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We give the defining structure of the two-parameter quantum group of type
G, defined over a field Q(r, s) (with r # s), and prove the Drinfel’d dou-
ble structure as its upper and lower triangular parts, extending a result of
Benkart and Witherspoon in type A and a recent result of Bergeron, Gao,
and Hu in types B, C, D. We further discuss Lusztig’s (Q-isomorphisms
from U, ;(G>) to its associated object U—1 ,—1(G>), which give rise to the
usual Lusztig symmetries defined not only on U, (G;) but also on the cen-
tralized quantum group U;(G?) only when r = s~1 = q. (This also reflects
the distinguishing difference between our newly defined two-parameter ob-
ject and the standard Drinfel’d-Jimbo quantum groups.) Some interesting
(r, s)-identities holding in U, (G;) are derived from this discussion.

1. The two-parameter quantum group U, ;(G3)

Let K = Q(r, 5) be a field of rational functions with two indeterminates r, s.

Let ® be a finite root system of G, with IT a base of simple roots, which is
a subset of a Euclidean space E = R3 with an inner product (, ). Let €}, €2, €3
denote an orthonormal basis of E. Then IT = {a] = €] — €2, ap = €2 + €3 — 2¢}
and ® = H{uy, oy, ar + oy, ap + 21, ar + 301, 205 + 31 }. In this case, we set
ro= Flanan/2 _ r,ry= pla2,)/2 _ 3 404 §] = sl an/2 — S, SH= s@2,0)/2 _ (3

We begin by defining the two-parameter quantum group of type G, which is
new.

Definition 1.1. Let U = U, ;(G2) be the associative algebra over Q(r, s) generated

by the symbols e;, f;, a)l.il and a);ﬂ (1 <i <2), subject to the relations
+1 4l +1 s+l AN NAS| -1 /o1,
(GD [a)i » W; ]=[a)l » W; ]=[Q)l » W; 1=0, w; W; =1=a)ja)j 5
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—1 —1 —1 -1
wreyw; =(rs ey, w1 fro, = (""s) fi,
—1 3 —1 -3
G2) wieyw; =5 e, w1 o, =5 f,
-1 -3 —1 3
w e w, =r"ej, w frw, =71’ f1,
1 ,3.-3 —1_ =33 £
wmerw, =F"s)e, wwo, =a"787) [
/ /—1 —1 ’ /—1 —1
wieiw;  =(rs)ey, wy froy = (s ) fi,
—1 3 —1 -3
(G3) a)’l (%) a)/l =r" e, a)’l f2 a)/1 =r f2,
/ /—1 _ =3 /f —1 __ 3f
w2e1a)2 =S e, Wy 10)2 =S5 J1,
w} e w'{l =(r3s) ey, W} f> w’[l = (s™) fo;
/
w; — .
(G4) lei, fi]1=8j———for 1 <i, j <2;
1

(G5) ((r, s)-Serre relations in positive ;)art)
e%el — (r*3 + s73) ereren + (rs)’3 ele§ =0,
6‘?62 —(r+ s)(r2 + sz) 6?6261 + rs(r2 + sz) (r2 +rs+ s2) 6%626%
—(rs) (r +5)(r? +57) 61626% + (rs)6e2¢e‘1L =0;

(G6) ((r, s)-Serre relations in negative part)

[ =07+ afif+ )7 i =0,
LI =+ fifaf +rs@? + 507 +rs+ 5 7 7
~r’r +9) +5)) [ Lfi+ ) fi f2=0.
Proposition 1.2. The algebra U, ((G,) is a Hopf algebra with comultiplication,
counit and antipode given by
A =o' @, Al)=e®1+0; 06,
A =0 ot A =18 fi+fi®d,
sH =c@ ) =1, S )=, Se)=-o0"e,
se)=e(f)=0,  SE=o, S(f)=—fie]".

Remark 1.3. (I) Whenr =¢g = s~1, the quotient Hopf algebra of U, ;(G7)
modulo the Hopf ideal generated by elements o, — w; ll<i<2is just the
standard quantum group U,(G>) of Drinfel’d-Jimbo type; the quotient modulo
the Hopf ideal generated by elements w; — z;w,” ' (1 <i <2), where z; runs over
the center, is the centralized quantum group U;(G2).

(II) In any Hopf algebra J, there exist left-adjoint and right-adjoint actions defined
by the Hopf algebra structure:
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ad; a (b) = Z agy b S(a(z)), adr a (b) = Z S(a(1)) ba(z),
(a) (a)
where A(a) =), aq) ®ap) € #® ¥, for any a, b € X.
From the viewpoint of adjoint actions, the (r, s)-Serre relations (G5) and (G6)
take on the simpler forms

(ad; ;)% (ej) =0 forany i # j,
(ad, f)! ™ () =0 forany i # j.

2. The Drinfel’d quantum double

Definition 2.1. A (Hopf) dual pairing of two Hopf algebras s and U (see [Bergeron
et al. 2006] or [Klimyk and Schmiidgen 1997]) is a bilinear form (, ) : U x 4 — K
such that

(1 (fs La) = ea(f),  (la, a) =eq(a),

(2) (fs a1a2) = (A (f), a1 ®az),  (fif2, a) = (f1® f2, Aula)),

for all f, f1, f» € WU, and a, a;, a; € A, where gq;, €4 denote the counits of U, A
and Aqy, Ay the comultiplications.

A direct consequence of the defining properties above is that

(S (f), a) =(f, Su(a)), feU, aed,
where Sq, Sy denote the respective antipodes of U and .

Definition 2.2. A bilinear form (, ) : U x s{ — K is called a skew-dual pairing of
two Hopf algebras & and AU (see [Bergeron et al. 2006]) if (, ) : UP x A — K
is a Hopf dual pairing of &{ and U°P, where U°P is the Hopf algebra having the
opposite comultiplication to U, and Socop = SOI_L1 is invertible.

