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We develop a new approach to the linear ordering of the braid group B,,
based on investigating its restriction to the set Div(A¢) of all divisors of A4
in the monoid B, that s, to positive n-braids whose normal form has length
at most d. In the general case, we compute several numerical parameters
attached with the finite orders DiV(AZ). In the case of 3 strands, we more-
over give a complete description of the increasing enumeration of Div(Ag).
We deduce a new and especially direct construction of the ordering on B3,
and a new proof of the result that its restriction to B;' is a well-ordering of
ordinal type w®.

This paper investigates the connection between the Garside structure of Artin’s
braid groups and their distinguished linear ordering, sometimes called the De-
hornoy ordering. This leads to a new, alternative construction of the ordering.

Artin’s braid groups B, are endowed with several interesting combinatorial
structures. One of them stems from Garside’s analysis [1969] and is now known as
a Garside structure [Dehornoy 2002; McCammond 2005]. It describes B, as the
group of fractions of a monoid B;" with a rich divisibility theory. This theory gives
a unique normal decomposition of every braid in B, into simple braids, which are
the divisors of Garside’s fundamental braid A,,, a finite family of B, that is in one-
to-one correspondence with the permutations of n objects. One obtains a natural
graduation of the monoid B;} by considering the family Div(A%) of all divisors
of AZ, which also are the elements of B,” whose normal forms have length at
most d.

On the other hand, the braid groups are equipped with a distinguished linear
ordering which is compatible with multiplication on the left and admits a simple
combinatorial characterization [Dehornoy 1994]: a braid x is smaller than another
braid y if, among all expressions of the quotient x 'y in the standard generators
o0;, there exists at least one expression in which the generator o, with maximal
(or minimal) index m appears only positively, that is, o, occurs, but o, I does
not. Several deep results about that ordering have been proved, for example, that

MSC2000: primary 20F36; secondary 05A05, 20F60.
Keywords: braid group, orderable group, well-ordering, normal form, fundamental braid.

139


http://pjm.berkeley.edu
http://dx.doi.org/10.2140/pjm.2007.232-1
http://www.ams.org/msnmain?fn=705&pg1=CODE&op1=OR&s1=20F36,(05A05, 20F60)

140 PATRICK DEHORNOY

its restriction to BZ is a well-ordering. A number of equivalent constructions are
known [Dehornoy et al. 2002].

Although both are combinatorial, the previous structures remain mostly uncon-
nected—and connecting them is among the most natural questions of braid com-
binatorics. For degree 1, that is, for simple braids, the linear ordering corresponds
to a lexicographical ordering of the associated permutations [Dehornoy 1999]. But
this connection does not extend to higher degrees, and almost nothing is known
about the restriction of the linear ordering to positive braids of a given degree. In
particular, no connection is known between the Garside normal form and the al-
ternative normal form constructed by S. Burckel [1997; 1999; 2001] which makes
comparison with respect to the linear ordering easy. For example, the Garside
normal form of A%d is (o10201)*?, while its Burckel normal form is (0’20’120'2)d 012”].

This paper investigates the finite linearly ordered sets (Div( Aﬁ ), <). A nice way
of thinking about this structure is to view the increasing enumeration of Div(A9) as
a distinguished path from 1 to A¢ in the Cayley graph of B,,. Completely describing
this path would arguably solve optimally the rather vague task of connecting the
Garside and the ordered structures of braid groups. The combinatorics of such a
description seems to be extremely intricate, and it remains out of reach for the
moment, but we prove partial results in this direction.

(1) In the general case, we determine some numerical parameters associated with
(DiV(Aﬁ), <), which in some sense measure its size. For small values of n
and d, we find explicit values.

(i1) In the special case n = 3, we completely describe the increasing enumeration
of (Div(AY), <).

Specifically, the parameters we investigate are the complexity and the heights.
The complexity c(A?) is defined as the maximal number of o,_; occurring in
an expression of A? containing no an__ll. We connected the complexity with the
termination of the handle reduction algorithm in [Dehornoy 1997], but left its deter-
mination as an open question. The r-height i, (A¢) is defined to be the number of
r-jumps in the increasing enumeration of (DiV(Aff ), <) (augmented by 1), where
the term r-jump refers to some natural filtration of the linear ordering < by a
sequence of partial orderings <,. When r increases, the r-jumps are higher and
higher, so hr(Az) counts how many big jumps exist in (Div(Aﬁf), <). Here, we
prove that the complexity c(Ai) equals the height A, I(Aﬁ) (Proposition 2.19),
and that, for each r, the r-height &, (A9) is the number of divisors of A? whose
d-th factor of the normal form is right divisible by A, (Proposition 3.11). Together
with the combinatorial results of [Dehornoy 2007], this allows for computing the
explicit values listed in Table 1, and for establishing various inductive formulas
(Propositions 3.15 and 3.17, among others).
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Besides the enumerative results, we also prove a general structural result that
connects the ordered set (DiV(Aﬁ), <) with subsets of (Div(Aﬁ_l), <) (Corollary
3.6). This result suggests an inductive method for directly constructing the in-
creasing enumeration of (DiV(A‘,f), <) starting from those of (DiV(Azil), <) and
(DiV(AZ“), <). This approach is completed here for n = 3 (Proposition 4.6). In
some sense, 3 strand braids are simple objects, and the result may appear as of only
modest interest; however, the order on B3+ is a well-ordering of ordinal type w®
and hence not such a simple object. The interesting point is that this approach
leads to a new, alternative construction of the braid ordering, with, in particular,
a new and simple proof for the so-called Comparison Property at the heart of the
construction (it guarantees the ordering’s linearity). In this way, one obtains not just
another ordering construction among many [Dehornoy et al. 2002] but, arguably,
the optimal one. After the initial inductive definition is correctly stated, it makes
all proofs simple and also makes explicit the connection to the Garside structure.

The paper is organized as follows. After an introductory section recalling basic
properties and setting the notation, we introduce the parameters C(Aﬁf ) and A, (AZ )
in Section 2 and establish how they are connected. In Section 3, we connect in turn
hr(Aﬁ) to the number of n-braids whose d-th factor in the normal form satisfies
certain constraints, and deduce explicit values. Finally, in Section 4, we study
(Div(Agl), <), describe its increasing enumeration, and construct its braid ordering.

1. Background and preliminary results

Our notation is standard, and we refer to textbooks like [Birman 1974] or [Epstein
et al. 1992] for basic results about braid groups. We recall that the n strand braid
group B, is defined for n > 1 by the presentation

oo ol
(1-1) Bn=<al,...,anl; oioj=0jor  forli—ji >

ojojo; =0jo;0; forl|i—j|=1

while, for n = 1, we let By be the trivial group. The next group B; is freely
generated by o;. The elements of B, are called n strand braids, or simply n-braids.
We use B, for the group generated by an infinite sequence of o;’s subject to the
relations of (1-1), that is, the direct limit of all B,’s with respect to the inclusion
of B, into B, 1.

By definition, every n-braid x admits (infinitely many) expressions in terms of
the generators o;, 1 <i < n. Such an expression is called an »n strand braid word.
Two braid words w, w’ representing the same braid are said to be equivalent; the
braid represented by a braid word w is denoted [w].

1A. Positive braids and the element A,. We denote by B, the monoid admitting
the presentation (1-1), and by BZ, the union (direct limit) of all B;"’s. The elements
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of B;} are called positive n-braids. In BX, no element except 1 is invertible, and
we have a natural notion of divisibility:

Definition 1.1. For x, y in B,", we say that x is a left divisor of y, denoted x <y,
or, equivalently, that y is a right multiple of x, if y = xz holds for some z in B;.
We denote by Div(y) the (finite) set of all left divisors of y in B,

The monoid B,} is not commutative for n > 3, and therefore there are distinct,
but symmetric, notions of a right divisor and a left multiple; however, we shall
mostly use left divisors. Note that x is a (left) divisor of y in the sense of B;f if
and only if it is a (left) divisor in the sense of BJ, so there is no need to specify
the index n.

According to Garside theory [1969], B; equipped with the left divisibility rela-
tion is a lattice: any two positive n-braids x, y admit a greatest common left divisor
gcd(x, y), and a least common right multiple lem(x, y). A special role is played
by the Iem A, of oy, ..., 0,—1, which can be defined inductively by

(1-2) Alzl, An20’10’2...0’n_1 An—l-

It is well known that Aﬁ belongs to the center of B, (and even generates it for
n > 3), and that the flip automorphism ¢, of B, corresponding to conjugation by
A, exchanges 0; and 0,,_; for 1 <i <n—1.

In B, the left and the right divisors of A, coincide, and they make a finite
sublattice of (B;", <) with n! elements. These braids will be called simple. When
braid words are represented by diagrams as mentioned in Figure 1, simple braids
are those positive braids that can be represented by a diagram in which any two
strands cross at most once.

By mapping o; to the transposition (i, i + 1), one defines a surjective homo-
morphism 7 of B,, onto the symmetric group &,,. The restriction of 7 to simple
braids is a bijection: for every permutation f of {1, ..., n}, there exists exactly one

1 2 i i+1

N N
SR

Figure 1. One associates to every n strand braid word w an n
strand braid diagram by stacking elementary diagrams as above.
Two braid words are equivalent if and only if the associated dia-
grams are the projections of ambient isotopic figures in R?, that is,
one can deform one diagram into the other without allowing the
strands to cross or moving the endpoints.
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simple braid x satisfying w(x) = f. It follows that the number of simple n-braids
is nl.

Example 1.2. The set Div(A;) consists of six elements, namely 1, o1, 02, 02071,
o102, and Aj. In examples, we shall often use the shorter notation a for o1, b for
07, etc. Thus, the six simple 3-braids are 1, a, b, ba, ab, aba.

1B. The normal form. For each positive n-braid x distinct from 1, the simple
braid ged(x, A,) is the maximal simple left divisor of x, and we obtain a dis-
tinguished expression x = x1x’ with x; simple. By decomposing x’ in the same
way and iterating, we obtain the so-called normal expression [El-Rifai and Morton
1994; Epstein et al. 1992].

Definition 1.3. A sequence (xy, ..., xz) of simple n-braids is said to be normal if,
for each k, one has x; = gcd(A,, x¢ ... Xx4).

