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Cochran introduced Alexander polynomials over noncommutative Laurent
polynomial rings. Their degrees were studied by Cochran, Harvey and Tu-
raev, who gave lower bounds on the Thurston norm. We extend Cochran’s
definition to twisted Alexander polynomials, and show how Reidemeister
torsion relates to these invariants, giving lower bounds on the Thurston
norm in terms of the Reidemeister torsion. This yields a concise formulation
of the bounds of Cochran, Harvey and Turaev. The Reidemeister torsion
approach also provides a natural approach to proving and extending certain
monotonicity results of Cochran and Harvey.

1. Introduction

The following algebraic setup allows us to define twisted noncommutative Alexan-
der polynomials. Let [K be a (skew) field and y : K — K a ring homomorphism.
Denote by [, [t%'] the skew Laurent polynomial ring over [, so the elements
in I, [+*!] are formal sums Y7 a;#' (m < n € 7Z) with a; € K. Addition is
given by addition of the coefficients, and multiplication is defined using the rule
t'a = y'(a)t' for any a € K.

Let X be a connected CW complex with finitely many cells in dimension i.
Given a representation o : 71 (X) — GL(I, [t*'], d) we can consider the K, [t£!]-
modules H (X; K, [2£119) and we define twisted noncommutative Alexander poly-
nomials A% (7) € K, [t!] (see Section 3.3 for details). Twisted Alexander poly-
nomials over commutative Laurent polynomial rings were first introduced in [Lin
2001], Alexander polynomials over skew Laurent polynomial rings in [Cochran
2004]. Our definition is a combination of the definitions in [Kirk and Livingston
1999] and [Cochran 2004]. In Theorem 3.1 we describe the indeterminacy of these
polynomials.

Denote by K, (7) the quotient field of K, [#¥1]. We denote the induced represen-
tation 71 (X) — GL(IK, [t*'], d) = GL(IK, (1), d) by & as well. If the homology
groups H(X; K, (t)?) vanish and if X is a finite connected CW complex, then
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we can define the Reidemeister torsion (X, o) € Ki(K,(7))/ £ a(m(X)). An
important tool is the Dieudonné determinant, which defines an isomorphism

det: K1 (IK, (1)) = K, (1) 5

where KK, (1), denotes the abelianization of the multiplicative group I, (1)* =
I, () \ {0}. We can therefore study det7(X, @) € K, (t);b/ +deta(m(X)). We
refer to Sections 2.3 and 3.1 for details.

The following result generalizes commutative results of Turaev [1986; 2001]
and Kirk and Livingston [1999].

Theorem 1.1. Let X be a finite connected CW complex of dimension n. Let « :
m1(X) — GL(K, [tT1, d) be a representation such that HY (X; K, (0)4) =0. Then
A (t) #0 forall i and

n—1
dett(X, o) = ]_[ AT e K, ()% /{ke¢ |k € K\ {0}, e € Z).
i=0

For f(t) = Z?:m a;it' € I<, [#+1] \ {0} with a,,, # 0, a,, # 0, we define its degree
to be deg f (1) =n—m. We can extend this to a degree function deg : [, (#) \ {0} —
Z. We denote degdet t(X, o) by deg t(X, o). Theorem 1.1 then implies that the
degree of 7(X, ) is the alternating sum of the degrees of the twisted Alexander
polynomials (see Corollary 3.6).

We now turn to the study of 3-manifolds. Here and throughout the paper we
will assume that all manifolds are compact, orientable and connected. Recall that
given a 3-manifold M and ¢ € H'(M; Z) the Thurston norm [1986] of ¢ is defined
as

lo|l7 = min{—x (3’ ) | S C M properly embedded surface dual to ¢}

where S denotes the result of discarding all connected components of S with
positive Euler characteristic. As an example, consider X (K) = S \ vK, where
K C §3is a knot and vK denotes an open tubular neighborhood of K in S3. Let
e H (X(K);Z)be a generator, then ||¢|r =2 genus(K) — 1.

Let X be a connected CW complex and let ¢ € H'(X; Z). We identify hence-
forth H'(X; Z) with Hom(H;(X; Z), Z) and Hom(m;(X), Z). A representation
a : m(X) - GL(K, (111, d) is called ¢-compatible if for any g € m(X) we
have a(g) = Ar?® for some A € GL(I, d). This generalizes a notion of Turaev
[2002a].

The following theorem gives lower bounds on the Thurston norm using Reide-
meister torsion. It contains the lower bounds of McMullen [2002], Cochran [2004],
Harvey [2005], Turaev [2002a] and of the paper [Friedl and Kim 2006]. To our
knowledge this theorem is the strongest of its kind. Not only does it contain these
results, the formulation of the inequalities given in the papers just cited in terms



REIDEMEISTER TORSION, THE THURSTON NORM AND HARVEY’S INVARIANTS 273

of the degrees of Reidemeister torsion also gives a very concise reformulation of
their results.

Theorem 1.2. Let M be a 3-manifold with empty or toroidal boundary. Let ¢ €
H'(M;Z7) and a : 1\ (M) — GL(K, (111, d) a ¢-compatible representation. Then
(M, ) is defined if and only if A{(t) #0. If t(M, ) is defined, then

1
lollr = 7 deg (M, a).
If (M, ¢) fibers over S', then

1
lellr = max{o, T degT(M, oz)}.

The most commonly used skew fields are the quotient fields IK(G) of group
rings F[G] (F a commutative field) for certain torsion-free groups G, we refer to
Section 5.1 for details. The following theorem says roughly that larger groups give
better bounds on the Thurston norm. The main idea of the proof is to use the fact
that Reidemeister torsion behaves well under ring homomorphisms, in contrast to
Alexander polynomials. See Section 6 or [Harvey 2006] for the definition of an
admissible triple.

Theorem 1.3. Let M be a 3-manifold with empty or toroidal boundary or let M
be a 2-complex with x (M) =0. Let ¢ € H'(M; Z). Let a : w1 (M) — GL(F, d),
F a commutative field, be a representation and (pg : w7 — G, 9y :m — H, ¢) an
admissible triple for w\(M), in particular we have epimorphisms G — H — Z.
Write G' = Ker{G — Z} and H' = Ker{H — 7).

Ift(M, oy @a) € Ki(K(H')(¢)) is defined, then t(M, g @) € K1(IK(G')(t))
is defined. Furthermore in that case

degt(M, o6 @) > degt(M, oy R ).

A similar theorem holds for 2-complexes with Euler characteristic zero. As a
special case consider the case that « is the trivial representation. Using Theorem
1.1 we can recover the monotonicity results of [Cochran 2004; Harvey 2006]. We
hope that our alternative proof using Reidemeister torsion will contribute to the
understanding of their results.

In the next section we recall the definition of Reidemeister torsion. In Section 3
we introduce twisted noncommutative Alexander polynomials, compute their inde-
terminacies in Theorem 3.1 and prove Theorem 1.1. Beginning with Section 4 we
concentrate on 3-manifolds: Section 4 gives the proof of Theorem 1.2, Section 5
contains examples of ¢-compatible representations, in Section 6 we prove Theorem
1.3, and in Section 7 we show that it implies Cochran’s and Harvey’s monotonicity
results. We conclude with a few open questions in Section 8.
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2. Reidemeister torsion

2.1. Definition of K;(R). For the remainder of the paper we will only consider
associative rings R with 1 # 0 and with the property that if r s € Np, then R" is
not isomorphic to R* as an R-module.

