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In 1986, Hardt, Kinderlehrer and Lin established the existence and par-
tial regularity of minimizers of the liquid crystal energy with the Oseen—
Frank density. Motivated by the earlier results of Bethuel-Brezis—Coron
and Riviere on harmonic maps, we prove the existence of infinitely many
equilibrium configurations of the liquid crystal energy prescribing the same
nonconstant boundary data.

1. Introduction

Let Q C R? be a domain with smooth boundary 92, and let y : 9Q — S? be smooth
boundary data. The equilibrium configuration of a liquid crystal is described by
a unit vector field # on 2. For any map u € H)}(Q, §?) with y : 9Q — S2, the
integral

d(y)=1 /Q [tr(Vu)® — (divu)?] dx

depends only on y [Hardt et al. 1986]. According to the Ericksen—Leslie the-
ory [Giaquinta et al. 1998], the Oseen—Frank bulk energy of a configuration u €
H'(2, $%) can be reduced to

(1-1) E(u,Q):/ W(u, Vu) dx,
Q

where W (u, Vu) is the Oseen—Frank density

(1-2) W, Vu) = «|Vul|?
+(ky — a)(divu)® + (ko — ) (u - curl u)*> + (k3 — &) |u x curl u|?,

with constants k1 > 0, kp > 0, k3 > 0, and o = min{ky, k», k3}.
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For the above density W (u, Vu), we set V (u, p) = W(u, p) —a |p|*> with p =
Vu. As in [Hardt et al. 1986], the equilibrium system associated to E is of the
form

(1-3) —div(Wy(u, Vi) —u®@uVy,(u, Vu)) + Y (u, Vu) =0 in Q,
where
Y (u, Vu) =1 —u®u) Wy, (u, Vu) — Vu (uVy (u, Vu)) — (Wp (u, Vi) - Vu) u

satisfies |Y (u, p)| < C |p|* for all p = (p)3x3 with p!/ € R.
A static equilibrium configuration u corresponds to an extremal of the functional
(1-1) in HY(Q, §?%), that is, u € H'(R, S?) is a weak solution of system (1-3).
In a special case k; = kp = k3, the equilibrium system (1-3) is

Au+|VulPu=0 ing,

which is the equation for harmonic maps. When k; = k, = k3 = 1, Bethuel et al.
[1990] first proved the existence of infinitely many harmonic maps for some special
boundary values y. Riviere [1995] proved the existence of infinite many harmonic
maps for all nonconstant boundary values. See further generalizations to higher
dimensions in [Isobe 1995] and [Pakzad 2001].

In general, (1-3) is not always elliptic for every choice of the constants k;, and so
the system (1-3) is much more complicated than the harmonic map equation. Hardt
et al. [1986], in a fundamental paper, proved the existence and partial regularity of
a minimizer u, which is a weak solution of system (1-3) that gives the energy E
in H) (S, §*) given boundary data y : 9Q — S2. One questions whether one can
prove there exist infinitely many weak solutions of the liquid crystal system (1-3)
prescribing the same boundary data. Here, we prove the existence of infinitely
many equilibrium configurations prescribing the same nonconstant boundary data
y in:

Theorem 1.1. Let y : 9Q — S? be a nonconstant smooth map. Assume that the
constants ki, ko and ks in (1-2) satisfy |k — kz| <min{k, k2}4(1—In2)/In2. Then
there exist infinitely many stable weak solutions of system (1-3) in H' (2, §?) with
the same boundary value .

The key to proving Theorem 1.1 is generalizing the idea of Riviere [1995] to the
liquid crystal energy. Riviere’s idea relies on constructing dipoles and the relaxed
energy of the Dirichlet energy in [Brezis et al. 1986] and [Bethuel et al. 1990].
More precisely, Riviere inserts a dipole into nonconstant maps and finds a way to
confine the energy to strictly less than 87 times the length of the dipole.

In this paper, we extend a key result of Riviere to the liquid crystal:
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Theorem 1.2. Assume that the constants ki, ky and k3 in (1-2) satisfy the condition
lky — ko| < min{ky, k2}4(1 —In2)/In2. Letu € H (R, S2) be a nonconstant and
smooth map, and let xo be a point inside 2 such that Vu(xy) # 0. For any p > 0
with B,(xo) C 2, there exist two points P, N € B,(xo) with middle point xo and
|P—N| =20 <2pandamapvin H (2, $%) N COLY(Q\{P, N}, $?) such that

v=u in Q\B,(xp), deg(v, P) = —deg(v, N) = +1,
and

/ W(v(x), Vu(x))dx < / Wu(x), Vu(x))dx +8xI'(ky, kp, k3) |P — N|.
Q Q

For the proof of Theorem 1.2, thanks to Giaquinta et al. [1990], the dipoles and
relaxed functional of the liquid crystal energy E was given: For any u € H'(Q2, §?),
the vector field D(u) is defined by

D(u) = (U -ty Ny, U Uy AUy, U-Ux, AlUy,).

Given u° € H}l (22, §%), we set

1
L(u,u’):=— sup /[D(u)—D(uo)]-vgdx
4T so-r Ja
V€00 <1

for maps u € HJ}(Q, $?). The relaxed functional F,o of the liquid crystal energy
E is given by

Fo(u) = / W (u(x), Vu(x)) dx + 87T (k1 ka, k3) L (u, u®),
Q

where

1
F(kl,kz,k3):\/kk3/ \/1+(k/k3—1)s2ds >a, k=min{k, ka).
0

More precisely, F,o(u) is lower semicontinuous in the weak H '-topology and any
minimizer of F,o(u) in H}} is also a weak solution of system (1-3) prescribing the
boundary value y. One key to proving Theorem 1.2 is obtaining new estimates on
the irrotational and solenoidal dipole in [Giaquinta et al. 1990] for inserting a small
dipole into nonconstant map. More precisely, for k; > k1, one finds the irrotational
map u (with u - curlu = 0) on R2 x (0, 1) of the form

u(x) = (g(r)xr—l, g(r)%, sign(1—7r) /1 - g2<r)> o=yl 43

such that E () =8I (ky, ko, k3), where g € C([0, 00); [0, 11), g’(r) >0o0n (0, 1),
and g’(r) <0 on (1, co). Similarly, for k; < k1, one finds the solenoidal map (with
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divu = 0) on R? x (0, [) of the form

_ X2 R _ )
u(x)-(g(r)r, g(r)r,s1gn(1 r)y/1 g(r))

such that E(u) = 8xIT (ky, k2, k3), where g € C([0, 00); [0, 1]) and g’(r) > 0 on
(0, 1), and g’(r) <0 on (1, 00). In this paper, we derive new estimates on g(r) and
also prove that g’(0) exists, is positive, and is bounded by a constant depending on
k 1s k2 and k3.

The second key step is to improve the method in [Riviere 1995] (also [Brezis and
Coron 1983]) of inserting a small dipole into a nonconstant map. During the proof,
it is important that g’(0) is positive and bounded. Due to the differing constants &y,
ko, and k3, the liquid crystal is more complicated and involved than the harmonic
maps.

