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We define a class of symplectic Lie groups associated with solvable sym-
metric spaces. We give a universal strict deformation formula for every
proper action of such a group on a smooth manifold. We define a func-
tional space where performing an asymptotic expansion of the nonformal
deformed product in powers of the deformation parameter yields an as-
sociative formal star product on the symplectic Lie group at hand. The
cochains of the star product are explicitly given (without recursion) in the
two-dimensional case of the affine group ax + b. The latter differs from
the Giaquinto—Zhang construction, as shown by analyzing the invariance
groups. In a Hopf algebra context, the above formal star product is shown
to be a smash product and a compatible coproduct is constructed.

1. Introduction

The concept of universal deformation for abelian Lie group actions was introduced
by Rieffel [1993] in the operator algebraic context. Later, the notion of a univer-
sal deformation formula (UDF) within a Hopf algebraic context was defined by
Giaquinto and Zhang [1998] at the formal level. Here we study a similar notion
within the framework of (nonabelian) solvable Lie group actions. Our construction
of UDFs relies on both formal and nonformal aspects. The Lie groups considered
here are symplectic semidirect products of abelian Lie groups, natural general-
izations of the two-dimensional affine group ax + b. On each such group S, we
define a function space A C C*°(S) invariant under the left regular representation
and endowed with a one-parameter family of products {xg}gcr in such a way that
each pair (A, x») is an associative (topological) algebra which the group S nat-
urally acts on by automorphisms. As observed in [Bieliavsky 2002; Bieliavsky
et al. 2003], such a data provides a UDF in the following way. Let M denote
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a smooth manifold which the group S acts on by diffeomorphisms. Denote by
a:SxC®M) — C®°(M) : (s,u) — os(u) the induced action at the level of
functions and set o (u)(s) := oy (u)(x) foru € C*(M), x € M and s € S. Then,
the function space B :={u € C°°(M) such that o* (1) € A for all x € M} is naturally
endowed with a one-parameter family of associative products {*{9"1 } defined by the
formula u *é” v(x) 1= (" (u) xg @*(v))(e) (e denotes the identity element in S).
The problem is of course to show that the space B is sufficiently rich, in the sense
that it contains at least the smooth compactly supported functions on M. This is
the case for the class of groups S considered here provided the action of S on M
is proper. Next, comes the question of defining an appropriate functional frame-
work allowing to pass from our nonformal setting to the formal framework of star
products [Bayen et al. 1978a; 1978b]. The above-mentioned nonformal universal
deformation formulae are of the oscillatory — or WKB —type. This means that
the product axg b is defined by an integral expression axg b = fo s Ko a®b where
the kernel Ky has the oscillatory form Ky =6 ""ag ¢/?)S, where ay and S belong
to C*(S xS xS, R). In particular, for a and b smooth compactly supported, one
may perform a stationary phase expansion of a xg b in powers of 0 yielding a
formal product on C*°(S)[6]. The property of associativity of this formal product
depends on functional properties of the nonformal algebras (A, xg).

In Section 2, we prove that every exact symplectic semidirect product S of two
abelian groups always acts strictly transitively on an elementary solvable sym-
plectic symmetric space in the sense of [Bieliavsky 2002]. Conversely, we show
that when complex every such space gives rise to an exact symplectic semidirect
product of two abelian groups. This allows to identify in a S-equivariant manner
the manifolds underlying the group S and the corresponding symmetric space.

In Section 3, we observe that Section 2 together with the construction in [Bieli-
avsky 2002] of nonformal quantizations on elementary solvable symplectic sym-
metric spaces yield on every such semidirect product S a left-invariant nonformal
deformation quantization. As an immediate consequence, the latter gives rise to
strict deformation quantizations for the proper actions of S on smooth manifolds.