Denote by 8 = B(G,) the Hopf subalgebra of U, s(G2) generated by ¢;, w 7—Ll,
and by B’ = B'(G) the one generated by fisw; ! where j =1, 2.

Proposition 2.3. There exists a unique skew-dual pairing {,) : B’ x B — Q(r, s)
of the Hopf subalgebras B and B’ such that

1

3) (fi,ej)=06ij—— (I<i, j<2),
S;i—r;
(@), 1) =rs7", (0], w) =13,
) 3 3.3
(wh, w1) =57, (wh, wp) =r’s7,

(5) (@, o) = (@, 0) T = (0], )T A <i,j<2),
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and all other pairs of generators yield 0. Furthermore, (S(a), S(b)) = (a, b) for
ac®B, beB.

Proof. Since any skew-dual pairing of bialgebras is determined by its values on
generators, uniqueness is clear. We proceed to prove the existence of the pairing.

We begin by defining a bilinear form (,) : B°P x B — Q(r, s) first on the
generators satisfying (3), (4), and (5). Then we extend it to a bilinear form on
IB'°P x RB by requiring that (1) and (2) hold for Agyeop = AO%IT. We will verify that
the relations in % and %’ are preserved, ensuring that the form is well-defined and
so is a dual pairing of % and %B’°°P by definition.

It is direct to check that the bilinear form preserves all the relations among
the a)iil in B and the a);jEl in %’. Next, the structure constants (4) ensure the
compatibility of the form defined above with those relations of (G2) and (G3) in
B or B, respectively. We are left to verify that the form preserves the (r, s)-Serre
relations in % and %'. It suffices to show that the form on %B'°°P x 9B preserves the
(r, s)-Serre relations in %&; the verification for %'°°P is similar.

First, let us show that the form preserves the (r, s)-Serre relation of degree 2 in
%, that is,
(X, egel — (r_3 + s_3) ereren + r3s73 eleg y =0,
where X is any word in the generators of %'. It suffices to consider three mono-
mials: X = f22 fi1, f2fife, fi fzz. However, in the degree 2’s situation for type
G, its proof is the same as that of type C» (see [Bergeron et al. 2006, (7C) and
thereafter]).

Next, we verify that the (r, s)-Serre relation of degree 4 in & is preserved by
the form; that is, we show that
(X, e‘llez —(r+ s)(r2 + s2) e?ezel + rs(r2 + sz) (r2 +rs+ sz) e%eze%

—(rs)3(r + s)(r2 + sz) eleze% + (rs)6 ege?)
vanishes, where X is any word in the generators of %’. By definition, this expres-
sion equals
©) (AP(X), e1®e1®e1®e1®er—(r+5)(r*+5%) e1®e1®e1 @er ey

+rs(rP+57) (P rs+57) e @€ @er®e1 Qe

—(r)(r+9)(r*+5°) e1®erQe1®e1 Qe1 +(r5)° e2®e1 Ve ®e Qe ),
where A in the left-hand side of the pairing (, ) indicates A;g. In order for any
one of these terms to be nonzero, X must involve exactly four f; factors, one f>

factor, and arbitrarily many w}il factors (j =1, 2).
It suffices to consider five key cases:
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(i) If X = £ f», we have

AYX) = (| ®0| @ ®0|® fi+w| @0 ®w|® fi®]
0|0 ® 011 +0|® ivl®lol+/ivlglelel)’
(R RV RWR fr+wh R, QW R LR 1
+ 0 RwH® LRI+, R HRIVIRI+ HRI®I®I®]).

Expanding A™ (X), we get 120 relevant terms having a nonzero contribution to
(6). They are listed in Table 1, together with their pairing values, where we have

Table 1. Terms of AW (f}! £2) in (6) and their pairing values. We
write B instead of ' and - instead of ® to save space. We have
also seta = (f1, e1)*(f2, €2), x = (&}, 1), X = (0], @2).