For such a ring R define GL(R) = h_m)GL(R, d), where the maps GL(R, d) —
GL(R, d+1) in the direct system are given by A+ (§ ). Then K (R) is defined as
GL(R)/[GL(R), GL(R)]. Note that K (R) is an abelian group. For details we refer
to [Milnor 1966; Turaev 2001]. There exists a canonical map GL(R, d) — K{(R)
for every d, in particular there exists a homomorphism from the units of R into
K1 (R). By abuse of notation we denote the image of A € GL(R, d) in K;(R) by A
as well. We denote by —A the product of A € K{(R) by the image of (—1) under
the map GL(R, 1) — K((R).

We will often make use of the observation (see [Rosenberg 1994, p. 61]) that
for A € GL(R, d;), B € GL(R, d») the product AB € K{(R) is given by

A0
AB = (0 B) € K1(R).

2.2. Definition of Reidemeister torsion. Let C, be a finite free chain complex of
R-modules. By this we mean a chain complex of free finite right R-modules such
that C; = O for all but finitely many i € Z. Let €; C C; be a basis for all i with
C; # 0. Assume that B; = Im(C;4) C C; is free, pick a basis %B; of B; and a lift
@3[ of B; to C;11. We write 9]3,-@3,-_ 1 for the collection of elements given by %;
and 91’)1'71- Since C, is acyclic this is indeed a basis for C;. Then we define the
Reidemeister torsion of the based acyclic complex (C,, {%6;}) to be

7(Co (6:}) = [ [ 1BiBi_1/ €17 € Ki(R),

where [d/e] denotes the matrix of a basis change, i.e. [d/e] = (a;;) where d; =
>_jajiej. (In contrast to Turaev’s book we view vectors as column vectors, so our
matrix is the transpose of the matrix in [Turaev 2001, p. 1].)

It is easy to see that t(C,, {€;}) is independent of the choice of {%;} and of the
choice of the lifts 973,-. If the R-modules B; are not free, then one can show that
they are stably free and a stable basis will then make the definition work again.
See [Milnor 1966, p. 369] or [Turaev 2001, p. 13] for details.

2.3. Reidemeister torsion of a CW complex. Let X be a connected CW complex.
Denote the universal cover of X by X. We view C,(X), the chain complex of
the universal cover, as a chain complex of right Z[m(X)]-modules, where the
Z[m1(X)]-module structure is given via deck transformations.

Let R be aring. Let o : m;(X) — GL(R, d) be a representation. This equips
R? with a left Z[7;(X)]-module structure. We can therefore consider the chain
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complex C%(X; R?) = Cy(X) ®z(x,xy) RY. This is a finite free chain complex of
(right) R-modules. We denote its homology by H%(X; R?), we drop « from the
notation if it is clear from the context.

Now assume that X is a finite connected CW complex. If

HY (X; RY) = Hi(CZ(X;: RY)) #0

for some i, we write 7 (X, o) =0. Otherwise denote the i-cells of X by al.l, R oir"
and denote by ey, ..., e, the standard basis of R. Pick an orientation for each cell

al.j , and also pick a lift 51'] for each cell crl.j to the universal cover X. We get a basis
6 =6 ®@el,...,6' @eq, ..., 5 ®er,...,5" Dey)
for C¥(X; R?). Then we can define
T(C(X: R, (6:}) € K1 (R).

This element depends only on the ordering and orientation of the cells and on the
choice of lifts of the cells to the universal cover. Therefore

T(X,a) = T(CX(X, RY), {6;}) € K1 (R)/ £ a(m1(X))

is a well defined invariant of the CW complex X.

Now let M be a compact PL manifold. Pick any finite CW structure for M to
define T (M, o) € K1(R)/£a (w1 (M)). By Chapman’s theorem [1974] this is a well
defined invariant of the manifold (independent of the choice of the CW structure).

2.4. Computation of Reidemeister torsion. We explain an algorithm for comput-
ing Reidemeister torsion formulated in [Turaev 2001, Section 2.1] in the commu-
tative case.

Assume that we have a finite free chain complex of R-modules

0= Cp 2% Crut = = C1 5 Cp— 0.

Let A; = (aj.k) be the matrix representing 9; corresponding to the given bases.
Again, in contrast with Turaev, we view the elements in R"“"*(€) as column vec-
tors.

Following [Turaev 2001, p. 8] we define a matrix chain for C to be a collection
of sets & = (&, &1, ..., &) where & C {1, 2, ..., rank(C;)} so that §y = &. Given
a matrix chain & we define A;(§),i = 1,..., m to be the matrix formed by the
entries aj. . With j €& and k € &;. Put differently the matrix (aj. ) jk 18 given by
considering only the &;-columns of A; and with the &;_;-rows removed.

We say that a matrix chain £ is a r-chain if A{(§), ..., A, (§) are square matri-
ces. The following is the generalization of Turaev’s Theorem 2.2 to the noncom-
mutative setting. His proof can easily be generalized to this more general setting.



276 STEFAN FRIEDL

Theorem 2.1. Let & be a t-chain such that A;(§) is invertible for all odd i. Then
A; (&) is invertible for all even i if and only if H,(C) = 0. If H,(C) =0, then

m
7(C)=¢ HA,-(S;‘)(_”' € Ki{(R) forsome e € {£1}.
i=1
This proposition is the reason why Reidemeister torsion behaves in general well
under ring homomorphisms.

3. Reidemeister torsion and Alexander polynomials

3.1. Laurent polynomial rings and the Dieudonné determinant. For the remain-
der of this paper let IK be a (skew) field and let [, [t%!] be a skew Laurent polyno-
mial ring. By [Dodziuk et al. 2003, Corollary 6.3] the ring [, [t%!] has a classical
quotient field [, () which is flat over K, [t (compare [Ranicki 1998, p. 99]). In
particular we can view [, [¢*!] as a subring of [<, (t) and any element in K, (¢) is
of the form £ (t)g(t)~! for some f(t) € K, [t*!] and g(t) € IS, [t£']\ {0}. We refer
to Theorem 5.1 for a related result. Recall that we write [, (1)* =K, (¢) \ {0}.

In the following we mean by an elementary column (row) operation the addition
of a right multiple (left multiple) of one column (row) to a different column (row).
Let A be an invertible k x k matrix over the skew field K, (z). After elemen-
tary row operations we can turn A into a diagonal matrix D = (d;;). Then the
Dieudonné determinant det A € K, (1), = K, (1) /[, ()%, I, (r)*] is defined
to be ]_[fle d;;. This is a well defined map. The Dieudonné determinant is in-
variant under elementary row and column operations, and induces an isomorphism
det: Ky(K, () — K, (t):b. Using the last observation in Section 2.1 it is easy to
see that A =det A € K (KK, (r)). We will often make use of this equality. We refer
to [Rosenberg 1994, Theorem 2.2.5 and Corollary 2.2.6] for more details.