In Section 4, restricting to the case dim S =2, we associate to our nonformal de-
formation an associative left-invariant formal star product on C*°(S)[] for which
we give the cochains totally explicitly (without any recursion). This is essentially
done by defining a #-independent functional space (denoted hereafter €) closed
under our one-parameter family of nonformal deformations {%xy} and by studying
the smoothness (in a suitable sense) of our algebras {(€, xg)}e. For nonzero values
of 6, the space € plays an analogous role as the Schwartz space does in the case
of Weyl’s quantization. As it clearly appears, the restriction to the dimension two
is inessential.
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In Section 5, we show that the above mentioned formal star product can be
seen as a smash product of C*°(R)[#] and the Hopf algebra of polynomials on R.
From the latter, we deduce a compatible formal coproduct and a Hopf structure on
C*(S)[0].

2. Symplectic Lie algebras associated to a class of symmetric spaces

Definition 2.1. Following the terminology of [Lichnerowicz and Medina 1988],
a symplectic Lie algebra is a pair (s, w) where s is a Lie algebra and w € /\2 (™)
is a nondegenerate Chevalley two-cocycle with respect to the trivial representation
of s.

In this section, we associate symplectic Lie algebras to a class of (infinitesimal)
symplectic symmetric spaces.

Definition 2.2 [Bieliavsky et al. 1995; Bieliavsky 1995]. Let (g, o) be an invo-
lutive algebra, meaning that g is a finite dimensional real Lie algebra and o is
an involutive automorphism of g. Let €2 be a skewsymmetric bilinear form on g.
Then the triple (g, o, 2) is called a symplectic triple if the following properties are
satisfied.

(1) Let g =t ® p where € (resp. p) is the 41 (resp. —1) eigenspace of o. Then
[p, p] = ¢ and the representation of € on p, given by the adjoint action, is
faithful.

(i1) 2 1is a Chevalley 2-cocycle for the trivial representation of g on R such that for
any X in ¢, i (X)Q2=0. Moreover, the restriction of 2 to p x p is nondegenerate.

Two such triples (g;, 0i, 2;) (i =1, 2) are isomorphic if there exists a Lie algebra
isomorphism v : g; — g such that ¥ ooy =0y 0 ¢ and Y*Qp = Q.

Such a triple is called indecomposable if it cannot be expressed as a direct sum
of symplectic triples.
Definition 2.3. A symplectic triple t = (g, o, Q2) is called holonomy isotropic, or
HI, if [&, p] is an isotropic subspace of (p, 2).
Proposition 2.1 [Bieliavsky 1998]. A symplectic triple t = (g, o, 2) is holonomy
isotropic if and only if g, g] is abelian.

Definition 2.4. Let t = (g, o, 2) be HI and consider the extension sequence

6] 0—[g.9] >g—a:=g/[g. 9] 0.
The HI triple ¢ is called split if this extension is split.

Lemma 2.2. Let t = (g, 0, Q) be HI split. Set b = [g, g] and denote by p : a —
End(b) the splitting homomorphism. Then, realizing g as the semidirect product
g = b X, a, one can assume that a is stable under o.
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Proof. For a € a C g, write a = ag+ay according to the decomposition with respect
to o. Then for all a,a’ € a, one has 0 = [a, a'] = [ay, a;] +b belt, p]since ¢
is abelian. This yields [ay, al’o] =0.

Therefore, for pr, : g — p the projection parallel to £, the p-component pr,(a)
is an abelian subalgebra of g supplementary to b. A dimension count then yields
the lemma. U

Lemma 2.3. Assume that t = (g, o, Q) is HI split, indecomposable and nonflat.
Set0 — b — g— a— 0asin Lemma 2.2. Then a and | = [, p] are in duality.
In particular, there exists a ¥-invariant symplectic structure on p for which a is
Lagrangian.

Proof. Set V := [ N a and choose a subspace W of a in duality with [. Counting
dimensions yields a = W @ V. Moreover, in the decomposition p =[G W B V,
the matrix of €2 is of the form

0 I O

RQ]l=|-1I 0 B

0 -B A
Since det[$2] # 0, one gets det( | ) # 0; hence det A # 0 and V is symplectic.
Now, Q([¢, V], p) = Q(V,[) =0, hence [¢, V] =0. Also [V, []=[V,[t,p]]=0
by Jacobi. Thus V is central, and therefore trivial by indecomposability. g

We now assume that (g', o'!) is the involutive Lie algebra underlying a split HI
symplectic triple which is indecomposable and nonflat. We fix Q' such that the
HI symplectic triple t! = (g', o', Q') with 0 — b' — g' — a' — 0 has a! and
(' = [€!, p'] dual Lagrangian subspaces. We then consider the associated exact
triple [Bieliavsky 1998], which we denote by t = (g, o, 2) (if tlis already exact
we set t = t!). Since a! is isotropic, the triple ¢ is elementary solvable with

0—b:=[g,gl>g—a:=a —0.

