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Let M be an n-dimensional (n ≥ 3) compact, oriented and connected sub-
manifold in the unit sphere Sn+ p̃(1), with scalar curvature n(n − 1)r and
nowhere-zero mean curvature. Let S denote the squared norm of the second
fundamental form of M and let α(n, r) denote a certain specific function of
n and r . Using the Lawson–Simons formula for the nonexistence of stable
k-currents, we obtain that, if r ≥ (n − 2)/(n − 1) and S ≤ α(n, r), then ei-
ther M is isometric to the Riemannian product S1(√1 − c2

)
×Sn−1(c) with

c2 = (n−2)/(nr), or the fundamental group of M is finite. In the latter case,
M is diffeomorphic to a spherical space form if n = 3, or homeomorphic to
a sphere if n ≥ 4.

1. Introduction

Let M be an n-dimensional hypersurface in the unit sphere Sn+1(1) of dimension
n +1. If the scalar curvature n(n −1)r of M is constant and r ≥ 1, Cheng and Yau
[1977] and Li [1996] obtained characterization theorems in terms of the sectional
curvature, or the squared norm of the second fundamental form of M , respectively.
Li obtained:

Theorem A [Li 1996]. Let M be an n-dimensional (n ≥ 3) compact hypersurface
in the unit sphere Sn+1(1). If its constant scalar curvature n(n−1)r satisfies r ≥ 1,
then M is isometric to either

(1) the totally umbilical sphere Sn(r),

(2) the Riemannian product S1
(√

1 − c2
)
× Sn−1(c) with c2

=
n−2
nr

.

The second case happens if

S ≤ (n − 1)
n(r − 1) + 2

n − 2
+

n − 2
n(r − 1) + 2

,

where S denotes the squared norm of the second fundamental form of M.
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We should notice that the condition r ≥ 1 plays an essential role in the proof of
Theorem A. On the other hand, by considering the standard immersions Sn−1(c)⊂

Rn and S1
(√

1 − c2
)
⊂ R2, for any 0 < c < 1, and taking their Riemannian-product

immersion
S1(√1 − c2

)
× Sn−1(c) ↪→ R2

× Rn,

we obtain a compact hypersurface S1
(√

1 − c2
)
×Sn−1(c) in Sn+1(1) with constant

scalar curvature n(n − 1)r , where

r =
n − 2
nc2 > 1 −

2
n
.

Hence, some of the Riemannian products S1
(√

1 − c2
)
× Sn−1(c) do not appear

in the result of Li [1996]. From the assertion above, it is natural and interesting to
generalize the result due to Li [1996] to the case when r > 1−2/n. Hence, Cheng
asked this interesting question:

Problem 1 [Cheng 2001]. Let M be an n-dimensional (n ≥ 3) complete hypersur-
face in Sn+1(1), with constant scalar curvature n(n − 1)r . If

r > 1 −
2
n

and S ≤ (n − 1)
n(r − 1) + 2

n − 2
+

n − 2
n(r − 1) + 2

,

then is M isometric to either a totally umbilical hypersurface or the Riemannian
product S1

(√
1 − c2

)
× Sn−1(c)?

Cheng [2003] tried to solve this problem. As it seems to be a very hard question,
he solved it after adding a topological condition:

Theorem B [Cheng 2003]. Let M be an n-dimensional compact hypersurface in
Sn+1(1) with infinite fundamental group. If

r ≥
n − 2
n − 1

and S ≤ (n − 1)
n(r − 1) + 2

n − 2
+

n − 2
n(r − 1) + 2

,

then M is isometric to the Riemannian product S1
(√

1 − c2
)
× Sn−1(c), where

n(n − 1)r is the scalar curvature of M and c2
= (n − 2)/(nr).

Notice that Theorem B only characterizes the compact hypersurfaces with in-
finite fundamental group. How about characterizing the hypersurfaces with finite
fundamental group? This problem is also interesting.

On the other hand, it is natural and very important to study n-dimensional sub-
manifolds in the unit sphere Sn+ p̃(1) that have constant scalar curvature and higher
codimension p̃.