Clearly, each positive braid admits a unique normal expression. It will be con-
venient to consider the normal expression as unbounded on the right by completing
it with as many trivial factors 1 as needed. In this way, we can speak of the d-th
factor (in the normal form) of x for each positive braid x. We say that a positive
braid has degree d if d is the largest integer such that the d-th factor of x is not 1.
We shall use the following two properties of the normal form:

Lemma 1.4 [El-Rifai and Morton 1994]. Suppose (x1, ..., xq) is sequence of sim-
ple n-braids. It is normal if and only if, for each k < d, each o; that divides xy1
on the left divides xy on the right.

Lemma 1.5 [El-Rifai and Morton 1994]. For x a positive braid in B;}, the follow-
ing are equivalent:

(i) The braid x belongs to Div(AY), that is, is a (left or right) divisor of AY;
(i1) The degree of x is at most d.

Example 1.6. There are 19 divisors of A?, which also are the 3-braids of degree at
most 2. Their enumeration in normal form—in an ordering that may seem strange
now, but should become familiar soon—is: 1, a, a-a, b, ba, ba-a, b-b, b-ba, ab,
aba, aba-a, ab-b, ab-ba, a-ab, aba:b, aba:ba, ba-ab, aba-ab, aba-aba.

By Lemma 1.5, every divisor of A? can be expressed as the product of at most
d divisors of A,, so we certainly have #DiV(Aff )y < (n)? for all n, d.

1C. The braid ordering.

Definition 1.7. Let w be a nonempty braid word. We say that o, is the main
1 +

occurs in w, but no o; U with i > m does. We say that

w is o -positive if the main generator occurs only positively in w, and similarly it

generator in w if o,, or o,

is o -negative if that generator occurs negatively.
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A positive nonempty braid word, that is, one that contains no al._l at all, is o-
positive, but the inclusion is strict: for instance, o, 102 is not positive, but it is
o -positive, as its main generator, namely o,, occurs positively (with one o) but
not negatively (no 02_1).

The following two properties have received a number of independent proofs

[Dehornoy et al. 2002]:
Property A. A o -positive braid word does not represent 1.

Property C. Every braid except 1 can be represented by a o -positive word or by a
o -negative word.

Building on these results, it is straightforward to order the braids:

Definition 1.8. If x, y are braids, we say that x < y holds if the braid x ~'y admits
at least one o -positive representative.

It is clear that the relation < is transitive and compatible with multiplication on
the left; Property A implies that < has no cycle and hence is a strict partial order,
and Property C then implies that it is actually a linear order.

As every nonempty positive braid word is o-positive, x < y implies x < y for
all positive braids x, y. The converse is not true: o} is not a left divisor of o, but
o1 < 07 holds because o~ 102 is a o-positive word.

Example 1.9. The increasing enumeration of the set Div(A,) is
1l <a<b<ba<ab<aba.

For instance, we have ba < ab, that is, 0901 < 070, because the quotient, namely
o ! 02_1 0107 (or ABab), also admits the expression 020, 1, a o-positive word. Sim-
ilarly, the reader can check that the increasing enumeration of Div(A%) is the one
given in Example 1.6.

Lemma 1.10. The linear ordering < extends the left divisibility ordering <.

Proof. By definition, 1 < o; holds for every i. As the ordering < is compatible with
multiplication on the left, it follows that x < xo; holds for all i, x, and, therefore,
x < xy holds whenever y is a nontrivial positive braid. 0

Lemma 1.10 implies that 1 is always the first element of (DiV(AZ ), <), and Aﬁ
is always its last element. A deep result by Laver [1996] shows that, although <
is not compatible with right multiplication in general, nevertheless x < o;x always
holds, that is, < also extends the right divisibility ordering.

By Property C, every nontrivial braid admits at least one o -positive or o -negative
expression. In general, such a o-positive or o-negative expression is not unique,
but the main generator in such expressions is uniquely defined:
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Lemma 1.11. If a braid x admits a o -positive expression, then the main generators
in any two o -positive expressions of x coincide.

Proof. Assume that w, w’ are o -positive expressions of x, and let o, o, be their
main generators. Assume for instance m < m’. Then w~'w’ is a o-positive word,
and it represents the trivial braid 1: this contradicts Property A. 0

Thus, there will be no ambiguity in referring to the main generator of some
nontrivial braid x: this means the main generator in any o -positive (or o -negative)
expression of x.

Remark 1.12. Our definition corresponds to the order <? of [Dehornoy et al.
2002]. It differs from the one most used in the literature in that the definition of
a o-position refers to the maximal index rather than the minimal one. Switching
from one definition to the other amounts to conjugating by A, that is, to applying
the flip automorphism. The results are entirely similar for both versions. However,
it is much more convenient to consider the “max” choice here, because it guarantees
that B is an initial segment of B: 41~ Using the “min” convention would make
the statements in the following sections less natural.

2. Measuring the ordered sets (Div(Aﬁ )y <)

To investigate the finite ordered sets (Div(Aff ), <), and, more generally, the sets
(Div(z), <) for positive braids z, we shall define numerical parameters that reflect
their size. The first parameter involves the length of the o -positive words that are, in
a natural sense defined below, drawn in the Cayley graph of Aﬁ . It will be called the
complexity of Aﬁ , because it is directly connected with the complexity analysis of
the handle reduction algorithm of [Dehornoy 1997]. The other parameters involve
a filtration of the linear ordering by the o;’s, and they will be called the heights of
AY because they count the jumps of a given height in (Div(AY), <).

2A. Sigma-positive paths in the Cayley graph. The first parameter we attach to
(Div(z), <) involves the o-positive paths in the Cayley graph of z.

We recall that the Cayley graph of the group B,, with respect to the standard
generators o; is a labeled graph: it has the vertex set B, and is such that there
exists a oj-labeled edge from x to y if and only if y = xo;. The Cayley graph of
the monoid B;" is obtained by restricting the vertices to B;". Note that the Cayley
graph of B, (and a fortiori of B;") can be seen as a subgraph of the Cayley graph
of Bo.

Definition 2.1. (See Figure 2.) For z a positive braid, we denote by I'(z) the
subgraph of the Cayley graph of B, obtained by restricting the vertices to Div(z)
and removing the edges do not connect two vertices in Div(z).
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Because every element of B is a left divisor of A¢ for sufficiently large d, the
Cayley graph of B;! is the union over all d of the graphs I‘(AZ ).

2 2 2 2
(72 0'261 (720'1 0’20'10'2

Om=pQ L O0—>Q
02 0201 02/ 0201 A3o1 Y Azo0n
Or==== "C\ """ "5\‘ Oo—Q
/ / o
1 oAy 1 As o A2

"N P . <
3 "
O—>0 o—>Q . Q=== >
o] 0109 o1 0102 /'1 30’z/ A307071
< T\
,O—30 O-z--»

2 2
Ul 0’102 0102 0’10'2(71

Figure 2. The graphs of I'(A;) and F(A%); the dotted edges rep-
resent oy, the plain ones o;; observe that the graph of A% is not
planar; in grey: two o -positive words traced in the graphs, namely
aAbab and bbabAbab (see Lemma 2.3).

A path in the Cayley graph can be specified by its initial vertex and the listed
labels of its successive edges, that is, by a braid word. For each i < n and each x
in B, there is in B,,’s Cayley graph exactly one o;-labeled edge leading into x and
exactly one other going out of it. Hence, in the complete Cayley graph of B,, for
each initial vertex x and each n-braid word w, there is always one path labeled w
starting from x. When we restrict to some fragment I, this need not be the case,
but we do have an unambiguous notion of w being drawn in I from x. Formally:

Definition 2.2. If " is a subgraph of the Cayley graph of B, and x is a vertex
in I', we say that a braid word w is drawn from x in I' if, for every prefix vo;
(resp. valfl) of w, there exists a o;-labeled edge starting (resp. finishing) at x [v]
inT.

For instance, we can check on Figure 2 that the word 012 is drawn from o7 in
I'(A?), but not in I'(A;). In algebraic terms,

Lemma 2.3. Assume that z is a positive braid, and w is a braid word. Then w is
drawn from x in ' () if and only if x[v] < z holds for each prefix v of w.

Proof. The condition is sufficient. Indeed, assume it is satisfied by w, and vo; is a
prefix of w. Then, by hypothesis, x[v] and x[v]o; are left divisors of z. Hence are
vertices in I'(z), and, therefore, there is a o;-labeled edge between x[v] and x[v]o;
in I'(z). The argument is similar for a prefix of the form vai_l. Using induction
on the length of w, we deduce that w is drawn from x in I"(z).
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Conversely, if there is a w-labeled path from x in I'(z), then, for each prefix v of
w, the braid x[v] represents some vertex in I"(z). Hence it’s a left divisor of z. [J

For z a positive braid, we shall investigate the o-positive words drawn in the
graph I'(z). It is clear that, even if Div(z) is a finite set, arbitrary long words are
drawn in I"(z) whenever the latter contains at least 2 vertices, that is, z isnot 1. The
example of Figure 2 shows that restricting to o -positive words does not change the
result: for instance, for each k, the word (olal_l)k 020107 1S a o -positive expression
of A3, and it is drawn in I'(A5). So we cannot hope for any finite upper bound on
the length of the o -positive words drawn in I'(z) in general. The situation changes
if we concentrate on the main generators, that is, we forget about the generators
with nonmaximal index.

Lemma 2.4. Assume that T is subgraph of the Cayley graph of B, and w is
a o-positive word drawn in I'(z). Then the number of occurrences of the main
generator in w is at most the number of nonterminal vertices in I.

Proof. Assume that w is drawn from x in I'. Let o, be the main generator in w.
As there is at most one o,,-labeled edge starting from each vertex of I, it suffices
to show that the number of ¢,,’s in w is bounded above by the number of ¢,,-edges
in I'. Hence, it suffices to show that the path y associated with w cannot cross the
same o,-edge twice. Now assume that some o,,-edge starts from the vertex y, and
that y crosses this edge twice. This means that y contains a loop from y to y. Let
v be the subword of w labeling that loop. By construction, v begins with o,, it
contains no o, and no o= with i > m as it is a subword of w, and it represents
the braid 1 as it labels a loop in the Cayley graph of B..: this means that v is a
o -positive word representing 1, which contradicts Property A. O

Lemma 2.4 applies in particular to every graph I'(z) in which z is a positive
braid. We can introduce our first parameter measuring the size of the ordered set
(Div(z), <):

Definition 2.5. (See Figure 2.) When z is a positive braid with main generator o,
the complexity c(z) of z is defined to be the maximal number of ,,,’s in a o -positive
word drawn in I"(z).

