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ON THE ESTIMATE OF THE FIRST EIGENVALUE OF A
SUBLAPLACIAN ON A PSEUDOHERMITIAN 3-MANIFOLD

SHU-CHENG CHANG AND HUNG-LIN CHIU

In this paper, we study a lower bound estimate of the first positive eigenvalue
of the sublaplacian on a three-dimensional pseudohermitian manifold. S.-Y.
Li and H.-S. Luk derived the lower bound estimate under certain conditions
for curvature tensors bounded below by a positive constant. By using the
Li-Yau gradient estimate, we are able to get an effective lower bound esti-
mate under a general curvature condition. The key is the discovery of a new
CR version of the Bochner formula which involves the CR Paneitz operator.

1. Introduction

Let M be a closed 3-manifold with an oriented contact structure £. There always
exists a global contact form 0 obtained by patching together local ones with a
partition of unity. The characteristic vector field of € is the unique vector field T
such that 0(T) =1 and 760 =0 or dO(T, -) = 0. A CR structure compatible with
& is a smooth endomorphism J : §—§& such that J 2=—-Id. A pseudohermitian
structure compatible with & is a CR-structure J compatible with & together with a
global contact form 6. The CR structure J can extend to C® £ and decomposes
C ® & into the direct sum of 77 ¢ and Ty 1, which are eigenspaces of J with respect
to i and —i, respectively.

Let{T, Z1, Z;} be a frame of T M ® C, where T is the characteristic vector field,
Zy is any local frame of Tj o, and Z; = Z; € Ty1. Then {0, 6',0'}, the coframe
dual to {T', Z1, Z;}, satisfies

do =ih; 0" A0,

for some positive function /7. Actually we can always choose Z; such that 1,7 =
1; hence, throughout this paper, we assume s ;7 = 1.
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The Levi form ( , ), is the Hermitian form on 7} ¢ defined by
(Z, W)y, =—i(d0,ZAW).

We can extend ( , ), to Tp, by defining (Z W)LH =(Z, W), forall Z, W € Ty o.
The Levi form induces naturally a Hermitian form on the dual bundle ( , };-of 71,0
and hence on all the induced tensor bundles. Integrating the Hermitian form (when
acting on sections) over M with respect to the volume form dV = 6 A d6, we get
an inner product on the space of sections of each tensor bundle. We denote the
inner product by ( , ). For example,

(0, V) 2/ oy dV,
M

for functions ¢ and .
The pseudohermitian connection of (J, 8) is the connection V on TM ® C (and
extended to tensors) given in terms of a local frame Z; € T} ¢ by

VZi=6,'®2Z,, VZj=6;'®Z;, VT =0,
where ;! is the 1-form uniquely determined by
do' =o' no o AT,
t'=0 modei,
0=6,"+6;",

where ! is the pseudohermitian torsion. Put t! = Al; 6!. The structure equation
for the pseudohermitian connection is

d6,' = RO'AO' +2i Im(A', 1 6'A6),

where R is the Tanaka—Webster curvature.

We will denote components of covariant derivatives with indices preceded by
comma; thus we write A"} 1 6! A 6. The indices {0, 1, 1} indicate derivatives with
respect to {7, Zy, Z;}. For derivatives of a scalar function, we will often omit
the comma, for instance, ¢1 = Z1¢, @1 = ZiZ1¢ — GII(ZT)an, @o=Tg for a
(smooth) function.

For a real function ¢, the subgradient V,, is defined by V,p €&, and (Z, Vpp),, =
do(Z) for all vector fields Z tangent to contact plane. Locally, V,0 =7 Z1+¢1 Z;.
We can use the connection to define the subhessian as the complex linear map

(VY20 Ti 0@ To.1 — Ti.0® To.1,

and
(VIY20(Z) = V2 Vio.
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The sublaplacian Aj is defined as —1 times the trace of the subhessian, that is,
App = —Tr (V7)) = —(¢,7 + ¢1,). Forall Z=x'Z, € T o, define

Ric(Z, Z) = Rx'x' = R|Z]2,,
Tor(Z, Z) =20 i Aqp x'x.

Greenleaf [1985] proved the lower bound (n/n 4 1)ko of the first positive eigen-
value A; of the sublaplacian for a pseudohermitian manifold M>**! with n > 3
under a condition on the Webster curvature and the torsion. Li and Luk [2004]
proved the same result for n = 1 and n = 2. However, for n = 1, they needed a
condition depending not only on the Webster curvature and the torsion, but also on
a covariant derivative of the torsion.