Theorem 1.1 is a consequence of Theorem 1.2. Riviere [1995] also used Theo-
rem 1.2 to construct weak harmonic maps having singularities almost everywhere
in 2. With Theorem 1.2, we conjecture that one can construct a weak solution of
system (1-3) having singularities almost everywhere in €2 for different constants
kl, kz, and k3.

In the last part, we deal with the partial regularity of weak solutions of system
(1-3). The partial regularity of weak solutions of elliptic systems and weakly
harmonic maps has been of great interest (for example [Giaquinta 1983; Giaquinta
et al. 1998]). For the liquid crystal, Hardt et al. [1986; 1988], in fundamental
papers, proved the partial regularity of minimizers of the liquid crystal energy E.
Here, we investigate the partial regularity of the weak solutions that minimize a
modified relaxed functional of the liquid crystal energy E.

For a parameter A € [0, 1], as in [Bethuel and Brézis 1991], we consider the
modified A-energy

(1-4) E;(u) := E W) + 287 (ky, ka, k3) L(u, u®)

for a map u € H)}(Q, $2). It follows from [Bethuel et al. 1990] and [Giaquinta
et al. 1990] that there exists a minimizer u; of E) in H; (€2, S?), and u, is a
weak solution of (1-3). The author in [Hong 2004] proved the partial regularity
of minimizers u; for 0 <A < A9 = o/ ' (ky, kp, k3) with I"(ky, kp, k3) > o. It was
not clear then whether one can establish the partial regularity of minimizers u; of
(1-4) for A € [Ag, 1]. Now we make progress with:

Theorem 1.3. For any parameter ) with 0 < A < 1, let u, be a minimizer of E)
in H)} (2, S?). Then u;,_is smooth in a set Q C Q and %ﬂ(Q\QO) = 0 for some
positive B < 1, where #P is the Hausdorff measure.
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The paper is organized as follows. In Section 2, we derive some new estimates
for the irrotational dipole and the solenoidal dipole. In Section 3, we prove Theo-
rems 1.1 and 1.2 for k; > k;. In Section 4, we prove those theorems for k; > k.
In Section 5, we complete a proof of Theorem 1.3.

2. Improving estimates for irrotational dipole and solenoidal dipole

Proposition 2.1 [Giaquinta et al. 1990]. There exists a C* function ii(x) from R?
into S* C R3 such that

(i) @ = q at infinity, where q is the south pole of S* C R?;
(ii) i, seen as a map from S* into S?, has degree 1;
(iii) if Q=R x (0,1) and ug : Q@ — S? is defined as
uo(x, X2, x3) = u(xy, x2),
we have
(2-1) E (uo, R* x (0, 1)) = 87IT (ky, k2, k3).

Now we will improve Proposition 2.1 so we can apply it to prove Theorem 1.2.
Consider the dipole

To=G,+ L x[[S*]l, where L =1(0,0,x3):0<x3<I]],

that is, P = (0,0, 0) and N = (0, 0, /) with / > 0, where G, is the current by the
graph of the constant function gq.
From [Giaquinta et al. 1990], we have

E (To, R* x (0, 1)) =21/ \/k2n§+kk3(1 —n2)dH*(n),
S2

where n = (n1, n2, n3) € S%. Then

1
E (ug, R* x (0,1)) = E (Tp, R* x (0,1)) = 8nkl/ \/k3/k + (1 —ks/ k)22 dz
0

1 _ 2
— 8nkl/ VIZPY
0 1—)?

where 8 =1 —k3/k.

The irrotational dipole. Assume k, > k; = k. We consider the all maps u =
(uy, ua, u3) : R3 — S? of form

x X V1 —=22(r), forO<r<1,
w0 =g(N=, ur=gr)=, uzx)= 8 )
r r —/1—=g°(r), forr > 1,
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where g : [0, +00) — [0, 1] is continuous and satisfies g(0) =0, g(1)=1, g(r) >0

asr — 400, g’'(r) >0o0n (0, 1), and g’'(r) <0 on (1, +00).
By a standard calculation, we have

: 2 N2 gz /1
(divu)” = (g") +r—2+2gg o

lu x curlu)? = | curlu|? = |Vus|? =

and

w-curlu =0, |Viy? + |Vual? = (2) + f—z.
The Oseen—Frank density becomes
(2-2) W(u, Vu) =k, [f—j +g/2%] +2(k; — a)gg’%,
where f =1 —k3/k. Then

E (u,R* x (0,1)) = 27kl

So

J1-pg?
l-g

- rdr <2mkl

[gz 21— Bg?
>+
;.

]rdr_E(u)
1—g?

re Jiz
E(Ty) = 47kl / Egv_—FE”
r
0

with equality if and only if

_ 8 1—g22 forr > 1,
(2-3) g = "v1-pBg
gVl-8  o<r<1.
r\/i - -

First we consider the case 0 < r < 1. We will prove that there is a solution of
the equation
1—g2
1-Bg?

with g(0) = 0 and g(1) = 1. Moreover, g’(0) exists and is positive and bounded.

(2-4) g=8Y__%
-

Casel: k> kj.
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Since0 < B <1, wehave | —g><1—Bg% < 1. Then

\ﬁ %\/7

We consider two auxiliary equations:

LI
.

xm

_8
r’

’ 82 2
= — 1—
2= )

xR

oQ

It is easy to see that g;(r) = r solves the first with g;(0) = 0 and g;(1) = 1 and
g(r)=2r/1+ r? solves the second with 22(0) =0and g,(1) = 1.
By the comparison theorem, there is a solution g of (2—4) such that

2r
1+7r2
Using Equation (2-3), we have

g VI-¢ g V1-8 s 8¢’ g V1-g*Beg’
8 (”) = +2
\/m rz\/l—ﬂg rJ/1—g2/1—gg> r (1—pg??3?
_eVi-g (Vi-¢g ) &% 1-8 0
2 1=Bg2 \J1-B¢2 r (1—g)I2(1— pg2)?3 =

Therefore g'(0) =1lim,_,o g’(r) exists and is finite because g} (0) =1 and g5(0) =2.
More precisely, we know

(2-5) r=g=

., 80)=0, g)=1

1<g'(0) <2

Case Il: k3 > k.
Since B <0, we have 1 — 8 > 1 — Bg? > 1. Then

1 T ﬁ /;2
Jl—ﬂé 1-¢ S%/1_ &

Then we consider two auxiliary equations:

g=— 8 i_g

VI A
82

gé=7 1—g5.

