &; the superalgebra of supervector fields tangent to the leaves of .

For a superfoliation %, denote by 27, the subalgebra of €2 (Ut) of k-forms w such
that ¢, . .. 1 @ =0 for any supervector fields Yy, ..., Yy tangent to the leaves of
%. Of course,

(2-5) dy Q% C Q.

In particular, Q}q is the space of 1-forms w € Q' () such that (%) = 0 for any
supervector field & tangent to the leaves.

A superfunction is said to be constant on the leaves if 1,,dy f = 0 for any
supervector field & tangent to the leaves. We denote by O the superalgebra of
superfunctions constant on the leaves of F.

Here is a basic example: On the supermanifold R?-4, denote by xi, ..., x,
(respectively, 01, ..., 6,) the even (respectively, odd) variables. The elementary
superfoliation RY, is the superfoliation given by the distribution generated by the
supervector fields 9/0x,41,...,09/0x,, /0041, ...,0/00,.

An important particular case is when the superfoliation is defined by a distribu-
tion that admits a trivialized normal bundle.

Definition 2.6. A superfoliation & of codimension n + em is said to have a triv-
ialized normal bundle if the distribution % that defines % is generated by a free

family of n odd and m even 1-forms by, ..., b,4,; that is,
Dy = {96 € Vect(M) { lob1 =+ =tybyim = 0}.
We say that the 1-forms by, ..., b, define the superfoliation F.

Example 2.7. The elementary superfoliation R}’ is defined by the odd 1-forms
dxy, ..., dx, together with the even 1-forms d6, ..., d6,.

If the superfoliation F with trivialized normal bundle is defined by a free family
b1, ..., by+m, then (see [Monterde et al. 1997]) there must exist 1-forms bi], i,j€
{1,...,n+m}, satisfying

n+m

(2-6) dybi =Y by nb].
i=1

Moreover, we can assume that the parity of bij is the sum of the parity of b; with
the parity of b;.
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Remark 2.8. For any superfoliation & with trivialized normal bundle, defined by
1-forms by, ..., byt (With by, ..., b, odd, and b, 11, ..., b,y even), there ex-
ist supervector fields Xy, ..., X+, (with X1, ..., X, even, and X, 4+1, ..., Xpam
odd) such that b;(X;) = 8/ (where 8/ is the Kronecker symbol). The family
X1, ..., Xyym is free (with respect to the O(Al)-module structure). The supertan-
gent bundle 7/l is the direct sum of the distribution generated by X1, ..., X;4m
with the distribution %, that defines %. This justifies calling it “with trivialized
normal bundle”.

We now define morphisms between foliated supermanifolds, and pull-backs of
superfoliations.

Definition 2.9. Let .(; and Jl, be supermanifolds, and let %; and %, be su-
perfoliations of codimension n 4 ¢m on Al and Jl, respectively. A submersion
@ : My — M, is said to be a morphism of superfoliations if and only if

(2-7) O(My) D* QY = Qi
where O(M;) <D*§21% denotes the O(JL;)-module generated by @*Ql%

In other words, (2-7) means that any 1-form in Q% is a linear combination, with
coefficients in O(/M,), of pull-backs by @ of forms from €24 .

Note that, if %, has a trivialized normal bundle, so has %,. If by, ..., byim
are the 1-forms defining %, then the superfoliation ¥, is defined by the 1-forms
@*by, ..., P*byypy.

The category of foliated supermanifolds is the category whose objects are super-
foliations and whose arrows are morphism of foliated manifolds. For any n, m € N,
the superfoliations of codimension n 4 em make up a subcategory, while the su-
perfoliations of codimension n + em with trivialized normal bundle form again a
subcategory of the latter category.

An isomorphism of foliated manifolds is an invertible morphism of foliated man-
ifolds.

The local structure of a superfoliation is always the same, as proved in [Hill and
Simanca 1991] (see also [Tuynman 2004, Chapter V.4]):

Theorem 2.10 [Hill and Simanca 1991; Monterde et al. 1997]. Any superfolia-
tion of codimension n + em on a supermanifold of dimension p + eq is locally
isomorphic to the elementary superfoliation R /%.

Let N and M be supermanifolds, and let & be a superfoliation of codimension
n—+em on M. Given any submersion @ : N'— J, the pull-back @*% is the unique
superfoliation satisfying

o) @*Ql = Qb ..
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This definition needs some justification. For any open set U C M, we denote by
AU the supermanifold defined by O(J/l)|y and we say that 9 is an open subset of
M. Let r +¢es, with r > p and s > ¢, be the dimension of N. By Theorem 2.10,

in local coordinates (xi, ..., xp,, 01, ..., 6,) the superfoliation % restricted to U is
defined by dxi,...,dx,,d6,, ..., dB,. Since @ is a submersion, there are local
coordinates (xi, ..., x,, 01, ...,6;) on some open subset 7" C N such that @ is
given by

DXy, ey Xy 01y, 05) = (X1, 00, Xp, 01,0, 0).

The pull-back @*F of F via & is the superfoliation whose restriction to V" is
defined by the 1-forms dxy,...,dx,,db,...,d0, € Q'(¥). This justifies the
existence and uniqueness of the pull-back of a superfoliation via a submersion.

2C. Geometric constructions associated to a superfoliation. Let N be an (ordi-
nary) smooth manifold and F a foliation of codimension n on N, defined by a
distribution D,. Let E — N be a vector bundle over N, and let X, = I'(Dy) be
the algebra of vector fields tangent to F. A foliated connection is a bilinear map
from X, ®I'(E) to I'(E), denoted by (X, s) — Vs, that satisfies the usual axioms
of a connection; that is, for all X € X, f € C*(M), s € I'(E), we have

A foliated connection is said to be flat if V is flat on each leaf of F’; that is, if for
all X,Y € X, s € I'(E) the identity

ViVys =V Vys = Vix y1s =0

holds. A foliated connection is said to be trivial if E is a trivial vector bundle on
M and F is a foliation with trivialized normal bundle on M.

In the following, we will say simply “foliated connection” (respectively, “trivial
flat foliated connection”) for the collection of a foliation F, a vector bundle E,
and a foliated connection V. We denote by (M, F, E, V) a foliated connection
(respectively, a trivial flat foliated connection).

2C(a). From superfoliations to flat foliated connections. To a superfoliation on
we associate a foliation F;; on the base manifold M, a vector bundle E on M, and
a flat foliated connection V¥ on the latter. In the particular case of a superfoliation
of codimension 0+ ¢m on a supermanifold of dimension n + em, this construction
is identical to the construction given in [Koszul 1988, Lemme 2.1].

Definition 2.11. Given a superfoliation & of codimension n + em, we denote by
(M, F;, Eg, V7) the flat foliated connection defined in what follows.

It is easy to check that p(SZ . q) = Q&p, where by R/ we mean the foliation [Rp

of codimension n on R”. In other words, RY is the foliation of codimension n on
R? defined by the 1-forms dx, 1, ..., dx,. Theorem 2.10 immediately implies:
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Lemma 2.12. The distribution whose sections are Xp = I1(¥5) CT'(T M) defines
a foliation Fy; of codimension n on M. Moreover, Q. = p(23).

Remark 2.13. If & is a superfoliation with trivialized normal bundle, defined by 1-
forms wy, ..., wy, ai, ..., an, then Fj is a foliation with trivialized normal bundle
defined by the 1-forms p(w), ..., p(w,) € QY(M).

Now, we define Eg to be the vector subbundle of E, whose sections I'(Eg;)
are the sections of E, of the form p(w) with w € ng, where QI@ is the space
of 1-forms such that (@ = 0 for any supervector field ¥ € X tangent to the
leaves of %, and p was defined in (2-1). In the case of R}, E is generated by
F(dgpa01)s .., F(dgp.qOn). Then, Theorem 2.10 implies that Eg is an m-dimen-
sional vector bundle on M.

Remark 2.14. If & is a superfoliation with trivialized normal bundle, defined by 1-
forms wy, ..., wy,ay, ..., any, then Eg is a trivial vector space, and a trivialization
is given by the sections p(ay), ..., p(an) € I'(Eg).

For any section s of Eg, let w € 521% be an even element satisfying p(w) = s.
For any vector field Y € X}, tangent to the foliation Fg, let Y € (¥4)o be an even
supervector field satisfying I7(%Y) = Y. We define a foliated connection by

(2-8) Vis = p(Lyw).
Lemma 2.15. The foliated connection V?‘: s is well defined and flat.

Proof. Since Ly = d Lo + Lo d,, the identity
p(Lyw) = p(tgydyw)

holds. In order to check that V? s = p(Lyw) is a well-defined section of Eg, notice
these facts:

o Let ¥ € & be a supervector field tangent to the leaves of F such that IT(¥) =
0. Equation (2-2) implies that p(Lyw) = p(tydy w) is equal to 0.

o letae 91@ be an even 1-form such that p (o) = 0. Equation (2-3) implies that
p(Lya)=0.

We now verify that indeed V¥ is a section of Eg Ifwe ng, then Ly w is an
element of Qé; as well, since

t%Loya) - L[g&@]&) - [,oy L%CI) == 0

for all X € ¥4. The section VYg s of E, given by VY@ s = p(Lyw) is thus a section
of Eg again.

Now, we check that the curvature is zero. For this, we show that there exists a
local trivialization of Eg, by sections sy, . . ., s,, that are horizontal (that is, Vyg s; =0
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for all Y € X, ). For any x € M, let U be a neighborhood of x and ¢, : U —
RZ an isomorphism of foliated manifolds, where U is the supermanifold over U

defined by restricting A to U. Since the superfunctions 0y, . . ., 6,, are constant on
the leaves of [F\RZ:’Z;, the odd superfunctions fi=¢[;61, ..., fu=0;0n € Q(M) are
constant on the leaves of %. Moreover, the sections s1=p(d, f1), . . ., ss=p(d} fin)

define a local trivialization of E;. For any vector field ¥ € X, and any even
F
supervector field Y € (¥X5)o with IT(Y) =Y, we have

Vysi = p(Lydy f;) = p(dytydy fi) = p(0) = 0.

The existence of a local horizontal trivialization of E implies that the connection
V7 is flat. O

We summarize:
Proposition 2.16. Let & be a superfoliation of codimension n 4 em.
() (M, F;, Eg, v is a flat foliated connection.

(2) If the superfoliation & has a trivialized normal bundle, then the flat foliated
connection (M, Fy, Eg, V%) is trivial.

Proof. Statement (1) is a consequence of Lemma 2.12, while (2) is a consequence
of Remarks 2.13 and 2.14 O

2C(b). From flat foliated connections to superfoliations. Let (N, F, E, V) be a
flat foliated connection. Consider the supermanifold (N, E) whose superfunc-
tions are the sections of /\E. For any vector field X € Vect(N), Vy is an even
derivation of the superalgebra of superfunctions F( N\E ) These even derivations
can be considered as even vector fields of the supermanifold (N, E). Moreover,
since [Vy, V1 = Viy y)» these even derivations form a Lie algebra. The I'(/\E)-
module generated by the supervector fields {Vy | X € X} is a distribution that
defines a superfoliation of codimension n 4 e¢m on the supermanifold M(N, E).

This provides a canonical way to associate a superfoliation of codimension
n + em to a manifold N, a foliation F of codimension n, a vector-bundle E of
dimension m, and a flat foliated connection V.

Definition 2.17. We denote by F(N, F, E, V) the superfoliation of codimension
n + em on the supermanifold JL(N, E), defined above.

A foliated connection (N, F, E, V) is said to be trivial if F has a trivialized
normal bundle and the vector bundle E is trivial. The next proposition is straight-
forward and we leave it to the reader.

Proposition 2.18. (1) If (N, F, E, V) is a trivial flat foliated connection, then the
superfoliation (N, F, E, V) has a trivialized normal bundle.
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(2) For any foliated connection (M, F, E, V), we have
F(M,F,E,V
(2-9) (M,F,E, V)= (M, Fs r£v) Esnrev V" ).

Remark 2.19. By (2-9), the construction of Section 2C(a) is the left inverse of the
construction of Section 2C(b). However, it is not a right inverse. More precisely,
we show now that the construction of Section 2C(a) is not injective.

Consider the supercircle S'-3 defined by a trivial vector bundle E3 = S! x R? —
S! of dimension 3 over S!. Denote by x € S! the even parameter and by 6, 6>, 63
the odd parameters associated to three canonical sections sy, 57, s3 of E3 = § Ix
R3 — S

Take the superfoliations & and %, defined by the distributions of codimension
0+ €3 generated by the distributions O(/l) d/dx and O(M) (8/8x + 616,03 3/801).
These two superfoliations define the same foliation on M, the foliation with only
one leaf: S! itself. They define the same vector bundle: Ej3 itself. They both also
define the same connection, namely, the connection given by

\Y% as=a(x)—
a(X)% (x) X

for all a(x) € C®(S') and s € T'(E3). However, these superfoliations are not
isomorphic, because their superalgebras of superfunctions constant on leaves are
not isomorphic.

For the superfoliation %, the superfunctions 6y, 6>, 3 are constant on leaves,
and the algebra of superfunctions that are constant on the leaves of ¥ is therefore
isomorphic to /AR>. In particular, the vector space of odd superfunctions that are
constant on the leaves of %, has dimension 4.

For the superfoliation %,, any odd superfunction f can be written

3
f= 21 Ji(x)6; + g(x)60,0,0;

with f1, f>, f3, g € €>®(S!, R). If f is an odd superfunction constant on the leaves
of %,, then

3. dfi(x)
iz dx

d
fli“ 1)) 6105 =0,

9 3
(— +9192938—91) f=0 and

0x 9i+<

This implies that df| /dx =df,/dx =df;/dx =0and dg/dx + f1(x) =0. Hence,
foranyi e {1, 2, 3}, we obtain f;(x)=a; for some constant @; € R. But the equation
dg/dx + a; = 0 has no periodic solution unless a; = 0. As a consequence, the
vector space of odd superfunctions that are constant on the leaves of ¥, has only
dimension 3. The superfoliations &, and ¥, are therefore not isomorphic.
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2D. Superfoliations with trivialized normal bundle. We describe a canonical pro-
cess to replace a superfoliation on Jl by a superfoliation with trivialized normal
bundle on a GL(n, m)-bundle %5 over Jl. For a definition of the super-Lie group
GL(n, m), see [Leites 1980; Tuynman 2004].

The tangent bundle of the superfoliation % is a supervector subbundle of 7/,
of dimension (p — n) + €(¢ — m). The normal bundle % of % is a supervector
subbundle of T*.l of dimension n + em. Let Py be the frame bundle of ¥; this is
a GL(n, m)-bundle over Jl. Denote by 7 : %5 — . the canonical projection on ..

By the construction of a frame bundle, there is a canonical inclusion of % into
G+9[1] C (T*M)®" ® T*M[1]®™, where 4[1] and T*M[1] are the supervector
bundles obtained by reversing parities on the fibers. Let o be the canonical odd
1-form of T*/Ml and B the canonical even 1-form of T*AL[1]. Since we have not
been able to locate these 1-forms in the existing literature, we introduce them now.
Consider local coordinates on 7*.l

(-xla--'a-xp’ela--'79q7y17""yp9r’]a"'5nq)9
where x1, ..., x,,01, ..., 6, arelocal coordinates on Al and y1, ..., ¥,, N1, ..., 74
are the even and odd coordinates on the cotangent bundle of Jl corresponding to
the basis dual to d/9x1, ..., d/dx,, /001, ...,0/060, of T . We define « as

P P
o = Z yidxi — Z njdej.
i=1 j=1

It is routine to check that o does not depend on the local coordinates xi, ..., xp,
01, ...,04 on . The 1-form B is defined by the same formula, where yy, ..., y,
are now considered to be odd variables and 7y, ..., n, are considered to be even
variables.

Fori=1,...,n,denote by f; : %; — T*J the i-th projection on 7*.t and, for
j=1,...,m, denote by g; : P; — T* the j-th projection on T*AL[1]. Define a
family of 1-forms on Py as

wj=ffa, i=1,...,n, and ajzg;-"ﬂ, j=1,...,m.

Proposition 2.20. The pull-back w*% of the superfoliation & by 7 is a superfoli-
ation on Py, of codimension n + em with trivialized normal bundle, defined by the
1-forms wy, ..., wy, ai, ..., an.

Proof. According to Theorem 2.10, we just have to check that Proposition 2.20
holds in the case of the superfoliation IR,’,’,’,%. Let (x1,...,xp,01,...,6,) be the
(global) coordinates of [R{,fj,‘f, and yl:j, )7',{, ;l.l, zf{, fori,je{l,...,n} and k,[ €
{1, ..., m}, and with det(yf) =# 0 and det(zi) # 0, be the (global) coordinates of
GL(n, m). These coordinates define a system of coordinates on the supermanifold
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Pgra RY x GL(n, m). In the latter system, we have

wi=Y vidxg—Y 0/d6, and  a = ¢ dx,—> z]do.
k=1 =1 k=1 =1

Since det(y;) # 0 and det(z}) #0, the I-forms @y, ..., Wy, a1, . .., Gy € R (Pyra)

and the 1-forms dxi, ..., dx,,d0, ...,db, € Q' (@Rm) define the same superfo-
liation on Ppp.. This superfoliation is clearly 7*%. This completes the proof. [

Remark 2.21. Proposition 2.20 provides a canonical way to replace a superfo-
liation %, which has no trivialized normal bundle, by a superfoliation 7*% that
has a trivialized normal bundle. This construction is functorial, in the sense that,
if &, is a superfoliation on Jl;, then %, is a superfoliation on Jl,, and, if @ :
My — My is a morphism of foliated supermanifolds, then @ induces a submersion
Py : Py, — Pg, that is a morphism of foliated supermanifolds with respect to the
superfoliations 7 *% and 7 *%;. In other words, the application & — %, defines a
functor from the category of foliated supermanifolds of codimension n 4 em to the
category of foliated supermanifolds of codimension n +em with trivialized normal
bundle.

3. The cohomology of Vect(n, m),

For any super-Lie algebra g, let X1, ..., X, be abasis of g and ay, ..., a, the dual
basis, with a;(X;) = (—1)!Xi|, where |X;| is the parity of X;, and a;(X;) = 0 for
i #j. Ifforany i, j,ke{l,..., g} there exists some Cf,j € R with

g
k
[Xi, X;1=)_ Cf; Xt
k=1
then the Chevalley—Eilenberg differential is given by (see [Fuchs 1986])

8
(3-1) Sap =3 > (=DXICfa; na.
ij=1

Since we work with infinite-dimensional Lie algebras, we have to replace the
Chevalley-Eilenberg cohomology by an infinite-dimensional generalization, but
the signs in Equation (3-1) will remain valid.

3A. The Chevalley-Eilenberg complex of Vect(n, m) and Vect(n, m)y. To con-
struct the theory of secondary characteristic classes of superfoliations, we need
some prerequisites about the cohomology of a certain infinite-dimensional Lie al-
gebra of supervector fields; this construction can be found, for instance, in [Fuchs
1986].
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Take the superalgebra of superpolynomials

Rlxi, ..., X0, 01, ..., 0] =Rlx], ..., x,] @ /\R™.