Summand in (6) 1 Summand in (6) 2

HB B2 f1B2 B2 fiP1Ba-fiBa fr NB B2 1B B2 fiB1B2-BLf2 /i Xa
BB B2 [1B3B2 fiB1Ba fiBa- o xa | BifiBiBaf1B3Ba fiP1Ba-Bifa i Fxa
B2 f1B1B2- f1B3 B2 f1Br1Ba- fiBa- fo x%a B2 f1B1B2- f1B3B2- f1B1B2-Bifo- i ix2a
Bi f1B2 [1B3 B2 [iP1Ba- f1Bo- o xa B3 f1B2- [1B3B2- fiB1Ba-BLfa- fi Exda
NBB2BLAIBIB2 FiP1Ba fiBa fr xa NBIB2BLAIBIB2 [iP1Ba-Brfa fi Kxa
B f1B2 B2 B1f1B1B2 fiBiBa fiBa- fo x2a | BifiBiBa-BLAIBIB2 fiBiBa-BLfa fi Xxa
B2 f1B1B2-BLf1B1B2 f1BrBa- fiBa- fo x3a | BEfiB1B2-BrLfiB1B2 f1B1B2-Br o fi Ex3a
B3 f1B2-BLf1B1B2 [1B1Ba- f1Ba- fo x*a | B fiBa-BifiBiBa f1B1B2-Br o fi Exta
1B B2-B? f1Ba- fiB1Ba- f1Ba- fo x2a B3 B2-B? fi1Ba- f1B1B2-BLf2- /i %xa
BLAIBIB2 B f1B2 [iB1B2 fiBo o X3a Bif1BIB2 B f1B2 f1B1B2-Br o i Xx3a
BIAiB1B2 B f1B2 fiB1Bo fiBa fo x*a | BEAIBIB2BEf1Br fiP1Ba-Bifa i Ex*a
B3 f1B2-BE f1B2- fiP1Ba- fiBo- o xa B3 f1B2-B f1B2- fiB1Ba-BLfa- fi Exda
1B B2 f1B2Ba-BLf1Ba fiBa- fo xa BB f1B2B2-BLAIB2 - BLf2 fi Xxa
BLAiBIBa [1B3B2-B1 fiBa [iBa-fo x%a | BifiBiBa- f1B3Ba-BifiBa-Bifa i ¥x%a
B2 f1B1B2- [1B3B2-B1 fiBa fiBa- o X3a | BEfiBiBa- f1B3Ba-Bi fiBa-Bifa fi ¥x3a
B3 f1B2- f1B3B2-B1 fiBa- f1Ba- fo x*a B3 f1Ba- f1B3B2-B1 f1B2-Br fo- i Fxta
f1B3B2-BLf1B1B2-Br f1B2- fiBa- o x%a f1B3B2-BLf1B1B2-BrLf1B2-Br o fi ExPa
B f1B2B2BLAIBLB BL LB fiBa fo x3a | BiLfiBIBa-BLAIBIB2 BLA B2 BLfa fi ixa
B2 f1B1B2 P11 B2 BL 1B fiBa- fo x*a | B f1B1BaBLAIBIB2 BLA B2 BLfa i Xxta
B3 f1Ba-BL1BIB2BLI B2 f1Ba- fo XOa | B fiBa-BifiBiBa-BrifiBe-Brifo fi ixda
f1B3B2-B2 f1Ba-Bif1Ba f1Ba- fo x3a N8 B2-B? f1Ba-Bif1Ba-BLfa /i %xa
BLAiBEB2-BE f1Ba-B1 fiBa fiBa-fo x*a | BifiBiBa-BEf1Ba-BifiBa-Bifa fi ¥xta
B f1B1B2BL 1B B f1B2 fiBa o X%a B f1B1B2 B f1B2-Br 1B B o /i XxOa
B3 f1B2-B2 f1B2-B1 f1Ba- f1B2- o xCa B3 f1B2-B? f1B2-B1 fiBa-Brfa- fi ¥x0a
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Table 1. (Continued)

Summand in (6) 3 Summand in (6) 4
HB3 B [iB3B-BEfo-Bif1- i ¥xa NBBB f- fiBE-BiLfi- i ¥xa
BLABIB f1BIB2 BE 2 PLfi i X2x%a | BLAiBIB B fo- FiBYBLfI- i ©x%a
Bi BB [1BI B2 B fo-BiLf1 i X2x3a | BEAiBIB2Bi for iBT-BLSI- I ¥x3a
B fiB2 [1BE B2 B fo-B1f1- fi K2x%a B f1B2- B3 for 1B BLf1- i ¥xa
ABIBBLABIB2 B2 f2-Brfi- i ¥2x%a | fiBi BB fo-BrLfiB1-BiLfi- fi ¥x%a
BiL1BIB2 B F1B1B2 B fo-Brfi i ¥2x3a | BLfiBEBa-Bifo-BrfiB1-Pifi-fi #xa
B2 f1B1B2B1 [1B1B2- B3 fa-Brfi- i ¥2xba | B2 fiBiBa-Bi fo-BrfiB1-PLi- fi ¥xta
BifiByBLABIB B2 BLf1- i ¥2x%a | B fiBa-Bi farBLfiBr-BiLfi fi ¥xda
NBB2BE 1B BE 2 BLfI i ¥2x3a hBBB o BEf1-PLA i ¥3x3a
BLiBI B2 BT f1BoBi fo-Bif1- i X2x%a | BLAIBIB2 B fo BT f1-BLf1- i Fxa
B f1B1B2 B f1B2 B fo-Brf1- i X2x5a | BT fiB1B2 B3 fo- BT 1BL-BLfI- i ¥x7a
B} f1B2 B3 f1B2 B3 fo-B1 f1- fi %2x8a B3 f1B2-B3 f2- B3 f1-Br f1 i ¥3x8a
NBB 1B B BEfo- 1B /i Xla NB BB - fi1BE-fiB1- /i Fa
BB f1BIB2BE 2 fiBr i ¥xa | BLAiBIB2 B fo- FiBY fiBi- i ¥xa
BIfiB1B2 f1BIB2 BE 2 fiBr i X2x%a | BEfiB1B B fo- FiBY fiBi- i ©x%a
Bi 1B [1BE BB fo- fiB1- i x2x3a B f1B2-Bi fo- 1B f1B1- i ¥x3a
HBIBBLABIB B fo- fiB1- i Z2xa | fiBiBo-Bi fo-BLfiB1 fiBi-fi ¥xa
BiLiBIB2BL1BIB2 B fo- fiBr i 2x%a | BifiBEB2-Bi fo-BrfiBr fiBr-fi ¥x%a
BT f1B1B2B1 [1B1B2- B fo- fiB1- i ¥2x3a | B2 fiBiBaBi fo-Br fiBr fiBi- fi #xa
B3 f1B2-B1 fiB1B2 B2 fiBr- fi ¥ixta B3 f1B2-B3 fo-B1 fiB1- 1B fi #xta
NBIB2BE 1B BE 2 f1B1- i ¥2x%a hBIB2B o BEf1- 1B /i ¥3x%a
BLABIB2 B2 1B BE 2 1B i X2x3a | BLAIBIB B f2-BEf1 fiB1- i xa
BIf1B1B2 BT f1B2 B fo- fiB1- i X2x%a | BT f1B1B2- B3 fo- BT 1B F1B1- i ¥xa
Bi fiB2 B fiBa B fo- fiB1- i 2x5a B3 f1B2-B3 f2 BT f1- f1B1 i ¥x7a