Note that g;(r) =2r¢/1 + r2¢ withc = 1/4/1 — B solves the first with g;(0) =0 and
g1(1)=1and g (r) =2r/1 + r2 solves the second with 22(0)=0and g(1) = 1.
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By the comparison theorem, there is a solution g of the equation with g(0) =0
and g(1) = 1 such that

2r 2r¢
<g= .
1472 1472
Then
1 1 2 r2€
R S BT P N1

(1 + r2c)2 :

J—pg 1-p@ T1-pg"

Note that as » — 0, g{(r) — +00. So we need to consider the auxiliary equation

/ ri 83
(2-6) g3=<1—4|,3|m) 7\/1—8§

with g3(0) =0 and g3(1) = 1. The solution to Equation (2-6) is

Bl 1 —r 2 21811 —r*
gﬂr)ﬂ”"l’(?@ trree(= i)

By the comparison theory, we have
(2-7)

(r) < g(r) < g3(r) =2rex 11— 1+ % ex 2|81 —r
s = ¢ =8 B P C 1—|—r20 p c 1+r2c.

It is easy to see that g’(0) exists and is finite because g5(0) =2 and g5(0) = 2elBl/e
More precisely, we have

2 <g'(0) <2el/e,

In both Cases I and II, there is a solution with g(0) =0, g(1) = 1 and with g’(0)
positive and finite.

If r > 1, take h(r) = g(r'), where g(r) solves Equation (2—4) with g(0) =0
and g(1) = 1. Using Equation (2-4), we have

h/ (F) — g/ (I”_l) (_r—2) — 8 (ril) \/@ (_r_Z) _ _ ﬁ—\/_hz

Then
- g(r), forO<r <1,
(r)y=
h(r), forr > 1,

is the required solution of Equation (2-3) with g(r) = g(r ).

The solenoidal dipole. Assume k; > k; = k. Consider all maps u = (uy, us, u3) :

Q — S of the form

X2 X1 V1—2g%@r), forO0<r<1
ui(x)=g(r)—, ur=-gr)—, uzlx)= 5

r r —/1—g2(@r), forr > 1,
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where g : [0, +00) — [0, 1] is continuous and satisfies g(0) =0, g(1)=1, g(r) >0
asr — 400, g’'(r) >0o0n (0, 1), and g’(r) <0 on (1, +00). Then we have

00 2 "2
g (g")
E(u,[Rizx(O,l)):27rkl/0 |:r—2(1—,3g2)+1_g2}rdr

such that E (Tp, R? x (0, 1)) < E(u), with equality if and only if

dg . 8
2-8 — = 1—r)24/1—2g2%/1—Bg?,
(2-8) 8 —sign(1 - 8\ J1-g2/1- g
This equation has a solution g(r) such that g : [0, +00) — [0, 1] is continuous
and satisfies g(0) =0, g(1) =1, g(r) > 0 as r — 400, g’(r) > 0 on (0, 1), and
g'(r) <0on (1, +00). Moreover, g’(0) exists and is positive and bounded.

3. Proof of Theorems 1.1 and 1.2 for kp > ky

3.1. The construction of u® for ky > ky. We assume Theorem 1.2 that Vu (x() #0.
Without losing generality, we also assume xg = 0. Note that

W(Qu, OVuQT) =W, Vu), forall Q € O(3).

After a rotation Q on both x, u € R?, we can choose an orthonormal basis {1, J, K}
of R3 for both x, u € R? as in [Brezis and Coron 1983] such that u(0, 0, 0) = K.
Uy, (0,0,0) - uy,(0,0,0) =0 and u,, (0, 0,0) #0.

Without loss of generality, we may choose
uy, (0,0, x3)
K(x3) =u(0,0,x3), [I(x3)=—""—.
|MX] (0’ Oa -x3)|
to form a basis {I(x3), J(x3), K (x3)} of R? depending on x3. We write

u =il (x3) +i2J (x3) + 3K (x3)

with 21 (0, 0, x3) = 112(0, 0, x3) = 0 and #3(0, 0, x3) = 1. More precisely, there are
two numbers ¢ > 0 and b > 0— this is true after a rotation in R3: after a rotation
in the subspace R? of R?, the conclusion of Theorem 1.2 does not change — such
that

ux, (0,0, x3) =(a+0x3))I(x3), ux,(0,0,x3)=0(x3)1(x3)+(b+0(x3))J (x3).
We use polar coordinates for (x1, x2) € R2, that is,

X;] =rcosf, xp,=rsin0,
and consider the cylinder C? in R? defined by

CO={(x1.x0,x3) €R*|0<r <8+82, —8—6% <x3 <8+8%}.
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As in [Riviere 1995], we construct a map

u® = 251 (x3) + 057 (x3) + 45K (x3)
such that

(i) u® = u outside C?.

(i) Inside C?, for each x3 € [—8 + 82, 8§ — 82] (that is, the subcylinder of C?), we
construct #® in three different cases:

(a) If r > 282, we set u®(x) = u(x);
(b) If r < 82, we set

ud (x1, x2, x3) =
g (r/%) ’% I(x3)+g (r/2) ’% T (x3) +sign (1—r) /1= g2 (r/2) K (x3).
(c) If 8% < r <282, we set

u‘s(x) =

(A1r4B1) I (x3)+(A2r+Ba) J (x3)++v/ 1—(A1r+B1)2—(Aar+B2)? K (x3),

where Ay, A>, By, By, depending only on 6, § and x3, are determined by

28%A1 + By = i1 (28% cos 6, 28% sin 6, x3),

282 A5+ By = i»(28% cos 0, 28% sin 0, x3),
82A1 4+ By = g(8% /1) cos 6 = g(1/8%) cos b,
82As+ By = g(8% /1) sin6 = g(1/8°) sin 6,

(-1

and g(r) is the solution of Equation (2-3) with g(0) = 0, g’(0) > 0,
g(H)y=1,g(r)=¢g(l/r),and A = ¢8*, where ¢ will be determined later.

(iii) Inside C?, for each
x3 € [=8, =8 + 82U 8, 8 — 871,

we let P =(0,0,68) and N = (0,0, —§) in a small cylinder c‘} (or c?v). The
cylinder is centered at P (or N) with radius 262, length 282, and its axis along
the x3-axis. If we denote by IT" (or I1_) the radial projection centered at
P (or N) onto the boundary of C‘ISJ (or cf\,), the transformed map u® is the
composition of TT* (or IT1_) and the value of #° on this boundary.

3.2. The estimate of the energy of u® for ky > kyi. Case 1. The estimate of the
energy of u® on the domain of x3 € [—8 + 82, 8§ — §%] and 8% < r < 252.
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Notice that #; (0,0, x3) =0 fori =1, 2 and

8121 3122

_(09 O’ -x3) =a—|—0(X3), _(O’ 07 x3) = O(-x3)v

0x1 0x

8121 3122

_(09 Ov X3) = 0(X3), _(Ov 07 x3) =b + 0(X3),
0x7 9x2

g(c8%) = c8°¢'(0) + 08"
Then we have
28%A, + B) =2ad%cos b + 0(8%),
282 A,y + By = 2b8%sin 6 + 0(8%),
8%A; + By = g'(0)c8% cos 6 + O (8,
82As+ By = g'(0)c8? sin6 + O (8%).
Solving these equations, we have
A1 = (2a —cg'(0))cosf + O (),
Ay = (2b—cg'(0))sind + O(8),
B =28%(g'(0)c —a) cos 6 + O(8%),
B, =28%(g'(0)c — b) sinf + O (8°).