In order to present the results that follow, we define a polynomial Rr (x) by

Rr (x) = n2r2
−

(
3n − 5 + (n2

−n−1)(r − 1)
)
x +

(n − 1)(5n − 9)

4n2 x2.
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It can be easily checked, using the relation between roots and coefficients, that the
equation Rr (x) = 0 has two positive roots, which we denote by x1(r) and x2(r).
These are

x1(r) =
2n2

(n − 1)(5n − 9)

((
3n − 5 + (n2

−n−1)(r−1)
)
− D(r)

)
,(1-1)

x2(r)=
2n2

(n − 1)(5n − 9)

((
3n − 5 + (n2

−n−1)(r−1)
)
+ D(r)

)
,(1-2)

where

D(r) = (n−2)
(
4 + 2(3n−1)(r−1) + (n2

+2n−2)(r−1)2)1/2
.

Obviously, x1(r) ≤ x2(r). Hence, when x ≤ x1(r), we have Rr (x) ≥ 0.
Cheng [2002] generalized the result of Li [1996] to submanifolds with higher

codimension p̃, and obtained the following:

Theorem C [Cheng 2002]. Let M be an n-dimensional (n ≥ 3) compact submani-
fold in the unit sphere Sn+ p̃(1), with constant scalar curvature n(n−1)r satisfying
r > 1. Take the function

(1-3) α(n, r) =

(n − 1)
n(r −1)+2

n−2
+

n−2
n(r −1)+2

, for p̃ ≤ 2,

n(r − 1) + x1(r), for p̃ ≥ 3,

with x1(r) as defined above. If S ≤ α(n, r), then M is isometric to a totally
umbilical sphere or the Riemannian product S1

(√
1 − c2

)
× Sn−1(c) with c2

=

(n − 2)/(nr).

Remark 1. The statement of Professor Q. M. Cheng is certainly correct. We merely
remark that the upper bound on S can be improved (as is done in the present paper)
by choosing the smaller root of Rr (x) as the essential ingredient of the upper bound.

In the same paper, it is stated that, when r > 1,∑
α

∑
i, j,k

(hα
i jk)

2
≥ ‖grad(nH)‖2 and H 6= 0.

Hence, the condition r > 1 plays an essential role in Theorem C’s proof. Since,
for 0 < c < 1, the Riemannian products S1

(√
1 − c2

)
× Sn−1(c) in Sn+1(1) are

compact hypersurfaces with constant scalar curvature n(n − 1)r satisfying

r =
n − 2
nc2 > 1 −

2
n
,

it is natural and interesting to generalize the result of Cheng [2002] to the case
r > 1 − 2/n. We should ask this:
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Problem 2. Let M be an n-dimensional (n ≥ 3) compact submanifold in the unit
sphere Sn+ p̃(1), with constant scalar curvature n(n −1)r and nowhere-zero mean
curvature. Take the function α(n, r) defined in (1-3). The question is: If

r > 1 −
2
n

and S ≤ α(n, r),

then is M isometric to either a totally umbilical sphere or the Riemannian product
S1

(√
1 − c2

)
× Sn−1(c) with c2

= (n − 2)/(nr)?

In this paper, we try to solve these problems. We shall give a topological answer
that relies on the Lawson–Simons formula for the nonexistence of stable k-currents
[Lawson and Simons 1973]. The latter enables us to eliminate the homology groups
and show M to be a homology sphere. Our result is:

Main Theorem. Let M be an n-dimensional (n ≥ 3) compact, oriented and con-
nected submanifold in the unit sphere Sn+ p̃(1), with scalar curvature n(n−1)r and
nowhere-zero mean curvature. Take the squared norm S of the second fundamental
form of M , and α(n, r) as defined in (1-3). If

r ≥
n − 2
n − 1

and S ≤ α(n, r),

then either:

(1) the fundamental group of M is finite, and M is diffeomorphic to a spherical
space form if n = 3, or homeomorphic to a sphere if n ≥ 4;

(2) M is isometric to the Riemannian product S1
(√

1 − c2
)
× Sn−1(c) with c2

=

(n − 2)/(nr).

Remark 2. We do not assume that the scalar curvature is constant. Note that the
condition H 6= 0 on M is necessary for proving the theorem.