Summand in (6) 5 Summand in (6) 5

Bt A8 fiBE-BLfI-fi Fhxa Bt 1B FiBE-fiB1-fi ®a

Bl fo-BLAiBY- fiBT-BLAi-fi ¥x%a BlfBiLAiBY-fiBY-fiB1 i Xtxa

Bl f-BIAB-fiBT-BLAI-fi ¥x%a  BLAHBLAIBI-AiBY fiB1 i XxPa

R S B e

1 J2-J1Py-P1J1P1 P11 J1 X x"a L J2-J1Py-PrJ1P1-J1P1-J1 X Xa

Bl fo-BLfiBE-BLAiBLBLAfi ¥4x3a B BB -BLABL fiB1-fi ¥4x%a

Bl B2 fiBr-BLfiBLBLA-fi ¥xta B fBRAIBLBLABL fiB1 i ¥4x3a

Bl f2-B fi-B1fiB1-BLAL fi ¥4x%a Bl 2B fi-BLfiB1 B fi ¥xta

Bl f2- 118} B f1-BLfi- i Zxa Bl fo- f1BY B f1-fiB1- i ¥x%a

Bl fo-BLAIBE-BIf1-BLfi-fi ¥xta  BYfBLABEBLAY fiB1 i ixda

Bl BIABL-BIAI-BLAI-fi ¥x%a  BLRHBEABLBLAI fiB1 i Zxta

Bl fo B3 f1-BE fi-Brfi- i ¥4x8a Bl f2- B f1-BEf1- fiBi- i ¥4x5a
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introduced

a=(fi,e)* (fr, @), x=(0), w), ¥=(o, ).
The expression in (6) equals

(sum of expressions in part 1 of Table 1)
— (sum of expressions in part 2) - (r + s)(r2 +5%)
+ (sum of expressions in part 3) - rs (r2 + sz)(r2 +rs+ sz)
— (sum of expressions in part 4) - (rs)3(r + s)(r2 + sz)
+ (sum of expressions in part 5) - (rs)6.
Thus, if we sum up all the pairing values listed in each part of Table 1 and multiply
by the appropriate factor, we obtain the pairing value of (6):
a(l43x +5x2+6x> +5x* +3x°> +x%) - ( 1=+ +5H)x
+rs(r2 452 - PP +rs + D52 = )} + ) + 53 + (rs)ox? )
=a(143x +5x2 +6x° +5x* +3x° + 1O (1=’ %) (1 —r2s%) (1—rs?%) (1—5%)

=0 (because X = (0], w) = r3).

(i) X = fof}.

(iit) X = f7 2 f7.

() X = fi fafr.

W) X =fifaf}.

These four other cases are handled similarly, using the formulas given in the Ap-

pendix of [Hu and Shi 2006]. This takes care of A® (X). The proof is completed
by checking that the relations in B’*°P are preserved for G,. OJ

Definition 2.4. For any two Hopf algebras & and U connected by a skew-dual
pairing (, ), one may form the Drinfel’d quantum double %@ (sd, W) as in [Klimyk
and Schmiidgen 1997, 3.2], which is a Hopf algebra whose underlying coalgebra
is 9 ® U with the tensor product coalgebra structure, whose algebra structure is
defined by

) @® f)d'® f)= Z(Ef’@u(f(l)), ai){(f3), azyaap, ® fo f
fora, a’ € A and f, f' € U, and whose antipode S is given by
(&) S@® f)=1Fu(f))(Fula)®1).

Clearly, both mappings  datr>a®1 € (A, U andU> f— 1Q f €
D(sd, U) are injective Hopf algebra homomorphisms. Denote the image a ® 1 of
a in 9(4, A) by a, and the image 1 ® f of f by f. By (7), we have the following
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cross relations between elements a (for a € ) and f (for f € ) in the algebra
D(A, WU):

©) fa=Y (Faulfu), a)((fe): ag)ie fa),
(10) > s an)foie =Y aa folfo- aw)-

In fact, as an algebra the double % (4, AU) is the universal algebra generated by the
algebras &{ and AU with cross relations (9) or, equivalently, (10).

Theorem 2.5. The two-parameter quantum group U, ;(G7) is isomorphic to the
Drinfel’d quantum double %(B, B').

The proof is the same as that of [Bergeron et al. 2006, Theorem 2.5].

Remark 2.6. The proofs of Proposition 2.3 and Theorem 2.5 show the compat-
ibility of the defining relations of U, ;(G2). The proof of Theorem 2.5 indicates
that the cross relations between % and %' are precisely half the ones appearing in
(G1)—(G4), and the proof of Proposition 2.3 then shows the compatibility of the
remaining relations appearing in % and %', including the other half of (G1)—(G4)
and the (r, s)-Serre relations (G5)—(G6).

3. Lusztig’s symmetries from U, ;(G2) to Ug-1 ,-1(G2)

As we did in [Bergeron et al. 2006] for the classical types A, B, C, D, we call
(Ug-1,,-1(G2), (])) the quantum group associated to (U, ;(G2), (,)), where the
pairing (/| ;) is defined by replacing (r, s) with (s~!, =) in the defining for-
mula for (o], w;). Obviously,

(0}] wj) = (o], »1).

We now study Lusztig’s symmetry property between (U, ;(G2), (, )) and its as-
sociated object (Us-1 ,-1(G2), (|)), which indeed indicates the difference in struc-
tures between the two-parameter quantum group introduced above and the usual
one-parameter quantum group of Drinfel’d—Jimbo type.