The same result was proved in [Chiu 2006] under a more geometric condition
which involved the positivity of the CR Paneitz operator Py (see Section 2 for a
definition) with respect to (J, 9).

Proposition 1.1 [Chiu 2006]. Let (M, J, 0) be a closed three-dimensional pseu-
dohermitian manifold with nonnegative Paneitz operator Py. Suppose that

Ric, (Z, Z) —Tor(Z, Z) = ko(Z, Z) 1, ,

forallm e M, Z € T\ o, and for some positive constant ky. Let A be the first
positive eigenvalue of Ap. Then

A >—=>0.
2
Let (S3, J,6) be a 3-sphere with the induced CR structure from C? and the
standard contact form 6. One can show that [Chang et al. 2005; Chiu 2006]
ko

A=
=9

Here ko is the positive, constant Webster curvature of S°. Thus we get a sharp
estimate of A; on the standard sphere ($3,7,0).

Conjecture 1.2. Let (M, J,60) be a closed three-dimensional pseudohermitian

manifold. Suppose that
ko
A= —.
2

We conjecture that (M, J, 0) is the standard CR 3-sphere due to the theorems of

Lichnérowicz [1958] and Obata [1962] in the Riemannian case. In fact, here we
have (see the proof of Theorem 1.5)

(i) Ricy, (Z,Z) —Tor,(Z, Z) = ko (Z, Z)Lg s
(i) ker (Ap — A1) Cker Py,
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(ii1) @11 =0 for ¢ € ker (Ap — Aq1).

In this paper, we will try to place a good lower bound on the first positive eigen-
value when the curvature satisfies

Ricw(Z, Z) = Tory(Z, Z) = —ko (Z, Z),
for some nonnegative constant k.

Definition 1.3. On a closed pseudohermitian 3-manifold (M, J, 8), we call the
Paneitz operator Py with respect to (J, 8) essentially positive if there exists a con-

stant A > 0O such that
/Pw-soduzz\/cozdu
M M

for all real C* smooth functions ¢ € (ker Py)* (that is, those perpendicular to the
kernel of Py in the L? norm with respect to the volume form du = 6 A d6).

Remark 1.4. The essential positivity of Py is a CR invariant in the sense that it is
independent of the choice of the contact form 6. Actually, if 6 = ¢ is another
contact form, then we have dV =0 Adf = e¥0 A d6 and the transformation
law Fo = ¢~* P, of the CR Paneitz operator [Hirachi 1993]. Therefore, we have

[Pop-dpdV=[Pyp-¢pdV.
Firstly, by using the same method as in [Chiu 2006], we are able to prove:

Theorem 1.5. Let (M, J, 0) be a closed three-dimensional pseudohermitian man-
ifold with essentially positive Paneitz operator Py. Suppose:

(i) For some nonnegative constant ky,
Ric, (Z, Z) —Tor,(Z,Z) = —ko(Z, Z)y, -
(i) ker (A, — A1) N (ker Py)t # @.

Then
—ko+ \/kE + 6A

4
However if the torsion is zero, then the corresponding Paneitz operator is essen-
tially positive [Chang et al. 2005]. Therefore,

Al

v

> 0.

Corollary 1.6. Let (M, J, 0) be a closed three-dimensional pseudohermitian man-
ifold. Suppose:

(i) For some nonnegative constant ky,
R>—ky and A;;=0.
(ii) ker (A, — A1) N (ker Py)t # ¢.
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—ko+ \/k§ + 6A

A > > 0.
4

Definition 1.7. We say that (M, J) has a transversal symmetry if M admits a
one-parameter group of CR automorphisms transverse to the holomorphic tangent
bundle.

Then

For example, (M, J, 0) has a transversal symmetry if A;; = 0. For details, we
refer to [Graham and Lee 1988] and [Hirachi 1993].

Definition 1.8. A piecewise smooth curve y : [0, 1] — M is said to be horizontal
if y/(r) € & whenever y'(¢) exists. The length of y is then defined by

1
I(y) :/0 dt\/(y' (1), y' (1) L,-

The Carnot—Carathéodory distance between two points p, g € M is

d(p,q)=inf{I{(»)| y €Cpyl,

where C, , is the set of all horizontal curves joining p and g. By the Chow con-
nectivity theorem [1939], there always exists a horizontal curve joining p and ¢,
so the distance is finite. The diameter d is defined by

d=sup{d(p.q)| p.q € M}.