Example 2.6. The word 070107 is a o-positive word drawn from 1 in I'(A;),
and it contains two 03’s. Hence we have c(A;) > 2. Actually, it is not hard to
obtain the exact value ¢(A;) = 2. Indeed, if a o-positive path y contains the two
oy-edges starting from 1 and o107, it cannot come back to oy without crossing
the third o,-edge; and if y contains the o;-edge that starts from o7, it can never
come back to 1 or to op07 and therefore contains at most one oy-edge. As we have
Agl = (020102)¢, we deduce c(Ag) > 2d for every d. This value is certainly not
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optimal: Figure 2 contains five 0;’s, proving c(A%) > 5. The exact value here is 6,
and, more generally, we have c(Aﬁf ) =24+ _ 2 as will be seen in Section 3.

Remark 2.7. Restricting to o-positive words drawn in I'(z) is essential: for in-
stance, for each k, we have

(2-1) Ay =05 a0,

a o -positive word containing k 42 letters o,. Now, for k > 1, the word involved in
(2-1) is not drawn in F(A%), because its prefix 022 is not. Thus the parameter c(z)
does involve the left divisors of z.

Directly applying Lemma 2.4 gives:

Proposition 2.8. Every positive braid has a finite complexity; more precisely, for z
of length € in BF withn > 3, we have c(z) < (n — 1)*.

Proof. The number of nonterminal vertices in I'(z), that is, the number of proper
left divisors of z, isatmost 1 + (n — )+ (n— D2 +-- -+ (n — DL, O

As the length of any positive expression of A, is n(n — 1)/2, we obtain in
particular for all n, d

(2-2) c(A}) < (n— Db,

Before going further, we observe that, in defining the complexity of z, we can
restrict to decompositions of z, that is, instead of considering paths starting and
finishing at arbitrary vertices, we can restrict to paths going from 1 to z:

Lemma 2.9. Assume that 7 is a positive braid with main generator o,,. Then c(z)
is the maximal number of o,,’s in any o -positive decomposition of z drawn in T'(z).

Proof. Let ¢/(z) be the number involved in the above statement. Clearly we have
¢'(z) < ¢(z). Conversely, assume that w is drawn in I'(z) from x, and that the
w-labeled path starting at x finishes at y. Let u be a positive expression of x, and
v be a positive expression of y~!z. The latter exists as, by hypothesis, y is a left
divisor of z. Then uwv is a o-positive decomposition of z drawn in I'(z). Hence
we have ¢'(z) > c(2). O

Remark 2.10. We call Property A* the statement that all numbers c(Aﬁ) are finite.
Above, we derived Property A* from Property A. The two properties are actually
equivalent, that is, we can also deduce Property A from Property A*. For that,
assume that some o -positive braid word w represents 1. The word w may involve
negative letters. We must find a vertex x that begins a path labeled w in some
F(Aﬁf ). Let 0, be the main generator in w. The word w has finitely many prefixes,
say wo, ..., we. By Garside theory, each word w; is equivalent to one the form
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u; g, with u;, v; positive. Let x be the least common left multiple of the positive

braids
[uol, ..., [ue].

For each i, the braid x[w;] is positive. Moreover, there exist n and d such that

x[wol, ..., x[we]

are all divisors of Aﬁ. Thus the word w is drawn from x in F(Az ), and the associ-
ated path is a loop around x. It follows that w* is drawn in F(AZ ) from x for each
k. By construction, w* contains at least k generators o,,. Hence c(Ag) cannot be
finite.

2B. Connection with handle reduction. Handle reduction [Dehornoy 1997] is an
algorithmic solution to the word problem of braids that relies on the braid ordering.
It is the most efficient method today. The method converges, and the argument in
[Dehornoy 1997] shows the complexity upper bound to be exponential in the input
word length, an estimate seemingly very far from sharp.

Each step of handle reduction involves a specific generator o;, and, for an in-
duction, the point is to obtain an upper bound on the reduction steps involving the
main generator. The latter will naturally be called the main reduction steps. The
connection between handle reduction and the complexity as defined above relies
on the following technical result:

Lemma 2.11 [Dehornoy 1997]. Assume that 7 is a positive braid with main gener-
ator oy, and that w is drawn in I' (). Then, for each sequence of handle reductions
from w—that is, each sequence w with wy = w such that wy, is obtained by re-
ducing one handle from wy_y for each k —there exists a witness-word u that is
o -positive, drawn in Div(z), and such that the number of o,,’s in u is the number
of main reductions in W.

It follows that the number of main reduction steps in any sequence of handle
reductions starting with a word drawn in I'(z) is bounded above by c(z). In partic-
ular, if we start with an n strand braid word w of length £, then it is easy to show
that w is drawn in I'(AY), and, applying the upper bound of Equation (2-2), we
deduce the upper bound on the number of possible main reductions from w, and it
is exponential in £.

A natural way to improve this coarse upper bound would be to determine c(A%)
more precisely. This will be done in Section 3 below. However, the explicit for-
mulas show that, for n > 3, the growth in d really is exponential, thus dashing any
hopes of proving a polynomial upper bound for the number of reduction steps by
this approach.
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2C. A filtration of the braid ordering. We now introduce new numerical param-
eters for the ordered sets (Div(z), <). These numbers connect with a natural fil-
tration of the ordering <, using an increasing sequence of partial orderings.

By Lemma 1.11, the index of the main generator of a nontrivial braid is well
defined. We can use this index to measure the height of the jump between two
braids x, y satisfying x < y:

Definition 2.12. For x, y in By, and r 2> 1, we say that x <, y holds or, equivalently,
that (x, y) is an r-jump, if x~'y admits a o -positive expression in which the main
generator is o, withm > r.

Lemma 2.13. Foreachr > 1, the relation <, is a strict partial order that refines < ;
the relation < coincides with <, and r < q implies that <, refines <,.

Proof. That <, is transitive follows because the concatenation of a o-positive
word with main generator o, and a o-positive word with main generator o, is a
o -positive word with main generator omax(m,m’)- U

In the sequel, we consider the <,-chains included in Div(z), and their length:

Definition 2.14. For z a positive braid and r > 1, we define the r-height h,(z) of
Z to be the maximal length of a <,-chain included in Div(z).

Before giving examples, we observe the connection between £, (z) and the in-
creasing enumeration of the set Div(z):

Lemma 2.15. Let 7 be a positive braid and r > 1. Then h.(z) — 1 is the number of
r-jumps in the increasing enumeration of (Div(z), <).

Proof. If the number of r-jumps in the increasing enumeration of Div(z) is N, — 1,
we can extract from Div(z) a <,-chain of length N,. Conversely, assume that
(Y0, --.YynN,) is a <,-chain in Div(z). Let zop < ... < zx be the increasing enu-
meration of Div(z). As <, refines <, there exists an increasing function f of
{0,..., N,} into {0, ..., N} such that y; = z(; holds for every i. Now the hy-
pothesis z ¢y <, zri+1) implies that there exists at least one r-jump between z ¢ ;)
and z¢(;+1). Indeed, by Lemma 1.11, it is impossible that a concatenation of m-
jumps with m < r results in a r-jump. So the number of r-jumps in (zg, ..., ZN)
is at least N,. O

In other words, to determine /,(z), there is no need to consider arbitrary chains:
it is enough to consider the maximal chain obtained by enumerating Div(z) ex-
haustively.

Example 2.16. Refining the increasing enumeration of Div(A;) of Example 1.9
by indicating for each step the height of the corresponding jump, we obtain:

(2-3) 1 <ia<yb<iba<gyab <y Ag,
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where we recall a, b, ... stand for oy, 07, .. .. For instance, (ba, ab) is a 2-jump,
because we have in (ba)~!(ab) = ABab = AabA = bA a o-positive decomposition
with main generator o,. The number of 1-jumps in (2-3), that is, the number of
symbols <, with r > 1, is 5, while the number of 2-jumps is 2, so, by Lemma 2.15,

we deduce n1(A;) =6 and hy(A;) = 3. Similarly, we obtain for A%

1 <3a<jaa<yb<yba <y baa <ybb <4 bba <5 ab <3 aba <; abaa <5 abb

<41 abba <5 aab <4 aaba <1 aabaa <5 baab <4 baaba <4 baabaa,
leading to /11 (A3) =19 and hp(A2) =7.
Proposition 2.17. (i) For every braid z in B;}', we have
hi(z) =#Div(z) 2 ha(z) = -+ - = hy(2) = 1.
(ii) For all positive braids z, 7' and r > 1, we have
(2-4) he(z2') = he(z) + b, (2).

Proof. (i) A <-chain is simply a <-chain. Hence every subset of Div(z) gives
such a chain. So the maximal <i-chain in Div(z) is Div(z) itself, and & (z) is the
cardinality of Div(z).

On the other hand, no <,-chain in B,T has length more than 1, as the main
generator of a o -positive n-strand braid word cannot be o,, or any generator above
it. Thus A, (z) is 1.

Then, for g <r, every <,-chain is a <,-chain, which implies £, (z) > hg(2).

Point (i1) is obvious, as the concatenation of two <,-chains is a <,- cham. Il

From (2-4) we deduce %, (z%) >d-h,(z) forall r, z. By Lemma 1.5, every divisor
of Aﬁ can be decomposed as the product of at most d divisors of A,. There are n!
such divisors, so we obtain the (coarse) bounds

d-hy(A,) < h (A < (),
for all r, n, d. Better estimates will be given below.

Remark 2.18. Instead of restricting to subsets of By, of the form Div(z), we can
define the complexity and the r-height for every (finite) set of braids X. Most of
the general results extend, but, when X is not closed under left division, nothing
can be said about the number of o0,’s involved in an r-jump. Considering such an
extension is not useful here.