We now follow a procedure as in [Bieliavsky 2002]. The map p : a — End(b) is
injective (because €2 is nondegenerate), so we may identify a with its image : a =
p(a). Let ¥ : End(b) — End(b) be the automorphism induced by the conjugation
with respect to the involution o |, € GL(b),i.e. ¥ = Ad(o|p). The automorphism X
is involutive and preserves the canonical Levi decomposition End(b) = % & si(b),
where % denotes the center of End(b). Writing the element a = p(a) € a as
a = az + ap with respect to this decomposition, one has ¥(a) = az + X(ap) =
—a = —ayz — agp, because the endomorphisms a and o|, anticommute. Hence
Y.(ap) = —2az — ap and therefore az = 0. So, a actually lies in the semisimple
part s/(b). For any x € s/(b), we denote by x = x5+ xV, xS, xN e sl(b), its
abstract Jordan—Chevalley decomposition. Observe that, for s/(b) = sl ®sl_, the
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decomposition in (&1)-X- eigenspaces, one has a C sl_. Also, ay = {a" }seq is
an abelian subalgebra in s/_ commuting with a. Set ag := {a%}4cq.

Consider the complexification b° := b ® C and C-linearly extend the endomor-
phisms {p(a)},cq and o. Also consider the complex Lie algebra s/ (b°) =s/(b)QC
and C-linearly extend to s/(b¢) the involution X.

Let

) b¢ =: @ b

aed

be the weight space decomposition with respect to the action of ag. Note that for
all @, one has ay.b, C b,. Moreover, for all X, € b, and a® € ag, one has

cr(aS.Xa) = oe(aS)cr(Xa) = aasa_laXa = E(as).a(Xa) = —aS.G(Xa).
Therefore, —a € ® and b, = b_,. Note in particular that o by = by.
Lemma 2.4. If the triple t' is assumed indecomposable and nonflat, then
bop=0.
Proof. Assume 0 € ®. For all o € @, the subspace
Vyi=b, ®b_,

of b¢ is stable under o. In particular, the complexified involutive Lie algebra
(g¢, 0), where g° := g® C, can be expressed as g° = a x, b¢ with

b°= P ba @ bo.

acdt

where the positive system of weights ®* is chosen so that
d={0lUudtU(—D")
(disjoint union). One therefore has the decomposition
Vo=t @y

into (£)-eigenspaces for 0. Moreover, since g = [g, g¢] and [a, b,] C by, one
has

[a = [av E0{] and Eot = [av [a]»

for all @ € ®* U {0}. This implies [y = [ay, €] and & = [ay, [o]. Hence [p =
[awn, [an, [p]] and an induction yields [y = 0. O

Corollary 2.5. A nilpotent HI split symplectic symmetric space is flat.
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Proposition 2.6. Lett = (g = b X, a, 0, Q2 = 6§) be the exact triple associated
with a nonflat indecomposable split symplectic triple t'. Let ® be the set of weights
associated with the (complex) action of as on b°. Fix a positive system ®* and set

bt = @ by.
aedt
Then the pair (s 1= a° x, b™, Q|s) is a (complex) symplectic Lie algebra.
Proof. By the proof of Lemma 2.4, the restricted projection b B e mapping X
to %(X —0(X)) is a linear isomorphism. Moreover, for all X € b™, a € a¢, one

has (X, a) =&[p(c), a]. The proposition follows from the nondegeneracy of the
pairing a¢ x [ - C. O

Definition 2.5. Let t be an HI split symplectic triple. Decompose ¢ into a direct sum
of indecomposables and a flat factor. Proposition 2.6 then canonically associates
to ¢ a (complex) symplectic Lie algebra s¢(¢), the complex symplectic Lie algebra
associated with t.