In the introduction we defined deg : €, [tT11\ {0} — N. This can be extended to
a homomorphism deg : K, (1) — Z via deg(f(t)g(t)_l) =deg f(t)—deg g(¢) for
f@), g(t) € K, [t*']\ {0}. Clearly the degree map vanishes on [I, (), I, (£)*]
and we get an induced homomorphism K (I, (1)) — K, (t);b — Z which we also
denote by deg.

3.2. Orders of K, [t*']-modules. Let H be a finitely generated right <, [r£!]-
module. The ring [, [t is a principal ideal domain (PID) since K is a skew
field. We can therefore find an isomorphism

l
H =P K, [/ pi (O, [17]
i=1
for p; (1) €K, [t fori=1,...,1. Following [Cochran 2004] we define ord(H) =
L pi(t) € K, [+*1]. This is called the order of H.
i=1 14
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Note that ord(H) € K, [#*!] has a high degree of indeterminacy. For example
writing the p;(¢) in a different order will change ord(H). Furthermore we can
change p;(¢) by multiplication by any element of the form k¢ where k € K* =
K\ {0} and e € Z. The following theorem can be viewed as saying that these are
all possible indeterminacies.

Theorem 3.1. Let H be a finitely generated right I, [t*1]-module. Then ord(H) =
0 if and only if H is not K, [t*"]-torsion. If ord(H) # 0, then ord(H) € i<, [+
is well defined considered as an element in K, (1)), up to multiplication by an
element of the form kt®, k € K* and e € 7.

The first statement is clear. We postpone the proof of the second statement of
the theorem to Section 3.4. We refer to [Cochran 2004, p. 367] for an alternative
discussion of the indeterminacy of ord(H); the idea of considering ord(H) as an
element in [, (1), is already present there.

It follows from Theorem 3.1 that degord(H) is well defined. In fact we have
the following interpretation of ord(H).

Lemma 3.2 [Cochran 2004, p. 368]. Let H be a finitely generated right I, [t*!]-
torsion module. Then
degord(H) = dimy H.

Here we used that by [Stenstrom 1975, Proposition 1.2.3] and [Cohn 1985, p. 48]
every right [K-module V is free and has a well defined dimension dimy (V).

Proof. It is easy to see that for f(r) € [, [t£17\ {0} we have

deg f (1) = dimy (<, [/ £ (O, [']).

The lemma is now immediate. O

3.3. Alexander polynomials. Let X be a connected CW complex with finitely
many cells in dimension i. Let o : 71 (X) — GL(K, [tT1], d) be a representation.
The right [, [t*!']-module H;(X: i<, [t£119) is called twisted (noncommutative)
Alexander module. Similar modules were studied in [Cochran 2004; Harvey 2005;
Turaev 2002a]. Note that H; (X; [€, [t is a finitely generated [K, [#*1]-module
since we assumed that X has only finitely many cells in dimension i and since
K, [t*!] is a PID. We now define A%(¢) = ord(H;(X; K, [t*!]9)) € K, [t*!], this
is called the (twisted) i-th Alexander polynomial of (X, o).

The degrees of these polynomials (corresponding to one-dimensional repre-
sentations) have been studied recently in various contexts [Cochran 2004; Har-
vey 2005; 2006; Turaev 2002a; Leidy and Maxim 2006; Friedl and Kim 2005;
Friedl and Harvey 2006]. We hope that by determining the indeterminacy of the
Alexander polynomials (Theorem 3.1) more information can be extracted from the
Alexander polynomials than just the degrees.
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3.4. Proof of Theorem 3.1. We first point out that [<, [r*!] is a Euclidean ring with
respect to the degree function. This means that given f (¢), g(¢) € I, [t*1]\ {0} we
can find a(?), r(t) € K, [t!] such that f(¢) = g(t)a(t) +r(¢) and such that either
r(t) =0ordegr(t) <degg(t).

Let A be an r x s matrix over [K, [#*!'] of rank r. Here and in the following
the rank of a matrix over K, [#*1] will be understood as the rank of the matrix
considered as a matrix over the skew field [, (). Note that rank(A) = r implies
that in particular s > r. Since K, [#*'] is a Euclidean ring we can perform a
sequence of elementary row and column operations to turn A into a matrix of the
form (D 0, (;—r)) Where D is an r x r matrix and 0, s stands for the r x (s —r)
matrix consisting only of zeros. Since A is of rank r it follows that D has rank r as
well, in particular D is a square matrix which is invertible over [, (r) and we can
consider its Dieudonné determinant det D. We define det A =det D € [, (t):b.
til]

Lemma 3.3. Let A be a (square) matrix over I, [ which is invertible over

i<, ().

(1) The Dieudonné determinant det A € K, (1)), can be represented by an element
in 1<, [11]\ {0}

(2) If A e GL(K, (111, d), then det A € i<, (t):b can be represented by an element
of the form kt, k e K*, e € Z.

(3) The Dieudonné determinant induces a homomorphism
det: K1 (K, (1)) — K, (1),
sending K1 (1€, [t£1]) to {kt¢|k € KX, e € Z} /1K, (1), I, (1) ] C K, (1) .

Proof. The first statement follows from the discussion preceding the lemma. Now
let A € GL(K, [t£'], 7). Then det A has degree zero, by Lemma 3.2 applied to
H =K, (£ /A, [#*1]". This proves the second statement. The last statement
follows from the second statement and the fact that the Dieudonné determinant
induces a homomorphism det : K (K, (1)) — K, (t);b. Il

Proposition 3.4. Let A be an r x s matrix over K, (1] of rank r. Then det A €
I, ()., is well defined up to multiplication by an element of the form kt¢, k €
K*,e € Z. Furthermore det A is invariant under elementary row and column
operations.

Proof. First note that the effect of an elementary row operation on A over [, (1]
can be described by left multiplication by a matrix P € GL([K, (11, r). Similarly
an elementary column operation on A over K, [%'] can be described by right
multiplication by an s x s matrix Q € GL(IK, [, 5).

Now assume we have P, P, € GL(K, [t*1],r) and Oy, Q> € GL(I, [, 5)
such that P;AQ; = (Dl- Orx(s_,)) ,i = 1,2 where D; is an r X r matrix. We are
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done once we show that det Dy = kt¢det D, € K, (t):b for some k € KX, e € Z.
Let E; = Pi_lDi. Then by Lemma 3.3 we only have to show that E; = E;, €
KI(K)/(I))/Kl(Ky[tiID-

We have (E; 0) Q7' = (E> 0) 05" Let Q := 05" Q; € GL(I, [t*], 5), we
therefore get the equality (E; 0) = (E> 0) Q. Now write

_(Qn On
Q_(QZI sz)’

where Q;; is a n; x n; matrix over I, [t*!] with n; = r and np = s — r. We get

the equality
(El 0 ) _ <E2 0 ) (Qn Q12>
021 O» 0 idy—,) \Qn 022/
It follows in particular that Q5> is invertible over [K,, (r). Furthermore we have

Ey- Qxn = E> € Ki (K, (1))/ K1 (K, [tE']).

Note that deg : K (K, (¢)) — Z vanishes on K (K, (1) by Lemma 3.3. We there-
fore get deg det E1+degdet Oy, =degdet E», in particular deg det £ <deg det E5.
But by symmetry we have degdet E, < degdet E;. In particular degdet Q», = 0.
The proposition now follows immediately from Lemma 3.3 since deg f () = 0 for
f(@) € K, [r*11\ {0} if and only if f(r) = kt¢ for some k € KX, e € Z.