(3-2)

In a way similar to (3-2), it follows from (3-1) that

dA; L
=5 = —(2a —cg'(0)) sin8 4 0 (6),
3A> ,
—Z = (2b—cg'(0)) cos b + O(3),
36
(3-3) 9B
a_el = —28%(cg’(0) — a) sin6 + O(8°),
dB
3_92 =258%(cg’(0) — b) cos 0 + O(8%).

In polar coordinates, we know

200 sin @ 00 cosd or or .
—_— = — = —— =cosf, —— =sinb.

ax; r’ o 9xa r 0 ax 0x)

Using i1 (0, 0, x3) = #12(0, 0, x3) = 0 in (3—1), we obtain, for §* < r < 252,

0A 0A 0B
G4 =00, =00, —=00, —==0.
8)(3 8)63

3)63 8)63

187
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and, by the chain rule,

84} 8@ d(Air+B) (A +By)

0xy  0xp 0x7 0x1
_9(Ayr+By) 90 N d(Air+By) or  3(Axr+By) 90 9(Aar + By) or
- 90 dx> or dx> 90 dx1 or 9x;

0A1 060 0A, 96

or or 0B; 06 0B, 90
=—-——|r+|(A——Ap— |+ | —————— ).
00 0xp 00 0xy 0x2 0x1 00 0xp 00 0x;

It follows from (3-3), (3—4) that
<8A1 060  0A, 060

060 0dxz a0 8x1>r (a cg' ( )) sin @ cos

in 6
— (26— cg' (0)) r cos (—&> +0 @)
r
=2(b—a)sinfcosH + O (J),
or or

Ala— — A 5 =(2a —cg'(0)) cos O sin® — (2b — cg'(0)) cos @ sin & + O (8)
y X1

=2(a —b)sinf cosd + O(6),
and

0B, 86 0By 80 _ (o) g 5)) (050
50 3% 30 8x1_(28 (cg’ (0) a)s1n9+0(8))( )

r

~ (268 (cg (0) — ) cos 0+ O () (_ Si‘;e)

1 1
=262 (@a—b)sinBcosf—+ O (63) -.
r r

These imply that, for 8> < r < 252,

1
=28%(a — b) sin O cosH— + O ().
0xy  0xp r

Since [#5]> = 1 — || — [u3|?, we have

~§ ~§ ~§
5 dusy Nsouy 50Uy

W—=—u i , Uy—= = —uj— —p—=
38)61 ! 8X1 23)61 38)62 ! 2
and u§ =1+ O0(8?%). Then for 8% < r < 282, we have
3 ~3

0 0
(3-5) o0y, Boo@d.
0x] 0x7
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We consider a new map #° = ﬁ‘f[ + ﬁgJ + ﬁ‘;K, and thus obtain

1
|22 - curl @] = 48*(a — b)* sin” 6 cos? 0= + 0(8),
(3-6) r

|@° x curl @ |* = 0(5).

Moreover, we have

s A(Ar+ B)) 9A, 9By 96 or
Sold ox1 ax1 (aer+ ae) AL TO0

8x1 8x1
2
0
— (24— ¢g'(0)) +282(cg'(0) — a)

+ 0(9).
r

Similarly,

ol d(A B )
ouy _ 9(Ar+By) _ (2b — cg'(0)) +25%(cg' (0) — b) >

3-8
(5-8) 9x7 0x7 r

+ 0(9).

It follows from (3—4), (3—7) and (3-8) that

8%cg'(0) 52(@ sin® @ + b cos” 0)
r r

(divﬁ5)2=4<a+b—cg’(0)+ )2+0(5)

=4(a+b)* +4c*(g'(0)* +

48*c2(g'(0))? N 48*(a sin® 0 + b cos® )2
2

r2

cg'(0) asin®6 + b cos? 0

—8(a +b)cg'(0) +88%(a +b)= = 88%(a +b)

a sin® 0+b cos? 0 a sin® 6+b cos? 0

r2

8523 (g (0))?
r

+858%¢g’(0) 88*cg’(0)

Combining this estimate with (3-6) yields

2 262
/ (diva®)? + | curl 2% > dx dx; = / / (diva®)? + | curl 2% rdr d6
82<r<262? 0 82
= 1278* ((a +b)* + c*(g'(0))* — 2(a + b)cg (0)) + 1678* (a + b)cg'(0)
—878*(a +b)* — 1678*c*(g'(0))* + 878%¢cg'(0)(a + b)

2w
+45%1n2 f [c?(g'(0))? —2cg’(0)(a sin® O + b cos> 0)] dO
0
2w
+48*1n2 / [a? sin* 0 + b? cos* 6 + (a® + b?) sin® 6 cos® 6] dO
0

= 4154 ((a+b)? — g'(0)°2 + (4 + b +2(¢'(0)¢)> — 2ag' (0)c — 2bg' (0)c) In 2).
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It follows from [Brezis and Coron 1983] that

/2 2|Vﬁ5|2dx1dx2: / [123,1* + 145, 1> + 0(8)] dx1dx;
82<r<246

82<r<262
2 & /(0)202 2, 32 2
=4n8*(a® +b* — 5+ (@ + 5 +2(¢'(0)0)” —2ag'(0)c — 2b¢'(0)c) n2)
+0(8%).
It follows from (3-3), (3—4) and (3-5) that

(3-9) W@, Vi®) dxidx;

82<r<252

:(xf |va5\2 dxldxz—i—/ (k1 — o) (div u)? dxidx;
82<r<26? 82<r<262

+/ [(ky — )|’ - curl @ |* + (ks — &) |@® x curl @’ |*] dx1dxa
82<r<262

=4ans*(a®+b* - + (a® + b* +2(g' (0)c)* — 2ag'(0)c — 2bg’'(0)c) In 2)

g'(0)°¢?
2

(ki —@)4rs* ((a+b) = g0 + (a2 + b +2(g'(0))?) In2)
—8ans* (ag'(0)c +bg' (0)c) In2+ 7 (ky — k1)8*(a — b)* In2+ O (8°).

On other hand, we see

u’ _ an’ L o). ou’ . on’ L0
dx;  Ox dxy  Ox2
and
du®  ong GITH 93 s dl(x3) 5dJ(x3) L dK(x3)
— 7 —J K .
s = e 1O 5 2T ) K () i = S il

For 8% < r < 282, we have

Gl7d GITH It
L — 0(8Y), = 0(8? = 0(s*
ors (&) Ixs (89, Ixs (89,

and, moreover,
i (x1, x2, x3) = 1°(0, 0, x3) + O (8%) = K (x3) + O (8%).
It follows from u(0, 0, x3) = K (x3) that for §2 < r < 282, we have

0
i(xl,xz,m = —(0 0,x3) + 0(82).
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Using |#]| =1 and u3(0, 0, 0) = (0, 0, 1), we have du3/dx3(0, 0, 0) = 0. Thus
du du3 )
—(x1, x2,x3) = —(0,0,x3) + O(87) = O().
0x3 0x3

For 8% < r < 282, we have
(3-10) divu®)? = @ivi®)>+ 0©), @® curlu®)? = @° - curli®)> + 0(5)

and

2 2

+ 0(9)

au‘;
*'a—xg

au‘i
0x3
= (@° x curl 2%)? +d* + f2 4 0(3),

(3-11) (u® x curlu®)? = (@ x curl 2®) +

where we have set 9 5
u
d=220,0,0), f="2(00,0).
an, 8)63

It follows from (3-9), (3—10)-(3-11) that

5§82
/ dx; / dxidx; W(u‘s, Vu‘s)
—5+62 §2<r<26?