Definition 2.6. A symplectic Lie algebra (s, w) is called elementary solvable if
(1) it is a split extension of abelian Lie algebras a and 0:

3) 0—0—5—a—0;

(i1) The cocycle w is exact.

Conversely to Proposition 2.6, one has

Proposition 2.7. Every elementary solvable symplectic Lie algebra is associated
with a split HI symplectic symmetric space.

Proof. Denote by p : a — End(0) the splitting homomorphism and by p : a —
End(0) the opposite representation: p(a)(X) := —p(a)(X), X €0. Set

b:=040
and let a act on b via p @ p. Define the involution oy of b by
op(X,Y)= (Y, X), X,Y €0.

Set
g:=bx,gp0a
and define the involution o of g as
o =0, P (—idy).

One then observes that (g, o) is an involutive Lie algebra. We have ¢ ={(X, X)}xco
while p = {(X, —=X)}xeo.
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Let n € 0* be such that §n = w and define £ € £* by
£(X, X) :=n(X), X €.
Extending £ to g by O on p, one defines a symplectic coboundary on g:
Q= 5¢.

The triple (g, o, 2) then defines the desired elementary solvable symplectic sym-
metric space. U

3. Strict deformation quantization for proper actions

We first recall that to an involutive Lie algebra, one associates a simply connected
symmetric space M in the usual way (see [Kobayashi and Nomizu 1969], for ex-
ample). When associated with a symplectic triple, the space M turns out to be
naturally endowed with an invariant symplectic structure. The space M is then
called a symplectic symmetric space. One then has

Theorem 3.1 [Bieliavsky 2002]. Let M be the simply connected symplectic sym-
metric space associated with an HI split symplectic triple. Assume M is strictly
geodesically convex with respect to its canonical affine connexion. There is a one-
parameter family {Kg € C°(M x M x M, C)}ger of smooth invariant three-point
kernels, and a corresponding family {#y € C*°(M)}g of invariant function spaces,
such that

(i) D(M) := CX(M) C ¥y forall 9
(i1) the formula

4) uxgv(x); = / Kx,y,20u(y)v(z)dydz (u,veD(M))
MxM

extends to #y as an associative C-algebra product law denoted hereafter xg,
and the automorphism group of M acts on the algebra (¥y, xg) by algebra
automorphisms;

(iii) foru,v € W(M) and x € M, one has the asymptotic expansion

S U*pv(x) ~ uv(x) + %{u, v}I(x) + 0(6%),

where {, } denotes the invariant symplectic Poisson bracket on C*°(M).

We now pass to the announced nonformal UDFs. In this section, (s, £2) denotes an
elementary solvable symplectic Lie algebra associated with a strictly geodesically
convex HI split symplectic symmetric space M. We denote by S the corresponding
simply connected symplectic Lie group, whose identity element we write as e.
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Now consider a proper smooth action of S on a manifold X:
SxX— X:(g,x) 14(x).

And denote by
Sx C®(X)— C®(X):(g,a) — ag(a)

the corresponding left action on functions on X. At last, for all a € C*°(X) and
x € X, set
a'(@):S— C:g> ay(a)(x) = r;_] (a).

Theorem 3.2. Define the space
By; = {a € C*°(X) such that a* (a) € ¥y for all x € X}.
Then
(i) D(X) := CX(X) C By forall 6, and

(i1) the formula
axy b (x):= (a*(a) xg " (b)) (e)

defines an associative C-algebra product law on the function space By.

Proof. Item (i) follows from the properness of the action and item (i) of the preced-
ing theorem. Item (ii) follows from [Bieliavsky 2002, p. 282, item (ii)]; see also
[Bieliavsky et al. 2003]. Il

For more general actions, we shall remain at the formal level. We shall prove in the
next section that the asymptotic expansion (5) actually defines an invariant formal
star product on M. For simplicity, we shall treat only the case dimS = 2 but as it
will appear this is not essential.