Note that there is a minimizing geodesic joining p and ¢ so that its length is equal
to the distance d(p, q).

Next, by using the Li—Yau gradient estimates [Yau 1975; Li and Yau 1980], we
have:

Theorem 1.9. Let (M, J, 0) be a closed three-dimensional pseudohermitian man-
ifold that has a transversal symmetry. Suppose:

(i) For some nonnegative constant ky,
Ric, (Z, Z) —Tor,(Z, Z) > —ko(Z, Z),, .
(1) ker (Ap — A1) Nker Py # ¢.
Then

2
(1 +V/1+2(ko + 0)d ) e—<1+«/1+2(k0+ro)d2>
6d?
Here tgo = max |A11| and d is the diameter of M.

A=

Corollary 1.10. Let (M, J,0) be a closed three-dimensional pseudohermitian
manifold. Suppose:
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(i) For some nonnegative constant ky,
R>—-ky and A1 =0.
(i1) ker (Ap — A1) Nker Py # ¢.
Then

/ 2
(1 +v1+2kod ) — (144 142k02)
6d2 e .
Combining Theorem 1.5 and Theorem 1.9, we can prove:

Al >

Theorem 1.11. Let (M, J, 0) be a closed three-dimensional pseudohermitian man-
ifold which has a transversal symmetry. Suppose:

(i) For some nonnegative constant ky,
Ric, (Z, Z) —Tor,(Z,Z) = —ko(Z, Z)y, .
(1) Apker Py C ker Py.

Then

2 2
(1 +1+2(k +70)d ) e—(1+ 1+2(ko+ro)d2>. —ho+ \ ko +6A

= :
= 62 4

Here 1o = max |A 1| and d is the diameter of M.

In particular, if A;; = 0, then (M, J, 6) has a transversal symmetry and we
also have Ajpker Py C ker Py. Therefore, as a consequence of Theorem 1.5 and
Theorem 1.11,

Corollary 1.12. Let (M, J,0) be a closed three-dimensional pseudohermitian
manifold with A1 = 0. Suppose

R Z _k()?
for some nonnegative constant kg. Then

2 2
(1+V1+2kd )e(” ), kot /K +6A

6d? ’ 4

A1 > max

That is, there is a positive constant C (kg, d, A) such that

A1 > Cl(ko, d, N).
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We briefly describe the methods used in our proofs. In Section 2, we first derive
the CR version of Bochner formula which involves the CR Paneitz operator. This
formula, involving a term that has no analogue in the Riemannian case, is hard to
control. A key step is that we relate this extra term to a third-order operator P that
characterizes CR-pluriharmonic functions [Lee 1988]. After integrating by parts,
we get the CR Paneitz operator.

Section 3 contains the second crucial step. By using the Li—Yau gradient esti-
mate [Yau 1975; Li and Yau 1980], we are able to prove the main Theorem 1.11.

2. The Bochner formula and CR Paneitz operator

We define an operator through
Pp = (pi'1+iAngHe' = Po = (Pi9)d’,

which characterizes the CR-pluriharmonic functions. Here Py¢ = <p111 + iAmpl,
and Po = (P )0 is the conjugate of P. Now define 8, as the divergence operator
that takes (1, 0)-forms to functions by §p (010" = 01,1, and similarly define Sp
through Sp (0191) = oi’l. The CR Paneitz operator P is then defined through

Pop =4 (8,(P@) +85(Pp)) .

‘We observe that

_ 1
() /<P¢+P<p,db¢>L; dV=—Z/P0§0'<PdV-

One can check that Py is self-adjoint, that is, (Pyg, ¥) = (¢, Poyr) for all smooth
functions ¢ and . For more details about these operators, read [Lee 1988; Graham
and Lee 1988; Hirachi 1993; Gover and Graham 2003; Fefferman and Hirachi
2003].

We first derive the following new CR version of the Bochner formula:

Lemma 2.1. For a real function ¢,
1
S D1Vl = = 1(V) 20 +3(Vhe, Vo dpe)1,

2
— (2Ric =3 Tor)((Vp@)c, (Vrp)c)
+4(Py+ Po, dpp)r;.