The degree of a superpolynomial xi‘. . .xf,” 9{‘. ..9,{{", with i1,...,i, € N and
Jis---5 jm € {0, 1}, is defined to be iy + --- + i, + j1 + -+ + jm. This turns
Rlx1,...,xn,01,...,60,] into an N-graded superalgebra.

The graded super-Lie algebra

+00 _
Vect(n, m) = @ Vect(n, m)'
i=—1
of formal supervector fields is defined to be the super-Lie algebra of superderiva-
tions of R[x1, ..., Xu, 01, . .., O,,]. Elements of Vect(n, m)’ are said to be of weight
i. We denote Vect(n, 0) simply by Vect(n). We denote the even part of Vect(n, m)
by Vect(n, m)o = @;°°, Vect(n, m)i.

Let /\Vect(n, m)* be the DGA of multilinear superalternating forms for the
projective topology of Vect(n, m); let /\Vect(n, m); be the DGA of multilinear
superalternating forms for the projective topology of Vect(n, m)g; see, for instance,
[Fuchs 1986]. “Projective” means, in short, that an element of Vect(n, m)* (respec-
tively, Vect(n, m); ) is a linear form on Vect(n, m) that vanishes on all the spaces
Vect(n, m)! (respectively, Vect(n, m)f)) but for finitely many i € NN {—1}. The
spaces /\Vect(n, m)* and /\Vect(n, m);, are the exterior products of Vect(n, m)*
and Vect(n, m), respectively.

Denote by 9 be the Chevalley-Eilenberg differential on /\Vect(n, m)*, and by
do the Chevalley-FEilenberg differential on /\Vect(n, m);. The cohomology of
the DGA (/\Vect(n, myg, 80) is called the (Chevalley—Eilenberg) cohomology of
Vect(n, m)g, and is denoted by H *(Vect(n, m)o). Maybe the name “Chevalley—
Eilenberg” is not absolutely correct, since we do not consider the complex of all
skew-symmetric forms, but there is no risk of confusion here.

Let € be the ideal (with respect to the product A) generated by the even elements
of Vect(n, m)*, that is, by the continuous linear forms on Vect(n, m) that identically
vanish on Vect(n, m)y. The next lemma will be useful.

Lemma 3.1. The DGA /\Vect(n, m)*/€ and /\Vect(n, m)} are isomorphic.

Remark 3.2. Note that Vect(n, m) is sometimes denoted by W (n, m). We prefer
the notation Vect(n, m) in order to avoid confusion with the Weil algebra.

3B. Two technical lemmas about the complex (/A Vect(n, m)*, §). To prove
Proposition 4.2, we need to fix some notation and give the two technical Lemmata
3.5 and 3.6 about the DGA (/\Vect(n, m), 9).
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The family
1 il i .jl jm a
— X, X0 O —
) R n Y1 m i
(3-2) 11..i.ln. . . j ag,
1] In 1 m O
—i1!...i,,!x1"'x" 07 ...0n 36,
(withiy, ..., i, €N, ji,..., jmef{0,1},i=1,...,n,and j=1,...,m)is abasis

of Vect(n, m). Denote elements of its dual basis by (l/(il! g xi‘. . .x,i,” Gljl. ..
o 8/9x;)" and (1/Gy!...i,0) x!'. .. xir 0] .. 00" 8/86;)".

Remark that, if we denote by (xi'. . xn 9{". .o 8/8x,~)* and (xi'. oxln 9{". ..
9,{{” a/ 80j)* the elements of the basis dual to the basis given by xi' .. .x,i" Hlj o 9,{{”
9/0x; and x['... xi6]'. .. 6" 8/86;, then we have

1 i in jl ./m a * . . il in jl Jm a *
XXy O] O ) =i (XX OO
1

!...in! axi 3)6,'
(3’3) 1 i in 9]1 9]’" a *_ - - i in 9]1 9]”7 a *

For convenience, we introduce two notations.

Definition 3.3. For alli € {1, ...,n+m}, we define |i| to be O fori € {1, ..., n}
andbe l forie{n+1,...n+m}.

Definition 3.4. We define h;, i =1,...,n+m, tobe x; if |i| =0 and be 6;_,, if
li|=1.

For example, we denote by h;, ... h;jh,yj ... h,q ), d/0h) € Vect(n, m) the ele-
ment that we used to denote by x;, ...x; 6;, ...0;, 0/0xy, whereiy, ..., i;€{l, ...,
n}and ji, ..., j €{l,...,m}.

Define the weight of (h;, ...h; 9/0h;)* to be k — 1 for any iy, ..., i, € {1,
...,n+m}. Define Ay to be the subalgebra of /\Vect(n, m); generated (with
respect to A) by elements of weights —1,0, 1, ..., k. One has dA;_; C Ag.

We now compute the Chevalley—Eilenberg differential in the basis dual to the

basis in (3-2). For this purpose, we define c;‘ """ i for any iy, ...k, j€f{l,...,
n+m} by Y
CJl_l, g =l_[K(l, [i1, ...,lk])! (hh "'hikﬁ) R
i=l J
where K (i, [i1, ..., it]) is the number of integers equal to i in the list [i, ..., it].

If | j| = 1 and j appears more than twice in the list [iy, ..., ix], then, of course,

(3-4) el =0,
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Otherwise, we have

T 1 k kn 0J i 9 \*
iyeensik 1 npJl Jm _—__
¢ _8(—k1!...kn!x1”'x" 0y ...0, ahj>
for some & € {—1, 1}, where k1=K(l, [il,...,ik]),...,kn=K(n, [il,...,ik])
and where, for any i € {1,...,m}, j; =1 if and only if n + i appears in the
list [iq, ..., ik]. . .
For any iy, ...,i, j €{l,...,n+m}, we define Pj”’""’k € Ay_1 by:

(3-5) deitit = pii "k+"§1(—1)"'(i)*ulﬁl ----- i
J J = ah, i .

]

Lemma 3.5. Foranyiy, ..., ik, j€{l,...,n+m}, Pji' """ *is an element of Ai_1.

Proof. Denote by X i the set of shuffles of the sets {1,...,/} and {{+1, ..., k}.
We have

. , n+m . . . .
(36)  dc =3 X Dt g, 1, o) IO 00
I=1 oeXy
for some D(iy, ..., ik, 1, j,0) €R.
From the relations
_ i 1 k] ki+1 kn jl jmi]
G-7) [axi’ T RO ) TP 2 A B B A B T
— 1 ki ki kn J1 Jm 8
_kl'kl'kn'xl Ry ...Xnel Gm%,
d 0; ki kn pJ1 Ji=1 pJi+1 Jm d
(3-8) I:a—el, mxl e Xy, (91 ...91_1 91—}-1 (9m %]
1 k k}l i .7 i Am a
=mxll...xn 9111...0%[71191&431...9’{1 a_hj’

we obtain, using (3-1), (3-4), and the definition of 9, that

n+m

l:l,...,ik_ _ 11 i>* l.,il,...,ik
ac! lgl( 1) (ah, A

is a linear combinations of products of elements of weight O, ..., k—1 that do not
involve any terms of weight —1 or k. In other words, it is an element of Ax_;. [J

Lemma 3.6. For any iy, ....ix.1 € {1,....n+m}, define 2-forms Q""" € Ay
by

i ] i j nm ’ * ar .
(3_9) Q]l"” ..... ik _ le,u,...,lk _ Z (_1)|l|+\l l(hli/> /\C]l. NI lk.
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The following identity holds:

(3_10) 8Pl| ..... i _nisn( 0 > A Ql Ji1,
J ahy
Proof. The identity
n+m
(3-11) dc; = Z( e ac!

j=

holds for any i € {1, ..., n+m}. Applying 9 to (3-5) and using (3-11), we obtain

apii g S (1l (i)A it
/ = ohy) " ’

i N 1+ O N Lini
dP; + Z > (=1 “A hy——) Ac; ,
/ ahy oy

-
=1 /=1 o o
_ Z ( ) A it Z 0,
l J

aP_il ,,,,, ik+n§nnf( l)ll |+\l|( ) (hl 0 >/\Cl lseens ik_nin< 0 )/\Pl sk
J ohy ohy

I=1 I'=1 =1
n+mn+m * 9 *
— N ) (_) VLitenic _ ()
Now, for any /', 1 € {1, ..., n+m}, we have
a \* 0 o \* a0 \*
9 +DAr \+1)( ) <_>
(ahl)A(ahl/) =D ony) "o
ULivsenikc ¢ NN AU i1k
¢ ! =(=1) ¢ !
Therefore, we have
0" (g ) A () A () A Gy ) e
=D (ahl AT AG D) M) e
and n+m n+m | 9 * l/ | i
0" (g ) A () A =0
The lemma follows 1rnmed1ately. (]

3C. Generators of the cohomology of Vect(n, m)y. We introduce a DGA whose
cohomology is H *(Vect(n, m)o) but that is easier to work with than Vect(n, m)g
itself.

Let gl,, (respectively, gl,,) be the Lie algebra of linear endomorphism of R” (re-
spectively, R™). Let (a; )i je(1,....n) (respectively, (di i)k ie1,...,m)) be the canonical
basis of g/, (respectively, gl,,).
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The elements Vect(n, m)g of weight 0 in Vect(n, m)o form a Lie subalgebra of
Vect(n, m)g, isomorphic to gl,, @ gl,, through the isomorphism ¢ with

0 0
-12 (p(xi—>_ai ; ® —)_d .
(3-12) 0%, i and <9k 36, k.l

Let po be the projection from Vect(n, m)g to Vect(n, m)g, with kernel

o0

Ker po = Vect(n, m), ' @ @ Vect(n, m)j,.

i=1

Let a : (gl @ glw)* — Vect(n, m); be the linear map @ = p; o ™, where p; and
@™ are the dual maps of py and ¢.

The map « defines a gl,, ® gl,,-connection (see [Guillemin and Sternberg 1999,
Chapter 3]) of the DGA /\ Vect(n, m);, that induces a DGA homomorphism (denoted
again by ) from the Weil algebra W (gl, @ gln) = S((gly ® gln)*) @ A\ (8ln D glm)*
to /\Vect(n, m)g.

Let % be the kernel of «. The cohomology of the DGA W(gl, ® gl,n)/ K is
denoted by H *(W(gl,, @ gln)/ 57{). Write & for the DGA homomorphism from
W(gl, ®gl,)/% to /\Vect(n, m);, induced by «. Let & : H*(W(gln EBglm)/?{) —
H*(Vect(n, m)o) be the map induced by & in cohomology.

Theorem 3.7. The map & is an isomorphism between H *(W(gln ®dgln)/ 57{) and
H*(Vect(n, m)o).

The proof is provided in Appendix A.

4. Secondary characteristic classes of superfoliations

We construct, for any superfoliation & on Jil of codimension n+&em with trivialized
normal bundle, a map from H *(Vect(n, m)o) to the de Rham cohomology of the
base manifold H*(M).

We use the conventions introduced in Defintions 3.3 and 3.4. Throughout this
section, we often say “homomorphism” for “DGA homomorphism”.

4A. DGA homomorphism defining a superfoliation.

Definition 4.1. We say that a DGA homomorphism
w: (/\Vect(n, m)*, 9) — ("), dy)

defines the superfoliation & of codimension n + em with trivialized normal bundle
if the 1-forms w((d/dh;)*), i =1,..., n+m, define the superfoliation %.

Consider a superfoliation & with trivialized normal bundle on ., defined by
1-forms by, ..., by4m, where by, ..., b, are odd 1-forms and b, 41, ..., by, are
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even 1-forms. Take 1-forms (b{),-,je{ly,,_,wm} such that

n . n+m .
(4-1) dybi =Y b Abl — Y by b
j=1 j=n+1

According to (2-6), such 1-forms bij always exist. The choice of signs in (4-1) is
explained by:

Proposition 4.2. For any superfoliation F with trivialized normal bundle on M,
there exists a DGA homomorphism w from (/\Vect(n, m)*, 8) to (Q ), dm) that
defines the superfoliation &. Moreover, we can assume that

(4-2) w((0/0n)*)=b;,  i=1,....,n+m
4-3) w((h,-a/ah,)*)zbj, i,j=1,...,n+m.

First, we need the following lemma, proved in Appendix B.

Lemma 4.3. Let dy,...,d, be odd 1-forms and dy+1, ..., dytm even 1-forms,
forming a free family. Letd', i =1, ..., n4+m, be 2-forms on M such that
n+m

Y dind =0

i=1
There exist homogeneous 1-forms d"' of parity |i| + || + 1 (modulo 2) such that

. . . n+m .
dl,[ — _(_1)(|l\+l)(|l\+l)d1,l and Z di /\dl,l :dl.
i=1
Proof of Proposition 4.2. Define €(iy, ..., iy, o) € {—1, 1}, for any permutation o
of {1,...,k}, by
hia(l) . 'hia(k) = S(il, ey ik, O’) h,’l . .h,’k.

We will construct by induction a homomorphism w : Ay — Q (/) such that, for
any o € Ay_1,

4-4) dyw(a) = w(a(a)).

Equations (4-2) and (4-3) define such a map w for k = 0. Equations (3-11) and
(4-1) imply that the condition (4-4) holds for k = 0. We have therefore constructed
w for k = 0.

We now assume that w can be constructed for some k£ € N and construct it for
k+ 1. Applying w to (3-5), we obtain

i : . , n+m ) )
dMa)(c]"' ..... lk) :a)(Pj”"“’”‘)—l- Z (—l)llla)((a/ah[)*)/\a)(c]l.’ll ..... lk)'
=1
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Denote w(c;"""i”) by b;"""i”. In particular, b; = w((3/9x;)*). By applying d,, to
both sides of the previous expression and using Equation (4-2), we obtain
. . n+m / Li .
dMa)(le' ..... zk) +dA/t< 121 (—l)l ‘bl /\bj,n ..... lk) —0.
By (4-1), we have

ey | N e 1+ i« pleiteemik filsoit
dyo (P + 21 b; A < 121 (=D by Aby —dyb;" ) =0.
1= =

implies that

n+m .. . n+m o Li . .. .
2:1 bi A <a)(Q]l.’” ,,,,, iy 4 12:1 (—1)“|+|‘|b; /\bjyll ,,,,, ik _deJ{,ll,...,lk) —0.
1= =

From (3-9) it follows that
e itk itk
2 b,-/\(a)(Pj ) —dyc )=0.
=
By Lemma 4.3, there exist 1-forms bf’l’i"""ik satisfying
AT Liteip) R I Lyt ik
dyb; — (P )= > (-D'p, A Db
(4-5) ‘ i=1 |
(=1l bj{,l,il,...,ik = (= D)UHDAD )yl bjl_’i’ilvwik'

This last equation can be rewritten
_ LLitseie o N plodsin, ik
(4-6) b; =(=D""p; .

Equation (4-5) and the relations

bj{am ..... i (k) lo(k+1) =iy, ..., iks1,0) b;"""ik’ik+‘
PjiU(l) ’’’’’ fotblotrn) ety ...,0k11,0) f}il""’i"’ikﬂ.
imply that, for any permutation o of {1, ..., k+1},
(4_7) b]l:,irr(l) ..... lo(k+1) — 8(i1, o, ik+1a 0) b‘]l:,l.l,...,l.k+1‘

Equations (4-6) and (4-7) imply that, for any permutation o of {1, ..., k+2} and
any iy, ..., igt1, k2 € {1, ..., n+m}, we have

I (1)seees o (k1)L (k42) . .. D1yeees i1 ik42
(4_8) bj :8(119"'7”{’ lg+2, U)b] .
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We can then define @ on elements of weight k + 1 by a)(cjl.1 """ 2y = bjl.' """ 2,
Equation (4-8) implies that
(eI = g (i, ik, 0) (e ),

and hence w is well defined. The map w can be uniquely extended to a DGA homo-
morphism from Ay to Q(AM). According to (3-5) and (4-5), this homomorphism
satisfies d () = w(d(e)) for any a € Ag. This completes the proof. O

4B. Construction of secondary characteristic classes. Assume that
o : \Vect(n, m)§ — Q (M)

is a DGA homomorphism defining a superfoliation & of codimension n + em with
trivialized normal bundle. Set 8, = pow, where p is the canonical projection from
Q*(M) to Q*(M). By Lemma 2.1, the kernel of p contains all odd 2k-forms and
even (2k+1)-forms. As a consequence, w(€é) is contained in the kernel of 8,,. The
homomorphism B, induces a homomorphism from /\Vect(n, m)*/€ to Q*(M).
By Lemma 3.1, /\Vect(n, m)*/€ =~ /\Vect(n, m)}, and therefore f,, induces a
homomorphism B, from /\Vect(n, m)j to Q*(M).

Definition 4.4. Let @5 be the homomorphism from H * (Vect(n, m)o) to H*(M)
induced in cohomology by the DGA homomorphism

B, : \Vect(n, m)§ — Q*(M).
This definition is justified by:

Proposition 4.5. The homomorphism ¢ g H *(Vect(n, m)o) — H*(M) is inde-
pendent of the choice of homomorphism w : \Vect(n, m)* — Q (M) defining the
superfoliation %F.

First, we need a lemma. Let w! and w? be two homomorphisms defining the
superfoliation %, and let % > (p/zm 4 be the homomorphisms N\ Vect(n, m)* —
Q (M) constructed from w; and w, as in Definition 4.4.

Lemma 4.6. If pow' ((x; 3/0x))*) = pow?((x; 8/3x;)*) and pow' ((6x 8/36)*) =
pow*((0x3/00)*) € QM) foralli, je{l,...,n}and k,l €{1,...,m}, then

1 2
Pug = Pu,7-

Proof. A DGA homomorphism B from the Weil algebra W(g) = S(g*) ® /\g*
of a Lie algebra g to a given DGA (A, d,) depends only on the restriction of
Btol® N g*, see [Guillemin and Sternberg 1999]. In particular, the homo-
morphisms By« oo : W(gl, ® gly) — Q2(M) for a = 1,2 depend only on the
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1-forms p o w((x; 3/3x;)*) and p o w((6x 3/36)*), where i, j € {1,...,n} and
k,le{1,..., m}. Therefore,

Bproa =L 0 and ﬂ;lod:ﬂzozoo?.

For a =1, 2, the diagram

W(gly + glm)

o . AVect(n, m}

Bl

QM)

is commutative. Moreover, according to Theorem 3.7, ¢& induces an isomorphism
in cohomology. This completes the proof. (]

Proof of Proposition 4.5. Set a; = o' ((3/8h,-)*) and b; = a)z((a/ah,-)*). Set also
al = w'((h;jd/3h;)*) and b] = w?((h;d/3h)*).

For any superfunction f on the supermanifold /il xR, denote by f|; its restriction
to M x {t}. Denote by i; the maps from Jl to M x R induced by f — f|;. Let

pr: MxR— M

be the natural projection.

