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Let yy : [a, b] - R'** be Lipschitz. Our main result provides a sufficient
condition, expressed in terms of further accessory Lipschitz maps, for the
C3-rectifiability of yy([a, b)).

1. Introduction

A set in R is C3-rectifiable if %¢'-almost all of it can be covered by countably
many curves of class C? embedded in R”. The main goal of this paper is to prove
the following result.

Theorem 1.1. Let there be given Lipschitz maps
vo.vi:la,bl = R and  ya= (ot y21) tla, bl - RITE R
and a function w : |a, b] — {1} such that
(1-1 Vo) = o @) gl n (),
(1-2) W0, () = 0@ II(rg@®), i) y2(1)
for almost every t € [a, b]. Then yo(la, b]) isa C 3-rectiﬁable set.

Remark. In the special case when w := 1 while yp is regular and at least of class
C?, the conditions (1-1) and (1-2) say that y;(¢) and y,(¢) are, respectively, the unit
tangent vector of yg at t and the unit tangent vector of (yy, y1) at ¢t. This remark is
at the root of the applications to geometric variational problems mentioned below.

Theorem 1.1 should be considered a step forward in a project, stated in [Delladio
2005], aimed at providing sufficient conditions for the C*-rectifiability of a n-
dimensional rectifiable set. Results concerning the case H = 2 were first obtained
in [Anzellotti and Serapioni 1994; Delladio 2003; Fu 1998], but subtle mistakes
seriously invalidating their proofs were discovered later [Delladio 2004; Fu 2004].
Then the paper [Delladio 2005], cleaning-up the simplest case n = 1 and H = 2,
followed. Our future efforts will be aimed at extending the theory to any value of n
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and H. Joint work with Joseph Fu on C?-rectifiability in all dimensions (invoking
slicing in order to reduce to dimension one) is in progress.

Further work is in progress to apply these results to geometric variational prob-
lems via geometric measure theory and more precisely through the notion, first in-
troduced in [Anzellotti et al. 1990], of a generalized Gauss graph. Former achieve-
ments in this direction include [Delladio 2001] (a somehow surprising application
to differential geometry context), [Anzellotti and Delladio 1995] (an application to
Willmore problem) and [Delladio 1997] (an application to a problem introduced
in [Bellettini et al. 1993]). These last two papers followed the idea by De Giorgi
of relaxing the functional with respect to L'-convergence of the domains of in-
tegration. Now we expect that our results can be applied to handle functionals
with integrands involving curvatures with their derivatives and, in particular, to get
explicit representation formulas after relaxation.

The proof of Theorem 1.1 starts from the C 2—rectiﬁability of yo([a, b]), which
is guaranteed by condition (1-1), as shown in [Delladio 2005]. The problem is
reduced in Section 2 to proving that yo([a, b]) intersects the graph of any C? map

f:R— (Ru)*t weR™ Jul=1

in a C3-rectifiable set. From the first and second derivatives of f expressed in
terms of the y;, we obtain in Section 3 a second order Taylor-type formula for f
with the remainder in terms of the y;. Theorem 1.1 then follows by the Whitney
Extension Theorem, also involving a Lusin-type argument (Section 4). Finally, the
absolute curvature for a one-dimensional C2-rectifiable set P is defined and proved
to be approximately differentiable almost everywhere whenever P is C3-rectifiable
(Section 5).

2. Reduction to graphs

By virtue of the main result stated in [Delladio 2005], the equality (1-1) implies
that yo([a, b]) is C?-rectifiable. As a consequence, there must be countably many
unit vectors

u; € RIT
and maps of class C?
fiR— (IRuj)L
such that
%' (vo(la. BD\U; G,) =0
where
Gy, = {xuj +fix)|xe [R}.
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Hence we need only show that the sets yy([a, b]) NG f; are C3-rectifiable. In other
words, Theorem 1.1 becomes an immediate corollary of the following result.

Theorem 2.1. Let yy, y1, V2 be as in Theorem 1.1. Consider a map
fiR=> RS @eR™ Jul=1

of class C? and define
Gr:={xu+ f(x)|x e R}
Then the set Gy Nyy(la, b)) is C 3-rectiﬁable.