4. Formal universal deformation formulae
We present the ax + b group as S = R? = {(a, £)} with multiplication law
(a, 0., 0) = (a+d, e t+0).
The Lie algebra s of S is then realized as s = span{H, E} with
(a,0) =: exp(aH) and (0, £) =: exp({E).

For X € g, we denote by X the corresponding left-invariant vector field on S.
We denote by & the Schwartz space on S = {(a, £)}. For u € &¥, we denote by
% (u) the partial Fourier transform

Fu)(a, &) :=: a(a, &) =: /e"“u(a,z)cw.
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We set S := {(a, £)} and we denote by & the space of Schwartz functions in these
variables. Thus, one has the 1s0m0rphlsm 9 — &. For 6 € R, we define the
following diffeomorphism ¢y : S—>S:

(a, sinh(20&)) for 6 # 0,
Po(a, &) = 7
(a,§) for 6 = 0.
Setting 79 :=F o (Pg Yo%, we formally define the following distribution space
on S:
%9 = Ty (y )

Lemma 4.1 [Bieliavsky 2002]. For all 6 € R,
F C € C FNCS);
where &' denotes the space of tempered distributions in variables (a, £).

Lemma 4.2.

(6 )" (P) = (¢1_/12)*(§f) for6 £0,
0 g foro=0.

Proof. First observe that f € (¢, 1Y*@ if and only if for all M, N € N one
has f M 8§N (97 f)dé < oo. Let us restrict ourself to the case N = 1, the gen-
eral case being entirely similar. One has ¢ (¢; f)(§) = cosh(208)¢; (0, f) =

oM (\/ 14 (26n)20, f ) Therefore, the condition becomes

f arcsinh(20n)d, f (n) dn < oo.

Since the functions arcsinh(261)d, f(n) and arcsinhn d, f () have, up to a 6-
dependant multiple, the same asymptotic behavior for large |n|, the finiteness of
the above integral is equivalent to the finiteness of [ arcsinh 7 9, f (n) dn. O

In particular, for all 8 € R, one has
(@5 )P C (@1 )* (D).
The above lemma leads us to define the following spaces:
€ = (¢ )" (@) and €:=F (&)
We then observe the following obvious fact.

Lemma 4.3. Denote by %oo(g) the space of smooth functions w € C °°(§) such
that for all multi-index a, D*w € Cy(S). Then,

ECBo(S) and 83 c L'(S).
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Lemmad4.4. Let u € &. Then,

(i) there exists a dense open subset Q C G where, for all 0 € R, the tempered
distribution ty(u) coincides with a smooth function, t 1°° (n) € C*(R), in the
sense that for all v € D(2), {ty(u), ¥y = <'c91°°(u) lﬂ>

(ii) The function R — C*(2) : 6 — réoc(u) is smooth.

Proof. Abel’s criterion implies that for £ £ 0, the improper integral téoc (u)(a, ) =
= fe"se(@jl)*ft(é)dé converges, since, by Lemma 4.3, (¢, ')*ii € Co(S). The
functlon TGOC (u) is smooth in (0, x) € R x Q where Q2 := {(a, ) | £ # 0}. Indeed,
observing that /¢ = .1 Bgelsg, one obtains, using Lemma 4.3:

W@ 0= 5 lim / 50, (B ) i (8) dE

= / 5L (7 )R (E) de.

Hence, re"c(u)(a 0) =+ £2 i e’“as (¢9 )*i(€) d&, which is an existing integral.
Now, by Lemma 4.2, one observes that setting ity := oH ) (g ) 7 defines a smooth

family of Schwartz functions {iig} C & such that (¢y Dy = (¢f/12)*ﬁ9. Therefore,
one has

% W@, ) = 5—7

whose integrand is bounded by the integrable function |82(q§1 /2)*u90‘ for6 e[—e,€].

—1 .
/ B2 (GT) i (€) dé

One proceeds similarly for derivatives. It follows that .L.eoc (1) defines an element
of C*® (R, C*°(R2)) [Treves 1967, Theorem 40.1, p. 415]. Of course, {tp(u), ¥> =
(T (u), ¥y for all Y € B(). O

Proposition 4.5 [Bieliavsky 2002]. (i) The map Ty := F~ o ¢, o F establishes a
linear isomorphism
Tg . %9 — 4.