On the supermanifold M x R, consider the superfoliation %' that is the pull-
back of & by the projection pr. There exist 1-forms cy, ..., ¢,+, defining the
superfoliation % and 1-forms (Cf'()i,ke{l,“.,n—}-m} satisfying the identity

n—+m

dyci =Y (=D¥eenct
k=1

and the following two properties:

e The 1-forms ¢;, i € {1,...,n+m} (respectively, cf.‘, i,k ef{l,...,n+m})
restricted to A x (—oo, 1/4] are equal to pr* a;, i =1, ..., n+m (respectively,

prral, i,ke{l,...,n+tm}).

e The 1-forms ¢;, i € {1,...,n+m} (respectively, cf.‘, i,k e{l,...,n+m})
restricted to M x (3/4, 00) are equal to pr* b;, i =1, ..., n+m (respectively,
prib, i kefl, ..., n+m)).

By Proposition 4.2, there exists a homomorphism ws : /\ Vect(n, m)* — Q (M x R)
defining %', such that w3((h;0/3h;)*) = c; and w3((3/0h;)*) = c;. Then, the

The editors acknowledge the use of the diagrams package by Paul Taylor.
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following diagram is commutative:

Q(M)

pow oa i
1

i W(gl, @ gl ;
A\(Vect(n, m)o) (8 %@g ) Po®od ol R,
pow% %
QM)

Therefore, we also have the commutative diagram

H*(M)
0 Wi(gl I P i x g od
H*(Vect(n, m)o) R H*( (8 n;ag m)) BT » H*(M x R),

%%
H

where ¢ g g H *(Vect(n, m)) is constructed as in Definition 4.4, with the help
of the DGA homomorphism w3 defining F'.

Since by Theorem 3.7 & is a bijection, and i} : H*(M x R) — H*(M) and
iy H*(M x R) — H*(M) are isomorphisms with i} o (i;‘)_l = Id, we have

(M)

1 2
Pug = Pu,7- O
We now study how ¢, 5 behaves with respect to morphisms of superfoliations.

Proposition 4.7. Let F (respectively, 9) be a superfoliation with trivialized normal
bundle on M (respectively, N). Let @ : N — M be a morphism of foliated super-
manifolds, and ¢ : N — M the map induced by @, from the base manifold N of
N to the base manifold M of N. Let ¢* : H*(M) — H*(N) be the pull-pack by .
Under these hypotheses, we have

(4-9) Pyg=9¢ 00y 5.

In other words, for any supermanifold N and any submersion @ : N — M, we have
Py o5 =" 0@y g, where *F is the pull-back via P of the superfoliation F.

Proof. If  : /\Vect(n, m)* — Q (M) is a DGA homomorphism defining %, then
@*ow : [\Vect(n, m)* — Q(N) is a homomorphism of DGAs defining . Let
py i RWN) — Q(N) and p,, : Q(N) — Q(N) be the canonical projections of the
supermanifolds N and Jl to their base manifolds, as defined in Lemma 2.1. We
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have py o @* = ¢* o p,,, which implies that
pyoP ow=¢*op,ow.
Hence, Be+0w = ¢* o B, and Equation (4-9) follows. O

4C. Examples.

4C(a). Superfoliations of codimension 0+¢1. If & is a superfoliation of codimen-
sion 0+ ¢1 defined by an even 1-form a € Q! (), then there exists an odd 1-form
b e Q' (M) with dya=—anb.

By Proposition A.11, H* (Vect(0, 1)9) =0if k ¢ {0, 1}, and H" (Vect(0, 1)9) ~R.
Moreover, H! (Vect(O, 1)0) is generated by H = [(9 a/ 89)*]. By Proposition 4.2,
there exists a homomorphism w : A\ Vect(0, 1)* — Q(l) such that w((6 3/96)*) =
b. By construction, we have ¢ 5 (H) = [p(b)]. See [Laurent-Gengoux 2004] for
additional details.

Example 4.8. Let E — S' be a trivial 1-dimensional vector bundle. The superman-
ifold S'! = M(S', E), with base manifold S! and superalgebra of superfunctions
QM) = F( NE ), is called a supercircle. Let x € S' be the even parameter and 6
the odd parameter.

Let t € R* be a real number different from zero, and %, the superfoliation of
codimension 0 + 1¢ defined by the 1-form b, = d6 + 6 dx. Note that

dgaby =tdx NdO = (d0+10dx) Ntdx.
By the preceding discussion, we have
P11 g (H) = —[p(tdx)] = —r[dx].

For t # 0, we obtain a nonzero element of H'(S'). We have thus constructed a
supermanifold .l and a superfoliation & with ¢ 4 not zero.

4C(b). Superfoliations of codimension 1 + ¢1. Let & be a superfoliation of codi-
mension 14¢1 given by an odd 1-form w € Q' (M) and an even 1-form a € Q' (M).

There exist b, ¢ € Q' () with d,a =wAc—aAb. By Proposition 4.2, there
is a DGA homomorphism wy; : /\Vect(1, 1)* — Q (M), defining the superfoliation
F, with g ((3/9x)*) = w and wg((0 3/36)*) = b.

By Proposition A.12, H*(Vect(n, m)o) vanishes if k # 3, and H?(Vect(n, m)o)
is generated the classes H;, H,, H3 described by Equations (A-13), (A-14), and
(A-15).

Proposition 4.9. Let F be a superfoliation of codimension 1 + ¢1 defined by the
odd 1-form w and the even 1-form a. Suppose b is an odd 1-form and c an even
1-form on M satisfying dya =w ANc—a Nb.
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(1) There exist a, B, & € Q' (M) on the base manifold M such that
dyp(w) = plw) Aa,
(4-10) dy,o = p(w) A B,
dy p(b) = p(w) N§.
(2) We have
Pug(H) =[BAaApw)],
@11) 95 (H) = [ Aa A p@)],
P ug(H3) =[E A pb) A pw)].
Proof. (1) Define «, 8, £ by
a = powg((x3/0x)*)
4-12) B = powg((3x?3/dx)*)
£ =powg((x03/36)%)
Applying p o w to the identity
a \* a \* a \* J \* a \*
9(55) = (52) A (37) ~ () A (037)
and using Lemma 2.1, we obtain
dy (p(@) = p(@) Aa.
Applying p o wg; to the identity
3\ AN AV AY LAY LAY 3\
o(r50) = (50) A (3 ax) = ()~ (0rg) = (vgg) ~ (057)
and using Lemma 2.1, we get
dy (@) = p(w) A B.
Applying p o wg; to the identity
d \* J \* d \*
)(655) = (5:) ~ (+¢35)
and using Lemma 2.1, we obtain
dy (p(b)) = p(w) NE.

Thus, there exist 1-forms «, 8, & satisfying (4-10).
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(2) We must now check that the cohomology classes

[BAranp@)], [EAarp@)], [€Ap®)Ap)] € H (M)

do not depend on the chosen 1-forms «, §, £ that satisfy (4-10).

The 1-form [8 A o A p(w)] is the Godbillon—Vey class of the codimension-1
foliation F; constructed from & on the base manifold in Section 2C(a). This Fj; is
defined by p(w). The fact that [8 Aa A p(w)] does not depend on the choice of «
and B was proved in [Godbillon and Vey 1971].

From the identity § A a A p(w) = —(d), p(b)) Na =& A dy, p(w) follows that
[ Aa A p(w)] does not depend on the 1-forms «, 8, &§; while from the identity
& Ap(D) A p(w) = —(dy; p(b)) A p(b) follows that [§ Aa A p(w)] does not depend
on the 1-forms «, B, &. This completes the proof. (]

Example 4.10. Let M be a manifold and F a foliation of codimension 1 on M,
defined by w € Q' (M) with dy; 0 = w A a. Assume moreover that the Godbillon—
Vey class —[a A d),a] € H3(M) is not zero.

Let E — M be the trivial 1-dimensional bundle £ = R x M. Consider the
supermanifold Jt with O(M) =T'(/\E), and denote by 6 the unique odd parameter
corresponding to some constant section of E. There is a canonical embedding
1:Q'(M) — Q' (M) given by the pull-back of the canonical projection Jl — M.
Of course, p o I =Idgi ).

Define a superfoliation of codimension 1 + €1 by the odd 1-form I (w) and the
even 1-form a =d6 + 6 I (o). We check that these 2-forms define a superfoliation.
We have dy I (w) = I(w) A (a) and

(4-13)  dya=dOAl(@)+0dyl(e)=(d0+601(@) Al(a)+01(dy).
Since dy, o = w A § for some & € Q! (M) [Godbillon and Vey 1971], we have
dya=anl(a)+I1(w)ANOIE).

Therefore, the pair (a, I (w)) defines a superfoliation of codimension 1+ ¢1.
Now, from (4-13) we see that b = o and p(b) = «. By (4-11), we obtain

Yug(H) =@y 5(H) =@y 5(H3) = —[a Ady ] #0.

Example 4.11. We describe a superfoliation of codimension 1+¢1 with trivialized
normal bundle such that (pM’%(Hl) =0 and (pM’%(H3) #£0.

Consider the supermanifold given by the trivial 1-vector bundle E over the 3-
dimensional torus T3 ~ (S 1)3. Letx,y,ze S ! be the coordinates of 72, and let 6
be the odd parameter corresponding to the constant section of E. Take f(x), g(x)
two smooth functions on S! with /. ¢t W(f, g) #0, where W is the Wronskian.
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We leave the reader to check that the odd 1-form w = dx and the even 1-form
a=do0+0(f(x)dy+ g(x)dz)

define a superfoliation of codimension 1 + ¢1. In this case, we can choose b =
f(x)dy+ g(x)dz, and it is routine to check that

P (H3) =[W(f., g)dx ndy Adz]

Since [W(f, g)dx Ady Adz] = ([ W(f.8))[dx Ady A dz], it follows that
© M%(Hg) is a nonzero class in de Rham cohomology. Since p(w) = dx is a closed
1-form, ¢ 4.(H1) =0.

4C(c). Superfoliations of codimension 0 + em. According to Proposition A.10,
we have H*(Vect(0, m)o) ~ H*(gl,), where H*(gl,,) is the Chevalley-Eilenberg
cohomology of the Lie algebra g/,,. In such a case, therefore, ¢ 5 is a map
from H*(gl,) to H*(M). Moreover, if w is a DGA homomorphism defining the
superfoliation %, then ¢ 4 is given by

(4-14) di, — p(w((6x 3/96)%)) forany k,[=1,...,m.

Example 4.12. We compute this homomorphism in a particular case. The semidi-
rect product gl,, x R™ of the Lie algebra g/,, with R™ can be considered as a
super-Lie algebra with even part g/, and odd part R”. Let %G be the super-Lie group
associated to this Lie algebra by Lie’s third theorem (which is true for super-Lie
algebras [Tuynman 2004]). Since gl,, C gl x R™, the Lie group GL, acts on the
left on %, and a superfoliation of codimension 0 + em is given on ¢ by this left
action.

This superfoliation is defined by the left-invariant forms ay, ..., a, associated
to the canonical basis ay, ..., a, € (R™)*. Moreover, for any k € {1, ..., m}, we
have

m
dcgék = ZL_ZZ /\d]lc
=1

where c?,i € T*(%) are the left invariant 1-forms on % associated to the canonical
basis d. of gl(m)*.

By construction, therefore, there exists a homomorphism w defining the super-
foliation, such that

(G 3/36)*) = dj for any k,l € {1, ..., m}.
By Equation (4-14), we obtain that, for any H € H*(gl,,),

¢M7@(H) = P_Is
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where H is the class of the left-invariant form on GL,, that corresponds to H. In
other words, ¢, 5 is equal to the natural homomorphism H *(glm) = H*(GL,,).

It is well known that H*(GL,) ~ H*(O(m)), where O (m) is the orthogonal
group, and that H3*(O(m)) ~ R and H3(glm) ~ R for m > 3. We leave the reader
to check that the homomorphism H 3(glm) — H3(GL,,) is not trivial. Therefore,
we have proved the existence of nontrivial secondary characteristic classes for su-
perfoliations of codimension 0+ em with m > 3.

4D. Conclusion. We summarize the results of the preceding sections.

Theorem 4.13. For any supermanifold M foliated by a superfoliation & of codi-
mension n + em with trivialized normal bundle, there exists a map ¢, 5 from
H*(Vect(n, m)o) to H*(M) such that:

(1) @y 5 is a functor from the category of supermanifolds endowed with a super-
foliation with trivialized normal bundle to the category of algebra homomor-
phisms from H*(Vect(n, m)o) to an algebra A;

2) for (n,m) = (0, 1), or (n,m) = (1, 1), or n = 0 and m > 3, there exists a
supermanifold M and a superfoliation F of codimension n + em such that
@ . is not the zero map;,

3) if M is an ordinary smooth manifold endowed with a foliation F of codimen-
sion n with trivialized normal bundle, then ¢, reduces to the usual homo-
morphism of Bernstein, Bott, Fuchs, Haefliger and Rosenfeld [Bernstein and
Rosenfeld 1973; Bott and Haefliger 1972; Fuchs 1986].

Proof. By “category of algebra homomorphisms from H*(Vect(n, m)o) to an al-
gebra A” we mean the category whose objects are algebra homomorphism from
H *(Vect(n, m)o) to an algebra A, and whose arrows between objects

P4 H*(Vect(n, m)o) — A and ¢p: H*(Vect(n, m)o) — B

are homomorphisms ¢ : A — B such that 95 = ¢ 0 ¢,. Conclusion (1) is now a
paraphrase of Proposition 4.7.

Statement (2) follows from Examples 4.8, 4.10, and 4.12. Note that a more
precise statement will be given in Remark 5.3.

It is proved in [Fuchs 1986, Section 3.2.B (page 231)] that, when we are given
a foliation F of codimension n with trivialized normal bundle, the “classical”” map
of Bernstein, Bott, Fuchs, Haefliger and Rosenfeld is constructed by the passing
to cohomology of a DGA homomorphism  from (/\Vect(n)*, 3) to (Q(M), d,,),
with the foliation F being defined by the 1-forms w((3/0x;)*). This proves (3). O

The functoriality of this construction allows us to say that the assignment % +—
@45 (H), for any H € H*(Vect(n, m)y), defines a secondary characteristic class of
superfoliations with trivialized normal bundle.
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We have defined in Proposition 2.18 a way to construct from any flat trivial
foliated connection (M, F, E, V) a supermanifold (M, E) whose base manifold
is M, and a superfoliation F(M, F, E, V) on Jl with trivialized normal bundle.
We call secondary characteristic classes of flat trivial foliated connections the
secondary characteristic classes of this superfoliation. More precisely, we have
associated a homomorphism from H *(Vect(n, m)o) to H*(M) to any flat trivial
foliated connection on M.

Remark 4.14. One may ask whether, for any H € H* (Vect(n, m)o), there is a
superfoliation % and a supermanifold .M with ¢ 5(H) # 0. This question remains
open even in the case of foliations on smooth manifolds, and therefore we cannot
hope to find a simple answer.

Remark 4.15. According to Section 2D, if the superfoliation & of codimension
n + em does not have a trivialized normal bundle, then we can replace it by a su-
perfoliation pr*(%) with trivialized normal bundle, over some GL(n, m)-principal
bundle %5 — M. The map ZIY takes values in the cohomology of the base
manifold of P, which is a GL(n) x GL(m)-principal bundle over M. Therefore,
forany H € H *(Vect(n, m)), we can construct secondary characteristic classes
of superfoliation of codimension n + em (not necessarily with trivialized normal
bundle), but these characteristic classes have values in the cohomology of some
GL(n) x GL(m)-principal bundle over the base manifold M of Al. By Remark
2.21, this construction is functorial, that is, it behaves well with respect to pull-
backs of superfoliations.

We now link this construction to the cohomology of H (Vect(n, m)) and the
Godbillon—Vey classes constructed in [Koszul 1988].

The homomorphism w constructed in Proposition 4.2 induces a homomorphism
@, - H*(Vect(n, m)) — H*(M), where H*(Vect(n, m)) is the cohomology of the
superalgebra Vect(n, m). The following diagram is commutative:

H*(Vect(n, m)) H*(M)
- :
H*(Vect(n, m)o) Yus o,

with J : H* (Vect(n, m)o) — H* (Vect(n, m)) given by the inclusion Vect(n, m)o—
Vect(n, m), and p : H*(M) — H*(M) induced by p.

According to Batchelor’s theorem, p is indeed an isomorphism, and thus ¢, =
plog g ©J 18 independent of w. To emphasize that this homomorphism does not
depend on w, we denote it by ¥, 5. We cannot say that i/ 5 gives new secondary
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characteristic classes, since

(4-15) Vg =Popygol.

In [Koszul 1988], a homomorphism from H*(Vect(0, m)) to H*(M) is associ-
ated to any superfoliation of codimension n + em with trivialized normal bundle,
on a supermanifold of dimension n 4 em. It is easy to check that, by construction,
this homomorphism coincides with v, 5. It defines classes of superfoliations of
dimension 0 4 em, called “Godbillon—Vey classes” by the author. By Equation
(4-15), these Godbillon—Vey classes are among the classes we built in this article.

From Proposition A.11 and [Koszul 1988, Corollaire 1.2], it follows that J :
H'(Vect(0, 1)) = H'(Vect(0, 1)o) is an isomorphism. This implies that the class
constructed in Section 4C(a) is equal to the class constructed in [Koszul 1988,
Exemple 1].

We summarize:

Proposition 4.16. (1) For any superfoliation & of codimension n + em with triv-
ialized normal bundle, the following diagram is commutative:

H*(Vect(n, m)) H* (M)
M, F
X ,3

H* (Vect(n, m)g) —%% .+ H*(M).

(2) The Godbillon—Vey classes constructed in [Koszul 1988] are among the sec-
ondary characteristic classes of superfoliation constructed above.

(3) In particular, for foliations of codimension 0 + €1, the secondary class con-
structed in Section 4C(a) coincides with the class constructed in [Koszul
1988, Exemple 1].

5. Foliated flat vector bundles

S5A. Secondary characteristic classes on the base manifold. Let F; be the codi-
mension-n foliation induced by % on M, as in Lemma 2.12. Since F has a triv-
ialized normal bundle, according to Theorem 4.13 to any H € H*(Vect(n)) is
associated an element K € H*(M) by the “classical” construction of Bernstein,
Bott, Fuchs, Haefliger and Rosenfeld [Bernstein and Rosenfeld 1973; Bott and
Haefliger 1972; Fuchs 1986]. We would like to investigate the relation between
this construction and our construction.

There is a natural inclusion i from Vect(n)* into Vect(n, m), obtained by con-
sidering an element (xi' .. .xf,” d/dx,)* € Vect(n)* as an element of Vect(n, m)j.

Lemma 5.1. The inclusion i is a DGA homomorphism, and induces a map from
H*(Vect(n)) to H*(Vect(n, m)).
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Proof. The family

. g i1 lnGN
xi'x 6] ...0,{,’"5, Jis .-y jm €10, 1} with Z Jjk even,
' andi €{l,...,n}; k=1
(5-1) and
. I1yn.sip eN,
X xhelt . el 839 Jis ey m €10, 1} with 3° Jji odd,
and je(l,...,m}), *!

forms a basis of Vect(n, m)y.