2. Preliminaries

Let M be an n-dimensional submanifold in a unit sphere Sn+ p̃(1), and take a
local orthonormal frame field e1, . . . , en+ p̃ on Sn+ p̃(1) so that, when restricted to
M , e1, . . . , en are tangent to M . Let ω1, . . . , ωn+ p̃ be the dual coframe field on
Sn+ p̃(1). We make the following convention on the range of indices:

1 ≤ A, B, C, . . . ≤ n+ p̃ and 1 ≤ i, j, k, . . . ≤ n, n+1 ≤ α, β, γ, . . . ≤ n+ p̃.

The structure equations of Sn+ p̃(1) are

dωA = −
∑
B

ωAB ∧ ωB, ωAB + ωB A = 0,

dωAB = −
∑
C

ωAC ∧ ωC B +
1
2

∑
C,D

KABC D ωC ∧ ωD,
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KABC D = δAC δB D − δAD δBC ,

where KABC D are the components of the curvature tensor of Sn+ p̃(1). On M , we
then have

ωα = 0 for α = n+1, . . . , n+ p̃.

It follows from Cartan’s lemma that

ωαi =
∑

j
hα

i j ωj , hα
i j = hα

j i .

The second fundamental form B and the mean curvature vector ξ of M are

B =
∑
α

∑
i, j

hα
i j ωi ωj eα and ξ =

1
n

∑
α

(∑
i

hα
i i
)
eα.

The mean curvature of M is

H =
1
n

√∑
α

(∑
i

hα
i i
)2

.

The structure equations of M are given by

dωi = −
∑

j
ωi j ∧ ωj , ωi j + ωj i = 0,(2-1)

dωi j = −
∑
k

ωik ∧ ωk j +
1
2

∑
k,l

Ri jklωk ∧ ωl,(2-2)

Ri jkl = (δikδjl − δilδjk) +
∑
α

(hα
ikhα

jl − hα
ilh

α
jk),(2-3)

where Ri jkl are the components of the curvature tensor of M .
Let Ri j denote the components of the Ricci curvature, and let n(n − 1)r be the

scalar curvature of M . From (2-3), we have

Rjk = (n − 1)δjk +
∑
α

(∑
i

hα
i i h

α
jk −

∑
i

hα
ikhα

j i
)
,(2-4)

n(n − 1)r = n(n − 1) + n2 H 2
− S,(2-5)

where S =
∑

α

∑
i, j (h

α
i j )

2 is the squared norm of M’s second fundamental form.
We also have

dωαβ = −
∑
γ

ωαγ ∧ ωγβ +
1
2

∑
i, j

Rαβi jωi ∧ ωj ,(2-6)

Rαβi j =
∑

l
(hα

ilh
β

l j − hα
jlh

β

li ).(2-7)

The Codazzi equation and the Ricci identities are

hα
i jk = hα

ik j = hα
j ik,(2-8)

hα
i jkl − hα

i jlk =
∑
m

hα
mj Rmikl +

∑
m

hα
im Rmjkl +

∑
β

hβ

i j Rβαkl .(2-9)
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where {hi jk} and {hi jkl} denote the first and second covariant derivatives of hi j .
These are defined by∑

k
hα

i jkωk = dhα
i j −

∑
k

hα
ikωk j −

∑
k

hα
jkωki −

∑
β

hβ

i jωβα,(2-10) ∑
l

hα
i jklωl = dhα

i jk −
∑

l
hα

l jkωli −
∑

l
hα

ilkωl j −
∑

l
hα

i jlωlk −
∑
β

hβ

i jkωβα.(2-11)

We also need the next lemmas.

Lemma 1 [Cai 1987; Leung 1992]. Let A = (ai j )i, j=1,...,n be a symmetric n × n
matrix (n ≥ 2), and set A1 = tr A and A2 =

∑
i, j (ai j )

2. We have:

(2-12)
∑

i
(ain)

2
− A1 ann

≤
1
n2

(
n(n−1)A2 + (n−2)

√
n−1

∣∣A1
∣∣√n A2 −(A1)2 − 2(n−1)(A1)

2).
Equality holds if and only if either n = 2, or n > 2 and (ai j ) is of the form

a 0
. . .

a
0 A1 − (n−1)a


with (na − A1)A1 ≥ 0.