In this section we take the first step toward the proof of Theorem 2.1, which will
be concluded later in Section 4. Define

L=y, (Gpyn{tela,bl |y, v{(t) exist, ¥j(t) #0, (1-1) and (1-2) hold}.

By Lusin’s Theorem, for any given real number ¢ > 0, there exists a closed subset
L, of L such that

2-1) YolLe and w|L, are continuous and SBI(L\Lg) <e.
If L} denotes the set of the density points of L,, then

(2-2) LYCL,

since L, is closed. The equality

(2-3) PNLALY) =0

also holds by a celebrated result of Lebesgue. In the special case that L has measure
zero, we take L, := &, hence L} := @.
Now observe that

GrNyo(la, bD\W(LY) € w(yy ' (Gy) Nla, bI\LY)
hence

%' (G Nyola, BD\n(LD)) < % (vo(vy ' (Gp) Nla, bI\LY))

< / 17l = / I3l < & Lip(vo),
o (Gp)Nla,bI\LE L\L*

9" (Gy Nyo(la, b]) \ Uj; VO(LT/j)) =0.

Hence, to prove Theorem 2.1, it will be enough to verify that

which implies

(2-4) Yo(LY) is C-rectifiable

for all € > 0.
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3. Second order Taylor formula and estimates

Proposition 3.1 below gives formulas for the first and second derivatives of f in
terms of the y;. This yields a suitable second order Taylor formula in Theorem 3.1.
Throughout this section we shall assume $1(L) > 0. Notice that

(3-1) yo7(s) 20 foralls e L

by (1-2), so the map

: ’b 0 Rl-‘rk, ::J/ZL—(t)
w:{t ela. bl | yar (1) # 0} > O = ol

is well-defined in L.

Lemma 3.1. Let A, B, u € R, with |u|| = 1. Then
(AAB)L_u=(A-u)B—(B-u)A.

Proof. Let {e;} be an orthonormal basis of R'** such that e; = u. One has

((AAB)L_u)-ej =(AAB,une) :Z(AjBl — AiBj)(ej Nej, el Nep)
j<l
=A1B;—A;B = ((A-w)B— (B-u)A) ¢
foralli=1,2,...,1+k. O

Proposition 3.1. Set
x(t) :=y(t) - u, teR.

Then, for all s € L}, one has

(3-2) x'(s)=yp(s) - u#0 (that is, y1(s) -u #0)
and
(3-3) ety = 8
y1(s) -u

Moreover

” (Vl(S)/\M(S))LM
3.4 -
(3-4) S (x(s)) 1) 1)

Proof. Observe that

F@x(@®) =) — (o (0) - uyu = yo(1) — x()u

for all ¢ € yO_I(G 7). The sides of this equality are both differentiable in L} and
since each pointin L} C )/071 (Gy) is a limit point of L, C yofl (Gy), the derivatives
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have to coincide in L}. Thus

(3-5) xX'($) ' (x () = y(s) — (rp(s) - wu = yg(s) — x'(s)u

for all s € L}. We obtain (3-2) by recalling that y;(s) #O atall s € L}.

Formula (3-3) follows at once from (3-5) and (1-1).

By virtue of (3-2), the sides of (3-3) are both differentiable in L}. The derivatives
must coincide in L}, since each point of L} is a limit point of L}. In view of Lemma
3.1, we then get

(1(s) - w)y (s) — (y{(s) - u)y1(s) _ A yi(s) L u
(vi(s) - u)? (Vi (s) - u)?
for all s € L}. Formula (3-4) finally follows from (3-2), (1-1) and (1-2). O

X' () f7(x () =

Now set
Ag(t) == yo(t) — yo(s), s,t€la,bl.
The map

(A1) -u)?
Ys(t) = As() = (As@) - i) Y1 (8) — 55 1(s), t €la,bl,
2(n1(s) - u)
is well-defined for any given s € L}, by Proposition 3.1.
If s € L}, hence s € (a, b) and (3-1) holds, one has

ly2r (@)l = 3lly2r ()| >0 forallo € I,

where I; denotes a certain nontrivial open interval centered at s and included in
[a, b], existing by the continuity of y»7. In particular, this inequality shows that
w| I is Lipschitz, so the map given, for o € I, by

w(s)
(y1(s)-u)?