The 0-degree (h;, ...h;, d/0h;) € Vect(n, m)o is the number of integers greater
or equal to n + 1 in the list iy, ..., iy, i. For example, the 8-degree of x,6,0/36,
or x36,0; d/0x> is 2, and the 6-degree of x13 a/dxy is 0.

If we enumerate the basis as described in (5-1), then the structure constant I:k] is
equal to zero if the index k corresponds to an element of -degree 0 and one of the
indices i or j corresponds to an element of nonzero 6-degree. Moreover, if i, j, k
correspond to elements of the basis (5-1) with a vanishing 6-degree, then the struc-
ture constant ;" k is equal to the corresponding structure constant in Vect(n). By the
definition of the Chevalley—Eilenberg differential, this implies that z( /\Vect(n)* )
is stable under dy, and that i is a DGA homomorphism. O

Proposition 5.2. Tuke H € H*(Vect(n)*) and H' =i(H) € H*(Vect(n, m)o). One

has

Pum, r(H)= Pu.g y(H/)
Proof. If w : \Vect(n, m) — (M) is a DGA homomorphism that defines %, then
powoi : [\Vect(n) — Q (M) is a DGA homomorphism that defines F. The diagram

A(Vect(n))* A(Vect(n, m)o)”
lpow
powoli
QM)

is commutative. As a consequence, we have the commutative diagram

H*(Vect(n)) —— H*(Vect(n, m)o)

\ l‘/’m,gp
Pum.F

H*(M). 0]

Remark 5.3. The nontrivial secondary classes in Section 4C are not secondary
classes of the induced foliation on the base manifold. We could therefore replace
(2) in Theorem 4.13 by a more precise statement:
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Let S be a supplement ofH*(Vect(n)) in H*(Vect(n, m)o). For (n,m)=(0, 1),
or (n,m) = (1,1), or n = 0 and m > 3, there exists a supermanifold M and a
superfoliation F of codimension n + em such that the restriction of ¢ 4 to S is
not the zero map.

5B. Secondary characteristic classes of foliated connections. Let & be a super-
foliation of codimension n + em with trivialized normal bundle, defined by odd

1-forms wy, ..., w, and even 1-forms ay, ..., a,,. It is convenient to rename these
forms by, ..., byym, where b; = w; for alli € {I,...,n} and b, ; = a; for all
j€{l,...,m}. Infact, we will in general use both notations at the same time. Let

(M , By, Eg, Vg) be the trivial flat foliated connection associated to the superfoli-

ation %, as constructed in Section 2C.
Theorem 5.4. The homomorphism Pug: H*(Vect(n, m)o) — H*(M) is com-
pletely determined by the flat trivial foliated connection (M L Eg, V‘U’;).

In other words, the theory of secondary characteristic classes of superfoliations can
indeed be considered as a theory of secondary characteristic classes of flat foliated
connections.

Proof. Let (blj ) m) be homogeneous 1-forms satisfying the relation

i,jell,...n+

n—+m )
(5-2) dyb; = (—1)V! Z b; Ab!
j=1

We divide the proof into four steps.

By Lemma 4.6, the secondary characteristic classes depend only on the 1-forms
(p.(bl.j)),-’je{l ) and (p(bi))i’je{n+1w”n+m}. Moreover, any family of 1-forms

.....

(Ef)i,je{l,_..,nm} such that (5-2) holds for some 1-forms b, ..., by, that define
the same superfoliation & will define the same homomorphism ¢, 5 by Proposition
4.5.

After applying p to (5-2) and taking i € {I,...,n}, we see that the 1-forms
(P(B]))i jeit....ny satisfy

n .
dy (p(@)) =3 p(w) A p®)).
j=1
By Remark 2.13, the 1-forms p(w;), i =1, ..., n, define the foliation Fj. For any

other choice of 1-forms @1, . .., @, € Q' (M) and any 1-forms Eij eQ' M), i,je
{1,....n}, withdy, @ =Y_, @; Ac], there exist 1-forms by, ..., byym € Q' (M)
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defining %, and 1-forms I;lj e Qi), i,jef{l,...,n+m}, satisfying (5-2) such
that, for all i, j € {1, ..., n}, the identity p(bi] ) = ci] holds. As a consequence,

Step 3: T depends only on Fy and on the restriction of (p(bf{))k,le{nJrl,_..,ner}
to the tangent space of the leaves of Fj,.

For k € {n+1, ..., n+m}, Equation (5-2) can be rewritten
n . n+m /
dyak—n=>Y_ wi Abp— > aAby.
i=1 I=n+1
As consequence, for any even superfunctions fk{ j withk, j e {1,...,m}and [ €
{19 O] n}’
L O ke e & kil
dain =Y oin (B =3 ffa) = X an (b -3 fHo.).
i=1 c=1 I=n+1 c=1
We have therefore
n . n—+m -
dyax—n =Y wi ANby — Y a /\b,l(,
where i=1 I=n+1
5 "E ke Ml N ek
(5-3) by=b, — Y fi ‘ac and b, =b, =Y flo..
c=n+1 c=1

Consequently, we can add to the 1-forms (bi)k’le{n_i_] ,,,,,
tion of the 1-forms w;, ..., w, without modifying ¢ 4.
Applying p to (5-3), we obtain

n+m) any linear combina-

(5-4) p(Bf) = p(b) — 3 Re(fX) p(w.)
c=1

.....

of the 1-forms p(w1), ..., p(w,) without modifying ¢, 5. This implies that ¢ ,, 5
depends only on the restriction of ( p(bi))k,le{nﬂ ,,,,, n+m) to the tangent spaces of
the leaves of Fj.

.....

of Fy depends only on Eg and V7,

Let X be a vector field tangent to the leaves of Fg, and & € (%), an even supervec-
tor field tangent to % such that I7(¥) = X. One has, for any k € {n+1, ..., n4+m},

o n+m , .
Vi (p@@k-n)) = p(Laar—n) = p(tqdyar—n) = p(t% > (=Dl /\b,{)

n . n+m J=1
p(t% Y wiAbl — Y aj/\bi).
j=1

l=n+1
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i
)) =0forany j €{l,...,n}. Therefore,

By the definition of the map p, one has p((t% wj)b ) =O0forany jef{l,...,n+m}
and p(L%(a)j A b,]lJri
m .
Vi(o(@-n) = =p( X (e ABLD).
j=1
By Equation (2-1), we obtain

o n+m
Vi(pa-n) == 3 (Re(yb))) p(a)).
I=n+1
By (2-4), the identity Re(t,, b)) = 1, p(b}) holds, and thus

n+m

V(@) == 3 (xp®))pa).
I=n+1
The restrictions of the 1-forms ( p (bZilj )i iett.m O the tangent space of each leaf

of F; are therefore completely determined by the connection V¥, This completes
the proof. O

Remark 5.5. We have associated secondary characteristic classes to a flat trivial
foliated vector bundle. In particular, we have associated characteristic classes to
any SO(n)-bundle over a manifold M, endowed with a flat foliated connection in
the sense of [Kamber and Tondeur 1975]. In [Kamber and Tondeur 1974] or [Kam-
ber and Tondeur 1975], characteristic classes are also associated to such objects. It
should be interesting to investigate the relation with this construction, in particular
with the map (4.4) from [Kamber and Tondeur 1974].

Remark 5.6. Before ending this section, we have to point out the relation be-
tween this approach and the theory of I-structures [Bott and Haefliger 1972]. A
foliation on a supermanifold Jl with base manifold M can be defined by a family
{fi}ier of local submersions onto R™", defined on an open covering {U;};c; of
M. For any two submersions f; and f;, there exists <pl.j in Diff(R™™) such that
fi= <pl'.i o fj, where Diff(R™™) is the pseudogroup of local diffeomorphisms of the
supermanifold R™"™. This is (almost) the definition of a Vect(n, m)-structure from
[Bott and Haefliger 1972]; the only difference is that I is not a subspace of local
diffeomorphisms of some vector space. As a consequence, it should be possible to
obtain again most constructions of the present paper by generalizing the results of
[Bott and Haefliger 1972] to this case; note that the Lie algebra of Diff(R*") is
precisely Vect(n, m)g.

Appendix A. The cohomology of Vect(n, m),

We prove Theorem 3.7 and, as an application, compute H *(Vect(n, m)o) in some
particular cases. First, we will need some technical results about representations
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of the Lie algebra gl,, @ gl,,. The methods of this section are mainly inspired by
[Astashkevich and Fuchs 1993; Fuchs 1986].

For any vector space V and any k € N, we denote by V® the tensor-product of
k copies of V. For any family of vector spaces Vi, ..., Vi, we denote by ®f: Vi
the tensor product V; ® V> ® ... ® Vi. We denote by S¥(V) the space of elements
of degree k in the symmetric algebra of V.

A1l. Some results about representations of gl, ® gl,,. Let V and W be vector
spaces of dimension n and m, respectively. Let g/, and gl,, be the Lie algebras of
linear endomorphism of V and W, respectively. The Lie algebras g/, and g/, act
on V and W, respectively, by g-v=g(v) and h-w =h(w), whereve V, g € gl,,
we W, hegl,. Moreover, the dual spaces V* and W* are gl,,- and g/,,,-modules,
respectively, with actions

gV =(=9"0) and  h-w'=(=h)"w),

where g* and h* are the dual endomorphisms and v’ € V*, w’ € W*. These actions
extend naturally to an action of the Lie algebra g/, ® gl,, on

ERl =V e vH® @ W @ (W)®1,

We give some lemmas about the representations of gl, & gl,,,. It is well known (see
[Fuchs 1986, Theorem 2.1.4] or [Howe 1989]) that, for any vector space V,

(VO @ (V@) =0 ifk £,

n n
(V@k ® (V*)@k)gln — @ ay Z .. Z Xi, R ®xl~" X yia(l) [ yio(n)’
oeXy i1=1 ir=1
where a, € R, x1,...,x, € V is a basis of V, and y, ..., y, € V* is the dual
basis. The following is an obvious generalization of this result:

Lemma A.1. Let {x; |i =1,...,n} be abasis of Vand {y; e V¥ |i =1, ..., n}
the dual basis. Let {¢; |i =1, ...m} be a basis of W and {n; e W* |i=1,...,m}
the dual basis.

(D) Ifk #1 or p # q, then (Ef):lq)gl"eagl’" =0

) Ifk =1 and p = q, the space (E k.k )gl n®ehn generated by the elements

p.p
grr= 2 Y Y Z

s1=1 Sk= lsl_l Y

XM ® ®x3k ®ysa(]) ® ®ysg(k) ®€31 ® ® ;S ® T)s ® ® 7’)3

(1) w(p)’

where o is a permutation of {1, ..., k} and © a permutation of {1, ..., p}.
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Let H be a gl,, ® gl,,-submodule of V@ (V*)®" @ WOP @ (W*)®. Let G be
the gl,, @ gl,,-module
kil
G:==E,,/H.
Such a gl, & gl,,,-module is said to be of type I.

Lemma A.2. Let w be the projection of E ;‘):lq onto G. One has:
L, ®gln _ k,l glneaglm
(A-1) G ®8ln — ”(Ep,q) .

Proof. Both spaces reduce to Oif k £l orif p #¢q. If k =1 and p = g, the center of
gl, ® gl acts trivially, and then both G and E ﬁ’fq are sl, @ sl,,-modules satisfying

1,®sl I,®gl k,k \Sh®sl k.k \8ln®gl
(A_z) GS nDsly, — Gg g " (Ep’p) n mo__ (Ep’p) n m.

Since sl, ®sl,, is a semisimple Lie algebra, any finite-dimensional s/, ®sl,,-module
is the direct sum of the s/, @ sl,,-submodule of invariants with the sl, @ sl,;-
submodule of coinvariants. In particular, we have the decompositions

G = (sl ®sly).G O Gl
Eph = (sl @ sl E @ (E35)™
Since 7 is a Lie algebra morphism,
(B € oot
JT((Sln ® slm).Ell;i’;) c(l,®sly).G
Since 7 is onto, we must have
(B ) = et
(sln ® sln). 7w (EN) = (51, ® slw).G
The conclusion thus follows from (A-2). O

We now introduce the gl, @ g/,,-modules that we will study. (In the sequel, we
will often simply say “module” for a g/, & gl,,-module.)

Definition A.3. Consider a family L; = {(uq,vy) | a = 1,..., K} of pairs of
nonnegative integers such that u, + v, > 2 and v, is even. Consider a family
Lr={(pp,qp) |b=1..., K'} of pairs of nonnegative integers such that p,+g, >2
and g, isodd. Let L e N and let =L uL,U{L}. We associate to &£ the gl,, ® gl,,,-
module

Gy =N (SN WV AN (S (V)@ N W@ W) A N\ V™.

Such a module is called a module of type I1.
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Our goal for now is to describe (G &)8in®8ln; see Section A2 for motivation.
We describe a natural projection

Ty: 0 —> GF

where Q = E:}g“’ withm=Y"5 1, +> % prandn=Y% v, +3K 4.
First, we can construct an isomorphism ¥ of gl, @ gl,,-module from Q to the
module

K K’
Oy =Q(VE@WO @ V*) @ Q(VEr @ Wer @ W*) @ (V)L
a=1 b=1
obtained by permuting terms in the tensor product defining Q, according to the
rule: allow permutation of the tensor product of two elements if and only if they
do not belong to the same vector space. With this restriction, there is only one
natural isomorphism v from Q to Q..
Second, there is a natural projection

K K’
s ® (V®/La ® W®Va ® V*) ® < ® vV ®ps (9] W ®4b ® W*> ® (V*)®L —> Gy
a=1 b=1

constructed by taking the appropriate symmerizations and skew-symmetrizations.
Define w, as 7, = 7" 0 9.

Proposition A.4. (1) IfY.X_| ,ua—i-Zf:,l pw#K+Lorif YK va+Zf:/1 qp» #
K', then G&"®' = 0.

(2) If there exists a € {1, ..., K} with v, # 0, or if there exists b € {1, ..., K'}
with qy # 1, then G8"®8' = 0,

Proof. Since G o, is amodule of type I, Lemma A.1(1) and Lemma A.2 immediately
imply statement (1). The identity Zle Vg + Zf;l g» = K’ implies statement (2),

since gp isodd forb=1,..., K, and v, is even fora =1, ..., K, and since all
these numbers are nonnegative. U
From now on we assume that g =---=¢ggr =1, vi=---=vg =0, and
K K’
(A-3) e+ Y. pp=K+L.
a=1 b=1
. K
Write H =), _, [a-
The map 7, can now be easily described: for all sy, ...,sx47 € {1,...,n},
t, ..o tgrefl,...om}), s, €f{l,....m}, and 1], ... 1}, €{1,...,m},

we have
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(A-4) Fgg(xsl @ Xy s @ )’z;(,fs; ..... ;‘}« UNETENE 771;(,)
= /\lfzo R(SM1+"-+V-I>1+1’ SRR SM1+~'+Mi)
(x5u1+~-+pl-+1 e K ey 'yli)
A /\13’20 R(SH4pitotpyoi+1s - -+ SHEprotp; )
(xSH+p|+~~+p_,-_1+1 - 'x5H+p1+---+pj ’ KS,/ ’ ntj/)
/\/\k K+1 Yt
where, for all k,ay,...,a, € N, R(ay,...,ap) is an integer that appears in the

symmetrization map ®h V — §*(V). We leave the reader to check that indeed

n
(A-5) R(ay,....ap)=[[KG. lar.....axD)!.
i=1
Two indices i, j € {1, ..., K+L} are said symmetric with respect to & if there
exists k€ {0, ..., K—1} suchthati, j € {3 5_ va, ..., SE v, ), orif there exists

ke{0,...,K'—1} such thati, j € {35_, po, ..., kL] pp). Intuitively, i and j
are symmetric with respect to & if the projection 7, maps the i-th and the j-th
terms of the tensor product V®&+L) inyolved in the definition of Q to the same
symmetric algebra $#< (V') or to the same symmetric algebra SP> (V).

Two indices i, j € {1, ..., K+L} are said antisymmetric with respect to & if
i >K+1and j > K + 1. Intuitively, i and j are antisymmetric with respect
to & if the projection 7, maps the i-th and the j-th terms of the tensor product
(V*)®EK+L) inyolved in the definition of Q to the exterior algebra /\ V*.

Lemma A.5. Let o be a permutation of {1, ..., K+L}. If there are two indices
i,je{l,..., K+L} symmetric with respect to & such that o (i), o (j) are antisym-
metric with respect to &, then g, r = 0.

Proof. Consider two indices i, j € {1, ..., K+L} symmetric with respect to & such
that o (i), o (j) are antisymmetric with respect to &. For any k,/ € {1, ..., n}, the
terms in (A-4) corresponding to s; = k and s; =/ and the terms corresponding to
si = [ and s; = k appear with opposite signs. By Equation (A-4), 7(gs,) must
therefore vanish. U

Lemma A.6. If u, # 2 for some a € {1,...,K}, or if pp #= 1 for some b €
(1,..., K}, then G§"®" = ¢,

Proof. If 4, >3 forsome a in {1, ..., K} orif p, > 2 for some bin {1, ..., K'},
then by (A-3) we must have L > K + K’. By a simple argument of cardinal-
ity, this implies that, for any permutation o of {1, ..., K+L}, there exist i’, j' €
(K41, ..., K+L)} such that ~1(i"), ~1(j’) are symmetric with respect to &.
Therefore, by Lemma A.5, 7 (gs,c) = 0. O
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Assume now that u; =--- = ug =2 and p; =--- = pxr = 1. In this case,
Gy =N (2 @V)AN (Vewew:) A N v,
Let s be the exterior algebra over the space S>(V)QV* @ VW W* @ V*,

Lemma A.7. If o and t are permutations of {1, ..., K+L}and {1, ..., K'}, re-
spectively, then w,(gs,1) is an element of the algebra generated (with respect to
the product N) by elements of the form

n .

Y Vi yeAxexiny; € (SH(V)®@VH) @V, i,jefl,....n},
c=1

n

Y veAxeLem € (VOWQWH)AVH, k,lefl, ... m},

c=1
where, for anyi,c =1, ...,n, y! is defined by y} = 1 for i # c and by yii =2

Proof. Let o be a permutation of {1,...,2K+K'}. If thereisani € {1, ..., K}
suchthato (2i—1) > K and 0 (2i+1) > K, then Lemma A.5 implies that 7,(go,) =
0. Assume now that such an i € {1,..., K} does not exist for ¢; then, for all
ie{l,..., K}, one of the two integers o (2i —1), 0 (2i) is greater than K, and one
is smaller or equal to K. We define a permutation ¢’ of {1, ..., K} by ¢/(i) =
min{o (2i—1), o (2i)}.