The last statement is immediate. O

Let H be a finitely generated right <, [%!]-module. We say that an r x s matrix
A is a presentation matrix for H if the following sequence is exact:

K, [ S K, [ — H > 0.

We say that A has full rank if the rank of A equals r. Note that A has full rank if
and only if H ® =17, (1) =0.
The following lemma clearly implies Theorem 3.1.

Lemma 3.5. Let H be a finitely generated right I, [tE]-module and let Ay, A, be
presentation matrices for H. Then Ay has full rank if and only if A, has full rank.
Furthermore if A; has full rank, then

det Ay =det Ay e K, (1), /{kt|k € K\ {0}, e € Z}.

Proof. Two presentation matrices for H differ by a sequence of matrix moves of
the following forms and their inverses:
(1) Permutation of rows or columns.

(2) Replacement of the matrix A by (13 (1))
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(3) Addition of an extra column of zeros to the matrix A.
(4) Addition of a right scalar multiple of a column to another column.

(5) Addition of a left scalar multiple of a row to another row.

This result coincides with [Lickorish 1997, Theorem 6.1] in the commutative case,
but the proof there carries through in the case of the base ring KK, [t£!] as well
(compare [Harvey 2005, Lemma 9.2]).

Clearly none of the moves changes the status of being of full rank, and if a
representation is of full rank, then it is easy to see that none of the moves changes
the determinant. O

3.5. Proof of Theorem 1.1. Now let X be a finite connected CW complex of
dimension n. Let a : m(X) — GL(K, [t£1],d) be a representation such that
HY(X; K, (1)4) = 0. (Recall that we denote the induced representation (X) —
GL(IK, (¢), d) by a as well). Furthermore recall that [, (¢) is flat over K, [+1],
in particular H;(X; I, (%) = H;(X; K, [1*']?) @y =1) K, (1). Tt follows that
H;(X; K, (1)) = 0 if and only if H;(X; I, [tE']?) is I, [#*!]-torsion, which is
equivalent to A¥(z) # 0. This proves the first statement of Theorem 1.1. To
conclude the proof of Theorem 1.1 it remains to prove the following claim.

Claim. If H*(X; KK, (1)) = 0, then

n—1
detr(X, @) = [[AY O™ €K, (1) / ke Ik € K\ {0}, e € Z}.
i=0
Proof. Let Cy = Co(X) ®zpm, )1 Ky [1119. Any [K, [t*!]-basis for C, also gives a
basis for Cy ®y, [;+1] K, (1), which we will always denote by the same symbol.
Denote by €, the K, [t*1]-basis of C, as in Section 2.3. Let

ri i=dimg ) (Ci Q1211 K, (1)),
. B
s5; := dimy ) (Ker{C; Qi [1#1] <, () — Ci—y Q¢ [r+1] <, (D).
Note that s; +s;,_1 = r; since H,(X; K, (1)?) = 0. Note also that Ker{C; i Ci_1}
is a free direct summand of C; of rank s; since [, [t¥!]is a PID. We can therefore
pick Ky[til]—bases <€: ={v1,..., v} for C; such that {vy, ..., v} is a basis for

the kernel in question. Base changes from 6, to €} are given by matrices which
are invertible over KK, [r+1]

T(Cu®ic, 121y (1), (€)= T(C @i, 1y (1), (67)) € K1 (1, (1) /K1 (B, [151]).

, SO

Let A; be the r;_; x r; matrix representing 9; : C; — C;_| with respect to the bases
€ and 6._,. Let& :={s;+1,...,ri},i=1,...,nand & = 2. Let A;(§) as in
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Theorem 2.1. Note that A; (§) is an s;_1 x s;_; matrix over [, [t*!]. In particular
& :=(&,...,&,) is a T-chain. It is easy to see that

A‘ — (OS,'_IXS,‘ Al (E) )
l OSi—ZXSi OSi—2><Si—1 ‘
Since A; has rank s;_; it follows that A;(§) is invertible over K, (¢). It follows
from Theorem 2.1 that

7(Cy i, e Ky (0. (611 = [ [ An©) " € K86, (1)),
i=1

We also have short exact sequences
0 — I, [ 24 1 [ 1191 Hi_1(C) = Hioy (X K [12119) — 0.

In particular (A;(§)) is a presentation matrix for H;_(X; [, [#£119). Tt therefore
follows from Lemma 3.5 that det A; (§) = AY_ | (1). O

The following corollary now follows from the fact that deg : I, () — Z is a
homomorphism and from Lemma 3.2.

Corollary 3.6. Ler X be a finite connected CW complex of dimension n. Let
a:m(X) — GL(I, [tt1, d) be a representation such that HY (X; K, %) =0.
Then

n—1 n—1
deg7(X, ) = Z(_l)i+1 deg A% (1) = Z(—n"“ dimy (H; (X; I, [1E19).
i=0 i=0

Remark. In the case that H,(X; K, %) # 0 we can pick K, [r*1]-bases ¥; for
the [, [tT1)-free parts of H;(X; [, [tT119). These give bases for H;(X; K, ) =
H;(X; K, [1F119) Qg [1+1] [<, (t) and we can consider

(X, o, {#;}) = T(Co(X) ®z1m, 001 Ky (1), {H) € K1 (I, (1))

(see [Milnor 1966] for details). As an element of K (IK,(7))/K; (I, [¢%1]), this
(X, a, {#;}) is independent of the choice of {#;}. The proof of Theorem 1.1
can be generalized to show that it is the alternating product of the orders of the
I<, [#*!]-torsion submodules of H,(X; i<, [rE1]9) (compare [Kirk and Livingston
1999] in the commutative case).

4. 3-manifolds and 2-complexes

We now restrict ourselves to ¢-compatible representations since these have a closer
connection to the topology of a space.
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Lemma 4.1. Let X be a connected CW complex with finitely many cells in dimen-
sions 0 and 1. Let ¢ € H'(X; Z) nontrivial and let o : 11(X) — GL(K, [r*1, d)
be a ¢-compatible representation. Then Ag(t) # 0. If X is in fact an k-manifold,
then A (1) = 1.

We need the following notation. If A = (g;;) is an r x s matrix over Z[m;(X)]
and o : 71 (X) — GL(R, d) arepresentation. Then we denote by «(A) the rd x sd
matrix over R obtained by replacing each entry a;; € Z[m1(X)] of A by the d x d
matrix o(a;;).

Proof. First equip X with a CW structure with one O-cell and n 1-cells gy, ..., gu.
We denote the corresponding elements in 771 (X) by g1, ..., g, as well. Since ¢ is
nontrivial there exists at least one i such that ¢ (g;) # 0. Write C, = C.(X ) Q771 (X))
i<, [t£1]¢. The boundary map d; : C; — Cy is represented by the matrix

(@I —g1),...,a(l—gp) = (d—a(g1), ..., id —a(gn)).