A simple and direct method proves this algebraic lemma:

Lemma 2. Let A = (ai j )i, j=1,...,n be a symmetric n × n matrix, and p, q positive
integers ≥ 2 with p + q = n. Setting

A1 =

p∑
s=1

ass +

n∑
t=p+1

at t and Ã2 =

n∑
i=1

(ai i )
2,

we have

(2-13)
( p∑

s=1
ass

)2
− A1

( p∑
s=1

ass
)

≤
1
n2

(
pqn Ã2 − 2pq(A1)

2
+ |p − q|

√
pq

∣∣A1
∣∣√n Ã2 − (A1)2

)
.

Proof. From the Cauchy–Schwarz inequality,

(2-14) Ã2 =

p∑
s=1

(ass)
2

+

n∑
t=p+1

(at t)
2

≥
1
p
( p∑

s=1
ass

)2
+

1
q

( n∑
t=p+1

at t
)2

=
n
pq

( p∑
s=1

ass
)2

−
2
q

A1
( p∑

s=1
ass

)
+

1
q

(A1)
2.



COMPACT SUBMANIFOLDS IN THE SPHERE 377

Hence, ( p∑
s=1

ass
)2

−
2p
n

A1
( p∑

s=1
ass

)
+

p
n

(A1)
2
−

pq
n

Ã2 ≤ 0,

From this follows

(2-15)
p A1

n
−

√
pq
n

√
n Ã2 − (A1)2 ≤

p∑
s=1

ass ≤
p A1

n
+

√
pq
n

√
n Ã2 − (A1)2,

and also

(2-16)
( p∑

s=1
ass

)2
− A1

( p∑
s=1

ass
)
≤

pq
n

Ã2 −
p
n

(A1)
2
+

p−q
n

A1
( p∑

s=1
ass

)
.

From (2-15) we have( p∑
s=1

ass
)2

− A1
( p∑

s=1
ass

)
≤

pq
n

Ã2 −
p
n

(A1)
2
+

(p−q)p
n2 (A1)

2
+

∣∣∣ p−q
n

A1

∣∣∣√pq
n

√
n Ã2 − (A1)2.

Hence (2-13) holds and Lemma 2 is proved. �

Lemma 3 [Lawson and Simons 1973]. Let M be a compact n-dimensional sub-
manifold of the unit sphere Sn+ p̃(1), with second fundamental form B. Take posi-
tive integers p, q such that 1 < p, q < n−1 and p + q = n. If the inequality

(2-17)
p∑

s=1

n∑
t=p+1

(
2
∣∣B(es, et)

∣∣2
−

〈
B(es, es), B(et , et)

〉)
< pq,

holds for any point of M and any local orthonormal frame field {es, et } on M , then

Hp(M, Z) = Hq(M, Z) = 0,

where Hk(M, Z) denotes the k-th homology group of M with integer coefficients.

Lemma 4 [Aubin 1998]. If the Ricci curvature of a compact Riemannian manifold
is non-negative and positive somewhere, then the manifold carries a metric with
positive Ricci curvature.

Lemma 5 [Ôtsuki 1970]. Let M be a hypersurface in a unit sphere Sn+1(1). If the
multiplicities of the principal curvatures are constant, then the distribution of prin-
cipal vectors corresponding to each principal curvature is completely integrable.
In particular, if the multiplicity of a principal curvature is greater than 1, then this
principal curvature is constant on each integral submanifold of the corresponding
distribution of principal vectors.



378 SHICHANG SHU AND SANYANG LIU

3. Proof of the Main Theorem

Let M be a compact, oriented and connected submanifold, with scalar curvature
n(n − 1)r and nowhere-zero mean curvature H . We know that en+1 = ξ/H is a
normal vector field defined globally on M . Define S1 and S2 by

S1 =
∑
i, j

(hn+1
i j − Hδi j )

2 and S2 =
∑

α≥n+2

∑
i, j

(hα
i j )

2.

These functions are globally defined on M and do not depend on the choice of
orthonormal frame e1, . . . , en . Since we chose en+1 = ξ/H , we have S − nH 2

=

S1 + S2. Further,

(3-1)
∑

i
hn+1

i i = nH and
∑

i
hα

i i = 0 for n + 2 ≤ α ≤ n + p̃.