By Lemma A.1(2), we have

n

m
K
ngg(ga,r) = Z Z /\i:] R(s2i—1= s2i)(xszl',1x;&‘2,' -)’so(,-))

Slyeees § =15 ... 5 ,=1
2K+K 1 X /\K’ IKAK'
A j=1%s2x+; é‘s;'ns;m AN k=K+1 Ysowy*

From Equation (A-5), it follows that R(sp;_1, s2;) = ys..,. Therefore,

n m K n g
nif(ga,r) =¢ Z Z /\i=1 (Z Ye A\ yc?GCxSi ‘ysn’u)))
c=1

Sty SK=1 5] sl =1
A /\[j/zl <yc A i Xe -y ‘ntr(i))
for some ¢ € {—1, +1}. -~ [l
We recapitulate:
Theorem A.8. Let G¢ be a gl, @ gl,,-module of type II (as in Definition A.3).
« XK e+ K po # K+ L, then G8®m = 0.

o Ifone of the even integers {v,}4=1.... x is not 0, then Gggl"@gl’” =0.

.....

.....



158 CAMILLE LAURENT-GENGOUX

. L,®gl
..... k' is not 1, then Gfg"@g " =0.

e lfus,=2andv, =0fora=1,...,n,andif pp=qp=1forb=1,...,m,
then the space Gifgl”@gl’” is contained in the subalgebra of sl generated by the
elements

o If one of the integers { pp}p=1

n .
Zy(:/\()/éxc-xi-yj), i,jG{l,...,n},
c=1

Y Ve AXe Lk, k,le{l,...,m).
c=1

Later, we will also need the following:
Lemma A.9 [Fuchs 1986]. For any gl, & gl,,-module E of finite dimension,
H*(gl, ® gln, E) = H* (gl ® gly, ES"®8).
Actually, H"‘(gl,1 @ gln, E) = H*(gln b gln, Egln@gIM) = H*(gln b gly, [R) ®

E8n®8ln

A2. The cohomology of Vect(n, m)y and the Weil algebra. Now we are able to
prove Theorem 3.7. Let KX be the kernel of the DGA homomorphism & : W(gl,, ®
gln) — A Vect(n, m){, and denote again by & the induced DGA homomorphism
from W (gl, ® gl,,)/ ¥ to /\ Vect(n, m);. We restate the theorem:

Theorem 3.7. Let @ be the map from H*(W (gl, ® glw)/K) to H*(Vect(n, m)o)
induced by &. The map & is an isomorphism.

Proof. We first describe & : W (gl, &® gl,n) — /\Vect(n, m);, precisely. By (3-12),
the DGA homomorphism & from W(gl, & gl,,) to /\Vect(n, m); is given by:

(A-6) 1®a,-’j — (x; 8/8x,)*, 1®d,',j — (6; 8/89j)*,

where a; ;, fori, j € {1,...,n}, and d; ;, for i, j € {1, ..., m}, are bases that are
dual to the canonical bases of g/, and g/,,, respectively.
One can easily check that

d \* ! d \* J \* U d \* [XeXi 0 \*
3(*137,.) —k;(xta—xk) A(xka—x,.) —§<ax6) A( Vi a—x,.)’

a\ & d d \* 4 Jd \* d \*
8(9’8_9]-) —,2(91 aek> <9kae> - Z(ax) A<x"9’a_9j>'

Since & is a DGA homomorphism, by the definition of the differential of a Weil
algebra [Guillemin and Sternberg 1999], we have

()~ ()
X, Yl 0x; ’

8 *
) (cela—ej)-

(A-T)

aa;,; ®
(A-8)

a(d; ;j®1) X::(
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We compute the cohomology of Vect(n, m)y with the help of the Hochschild-
Serre spectral sequence [Fuchs 1986] associated to the sub-Lie algebra of elements
of weight zero. Its second term E 12 ; is

Ei} = Hl(gln @glmv /\]® Fk)’
k#0

where Fj is the space of elements of weight k in (Vect(n, m)o)*. By Lemma A.9,
E7 ; reduces to

Elzj =H' (gln ® gly, (/\]g Fk> >

The gl, & gl,,,-module /\j D, £0 F is a direct sum of modules of type II. For
example,

Fiy~W* and F=(SVV)®(VeWweWw.

More generally, denoting by |x] the integer part of x € R,

L(k+1)/2] . . Lk/2] . )
Fj ~ @ (V®k+1—21 ® W®21 ® V*) D @ (V®k+1—(2]+1) ® W®(2]+1) ® W*)
i=0 Jj=0

Therefore, the modules /\" Fi A AN F;,,whereiy, ..., ir€{-1,1,2,3,...}
and ji, ..., jr € N, are direct sums of modules of type II.
The gl,, ® gl,,-module
NFa®@N F

is a module of type II with u, =2 and v, =0 fora =1,...,Jj, with p, = 1
and qr = 1 for b.= 1,...,j, and with L = j. By Theorem A.8, the modules
N' F;, A--- A N* F,, have no nontrivial space of invariants except those of the
form /\' F_; A /N Fy. Therefore,

(N @ R = (N Foy@ N R,

k£0

(/\2j+1 @ Fk)glnGBglm —0.

k£0
By Theorem A.8(6), we obtain that the gl,, gl,,-invariant elements of /\j D k20 Fy
are elements of the subalgebra of /\ Vect(n, m), generated by

ST Y a N ..
Zy{f(axC‘)/\(-XCXia_xj)’ lsje{l’---,n}a

c=1

%(aic)*A(xceka%)*, kile(l,....m).

c=1
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From (3-3), the identity y; (x.x; 3/9x;)* = ((xcx;/y!) 8/9x;)* holds. Hence, the
generators can be written

Z( 9 )*A(’ii)* ijell,.. .. n),

— \0x, UoOx;

(A-9) CZI ‘ e ’
§<a>* (9—8)* k,le{l m}
e 8xc A | Xe k391 s s e .

Let $ = &(W(gl,, ® glm)) be the sub-DGA of /\" (Vect(n, m)o) that is the image
of the complex W (gl, & gl,,) through @. By (A-8) and (A-9), we have

(A-10) (N @ F)$® c 9.
k£0

Moreover, by Equation (A-6) we have the identity
(A-11) INFy=Fy~gl, ®gly.

The cohomology of $ can be computed with the help of a spectral sequence
whose second term is

E}; = H"(ymFO, $n (/\j ) Fk))-
k0

By (A-11), Elzj = H! (gl,, ® gl,, $N (/\] @k#o Fk)). From Lemma A.9 we
obtain £ ; = H' (g1, ® glu. (90 (NN @y Fi))$"28Mn). By (A-10), the identity
E?; = E7; holds.

Therefore, the cohomology of /\ Vect(n, m); is equal to the cohomology of the
subcomplex $ = & (W (gl, ® glm)) =~ W(gl, ® gly)/¥. This completes the proof
of Theorem 3.7. ([

As an application, we compute the cohomology of H *(Vect(n, m)o) in some
particular cases:

Proposition A.10. The cohomology of Vect(0, m)q is isomorphic to the Chevalley—
Eilenberg cohomology of the Lie algebra gl,,.

Proof. The DGA homomorphism from W (gl,,) to /\ Vect(0, m); is:
1Q®d; j— (6;0/36;)" and dij®1—0.
The kernel of this homomorphism is S(g/(m)) ® 1. The cohomology of
W(gln)/S(gl(m)) ® 1 = A\gly
is the Chevalley—Eilenberg cohomology of the Lie algebra gl,,. ([

In particular:
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Proposition A.11. We have isomorphisms H 1(Vect(O, 1)0) ~H 0(Vect(O, 1)0) ~

R, and H' (Vect(0, 1)9) =0. Moreover, H' (Vect(0, 1)o) is generated by (6 9/060)*.
We also determine the cohomology of Vect(1, 1)q:

Proposition A.12. The cohomology of Vect(1, 1)¢ is given by H" (Vect(l, 1)0) =
ifn #0,3, and by H%(Vect(1, 1)9) = R and H?(Vect(1, 1)9) = R*. Moreover, the
latter is generated by the classes described in (A-13), (A-14), and (A-15).

Proof. We denote by a and d the generators a; 1 and d; 1 of gl; @ gli. The DGA
homomorphism from W (gl; @ gl;) to /\ Vect(l, 1); is given by

8 *

1®a— ( 8 )
i (03).

{ 5 9 \* x2 J \*
ae 25 (Par) = (5) ~ (537)

J \* 3 *

d@1 (=) A (x05).
The kernel % of this application is generated by S?(gl; @ gl;) ® 1. This implies that
the cohomology vanishes in all degrees different from 3. We can now compute the
cohomology of W(gl; @ gly)/J. It is easy to check that H3(Vect(1, 1)9) = R*.
Generators of H3(Vect(1, 1)o) are given by

(A-12)

(a-13 =)~ () (52 ]

(14 Ha=[(v055) » (va7) 2 (53) ]

S (T G ey ]
Appendix B. Proof of Lemma 4.3

Lemma 4.3. Let dy,...,d, be odd 1-forms and d,+1, ..., dy+m even 1-forms,

forming a free family. Ifd', i € {1, ..., n+m}, are 2-forms on M such that, for
any j €{1,...,n+m},
n+m

(B-1) S dind =0,
i=1

then there exist homogeneous 1-forms d'>/, of parity |i| + || + 1, with
n+m

B-2) 4V =—(=DUFDUED LT g Y dind =d'.
i=1
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Proof. There are partitions of unity on ., that is, for any open covering {U,}scs of
the base manifold, there exist even superfunctions {¢; € 2 (M)};cs with support in
Us and such that ) ¢, =1 > Where 1 is the unit of G(AL). As consequence, if
there is an open covering {Us};cs, of the base manifold such that (B-2) has local
solutions on Uj for any s € S, then (B-2) has a global solution. We therefore only
have to prove that (B-2) has solutions locally.

For this, consider 1-forms d;, 441, ..., dp44 suchthatdy, ..., d,1, is a trivial-
ization of Q! (M) ~ TM*. Forany i € {1, ..., p+q}, define |i| to be 1 if d; is even,
and 0 otherwise. (This definition generalizes the previous definition of || given in
Definition 3.3.)

Forany [ € {1, ..., n+m]}, there exist superfunctions Frsi Ghwi and HY-wi
with r,s,t € {1,...,n4+m}, u,v,w € {n+m+1,..., p+q}, i € {1,...,n+m},
such that
n+m n+m  ptq

d= > dnrd;AFL+ Y Y d Ad, NG
r,s=1 t=1 u=n+m+1
ptq .
(B-3) + Z dy ANdy A Hv,w,l’
v,w=n+m+1
Fr,s;l — (_1)(|r|+1)(|s|+1) Fs,r;l’

Hv,w;l — (_1)(|v|+1)(|w|+1) Hw,v;l.

For convenience, we have chosen to multiply a 1-form with a superfunction on the
right, which is unusual but will simplify the signs. Equation (B-1) gives

n+m n+m n+m n+m p+q

S S dind Adg AFTSI Y S diAdy Ady NG
=1 r,s=1 =1 t=1 u=n+m+1
n+m p+q

+3 Y diadyAdyAHY =0,
=1 v,w=n+m+1

This is equivalent to the three conditions

Frsil o (= )UED i) pslir 4 (1) UsiHDArHD plris —
(B-4) Ghwl = — (=)Dt Glust

Hv,w;l =0
Define (di;l)i,lzl ..... n+m by

B5) d =4S d A (P51 4 L DFIEHDTED g A pilis)
s=1 ptq o
+ > dun G,
u=n+m+1
We check that (B-4) implies that (B-2) can be satisfied:
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Step 1: Checking that d' = (—1)UiHDUI+D ghi

From G"*! = (—1){I+DUI+D Giwl e obtain

p+q il D41 p+q i
(B-6) Z d, NG"" = (_1)(|l|+ Y(+1) Z d; A GHE
u=n-tm+l u=n+m+1

Moreover, from (B-3) and (B-4), we obtain
(B-7) Fl,s;i + (_1)(|s|+1)(\l|+|i|) Fi,l;s + (_1)(|l\+1)(|i|+1) Fi,s;l —0.
It is then straightforward to check that
Flsii + %(_1)(|S|+1)(V|+|i|) Flis
= _(_1)(|l|+1)(|i|+1)(Fi,S;l + %(_1)(\S|+1)(|1|+\i|) Fi,l;S).
This and (B-6) imply that
(B-8) dil = —(=1)WHDAID ghi,
Step 2: Checking that 3" 1" d; Ad"! = d'.

We compute Zl'-”j;"l(—1)(|“|+1)(‘l|+|i|)di AdgFP5S Tt is equal to

LN DD g o g pitis 4 1 NS DU g A go p pok
7 2 (=D i A dg +3 > (=D s Adi A :

i,s=1 i,s=1

From the identity (_1)(\S|+1)(|l|+\i|) (_1)(\S|+1)(|i|+1) — (_1)(|l|+1)(|S|+1)’ we deduce

n+m . . .

) (= 1)BSIEFDHAAAD g A g A Fibs

i,s=1 . . .
= %di Adg A ((_1)(|s|+1)(|1|+|z\)Fz,l,s + %(_1)(|l|+1)(\s|+l)Fs,l,l)
= %di Ads A ((_1)(|s|+1)(|ll+|i\)Fi,l;s + (_1)(|l|+1)(|i\+1)Fl,s;i).

From (B-7), we obtain

ndm ; - n+m o
(B-9) Z (_1)(|S|+1)(|”+|l|)dl /\dsFl,l,S — _% Z di /\ds A Fl’s’l.

b=l is=1
The result now follows immediately from (B-5) and (B-9). H
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CURVATURE OF SPECIAL ALMOST HERMITIAN MANIFOLDS

FRANCISCO MARTIN CABRERA AND ANDREW SWANN

We study the curvature of almost Hermitian manifolds and their special
analogues via intrinsic torsion and representation theory. By deriving dif-
ferent formulae for the skew-symmetric part of the %-Ricci curvature, we
find that some of these contributions are dependent on the approach used
and, for the almost Hermitian case, we obtain tables that differ from those
of Falcitelli, Farinola, and Salamon. We show how the exterior algebra may
be used to explain some of these variations.

1. Introduction

Tricerri and Vanhecke [1981] gave a complete decomposition of the Riemannian
curvature tensor R of an almost Hermitian manifold

(M. 1.(-.-))

into irreducible U(n)-components. These divide naturally into two groups, one
forming the space H = H(u(n)) of algebraic curvature tensors for a Kdhler mani-
fold, and the other being its orthogonal complement .

Falcitelli et al. [1994] showed that the components of R in #* are linearly
determined by the covariant derivative V&, where V is the Levi-Civita connection
and & is the intrinsic torsion of the U(n)-structure on M. Gray and Hervella [1980]
showed that, in general dimensions, £ may be split into four components &, .. ., &
under the action of U(n). By using the minimal U(n)-connection V=V +& of M,
Falcitelli et al. display some tables showing whether the tensors %Si and & ©&;
contribute to the components of R in %~. This provides a unified approach to many
of the curvature results obtained in [Gray 1976a].

The present paper is motivated by the interest in extending the above-mentioned
results to special almost Hermitian manifolds. These are defined as almost Her-
mitian manifolds (M (- )) equipped with a complex volume form

W=y +iv_.
MSC2000: primary 53C55; secondary 53C10, 53C15.

Keywords: almost Hermitian, special almost Hermitian, intrinsic torsion, curvature tensor,
G-connection.
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Equivalently, they are manifolds with structure group SU(n). A detailed study of
the intrinsic torsion n+£ of such manifolds was made in [Martin Cabrera 2005], ex-
tending results of Chiossi and Salamon [2002]; here, £ is the intrinsic U(#n)-torsion,
as above, and 7 is essentially a 1-form. There is much current interest in SU(n)-
structures, partly as generalisations of Calabi—Yau manifolds [Grantcharov et al.
2003; Banos 2002] and partly because of the role played by torsion connections
with SU(n) holonomy in string theory [Papadopoulos 1999; Gutowski et al. 2003].

For SU(n) structures, the algebraic curvature tensors lie in K (su(n)) and are
automatically Ricci-flat. Therefore, one may compute the Ricci curvature Ric, and
indeed the %-Ricci curvature Ric*, in terms of the intrinsic SU(n)-torsion n + &.
This enables us to find information about those SU (n)-components of the Riemann-
ian curvature R that are determined by the tensors Ric and Ric*. Some of these
components are contained in 9+, and others are contained in . This will allow us,
on the one hand, to get more concrete information about some components of R
contained in %~ and, on the other hand, to enlarge the tables of Falcitelli et al. with
columns related to some components contained in K.

In working out these contributions, we arrived at various alternative formulae for
certain curvature components purely in terms of the intrinsic U(n)-torsion &. This
leads to some table entries that are different from those obtained by Falcitelli et al.
To try to account for this, we consider the identity d> = 0 in the exterior algebra.
Applying this to the Kéhler 2-form w and considering a particular component leads
indeed to a nontrivial relation between the tensors contributing to the curvature.
One may view the relation d’w = 0 as one way of taking into account some of the
information that the Levi-Civita connection connection V = V — & is torsion-free.

The paper is organized as follows. In Section 2 we present some preliminary
material: definitions, results, notation, etc. Then, in Section 3 we derive some
formulae relating the curvature and the intrinsic torsion. As an immediate appli-
cation, we give an alternative proof of the result of Gray [1976b] that any nearly
Kihler manifold of dimension 6 that is not Kéhler is an Einstein manifold. We then
proceed to computing the contributions of different components of the intrinsic tor-
sion and its covariant derivative to the Ricci, *-Ricci and Riemannian curvatures.
Because of representation theory, this behaves differently in dimensions 4 and 6
than in higher dimensions: in dimension 6, & splits into more SU(3)-components;
in dimension 4, the space of curvature tensors is decomposed more finely under
the action of SU(2). This motivates us to display results and tables in two separate
sections: Section 4 for high dimensions, 2n > 8, and Section 5 for dimensions 6
and 4. Finally, in Section 6 we discuss identities derived from the exterior algebra.

Note. We will often use decompositions of tensor products without providing
details, since such information can be readily obtained from available software.
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2. Preliminaries

An almost Hermitian manifold is a 2n-dimensional manifold M, n > 0, with a
U(n)-structure. This means that M is equipped with a Riemannian metric (-, -)
and an orthogonal almost complex structure /. Each fibre 7;, M of the tangent
bundle can be considered as a complex vector space by defining ix = Ix. We will
write T,, M when we are regarding T, M as such a space.

We define a Hermitian scalar product (-, ) = (-,-) +iw(-, ), where o is
the Kihler form given by w(x, y) = (x, Iy). The real tangent bundle TM is iden-
tified with the cotangent bundle 7*M by the map x + (-, x) = x. Similarly, the
conjugate complex vector space T, M¢ is identified with the dual complex space
T, M by the map x — (-, x)c = x. It follows immediately that x = x +i/lx.

If we consider the spaces /\” T, M- of skew-symmetric complex forms, one can
check that x- Ayr = (x+ilx)A(y+ily). There are natural extensions of the scalar
products (-, -) and (-, )¢ to N'T*M and T,» M, defined respectively by

2n
<a’b>=_' Z a(eilv '9eip)b(ei|’ '7eip)’
p:
i1yesip=1
1 n
(a(]:’b(]:>([:=_' Z a(]:(ui]a ""Mip)bq:(ui19"'auip)9
p'i] ..... ip=
where ey, ..., ey, is an orthonormal basis for real vectors, and uy,...,u, is a

unitary basis for complex vectors.
The following conventions will be used in this paper. If 4 is a (0, s)-tensor, we
write
Iinyb(X1, ..., Xi, ..., Xy)=—b(Xy, ..., IX;, ..., Xy),

Ib(Xy,..., X)) =(=Db(IXy, ..., IXy).