2D. Connection with the complexity. We shall now connect the complexity c(z)
with the numbers 4, (z) just defined. The result is simple:
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Proposition 2.19. For z a positive braid with main generator o,,, we have
c(2) =hyu(z)—1.
In particular, forn > 2 and d > 0, we have
(A =h,_1(AY) —1.
One inequality is easy:

Lemma 2.20. For z a positive braid with main generator o,,, we have c(z) <
hm(z) — 1.

Proof. The argument is reminiscent of the one used for Lemma 2.15 but requires
a little more care. Assume that w is a o-positive word drawn in I'(z) from x
containing N,, occurrences of o,,. By Lemma 2.9, we can assume x = 1 without
loss of generality. Let zg < z; < ... < zy be the increasing enumeration of Div(z).
By definition, all prefixes of w represent divisors of z, so, letting £ be the length
of w, there exists a mapping f : {0,...,£¢} — {0, ..., N} such that, for each %,
the length k prefix of w represents z ¢(). By construction, we have f(0) =0 and
f)=N.

The difference from Lemma 2.15 is that f need not be increasing. Now, let
Dt ---, PN, be the N,, positions in w where the generator o,, occurs, completed
with pg = 0. Then, in the prefix of w of length p;, that is, in the subword of w
corresponding to positions from pg + 1 to py, there is one o, plus letters al.il
with i < m (Figure 3). This subword is therefore o-positive. Hence we must have
Zf(po) < Zf(p1)» Whichrequires f(po) < f(p1). Moreover, the quotient z]?(]po)zf(pl)
is a braid that admits at least one o -positive expression containing o,,, and hence
Zf(po) <m Zf(p1)- Now the same is true between f(p1) and f(p2), etc. Hence the
number of m-jumps in the increasing enumeration of Div(z) is at least N,,, that is,

we have h,,(z) > N, + 1. O
------------ > .
| | <5 o -positive
| i | expression of z
R s 110)
lf(O) lf(2) lf(l) f@ | f® fG6) | f(©) . )
A o A — R A M - increasing

20 21 22 <m 23 2 75 <m 26 77 zg numeration of Div(z)

Figure 3. Proof of Lemma 2.20. The main generator o, corre-
sponds to the bold arrow: the function f need not be increasing,
but the projection of a bold arrow upstairs must include at least
one bold arrow downstairs, that is, at least one m-jump.
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It remains to prove the second inequality in Proposition 2.19, that is, to prove
that, if z is a positive n-braid satisfying 4,,(z) = N + 1, then z admits a o -positive
expression containing N generators o,,. The problem is as follows: if z is a positive
braid and x, y are left divisors of z satisfying x < y, then, by definition, the quotient
x~ !y admits some o -positive expression w, but nothing a priori guarantees that w
be drawn in I'(z). In other words, we might have x < y but no o-positive witness
for this inequality inside Div(z). It turns out this cannot happen, but the proof
requires a rather delicate argument.

Proposition 2.21. Let 7 be a positive braid. Then, for all x,y in Div(z), the
following are equivalent:

(1) The relation x < y holds, that is, there exists a o -positive path from x to y in
the Cayley graph of Boo;

(i1) There exists a o -positive path from x to y in the Cayley graph of By;
(iii) There exists a o -positive path from x to y in I' (z).

Proof. Clearly (iii) implies (ii), which in turn implies (i). We shall prove that (i) im-
plies (iii) — and thus reprove that (i) implies (ii), which was first proved in [Larue
1994] — by using the handle reduction method of [Dehornoy 1997; Dehornoy et al.
2002]. The problem is to prove that, among all o-positive paths connecting x to y
in the Cayley graph of B, at least one is drawn in I'(2).

Now, let u, v be positive words representing x and y. Then the word u~'v
represents x ~'y, and, by hypothesis, it is drawn in I'(z) from x. Handle reduction
transforms a braid word into equivalent words and eventually produces a o -positive
word if it exists. It is proved in [Dehornoy 1997] that, for every n strand braid word
w, there exists a finite fragment I',, of the Cayley graph of B and a vertex x,,
of I', such that w and all words obtained from w by handle reduction are drawn
from x,, in I'y,. Moreover, when w has the form u~'v with u, v positive, then all
vertices in I, are the left divisors of the least common right multiple of the braids
represented by u and v, here x and y, while x,, is the braid represented by u, that
is, x. As x and y are divisors of z, so is their least common right multiple, and the
graph I, is included in I" (z). It follows that every word obtained from u~'v using
handle reduction is drawn from x in I'(z). The termination of handle reduction
guarantees that, among these words, at least one is o -positive, so (iii) follows. [

A direct application of Proposition 2.21 is the existence of o-positive quotient
sequences drawn in the Cayley graph. The definition is as follows:

Definition 2.22. Assume that z is a positive braid and X is a subset of Div(z).
Let xo < ... < xy be the increasing enumeration of X. We say that a sequence of
words W = (wy, ..., wy) is a quotient sequence for X if, for each k, the word wy
is an expression of xk__l \xx for each k. We say that w is o -positive if every entry in
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w is o-positive, and that w is drawn in T'(z) (from x¢) if wy is drawn from x;_;
in I'(z) for each k.

Corollary 2.23. Assume that 7 is a positive braid. Then every subset of Div(z)
admits a o -positive quotient sequence drawn in I' (z).

Example 2.24. (Figure 4) By computing the successive quotients in the increasing
enumeration of DiV(A%) given in Example 1.9, we easily find that

(a, a, AAb, a, a, AADb, a, AADb, a, a, bAA, a, bAA, a, a, bAA, a, a)

is a o-positive quotient sequence for DiV(A%) drawn in F(A%). This sequence
turns out to be the unique sequence with the above properties, but this uniqueness
is specific to the case of 3-braids (see Figure 8 below).

We can now easily complete the proof of Proposition 2.19:

Proof of Proposition 2.19. Let (zo,...,2Zn) be the <-increasing enumeration
of Div(z). By Corollary 2.23, there exists a o-positive quotient sequence w for
Div(z) thatisdrawnin I'(z). Let w =w; ... wy. By construction, w is a o -positive
word drawn in I'(z), and the number of occurrences of the main generator o, in w
is (at least) the number of m-jumps in (zg, ..., zny). So we have ¢(z) = h,,(z) — 1.
Invoking Lemma 2.20 completes the proof. O

Remark 2.25. Assume that w is a o-positive quotient sequence for Div(z), and
o, is the main generator occurring in w. Then each word w; contains zero or one
letter o,,. Indeed, if w; contained two o,,’s or more, then the vertex reached after
the first o, ought to lie in the open <-interval determined by two successive entries
of Z, and the latter is empty by construction since all elements of Div(z) occur in Z.

Figure 4. The increasing enumeration of the divisors of A%,
and a o-positive quotient sequence drawn in F(A%): the associ-
ated path visits every vertex, and is labeled aaAAbaaAAbabAAa
aAAbabAAaabAAaa; it crosses 6 ox-edges (and no o, 1).
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3. A decomposition result for (Div(z), <)

In this section, we establish a structural result describing (Div(Aﬁ), <) as the
concatenation of c(Aﬁ) + 1 intervals isomorphic to subsets of (DiV(Az_l), <).
We deduce an explicit formula connecting h,(Aff ) with the number of braids in
Div(A%) whose d-th factor is right divisible by A,, which in turn enables us to
finish computing c(AZ ) and h,(Ag) for small values of r, n and d.

3A. B,-classes. To analyze the linearly ordered sets (DiV(Aff), <), and, more
generally, (Div(z), <) for z a positive braid, we introduce convenient partitions.
As B, is a group for each r, it is clear that the relation x~! y € B, defines an
equivalence relation on (positive) braids, so we may put:

Definition 3.1. For r > 1 and x, y in B:O, we say that x and y are B,-equivalent if
x~ !y belongs to B,.

By construction, B,-equivalence is compatible with multiplication on the left.
In the sequel, we consider the restriction of B,-equivalence to finite subsets of B,
of the form Div(z), that is, we use B,-equivalence to partition Div(z) into subsets,
naturally called B,-classes.

Example 3.2. As B is trivial, Bj-equivalence is equality, and so, therefore, the
Bi-classes are singletons. On the other hand, any two elements of B, are B,-
equivalent for each r > n, so, for z in B,T , there is only one B,-class for r > n, and
the only interesting relations arise for 1 < r < n. For instance, Div(A;) contains
three B,-classes, while Div(A%) contains seven of them (Figure 5).

Saying that there is an r-jump between two braids x and y means that x 'y is
o -positive and does not belong to B,, so, for x < y, we have the equivalence

(3-1) (x, y are not B,-equivalent) <= (there 18 a r-jump between>

between x and y

O---->Q_ ,0—>Q

.

Figure 5. The B-classes in Div(A;) and DiV(A%).
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Lemma 3.3. Assume that z is a positive braid. Then, each B,-class in Div(z) is an
interval for < and there is an r-jump between each By-class and the next one.

Proof. Assume x <y € Div(z). By (3-1), if x and y are not B,.-equivalent, there is
an r-jump between x and y and hence also between x and any element of Div(z)
above y. Thus no such element may be B,-equivalent to x. This implies that each
B, -class is an <-interval. Il

Corollary 3.4. For each r > 1, the number of B,-classes in Div(z) is h,(2).

Proof. By (3-1), there is no r-jump between two elements of the same B,-class,
and there is one between two elements not in the same B,-class. Thus the number
of B,-classes is the number of 7-jumps in the <-increasing enumeration of Div(z)
augmented by 1. Hence, by Lemma 2.15, it is /,(2). U

With B,-equivalence, we can partition (Div(z), <) into finitely many subinter-
vals. The interest of this partition is that we can describe B,-classes rather precisely
and, typically, connect them with subsets of B,. In particular, this will allow for
connecting the ordered sets (Div(Aff), <) with the sets (DiV(AZ_l), <).

Proposition 3.5 (Figure 6). Assume z € B;g andr > 1. Let C be a B.-class in
Div(z), and let a, b be its <-extremal elements. Then a divides every element of
C on the left, and the left translation by a establishes an isomorphism between
(Div(a~'b), %, <) and (C, <, <). In particular, (C, <) is a lattice.

Proof. By Lemma 3.3, C is the <-interval determined by a and b, that is, we have
C ={xeDiv(z);a <x < b}.