Since « is ¢-compatible it follows that a(1 — g;) = id — Ar?©) for some matrix
A € GL(K, d). The first statement of the lemma now follows from Lemma 4.2.
If X is a closed k-manifold then equip X with a CW structure with one k-cell.
Since ¢ is primitive and ¢-compatible an argument as above shows that d : Cy —
Cy_1 has full rank, i.e. Hp(X; Ky[til]d) = 0. Hence A}(r) = 1. If X is a k-
manifold with boundary, then it is homotopy equivalent to a (k—1)-complex, and
hence Hi(X; K, [t*119) = 0. O

Lemma 4.2. Let K, [t£1] be a skew Laurent polynomial ring and let A, B be
invertible d x d matrices over K and r # 0. Then degdet(A + Bt") =dr. In
particular A + Bt" is invertible over K, ().

Harvey has proved a related result [2005, Proposition 9.1].

Proof. We can clearly assume that r > 0. Let {ej, ..., e;} be a basis for <9,
Consider the projection map p: K, [T —> P = i<, [til]d/(A—FBt’)Ky [rH14. By
Lemma 3.2 we are done once we show that p(eitj), ie{l,...,d},je{0,...,r—
1} form a basis for P as a right K-vector space.

It follows easily from the fact that A, B are invertible that this is indeed a gen-
erating set. Let v € [, [rE1]4 \ {0}. We can write v = Zf":n vitt, v; € K9 with
v, #0, vy, #0. Since A, B are invertible it follows that (A 4+ Bt")v has terms with
t-exponent n and terms with #-exponent m + r. This observation can be used to
show that the vectors in question are linearly independent in P. (|

We can now give the proof of Theorem 1.2.

Proof of Theorem 1.2. Now let M be a 3-manifold whose boundary is empty or
consists of tori. A standard duality argument shows that 2y (M) = x(0M) = 0.
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Let ¢ € H'(M; Z) be nontrivial, and o : 11 (M) — GL(K, [t*!], d) a ¢-compatible
representation.

We first show that H, (M, Ky(t)d) = 0 if and only if AY(z) # 0. In Sec-
tion we showed that H;(M; K, (H)%) = 0 if and only if A¥(¢) # 0. It now fol-
lows from Lemma 4.1 that H;(M; [, )4 =0fori =0,3. If Af(t) # 0, then
Hy(M; K, ()% = 0. Since x(H;(M; K, (1)) = dx(M) = 0 it follows that
Hy(M; I, (1)) = 0.

Claim. ||¢||7 is bounded below by
L (—dimy HY (M I, [15119) 4+ dimg H (M 1, [ — dimy HS (M K, [£51]9)).

This inequality becomes an equality if (M, ¢) fibers over S' and if M # S' x D?,
M #S' x §2.

Proof. If ¢ vanishes on X C M, the restriction of « to 71 (X) lies in GL(IK, d) C
GL(k, [t*1], d) since « is ¢-compatible. Therefore

HE (X5 1, [ 519 = B (X5 KY) @ K, [151].

The proofs of [Friedl and Kim 2006, Theorem 3.1 and Theorem 6.1] can now easily
be translated to this noncommutative setting. This proves the claim. 0

Combining the results of the claim with Lemma 3.2 and Corollary 3.6 we im-
mediately get a proof for Theorem 1.2. g

In order to relate Theorem 1.2 to the results of [Cochran 2004; Harvey 2005; Tu-
raev 2002a] we need the following computations for one-dimensional ¢-compatible
representations. Recall that ¢ € H'(X; Z) is called primitive if the corresponding
map ¢ : H|(X; Z) — Z is surjective.

Lemma 4.3. Let X be a connected CW complex with finitely many cells in dimen-
sions zero and one. Let ¢ € H (X Z) primitive. Let o : w1 (X) — GL(IK, [tt1, 1)
be a ¢p-compatible one-dimensional representation. If a(m; (X)) C GL(I, (1, 1D
is cyclic, then AG(t) = at — 1 for some a € K\ {0}. Otherwise Ay(t) = 1.

Proof. Equip X with a CW structure with one O-cell and then consider the chain
complex for X as in Lemma 4.1. The lemma now follows easily from the obser-
vation that in [, [t!] we have gcd(1—at, 1—-bt) =1ifa #b € K. O

Lemma 4.4. Let X be a 3-manifold with empty or toroidal boundary or let X be
a 2-complex with x(X) = 0. Let ¢ € H'(M; 7) nontrivial. Let o : w(M) —
GL(k, (111, 1) be a ¢p-compatible one-dimensional representation. Assume that
A(t) #0. If X is a closed 3-manifold, then deg A5 (t) = deg Ag(t), otherwise
A5 () =1.

2
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Proof. First assume that X is a 3-manifold. Then the lemma follows from com-
bining [Turaev 2002a, Sections 4.3 and 4.4] with [Friedl and Kim 2006, Lem-
mas 4.7 and 4.9]. (The latter results also hold in the noncommutative setting.)
If X is a 2-complex then the argument in the proof of Theorem 1.2 shows that
H>(X; [Ky(t)d) = 0. But since X is a 2-complex we have H,(X; [Ky[til]d) C
Hy(X; K, (1)9), hence Ho(X; I, [t']?) = 0 and AS(r) = 1. O

Remark. We cannot apply the duality results of [Friedl and Kim 2006, Lemma 4.12
and Proposition 4.13] since the natural involution on Z[G] does not necessarily
extend to an involution on [, [t£1], i.e., the representation Z[G] — K, [#*1] is not
necessarily unitary.

It now follows immediately from Lemma 4.3 and 4.4 and the discussion in Sec-
tion 5 that Theorem 1.2 contains the results of [McMullen 2002; Cochran 2004;
Harvey 2005; Turaev 2002a; Friedl and Kim 2006].

Remark. Given a 2-complex X, Turaev [2002b] defined a norm
I llx: H'(OGR) = R,

modeled on the definition of the Thurston norm of a 3—manifold. He then gave
lower bounds for the Turaev norm (see also [Turaev 2002a]) which have the same
form as certain lower bounds for the Thurston norm. Going through the proofs in
[Friedl and Kim 2006] it is not hard to see that the obvious version of Theorem 1.2
for 2-complexes also holds.

If M is a 3-manifold with boundary, then it is homotopy equivalent to a 2-
complex X. It is not known whether the Thurston norm of M agrees with the
Turaev norm on X. But the fact that Theorem 1.2 holds in both cases, and the
observation that deg 7 (X, ) is a homotopy invariant by Theorem 1.1 suggests that
they do in fact agree.

5. Examples for skew fields and ¢-compatible representations
5.1. Skew fields of group rings. A group G is called locally indicable if for every
finitely generated subgroup U C G there exists a nontrivial homomorphism U — Z.

Theorem 5.1. Let G be a locally indicable and amenable group and let F be a
commutative field. Then the following hold.

(1) FIG] is an Ore domain, in particular it embeds in its classical right ring of
quotients K(G).
2) K(G) is flat over F[G].

It follows from [Higman 1940] that F[G] has no zero divisors. The first part
now follows from [Tamari 1957] or [Dodziuk et al. 2003, Corollary 6.3]. Part (b)
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is a property of Ore localizations (see [Ranicki 1998, p. 99], for example). We call
KK(G) the Ore localization of F[G].
A group G is called poly—torsion-free—abelian (PTFA) if there exists a filtration

1=GpcGyC---CGu1CG,=G

such that G;/G;_ is torsion free abelian. PTFA groups are amenable and locally
indicable [Strebel 1974]. The group rings of PTFA groups played an important
role in [Cochran et al. 2003; Cochran 2004; Harvey 2005].