For any point p and any unit vector v ∈ Tp M , choose a local orthonormal frame
field e1, . . . , en such that en = v. From Gauss’ equation (2-3) it follows that the
Ricci curvature Ric(v, v) of M with respect to v is

(3-2) Ric(v, v) = (n−1) +
∑
α

(
(tr Hα)hα

nn −
∑

i
(hα

in)
2),

where Hα is the n × n matrix (hα
i j ). Setting

Tα = tr Hα and Sα =
∑
i, j

(hα
i j )

2,

we have
n2 H 2

=
∑
α

T 2
α and S =

∑
α

Sα.

From Lemma 1 follows that

(3-3) Ric(v, v)

≥ (n − 1) −
∑
α

1
n2

(
n(n − 1)Sα + (n − 2)

√
n − 1

∣∣Tα

∣∣√nSα−T 2
α

− 2(n−1)T 2
α

)
= (n − 1) −

n−1
n

S −
n−2

n

√
n−1

n
∑
α

∣∣Tα

∣∣√Sα−
T 2

α

n
+

2(n−1)

n2

∑
α

T 2
α

≥ (n − 1) −
n−1

n
S −

n−2
n

√
n−1

n

√( ∑
α

T 2
α

)(∑
α

(
Sα−

T 2
α

n

))
+

2(n−1)

n2

∑
α

T 2
α

=
n−1

n
(
n + 2nH 2

− S −
n(n−2)

√
n(n−1)

|H |

√
S − nH 2

)
=

n−1
n

(
n + nH 2

− f 2
− n|H |

n−2
√

n(n−1)
f
)
,

where f is a nonnegative function defined globally on M by f 2
= S − nH 2.
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Define

(3-4) PH ( f ) = n + nH 2
− f 2

− n|H |
n−2

√
n(n−1)

f.

From (2-5) we know that

f 2
=

n−1
n

(
S − n(r − 1)

)
,

and so we write PH ( f ) as

(3-5) Pr (S) = n + n(r − 1) −
n−2

n
(
S − n(r − 1)

)
−

n−2
n

√(
n(n − 1)(r − 1) + S

)(
S − n(r − 1)

)
.

Hence (3-3) becomes

(3-6) Ric(v, v) ≥
n−1

n
Pr (S).

On the other hand, from (3-3) we have

Ric(v, v) ≥
n−1

n

(
n + nH 2

− f 2
− n|H |

n−2
√

n(n−1)
f
)

(3-7)

≥
n−1

n

(
n + nH 2

−
3
2

f 2
− n|H |

n−2
√

n(n−1)
f
)
.

Define

(3-8) Q H ( f ) = n + nH 2
−

3
2

f 2
− n|H |

n−2
√

n(n−1)
f.

By (2-5), Q H ( f ) can be rewritten as

(3-9) Qr (S) = n + n(r − 1) −
3n−5

2n
(
S − n(r − 1)

)
−

n−2
n

√(
n(n − 1)(r − 1) + S

)(
S − n(r − 1)

)
.

Hence (3-7) becomes

(3-10) Ric(v, v) ≥
n−1

n
Pr (S) ≥

n−1
n

Qr (S).

If S ≤ α(n, r) and p̃ ≤ 2, then from (1-3) follows that the inequality

S ≤ (n − 1)
n(r − 1) + 2

n − 2
+

n − 2
n(r − 1) + 2

is equivalent to

(3-11)
(

n + n(r − 1) −
n−2

n
(
S − n(r − 1)

))2

≥
(n−2)2

n2

(
n(n − 1)(r − 1) + S

)(
S − n(r − 1)

)
.
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Since r ≥ (n − 2)/(n − 1), we get

r − 1 ≥ −
1

n−1
and n(r − 1) + 2 ≥

n−2
n−1

.

Hence, we have

n + n(r − 1) −
n − 2

n

(
S − n(r − 1)

)
≥ n + 2(n − 1)(r − 1) −

n − 2
n

(
(n − 1)

n(r − 1) + 2
n − 2

+
n − 2

n(r − 1) + 2

)
=

n2
− 2(n − 1)

n
+ (n − 1)(r − 1) −

(n − 2)2

n
1

n(r − 1) + 2

≥
n2

− 2(n − 1)

n
− 1 −

(n − 2)2

n
n − 1
n − 2

= 0.

Obviously, from (2-5) and f 2
= ((n − 1)/n)

(
S − n(r − 1)

)
, we have

n(n − 1)(r − 1) + S > 0 and S − n(r − 1) ≥ 0.