Here (Vyp)c = ¢1Z1 is the corresponding complex (1, 0)-vector field of V¢ and
dpyp = 10" + @701
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Proof. From [Greenleaf 1985], we have for a real function ¢

2 Ap|Vppl? = = 21(V) 2012 +2(Vse, Vi App) 1,
— (4Ric +2 Tor) (Vpe)c, (Vop)c) — 4T Ve, Vo) L,.

Lemma 2.1 follows from this and
B3)  (IVe0, Vopo), = — (Vo0 Vb Ap) L,
—2Tor((Vse)c. (Vop)c) — 2{Po + Po, dpp) L.

which we next prove. The commutation relation i@y = ¢;7 — @7, [Lee 1988] gives
171 — ®i1; = iwo1. Thus

“4) (IVp, Vpo) L, = i (97001 — ©1907)

=il — @) +e1(e111 — 9111
On the other hand,
&) (Vbp, Ve App) L, = 91 (App)1 + 01 (App)i

= —¢1(@i1; +o111) —01(@111 +@411)-
It follows from (4) and (5) that

(JVpe, Vo), + (Vpe, Vi Ap@) 1, = — 207971 — 201901717
= —2¢7 (Pig —iAng;) —2¢1 (P19 +iAjie1)
= —2 Tor((Vpp)c, (Vop)o) —2(Po + Po, dpp)r;. O

Proof of Theorem 1.5. Let ¢ € (ker Py)* be an eigenfunction of A, having the first
positive eigenvalue A;. By definition,

(6) / @PopdV > A / @*dV.
M M

By integrating (2), (3) and using (1), we have

(7) / (V) ?gl7,dV = / (App)*dV +2 / 9o dV

—/(2RiC+T0r)((Vb(P)C» (Vop)o)dV,

and

1
(®) /wgdv = /(Ab¢)2dv + 2/T0r((Vb¢)c, (Vop)e)dV — 3 / Pog - @dV.
On the other hand, it is easy to verify that

2
(VY20 =2lpn > + 3 (Ase)* + 195
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Substituting this into the left hand of (7) and combining with (8), we get

2 / o dv =2 / (Apg)?dV —2 / (Ric = Tor) (Vs0)c, (Vo)) dV

3
—— | Pyp-pdV.
[ s

By combining with (6), we get

0= —2 / (Apg)2dV +2 / (Ric — Ton) (Vs9)c. (Vo)) dV + Z / Pop-pdV

3A
> [ 2% av = [ kool av+ [ 2oty

—/ 2A k+3A IVypl? dV
= 1 0 4 bPIL, AV -

This holds if and only if

201 —k —|—3A <0

and Theorem 1.5 follows immediately. U

3. The Li-Yau gradient estimate

Let (M, J, 0) be a closed three-dimensional pseudohermitian manifold. In the case
that ker (A, — A1) N (ker Py) # ¢, then, by using the so-called Li—Yau gradient
estimate [Yau 1975; Li and Yau 1980], one can place a lower bound on the positive
first eigenvalue of a sublaplacian A.

Lemma 3.1. Let ¢ =1n f for f > 0. Then

(PF+Pf, az;,f)Lz
f2

Apf
+27|v,,<p|2.

— 4V, Vo Vool P 1L,

4(P<p + Po, db(/))Lg =4

Proof. Let Q(x) = |V;,<p|2 (x). We compute
VO = 07721 + Q1Z7 =2V (p197)
At A2 A
= i

Z1 4+ complex conjugate.
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It follows that

3, £2p _ 2 o 2 £ _
Pig = ppyy +iAng; = LSS jjf filut 2 +iA11?
_Pl_f_ _f1f11=P1f_ _ fi

Thus

4(Pg + Py.dyy),. = 4<(P1<o> 0!+ (Pig) 6", p16' +so161>p
6

- P a '
=4 [(P1<p) o1+ (Pl(p) <p1] =4 (17f —Q1—¢1 %) 7 + complex conjugate
(Pf+Pfdyf),. Apf
=4 T —4{Vsp, vb|vb<p|2>+2(—|vbgo|2).
f f
This implies the lemma. U

The next lemma will ready us to show Theorem 1.9.

Lemma 3.2 [Graham and Lee 1988; Hirachi 1993]. Let (M, J, 0) be a closed
three-dimensional pseudohermitian manifold with a transversal symmetry, and let
0 be any pseudohermitian structure on M. Then a smooth real-valued function f
satisfies Py f =0on M ifand only if P1 f =0on M, that is, f is CR-pluriharmonic.