5.2. Examples for ¢-compatible representations. Let X be a connected CW com-
plex and ¢ € H'(X; Z). We give examples of ¢-compatible representations.

Let F be a commutative field. The element ¢ € H'(X:; Z) =Hom(H,(X; Z), (t))
induces a ¢-compatible representation ¢ : Z[m(X)] — F[t*!]. Furthermore if
o w1 (X) — GL(F, d) is a representation, then 771 (X) acts via &« @ ¢ on the Fls+]-
module F¢ @ F[rF!]= F[*!]?. We therefore get a representation o @ ¢ : 1 (X) —
GL(F[r*'], d), which is clearly ¢-compatible. In this particular case Theorem 1.2
was proved in [Friedl and Kim 2006].

To describe the ¢-compatible representations of Cochran [2004] and Harvey
[2005; 2006] we need the following definition.

Definition. Let 7 be a group, ¢ : # — Z an epimorphism and ¢ : 7 — G an
epimorphism to a locally indicable and amenable group G such that there exists a
map ¢g : G — Z (which is necessarily unique) such that

¢
T ——G

N

z

commutes. Following [Harvey 2006, Definition 1.4] we call (¢, ¢) an admissible
pair. If ¢¢ is an isomorphism, then (¢, ¢) is called initial.

Now let (¢ : m1(X) — G, ¢) be an admissible pair for 771 (X). In the following
we denote Ker{¢ : G — Z} by G'(¢). When the homomorphism ¢ is understood we
will write G’ for G’ (¢). Clearly G’ is still a locally indicable and amenable group.
Let F be any commutative field and K(G’) the Ore localization of F[G]. Pick an
element p € G such that ¢ () = 1. Let y : K(G’) — K(G’) be the homomorphism
given by y (a) = nap~"'. Then we get a representation

G — GL(K(G),[t*'], 1)

It is clear that o : M (X) > G — GL(K(G/)},[til], 1) is ¢-compatible. Note
that the ring K(G’)y[til], and hence the representation above, depend on the
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choice of u. We will nonetheless suppress ¢ from the notation since different
choices of splittings give isomorphic rings. We often make use of the fact that
fHg®)™' = f(u)g(n)~! defines an isomorphism K(G')(t) — K(G) (see [Har-
vey 2005, Proposition 4.5]). Similarly Z[G'[t*!] = Z[G].

An important example of admissible pairs is provided by Harvey’s rational de-
rived series of a group G; see [Harvey 2005, Section 3]. Let Gﬁo) = G and define
inductively

G ={geG" Vg e[G" D, G" V] for some k € Z\ {0}}.

Note that G\~ " /G = (G\" " /[G" ", G{"~"]) /Z-torsion. By [Harvey 2005,
Corollary 3.6] the quotients G/Gﬁ") are PTFA groups for any G and any n. If
¢ : G — Z is an epimorphism, then (G — G/Gg"), ¢) is an admissible pair for
(G, ¢) for any n > 0.

For example, if K is a knot and G = 71 (5> \ K), it follows from [Strebel 1974]
that G/ = G™, i.e. the rational derived series equals the ordinary derived series
(compare [Cochran 2004; Harvey 2005]).

Remark. Recall that for a knot K the knot exterior S° \ vK is denoted by X (K).
Let 7 = (X (K)) and let ¢ € H' (X (K); Z) primitive. Then

8u(K) = dimy ooy (HI(X (KD, (' /() I) [+

K’/ (x

is a knot invariant for n > 0. Cochran [2004, p. 395, Question 5] asked whether
K +— 8,(K) is of finite type.

Eisermann [2000, Lemma 7] has shown that the genus is not a finite type knot
invariant. Cochran [2004] showed that §,,(K) <2 genus(K) (see also Theorem 1.2
together with Corollary 3.6 and Lemmas 4.3 and 4.4). Eisermann’s argument can
now be used to show that K — §,(K) is not of finite type either.

Let X be again be a connected CW complex and ¢ € H'(X; Z). The two types
of ¢-compatible representations given above can be combined as follows. Let « :
m1(X) — GL(F, d) be a representation and let ¢ : w1 (X) — G be a homomorphism
such that (¢, ¢) is an admissible pair. Denote the Ore localization of F[G'] by
IK(G’). Then m(X) acts via ¢ ® o on K(G)[r*'] ®F F¢ = K(G)[r']¢. We
therefore get a ¢-compatible representation ¢ @ « : 71 (X) — GL(K(G’ Mt d).

6. Comparing different ¢-compatible maps

Definition [Harvey 2006]. Let w be a group and ¢ : # — Z an epimorphism.
Furthermore let ¢ : m — G and ¢; : 1 — G, be epimorphisms to locally indicable
and amenable groups G| and G,. We call (¢1, g2, @) an admissible triple for w
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if there exist epimorphisms go% : G1 — Gy (which is not an isomorphism) and
¢2: G, — Z such that ¢, = ¢ 0 ¢y, and ¢ = ¢ 0 5.

The situation can be summarized in the diagram

G

$1 1
12
$2

7'[4>G2

RN

Z.

In particular, (¢;, ¢), i = 1,2, are admissible pairs for 7. Given an admissible
triple we can pick splittings Z — G; of ¢;,i = 1,2 which make the following
diagram commute:

7 — G

N

G,.

We therefore get an induced commutative diagram of ring homomorphisms

Z[w] —= ZIGy]Ir™]

Ny

ZIGH1[F*1.

(We are suppressing the notation for the twisting in the skew Laurent polynomial
rings.) Denote the ¢-compatible maps Z[7] — [K(G;)[til]
For convenience we recall Theorem 1.3.

,i=1,2Dby ¢; as well.

Theorem 1.3. Let M be a 3-manifold whose boundary is a (possibly empty) collec-
tion of tori or let M be a 2-complex with xy (M) =0. Let o : (M) — GL(F, d) be a
representation and (@1, @2, ¢) an admissible triple for mi(M). If t(M, ¢, @) #0,
then T(M, @1 @ @) # 0. Furthermore in that case

degt(M, ¢ @) >degt(M, ¢, Q).

6.1. Proof of Theorem 1.3 for closed 3-manifolds. Let M be a closed 3-manifold.
Choose a triangulation of M. Let T be a maximal tree in the 1-skeleton of the trian-
gulation and let 7’ be a maximal tree in the dual 1-skeleton. Following [McMullen
2002, Section 5] we collapse T to form a single O-cell and join the 3-simplices
along 7' to form a single 3-cell. Since x (M) = 0 the number n of 1-cells equals
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the number of 2-cells. Consider the chain complex of the universal cover M:
el 83 N\ 71 82 I\ 31 Yay!
0— C3(M) = Cr(M)" = Ci(M)" — Co(M)" — 0,

where the superscript indicates the rank over Z[mr;(M)]. Picking appropriate lifts
of the (oriented) cells of M to cells of M we get bases 6; = {6*il, R 6iri } for the
Z[m (M)]-modules C; (M ), such that if A; denotes the matrix corresponding to 9;,
then A; and Az are of the form

Az=(1—gi,....,1—g)", g emM)

Alz(l—hl,...,l—hn), ]’LiEJTl(M).
Clearly {h, ..., h,}is a generating set for r;(M). Since M is a closed 3-manifold
{g1, ..., 8n} 1s a generating set for 1 (M) as well. In particular we can find k, [ €

{1,...,n} such that ¢(gr) #0, ¢ (h;) #0.
In the following we write &; = ¢; ® & : 71 (M) — GL(K(G)[t*!] & F¥) —
GL(K(G)[t*'],d), i = 1,2 and we write ¢ = 1.