We know that Div(z) is a lattice with respect to left divisibility: any two elements
x, y of Div(z) admit a greatest common left divisor, here denoted gcd(x, y), and a
least common right multiple, denoted Ilcm(x, y). Firstly, we claim that C is a lattice
with respect to left divisibility, that is, the left gcd and the right lcm of two elements
of C lie in C. So assume x, y € C. Let xq, yo be defined by x = gcd(x, y)xo and
y = ged(x, y)yo. The hypothesis that x !y belongs to B, implies that there exist
x1, y1 in B} satisfying x7ly = xflyl. By definition of the gcd, there must exist
a positive braid z; satisfying x; = z1x9 and y; = z;y9. Because z; is positive,
X1 € B;r implies xg € BrJr , and hence gcd(x, y) € C. As for the Icm, the conjunction
of x = ged(x, y)xp and y = ged(x, y)yo implies

lem(x, y) = ged(x, y) lem(xg, yo).

As xo, yo € B;F implies lem(xo, yo) € B;", we deduce Icm(x, y) € C.

As C is finite, it follows that C admits a global gcd. Because the linear or-
dering < extends the partial divisibility ordering <, this global gcd must be the
<-minimum a of C. Symmetrically, C admits a global lcm, which must be the
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Figure 6. Decomposition of (Div(z), <) into B,-classes: each
class C is a lattice with respect to divisibility; the increasing enu-
meration of Div(z) exhausts the first class, then jumps to the next
one by an r-jump, etc. The number of classes is £, (z).

<-maximum b. So, at this point, we know that a is a left divisor of every element
in C, and b is a right multiple of each such element, that is, we have

(3-2) CC{xeBl;a<x<xb}

Moreover, a < x < b implies a < x < b. Hence x € C, and so the inclusion in (3-2)
is an equality.

Now, put F(x) = ax for x in Div(a~'b). As BY is left cancellative, F is
injective. Moreover, for x a positive braid, x < a~'b is equivalent to ax < b, so
the image of F is {x € Bf; a < x < b} = C. Finally, by construction, F preserves
both < and <. O

For r =1, each B,-class is a singleton, and Proposition 3.5 says nothing; sim-
ilarly, if the main generator of z is o,,, there is only one B,-class for r > m, and
we gain no information. But, for 1 < r < m, and specially for » = m, Proposition
3.5 states that the chain Div(z) is obtained by concatenating 4, (z) copies of sets
of the form Div(z") with z’ of index at most r. In particular, for z = Aﬁ , we have:

Corollary 3.6. For each n and r such that r < n, the chain (DiV(AZ), <) is ob-
tained by concatenating hr(Aﬁ) intervals, each of which, when equipped with <,
is a translated copy of some initial sublattice of (DiV(A‘f ), ).

The case of A% and A are illustrated in Figure 7 and Figure 8.
3B. Extremal elements. The next step is to observe that extremal points in B,-
classes admit a simple characterization in terms of divisibility.
Proposition 3.7. Assume that 7 is a positive braid.

(i) Anelement x of Div(z) is the maximum of its B,.-class if and only if the relation
xo; X zfailsfor1 <i <r.
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(i1) An element x of Div(z) is the minimum of its B,-class if and only if no o; with
1 <i < r divides x on the right.

Proof. (i) The condition is necessary: if xo; lies in Div(z) for some i withi < r,
then xo; lies in the same B,-class as x, and it is larger both for < and <, so x
cannot be maximal in its B,-class. Conversely, assume that x is not maximal in
its B,-class. Then there exists y satisfying x < y and y is B,-equivalent to x.
Now, by Proposition 3.5, the lcm of x and y is also B,.-equivalent to x, which
means that there exists y; in B;' satisfying lcm(x, y) = xy;. Now x < y implies

by &
5 & o

Figure 7. Decomposition of (DiV(A%), <) into Bp-classes. The
increasing enumeration of (DiV(A%), <) is the concatenation of
the increasing enumeration of the successive classes, separated by
2-jumps (compare with Figure 4); in this case, B;-classes are sim-
ply chains with respect to divisibility.

Figure 8. Decomposition of (Div(A,), <) into B3-classes. The
o3-arrows (thick) corresponding to 3-jumps are not unique; in this
case, all B3-classes are isomorphic to the lattice (Div(A,), <, <),
that is, to the Cayley graph of As.
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y1 # 1, so there must exist i < m such that o; is a left divisor of y;. Then we have
xo0; <X xy1 < z. Hence xo0; < z.

(ii) The argument is symmetric. If x = yo; for some positive braid y and i < r, then
y belongs to the B,-class of x, and x cannot be minimal in its B,-class. Conversely,
assume that x is not minimal in its B,-class. Then there exists y satisfying y < x
and y is B,-equivalent to x. By Proposition 3.5 again, the gcd of x and y is also B,-
equivalent to x, which means that there exists yo in B;" satisfying ged(x, y)yo = x.
As y < x implies yy # 1, there must exist i < m such that o; is a right divisor of
yo and hence of x. O

When we apply the previous criterion to the braids A4, we obtain:
Proposition 3.8. For x in Div(A?) and 1 < r < n, the following are equivalent.

(1) The element x is <-maximal in its B,-class.

(i1) The element xo; belongs to DiV(Az)for noi <r.
(iii) The d-th factor of x is right divisible by A,.
(iv) The (d + 1)-st factor of x A, is A,.

Proof. The equivalence of (i) and (ii) is given by Proposition 3.7(i). It remains
to establish the equivalence of (ii)—(iv). For r = 1, (ii) is vacuously true, while
(iii) and (iv) always hold. So the expected equivalences are true. We henceforth
assume r > 2.

Let x belong to Div(Af’l ), and let x; be the d-th factor in the normal form of
x. For i < n, saying that xo; does not belong to Div(Aff) means that the normal
form of xo; has length d 4+ 1. Hence, equivalently, that the normal form of x,0;
has length 2. This occurs if and only if o; is a right divisor of x;. So, for r < n,
(ii) is equivalent to x; being right divisible by all o;’s with 1 <i < r and hence to
x4 being right divisible by the (left) lcm of these elements, which is A,.

Finally, (iii) and (iv) are equivalent. Indeed, if the d-th factor x; in the normal
form of x is divisible by A, on the right, then (x4, A,) is a normal sequence as
no o; with i < r from A, may pass to x4. Hence (x1, ..., x4, A,;) is a normal
sequence and necessarily the normal form of xA,. Conversely, assume that the
normal form of xA, is (xy, ..., x4, A,). The hypothesis that (x;, A,) is normal
implies that x; is divisible on the right by each o; with i < r. Hence is divisible
on the right by A,. Now (xq, ..., x4) is the normal form of x. O

Observe that, for r > 2, an element of Div(Aﬁf ) that is <-maximal in its B,-class
cannot belong to Div(AY~1), that is, it cannot have degree d — 1 or less because
the d-th factor of its normal form cannot be 1.



160 PATRICK DEHORNOY

Similar conditions characterize the minimal elements of the B,-classes. Because
the normal form has a privileged orientation, the results are not entirely symmetric
with those of Proposition 3.8

Proposition 3.9. For x in Div(A?) and 1 < r < n, the following are equivalent.

(1) The element x is <-minimal in its B,-class.
(i1) No o; withi < r is a right divisor of x.
(iii) The degrees of x and x A, are equal.

Proof. The equivalence of (i) and (ii) is given by Proposition 3.7(ii), and everything
is obvious for r = 1. So it remains to establish the equivalence of (ii) and (iii) when
r = 2. Now, assume that (ii) holds and x has degree d. The hypothesis that o; is
not a right divisor of x implies that xo; is a divisor of A9. As this holds for each
i <r,thelcm of xoy, ..., x0,_1, namely x A,, also divides AZ, which means that
x A, has degree (at most) d. So (ii) implies (iii).

Conversely, assume that o; divides x on the right. Then the degree of xo; is
strictly larger than that of x, and, a fortiori, the same is true for x A,. O

3C. Determination of h,(AZ). A direct application of the previous results is a
formula connecting the number #, (Aﬁf ) of B,-classes in Div(Aff) with the number
of braids whose normal form ends with some specific factor.

Definition 3.10. For n, d > 1 and for s a simple n-braid, we denote by b, 4(s) the
number of positive braids of degree at most d, that is, of divisors of Aﬁ , whose
d-th factor is s.

Proposition 3.11. For 1 <r < n, we have

(3-3) he(AG) = > bua(s) =bnas1(Ar).
s right divisible by A,

In words, the number of r-jumps in (DiV(AZ ), <) is the number of n-braids of
degree at most d whose d-th factor is right divisible by A,.

Proof. By Corollary 3.4, h,(AZ) is the number of B,-classes in DiV(Aff). Each
class contains exactly one maximum element, and, by Proposition 3.8, its d-th
factor is right divisible by A,. The first equality in (3-3) follows. The second one
follows from the equivalence of (iii) and (iv) in Proposition 3.8. O

For r = 1, as every simple braid is divisible by 1 on the right, Equation (3-3)
reduces to

hi(AD =" bua(s) = bya1 (1),
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a special case of the relation h(z) = #Div(z) of Proposition 2.17. For r = n, be-
cause the only normal sequence of length d that finishes with A,, is (A,, ..., Ay,),
Equation (3-3) reduces to

ha(A9) =1,
already noted in Proposition 2.17. Finally, for r = n — 1, we obtain using Propo-
sition 2.19:

Corollary 3.12. For n > 2, we have

n
(A =hy_1(AD) — 1= an,d(0i0i+1 e O 1 A1) =bp g1 (Ap_y) — 1.
i=2
Proof. The simple n-braids that are right divisible by A,_; are the braids of the
form 0;0i41...0,—1 with 1 < i < n. Indeed, it is clear that every such braid is
simple and right divisible by A,,_;. Conversely, the only possibility for zA,_; to be
simple is that z moves the n-th strand to some position between 1 and n without in-
troducing any crossing between the remaining strands. Finally, o102 ...0,-1A,—1
is A,, and, remembering that b, 4(A,) is 1, we obtain the first equality. O

3D. Computation of b, 4(s). By Lemma 1.4, normal sequences are characterized
by a local condition involving only pairs of consecutive elements. It follows that
the set of all normal sequences is a rational set, that is, it can be recognized by
a finite state automaton. Standard arguments then show that the numbers b, 4(s)
obey a linear recurrence. Building on this observation, seemingly first used for
braids in [Charney 1995], we can obtain explicit formulas for the parameters c(Ag)
and h,(Af’l) for small values of r, n, or d. We shall not go into details here but
refer to [Dehornoy 2007] where we established the formulas and, more generally,
investigated the rich combinatorics underlying the normal form of braids.