To define the Lusztig symmetries, we introduce the notation of divided-power
elements (in (U1 ,-1(G2), (|)) ). For any nonnegative integer k € N, set

and for any element ¢;, f; € (Us-1 ,-1(G2), (| )), define the divided-power elements

el =ef /i, FY = .
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Definition 3.1. To every i (i = 1, 2), there corresponds a Q-linear mapping T
(Uy5(G2), (1)) = (Uy1,,1(Ga), (1)) such that T;(r) =5, T;(s) =, which
acts on the generators w;, a)j’., ej, ff(l<j=<2)as

Ti(w) =wjw, ", Ti(0)) = o o],
1 -1
Ti(e) =—w; fi, Ti(fi)=—(risi) ei w;

and fori # j,

—aj
Tilej) = Z(_l)v(”)%(_“"’_”) (), i)™ (], ;) 10+ e, e,f_”i.f—v),
v=0
—ayj
5t V(—gii— L o ari—v)
Ti(fj) = (rjs;)" Z(—I)V(rs)z( ajj v)(wl{’wﬂv(wl(’wi) 2(1+a,/)fi ; fjf,-(v),
v=0

where (a;;) is the Cartan matrix of the simple Lie algebra g of type G», and for
any i # j,
2, if i<janda,-j;éO,

1, otherwise .

st =

Lemma 3.2. J; (i = 1, 2) preserves the defining relations (G1)—(G3) of U, s(G2)
into its associated object Us-1 ,-1(G»).

Proof. For G;, we have

-3

-1
(], 1) =rs™ = ()| o), (@], w2) =17 = ()| wi),

(@), @1) = 5% = (0} 2), (@), @2) =r7s ™ = ()] @)
We show that I, I, preserve the defining relations (G1)-(G3). (G1) are auto-
matically satisfied. To check (G2) and (G3): first of all, by direct calculation, we

have T (0], w;)) = (Ti(@)), Ti(w;))) = (0}, w;) = (w;|w;), for i, j,k € {1, 2}.
This fact ensures that 7, (k = 1, 2) preserve (G2) and (G3), that is,

T (@) Tk ()T (@) ™" = (]| 0;)Ti(e;),
T (@) T ()T k(@)™ = (@]l ) Ti(f),
T (@) Tk () Tr (@) ™" = (| i)' Ti(er).
T(@)DTk ()T (@)~ = ()] @) Tr (i),

where checking the other three identities is equivalent to checking the first one. [J

Lemma 3.3. J; (i = 1, 2) preserves the defining relations (G4) into its associated
object Ug-1 ,-1(G).



336 NAIHONG HU AND QIAN SHI
Proof. Put A =r%+rs +s>. To check (G4): fori = 1,2, we have

[Ti(en), Ti(fi)l = (rispoj” ' (fiei — ei fi)w; ' = Ti(lei, £i1),
[T2(e1), Ta(f1)] = lerer —rezer, rs(fofi — s> fi f2)]
=rs(faler, filer +eiles, ol fi — r’(lea, fol frer + ex foler, f11)
— s’ (le1, fil frea +e1 filea, o)) + (rs)  (ealer, fil fo + filea, folen))

ww) —whw)  Tr(w)) — Ta(w)) To(ler. fi)
= = = Ta([e1, f1]),

sl _ -1 s _ 1

and as for

363

23, 3 3 2 ) 3
+5)2A2 [(rs )’eze] —rs’ Aejere] +sAejere; —ejen,

25 fifo —sPAfR L i+ r AfL IR — B f7 ]

[T1(e2), T1(f2)] =

we have to show that the bracket on the right-hand side is equal to

3 APNA]

wrwy — WHW

A(r—i—s)2—1 271
r—s

To do so, we introduce the notations of “quantum root vectors” in terms of
adjoint actions, as follows:

3
E1y = (adjer)(e2) = ejex — s”ezey,

Fio = (ad, f1)(f2) = i =1 fi o,

Eip = (adje)?(e2) = e E1p — rs*Eppey,

Fii2 = (ad, f1)*(f2) = Fiofi — rsfi Fia,

Ei2= (ad1€1)3(82) = 6?62 —SAe%ezel +VSSA€182€% —(rs

Fiiz = ad, /1)* (o) = fofi —rAf L fE+ P AfE ffi — (725) £ fo.

283 3
) ezey,

That is, we need to verify that
3 /I3
2 W20 — W W)
[Erz, Frinzl=A(r +5) P

By direct calculation using the Leibniz rule, we have

le1, Fi2l = —Aw fo, le2, Fi2] = f1},
[Ei2, fi]l = —Aera], [E12, f2] = wae,
w1y — W)

[Ei2, Fi2] = ————,
r—s
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le1, Finl = —(r + )01 Fia, [e2, Finn] = s(s> — r?) fa},

[E12, fil = —(r +5)?Eno), [Ein, ] =r?—s?)wel,

[E11a, Fi2l = (r +5)’wianey, [Era, Fiinl = (r +S)2f160/1w/2,
2

w? [ — of W
[Eirz, Fipp] = (r +5)2 14— 172

9’

r—s

as well as
le1, Fiii2] = [e1, Fin fi — rs* fiFi12]l = —Aw; Fipa,

[Ei12, Fiin) = [Evi2, Fin fi — rs® fiFinl
= [E112, Fii2l fi — 5 filE1i2, Fii2l + FriolEvi, fi
—rs*[Ena, filFi
= A(r +9)* fLofw),
[Eii12, Fiiz] = [e1 Eviz — r*sErizer, Fiina)
= [e1, Fiii2lEnz — r’sErnler, Frinl +ei[Eriz, Fiin

) ) —rs[E112, Fiinale
= Awi[E112, Fii2]l + A(r +5)[er, filow)
3 /3

= A2 22790
r—s
Thus, we arrive at [T} (e2), T1(f2)] = T1([e2, f2]) € Us-1 ,-1(G2). U