(i1) Denote by *g Weyl’s product on &. The formula
axgh = 19(Tya ») Tyb);  a,beE

defines an associative product xg on éy.

(iii) At the level of smooth compactly supported u, v € C°(S) and for all xg € 2,
one has the oscillatory integral formula

U *g v(xg) =
i @®¢,sinh2(ag—ap)

1 0,1,2
—_— cosh2(a; —ap) exp — u(xp)v(xy)dxgdxy,
471292/G><G 1—az) exXp Y 1 2)dx1dx;

where x; = (aj, £;), j=0,1,2.
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(iv) The three-point kernel

55 (3 sinh(2(ag—a)) 2

1
Ko (x0, x1, x2) := 17292 cosh(2(a; —az)) e *'?

is left-invariant with respect to the diagonal action of S on G x G x G.

Remark 4.1. The formula in (iii) holds at every point xop € G. Indeed, by left-
invariance of the kernel, one has for every choice of y € Q: uxgv(xg) = (L)*coy,l Uxg

L ).

X0y
We set, for integral n > 1,
1(-D" 1 (2n)! _ D" 1 (Zn—l)

2 1::— =
At D = T = @ anti\n—1

and further (1) := 1 and B(2n) := 0 for n > 0.
Definition 4.1. Let k and N be positive integers such that k < N. We set

N!
By = ) AT NTACA I (U

k=ky+--+ky
N =1k +2ky + -+ Nky

with the convention that 8(2n)? := 1 and Bg = 1.
Lemma 4.6. Let u € C*°(S) and N € Ny. Then

v - k 77k
qgn &=0 (R(%arcsinhs,O)u) =) By Ha,
where R denotes right multiplication on S.

Proof. We shall use Faa di Bruno’s formula [1857], which computes the higher
order derivatives of composed functions:

n

(6) dE" [R(b(§))]
! »POENY 75 )\ ° O (E)\
iy Q) O\ (PO g e,
kilky!- - k! 1! 2! n!
with k :=k;+- - -+k, and where (k, ..., k,) runs over all partitions of n (solutions

of the equation n = 1k| 42k, + - - - + nk,). We now observe the Taylor expansion

L " 1 (=g " 1@ .,
1 he=1 = .
5 arcsinh & =& +; 7 i\ n—l 3 % > 4 2t (n!)2$

Plugging b(§) := % arcsinh & and R(a) := R(*a’o)u(x) into (6) at £ = 0 then yields
the lemma. O
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Lemma 4.7. Let y and . be maps from R x & to C*(S) such that

(i) for every u € & the functions y (., u) and u( ., u) belong to C*(R, C*(S));
(ii) for all O the partial functions y (0, .) and (9, .) are C-linear.
Assume the function
O @O, u):=pn@,y©,u)
to be an element of C*° (R, C*(S)) as well. Denoting by
y(©, u)~3 0", n@, u)~ %:GMMm(u), O, u) ~ %:Gm@m(u)

m

the corresponding Taylor expansions, one has

Op(u) = D Mi(T,)).

m=n+k

Proof. Let RK, (u) be the rest at order N in the Taylor expansion of p [Bourbaki
1967]. Then,

[0 — Ry (y (6, u)] €o@").

Indeed, R} (u) =60" py(u) where p” (u) is continuous in a neighborhood of 6 = 0.
Therefore 0~ NV RE (1 (0, u)) =Y N T 04N RI (T4 () +0 Rh (pi41(w0)). The
first N + 2 terms of this sum tend to O with 6. In the last term, one observes that
Rllf, (pn+1(u)) is continuous and hence bounded for 6 € [—e, €], which proves the
assertion and with it the lemma. O

Of course an analogous statement holds for bilinear maps.

Lemma 4.8. For every smooth compactly supported u, v € C°(S), the functions
of 0 given by Ty(u), u *2 v and u xg v belong to C* (R, C*(S)).