In the sequel, we write (M), , for the (x, y)-entry of a matrix M. The general
principle for computing the numbers b, 4(s) for some fixed n is as follows:

Lemma 3.13. Forn > 1, let M,, be the square matrix with entries indexed by simple
n-braids defined by

1 if (s, t) is normal,
(Mn)s,t = .
0 otherwise.

Then, for every simple t and d > 1, we have b, 4(t) = ((1,1,...,1) M,‘f_l),.
The proof is an easy induction on d.

Example 3.14. The matrix M, is (1), corresponding to by 4(1) = 1. For n = 2,
using the enumeration (1, o7) of simple 2-braids, we find M, = ((1,0), (1, 1)),
leading to by 4(1) = d and b, 4(01) = 1, giving d + 1 braids of degree at most
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d. The first d are the braids of with e < d in which the d-th factor is 1; the
last is ald , whose d-th factor is A,, that is, o7. For n = 3, using the enumeration
(1, o1, 02, 0201, 01072, A3) of simple 3-braids, we obtain

100000
110010
1
1
1
1

—_ = O
—_ = O =
- o O O

0
1
0
1

_ O = O

from which we can deduce b3 3(1) = 19 or b3 4(01) = 15 using Lemma 3.13.
Using Proposition 3.11, we deduce:
Proposition 3.15. With M,, as in Lemma 3.13, we have forn >r > 1 andd > 1
c(AYY = ((1,1,..., 1) M4,
B (AD) = ((1, 1, ..., ) M9)4, .

-1,

Corollary 3.16. (i) For fixed n, r, the generating functions for the sequences
c(Ag) and h,(Aff) are rational.

(ii) For fixed n, r, the numbers c(AZ) and hr(Az ) admit expressions of the form
(3-4) Pi(d)pf + -+ Pu(d)pf.

where p1, ..., pr are the nonzero eigenvalues of M, and Py, ..., Py are poly-
nomials with deg(P;) of at most the multiplicity of p; in M,,.

Because the matrix M, is an n! x n! matrix, completing the computation is not
so easy, even for small values of n. Actually, it is shown in [Dehornoy 2007]
how to replace M, with a smaller matrix M, of size p(n) x p(n), where p(n)
is the number of partitions of n. The property is connected with classical results
of Solomon [1976] about the descents of permutations. With such methods, one
easily obtains the values listed in Table 1.

Using the reduced matrices

1 0000

100 114100
M;=|420 and Ms=|53210]{,

111 6 4220

1 1111

we obtain the following explicit form for (3-4) involving the nonzero eigenvalues
(1, 1,2) of M3 and (1, 1, 3+ +/6) of My:
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Proposition 3.17. Let p =3+ J6. Then, for d > 1, we have
h(A%) =827 —3d -1,

ha(AD) =c(ADH +1=2-29-1,

3 128
hi(Ad) = Z%(32i 13v6)pd — = 24 4 6d+17,
+
d 1 d 16 d
ha(A =" 532+ 13v/6)pd — 520+
+

1 8
B =cAP+1=3 @£Vl +5 20~ 1.
+

These formulas show each parameter grows exponentially in d, with estimate
0(2%) for n = 3, and O((3 + v/6)¢) for n = 4. For practical purposes, it may be
more convenient to resort to recursive formulas, for instance,

(3-5) hi(AY) =2k (AT +3d + 1,
(3-6) hi(AD) = 6h1(AS") = 3hi (A +32-29 — 12d — 34,

together with initial values 71 (A9) = h1(AY) = 1, =1 (A}) =24 (or hy(A;") =0).

3E. Small values of d. Another approach is to keep d fixed and let n vary. Once
again, we only mention a few results, and refer the reader to [Dehornoy 2007] for
the proofs and additional comments. For d = 1, it is easy to determine all values:

Proposition 3.18 [Dehornoy 2007]. Forn > r > 1, we have
n!
he(A,) = wE

For d =2, it is easier to complete the computation for hn_,(Aﬁ).

Proposition 3.19 [Dehornoy 2007]. Forn > r > 1, we have

har (A2 =7l (r 1"+ ) Pin) "+,

i=1
for some polynomial P; of degree at most r —i + 1. The values forr =1, 2 are

hno1(A7) =2"—1,
Bp 2 (A2)=2.3"—(n+6)-2""1 1.
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For h, (Aﬁ) itself, no general formula is known. We mention the case of /1; (A,%),
which follows from results of Carlitz et al. [1976]:

Proposition 3.20 [Dehornoy 2007]. The numbers hl(A%) are determined by the
induction

h(ap) =1, hl(A%—Z( 1)”’“( ) hi(AD).

Their double exponential generating function is, with Jo(x) is the Bessel function,

"N\ 1
h —1)" _—.
Snahs= (L) -5
Finally, for d =3, the computation can be completed at least in the case n—r =1:

Proposition 3.21 [Dehornoy 2007]. For n > 1, we have, with e = exp(1),

n—1

hn—l(A,s;) = Z l:—: =|nle] — 1.

i=0

d 0 1 2 3 4 5 6
hadh 12 3 4 5 6 7
had 16 19 48 109 234 487
hz(Ad) 1 3 7 15 31 63 127
h (Ag) 1 24 211 1,380 8,077 45252 249,223
hz(A?Z) 1 12 83 492 2,765 15,240 83,399
hy(Ad) 1 4 15 64 309 1,600 8,547
hi(ad) 1120 3651 79,140 1,548,701 29,375,460 551,997,751
hz(Ad) 1 60 1,501 30,540 585,811 11,044,080 207,154,921
h3(Ad )y 120 311 5,260 94,881 1,755,360 32,741,851
h4(Ad) 1 5 31 325 4,931 86,565 1,590,231
hi(Ad) 1 720 90921 7,952,040 634,472,921 49477263360 3,836,712,177,121
hz(Ad) 1 360 38,559 3,228,300 254,718,389 19,808,530,620 1,535,016,069,499
h3(Ad) 1 120 8,727 649260 49,654,757 3,831,626,580  296,361,570,667
h4(Ad) 1 30 1,075 61,620  4387,195  332,578230  25,612,893,355
h5(Ag) 1 6 63 1,956 116,423 8,448,606 643,888,543

Table 1. First values of & (Ad) for 1 <r < n—the value is 1
for r > n. For instance, the number & I(Ag) of 3-strand braids
of degree at most 2 is 19 (see Example 2.16), while the maximal
number C(A4) of 03’s in a o-positive word drawn in F(A )—
which is h3(A ) — 1, according to Proposition 2.19 —is 308.
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Using Proposition 2.19, we deduce the following explicit values for c(Az), that
is, for the maximal number of occurrences of o,,_; in a o-positive word drawn in
the Cayley graph of AZ:

n—1
n!
c(A)=n—1, c(A)=2"-2, (A :ZE —1=nle] —

i=0

The formulas listed above show that a number of different induction schemes ap-
pear, suggesting that the combinatorics of normal sequences of braids is very rich.

4. A complete description of (Div(Ag ), <)

Our ultimate goal is a complete description of each chain (DiV(AZ ), <). Typically,
this means that we are able to explicitly specify the increasing enumeration of its
elements. The goal remains generally out of reach, but we can show how the
process can be completed when n = 3. The counting formulas of Section 3 play
a key role in the construction, and, in particular, the Pascal’s triangle of Figure 9
connects directly with the 2¢ factor in the inductive formulas of Proposition 3.17.
As an application, we deduce a new proof of Property C and of the well-ordering
property and hence a complete reconstruction of the braid ordering when n = 3.
The general principle is to make the decomposition of Corollary 3.6 explicit.
The latter shows that, for all n and d, the chain (DiV(A,‘f ), <) can be decomposed
into c(Aﬁ) subintervals each of which copies some fragment of (DiV(Aii s <).
Moreover, the approach of Section 3 suggests an induction on d as well. We are
led to seek a recursion for (DiV(AZ), <) in (DiV(Af_l), <) and (DiV(Aﬁ_l), <);
here this means expressing (DiV(Ag), <) in (Div(Ag), <) and (Div(Ag_l), <).

4A. The braids 0, ,. The subsequent construction will appeal to a double series
6n,p of braids, and we begin with a few preliminary properties.

Definition 4.1. For n > 2, let 0,, | and o, denote the braid words 0,0y, .

and 0107 ...0,—1. For p > 0, we define 9,, p as (the braid represented by) the
length p prefix of the right-infinite word (0,,101,,)*, and let 6, , be (the braid
represented by) the length p suffix of the left-infinite word *°(o,, 107 ,).

For instance, we find 830 =1, 631 =b, 032 =ab, ..., 034 =baab, ..., 037 =
aabbaab, etc. Similarly, we have 646 = cbaabc and more generally, 0,, p—n =
Gn 2n—2 = 0y,101,,. Note that, as words, 6, , is the reverse of 0,, -

Lemma 4.2. Forn > 2 and p, q > 0 satisfying p+q =d(n — 1), we have

~

4-1) Onp A0, =A%
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Proof. We first prove using induction on d the relation
(4-2) Onan-1) Dy_y = A,

that is, (4-1) with ¢ = 0. For d = 0, (4-2) reduces to 1 = 1. Assume d > 1
By deﬁnition, Qn,d(n—l) is On,1 Hn,(d—l)(n—l) for d odd and is Ol,n en,(d—l)(n—l) for d
even. In either case, we can write

Ondn—1) = D21 (01.0) On (@d—1)n—1)»
where we recall ¢, denotes the flip automorphism of B, that exchanges o; and
0,—i. Using the induction hypothesis and (1-2), we find
Ondn—1) ALy = @771 (01,0) On (d—1)(n—1) Af’,:ll Ap—i
=) o) Ay A=A o1, A = AT A, = AL
We return to the general case of (4-1). For d even, we have 6, 4,—1) = 9n d(n—1)
and hence Qn .q On, p = = Op.dn—-1)- If d is odd, we have 6, 4,—1) = ¢n(9n,d(n 1)

which implies ¢, (49,“]) On,p = On.d(n—1)- SO qb,f (5,,’4) On,p = On,a(n—1) holds in both
cases. Now, using (4-2), we find

¢n(§n,q) en,p Ai_] a;z,q = en,d(n—l) Ai_l a;z,q = AZ a;z,q = ¢n(5n,q) AZa

from which we deduce (4-1) by cancelling ¢, (5,1,[,) on the left. O
Lemma 4.3. For 1 <i <n — 2 we have
(4-3) On.d(n—1) Oi = Oite On.dn—1)

withe =0 ifd is even and e = 1 if d is odd.