582
= f dx; f dxidxy W(i?, Vi) + 6wkss®(d> + %)+ 0(8%)
—5482 82<r<262

— 8an s’ (a2 +b2— g/%)zcz +(a® + b2 +2(g'(0)c)* — 2ag' (0)c — bg'(0)c) In 2)
+878% () — @) ((a+5)* = '(0)7c> + (a> + b +2('(0))?) In2)
—1678” (ky — &) (ag'(0)c + bg'(0)c) In2 + 27 (ky — k1)8° (@ — b)* In 2
+61k38° (d* + )+ 0(8°).

52

Next, we estimate fis-iaz dx3 f0§r§52 dxidxy Wu®, Vu®).

Let ug be the map defined by ug = u(x1, x2) in the Section 2. By (2-1) and
(2-2), we know

(3-12) W@, Vi) dx dx, = / W (1o, Vo) dxidx;
r<s? r<1/cs?
1/c8% 2 1/c8?
=4nk1/ 80 4y 4 an(ky —a)/ g’ dr
0 r 0

* gz(”) * 82 42 2 5
:4nk1/ dr—47'rk1/ —zrdr—i—Zn(kl —a)8*c*(g'(0)"+ 0(8)
0 r 1/c82 T

= 8nT(ky1, k2, k3) — 2ma8* [/ (0))* + O (),
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because g(r) = g'(0)r + O(r?) and g(r) = g(1/7).
On other hand, we see

ou’ 9l au®  and
3-13 —=—+4+00), —=—+0(
( ) 0x1 0x1 +0©® 0x2 0x2 +0©®
and
Au’ dI(x3) dJ(x3) dK (x3)
3_14 ou _»s ~§ 8 ,
( ) 8X3 “ dX3 —|—M2 dX3 +u3 dX3
which implies
ui 5dJ(x3) s AK (x3)
b _perm o I+ 005,
dx3 "2 dxs "3 dxs +00)
oul . dl dK
Qs _ )y KOS 5 o).
8)63 dX3
From the results in the Section 2, we have
5 g(r/r) st
(3-15) Vi’ < C §C83+r2'

We estimate the term

5 duj Bty T s d1(x3) s AK (x3)
W = @+ 00) (—+0(5))( i) J+00))
_ (_g (,O)g (p) cos 6 Slﬂ@) <g(p) sined (x3) ya 1_g(p)2dK(x3) '1)
M/ 1= g(p)? dx3 dx
28
+0(8) |72 +0(5)

where p = r/A. Integrating the above identity and using (3—15), we have

8u3 dub # o 8u3 5
dxidx, = d@ dr = 0(8’ In(1/6)).
r<82 Yaxs 93 3X2 X3

Similarly, we obtain

8u3 8141 5
u dxidx; = 0(8’ Iné).
r<8? 8)61 dx3

By a similar argument, we also have
dud du’ dus 9
5T dxydxy = 0(5% In8), U303 1 ds = 055 In).
0x1 0x3 0xy 0x3
r<s? r<s?
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From (3-14), it is easy to see that

[563

By combining above estimates with the identity |curlu

ou’ 2 6
—(xl,xz,m\ dxydxy = 0(89).
0x3

‘3|2 = |u-curlu‘S 2 +

2 .
, We obtain

|uxcurlu‘S
5—82
(3-16) f dxs / dxidxy W(u®, Vu®)
r<s3

_3_;’_82

5§82
:/ dx3/ dxidx; W(@8, vi®) + 0(8°1n§).
—5+682 r<s3

For 8% < r < 82, it follows from (2—5) and (2-7) that

rA
(3-17) g(r/a) < Cm =0(%)

for some constant C. Using (3—17), it follows from (3—-13)-(3—14) that

§—82
/ dx; / dxidxy W(u‘s, Vu‘s)
—35+442 §3<r<s?
s s
ouy ous

§—82 2 2
=/ dx3/ dxidxs (W(ﬁa,va5)+k3[‘—‘ +\ \ ])+0(66ln8).
— 482 $3<r<s2 ax3 dx3

Combining this with (3—12)and (3-16) yields

5§82
/ dx; / dxidxa Wu®, Vu®) =167 (8—8*)T (k1 ka, k3)—4mas’c?[g'(0)]?
—5+482 r<s?

+21k38° (d* + f2) 4+ 0(8°1n$).

Case 2. Estimate for E (u°) in c‘}, and c?v.
Let G p be the little cone inside c’;, with vertex P = (0, 0, §) given by

Gp={(x1,x2,x3) € R? | (x1)* + (x2)* < (8 —x3)%, §—8><x3<$}.
Its end is the disk
Dys = {(xi, x5, X3) € R3 | r? =x/2-i-y’2 <84, x5 =46 —82}.

Let x = (x1, x2, x3) be a point in G p and let x" = (x{, x}, x}) be its projection
x' =TT (x) on the disk Dy as

52 82
all 2 o5 82).

=117 :( ,
o (X) 5—)63 5—)(3
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3 is constant on the rays passing by P, that is,

Now u
) ) 2
u®(x1, x2, x3) = u°(x1, x5, 8 — 8).

Using the chain rule, it follows from the previous two equations that for a point
(x1, x2,x3) € Gp,

du’ 82w,
- 5 5 —_— -~ 7 5 78_62
™ 1(Xl X2,X3) = 5—xs 91 (x], x5 )
ou’ 82 ou’
3-18) —(x1, X2, x3) = —(x],xh,8—8°
(3-18) 8x2(X1 X2, X3) 5—x; 0% (x1, X3 )
dud xpooub 5 xh oud
- 5 5 = ~ 7 3 78_3 ~ 7 /a /a 5_82 .
0x3 (¥1, %2, %3) §—x3 x| (¥, %2 )+ §—x3 0x) (¥, %2 )

Using the third identity of (3—18), we have

Jo

9 8
ai(xl » X2, X3)‘ dxidx,dx;

8u‘S u’ 2
dx; / dxidx, ——— < — 4+ X, —) (x!, x5, 8 —8°%)
/a 52 r2<(5—x3)? (6— 3)2 Pox) ' P axg b