Lemma 3.4. I, preserves the (r, s)-Serre relations (G5)1, (G6); into its associ-
ated object U1 ,-1(G2):

(1) Ta(e2)*Taler) — (r+s5)Ta(e2)Ta(e1)Ta(e2) + (rs)*To(e1) Ta(e2)” =
(12) To(f)T2(f2)* = P+ T2 () T2 (D) T2(f2) + (rs) Ta(f1)Ta(f2)* =0.
Proof. For the degree 2 (r, s)-Serre relation (G5);

-3

6‘261 (r s_3)eze1e2+r_3s ele%=0,

observe that
(13)  Ta(eNTa(e2) =1 Ta(e2)Toler) —r er,  Ta(ex)er = s e1Ta(er).
Making 7, act algebraically on the left-hand side of (G5);, we have
T2(e2)*T(er) — (r +57)T2(e2)To(e1)T2(e2) + (r5)* T (e) T2 (e2)?
= T2(e2)r” (Ta(e)Ta(e2) + 1 er) — (P +57)T2(e2)T2(e1) T2 (e2)
+(rs)’ (r > T2(e)T2(e1) —r e1)Ta(er)

|
e
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proving (11). The proof of (12) is similar. O
To prove that I preserves the Serre relations, we need three auxiliary lemmas.

Lemma 3.5. In the notation in Lemma 3.3, we have
[EnaEn —r EinEin, f]1=0.
Proof. Since e1 E117 — r3Ei112e; = ad;(e1)*(e2) = 0 (Serre relation), and

[Ei12, fol =le1E1n —r’sEiner, f2l=eilEna, f2]—rs[Ein, fle

= r3(r—s)(r2—sz) a)ze?,

we obtain

[Enii2E112 — P E1Enn, fo
= EnplEn, f2l+[Ene, £1E2 —r (EnzlEng, £+ [Ene. LEnR)
=3 (r—s)(r’*—s* w (efEnz —rAe Ey2e; — (FZS)3E112€f)
= r3(r—s)(r2—s2) wy (e%Enz — rAe%Ellzel —|—r3sAe1E1126% — (FZS)3E112€?)
= r3(r—s)(r2—s2) w) (el (SR) — rsz(ff’%) . el)
=0,

where (YR) denotes the left-hand-side presentation of the (r, s)-Serre relation
(G5)2
6’%5112 —r2(r +s)e1 E1nzer +FSSE112€% =0,

and we used the replacement Ejj;» = e E12 — r2sE|2e; in the third equality. OJ

Lemma 3.6. In the notation of Lemma 3.3, we have

[EniizEnz = EriEnne. fil =0.
Proof. It is easy to check that [E1112, fi] = —AE;20]. Thus
[Eiii2En2 — P E1Enna, fil
= EnlEnz, fil+[Enz, filEne —r (EnelEne, Ail+[Ene. filEn)
= (r+3) (¢ +9)()’EnEnnn — EnpEn) +rr —)AET,)o).
It suffices to show that
(14) EnnEn= sV EnEnn+rr—s)r+s) 'AET,.
At first, we note that the (r, s)-Serre relation (G5); is equivalent to

3
E1262 =r €2E12.
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Since ejey = Ejp + s3eseq, we get
Eiper = (e1Ern —rs*Epe))es = rejer Eyn — rs*Epperes
=r(Epp+s’e2e1)Ern —rs*Ena(Epz + s eze1)
= r(rz—sz)Efz + (rs)es(e1 Evy — rs’Epper)
=r(r*—s?)EL + (rs)’erEpa.
Next, we claim
Evner = (rs?)exEviip — r(rs—r*+s?)EyEvp + (rs)* (r*+rs—s?) En Epa.
Indeed, since Ej11p =e1E11o—r2sEi1ze1, E11n=e1E1n—rs2Eeq, and ejey =
E12+s3ese;, we have
Enner = ei(Einer) —r’sEn(erer)
=r(r? —s?)e1Ef, + (rs)*(e1e2) E11z — r’s Eq1a(eren)
=r(r* —sHe1EL + (rs) EnEin + (rs?)3eze1 Erp — r’sErnEnn
— (rsH)*(Ernex)e
=r(r* —s)EinEn+ (rs)’(r* = s)Ene1Enp + (rs) EnEin
+ (rs2)3ezel Eip— r2sE112E12 — r3s4(r2—s2)Ef261 — r5S7€2E112€1
= (rs*)’e2E 1112 — r(rs—r*+s) E\pErp + (r8)* (P +rs—s*) iz Eq 2.
To prove (14), we first note that
[(r +5)((rs)’ EnzEviiz — EnnEn) +r(r —)AEG,, fi
= (r+5)(rs)*(Er2[Evniz, fil+[En, filEnn)
— (r+9)(EnnlEn, fil+[Enno, filEn)
+r(r—s)A(E120En2, fil +[Enz2, f1lE112)
=—(r+5)rs)’A(EnEnn+s’eEnn)o
+ (r +9)A(E1112e2 + r*sEyp Evp) o
—r(r—=s5)(r +5)°A(E1Enn +rs°EpEn) o,

which vanishes by the preceding identity. A similar but longer computation (see
[Hu and Shi 2006] for details) shows that the bracket

[(r +5)((rs)’ EnnEniia — EniEn) +r(r —s)AEf,, fl.

also vanishes. Then, through an argument similar to the one used in the deduction
of [Benkart et al. 2006, Lemma 3.4], we get (14). O

By [Benkart et al. 2006, Lemma 3.4], Lemmas 3.5 and 3.6 imply:
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Lemma 3.7. E1112E112—F3E112E1112=0.