is well-defined and Lipschitz, provided s € LY. Moreover

Vs (0) :=u(0)—(u(o)-y1(s)yi(s)— ((11(0) 1) +(As (0)-u) (11(0)-u))

\ps (s) = Oa
as follows at once from (1-2) and from the following simple result.
Proposition 3.2. If s € L} then y(s) - y{(s) = 0.
Proof. Let {s;} be a sequence in L, converging to s, with s; # s for all j. Since
[viGpll=llyis)ll=1 forall j,

by (1-1) and (2-2), we have

A GHIZ =IO yils) — yils)
- Sj—S N sj—s

0

(v1(s) + 1(9)).
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The conclusion follows by letting j — oo. U
Theorem 3.1. Let s € L}.

(1) Forallt € y; ' (Gy),

(B3-6)  f(x(1) = f(x(s)) = /@) (x (1) = x(s)) = 5" (x(s)) (x (1) —X(S))2

1
= (1(s) AZs(0)) L u.
yi(s)-u

(2) Forallt € I,

t P
(1) = / () (o) (/ @ (@) lyg(@) ‘Ifs((f)da)d/)-
N S
Proof. (1) By recalling Proposition 3.1 and Lemma 3.1, we get

@) = fx(5)) = £/ () (x (1) = x(5)) = 5 /" (x () (x (1) — x(s))*

= 1o(t) = x (O — (vo(s) — X ($)u) — (yly(‘s(; ?u - u) (x (1) = x(5))
Oy

LR T e T

e (s SO o .17)

This is just (3-6), in view of the definition of X (7).

(2) Since Aj; is Lipschitz and Ag(s) = 0, one has

o — o) e d )
Zs(t)—/s Y0(P) = (Vo (p) - v1(s))y1(s) 20 G) )2 dp(Ax(p) u)“dp
t : J1(s) :
=/S Vo(/))—(Vo(P)'Vl(S))Vl(S)—m(As(p)‘u)(Vo(P)'u)dp
namely
(3-7) Es(t)=/ 0 (P) 1Y) |1 D5 (p) dp

by (1-1), where ®; is the Lipschitz map defined by

u(s)

W(As (p) - w)(y1(p)-u)

O;(p) == y1(p) — (1 (p) - i)y (s) —
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for p € [a, b]. Observe that

1Y) v21(0) = 1(5(@), Y (N Iy21 (@) Y21 (0) = w () [lyaT(0) [ ¥ (0)
for a.e. o € [a, b], by (1-2). Hence

, , () ,
vi(o) = CU(U)”V()(U)”% = ()| y{(@) (o)

for a.e. o € [a, b] such that y»(0) # 0—in particular, for a.e. o € I;. By recalling
the definition of W, it follows at once that

(3-8) L (0) = w(0)|lyy (o) ¥s (o)
for a.e. o € I;. We conclude using (3-7), (3-8) and noting that ®;(s) = 0. Il

As a consequence, we get the following integral representation of X! and the
related first order Taylor formula for f.

Corollary 3.1. Let s € L} and t € L} N I;. Then

(1) The map X is differentiable at t and

'
2;(t)=a>(t)||3/6(l)||/ w(0)|lYp(0) %5 (o) do.

(2) One has

@) = f(x(s) = f(x($)(x (1) = x(s))

1 ! ,
= S e (m () A / (@) 17§() ||ws<a)da) L u

Proof. (1) Observe that t + h € I; C (a, b) provided || is small enough. By
Theorem 3.1(2), then,

St +h) —Te(t) 1

t+h P
) - / w17 ( / (@) 7)) ||ws<a)da) dp
t s

= Li(h) + I (h)

for all small enough values of |A|, where we have set— with a harmless abuse of
notation and recalling that |L} is continuous, by (2-1) and (2-2) —

w(t)

0
Lih):=—— 176(o) I (/ w(cr)llyé(a)ll%(o)do) dp,
[t,t+h]INL} s

1 P
I(h) =+ / oIV ( / w<a>||y(;<o>||\vs<o>da) dp.
h Ju e P
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We have
a)(t) / !/ p /
Ii(h) = —— (o)1l — ||Vo(f)||)(/ w(G)IIVo(G)II‘IJs(G)dG)dp

h Jirnine:

QPO
+ h

t 14
X/ (/ w(o)llyé(a)llllls(o)dwr/ w(o)llyé(o)llllls(o)do>dp-
[t,t+h]INL} s

t
Recalling that
(i) p4IL} is continuous, by (2-1) and (2-2),
(i1) yp is Lipschitz and Wy is bounded (in fact it is Lipschitz!), and
(iii) ¢ is a density point of L, (hence of L}, by (2-3)),

we see that
]}i_r)r%)ll (h) =w(t)||V6(I)II/ w(0)|lyy(0) ¥, (o) do.