VA LR LA
:/ BZS_Z(XiW +Xég) (xi,xé,S—Sz)dxidxé.
r'< 1 2

On other hand, from the results in the Section 2, we obtain

Ve’ P(x], x5, 8 — 8%) + | Vigu P (x], x5, 8 — 8%)
’ 2 2 8
Cg(r /cé%) - A <c 1) ,
72 (k2+r/2)2 (58+r’2)2

where A = ¢8*. Combining the previous two equations, we obtain

/ o’ ( )‘zd R &°r'? dr' = 0(8°In(3))
— X1, X2, X X1adxdx3 < —— ar = n .
o o 1, X2, X3 1dx2dx3 T

A simple calculation yields

s oud , , ul a
3-19 ( 3 1 > /’ /,8—82
G-19 (w237 ox] P Gy ox) " ox o)) G 3 )

5
u
>

(g (r'/A)+g(r /)»)( g(r /A)) ) (im)ﬂ sin6 cos @,

where we use polar coordinates x| =r’cos 6 and x} = r’sin6.
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By (3-18) and (3-19), we calculate

8 s du dus
dx3 dxidxy u5(x1, x2, x3)—(X1, X2, x3)—(x1, X2, X3)
§—62 r<8—x3

1 soud  dud  oud
- d dxid ( U3 (e ML 1) x5 — 8% =0.
N A x3/,<52 BN pra e ox| 95 g) (1. 32 )

Similarly, we have
8 du dub
dx3 dxidxy —(x1, X2, x3) —(x1, X2, x3) =0,
5—82 F<S—x3 0x1 0x3
8 s duj dub
dx3 dxidxy ui(x1, x2, x3) — (x1, X2, X3) —=(x1, X2, x3) =0,
§—52 r<8—x3 axp 0x3

8 qud dud
dx; dxidxy —=(x1, x2, x3) —=(x1, X2, x3) = 0.
5—82 F<8—x3 0x2 0x3
Combining these estimates with (3—12) yields

W(u‘s, Vu‘s)(xl , X2, x3) dx1dxrdx;
Gp

8
= /Hz dx} /%2 dxy dxy Wu®, Vu®) (x], x5, 8 — 6*) + 0(8°In §)
=87 (ky, ko, k3)8% + 0(8°In §).

Since u is regular and |Vu?| is bounded by a constant, we obtain

/ W(u’s, Vu‘s) dxidxydx; = 0(66).
cp\Gp
Therefore, it follows from the previous two equations that
/ Ww®, Vu®) dxidxrdxs = 87 8T (ky, ka, k3) + O (8% In §).
¢

Similarly, we get / W (u®, Vul) dxidxadx; = 88T (ky, ka, k3) + O (8% In §).
&

Proof of Theorem 1.2 for ky > k. Since u is smooth, we have

5482
[ dx3/ dxidx; W(u, Vu)(xy, x2, x3)
—5—82 r<262

8+62
= / dx; / dxidx; [a(a® +b%)+ (ky —a)(@+b)* +ks(d*+ fH)]+ 0 (8°)
—5—82 r<2s2

=878°[a(a® + b)) + (k1 — ) (@ +b)? +ks(d* + fH)] + 0(59).
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Also

/ W (u, Vu) dxidxadx; = 0(8%), f W (u, Vu) dxidxadx; = O(8%).
C;Sv C‘;:

Finally, we have
E (u°, Q) — E(u, Q) — 167 (k1, k2, k3)8
— 8k 78 (g’(O)Zc2 — (a® + 5% +2(g'(0)¢)* — 2ag' (0)c — bg'(0)c) In 2)
+278% (ky — k1) (a — b)* In 2+ 0(5°In §).

When k, — k; < kij4(1 —In2)/In2, we choose g’'(0)c = max{a, b} to obtain
ko —k
g0’ — (a>+b* +2(g'(0)¢)> — (2a +b)g'(0)¢) In2 — %(a —5)*In2 > 0.
1

Choosing § sufficiently small, Theorem 1.2 is proved. U

Remark 3.1. Letug e HV1 (2, §?) for smooth boundary data y with deg(y) #0. For
amap u € H)} (2, S?), in similar fashion to arguments of [Giaquinta et al. 1998,
Chapter 4], there is a one-dimensional rectifiable current L, ,, with —9L, ,, =
P(u) — P(up) that minimizes the mass among all one-dimensional rectifiable cur-
rents L with —9dL = P(u) — P (ug), where P (u) is the zero-dimensional current in
Q2 determined by u (see [Giaquinta et al. 1998, Chapter 4]). Moreover, we have

M(Lu,uo) = L(u, up).
Foru € H]} (2, §?), consider
Mull :={T = Guy + Luuy X [S*1| T =[Gyl € Cart> (2 x R®), ur =u}.

Define
E([[ull) =/ W(u(x), Vu(x)) dx +8m ' (ky, ko, ko) M (Ly,uy) = Fuo(u, 2).
Q

Then the semicontinuity € implies that F,,(u, 2) is also lower semicontinuous
with respect to the weak convergence in HMIO(Q, 52) (see [Giaquinta et al. 1989;
1998)).

Proof of Theorem 1.1 for ko > k. If there are infinitely many distinct minimizers
for E in H; (2, §?), the proof of Theorem 1.1 is completed. Now we assume that
there are only a finite number of minimizers wy,...,w,, for E in H]} (2,8 2).

By the partial regularity of [Hardt et al. 1986], with the fact that y is not a
constant, there is a new subdomain Q2 of £ such that w; is smooth in £, and
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there is some xg € €21 with Vw;(xg) # 0. For sufficiently small p, it follows from
taking v; = w® in Theorem 1.2 that

E(v) < Fy,(w1) = E(wy) + 8 '(ky, kz, k3)L(vy, wy).

Let u; be a minimizer of F,, in H)}(Q, $2), and let u; be a weak solution of
Equation (1-3) with boundary value y.

For § sufficiently small, we shall prove that u; is different from all minimizers
w; of E in H)(R, $?). We have two cases.

(i) L(wg, wy) =0 for some k. It is easy to see L (v, w;) = L(vy, wy). Noticing
E(w) = E(wy), it follows the minimality of u; that

Fy (u1) < E(vy) < E(wy) +8m'(ky, k2, k3) L(vy, wy) = Fy, (wy).
This implies that u; # w.
(i) L(wg, wy) > 0. We know
L(wg, v1) + L(vy, wy) > L(wg, wy).
This implies
Fy, (wi) = E(wg) +8m ' (ky, ko, k3) L(wy, v1)
> E(wy) + 8 I'(k1, ko, k3) (L (wi, wi) —2p).
Choose p > 0 sufficiently small so that

L(wg, wy)
—
This gives L(wg, wy) —2p > 2p > L(vy, wy). Therefore

0<2p<

Fvl(wk) > Fvl(wl) > Fvl(ul)-
So u; is different from all minimizers w; of E.