Proof of Theorem 1.9. Let f be an eigenfunction of A, with eigenvalue X1, that is,
Apf = A1 f. Also suppose Py f = 0. Since

kl/Mf=/MAbf=0,

J must change sign. We may normalize f to satisfy min f = —1 and max f < 1.
Let us consider the function ¢ = In (a + f), for some constant a > 1. Then the
function ¢ satisfies

App = Bof _ Vi L » Vp(a+ f)
a+f a+f Lo

A f . Vo fI>  Mf
Catf (a+f)? a+f

+|Vppl* .

. 2
Since |(V5)2<p|L9 =2]p111* + 3 (Apg)* + 193, we have

I f

V,0|?.
a—l—f| b9l

v, r <L 2o _Lig i
(V%0 = =5 (Aoe)” = =3 Vgl
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On the other hand, we have

rf
(Vbp, Vo App)p, = <Vb§0, Vi (— + IVb¢|2)>
a—i—f Loy
2 )\.]a
= (V. Vi V0| )LH+

Vy0l?.
a+f| »ol

Because Ric,,(Z, Z) —Tor,(Z, Z) > —ko (Z, Z),, we have
) 2Ricy(Z,Z) —2Tory,(Z,Z) > =2ko(Z, Z),, .
On the other hand, put tgo = max |A|. Then from
—2|Anl(Z,Z), < =Tor(Z, Z2) <2|Anl(Z, Z),, ,
we have
10) —2t0(Z,Z), < —Tor(Z,Z) <2v(Z, Z)y, -
Combining (9) and (10), one has
2Ric,(Z,Z) —3Tory,(Z, Z) > =2(ko +10) (Z, Z)y, -

Now we define Q(x) = IVb(plz. Then, by Lemma 2.1 and Lemma 3.1, we see
that the sublaplacian satisfies

1 1 2(k 4 2\
—AbQ+<vb<p,vbQ>s—§Q2—<m— Got) s 1f>

2 2 at+f a+f
1 9 2(ko + 10) 6A1a
<—0*— (- - .
< 2Q <1 5 a—l)Q

If xo € M is a point where Q achieves its maximum, we have

1
0< EAb 0(x0) + (Vpo, Vi, Q) (x0).

Hence
2(ko+19) 6Aia
2 a—1

1
5 Q% (o) + (?»1 )Q(xo) <0
which implies that

2(kop+19) 6Aia
2 a—1

12a
) < 1)»1+2(ko+to),

Q(x) = Q(xp) = -2 (kl
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for all x € M. Integrating Q% =|Vpp|=|VpIn(a + f)| along a minimal horizontal
geodesic y joining the points at which f = —1 and f = max f, it follows that

In

Sln(a—i—maxf

)zln(a—l—maxf)—ln(a—l)

a—1

12a
§/|Vbln(a+f)|§d\/a 1)»1+2(k0+fo),
) _

for all a > 1. Setting t = (a — 1)/a, we have

= (L (1Y Zok ¢
1> d—2<n;>— (ko + t0)

for all 0 < ¢ < 1. Maximizing the right hand side as a function of ¢ by setting
t =exp(—1— \/1 + 2(ko + 19)d?), we obtain the estimate

)
> 1 d+ V14 2(ko + 10)d?) ket ) e(—l— 1+2(ko+r0)d2)
12 d?
(1 + \/1 +2(ko + ‘E())d2> (_1_ 1+2(k0+10)d2)
= e . O
6d?

Proof of Theorem 1.11. If (M, J, 0) is a closed three-dimensional pseudohermitian
manifold that has a transversal symmetry, then there exists a torsion free pseudo-
hermitian contact structure & = ¢2/6 for some real smooth function f. Therefore
Py, the CR Paneitz operator with respect to 0, is essentially positive. But Py=e4
Py. It follows that Py is essentially positive.

On the other hand, suppose that the CR Paneitz operator Py and the sublaplacian
Ay satisfy Ay (ker Py) C ker Py. Hence we have the following decomposition (see
[Chang et al. 2005, Section 5] for details):

ker (Ap — A1) = Ex ®p, Ex™,

where Ex C ker Py and Ex+ C (ker Py)* .
Let f be an eigenfunction of A, with respect to the first positive eigenvalue A;.
Py decomposes f as

fzfj_@fker’

whence
Apfr=nrft and Ay fier = At fier-

Theorem 1.11 then follows directly from Theorem 1.5 and Theorem 1.9. g
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