Hence, from (3-11) follows that

(3-12) n + n(r − 1) −
n−2

n
(
S − n(r − 1)

)
≥

n−2
n

√(
n(n − 1)(r − 1) + S

)(
S − n(r − 1)

)
,

that is,

(3-13) Pr (S) ≥ 0.

Hence, from (3-6) we have Ric(v, v) ≥ 0.
On the other hand, since

(3-14) S ≤ n(r − 1) + x1(r),

when p̃ ≥ 3, from (1-3) we have

Rr
(
S − n(r − 1)

)
= n2r2

−
(
3n − 5 + (n2

−n−1)(r − 1)
)(

S − n(r − 1)
)

(3-15)

+
(n − 1)(5n − 9)

4n2

(
S − n(r − 1)

)2

≥ 0,

that is,

(3-16)
(

n + n(r − 1) −
3n − 5

2n

(
S − n(r − 1)

))2

≥
(n − 2)2

n2

((
S − n(r − 1)

)
+ n2(r − 1)

)(
S − n(r − 1)

)
.
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When r ≥ (n − 2)/(n − 1), it is directly checked from (3-14) that

n + n(r − 1) −
3n − 5

2n

(
S − n(r − 1)

)
≥ 0.

Hence, we have

(3-17) n + n(r − 1) −
3n − 5

2n

(
S − n(r − 1)

)
≥

n − 2
n

√(
n(n − 1)(r − 1) + S

)(
S − n(r − 1)

)
,

that is,

(3-18) Qr (S) ≥ 0.

Hence, by (3-10) we also have Ric(v, v) ≥ 0.
To sum up, we know that, if S ≤ α(n, r), then Ric(v, v) ≥ 0. If Ric(v, v) ≥ 0,

we have the following cases:

Case 1: When, at some point and every v, Ric(v, v) > 0. When Ric(v, v) > 0
holds for all v at all points of M , then, according to Myers’ theorem, the funda-
mental group is finite. When Ric(v, v)> 0 holds for all v at some point of M , then,
from Aubin’s Lemma 4, there exists a metric on M such that the Ricci curvature
is positive on M . Hence, according to Myers’ theorem, we again know that the
fundamental group is finite.

When the fundamental group of M is finite, the proof of the Main Theorem in
the case when n = 3 follows directly from the theorem of Hamilton [1982] which
states that a compact and connected Riemannian 3-manifold with positive Ricci
curvature is diffeomorphic to a spherical space form.

Now, we consider the case when n ≥ 4. Take any positive integers p, q such
that p + q = n and 1 < p, q < n−1. We have

pq = n + (p − 1)n − p2
≥ n + (p − 1)(p + 2) − p2

= n + (p − 2) ≥ n.

Let
Tα = tr Hα =

p∑
s=1

hα
ss +

n∑
t=p+1

hα
t t ,

S̃α =
∑

i
(hα

i i )
2, Sα =

∑
i, j

(hα
i j )

2,

so that

S =
∑
α

Sα and n2 H 2
=

∑
α

T 2
α .

We have

(3-19) 2
p∑

s=1

n∑
t=p+1

(hα
st)

2
+

pq
n

S̃α ≤
pq
n

(
2

p∑
s=1

n∑
t=p+1

(hα
st)

2
+ S̃α

)
≤

pq
n

Sα.
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On one hand, when p ≥ q , we have

|p − q| = p − q = n − 2q < n − 2.

On the other hand, when p < q, we have

|p − q| = q − p = n − 2p < n − 2.

Therefore |p − q| < n − 2 always, and
√

pq ≥
√

n >
√

n − 1.

From Lemma 2 and the inequalities (3-19) and S̃α ≤ Sα, and by making use of the
same calculation as in [Shiohama and Xu 1997], we get, when S ≤ α(n, r),

p∑
s=1

n∑
t=p+1

(
2
∣∣B(es, et)

∣∣2
−

〈
B(es, es), B(et , et)

〉)
= 2

∑
α

p∑
s=1

n∑
t=p+1

(hα
st)

2
−

∑
α

p∑
s=1

n∑
t=p+1

hα
sshα

t t

=
∑
α

(
2

p∑
s=1

n∑
t=p+1

(hα
st)

2
+

( p∑
s=1

hα
ss

)2
− Tα

( p∑
s=1

hα
ss

))
≤

∑
α

(
2

p∑
s=1

n∑
t=p+1

(hα
st)