Tricerri and Vanhecke [1981] gave a complete decomposition of the Riemannian
curvature tensor R of an almost Hermitian manifold (M, I, (-, -)) into irreducible
U(n)-components. As indicated above, some of these components, constituting a
U(n)-space denoted by 3 = K (u(n)), are the only components that can occur when
M 1is a Kihler manifold. In this text we will follow the notation used in [Falcitelli
et al. 1994] for such components. Likewise, we will adopt the formalism used in
[Salamon 1989] and [Falcitelli et al. 1994] for irreducible U(n)-modules. Thus,
forn =2, I = €3+ + %,
where ¢35 = [002’2], H1ER, Hp = [A(l)’l], and + denotes direct sum. We recall
that Ag ! is a complex irreducible U(n)-module coming from the (p, g)-part of the
complex exterior algebra, and that its corresponding dominant weight in standard
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coordinates is given by (1,...,1,0,...,0,—1,..., —1), where 1 and —1 are re-
peated p and ¢ times, respectively. By analogy with the exterior algebra, there
are also irreducible U(n)-modules cré’ ! with dominant weights (p, 0, ...,0, —q)

coming from the symmetric algebra. The notation [V] stands for the real vector
space underlying a complex vector space V, and [W] denotes a real vector space
that admits W as its complexification.

Moreover, let Ric and Ric* be the Ricci and *-Ricci curvatures, defined by

Ric(X,Y) = (Ry, Y, ¢),  Ric"(X,Y)=(Ry, 1Y, Ie;),

where R Xy = V[ Xy~ [Vg, Vy 1, and the summation convention is used.

The components of the curvature R in J; and K, are determined by, respec-
tively, the trace and the trace-free components of Ric +3 Ric}; (see [Tricerri and
Vanhecke 1981]), where b, indicates the Hermitian part of a bilinear form b, that
is, the part satisfying b, (I X, IY) = b, (X, Y). Note that Ric}; coincides with the
symmetric part of Ric*.

The remaining components of R, not included in ¥, are contained in a U(n)-
space denoted by %*. For n > 4, one has [Falcitelli et al. 1994]:

Kt =H_ 1 +H_p+C4+ €5+ 65+ 67 + €6,

where H_1 =R, H_o =[], € =237, €5 = [UT, €6 =[2>"1, €;=[VI,
and €g = [[0>°]. The irreducible U(n)-modules U and V have dominant weights
(2,2,0,...,0) and (2,1,0,...,0,—1). For n = 3, the decomposition of K+ s
formed by the same summands but omitting ‘64. Finally, when n = 2 we have to
omit H_,, 64, and 6.

We are dealing with G-structures where G is a subgroup of the linear group
GL(m, R). If M possesses a G-structure, then there always exists a G-connection
defined on M. Moreover, if (M mo(., )) is an orientable m-dimensional Riemann-
ian manifold and G a closed and connected subgroup of SO(m), then there ex1sts
a unlque metric G-connection V such that & = V — V, takes its values in g,
where g+ denotes the orthogonal complement in so0(m) of the Lie algebra g of G,
and V is the Levi-Civita connection [Salamon 1989; Cleyton and Swann 2004].
The tensor £ is the intrinsic torsion of the G-structure, and V is called the minimal
G-connection.

For U(n)-structures, the minimal U(n)-connection is given by V=V + &, with

2-1) EY = —11(Vy DY,

see [Falcitelli et al. 1994]. Since U(n) stabilizes the Kéhler form w, it follows that
Vw = 0. Moreover, £, (1Y) +1(§,Y) =0 implies Vo = —éw € T*M Q u(n)t.
Thus, one can identify the U(n)-components of & with those of Vw:
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(Hhifn=1, e T*Mu(l)* ={0};
Q)ifn=2, EeT*"MQuR)t =W, +Wy;
QB)ifn>=3, eecT*"Mun)t =W +Wr+Ws3+Ws.

The summands W; are the irreducible U(n)-modules given by Gray and Hervella
[1980], s0 W'y = [2>°1], W2 = [All, W3 = [Ag'1l, and W4 = [A"O], where A C
110 ® 420 is the irreducible U(n)-module with dominant weight (2, 1,0, ..., 0).
In the following, &; will denote the component in W'; of the torsion tensor &.
Falcitelli et al. [1994] proved that the components of R in % are linearly deter-
mined by the covariant derivative V& with respect to the Levi-Civita connection V.
To prove this result, they consider the space % = ¥ + K+ of curvature tensors
(we recall that % is the kernel of the mapping ©2 (/\2T,;I*M ) — /\4T,ZM defined
by wedging 2-forms together). Then, they deduce that the orthogonal projection
7t = (mom)|a: R — K+ can be expressed as the restriction to R of the com-
position map m; o w1, where 7 : /\ZT,;:M ® /\zTn’jM — /\ZT,;;‘M ® u(n)t is the
orthogonal projection, and 75 : /\2 "M Qu(n)t — KL is a certain U(n)-equivariant
homomorphism. Since we have the identity [Falcitelli et al. 1994]

m(R)(X,Y,Z, W)
(VxI&)y 1Z, W) = (VyI§)x IZ, W)
=((Vx&)y Z, W) = ((Vy&)x Z, W) +2(ExévZ, W) = 2(5vExZ, W),

with the third and fourth summands in /\ZT,;EM ® u(n), and since mp is U(n)-
equivariant, it follows that the components of 7 (R) in ¥~ are linear functions of
the components of V&. Now, taking the U(n)-connection V=v+ & into account,
one obtains

2-2) m(R)(X,Y,Z, W)
=((VxE)Z, W) = (VyE)x Z, W) + (Eexy Z, W) — (Ez, x Z, W).

From this equation and by considering the image 7, o 7 (R), Falcitelli et al. give
some tables that show whether the tensors %Si and §; © &; contribute to the com-
ponents of R in %+,

Here, we also consider manifolds equipped with an SU(n)-structure. Such man-
ifolds are called special almost Hermitian manifolds. These are almost Hermitian
manifolds (M (- )) equipped with a complex volume form ¥ = v 4+ iy_
such that (W, W) = 1. Note that /;)yy = ¥_. See [Martin Cabrera 2005] for de-
tails and more exhaustive information, or [Bryant 1999; Joyce 2000; Hitchin 1997].
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For a special almost Hermitian 2n-manifold M, we have the intrinsic torsion
n+& e T"MRw + T*M@u(n)t = T*M ® su(n)’ and the minimal SU(n)-
connection V. = V +  + £. Since V is metric and € T*M ® Rw, we have
(Y,nyZ) =n(X)w(Y, Z), where 7] is a 1-form. Hence,

nyY =H(X)IY.

In [Martin Cabrera 2005] it is shown that the 1-form 7 is given by

1 1
—In= x(xdYy AL +xdy_AY_)— —I1d*w,
2n=1p 2n

where * is the Hodge star operator and d* the coderivative. This formula simplifies
for n > 3, since then x dyry Ay =*dy_ A_, and one sees that nl7 — %Id*a)
is essentially the coefficient of W in the (n, 1)-part of dW. The other part of the
intrinsic torsion & € T*M @ u(n)™ is still given by equation (2—1).

The tensors w, ¥4, and _ are stabilised by the SU(n)-action, and we have
Vo =0, V. =0, and Viy_ = 0. Moreover, one can check that nw = 0 and
obtain Vo = —fw € T*M ®u(n)*. In general, the above-mentioned U(n)-spaces
W; are also irreducible as SU(n)-spaces. The only exceptions are W'} and W, when
n = 3. In fact, for that case, we have the following decompositions into irreducible
SU(3)-components: W, — QWf W =12,
where the spaces OWf and W';" consist of those tensors a € W; S T*M ® /\ZT*M
such that the bilinear form r(a), defined by 2r(a)(x, y) = (x1¥4+, yoa), is, re-
spectively, symmetric or skew-symmetric, see [Martin Cabrera 2005; Chiossi and
Salamon 2002]. The components of the tensor £ in °Wl+ and W, i =1,2, will be
denoted by Sf and & . Writing n € W's = T*M, the intrinsic SU(n)-torsion & + 7
is contained in (T*M ® u(n)l) +W's. The space W's is always SU(n)-irreducible.

From the equations Vi, =0 and Vi/_ =0, we have Vi, = —£¥, —ny, and
Vi_ = —&y_ — ny_. Moreover, for n > 2, it is shown in [Martin Cabrera 2005]
that

(2-3) ExVi. Ex¥- eV T ho,

NxVY+=nnXy-  and  nyxy- = -—np(X)Py.
When considering curvature, note that the module €3 = ¥ (su(n)) in K consists
of the algebraic curvature tensors for a metric with holonomy algebra su(n).

3. Some curvature formulae

For special almost Hermitian 2n-manifolds, results and tables given in [Falcitelli
etal. 1994] are still valid with respect to the tensors V§; and §; ©&;. Here, V = V-1
is the minimal U(n)-connection, with V denoting the minimal SU(#)-connection.
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For SU(n)-structures, the additional information coming from 5 will allow us
to compute the components of R in K; and X, in terms of the intrinsic torsion
n + &. To achieve this, we compute the difference between the Ricci and the *-
Ricci curvatures. In the first instance, we only need the almost Hermitian structure.

Lemma 3.1. If M is an almost Hermitian 2n-manifold, n > 2, with minimal U(n)-
connection V.=V + &, then

Ric*(X,Y) —Ric(X,Y)
=2((Ve, 18)x 1Y, i) —2((Vx1§), 1Y, ei),
=2V )xY, ) = 2(Vx)o Y, €) +2(5 Y, e) =208, 7, ei).
Proof. 1t is straightforward to check that
3-1) Ric*(X, Y) —Ric(X, Y) = —(Rx . 0)(IY, &;).
However, the so-called Ricci formula [Besse 1987, p. 26] implies that

(3-2) —(Ry ., )Y, e)) =a(V’0)x.¢ (1Y, €),

where a: T*M @ T*M @ N'T*M — NT*M ® N\T*M is the alternation map.
The required identities follow from equations (3—1) and (3-2), by taking into
account that Vo = 0. ([

The components of R in X_; and J_, are determined by the trace and trace-
free parts of Ricj; —Ricy. Similarly, the 6s-component of R is determined by
the skew-symmetric (or anti-Hermitian) part Ric’ ;; of Ric*. Moreover, the anti-
Hermitian part Ric 4, of the Ricci curvature, which satisfies Ric, ([ X, IY) =
—Ric, ;4 (X, Y), determines the component of R in €g. These assertions motivate
the expressions contained in the next lemma.

Lemma 3.2. If M is an almost Hermitian 2n-manifold, n > 2, with minimal U(n)-
connection V=V + &, then

(3-3) (Rick—Ricy)(X, Y) = (V,6) Y, &) — (V) Y, e)
(Ve &) ix 1Y) = (V€)oY. ) + (&, x Y. i)
— (Eeye, Vo) (&, x 1Y ei) — (5 1Y, @),
(3-4) 2Rich (X, Y) =((V,E)yY, &) — (Ve €)y X, &) — (Ve €)1V, &)
(Ve )y X, e) — (VgE)e, ¥y €) + (V) X, ;)

FAVxE)e 1Y, 1) = ((ViyE)e I X, €1) + (Ee 0. Y. 1)
— (o, X. €1) = (&, o 1Y ) + (e T X €0),
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(3=5) 2Ric (X, V) =—((Ve )y V. ei) + (Ve)e V. ) — (Ve &)y X, 1)
(VE)e, X, i) + (Ve ), 1Y, €i) — (V3 E)e, TV €;)
<(Vei5)1YIX» ej) — ((%[Yg)e,-IX, ej) — <§5e,~XY’ e;)
(Eeye Vo) = (6, vy X €i) + (Ee o X, i) + (&, 1x 1Y, €i)
— Eerie 1Y €i) + (g, 1y 11X, ei) — (&g 0 1 X i)

Proof. This follows from Lemma 3.1 together with @EE.XY’ e) = @EE.YX’ e;). U

+
+
+

Up to this point, we have not said anything particular to SU(#n)-structures. We
now give a first result that uses the complex volume form W.

Lemma 3.3. If M is a special almost Hermitian 2n-manifold, n > 2, with complex

volume form W =y, +ivy_ and minimal SU(n)-connection V=V 4+n+& =V +n,

then

(3-6) Ric*(X,Y)=—ndi(X, 1Y) — (§xe;, §;ylei),

(3-7) Ric(X,Y) = —ndi(X, 1Y) = (Exei, Eyle) = 2(Ve£)xY. &)
+2((Vg)e Y, €) = 2(&, x ¥, e) +2(E,, Y, ei)-

Proof. Start by noticing that (Ry ¥4, ¥-) = —2"_2(RX’YIe,-, e;). By the first

Bianchi identity, we have

(3-8) (Ry y Vs ¥-) = =2""' Ric* (X, IY).

On the other hand, using the Ricci formula —Ry 4 = a(vVayy) (x.y) and taking
V =V 41+ & into account, we obtain

— Ry y W = ndii(X, V)Y +ni(X)Ey¥r) —n i(Y) Exp)
+ Y (Ve Ev) — X0 (Y (Ev)).

Using the inclusions of (2-3), we have (6§, ¢, ¥_) =0, (§,¥_,¥_) =0, and
(Y5 (Ve (EW) . ) = —(Ex (Ey W), ¥). This gives

(3-9) (Ry y ¥y, ¥o) =—n2""1dA(X, Y) = 2" (Exei, &y T ey).
Using equations (3-8), (3-9), and Lemma 3.1, we obtain the required identities for
Ric* and Ric. O

Theorem 3.4. If M is a special almost Hermitian 2n-manifold, n > 2, that is
Kéihler, then Ric* = Ric, and

(1) ifdn = Aw, for some A € R\ {0}, then the manifold is Einstein; or
(2) if the 1-form 7 is closed, then the manifold is Ricci-flat.
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Proof. This is an immediate consequence of the previous lemma. ([

Gray proved that any nearly Kéhler (type W';) connected 6-manifold that is not
Kihler is Einstein. Here we give an alternative proof.

Theorem 3.5 [Gray 1976b]. If M is a special almost Hermitian connected 6-
manifold of type WT + W, +Ws that is not of type W's, then M is an Einstein
manifold such that Ric = 5Ric* = 5a{-, ), where o = (w;r)2 + (wl_)2 with
Vo =wiy; +w .

Proof. We already know that o = (wf’)2 + (wl_)2 is a positive constant and the

1-form 7) is closed (see [Martin Cabrera 2005, Theorem 3.7]). Since Vo = —éw
and Vo = waxler +w, ¥_, we have

2Y, ExZ) =w Y (X, Y, Z)—w]y_(X,Y, Z).
Therefore, using

(X, Yoyry) = (Xoy, Yoy) = 2(X, Y),
(X, Y ¥) = —20(X, ),
we get

(3-10) (Exei, Eyei) = (ej, Exei)(ej, §yei) =a(X,Y).

Moreover, since & € °Wf“ + W, and Visa U(3)-connection, the (0, 3)-tensors
(-, &-)and (-, (Vx&).-) are skew symmetric [Gray and Hervella 1980]. Thus,
from (3-7), we get

Ric(X, Y) = 5(Eyer, £pei) =5a (X, Y).

We recall that (Y, &§,,1Z)=—(Y, §,Z) for § € W, and note that the contractions
((%XS)Q Y, ¢;) and ((%eié)XY, ¢;) both vanish. In fact, the last term is a skew-
symmetric 2-form, and the remaining summands in the expression for Ric are
symmetric. ([

Remark 3.6. Theorem 3.5 can be extended to connected almost Hermitian 6-mani-
folds which are nearly Kéhler but not Kihler. In fact, one can define a complex
volume form on an open neighbourhood U of a point where Vw # 0, by using the
(3, 0)-component of this tensor. Then, U is a special almost Hermitian 6-manifold
of type WT + W, + Ws. Therefore, Ric = 5Ric* = 5a(-,-) on U. Since the
manifold is connected, it follows that Ric = 5« (-, - ) everywhere.

The expressions (3-6) and (3—7) for Ric* and Ric allow us to compute 3 Ric}; +
Ricy and study the contributions of the intrinsic torsion of the SU(n)-structure to
the components of R in ¥ and ¥>.
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Lemma 3.7. If M is a special almost Hermitian 2n-manifold, n > 2, with minimal
SU(n)-connection V=V +n+& =V +n, then

(3-11) (3Ric% +Ricy)(X,Y)
= —2ndi(X, 1Y) +2ndi(IX,Y) — (VsE)xY, &)
+{((VxE)e Y, &) = (V&) ix 1Y, ) + (Vix€)o 1Y, €)
— (G, xY, i) + (See, Y, €i) — (6e, 1x 1Y, &)
+ Eeixe 1Y, €i) —2(6xei, &y lei) —2(6yei, Erx1e;).
Finally, we record an alternative to equation (3—4):

Lemma 3.8. If M is an almost Hermitian 2n-manifold, n > 2, with minimal U(n)-
connection V=V + &, then

(3-12) Rich (X, V) = (Ve &) o IX, Y) = (Epg, o 1X, V)
= (Ve 1E) o, X, V).
Proof. We have

—2Ric*(X, IY) —2Ric*(IX, Y)
= (R, 1o, X. Y)— (R, ;. IX, 1Y)
=4V, X, Y) —4(E;, Ve, X, V) — 4

ei,le;
%eile,-X’ Y> +4<§§eile,~Xa Y)a

from which the lemma follows. O

4. High dimensions

In this section, we consider special almost Hermitian manifolds of dimension
higher than or equal to 8. For such manifolds, the decomposition into SU(n)-
irreducible modules of the space of curvature tensors R is the same as that coming
from the action of U(n). Thus,

R=H+HE=C3+H +Hy+H +H o + @y + €5+ G+ 67 + s,

where all #; and 6; are also SU(n)-irreducible spaces. Our aim here is to see
whether different components of the intrinsic torsion of the SU(n)-structure con-
tribute to the components of the curvature.

We start by studying such contributions to the SU(n)-components of the Ricci
and =x-Ricci curvatures. For n > 3, the spaces Ric and Ric* of such tensors admit
the following decompositions into SU(n)-irreducible modules

Ric=R(-, )+ T+ 00>°],  Ric* =R(-,-) + 1" T+ 22T
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Ric* (3-6) Ric (3-7)
2n=8 R D'l 2T R [h'1 [020]
di v oV < v
vél, né
V&, n& v
V&, n&; v
V4, nés v oV v
E1®& v oV v oV
L8 VvV v oV
£ R& v Y v v
E®E VY Vs v
§0& v v
108 v v
§10684 v
£ 0O& v v
504 v v
& 0& v v

Table 1. Ricci curvatures, 2n > 8.