Lemma 6.1. We have

deg(ai (1 —hy)) = deg(aa(l —hy)) = dlp(hp)l,

deg(ai(1 —gk)) = deg(aa(l —gr)) = dlo(gi)l.
In particular, the matrices o;(1 — hy), a; (1 — gi) are invertible over K(G')(t) for
i=1,2

Proof. Note that o; (1 — hy) = id — o; (hy), o; (1 — gr) = id — «;(gr) and that
¢ (hy) #£0, ¢(gr) #0. The lemma now follows from Lemma 4.2 since oy and o,
are ¢-compatible. O

Denote by B the result of deleting the k-column and the /-row of A,.
Lemma 6.2. ©(M,«;) # 0 if and only if «;(B) is invertible. Furthermore if
(M, a;) #0, then
(M, o) =a;(1—g) 'oi(B)e (1= b))~ € Ky (K(G))(1))/ % ;i (r1 (M)).
Proof. Denote the standard basis of K(G;)(z)d by e1,...,eq. Weequip C; =
Ci (M K(G})(t)?) with the ordered bases
€; = {&j] ®e1,...,6} ®ed,...,5irj ®el,...,6ir" Reql.

Now let
& = o,
& = {ld+1,...,1(d+1)},
& = {l,...,nd}\{kd+1, ..., (k+1)d},

£ = {1,...,d).
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Then & = (&, &1, &, &3) is a T-chain for C,.. We have A 1(§) =«; (1 —hy), A2(§) =
o;(B) and A3(§) = o; (1 — gg). Clearly A;(&) and A3(&) are invertible by Lemma
6.1. The proposition now follows immediately from Theorem 2.1. O

Now assume that (M, o) # 0. Then a,(B) is invertible over K(G%)(r) by
Lemma 6.2. Note that «; (B) is defined over Z[G;][til] C K(G})(t). In particular
a2(B) = p(a1(B)). It follows from the following lemma that ¢y (B) is invertible
as well.

Lemma 6.3. Let P be an r X s matrix over Z[G’l][til]. If

ZIG,] — ZIG,)
v > e(P)v

is invertible over IK(G/Z) (1), then P is invertible over K(G/l)(t). The same holds
with “invertible” replaced by “injective”.

Proof. Assume that multiplication by ¢(P) is injective over K(G/z)(t). Since
Z[G,] — K(G5) (1) = K(G>) is injective it follows that ¢(P) : Z[G,]* — Z[G,]"
is injective. By Proposition 6.4 the map P : Z[G]* — Z[G.]" is injective as
well. Since K(G’l)(t) = K(G)) is flat over Z[G] it follows that P : K(G/l)(t)s —
K(G))(1)" is injective.

If ¢ (P) is invertible over the skew field [K(G%)(¢), then » = s. But an injective
homomorphism between vector spaces of the same dimension over a skew field is
in fact an isomorphism. This shows that P is invertible over K(G/)(?). ]

Proposition 6.4. If G is locally indicable, and if Z[G]°* — Z[G1]" is a map such
that Z[G1) ®z16,1 ZIG2] — ZIG1I" ®z16,1 ZIG2] is injective, then Z|G1]° —
Z[1G]) is injective as well.

Proof. Let K = Ker{y : G| — G»}. Clearly K is again locally indicable. Note that
Z|G1]® — Z[G]" can also be viewed as a map between free Z[ K ]-modules. Pick
any right inverse A : G, — G| of ¢. Itiseasytoseethat g@h— gA(h)® 1, g €
G, h € G, induces an isomorphism

21G1]1®z1611 Z1G2] — Z[G1] @71k Z.

By assumption Z[G1]° ®@zix1Z — Z[G2]" ®z(k] Z is injective. Since K is locally
indicable it follows immediately from [Gersten 1983] or [Howie and Schneebeli
1983] (see also [Strebel 1974] for the case of PTFA groups) that Z[G]* — Z[G]"
is injective. g

By Lemma 6.2 we have now showed that if (M, o) # 0, then T(M, 1) # 0.
Furthermore

degt(M, o;) =dega;(B) —dega;(1—gr) —dega; (1—hy), i=1,2.
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Theorem 1.3 now follows immediately from Lemma 6.1 and from the following

proposition.

Proposition 6.5. Let P be an r X r matrix over Z[G/l][til]. If (P) is invertible,
deg P > deg ¢ (P).

Remark. (1) If ¢ : R — § is a homomorphism of commutative rings, and if P is
a matrix over R[t*!], then clearly

deg P =degdet P > deg¢(det P) = degdetp(P) =degp(P).

Similarly, several other results in this paper, e.g. Theorem 3.1 and Lemma 6.1 are
clear in the commutative world, but require more effort in our noncommutative
setting.

Q) If (ZIG1, {f € ZIG|1le(f) # 0 € Z[G/,]}) has the Ore property, one can give
an elementary proof of the proposition by first diagonalizing over [K(G%) and then
over K(G/l). Since this is not known to be the case, we have to give a more indirect
proof.

The following proof is based on arguments in [Cochran 2004] and [Harvey
2006].

Proof of Proposition 6.5. Let s = deg ¢(P). Pick amap f : Z[G/]* — Z[G|[t*']"
such that the induced map

K(G5)* — K(GYIF' — KGN /o(PK(GYIE'T
is an isomorphism. Denote by 0 — C| LN Co — 0 the complex
0— ZIG =T S z16,11' T — o,

and denote by 0 — Dy — 0 the complex with Dy = Z[G ]*. We have a chain map

D, — C, given by f : Dy — Cy. Denote by Cyl(D, —> C,) the mapping cylinder
of the complexes. We then get a short exact sequence of complexes

0— D, — Cyl(D, 5 C,) - Cyl(D, 5> €,) /D, — 0.
More explicitly, we get the commutative diagram

(id id)
0——=Ci®@Dy—Ci®&Dy ——0

|, e e |

0——= Dy —— Co® Dy Co 0.
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Recall that Cyl(D, EN C,) and C, are chain homotopic. Using the definition of f
we therefore see that

£+ Ho(Dy: K(Gh)) — Ho(Cyl(Dy &> C,), K(GY))

is an isomorphism. Since P is invertible over K(G5)(?) it follows that

Hi (Cyl(Ds > C,); K(Gh)) = 0.