2
+

pq
n

S̃α −
2pq
n2 T 2

α +
|p − q|

n2

√
pq |Tα|

√
nS̃α − T 2

α

)
≤

∑
α

( pq
n

Sα −
2pq
n2 T 2

α +
|p − q|

n2

√
pq |Tα|

√
nSα − T 2

α

)
≤

pq
n

S − 2pq H 2
+

|p − q|

n2

√
pq

√∑
α

T 2
α

∑
α

(nSα − T 2
α )

=
pq
n

(
S − 2nH 2

+

√
n |p − q|
√

pq
|H |

√
S − nH 2

)
<

pq
n

(
S − 2nH 2

+

√
n(n − 2)
√

n − 1
|H |

√
S − nH 2

)
= −

pq
n

(
n + nH 2

−
n(n − 2)

√
n(n − 1)

|H | f − f 2
)

+ pq.

On one hand, if p̃ ≤ 2, then (3-13) holds. By (3-4) or (3-5), we have

(3-20)
p∑

s=1

n∑
t=p+1

(
2
∣∣B(es, et)

∣∣2
−

〈
B(es, es), B(et , et)

〉)
<−

pq
n

Pr (S)+ pq < pq.

On the other hand, if p̃ ≥ 3, then (3-18) holds. By (3-8) or (3-9), we have

(3-21)
p∑

s=1

n∑
t=p+1

(
2
∣∣B(es, et)

∣∣2
−

〈
B(es, es), B(et , et)

〉)
<−

pq
n

Qr (S)+ pq < pq.
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Therefore, from Lemma 3 we have

Hp(M, Z) = Hq(M, Z) = 0

for all 1 < p, q < n−1 with p +q = n. Since Hn−2(M, Z) = 0, from the universal
coefficient theorem and following the same argument as in [Leung 1983], we get
that H n−1(M, Z) has no torsion and consequently, by Poincaré duality, H1(M, Z)

has no torsion. From our assumptions, since the fundamental group π1(M) of M
is finite, we have H1(M, Z) = 0 and thus M is a homology sphere.

The above arguments can then be applied to the universal covering M̃ of M .
Since M̃ is a homology sphere which is simply connected, that is, π1(M̃) = 0,
it is also a homotopy sphere. By the generalized Poincaré conjecture (proved by
S. Smale for n ≥ 5 and M. Freedman for n = 4) M̃ is homeomorphic to a sphere.
Hence the homotopy sphere M is covered by a sphere M̃ . By a result of Sjerve
[1973], π1(M) = 0 and hence M is itself homeomorphic to a sphere.

Case 2: When at every point there is some v such that Ric(v, v) = 0. First of all,
we can prove that this does not occur when p̃ ≥ 3: suppose that at every point,
there exists a unit vector v such that Ric(v, v) = 0. Since S ≤ n(r − 1) + x1(r),
(3-18) holds, that is, Qr (S) ≥ 0. Hence the equalities in (3-10) hold. Therefore,
Pr (S) = Qr (S) = 0. From (3-5) we have

S = (n − 1)
n(r − 1) + 2

n − 2
+

n − 2
n(r − 1) + 2

,

while from (3-9) we also have S = n(r − 1). This is a contradiction, because if
r ≥ (n − 2)/(n − 1) then

(n − 1)
n(r − 1) + 2

n − 2
+

n − 2
n(r − 1) + 2

> (n − 1)
n(r − 1) + 2

n − 2
> n(r − 1).

Therefore, we know that Case 2 can occur only when p̃ ≤ 2.
We thus assume p̃ ≤ 2. From (3-6), we have Pr (S) ≤ 0, while from (3-13), we

have Pr (S) ≥ 0. We get Pr (S) = 0, that is, PH ( f ) = 0. Therefore equalities hold
in the inequalities (3-3) and (2-12) of Lemma 1.

If p̃ = 1 and setting hi j = hn+1
i j , from (3-2) we have

(3-22) Ric(v, v) = (n − 1) + nHhnn −
∑

i
(hin)

2.