Taking into account the symmetry properties and types of the Gray—Hervella
components &; of &, we obtain:

Theorem 4.1. Let M be a special almost Hermitian 2n-manifold, 2n > 8, with
minimal SU(n)-connection V.=V +n+& = %—I—n. The tensors dn, V&, and & O&;
contribute to the components of the *-Ricci curvature Ric* via equation (3-6) and
to the Ricci curvature Ric via equation (3-7) if and only if there is a tick in the
corresponding place in Table 1.

Using in addition that (SSM Y, e;) = —(&xei, &,Y), we get part (1) of the next
theorem. Part (2) is proved in [Falcitelli et al. 1994].
Theorem 4.2. If M is a special almost Hermitian 2n-manifold, 2n > 8, with mini-
mal SU(n)-connection V =N +n+& =V +n, then
(1) Using equations (3-3), (3-4), (3-5), and (3—-11), each of the tensors V&, né&,
and & ©&; contributes to the components of R inJy, o, JH_1, H_o, 66, and
©g if and only if there is a tick in the corresponding place in Table 2.
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(3-11) (3-3) (3-4) (3-12) (3-5) [Falcitelli et al.]
2]128 3{1 57{2 57{_1 f]f_z (‘66 (66 (68 (64 (65 (67

dn v v

V&L, n& v v

V&, né& v v v v
VEs, né&s v v v v v
Vé, nés v vV v v v v

1 Q& v v v v v

£ ®& v v Y v

£R& v oV v v
E4® &4 v oV v

£10& v v v

£E10& v v v
£10& v v

£ 08 v v v
£ 08 v v v Y
£E30& v v v

*absent when 2n = 8

Table 2. Curvature complementary to €3 = ¥ (su(n)), 2n > 8.

(2) Taking the image myom(R) into account, where w1 (R) is given by (2-2), each
of the tensors V&, n&;, and & © &; contributes to the components of R in €4,
€s, and €7 if and only if there is a tick in the corresponding place in Table 2.

For part (1), we emphasize that the columns for X_;, H_,, €s, and €g are
obtained by a different method than that in [Falcitelli et al. 1994], and that for 6¢
this even leads to a different result. In particular, we claim that the tensors %53 and
&3 © &4 do not contribute to the 6¢-component of R, but that 651 and n&; do. Thus,
the contributions of the different tensors to the distinct components of R depend on
the choice of the current expression that we use; different expressions may lead to
different behaviour in the contributions. For the €s-component of R, we get a third
formula from equation (3—12), which we also list in Table 2. A partial explanation
for these different results will be given in Section 6. Note that the entries for 6
in Table 2 only involve the intrinsic U(n)-torsion. The [A%°]-column of Table 1
provides yet another description of the €s-component using the SU(n)-structure.
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S. Low dimensions
We consider in turn special almost Hermitian manifolds of dimension 6 and 4.

Six dimensions. The decomposition of the space of curvature tensors % into irre-
ducible SU(3)-modules has the same subspaces as for U(3). Thus,

R=H+H =C+H + T+ T +FH_r + 65 + G + €7 + G,

with J{; and €; all SU(3)-irreducible. As we noted above, the summand €4 is
absent in this dimension. On the other hand, the U(3)-intrinsic torsion splits under
SUQB)asé =& +& +& +& +&+&, where § =& +&7, i =1,2. This
was briefly described in Section 2, and more detailed information is contained in
[Chiossi and Salamon 2002] and [Martin Cabrera 2005].

The next result concerns the contributions of the components of £ to the compo-
nents of the Ricci and the *-Ricci curvatures, and then to the curvature components

complementary to €3.

Theorem 5.1. Let M be a special almost Hermitian 6-manifold with SU(3)-
connection V.=V +n+& = v+ n. The tensors dn, V¢, n¢, and ¢ © 9, for
L, 0= Sf, &, $2+, &, . &5, &,, contribute to the components of Ric* and Ric if
and only if there is a tick in the corresponding place in Table 3.

The corresponding contributions to the curvature components X1, Ko, H_1,
H_p, €6, and s, via equations (3-3), (3-4), (3-5), and (3-11), and to the com-
ponents 6s and €7 via wy o w1 (R) are given in Table 4 (cf. [Falcitelli et al. 1994]).

Four dimensions. The U(2)-decomposition of the space of curvature tensors R is
given by
R = .ij-i-f]fJ' =@3+H 1 +IHo+FH_1 +65+ B+ Bs.

When we consider the SU(2)-action, only the modules 63, X, ¥, and H_;
remain irreducible. To describe the decompositions of €5 and ¢ into SU(2)-
irreducible modules, we will make use of tensors defined by

x(a,b)y=6a0Ob—anb,

foralla, b e /\2T*M , where © denotes the symmetric product given by 2a ©b =
a ®b+ b @ a. The relevant decompositions are now given by

(1) 65 =63+ +65~ +€< ", where 67" =Ry (Y4, ¥4), €5 =Rx (¥, ¥,
and 677 =Ry (Y4, ¥-),
(2) 66 =6 + 6, where 6/ =Ry (Y1, ») and 65 = Rx (Y_, ).

For the intrinsic torsion, the U(2)-decomposition of & is given by

E=6+& € W=Wr+Ws.
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Ric* (3-6) Ric (3-7)
2n =6 R 'l [2°1 R [Ay'l [0>°1
di v v Y
VES, ng’

VES, & v
VEs, né& v

VEs, nés v Y v
EEQE v

e v v v v

5 Q& v v v
£, @& v v v
Aol

oY v v
EFo&

EFO& v
£S04 v

£ 0& v v
08 v v
£ 04 v v
£E30& v v

Table 3. Ricci curvatures, 2n = 6.

Under SU(2), we have W, = W4 = T*M, which, as we will see, gives rise to
different choices of decompositions of &.

For an SU(2)-structure, we have Vo e W =T*M @ ¥ + T*M ® r_. Conse-
quently, Vo =&, @ ¥y +§_ ® Y_, where &, and &_ are 1-forms. Moreover,

2Y,6xZ) =5 (XYY, 2) +E(X)Y (Y, 2),
so& =&, +£&_, where
2Y, ()x2) = -5 (X)y_(Y, Z), 2Y, (§-)xZ) =5-(X)y4(Y, Z).
The two decompositions of & are related as follows:

EeW,ifandonly if &, = 1&_; EeWyifandonly if &y = —1&_.
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(3-11) (3-3) (3—4) (3-5) [Falcitelli et al.]
2n==6 %1 fﬁfz 3{_1 37{_2 %6 %8 %5 %7

di NV
VES, ng v

VES, n&y S v Y v
V&, né; v v v
Ve ngs v OV OV VOV

EERE Y v

e v v vV

5 RE& v v v v
§4 R84 v v v

g oE

EFOES v v

EFOET

EEO& v Vv
0 v

&0t v v

tf0g < vV v
£ O& vV v
£ 04 v v

Table 4. Curvature complementary to €3 = H(su(n)), 2n = 6.

The next theorem deals with the contributions of the components of the intrinsic
torsion to the tensors Ric* and Ric. First, in dimension four, Ric* decomposes
under SU(2) as

Ric* =R(-, )+ [y 1+ Ry + Ry

Theorem 5.2. Let M be a special almost Hermitian 4-manifold with minimal
SU(2)-connection V.=V +n+& = V+ n. The curvature contributions correspond-
ing to Theorems 4.1 and 4.2 via the decompositions £ =& + &4 and & =&, +&_
are given in Tables 5 and 6.

Proof. The absence of J{_; in the decomposition of R comes from the fact that

(5-1) (Ricj; —Ricy) (X, Y) =B (X.Y),
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Ric* (3-6) Ric (3-7)

2n=4 R 'l Ryy Ry— R [ay'] [020]
di o v v v v v
V&, né v
Vs, nés v v
£ Q& v Y v
E4®& v v v
£ 0& v v
Véy, gy v v
VE_, né- v v
£+ ®&4 v v
£ ®E v v
ELOE VY VR v

Table 5. Ricci curvatures, 2n = 4.

where 8 = ((ﬁe[é)e_iej, e)+ (E&.ejej, e;). Therefore, by (3—4), we have

(5-2) (3Ric}; +Ricy) (X,Y)=—B(X,Y) —4di(X, 1Y) +4dn(IX,Y)
—2(Exei, §iylei) —2(Eyei, & xlei).
Using equations (5-1) and (5-2), the tables follow. O
Remark 5.3. We list some direct consequences of the results and tables presented
here and in Section 4:
(1) if & € W3, the components of R in X_;, €5, and 64 vanish;
(2) if £€W3+W4 and d7 is Hermitian, the components of R in 65 and 6¢ vanish;
(3) if & € Wy 4+ W, and d7 is Hermitian, the component of R in 6 vanishes;
(4) if n =2 and d7 is Hermitian, then the component of R in 64 vanishes.

There are more consequences of this sort, but they have already been pointed out
in [Falcitelli et al. 1994].

Remark 5.4. For special almost Hermitian 2-manifolds, we have the following
identity, obtained in [Martin Cabrera 2005]:

KWy, ¥o) =dij(Yy, o) =dny (Yry) +dn-(Y-) — 3t — 2,

where K denotes the sectional curvature and = n _ —n_vy,.
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2n=4  FHy Hy H_oy 6 65 6g 6IT 6;7 6

dn v Vv

V&, n& v v v v v
V&, nEy v v v vV

£®& v vV

§4®&4 v v v

E0& v v v v v v
Ve nEL v v S Vv v v
VE_, ng_ v v v v v v v
E.®E, v v v VY
E_®&_ v v v v v
0L Vv v v v v v v v

Table 6. Curvature complementary to €3 = H(su(n)), 2n = 4.

6. Identities from exterior algebra

As remarked in Section 4, one may see different contributions to the module
%¢ = [A>°] by using different computations of the curvature. This is because
of nontrivial identities that relate the components of %5,- and & © &. Such an
identity for the [A*°]-components may be obtained by comparing equations (3—4)
and (3-12). However, we claim that this information may also be obtained from
the exterior algebra of a U(n)-manifold.

Consider the Kihler 2-form w. Being a differential form, it satisfies d*w = 0.
However, since the Levi-Civita connection V is torsion-free, we may compute d’w
using V. Writing V = V- & and using that Vo =0, we first have

1o (Y, Z, W)= (6, Z, IW) + (£, Y, IZ) + (£, W, IY).

Now, d’w = a(Vdw) — a(Edw), where a : T*M @ N'T*M — N'T*M is the
alternation map. One computes that these two terms are the expressions obtained by
summing, respectively, s((%xé )yZ,IW) and € (&, y Z, I W) over all permutations
of (X, Y, Z, W), where ¢ is the sign of the permutation.

We have
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so, in order to compute the [A>°]-component of d?w, we contract with w on the
first two arguments and then take the projection to [A>°]), which is the (—1)-
eigenspace of I acting on 2-forms. Using the symmetries of the components of &,
one obtains that the [[AZ’O]]—component of d*w is

6-1) 0 = 3((Ve,6), X, ¥) = (V&) X, ¥) 4 (1 = 2) (Ver€a) s X, Y)
+{(E)yei, EDeY) = ((Eyer, EDeX)
(&) yei, E)aY) — ((E3)yeir (E2)aX)

— I EDg,, o X V) = G, o X V) + (B, o X, V).

We conclude that, in general dimensions, there is a nontrivial linear relation be-
tween the [22C]-components of V|, V&, Ve, & O, & O&, £0&, £0&,
and £3©&,4. By ‘nontrivial” we mean that no coefficient is zero, so this relation may
be used to write any of the terms as a linear combination of the others. Interestingly,
when 2n = 10 this relation does not involve & © &4.

This is sufficient to explain the difference between the ticks in the €4 column in
[Falcitelli et al. 1994] and those we obtained from equation (3—4). An extra coin-
cidence in the coefficients explains the differences between our results from (3—4)
and (3-12).

One may try to apply the above approach to the other modules that /\4T*M has
in common with the space of curvature tensors, namely [)%’2], [A(l)’l]w, and Ro?.
However, this is not so rewarding, because of the higher multiplicities that these
modules have in the relevant decompositions. Indeed, €5 = 2207 is distinguished
by occurring only with multiplicity one or zero in the modules for %é‘i and & ®§;.

In [Falcitelli et al. 1994] it is pointed out that, if £ € W4, the components of R
in 64, 65, €¢, and € vanish. We indicate how equation (6—1) gives an alternative
proof of this result, for n > 2. By using Tables 2 and 4, the vanishing of the
components in 64, 45, and 67 is in fact immediate. On the other hand, equations
(3—4) and (6-1) give the vanishing of the component in 6.

Finally, a comparison of Tables 1 and 2 reveals another relation on special almost
Hermitian manifolds: the [[AZ’O]]—part of d7 carries all the information from the
corresponding components of %Si modulo the [A>°]-parts of & © &, & O &,
& O &;, and & O &4. This relation is obtainable by considering the (n, 2)-part of
the equation d?W¥ =0, where W is the complex volume, see [Martin Cabrera 2005].
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Dedicated to Professor Chaohao Gu on the occasion of his 80th birthday.

We generalize the well-known Gauchman theorem for closed minimal sub-
manifolds in a unit sphere, and prove that if M is an n-dimensional closed
submanifold of parallel mean curvature in $"*? and if o (u) < % for any unit
vector u € TM, where o (1) = ||h(u, u)||?, and F is the second fundamental
form of M, then either o (u) = H? and M is a totally umbilical sphere, or
o) = % Moreover, we give a geometrical classification of closed submani-
folds with parallel mean curvature satisfying o (u) = %

1. Introduction and statement of results

Let $™(r) be the m-dimensional sphere of radius r, with " = §™(1). By M we
will always denote an n-dimensional connected and closed Riemannian manifold
isometrically immersed in some S"*7. We will be interested in the case when M
has parallel mean curvature, meaning that the mean curvature vector £ on M forms
a parallel vector field in the normal bundle over M. (When & vanishes identically,
M is a minimal submanifold; M is a hypersurface of constant mean curvature if
p = 1 and the norm of £ is constant.)

Our investigation contributes to the theory of geometrical invariants and struc-
tures of Riemannian manifolds and submanifolds, an important problem in global
differential geometry. After the pioneering rigidity theorem for closed minimal
submanifolds in a sphere due to Simons [1968], Lawson [1969], and Chern, do
Carmo and Kobayashi [Chern et al. 1970], A. M. Li and J. M. Li [1992] improved
Simons’ pinching constant to max{n/(2 — 1/p), 2n/3}.

Extending this rigidity result to submanifolds of parallel mean curvature in a
sphere, we have the theorem below, first proved by Okumura [1965] and Yau
[1974; 1975], then by Xu [1991], and finally by Alenca and do Carmo [1994]
in codimension 1 and independently by Xu [1993; 1995] in codimension p.

MSC2000: 53C40, 53C42.

Keywords: closed submanifolds, rigidity theorem, parallel mean curvature.
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Theorem 1.1. For given H > 0 and positive integers n > 2 and p, set

a(n, H) ifp=lorp=2and H #0,
Cn,p,H)y=4 | . oy
m1n(a(n,H),§(2n+5nH )) ifp>=30orp=2and H =0,
where 3
H —2)H
a(n, H) =n+ — nn=H e a1,

2n—1) 2(n—1)
If M" is a closed submanifold in the standard unit sphere S"*? of parallel mean
curvature vector of norm H, and if the squared norm S of the second fundamental
form satisfies

§=C(n,p, H),

then M is congruent to one of the following:
1
(1) S = §" (—>
H V1+H?

(2) the isoparametric hypersurface S"‘l< ! ) x S 1(
1422

A .
in S"t1(1)
«/1+A2) '

where

_nH+n?H2+4(n—1)
- 2(n—1) ’
(3) one of the Clifford minimal hypersurfaces S* <\/§ ) x §n—k (, / ”n;k ) in S"H1,
fork=1,...,n—1;

(4) the Clifford torus S L(r)) x SY(r) in S3(r) with constant mean curvature Ho,
where 0 < Hy < H,

1 1

ri, = and r = —=;
V2(1+ H2) £ 2Hy(1 + H?)1/2 VI+H? - H}

. 1
(5) the Veronese surface in S;; = S4<—>.

JV1+H?

Taking H = 0, we have:

Corollary 1.2 [Chern et al. 1970; An-Min and Jimin 1992]. If M" is a closed
minimal submanifold in the standard unit sphere S"*P, and if

n 2
< - =
S < max(z_l/p, 3n),
then M is congruent to one of the following:
(1 s

(2) one of the Clifford minimal hypersurfaces S* <\/§ ) x §n—k (, / ”n;k ) in S"+1,
fork=1,...,n—1;

(3) the Veronese surface in s4,
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Since mingsg a(n, H) =2+/n — 1, we get from Theorem 1.1:

Corollary 1.3. Let M" be a closed submanifold with parallel mean curvature in
S"tP. Suppose that H # 0 and that

- 2/n—1 ifp<2orp=>3andn =S8,

S 2
5n ifp>=3andn <T.

Then M is either a totally umbilical sphere in S"P, a Clifford isoparametric hy-
persurface in an (n+1)-dimensional sphere, or the Veronese surface in S;‘i.

Gauchman [1986] proved that if M is an n-dimensional closed minimal subman-
ifold in $"*7 and if o (1) < % for any unit vector u € TM, where o (u) = ||h(u, u) >
for h the second fundamental form of M, then either o (#) = 0 and M is a totally
geodesic sphere, or o (1) = % Moreover, he gave a geometrical classification of
closed minimal submanifolds satisfying o (1) = %

A natural question is how to generalize this striking rigidity result to the case
where M is an n-dimensional closed submanifold of parallel mean curvature in
§"tP. In this paper we provide such a generalization. To state our main result
precisely, we start with some explicit examples of submanifolds with parallel mean
curvature in a sphere, which extend Gauchman’s examples for the minimal cases
[Gauchman 1986; Sakamoto 1977].

Example 1.4. Let S9(r) be a g-dimensional sphere of radius r in RY*!, and let
1<k<n-—1. We embed Sk(l/\/i) X S"‘k(l/«/i) in $"t1(1) as follows. Let
u e S5(1/+/2) and v € §"7¥(1/+/2) be vectors of length 1/+4/2 in R**! and R*~*+1,
respectively. We can consider (u, v) as a unit vector in R"+2 = R x R=%+1 Tt
is easy to see that Sk(l/\/i) X S”_k(l/ﬁ) is a submanifold in $"*!(1) of parallel
mean curvature

2k —n

n

=|

In particular, M is minimal if n = 2k. The exact same construction yields an
embedding of S¥(1/+/2) x §"7%(1/+/2) in §"+2(1).

Example 1.5. Denote by RP2, CP2, Q P2, and CayP? the projective plane over the
real numbers, complex numbers, quaternions and octonions, and by ¥ : RP? —
S*(D), ¥ 1 CP%2 — S7(1), Y3 : QP? — S13(1) and ¥4 : CayP? — S%(1) the
corresponding isometric embeddings. Let ¢/ : $2(v/3) — S$*(1) be the isometric
immersion defined by ¥| = v o w, where 7 : §?(v/3) — RP? is the canonical
projection.