Proof. For every xg € G,
1 , .
Ty () (x0) = >— f et i ii(ag, £) dé.

The integrand e'“0 ¢}5ii(a, £) is smooth in the variables (a, £o, 8) as well as every
of its partial derivatives. Moreover, each of these functions is bounded by an inte-
grable function since ¢5ﬁ is Schwartz. Therefore the function (xg, 8) — Ty (u) (xg)
is smooth.

The argument is similar for the other functions, simpler in fact since the inte-
grand is in both cases compactly supported. U

Theorem 4.9. For every smooth compactly supported u, v € C>°(S) and for every
x € G, the function [R — C: 0 +— u*gv(x)] is smooth. Its Taylor series at O defines
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an associative formal star product x, on C*°(S)[v] whose explicit expression is

7 uxyv = uv+Z_( 2i)" Z(_l)kJrl(Z)

k=0

x((ZB,TﬁmE”_k.v><ZB ' H™EX, )
m=0
k

— 2(2(’;)@ — 1Bk —r) Z BY HPE"k.v)
p=0

r=0
n—k s

x (Z(n_k)(n—k—s)ﬁ(n—k—s) 3 B ﬁ@".u)).
s=0 s q=0

Proof. Using left invariance one gets

U *g v(xg) = / K (0, x1, xz)R;lu|xOR;2v|xO dx dx;.

1
Making the change of variables &; := sinh(2a;), n; := %Zi yields

1 .
s vx0) = s [ = p ey (e e e
X r(*fl,29m)u|x0 r(*éz,Zan)vlJCo d§; d&; dny dna,

where y (§) :=&/y/1+&2 and rj; 5y, ul, = u(a+ 5 arcsinh &, e~ "iME ¢ 4 267).
Now observe the asymptotic expansion (6y # 0)

N
0—06p)" 1 .
uro V(o) =) %— / (1= y (E)y (&) e Emtom)

4572
n=0
n
X g [l aomtlso 7l my V1] lo—e, dE1 A6 dp i
+o((0 —6p)™M).
One has

n

G LGer.20m0 10 s 20m) V1o ] Loty

-
— Z( ) dek (51 29171) |x0] |9 =00 371 don— x [ @2 29172)1)|XO] |9 —bp

n
n k. n—k =k =n—k
=2 Z (k ) gl 77; r(§1 260m1) (E .u) |x0 r€$2,290772) (En 'v) |x0’
k=0



54 PIERRE BIELIAVSKY, PHILIPPE BONNEAU AND YOSHIAKI MAEDA

where exp(aH) := (a, 0) and exp(£E) := (0, £). Therefore, an integration by parts
yields (for n > 1)

a0 (78, 20m) L0 ey, 200 V1o | lo =0 d&1 dE2 iy dp

n
= (=2i)" Z(_l)k(’lg (/ e iEm—&m)
k=0
k % n—k —k
X (8szr<sz,zeonz> (E"0) Lo 8", sy (E 1) Ly

- 8§2 [)/(52) r(*éz,wonz) (En—k‘v) |x0 ] 8gl_k [J/ &) r{§17290m) (Ek‘u) |x0 ]))

/(1 —y &Ny (&) e iEm—&m)

By observing that lim,_, ¢ agr;mmx = asr(*&o)mx, one gets

lim / 0y (Ea) e~/ Emmem

dor [ 351’29'71)u|x0 r:$2’29n2)v|x0] d&; d&y dny dnz

= 4 (=2i)" Z =D (1) [y @ rieoy (B"™0) L Tleo
k=0

X 8gn_k [V(g) ”zg,o) (Ek-u) L ] le=0,

which, by using Lemma 4.6 and the expansion

V(E) = E+Z( D" m+1 ( 2m >§2m+1 _ Z (D" (2m)!g2m+1’

2
m=>1 m m+ 1 m=0 4m (m')

is seen to be
n k r
47‘[2(—2i)n Z(_l)k—i-l <Z ) ((Z(f)y(k—r)(o) Z Brp (ﬁpgn—k.v) ‘Xo)
k=0 r=0 p=0
n—k X s o
« ( Z(n; >y(nfk—S)(()) Z B{ (Hqu,u)|x0>).
q=0

s=0

This leads to the announced asymptotic expansion where v is the formal parameter
corresponding to 6.