It follows from the long exact homology sequence corresponding to the short exact
sequence of chain complexes above that

Hi(Cyl(D, 5 C.)/Dy; K(GY) = 0;

thus the matrix (P —f ) is injective over [K(GY)). It follows from Lemma 6.3 that

H\(CyI(D. 5> €,)/D.; K(G)) =0

as well. Again looking at the long exact homology sequence we get that

[ 1 Ho(Ds; K(GY)) — Ho(Cyl(Ds L e, K(GY)) = Ho(Cy; K(GY))
is an injection. Hence
deg ¢(P) = s = dimy gy (Ho(Dx; K(GY)))
= dimy ;) (Ho(Ds; IK(GY)))
< dimy g, (Ho(Cs; IK(GY))) = deg P. O
6.2. Proof of Theorem 1.3 for 3-manifolds with boundary and for 2-complexes.
First let X be a finite connected 2-complex with x (X) = 0. We can give X a CW

structure with one O-cell. If n denotes the number n of 1-cells, then n — 1 equals
the number of 2-cells. Now consider the chain complex of the universal cover X:

0— CX)" ' 5 X)L coX)! - 0.

As in Section 6.1 we pick lifts of the cells of X to cells of X to get bases such that
if A; denotes the matrix corresponding to 0;, then

A= —hy,...,1—=hy).

Note that {hy, ..., h,} is a generating set for 7 (X). Let/ € {1, ..., n} such that
¢ (1) # 0. The proof of Lemma 6.2 can easily be modified to prove the following.
Lemma 6.6. Denote by B the result of deleting the [-row of Ay. Then t(X, «a) #0
if and only if a(B) is invertible. Furthermore if T(X, a) # 0, then

(X, a) =aB)a(l —h)~" € Ki(K(G)®))/ +ai(T1(X)).
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The proof of Theorem 1.3 for closed manifolds can now easily be modified to
cover the case of 2-complexes X with y (X) =0.

Now let M be again a 3-manifold whose boundary consists of a nonempty set of
tori. A duality argument shows that x (M) = % x(@(M)) =0. Clearly M is homo-
topy equivalent to a 2-complex. Reidemeister torsion is not a homotopy invariant
but the following lemma still allows us to reduce the case of a 3-manifold with
boundary to the case of a 2-complex.

Lemma 6.7 [Turaev 2001, p. 56 and Theorem 9.1]. Let M be a 3-manifold with
boundary. Then there exists a 2-complex X and a simple homotopy equivalence
M — X. In particular, if o : w1 (X) E (M) — GL(R, d) is a representation such
that H,(X, RY) =0, then

TM,0)=1(X,a) € Ki(R)/ £a(m(M)).

Theorem 1.3 for 3-manifolds with boundary now follows from Theorem 1.3 for
2-complexes X with x (X) =0.

7. Harvey’s monotonicity theorem for groups

Let 7 be a finitely presented group and let (¢ : m — G, ¢ : m — Z) be an admissible
pair for 7. Consider G’ = G'(¢¢) and pick a splitting Z — G of ¢. As in Section
5.2 we can consider the skew Laurent polynomial ring IK(G’)[t*'] together with
the ¢-compatible representation 7 — GL(IK(G’ M, D).

Following [Harvey 2006, Definition 1.6] we define 86 (¢) to be zero if the group
Hi(, K(G)[r*"]) is not K(G)[t*!]-torsion and

56(¢) = dimy (Hy (T, K(GNH[1E']))

otherwise. We give an alternative proof for the following result of Harvey [2006,
Theorem 2.9].

Theorem 7.1. Let 1 = (M), where M is a closed 3-manifold. If (p; : 7w — G,
@2 1t — Gy, ¢) is an admissible triple for , then

§01 (@)
8G1 (¢)

8G,() if (92, @) is not initial,

>
> SGZ () —2  otherwise.

Proof. We clearly only have to consider the case that §g,(¢) > 0. We can build
K (7r, 1) by adding i-handles to M with i > 3. It therefore follows that for the
admissible pairs (¢; : 1 — G;, ¢) we have

86,(¢) = dimy gy (H1 (K1 (7w, 1); K(GDI*' D) = dimy gy (Hi (M K(G)[1+'])).
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We combine this equality with Theorem 1.3, Corollary 3.6 and Lemmas 3.2, 4.3,
4.4, The theorem follows now immediately from the observation that Im{m; (M) —
G;— GL(K(G;)[tﬂ], 1)} is cyclic if and only if ¢ : G; — Z is an isomorphism. [

This monotonicity result gives in particular an obstruction for a group m to
be the fundamental group of a closed 3-manifold. For example, Harvey [2006,
Example 3.2] shows that as an immediate consequence we get the well-known fact
that 7™, m > 4, is not a 3-manifold group.

Remark. In [Friedl and Kim 2005] we considered the case w = (M), where M
is a closed 3-manifold. Given an admissible pair (¢ : 1 — G, ¢) we show (under a
mild assumption) that § (¢) is even, generalizing [Turaev 1986, p. 141]. In [Friedl
and Harvey 2006] it is shown that given m — G, G locally indicable and amenable,
the map
Hom(G, 7)) — Z
¢ — Sg(¢)

defines a seminorm on Hom(G, 7).

Let 7 be a finitely presented group of deficiency at least one, for example 7 =
m1(M) where M is a 3-manifold with boundary. Using a presentation of deficiency
one we can build a 2-complex X with x(X) =0 and 7;(X) = r. The same proof
as the proof of Theorem 7.1 now gives the following theorem of Harvey. (In the
case that 7 = 711 (S \ K) for K a knot, this was first proved in [Cochran 2004].)

Theorem 7.2 [Harvey 2006, Theorem 2.2]. If w is a finitely presented group of
deficiency one and if (@1, @2, @) is an admissible triple for mw, then

86,(9) = 8c,(®) if (g2, @) is not initial,

>
86,(9) > 86,(¢)—1  otherwise.

8. Open questions and problems

Let M be a 3-manifold and ¢ € H'(M; Z). We propose the following three prob-
lems for further study.

(D) If (p : m; (M) — G, ¢) is an admissible pair for 7y (M) and if @ : 7 (M) —
GL(F, d) factors through ¢, does it follow that

1

p degt(M,a) <degt(M, Z[m(M)] — K(G')(1))?
Put differently, are the Thurston norm bounds of Cochran and Harvey optimal, i.e.,
at least as good as the Thurston norm bounds of [Friedl and Kim 2006] for any
representation factoring through G?
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(2) In many cases deg t(M, Z[m1(M)] — K(G)(¢)) < ||¢]l7, for any admissible
pair (¢ : 71 (M) — G, ¢). For example this is the case if K is a knot with Ag () =1
and M = X (K). It is an interesting question whether invariants can be defined for
any map 7 (M) — G, G a (locally indicable) torsion-free group. For example it
might be possible to work with U(G) the algebra of affiliated operators (see [Reich
1998], for instance) instead of KK(G). If such an extension is possible, then it is a
natural question whether the Thurston norm is determined by such more general
bounds. This might be too optimistic in the general case, but it could be true in the
case of a knot complement.

(3) If (M, ¢) fibers over S', the corresponding Alexander polynomial defined over
Z[t*'] is monic, that is, the top coefficient is 1. Because of the high degree of
indeterminacy of Alexander polynomials over skew Laurent polynomial rings a
corresponding statement is meaningless. Since Reidemeister torsion has a much
smaller indeterminacy it is potentially possible to use it to extend the fiberedness
obstruction as in [Goda et al. 2005].
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