Since n ≥ 3, when equality holds in inequality (2-12) of Lemma 1, it follows that

h11 = h22 = · · · = hn−1n−1, hi j = 0 for i 6= j, and hnn = nH −(n −1)h11.
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It is clear that Pr (S) = 0 is equivalent to

S = (n − 1)
n(r − 1) + 2

n − 2
+

n − 2
n(r − 1) + 2

.

Thus, M is not totally umbilical. This is because, when r ≥ (n − 2)/(n − 1),

S = (n − 1)
n(r − 1) + 2

n − 2
+

n − 2
n(r − 1) + 2

> n(r − 1),

that is,
f 2

= S − nH 2
=

n − 1
n

(
S − n(r − 1)

)
6= 0.

Hence, hnn 6= h11. Therefore, M has only two distinct principal curvatures, one of
which is simple. Without loss of generality, we can assume them to be λ = λ1 =

· · · = λn−1 and µ = λn . By (3-22), we get

Ric(v, v) = (n − 1) + (λ1 + · · · + λn−1 + λn)λn − λ2
n = (n − 1)(1 + λµ) = 0.

Hence,

(3-23) 1 + λµ = 0.

From (2-5), we have

(3-24) µ =
n(r − 1)

2λ
−

n − 2
2

λ.

Hence, by (3-23) and (3-24), we have

(3-25) λ2
=

n(r − 1) + 2
n − 2

and µ2
=

n − 2
n(r − 1) + 2

.

Following the argument of [Cheng 2003], consider the integral submanifold for the
distribution of principal vectors corresponding to the principal curvature λ. Since
the multiplicity of the principal curvature λ is greater than 1, from Lemma 5 we
know that the principal curvature λ is constant on this integral submanifold [Ôtsuki
1970]. From (3-25), the scalar curvature n(n − 1)r and the principal curvature µ

must be constant. Thus, M is isoparametric. Since

S = (n − 1)
n(r − 1) + 2

n − 2
+

n − 2
n(r − 1) + 2

,

M is isometric to the Riemannian product S1
(√

1 − c2
)
× Sn−1(c).

If p̃ = 2, we have:

Lemma 6 [Cheng 2002, (3.21)]. If M is an n-dimensional submanifold in Sn+ p̃(1),
p̃ = 2, and M has nowhere-zero mean curvature, then

1
24S2 ≥

∑
α≥n+2

∑
i, j,k

(hα
i jk)

2
+

(
n + nH 2

−
n(n − 2)

√
n(n − 1)

|H |

√
S1 − (S1 + S2)

)
S2.
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From this lemma, for f 2
= S − nH 2 we have

(3-26) 1
24S2

≥
∑

α≥n+2

∑
i, j,k

(hα
i jk)

2
+

(
n + nH 2

−
n(n − 2)

√
n(n − 1)

|H |

√
f 2 − S2 − f 2

)
S2

≥
∑

α≥n+2

∑
i, j,k

(hα
i jk)

2
+

(
n + nH 2

−
n(n − 2)

√
n(n − 1)

|H | f − f 2
)

S2

=
∑

α≥n+2

∑
i, j,k

(hα
i jk)

2
+ PH ( f )S2,

On one hand, in our Case 2, when p̃ ≤ 2, we have PH ( f ) = 0. On the other hand,
since M is compact, from Hopf’s lemma we have 4S2 = 0. Hence, the equalities
in (3-26) hold, and we conclude that

(3-27)
∑

α≥n+2

∑
i, j,k

(hα
i jk)

2
= 0,

and
√

f 2 − S2 = f , that is, S2 = 0.
From (2-10), we have

(3-28)
∑
i,k

hn+2
i ik ωk = −nHωn+2,n+1.

As the mean curvature H is nowhere-zero on M , from (3-27) we have ωn+2,n+1 =

0. Thus, en+1 is parallel on the normal bundle T ⊥(M) of M . From [Yau 1974,
Theorem 1], M is a hypersurface in the totally geodesic submanifold Sn+1(1) of
Sn+ p̃(1), and satisfies

S = (n − 1)
n(r − 1) + 2

n − 2
+

n − 2
n(r − 1) + 2

.

Applying the result for the case p̃ = 1, we conclude that our theorem is valid.

Case 3: When, at some point, Ric(v, v) = 0 for all v. In this case, r = 0 at
that point. This is contradictory, because we assumed r ≥ (n − 2)/(n − 1). This
completes the proof of the Main Theorem.
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