For n > 2, m >0, let $"(1) be the great sphere in $"™"(1) given by

S*(1) = {(xlv e Xntm+1) € Sn+m(1) | Xn42 =+ = Xngm+1 = 0}7
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and T, : S"(1) — $"*™(1) the inclusion. We set

G1,p=Tap20 Yp: RP? — Sz"‘l” p>2,

P P

$2.p =173 0 Y2: CP? — S*P, p >3,
P N

$3.p =T13.p-50 Y3 : QP? — 5P, p>5,

Q4,p =T25,p—90 Y4 : Casz — Sl(’ﬂ’, p=>9,
N P
¢i,p =T4p-20 w{ : Sz(\/g) > §2tp p>2.

Then ¢; , is an isometric minimal embedding and ¢i’ » is an isometric minimal
immersion.
Denote by UM the unit tangent bundle of M. Define
1 forp=1lorp=2and H #0;
Cp.H)=1,
3 forp>3orp=2and H=0.

Main Theorem 1.6. Let M be an n-dimensional compact submanifold of the unit
sphere S"TP with parallel mean curvature vector field of norm H. If

o) <C(p,H) foranyue UM,
we are in one of the following cases:

. e 1
(1) M is the totally umbilical sphere S}, = S”(—);
Y b " V1+H?

(2) M is one of the embeddings S*(1/+/2) x S"*(1/3/2), withk =1,2,...,n
and k # %n;

(3) the isometric immersion of M in S"TP is either the totally umbilical sphere
S"(\/g/Z) — S"P_ or one of the embeddings Gip, i = 1,2,3,4, or the
immersion ¢i’p.

The case H = 0 goes back to Gauchman [1986, p. 781].
2. Preliminaries
We make the following conventions on the range of indices:
1<A,B,C<n+p, 1=<i,jklm<n<aB,y,é<n+p.

Choose a local orthonormal frame field {e4} on $"*7 such that, restricted to M,
the es are tangent to M. Let { w, } be the dual frame fields of {e4} and { w4 p } the
connection 1-forms of S"*7 respectively. Restricting these forms to M, we have

1
wai:th‘ja)j, h?‘,:h“}‘i, h= Z.h?‘jwi@)wj@ea, S:;Zh?iea,
J o,

a,i,j
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(X (X o o
(1) Rijx = 8ix 81 — 115,k+2( 0 h%)s

NEDY (h?k hﬁ - ?llhik>’

i

where h, &, R;ji; and Rypy are the second fundamental form, the mean curvature
vector, the curvature tensor and the normal curvature tensor of M. We set

=hl>, H=|&ll. Ho= " nxn-

Denoting the first and second covariant derivatives of hy; by A, and h{, re-
spectively, we have

2) Zh”ka)k dh"‘+Zh o+ Y b o+ Y h wap,
k B

The Laplacian of # is defined by Ah;?‘j =Y h?‘j - Following [Yau 1974; 1975],
we have

hu =thku +thm mljk+zh Rmk]k+2hk1 Raﬁk]
k

From now on we assume that M is a submanifold of parallel mean curvature in
§"*P. Choose e, such that e, is parallel to &, tr H,4y = nH and tr Hg = 0,
where n +2 < 8 <n+ p. Again by the same work of Yau, we have

Ahi?;fl Z h”+1 Rpiji + Z b ni Rk,

Ahﬂ Z hmk Rpijic + Z h,m Rukje+ 2 hiiRapjx, B#Fn+1.
koa#n+l

Since the Laplacian formulas for the special orthonormal frame field as above
are not apply to our case, we will give the following Laplacian formula which holds
for any orthonormal frame fields.

Proposition 2.1. Let M be an n-dimensional submanifold of parallel mean curva-
ture in S"*P. Then

(4) AR = 3" b, Ruiji+ Y & Ruijic + -l Rpaji
k,m k,m k,B

(5) Z Raﬂkl (tI’ Ha) =0
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Proof. Putting ¢, = (1/n) tr Hy, we have § = ) _ ¢y €q. Since & is parallel in the
normal bundle over M, we have

0=Vie =Y X(co)ea+ Y. cuVyes
o o
=3 X(ea) ewt Lo (L op (X ep) =2 (X(e) + X g 00p (X)) ea
o a B o B
for any tangent vector field X on M. It follows that

6) deog +) cpwap =0 forany a.
B

To prove (4), it is sufficient to show that ), hgkij =0 for any «, i, j. By (2),
we get

S i on=d (S ) +2 X b o+ 3 bl oup =n(deq + X cpoag ) =0.
ik i ik B.i B

Therefore, ), h%, = 0 for all k, «. Together with (3), this implies

12
X g o = d () +2 5 Ao+ D o+ %hﬁ.k app = 0.
i, 14 i, i L

Hence ) ; h{,, =0forall k, [, .
Taking the exterior derivative of (6) we get

0=d%c,+ d<z cp waﬁ)
B
= deg Awap+ 3 cp (—Zway Awyﬁ+%2Raﬁk1kaw1)
B B Y kI

=X (dc,s +2 ¢ “’ﬁy) Nwap+75 Y cpRapii ok Ay
Y B.k,l

B
= % Z cB Raﬁkl Wi N\ wy.
Bkl
Thus Zﬂ Repii (tr Hg) = 0 for all «, k, [, as desired. |

3. Maximal directions

Let x € M. A vector u € UM, is called a maximal direction at x if o(u) =
maxyeum, o (V).

Choose an orthonormal frame {ey, ..., ¢,4,} at x such that restricted to M, the
vectors ey, ..., e, are tangent to M. Assume that ¢; is a maximal direction at x,
o(e1) #0, and e,+1 = h(er, e1)/||h(e1, e1)||. Choose e,+2 such that

& — (&, ent1)entt
1€ — (&, ent1)entll

€n42 =
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if £ is not parallel to e, ;. By our choices of e, and e,+,, we have
(7) 11=0 ifa#n+l and ca=0 fa#n+1,n+2.
Since e; is a maximal direction, we have at the point x for any # € R
®) h(er +1er, er+renl? < (1+1%)? (M2,
Expanding in terms of ¢, we obtain
arhif i + 0@ <o0.
It follows that
9) it =0, i=2,...,n.

It is easy to see that e; is also an eigenvector of the Weingarten transformation
A", Therefore, we can choose an adapted frame at x € M such that in addition
to (7) and (9),

(10) h;fj‘ =0, i#]j.
Once more expanding (8) in terms of 7, we obtain
22 (T =Y =2 X (5)%) + o) <0,
a#n+1

It follows that

(11) 2 Y (WP < hT I =Y fori=2,... 0.
aF#n+1

Define a tensor field T = (T;j;) on M by
Tiju = Zh?] -
o

It is obvious that o (1) = T (u, u, u, u).

Lemma 3.1. Let u be a maximal direction at x € M. Assume that o (u) # 0. Let
ey, ..., ey p be an adapted frame at x such that

_ h(er, er)
lher, e’

hln;rl =0fori # j,and es12 = (& — (&, eny1)eny)/IE — &, eny1)en1ll if& is
not parallel to e, 1. At the point x,

1) ifp=1,0or p=2and H # 0, then

er=1u, ey

(12) AT = W (n(B + e = ) = WL )
k
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(i) if p>3,0or p=2and H =0, then
(13) HAD)n
2 (n 5 3w B ear = G - 24 S ),
and equality holds if and only if

a9 e a2 B 657) =0
a#n+1

and h{,, =0, for all k and c.
Proof. We have

(15) SAT i =k AR + 30 ()%
1,

From Proposition 2.1 and equations (7) and (10), we have

AR =S R R+ 32 2 Ryt + 3 B Rant 114
k,m k,o

k,m

= 07 ) R X i (3 i = min )
o

= S = (1= 6w+ X (g — (5 )

k o

+ X (0 = D
k,o

= =R+ X G =R R g =2 3 (0 (i =k

k k ko
=n(R 4 ot (WD = cppt) = RITT(RGEH?

k

-2 % WP =g,
k,a#n+1

If p =1, the last term above vanishes. If p=2and H #0, we have R, 1)(n4+2)xt =0
for any k, [, by (5) and (7); hence the last term above vanishes again. If p > 3, or
if or p =2 and H =0, we obtain by (11)

AR 2 n (e D) S S R O 2
= I 3 O = e = YY) = 20 S
Substituting this into (15), we obtain

SAT 2 B (O + e (5D = ) = h’l’fl;(hzljl)2>
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if p=1lorp=2and H #0, and

LA = W (0 43 G = cu — BT - 2h’ffr1;(hzlj1)2)

if p>3orp=2and H=0. (]
Lemma 3.2. Let {ey, ..., e,y ,} be an adapted frame at x € M as in Lemma 3.1.
Suppose that

% ifp>30orp=2and H =0,
forallu e UM. Then (AT)1111 = 0. If equality holds, i.e., if (AT)1111 =0, then

) < {1 ifp=1orp=2and H #0,

+1 _ pn+l| _ |+l
(16) Wi =0 ==
Proof. Since e; is a maximal direction at x € M,

(17) —W < h <t k=2, 0.

It is clear that the convex function f (k55 LA hrtly =30 (hZ,;H)2 subject to
the constraint (17) attains its maximal value when

1 1
o3[ = = || = miy
Therefore, by inequalities (12) and (13),

nh T = eI —0(e))  if p=1lorp=2and H #0,

1
5 (AT) 1 =
2EIE= e i — ) (1= 30 (er)) if p=3or p=2and H =0,

where ¢,11 = (1/n) Y0, A < nif. O

Let L(x) be a function on M defined by L(x) = max,cyym, o (). By a similar
argument as in [Gauchman 1986], we get:

Lemma 3.3. Let M be an n-dimensional compact submanifold with parallel mean
curvature in a unit sphere S"*P(1). If

1, forp=1, orp=2and H#0

o <1,
3 for p >3, or p=2and H=0,

forallu € UM, then L(x) is a constant function on M.

4. Rigidity of submanifolds of parallel mean curvature

This section is devoted to the proof of the Main Theorem 1.6, through a series of
intermediate results.
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Lemma 4.1. Let M be an n-dimensional compact submanifold with parallel mean
curvature in a unit sphere S"P(1). Suppose that

1 ifp=lorp=2and H #0,

o(u) < L.
3 fp=3orp=2and H=0,

forallu € UM. Then M is the totally umbilical sphere S,

Proof. Let e| be a maximal direction at x € M. Assume o (e1) #0. By Lemmas 3.2
and 3.3, we have (AT)1111 =0 on M. From the proof of Lemma 3.2, we see that

n+l __
hll =Cn+1-

Thus the average value of the {1}
occurs if and only if

n
i=

| equals their maximum. This possibility

1
Mt ==,
This and (11) yield hf; =0, fora #n+ 1 and i = 2,...,n. Since each of the
vectors ¢;, fori =1, ..., n, is a maximal direction, we have

hi; =0 fori,j=1,2,....,nandi # j.
From || (e;, ¢;)]|* < (h"1)?, we obtain
hi;=0 fora#n+landi=1,2,...,n.

The last three displayed equations say that M is a totally umbilical sphere. U

For convenience, we establish a convention on indices a, b, ...,r, s, ...:
1<a,b,c,d<k<rs,t,w<n,

where k is a fixed integer in the range 1, ..., n.
Here is the rigidity theorem for hypersurfaces with constant mean curvature in
a sphere:

Theorem 4.2. Let M be an n-dimensional compact hypersurface with constant
mean curvature in a unit sphere SnHL().

() Ifo(u) <1 forany u € UM, then M is the totally umbilical sphere SY,.

(i) If maxuecynm o (u) =1, M is one of the embeddings S¥(1/+/2) x S"¥(1/3/2),
withk=1,2,...,n.

Proof. Assertion (i) follows from Lemma 4.1. We prove (ii). As in the proof of
Lemma 4.1, (AT)111 = 0. By (16), we may assume after a suitable renumbering
of ef, ..., e, that

Bl = —p"t =1 fora=1,....,kandr=k+1,...,n.
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By Lemma 3.1, h’ﬁ?{l vanishes for k = 1, ..., n. It follows that h?;,:l = 0. By
polarization, h;.?,zl vanishes for all i, j, k. By (2) and (10), we have

0=Zh;;“w,]+2h Moy = (™ = w;.
l

Hence, w,, = 0. It follows that the two distributions defined by w; = - =w =0
and wg4+1 =- - - = w, =0 are integrable and give a local decomposition of M. Then
every point of M has a neighborhood U which is a Riemannian product V| x V,
with dim V| =k and dim V, = n — k. The curvatures of V; and V, are

Rabed = 2(8acOpd — 8aadpc) forl <a,b,c,d <k,
Rysiw = 2871850 — 8rwds)  fork+1=<r,s,t,w=<n.

Thus V| and V, are spaces of constant curvature 2. The compactness of M allows
us to complete the proof. O

For the case of codimension two:

Theorem 4.3. Let M be an n-dimensional compact submanifold with parallel
mean curvature in a unit sphere S"+2(1), H # 0.

(1) Ifo(u) < 1 for any u € UM, then M is the totally umbilical sphere S},.

(ii) If max,cpm o () =1, M is one of the embeddings S*(1/+/2) x S"*(1/3/2),
withk=1,...,n, k # n.

Proof. Assertion (i) follows from Lemma 4.1. We prove (ii). As in the proof of
Lemma 4.1, (AT)111 = 0. By (16), we have

Wl = —pt =1 fora=1,....kandr=k+1,...,n

From (7) and (11) we obtain h’f;z =0fora=1,...,k. Since each of vectors ¢;,
fori =1,...,n,is a maximal direction, we get

W2 =0 fora,b=1,... k.
Similarly,
hf;r2=0 forr,s=k+1,...,n

As in the proof of Lemma 3.1, we have R+ 1)(x+2)kx = 0. Hence
hg 2 (gt = hyH =0
which implies h’”r2 Ofora=1,...,kandr=k+1,...,n. Thus

2 ..
(18) h;’j+ =0 fori,j=1,...,n
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By a similar argument as in the proof of Theorem 4.2, we have hl'.’;]:] =0 for all
i, j, k. By (2), (10) and (18), we have

+1 +1 +1 +1
0=> h oy + Y Wil on =05 =1 ey
l l

Therefore, w,- =0. Then M is alocally Riemannian product V| x V,, with dim V| =
k and dim V, = n — k. The curvature of V; is

n+2
Rabcd = 5acgbd - 5ad‘sbc + Z (hgc Zd - hgdhgc)
a=n+1
= 8acdbd — Saadpe + it — WP AT = 2(8408ba — SaaSpe)

(see (1)), where the second equality follows from (18). A similar argument applies
to V5. In conclusion, V| and V; are spaces of constant curvature 2. The compact-
ness of M allows us to complete the proof. U

Remark 4.4. In assertion (ii) of Theorem 4.3, we exclude the case of n =2m even
and k = m, in that it results in H = 0, contradicting the theorem’s assumption.

Let F be the real numbers, the complex numbers, or the quaternions, and let
d be the dimension of F as a real vector space (1, 2, or 4). Let FP™ denote
the projective space over F', M"(c) the n-dimensional Riemannian manifold with
constant curvature c.

Lemma 4.5 [Sakamoto 1977]. Let f : M" — S"tP(¢) be an isotropic immersion
of parallel second fundamental tensor. Except for the totally umbilical case, f
is a composition of a minimal isotropic immersion n : M" — S"t9(¢) (g < p)
of parallel second fundamental tensor, and a totally umbilical T : S"19(¢) —
S"*tP (&), where n = md and M must be one of S"(c), FP™ and CayP?. Assume
that the isotropic constants of f and n are A and . respectively. Then

m _ (m—1)(md +2) , m—1_

“T2myn" 1 2 T L
where m =n if M = S"(c) and m =2 if M = CayP>.

Lemma 4.6. Let f : M" — S""P(1) be a A-isotropic immersion of parallel second
fundamental tensor. If \*> < (m—1)/(m+1), then f is totally umbilical, or minimal
with \> = (m —1)/(m +1).

Proof. Assume that f is not totally umbilical. Following Lemma 4.5, f can be
considered as composition of a minimal p-isotropic immersion 1 : M" — §"14(¢)
and a totally umbilical sphere t : $"T9(¢) — S$"*P(1), where p and ¢ satisfy

, m—1_

P emr©
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On the other hand, if H is the mean curvature of immersion f, it is easy to see
pr+H>=2%, ¢&é¢=>c+H
Substituting into the preceding equation, we get

(19) k2_m_—1:2_mH220'
m+1 m+1

The assumption A> < (m — 1)/(m + 1) and (19) together give
—1
2=""" and H=0. 0
m+1
Theorem 4.7. Let M be an n-dimensional compact submanifold with parallel
mean curvature in a unit sphere S"*P(1). Assume that p >3, or p =2 and H = 0.
G) Ifo(u) < % forany u € UM, then M is the totally umbilical sphere SY,.

(1) If max,cyy o(u) = then o(u) = on UM, and the isometric immersion of
M into S™P is either the totally umbzltcal sphere §"(v/3/2) — S"tP(1), one
of the embeddings ¢; ,,i =1, 2, 3, 4, or one of the immersions ¢i’p described
above.

Proof. We need only consider the case max,eypy, 0 (v) =0 (u). As in the proof of
Lemma 4.1, we obtain (AT)111; =0. By (16), we have, after a suitable renumber-
ingof ey, ..., ey,

/3

(20) Pl = gt = 5 fora=1,....,kandr=k+1,...,n

Since ||h(eq, €a)|I? < L and ||k(er, /) ||> < L, we obtain

3 —3’

20 hS,=hy. =0 fora#n+1, a=1,...,kandr=k+1,...,n
Still from (11),
(22) h$,=hY, =0 fora;én—i—l, a,b=1,...,kandr,s=k+1,...,n

By (14), Za#nﬂ (hY ) = ». Since each vector ¢;, fori =1, ..., n, is a maximal
direction,
(23) Y (hg)*=4% fora=1,... kandr=k+1.....n

a#n+1

For x2,...,x" and 7 € R, using (20)—(23) and (7)—(10), expanding the inequality

(24) "h(e1+t2xiei,e1+t2xiei> (1+t22(x)> 2
i=2 i=2
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in terms of ¢, we obtain
42NN h§hSx x4 0 (%) <0
o r,s

It follows that ), hY, h$, =0if r #s. Since each vector ¢; is a maximal direction,
we have

D hGhE =0 ifr#s, Y k&G, =0 ifa#b.
o o
Once more expand (24) to obtain
2633 " (W, b, + hhg)xx"x" + 0 (%) < 0.
It follows that

(25) Z (h& hy +hohy)=0 ifa#Dborr #s.
o

Using (10) and (20)—(25), we obtain by direct computation that o (1) = 1 for any
u e UM. Itis easy to see that h;’;k =0 forall o, i, j, k. Therefore, M is a (+/3/3) -
isotropic submanifold in a unit sphere of parallel second fundamental tensor. By
Lemmas 4.5 and 4.6 we know that M is either totally umbilical or minimal. This,
together with a [Gauchman 1986, Theorem 3], completes the proof. (]

Theorems 4.2, 4.3 and 4.7 together imply the Main Theorem 1.6.
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