We construct by induction a sequence u; of distinct weak solutions of (1-3) in
H)} (€2, S?) which are also different from the minimizer w;. Choose p j+1 such that

0 <2pjy1 <min {L(wg, wy)/2, with L(wy, wy) > 0}
and

E)—E
(3-20) 0<2p,-+1<min{M =1, J}

8L (ki ko, k3)
By taking p = p;41 and u =w; in Theorem 1.2, there existsa v and 841 < pj41
such that

E(vjt1) < E(wy) + 167U (k1, k2, k3)8 41
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Let u;41 be a minimizer of Fy,,, in H)}(Q, $2). The same argument as above
assures that u ;4 is different from all w;. Next we prove that u ;| # u; for all
i < j. From the above estimates, we know

(3-21) Fy,,,(ujy1) < Fy,,,(vj11) = E(jt1) < E(wy) + 167U (ky, k2, k3)pj41-
From (3-20) we have
167011 (k1, ka, k3) < E(u;) — E(wy).
Combining this with (3-21) yields

E(vj—i-l) = ij+1(”j+l) < E(u;),

which implies u ;1 #u; fori =2, ..., j. Letting j — o0, we see that there exist
infinitely many solutions {u j}?’;l of (1-3) in H}l (2, $?). This proves Theorem 1.1
for kp > k. O

4. Proof of Theorems 1.1 and 1.2 for ky > k,

As in Section 3.1, for a sufficiently small § and x3 in [—6 + 82,8 — 821, we may

choose
uxl (07 07 x3)

K (x3) =u(0, 0, x3), I(x3) = Jix, (0,0, x3)|

to form a basis {7 (x3), J(x3), K (x3)} of R? depending on x3. We write
u=rul(x3)+u>J(x3)+ 3K (x3)

with 1 (0, 0, x3) =112(0, 0, x3) =0, #3(0, 0, x3) = 1. There are two numbers a > 0
and b < 0 (for a suitable rotation of R3) such that

ux, (0,0, x3) =(a+0(x3))J (x3), ux,(0,0,x3)=(b+0(x3))1(x3)+O0(x3)J (x3).
We consider the cylinder C? in R3 defined by
CO={(x1,x2,x3) eR | 0<r <8+8>, —§-8 <x3=<8+8}.

As in Section 3.1, we construct a map u® = @181 (x3) + @15J (x3) + ﬁgK(X3) as
follows:
(i) u® = u outside C?.
(i) Inside C?, for each x3 € [—8 + 82, § — §2] (that is, the subcylinder of C?), we
construct u’ in three different cases:

(a) If r > 282, we set u® (x) = u(x).
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(b) If r < 8%, we set, with p = r/A,
u® (x1, x2, X3)
X2 X1 ) 5
= g(p)T I(x3) — g(p)T J(x3) +sign(l —r) /1 —g=(p) K(x3).
(c) If 82 < r <2682, we set

u‘s(x) =

(A1r4B1) I (x3)+(A2r+Ba) J (x3)++v/ 1—(A1r+B1)2—(Aar+B)? K (x3),

where Ay, A,, By, B> depend only on 6, §, and x3 and are determined by

28%A| + By = i;(28% cos 0, 28% sin 6, x3),

28%As + By = 12(28% cos 6, 287 sin 0, x3),
82A1 + By = g(8*/0) sin6 = g(1/8) sin 6,
82As+ By = —g(8%/1) cos O = —g(1/8%) cos b,

(4-1)

and g(r) is the solution of Equation (2-8) with g(0) = 0, g’(0) > 0,
g(1)=1, g(r) =g(1/r) and A = c8*, where c will be determined later.

(iii) Inside C?, for each
x3 €[—8, =8 +84U[8, 8 — 82,

we let P = (0,0, 8) and N = (0,0, —3), in a small cylinder ¢4 (or ¢,). The
cylinder is centered at P (or N) with radius 252, length 282, and its axis along
the x3-axis. If we denote by IT" (or I1_) the radial projection centered at
P (or N) onto the boundary of c‘?, (or cf\,), the transformed map u® is the
composition of IT* (or I1_) and the value of #° on this boundary.

The proof of Theorem 1.2 for k, < ky is very similar to the one for k; < k; on
page 195. We only need to make a few modifications.
For 82 < r <2682 and for each

x3 € [—8+8%,8— 8%,
we solve Equation (4-1) for Ay, A», B| and B; to obtain
Ay = (2a —cg'(0))sinf + O($),
Ay = (2b+cg'(0)) cosb + 0(9),
Bi =28%(g'(0)c —a) sin6 + O(8%),
By = —258%(g' (0)c 4 b) cos 6 + O(8).

(4-2)
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and
JA, ,
S5 = 2a—cg (0)cos+0(),
IA, L
22 _(2b+cg'(0)sind + 0(3),
90

(4-3)
9B 2 / 3
=0 =26°(cg’(0) —a)cosO + O(5°),
9B
a—; —262(cg'(0) + b) sin 6 + O (83).

Using (4-2) and (4-3), we have

CITY (8A1 BBI) 30 A ar L0
- = —7r _ ) — e
x| 36 30 Joax; | lox

cosf sin @

= —28%(cg’(0) — a)————+00),

0ul  9(Ayr+B sin @ cos 6

duy _9(Aar+By) 28%(cg'(0) +b)———— + 0(3),

0x) 0x2 r

ou  9(Ar+B cos? 0

—L= 3w + B = (2a — cg'(0)) +28%(cg'(0) — a) + 0(6),
0x2 0x2 r

045 (A + B sin 0

duy _9Aar+By) _ o, +¢g'(0)) — 28%(cg' (0) + b) +0(9).
0x 0x1 r

Consider a new map #° = 151 + i15J + i3 K . Then we have

1
|diva?|* = 45%(a + b)* sin 6 cos? 0 — + O(3),
r

|28 x curl @’ |* = 0(5),

28%¢cg’ (0) 552 (@ cos? 6 — bsin’ )
r r

(curl %)% = [Z(a —b)—2¢g'(0) + ]2 1 00).

Using this, we have
/ (div %) + | curl 2°* dx d x>
82<r<25§?
= 418*((a —b)* — g'(0)°c® + (a® + b +2(g'(0)¢)? — (2a — 2b)g'(0)c) In 2).

We know that
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@ 41l P =484 O)c —a)? 9+454(g O)c +b>2 ¢ (0)0)

0s2 6

+(2b + g/(0>c>2 +4822a — g'(0)e)(g'(0)c — a) -

2
—482(2b + ¢/ (0)6) (g O)c + by S22

Using this, we have

/ Vi’ Pdxydxy = / [143, 1> +1a3, 1> + 0 &) ] dxidx

82<r<28? §2<r<28?
st (2 8O oo o :
=478*(a®+b —T—i-(a +b°+2(g'(0)c)* —2(a — b)g'(0)c) In2

+0(8).
From arguments similar to those in Section 3.2, we finally have
E@W®, Q) — E(u, Q) — 16xT (ki ka, k3)8
= = 878" (¢'(0)°c? — (a2 + b7 +2(¢'(0))* — 2(a — b)g (O)c) In2)
+278° (ko —k1)(a +b)* In2 4 0(8°1n §).
When 0 < k; — ky < k24(1 —In2)/In2, we choose g’'(0)c = max{a, —b} to obtain

ky —

g/ (0)°¢® = (a® + b +2(g'(0)c)> — 2(a — b)g'(0)c) In2 — k2 (a+b)*In2>0.