Regarding associativity, one ﬁrst observes that for all xo € €2, one has the coin-
cidence: u xg v(xg) = TGOC(TQM *9 Thv)(xo). Note that, independently, the left hand
side is smooth in 8 by virtue of Lemma 4.8, while the right hand side is smooth
as well by virtue of Lemmas 4.4, 4.7 and 4.8. Lemma 4.7 therefore identifies the
above-computed Taylor coefficients with the cochains of the star product obtained
by intertwining Moyal’s star product with a formal equivalence. O



UDFS, SYMPLECTIC LIE GROUPS AND SYMMETRIC SPACES 55

Remark 4.2. Our construction differs radically from the (formal) universal de-
formation formula of Giaquinto and Zhang [1998]: It was shown in [Bieliavsky
et al. 2005b] that the (maximal) invariance diffeomorphism group of Giaquinto—
Zhang star product on ax + b is isomorphic to Sp(1, R) x R?, while in our case
the corresponding maximal invariance group is the automorphism group of the un-
derlying symplectic symmetric space — in the two-dimensional case, the solvable
group SO(1, 1) x R?.

5. Hopf structure

The formal star product %, given by formula (7) can be described as an example
of the following construction [Bieliavsky et al. 2005a].

Definition 5.1 [Bonneau and Sternheimer 2005]. Let B be a cocommutative bial-
gebra and C a B-bimodule algebra. The L-R-smash product C i B is the algebra
constructed on the vector space C ® B where the multiplication is defined by

®) (f®a)*(@®b)= Y (f < bw)(aq) = & ®apbe)

(@) (D)
for f,geCanda,be B.
On the first hand, the above construction provides deformation quantizations of
€°(G) Q@ Pol(¥*) C €>*(T*G), where 4 = lie(G), as explained in [Bieliavsky
et al. 2005a]. For G = R" it reproduces the Moyal star product. On the other hand
we have seen that, for u, v € 6°(R?), u %, v =T, ' (T,u " T,v) where ¥ denotes
the Moyal star product on G (R?). Restricting to €*°(R) ® Pol(R) C B®(R?),
the formal equivalence T, is viewed as id ® S,,.

Proposition 5.1. The formal star product x,, given by (7) coincides with the product
underlying the L-R- smash product €°°(R)[v] § Pol(R) withx — f = f — x =
%Sv_ ! (% (Sy f)) and we consider Pol(R) endowed with its the usual Hopf structure.

Proof. See [Bieliavsky et al. 2005a]: the main fact is that €*°(R)[v] § Pol(R)
carries the Moyal product for x — f = f <~ x = %%(f). O

F. Panaite and F. Van Oystaeyen [2005] have shown that if B be a cocommutative
Hopf algebra and C a B-module algebra, the map ®: CtijB — C#B with ®( fta) =
> @ [ “amtac) is an isomorphism of algebras, the multiplication on the smash
product CfB being given by (f ® a) x (g ®b) = }_,) f (aq) ¢ g) ® ap)b with
aeg=aq — g — J(ap)), J the antipode of B. One therefore has

Proposition 5.2. The star product x,, can also be seen as a classical smash product
in the sense of Sweedler [1968].

At last, it is shown in [Bieliavsky et al. 2005a] that, under conditions, if C is a
Hopf algebra then so is C § B. Seing €*°(R)[v] as 6*°(R) ® R[v] and considering
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the natural Hopf structure on the tensor product of the Hopf algebras €°°(R) and
R[v] we show in [Bieliavsky et al. 2005a] that the needed conditions are fullfilled.
Hence:

Theorem 5.3. There exists a coproduct A, a counit €, and an antipode J,,, com-
patible with x,,, such that (CGOO(R) [v] 1 Pol(R), *,, A,, €, Jv) is a Hopf algebra.

Replacing R by R” these structural results still hold on the asymptotic expansion
of the product described in formula (4).
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