Proof. For 1 <i < n—2, we have 01, 0; = 0j+101, and 0,1 0j4+1 = 0; Oy 1,

as an easy 1nduct10n shows. This implies o0, 1 01, 0; = 0; 04,1 01., and therefore
d d :

(On101.0)" 01 =0; (Op,101.0)°, that is, 9n,2d(n—l) o, =0; (9,,’2(1("_1) for every d. On

the other hand, we have 6, 24+1)(1—1) = 01,1 On,24(n—1) and hence

On,2d+1)(n—1) Oi = 01,0 0i n 2da(n—1) = Oi41 01,0 On2d(n—1) = Oi+1 On,2d+1)(n—1)»

as was expected. O

4B. A Pascal triangle. We shall now construct for every d a sequence of positive
braids Sg that will be the increasing enumeration of (DiV(Agi), <). The construc-
tion relies on an induction similar to Pascal’s triangle. To make it easily under-
standable, we start with the (trivial) cases n = 1 and n = 2.

Because Bj is the trivial group, for every d, 1 is the only element of degree at
most d, and we can state:
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Proposition 4.4. Define Sf ford =0 by
s4 = (1).
Then Sjl is the increasing enumeration of DiV(A‘f ).

The group B; is the rank 1 free group generated by o;. The braid A; is just o7,
and the braids of degree at most d, that is, the divisors of A4, consist of the d + 1
braids 1, 01, ..., 0. On the other hand, we have 01, = 021 = 01, and 6 ; = 0!
for every i.

Notation 4.5. If S}, S, are sequences (of braids), we denote by S|+ S, the (ordered)
concatenation of Sy and S,. If S is a sequence of braids and x is a braid, we denote
by x § the translated sequence obtained by multiplying each entry in S by x on the
left.

In these terms, the sequence (1, o, ..., ald ) can be expressed as a sum of se-
quences 63 o(1) +62,1(1) +--- 46, 4(1). Hence:

Proposition 4.6. Define S¢ for d > 0 by
(4-4) S4=6,08 +6,180 +-- - 46,45
Then Sg is the increasing enumeration of DiV(Ag).

We repeat the process for n = 3, introducing a sequence Sgl by a definition
similar to (4-4) that involves Sg and S;l ~!. The result we shall prove is:

Proposition 4.7. Let Sgl be defined for d > 0 by

(4-5) S$=03088 + 85! 4603188+ 460320155 + ST 463455,

where Sg’l, cee Sg’Zd are defined by S;l’l = S_ﬁf’zd =Jand, for2 < p<2d—1,
o1 (ST 40y, 18T 4 84T forp=0 (mod 4),
020185 P 463, 1SS ST forp=1 (mod 4),

d,p
S =
3 o (ST 405, 1897 ‘+sd L7y forp=2 (mod 4),

o102(S5 P 465, 1S4 1+Sd Ly for p=3  (mod 4).

Then S_f is the increasing enumeration of Div(Af{).

The general scheme is illustrated in Figure 9. The sequence Sgl is constructed
by starting with 2d + 1 copies of Sg translated by 63, ..., 6324 and inserting
(translated copies of) fragments of the previous sequence Sgl -

Example 4.8. The difference between the deﬁmtlon of Sd in (4-5) and that of Sd in
(4-4) is the insertion of the additional factors S P between the consecutive terms
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63,089

63083 (S3") 6518) (S37) 63,5)
— ————

U%/ \0102'
03082 (S3) 63183 837 63283 837 65357 (57%) 03452
—_— N——— —_—
O'%/ \0'1 0" Ul/ \02(71 .

2

03083 (S31) 63183 S 05283 S37 603587 St 0348 ST 03483 (S3°) 63683
N ——e N —— N ——

(721/ \(7102' (71‘/ \({201‘ (72/ \01(72'

Figure 9. The mductlve construction of S3 as a Pascal triangle:
the subsequence S "7 is obtained by translating and concatenating

the previous subsequences Sd Lr=1and Sd b P or Sgi LP=2 and
Sgl Lp-l , depending on the pa.rity of p. The bracketed sequences

are empty; if we remove the subsequences 93,qS§’ , we have the
Pascal triangle.

93,qS§l . Because Sgi ! and Sgi 24 are empty, the difference occurs for d > 2 only.
The first values are:

S =05085 = (1),
Sy =0308y + 83" +6518) +8;7 463,

=(1,a)+2+0b(,a)+ T +ab(l,a) = (1, a, b, ba, ab, aba),
S2=03083 453" +05183 4+ 537 + 03285+ 527 + 603357 + S3* + 63457

=(1,a,aa)+ I +b(l, a, aa) + b(b, ba) + ab(l, a, aa)

+ ab(b, ba) + aab(l, a, aa) + J + baab(l, a, aa)
= (1, a, aa, b, ba, baa, bb, bba, ab, aba, abaa, abb, abba, aab,
aaba, aabaa, baab, baaba, baabaa).
It is easy to check directly that the sequence Sgl provides the increasing enumeration

of Div(A9) ford =0, 1, 2.

The proof of Proposition 4.7 will be split into several pieces, each of which is
established using an induction on the degree d.

Lemma 4.9. All entries in Sgl are divisors of A‘Sl .

Proof. The result is true for d = 0. Assume d > 1. By construction, each entry
in Sd either is of the form 63 4of with 0 < g < 2d and 0 < e < d or belongs to
some subsequence S P with2 < p <2d— 1 In the first case, 63 40 is a right
divisor of 65 5407, Wthh itself is a left divisor of 93,25101 . By Equation (4-1), the
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latter is Ad Hence each 93 ,qO7 1s a divisor of Ad As for the entries coming
from some subsequence S 'P by definition they are of the form xy with x one of
03, 0102, 01, 0201 and y an entry in Sd ! Then x is a divisor of A3, while, by the
induction hypothesis, y is a divisor of Ag_l. Thus xy is a divisor of Ag . 0

Lemma 4.10. The length of the sequence Sgl equals the cardinality of DiV(Agl).

Proof. Let £; denote the length of S;’ . Computing ¢, by recursion is not very
difficult but also unnecessary. Indeed, we saw in Section 3 that the cardinality
hy (Ag) of DiV(Ag) obeys the inductive rule (3-5). So it will be enough to check
that £, satisfies the relation

(4-6) Lyg=2031+3d+1

and starts from the initial £; = 6 (or £y = 1). The latter point was checked in
Example 4.8.

Figure 9 shows that most entries in S3d ~! generate two entries in Sgl . More
precisely, each entry of Sgi ~! not belonging to a factor of the form 03,24 Sg -1 gen-
erates two entries in Sgl, and, conversely, each entry in Sf not belonging to a factor
Gg,qu comes from such an entry in Sgi ~!. The d factors 03,24 Sg ~in Sf ~! each
have length d, and the 2d + 1 factors 63 5, Sg in Sg’ each have length d + 1. So we
obtain

by —Qd+1D(d+1)=2(04_1 —dP),
which gives Equation (4-6). 0

At this point, we cannot (yet) conclude that each divisor of Ag occurs exactly
once in Sgi , as there could be some repetitions.

4C. A quotient sequence for Sg. Our next aim is to show that Sg’ is <-increasing.
To this end, we shall explicitly determine the quotient of adjacent entries in S¢,
that is, we shall specify a quotient sequence for Sd in the sense of Deﬁmtlon 2.22.
We begin by determining the first and the last entries of the sequence S P For
S a nonempty sequence, we denote by (S), and (S)_ the first and last entry in S.

Lemma 4.11. For 1 < p < 2d, we have
(S4P), =03, 100 and (STP) 02 =6 0.

Proof. The result is vacuously true ford =0, 1. Assume d >2 with p=0 (mod 4).
Using the definition, the induction hypothesis, and (4-3), we find

d—1,p—1

(53 Py =01(85 ), =0103,p20="03 107,
d

d—1, d—1
(S3 Por=01(8; D) or=0105,00 " =03 ,0].
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Similarly, for p =1 (mod 4), we have
(S§”")1 = 020} (Sglil’piz)l = 020103302 =03 ,_102,

d.p d—1,p—1 d—1 d d
(S3 )000’2=O’20'1 (53 )000’2=0201 03,17_10’l =O’203yp_101 =93,p0’1.

Then, for p =2 (mod 4), we have

d, d—1,p—1
(37 =02(S5 '), =0203p200=03 102,

d, d—1, d—1 d
(37 00=02(85 "), 00=0203 0 =65 ,0].

Finally, for p =3 (mod 4), we find
d, d—1,p=2
(837), = 0102 (83 777), = 010203 p_300 =03 1 02,
d, d—1,p—1 d—1 d—1
(37 00=0102(S; ) 00=010203p_10{ " =0102010203 p_30]
d—1 d d
= 01010201 93’1,_3(71 20’10’10’293’1,_301 293,p01. O
We shall now construct an explicit quotient sequence for S¢, that is, a sequence
of braid words representing the quotients of the consecutive entries of Sgl. Before
doing it for Sg , let us consider the (trivial) cases of S‘f and Sg . As S‘li consists of

one single entry, it vacuously admits the empty sequence as a quotient sequence.
As for S¢, we can state:

Lemma 4.12. Ford > 0, let wﬁl be the empty sequence, and let wg be defined by

wf = wi + (o) +wi + -+ wi + (01) + wf,

d times (o1). Then wg is a quotient sequence for Sg .