The conclusion follows now by observing that, as an easy consequence of (ii) and
(ii1), one also has
lim I,(h) =0.
Lim I>(h) =0
(2) The two members of (3-6) are differentiable at 7, by (1). Since ¢ is a limit
pointof L, C yo_l (G ) the derivatives have to coincide, by Theorem 3.1(1), namely
1
Yi(s)-u
We conclude by recalling Proposition 3.1, part (1) of the corollary and (1-1). U

(f/ @)= F 6D = f ) (x0) =x() J¥' () = ——— (1 (5) ATL0) L.

4. Conclusion of the proof of Theorem 1.1

To complete the proof of Theorem 2.1, hence of Theorem 1.1, we have to verify
(2-4). Fori=1,2, ..., define 'V as the set of the points s € L* satisfying, for all
t € LY such that [t —s| < (b —a)/i, the estimates

| £ @) = f@() = fEENG@) =x(9) = 3" () (1) = x(5))|
<ilx(® —x()P,
L/ (@) = f(e()) = £ () (@) = x ()| < i x (1) = x(s) P,
L7 @) = "D < i 1x@) = x(s)].

Obviously,
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for all 7, and it is easy to verify that
(4-1) U, T =L

indeed, for s € L}, Theorem 3.1 and the equality W (s) = O for the Lipschitz
function W, imply that

| f @) = FOe(s) = f/ N @0) = x(s) = 3" () (x (1) = x(5))?

. 2 . t
< 25 (0) ] SLlp(Vo) Lip(W;) / (/” Io—sldo)dp‘
|)/1(S)'u| |)/1(S)-M| s s

=A(s) |t —s|?

forall t € L} N I, where

Lip(y0)? Lip(¥;)
61yi(s) - ul

A(s) :=

Since
x(1) —x(s)
N
t—s
and x’(s) # 0 by Proposition 3.1, it follows that

X —x($) | lx"(s)]|
t—s - 2

x'(s) (as t — s)

(4-2) >0

provided |t — s]| is small enough. Then

4-3) [ f @) = () = f &N @) —x(s)) — 5./ @ () (x (1) = x())°

8A(s)
S ELARRI L

whenever ¢ lies in L} and |t — s]| is small enough.
Analogously, from Corollary 3.1(2) we get

1f Ce@) = £/ (x(9)) = £ (x () (e () — x ()l

@ (0)ly(0) | ¥ (0)do

: J
= @O -al ) -al

Lip(y0) Lip(¥;) f' ldo ‘ B o
— @) -ul[yi(s) - ul ly1(2) - ul
forall t € L} N I, where
Lip(yo) Lip(\Ws)

B = ® -l
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Since y;(¢t) — y1(s) as t — s and since y;(s) - u # 0 by Proposition 3.1, one also
has

(4-4) |Vl(t)‘”|ZM>O

provided |t — s| is small enough. Recalling (4-2), we obtain
@45 If' (@) = f(x(s) = f"x ()0 = x ()l

- 8 B(s)
T ) ul X ()
on condition that # € L} and |t — 5| is small enough.
Since w|l is Lipschitz and by (4-4), it follows that the map
(@O Ap®)Lu
(@) -u)’?

is Lipschitz in a neighborhood of s. Then, by also recalling Proposition 3.1, a
number C (s) has to exist such that

x () —x(s)|?

") = f7 NI < Cls) [t =]

provided t € L} and |t — s| is small enough. By (4-2) one has

(4-6) 17 @) — S < )
|x"(s)]
whenever t € L} and |t — s| is small enough.
Now (4-3), (4-5) and (4-6) imply that s € 'V, for i big enough. Hence (4-1)
follows.
As a consequence of (4-1), we are reduced to verifying that

|x (@) —x(s)]

(4-7) yo(DD) is C3-rectifiable for all i.
To prove this, we first set

. b—a)i
a® :=a+ﬂ

¢ l (G=0.....0),

r:=r9n@?".qa)) (=0....i-1,
FO = x(r?) (=0,....i=1).