Lemma 3.8. 7| preserves the (r, s)-Serre relations (G5)1, (G6) into its associated
object Ug-1 ,—1(G2):

(15)  Ti(e2)*Ti(er) — (r* +57)T1(e2)T1(e1) T (e2) + (rs)> Ti(e1) T (e2)* = 0,
(16) T ()T (1) — (P +sH T (LTI (DT () + ) Ti(f)*Ti(f1) = 0.

Proof. By direct calculation, we have

1
17 Ti(e)Ti(e) = ————E —a!
A7) 1(e2)T1(er) ( TRV 1112)( wy 1)
3o1 .
=s"J J —— FEn.
s*T1(en)T1(e2) 520 1) T2
Hence, to prove (15) is equivalent to prove
T1(e2)Eriy —r’EinTi(e2) =0
However, the latter is given by Lemma 3.7.
The proof of (16) is analogous. U

To prove that I, preserves the Serre relations, we also need auxiliary lemmas.
Write
. -3
E> = (adjex)(e1) = exe1 — 1 eqen,

and note that (G5); is equivalent to (adje;)(E>1) = ex Exp — s 3 Eye =0, ie.,
E21€2 = S3€2E21.

Lemma 3.9. [€1E§1 —sAE21e1 E%l —|—I"S3AE%1€1E21 (i‘S ) E21€1, fl ] =

Proof. Since [E3y, fi] =r3Aerw;, w1 Ey =rs’Eyoy, [E%I’ fil =r_3s_1(r+s)
-AFEye o, a)/lE21 = I’ZSEzla)/l, and [Egl’ fil= }’_3S_2A2E§1€2a)1, we get

w1—w)

—w)
T =

w1—w)

E3 — (rs? B3, 20 sAE, 2 1E21 +rs’ AE21 En
= —(rs)’AE; 0} + rszAEglw’lEz]

=0

and



THE TWO-PARAMETER QUANTUM GROUP OF EXCEPTIONAL TYPE G, 341
[elEgl — sAE21e1E%1 + rs3AE§161E21 — (FS2)3E§1€1, fi ]
=ei[E3,, fil + e, AlE3 — (rs?)’ (B3 ler, il +1E3,, filer)
—SA(E21€1[E%1, fil+ Eailer, filE3, +[Ea, f1]e1E§1)
+7’S3A(E§1€1[E21, fil+ E3le1, filEa +(E3, fileEny)

w]—w)
= r_3s_2A2e1E§1e2a)1 + lEgl
— SA( l(r+S)AE2161E21620)1 + E21 1 E21 +r A62a)1€1E21)
+I’S3A( AE218182w1 +E21 lE +r 1(7‘+S)AE2]€2601€1E21)

—(rs%)? (E;1 —;—s Ly 1’73572A2E§1€20)1€1>
=S4+ TPAD S = s TIAY) S o,

where

2 2 2\3 2
Yo =e E5ex—s5°(r+s)Exie1 Exiex — (rs”) ezre1 E5)

2 4552
+ rs5E21elez + r3s5(r +$)Eyere1 Exy —r s5E21egel.
We next show X, = 0. As Epjer = s3erEp and exe; —r 3ejey = Eop, we get

Y = (el E221€2 — (rs2)3ezel E%l) + (rsSE%lelez — r4s5E%lezel)
— 52(r4-s) Ey1e1 Eajey 4+ 13s° (r4-s) Exeze1 E
= —(rs2)3E21 —r s5E21 + r3s5(r +s)E21
=0.

This completes the proof. (]
Lemma 3.10. [e1E21 SAE21€1E21 +I‘S3AE%1€1E21 —(rs?)3 Ezlel’ fz] =
Proof. Noting that

-3
[Eai, fol=—r""whey, Eywh = r’wyEyy,
2 -3 3
[E3), fal=—r"wy(e1 Ex1 + 1 Eajey),

(E3,, fol = —rwh(e1 E3| + P Eyje1 Ey +1°E3 ey),
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we obtain
[elEgl — sAEzlelEgl + I’S3AE§1€1E21 — (rs2)3E§1e1, fz]
= ei[E3), o] —sA(ExellESy, 1 +1Ea, fleiEs)
+rs3A(E§1€1[E21, Hl+IE3, foleiEy) — (rs?)’[E3,, faler
= —r_3w/2<s3el(elE§l +r3Ey e Ex +r6E%1e1)
—sA((rs)’Exiei(e1 Ea1 + 1 Ezrer) + €1 E3))
+rs3A((r*s) E3 et + (e1 Ex1 + 17 Exrer)er Eny)
— (rs®)’(e1E3, + 1 Ezje1 Ex + rﬁEglel)el)
= —r 2 w5 S,
where
S = (r)*(r*=s)(e1E3 €1 + Eaiel En) +5°2r’+rs+s?) (e Ean)’
— r5s3(2s2+rs+r2)(E21e1)2 — (r—|—s)(e%E§1 — (rs)(’E%le%).
It remains to prove that S = 0, which by [Benkart et al. 2006, Lemma 3.4] is
equivalent to showing that [S, fi] =0 =[S, f»]. To this end, we first observe:
Lemma 3.11. e?E21 — SA@%EZI@I + I’S3A€1E216% — (rs2)3E21e? =0.
Proof. 1t is easy to see that
efE21 — sAe%Ezlel + rs3AelE21e% — (rs2)3E21ef = r_3(adlel)4(ez),
which is in fact the (r, s)-Serre relation (GS5), up to a factor r3. Il

Now set S; :=[S, fi]. Using the equations at the bottom of page 341, we obtain
after some manipulations (see [Hu and Shi 2006] for details)

$2 = (rs)*(r=s))(e1[E3), faler + [ Eai, folet Eai + Exi€f[ Ean, f2])
+522r*+rs+s?) (e1[Ear, fole1 Exy + e Earer[Eay, f5])
— s> @s*+rs+r?)([Ear, fole1 Exie + Ezrei[Eay, f2ler)
— (r +9)(e1LE3y, f2] = (r9)°LE3y, foled)
=—r 3 + s3)a)/2(e?E21 — SAG'%E21€1 + I‘S3A€1E21612 — (rs2)3E21ef),
which vanishes by Lemma 3.11.