Theorem 1.2 follows from choosing § sufficiently small.
The proof of Theorem 1.1 for the case k; > kj is the same as one for the case
kr > k; in Section 3.2. We omit details here. O

5. Partial regularity of the weak solutions
We will now complete a proof of Theorem 1.3. We recall that
W(u, p) = a|pl + (ki —a)(tr p)* + (ko — ) (g - w)” + (ks — ) |g x ul’,

where p = ( pij )3x3 and g is the axial vector of p — p”, that is, the vector defined
in coordinates by
8&i =¢&; jkP§'
with g; ;. being the components of the Levi-Civita tensor. For simplicity, we assume
a=1.
There exists a positive constant A > 0 such that

11> < W(u, p) < Alp|>.
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Lemma 5.1. For any A € [0, 1), let u) be a minimizer of E; in H)} (2, S2). Then
uy is a quasiminimizer of the functional E in H)} (2, §?), that is, E(u,, B) <
QE(w; B) for any w € H, (B, $?) and any subdomain B C Q with Q = (1 +
/(1= 2.

Proof. Let R;O be a set of all maps in HJ} (€2, §?) having a finite number of singular
points, of which {P;} are of positive degree 41 and {N;} are of negative degree —1
inside €2. Let u be a map in R.°.

As in [Giaquinta et al. 1989; 1998], the function

T(n,&) :=inf{Wn,G) | M2(G)=£, G'n=0}

is given at every n € S?and € =t Ae(n) € A3(R? x T,8?), where |t| = 1, €(n) is
the unit 2-vector associated to 7,52, and G is the transpose of the matrix G. A
calculation (see [Giaquinta et al. 1989; 1998]) yields

I'n,§) = 2VK2(t, n)? + kks(1 — (1, n)2)? + (k — a)(t, n).

Thus

D(u(x))

W(u(x), Vu(x)) > T(n, Ma(Vu(x)) = F((", D))

A e(n)) |M>(Vu(x)|.

Integrating over B and using the co-area formula, we then have

D(u(x))
E(u, B) > /B r (n, m /\e(n)) |M>(Vu(x)| dx

5/ d%z(n)/ F(n,M/\e(n)) dx'.
s u=1(n) |D(u(x))]

We know that u~!(n) is the union of curves of two kind of curves oriented by
D(u)/|D(u)|:

(i) closed curves I'f U5 U---UT/;

(i1) curves joining aBﬂ{Pi”}f.‘zlﬂ{N.” k

iYizy» where { P/, Ni“}f.‘:1 are all singularities
of u inside B.

For any positive singularity P/, there is a curve C;(u) joining P/ to another
point Nl.”, which is either a negative singularity of the map u or a point y; on the
boundary 9 B.

Since I'(n, - A €(n)) is convex and one-homogeneous, Jensen’s inequality im-

plies
f r <n D) /\e(n)) A% > T (n/ D) oo /\E(n))
G |D(u(x))] ¢ 1Du(x))]
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Note that for any vector ¢ with |¢| = 1, we have [Giaquinta et al. 1990]

/ C(n,t Ae(n))d¥(n) =8 (ky, ka, k3).
SZ

Let w € R;O and w —u € H(} (B, R3). Then w~!(n) is the union of curves of
two kind of curves oriented by D(w)/|D(w)]:

(iii) closed curves 'Y UTY U---UT}";

(iv) curves joining d BN {Piw}i.‘:1 N{N"}/_,, where { P, N}"}!"_, are all singular-
ities of u inside B.

If Ni” is a boundary point y; with u(y;) = n joining a curve to a positive sin-
gularity P/ by a curve Ci(u) inside the set u~'(n), there is a positive singularity
P of w joining to y; by a curve C'(w) inside the set w™'(n). As in [Giaquinta
et al. 1998], we note that D(u(x)) is the tangent to the level line u(x) = n. For an
oriented curve C;(u) joining P/ to ](Q” and a curve C;(w) joining P to Niw, we
have

/ Md%l=_(pﬂ_ﬁ,“) / Md%lz_(p,W_Nw)
G [D@(x))] l " Jeiw) IDwx) ' b

where N ! is either a negative singularity of u or a boundary y; with u(y) = n, and
N/ is either a negative singularity of w or a boundary y; with w(y) = n.
Then

Z" D(u(x))
2 1
E(M,B)+E(U),B) > [sz d¥ (n) £ F(I’l,/Ci(u) md% /\e(n))

“ D(w(x))
A9 F< / ————q! )
+/52 (n); " ). o D) Ae(n)

_ /\e(n)) d¥2(n)

k
~ P!
= > _|P = N} r<n, s
i=1 §? P — Ni'l

l ]

w T W

k
~ PY¥Y — N
+E |Pl»w—Nl~w| 2F(n,ﬁ/\€(fl)>d%2(l¢)
i=1 § lpi® = NI

k m
= 87T (K, koo k) (D 1PF = N1+ D 1P = N1)
i=1 i=1

> 8mI'(k1, ko, k3)L(u, w),

where L (u, w) is the minimal connection of w and u, that is, the minimal connec-
tion between {P/}*_, U{N®}" | and {N*}_, u{P¥}™,.
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By the density result of [Bethuel 1990], the last equation is true for all w, u €
H}(B, §*) with w —u € Hj (B, $?).

Now, taking u = u; for 0 < A < 1, let w be any map HJ} (2, Sz) with u; —w €
HJ (B, $?) with an arbitrary subdomain B C Q. By the minimality of u;, we have

E(u;., ) + A8 ' (ky, ka2, k3) L(uy, ug) < E(w; 2) + 187" (ky, k2, k3) L(w, up),
Moreover, we know
L(w, ug) — L(uy, uo) < L(w, uy).

For 0 < A < 1, we have

1+A
E(MMB)SﬁE(UJ; B)

for all w € HulA (B, $%). This proves our claim. O
Using Lemma 5.1 with an extension lemma in [Hardt et al. 1988], we have:

Proposition 5.2 (Caccioppoli’s inequality). For any 0 <A <1, let u, be a minimizer
of E, in H)} (2, S?). Then for all xy € Q2 and R < dist(xg, 02), we have

(5-1) / |Vuy > < CR_zf |5, — 5. g1 dx.
Bry2(x0) BRr(x0)

Next, we have:

Proposition 5.3 [Hong 2004]. Let u € H' (2, $?) be any weak solution of (1-3)
and assume that u satisfies the Caccioppoli inequality (5-1). Then u is smooth in
an open set 2y C 2 and HP(Q\Qo) = 0 for some positive p < 1.

Proof of Theorem 1.3. 1t follows from Propositions 5.2 and 5.3. O

Finally, it seems that there exists no monotonicity formula for the minimizers
of F,, in H'. It is a challenging question whether one can establish the partial
regularity of minimizers of F,, in H!(Q, S?) for a given map ug € R7°.
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