For any pair é,n e F ;i), there are two sequences {s;}, {t,} C l";i) such that

lim x(sp) =&, lim x(t;) = n.
h—00 h— 00
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Since the three estimates at the beginning of this section (page 264) hold with
s = sy, t =1y, we obtain, by letting h — oo,
lfam—FE = E0—6 =3 E0—8| <iln—¢&P,
| f'a) = f'& = f"E W= <iln—&P,
1" = " @& <iln—&l

Therefore f|F ;i) can be extended to a map of class C>!
£ R— Ruy*

by invoking the Whitney extension Theorem [Stein 1970, Chapter VI, §2.3].
Finally, a Lusin-type result [Federer 1969, §3.1.15] implies that yo(Fj.l)) has

to be C3-rectifiable (compare [Anzellotti and Serapioni 1994, Proposition 3.2]).
Hence (4-7) follows.

5. Approximately differentiable absolute curvature of a one-dimensional
C3-rectifiable set

We now extend the notion of absolute curvature to arbitrary one-dimensional C2-
rectifiable subsets P of R'*X. Consider a “C?-covering of P”, that is, a countable
family

d={Ci},

where the C; are compact curves of class C2, embedded in the base space and such
that

%' (P\U,; Ci)=0.

Part (1) of the next proposition and the remark following it provide the argument
proving the well-posedness of Definition 5.1 below.

Proposition 5.1. Let ¢, ¥ : R — R'** be maps of class C? and let xq be a density
point of
Fi={xeR|px) =y}
(1) ¢'(x0) = ¥'(x0) and ¢" (xo) = ¥" (x0).
(2) ¢ (x0) = ¥" (x0) if ¢ and  are of class C>.

Proof. The set F* of density points of F satisfies F* C F and $£'(F\F*) = 0;
hence every point in F* is a limit point of F'*. The proposition follows. U

Remark. The following facts follow easily from Proposition 5.1(1).



268 SILVANO DELLADIO

(a) If x is a density point of both PN C; and P NC}, then the absolute curvatures
of C; and C; coincide at x. Hence, denoting by (P N C;)* the set of density
points of P N C;, the function

a% :U;(PNC)* - R, x> the absolute curvature of C;() at x
where i (x) is any index such that x € (P NCj())*, is well-defined. Moreover,
g (P\U;(PNnCH*)=3"(P\U;(PNCH)=3"(P\, Ci) =0,

by a well-known result of Lebesgue.

(b) If B is another C2-covering of P, then a% and a% are representatives of the
same measurable function, with domain P.

Definition 5.1. The measurable real-valued function with domain P and having

osz as a representative (see preceding remark) is said to be the absolute curvature

of P and is denoted by ap.

Proposition 5.2. If P is C3-rectifiable, then ap is approximately differentiable;
that is:

(1) For any given C3-covering s = {C;} of P, the function a% is approximately

differentiable at every point in (P N C;)*, for all i.
(2) If A and B are C3-coverings of P, then one has
apDa% = apDoz%, a.e.in P.

Proof. (1) Consider any point a € (P N C;,)*. Without loss of generality, we can
assume that C;, is the graph of a function of class C3, namely

Ciy={tu+h(t)|tel}
where u is a unit vector in R!*¥, I is a closed interval centered at O and
heC3I, (Ru)b), h(0) =a.

Set U :=1° x R* and let g : U — R be defined as the function mapping (¢, v) € U
to the absolute curvature of C;, at tu + h(t), that is,

RO AR
©-1) e (FN T AT AN

by (8.4.13.1) in [Berger and Gostiaux 1988].
Obviously, the function g is differentiable at a. Moreover, since

(t,v)eU

(PNCi* CE:={xelU,(PNC)H*|ap(x)=gx)}
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by the definition of oe‘ff, the set E has density 1 at a. According to [Federer 1969,
§3.2.16], the function a% is approximately differentiable at @ and one has

(5-2) apDa%(a) = Dg(a)|Rt, with T := (1, h'(0)).
(2) This follows easily from (5-1) and (5-2), by recalling Proposition 5.1. O
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