Next we prove that S; = 0. Using the formulas at the very beginning of the
proof of Lemma 3.9 and noting that

r+s swp—roj
. e

lef, fil =

1
rs r—s



THE TWO-PARAMETER QUANTUM GROUP OF EXCEPTIONAL TYPE G, 343

we can express 51 as the sum A + B 4+ C + D, where

= (rs)zA(a)l—a/l)E%lel

r-+s 2
E21€1 +(rs)° ( - )

s (2s>+rs+r )E21 E§1 (sw1—rw))er,

= (rs)(r+s)AEj (sa)l—ra)l)el E>;

’
6!)1 3 1—6()1
E>ie1Ey —r s (ZS +rs+r )E2161E21

+ s2(2r2+rs+s2) o
r—

= (rs)*Aei E3 | (w1—))
(r+s)? so1—ro]

01—
+s2(2r2+rs+s2)e1E21 P ! Ey — elE%]»

rs r—s
A 2,3 3yfo—1 2 2
= 3 (rs)“(r’—s )(s (r+s)e1Esjerwie) + exwrey Epg +E21€1€20)1)
+ s2(2r2+rs—|—s2)(elegwlelE21 + ey E21elega)1)
r553(2s2—|—rs+r2)(eza)lelEzlel + Ezleleza)lel)
2,-1(2 6 2
— (r+s)“s (61E21€2a)1 —(rs) Eueza)lel)).
Noting that w; E3; = rs?Eyjw; and W Ey = r2sEs |, we obtain the simplified
expressions
A= —r5s4(r3—s3)E%]ela)1,
B =0,
C = rsz(rS—s3)el E%la)l.

For the last summand, a calculation using the equalities E»;e» =53¢y Eny, r Sejer=
eze; — Epp and exey = Eaq + 1 3eje; leads to

D = (r*—s%) (r5s4E%]e1 - rszelEgl) )

(see [Hu and Shi 2006] for details), showing that S; = A+ B+ C 4+ D = 0. This
completes the proof of Lemma 3.10. U

The next identity is a consequence of Lemmas 3.9, 3.10 and [Benkart et al. 2006,
Lemma 3.4].

Lemma 3.12. elEgl — sAEzlelE%l + rs3AE§161E21 — (FS2)3E§161 =0.

Lemma 3.13. I, preserves the (r, s)-Serre relations (G5),, (G6), into its associ-
ated object Ug-1 ,-1(G2).
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Proof. For the fourth-degree (r, s)-Serre relation (G5),, we have to prove that
(r$)°T2(e1)*Ta(e2) = (r$)> (r+9) (r+57) T2 (e1)’ Ta(e2) T (e1)
+ (r9) (45D (P 4rs+57)Ta(e1)’ Ta(ea) Ta(er)
— (r ) (P45 T2(e)T () Ta(e)’ + Ta(e2)Ta(en)’*
vanishes. By virtue of the commutation relation in (13), this is equivalent to
e172(e1)* —sATa(en)eiTa(er)” + 15’ ATa(e)*er1Ta(er) — (rs*) Ta(er) e = 0.

3

However, since T1(e) = ejea — riese; = (—r3)E,, the above identity is exactly

the one given by Lemma 3.12.
Similarly, we can verify that I, preserves the (r, s)-Serre relation (G6), into its
associated object U1 ,-1(G2). O

Lemma 3.14. 7 preserves the (r, s)-Serre relations (GS5),, (G6), into its associ-
ated object Ug-1 ,-1(G2).

Proof. For the fourth-degree (r, s)-Serre relation (G5),, we have to prove that

(r$)°T1(e1)* T (e2) — () (r+5) (r*+s2)T1 (1) T (€2)T1 (e1)
+ (r8) (P2 452 (r2+rs+52) T (e1)2T1 (€2) Ti (e1)?
— (r+8) (PP +5H)T1 (e T1(e2)T1(e1)* + T1(e2)T1(e1)* = 0.

In view of the commutation relation in (17), this is equivalent to

E1171(e1)® = r AT (e1) E1aTi(e)* + s ATy (e1)* E112T 1 (e1)
—(r%5)’T1(e1)*E112 = 0.

We can further reduce this condition to
(18)  Engi(e)’ —r’r +)Ti(e)Endi(e) +r’sTi(e) Enn =0,
as a consequence of the commutative relation
E11291(e1) = rs*Ti(e))Erp +r 7 's(r + )2 Epa,
itself arising from the equalities
[Enafil = —(r +5)°Eno)], o|Ein=rs’Eipo)|.
Again, since [E|2, fi] = —Aeyw], we have
EnTi(e) =r’sTy(en)Erp +1 7 'sAey,

by which (18) is finally reduced to e 7 (e;) = 3T (e1)ea, since T (e)) = —a)/l_l fi.
The proof of the second part is similar. O
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Theorem 3.15. I, and T, are the Lusztig symmetries from U, ;(G2) to its associ-
ated quantum group Us-1 ,-1(G2) as Q-isomorphisms, inducing the usual Lusztig
symmetries as Q(q)-automorphisms not only on the quantum group U,(G>) of
Drinfel’d-Jimbo type but also on the centralized quantum group U, ; (Gp), only
whenr =q =s"\. U
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