In a similar way, we shall prove:
Proposition 4.13. Let wg" be the sequence defined by wg = and
@7) wi=wd+ (0, %) +wd+ (0, %) +w§? + (020, )

+ w‘zi + (Gfdaz) + wg’S + (ozofd) 4+

+ wg + (Gl_do*z) + wgl,Zd—l + (azcrl_d)
+ wg + (azafd) + wg,
with
wgl’z = wgu = w‘zl_1 + (ozol_d+1) + wgl_l’z,
wgl,Zd—Z _ wgt,zd—l _ wgl—l,Zd—3 i (O]—d+1a2) + wg—l,
w;ﬂp — wg’sz _ wglfl,prl + (Gfd+102) + w¢2171 + (ozcrfd“) + wgifllp’

for4d <2p <2d —4. Then wgi is a quotient sequence for Sgi.
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Example 4.14. We find w} = w} + (Ab) + w} + (bA) + w) = (a, Ab, a, bA, a), and
w3 = w} 4 (AAb) + w3 + (AAb) + w3 + (bAA)

+ w3 + (AAb) + w3 + (bAA) + w3 + (bAA) + w?

with w% 2 = w% 3 = w% = (a), whence

w3 = (a, a, AAb, a, a, AAb, a, bAA, a, a, AAb, a, bAA, a, a, bAA, a, a).

Proof of Proposition 4.13. We prove using induction on d that wg is a quotient
sequence for Sd with the 4d —2 terms in (4-7) corresponding to the 4d —1 nonempty
terms in (4-5). In particular, for 2 < p < 2d — 1, the subsequence w%’ P is a quotient
sequence for S 'PThe result is vacuously true for d = 0. Assume d > 1. By
definition, the sequence Sd consists of the concatenatlon of the 2d + 1 sequences
03,0S ,oee, 03 384, in which the 2d —2 sequences S , Sg 24=1 are inserted.
We shall consider these subsequences separately and then consider the transitions
between consecutive subsequences.

First, since wg is a quotient sequence for ¢, it is a quotient sequence for ev-
ery sequence 63 qS as well, because, by definition, the quotients we cons1der are
invariant under left translation. Then, by construction, each subsequence S P or
S;l 2pH appearing in S is obtained by translating some subsequence S of Sg l
namely

S = Sd 1,2p— 1+9qlsd1+5d 12p
By the induction hypothesis, the sequence

w121

—d+1 d—1,2
W, (Ul * (72)+w (0201 b

d+1)+w ,

which by definition is precisely w3 427 and wd P , is a quotient sequence for S.
The property remains true in the special cases p = 1 and p = d, which correspond
respectively to removing the initial term S5 4=1.27~1 4nd the final term ng ~127 Then
wgl 2P and wd 2P are also quotient sequences for any sequence obtained from §
by a left translatlon and, in particular, for S P and S;i 2+

It remains to study the transitions between the consecutive terms in the expres-
sion (4-5) of ¢, that is, to compare the last entry in each term with the first entry
in the next term. Four cases are to be considered, namely the special cases of the
first two terms and of the final two terms, and the generic cases of the transitions
from 93,qS§ to Sg’?’p+1 and from S;l’p to 93,5,551.

As for the first two terms 63 oSg = Sg and 63, 1S§l = 0,5, the last entry in Sg
is 01 , while the first entry in 02S2 is 02, 80 0, dOg is a quotient. For the last two
terms 03’2d,1S2 and 93,2dS2, the last entry in 03,2d,1Sg 1S 63241 ald, while the
first entry in 93,2[15'3 is 03 .24. Now, by (4-1), we have 03.24-1 O’ld(fz =034 O'ld, SO
020, ¢ expresses the quotient.
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Cons1der now the transition from 65 qu to Sd 4% The last entry in 63 qu is
03,4 61 , while, by Lemma 4.11, the first entry in S5’ d.q+l is 03 4 02 Hence 61 daz
represents the quotient. Finally, consider the transition from S ? to 93,qS2. By
Lemma 4.11 again, the last entry x in 93’qS2 satisfies x 07 =03 4 01 , While the first
entry in 63 ;¢ is 65 ,. Hence on0, “ represents the quotient. O

Corollary 4.15. For each d the sequence Sgi is <-increasing; so, in particular, it
consists of pairwise distinct braids.

Proof. By definition, every word in wg is o-positive. Hence, by Property A, it does

not represent 1. U

As Sgl consists of pairwise distinct divisors of Afl , Lemma 4.10 implies that
every divisor of A_ﬁf occurs exactly once in Sg . Then, as Sg’ is <-increasing, it
must be the increasing enumeration of Div(Ag ), and the proof of Proposition 4.7
is complete.

Remark 4.16. Once we know that Sgl is the increasing enumeration of Div(Ag)
and that wgl is a o -positive quotient sequence for S¢, we can count the 2-jumps in
Sd and obtain the value of hz(Ad ) directly. This amounts to forgetting about all

il in the construction of w? 5. and it is then fairly obvious that there only remains

2" 2 times o7.

4D. Larger values of n. The same construction can be developed for n = 4 and
beyond. The general scheme is to define ij using an inductive rule

S = 04088 + 8" +0418§ + - 4043015 + 57 + 6043455,

where the intermediate factor Sff’p is constructed by concatenating and translating
convenient fragments of Sff_l. Owing to the inductive rule (3-6) satisfied by the
number of elements /1 (AZ ) of Div(Af{), we can expect the generic entry of Sf_l to
be repeated six times in S¢, but with some entries from Sff_2 repeated three times
only. After completing the inductive definition of S¢, showing that the sequence
is <-increasing and counting its entries should be easy. As we have no complete
description so far, we leave the question open here.

4E. A new construction for the linear ordering of B3. In pursuing the approach
described above, we were interested in connecting the Garside structure of B, with
its linear ordering. In the process, we found something more: a new, independent
construction of the braid ordering, at least for B3, which is currently the only
completed case.

As recalled in the introduction, the existence of the linear ordering of braids
relies on two properties of braids, namely Property A and Property C. These prop-
erties have received a number of independent proofs [Dehornoy et al. 2002]. In
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particular, Property A has now a very short proof based on Dynnikov’s coordiniza-
tion for singular triangulations of a punctured disk [Dehornoy et al. 2002, Chapter
9]. As for Property C, no really simple proof exists so far. Even without the initial
argument involving self-distributive algebra, the remaining arguments—the com-
binatorial proofs based on handle reduction or on Burckel’s uniform tree approach,
or the geometric proofs based on standardization of curve diagrams—all require
some care. For now, it seems that the optimal proof of Property C is forthcoming.
Here is a direct application of our construction of the sequence Sf:

Proposition 4.17. Property C holds for Bs; that is, every nontrivial 3-braid admits
a o-positive or a o -negative expression.

New proof. We take as an hypothesis that Property A is true, so that the relation <
is a partial ordering, but we do not assume that < is linear. As every braid in Bs
is the quotient of two positive braids in B;", proving Property C for B3 amounts to
proving that, if x, y are arbitrary elements of Bfr, then the quotient x 'y admits a
o -positive or a o-negative expression.

Now the construction of S;’ is self-contained, as is that of w‘31. Then, by con-
struction, every word in wgl is o-positive. As any concatenation of o-positive
words is o-positive, it follows that, if x, y are any braids occurring in Ud Sg ,
then the quotient x !y admits a o-positive or a o-negative expression, according
to whether x occurs before or after y in S_%’ . To conclude Property C is true, it
remains to check that each positive 3-braid occurs in | J, Sgi. Because every entry
of Sg’ belongs to DiV(A‘; ), this is equivalent to proving that each divisor of A‘;
occurs in Sgl . Property A guarantees that the entries of Sgl are pairwise distinct
(Corollary 4.15), so it suffices to compare the length of Sgi with the cardinality of
Div(Ag), and this is what we made in Lemma 4.10. O

The construction of Sg gives more. The approach developed by S.Burckel
[1997] introduces a convenient notion of normal braid words such that every posi-
tive braid admits exactly one normal expression. For 3-strand braids, the definition
is as follows. Every positive 3-strand braid word w can be written as an alternating
product of blocks o and o5. Then we define the code of w to be the sequence of
the sizes of these blocks. To avoid ambiguity, we consider the last block to be a
block of o7’s, that is, we decide that the code of o7 is (1), while the code of o5 is
(1, 0). For instance, the code of 022013025 is (2,3,5,0).

Definition 4.18. A positive 3 strand braid word w is said to be normal in the sense
of Burckel if its code has the form (eq, ..., eg) withey > 2 for2 <k <€ —2.

Burckel [1997] shows that every positive 3-braid admits a unique normal ex-
pression and, moreover, that x < y holds if and only if the normal form of x
is ShortLex-smaller than the normal form of y, where ShortLex refers to the
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variant of the lexicographic ordering of sequences in which the length is given
priority: (ej, ..., e¢) <snortLex (€],...,e,) always holds for £ < ¢ and, when
¢ = ¢/, it holds when (e, ..., /) is lexicographically smaller than (e, ..., e}).
Burckel’s method defines an iterative reduction process on nonnormal braid words.
Our current approach provides for a simpler method. First, a direct inspection
shows:

Lemma 4.19. Let le be the sequence of braid words defined by the inductive rule
(4-5). Then §‘31 consists of words that are normal in the sense of Burckel.

Then, by construction, every braid in Sgl is represented by a word of §‘31. As
every positive 3-braid occurs in | J $¢, we immediately deduce:

Proposition 4.20. Every positive 3-braid admits an expression that is normal in
the sense of Burckel.

This in turn enables us to obtain a simple proof for the following deep, and so
far not very well understood, result due to Laver [1996] and to Burckel [1997] for
the ordinal type:

Corollary 4.21. The restriction of < to B3+ is a well-ordering of ordinal type w®.

Proof. The ShortLex ordering of sequences of nonnegative integers is a well-
ordering of ordinal type w®, so its restriction to codes of normal words in the
sense of Burckel is a well-ordering as well. The type of the latter cannot be less
than w®, as one can easily exhibit an increasing sequence of length w®. O

Burckel’s approach extends to all braid monoids B;f. Burckel introduces a
convenient notion of a normal word, but the associated reduction process is very
intricate. Hopefully, the above approach will provide a much simpler approach
to completing the construction of the sequences Sff and, more generally, Sfl’ . In
particular, once the correct definition is given, all subsequent proofs should reduce
to easy inductions.
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