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Let F be a local nonarchimedean field. We prove the uniqueness of the
Whittaker model for irreducible admissible representations of Sp,, (F), the
metaplectic double cover of Sp,, (F). An ingredient of the proof is an ex-
plicit extension of Rao’s normalized cocycle from Sp,, (F) to GSp,, (F).

1. Introduction

Let F be a p-adic field. Let Sp,,, (F) be the metaplectic double cover of Sp,,, (F).
The uniqueness of Whittaker models for irreducible admissible representations of
Sp,, (F) is well known to experts. Although it has been used many times, there
is no general written proof, although a uniqueness theorem for principal series
representations can be found in [Bump et al. 1991]. In this paper, we correct the
situation and prove this uniqueness as Theorem 3.4. It turns out that one may
use similar methods to those used in [Shalika 1974; Gel’fand and Kazhdan 1975;
Bernstein and Zelevinskii 1976] for quasisplit groups over F. A central role is
played by T, a certain involution on Sp,, (F) which is an extension of the involution
g Tg=o00'go, ! defined on Sp,, (F'), where oy is a certain Weyl element.

Here, we realize Sp,, (F) using Rao’s cocycle [1993]. In Section 2, we extend
it explicitly to GSp,,, (F) x GSp,, (F) and then use this extension to define T. The
unexpected fact, at least to us, is that T extends to Sp,, (F) in the simplest possible
way, namely “(g, €) = (7g, €).

2. Rao’s cocycle

Let F be a local nonarchimedean field. Let X = F>" be a vector space of even
dimension over F equipped with (-, -) : X x X — F, a non degenerate symplec-
tic form, and let Sp(X) = Sp,, (F) be the subgroup of GL(X) of symplectomor-
phisms of X onto itself. We shall write the action of GL(X) on X from the right.
R. Rao [1993] constructs an explicit nontrivial 2-cocycle ¢( -, -) on Sp(X). The
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set Sp(X) = Sp(X) x {£1} is then made a group, called the metaplectic group, via

(2-1) (81, €1)(82, €2) = (182, €1€2¢(81, £2)).

In Section 2A, we describe this cocycle.

Let GSp(X) be the group of similitudes of the symplectic form above. It is
the subgroup of GL(X) of elements g such that (vig, v2g) = Ag(vy, v2) for all
vy, v2 € X, where A, € F*. The similitude factor A, defines a homomorphism
from GSp(X) to F* whose kernel is Sp(X). In Section 2B, we will extend ¢( -, )
from Sp(X) x Sp(X) to GSp(X) x GSp(X). The result of this extension is that the
set GSp(X) = GSp(X) x {£1} is given a group structure by (2-1).

2A. Description of Rao’s cocycle. We start with recalling some of the notations
and facts that appear in Rao’s formula. Detailed proofs can be found in [Rao 1993].

Let E={ej,e2,..., e, €], €5, ..., e} beasymplectic basis of X: For1<i, j <
n, we have (e;, e;) = (e, ejf) =0and {(e;, e;f) =9, ;. In this basis, Sp(X) is realized
as the set {A € Maty, 2, (F) | AJ ‘A = J}, where J = ((0, I,,), (=1, 0)). Define
V = span{e, es, ..., e,}, V* = span{e}, €5, ..., e;}. These are two transverse
Lagrangian subspaces. Let P be the Siegel parabolic subgroup of Sp(X) consisting
of the elements that preserve V*. In coordinates,

P:{(A B >‘AeGLn(F),BeMatnxn(F), ‘B:A_IB‘A}.

0 Al
Let S be asubsetof {1, 2, ..., n}. We define tg, as to be the following elements
of Sp(X):
{—e;“, i€es, . {e,-, ies,
€ - Tg = . € TS = . .
e;, otherwise, e, otherwise,
—e;, 1€, N —ef, €S,
€ -as = . e -as = « .
e;, otherwise, e/, otherwise.

The elements tg, ag, Ty, agy commute. Note that ag € P, a% = Ip,, and that
75, TS, = T§,A8,05,nS,, where S1ASy = 81U $2\81 N S». In particular, tg =ag. For
S={1,2,...,n}, we define T = tg; in this case ag = —I,.

Define now Q; = {o € Sp(X) | dim(V* N V*0) =n — j}. Note that P = Qo,
75 € Q|5), and, more generally, if «, B, y, § € Mat, ,(F) and o = ((«, B), (v, ) €
Sp(X), then o € Qanky . The Bruhat decomposition states that each 2; is a single
double coset in p\5PX) /p that Q;l = Qj, and that Jj_, 2; = Sp(X). In
particular, every element of Sp(X) has the form ptsp’, where p, p’ € P, § C
{1,2,...,n}.
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Let p1, p» € P. Rao defines

x(p1Tsp2) =det(pipa lv+)  (mod (F*)?)

and proves that it is a well defined map from Sp(X) to F*/(F *)2. Note that x (ag) =
(—1)!S!, and, more generally, if p = ((A, B), (0, 'A™")) € P, then x(p) = det A.
Also note that x(tg) = 1 and that for g € 2, and py, p; € P,

x(gH=x@) (=17, x(pigp2) = x(p)x(g)x(p2).

Theorem 5.3 in [Rao 1993] states that a nontrivial 2-cocycle on Sp(X) can be
defined by

(2-2) c(o1,02) = (x(01), X(02)) 7 (—x(01)x(02), X(0102))
I(—1)/2

(DL dr) (=1, =1 R (o),
where p is the Leray invariant —g(V*, V*oq, V*a{l), dr(p) and hp(p) are its
discriminant and Hasse invariant, (-, -)g is the quadratic Hilbert symbol of F,
and 2/ = ji + j» — j —dim p, where 01 € 2}, 03 € Qj,, 0102 € ;. We use Rao’s
normalization of the Hasse invariant. (Note that the cocycle formula just given
differs slightly from the one appearing in Rao’s paper, as there is a small mistake
in its Theorem 5.3. A correction by Adams can be found in [Kudla 1994], Theorem
3.1). For future reference, we recall some of the properties of the Hilbert symbol:

23) (@, —a)p=1, (ad,b)r=(a,b)r(@,b)r, (a,b)r=(a,—ab)r.

From (2-2) and from previous remarks we obtain the following properties of
c(-,-). Foro € Qj, p € P we have

(2-4) clo,0H = (x(0), (_1)jx(0))F(_1’ _1){?(1'—1)/2’
(2-5) c(p.o)=c(o, p) = (x(p), x(0)) -

As a consequence of (2-5) and (2-3), we see that

1

(2-6) (p, €)@, )(p,en) = (pap~!, e),

for all 0 € Sp(X), p € P,and €1, € € {£1}.

Finally, we recall Corollary 5.6 in Rao’s paper. For S C {1, 2, ..., n}, define
Xs = span{e;, ef | i € S}. We may now consider xg and cx (-, -) defined by
analogy with x and c(-, -). Let S| and S, be a partition of {1, 2, ..., n}. Suppose
01,0, € Sp(Xs,) and 03, 0} € Sp(X,). Put 0 = diag(oy, 02), o’ = diag(o], 0,).
Rao proves that

(2-7) c(o,0") = cs,(01, 01)s,(02, 03) (x5,(01), X5,(02))

- (x5,(0)), X5,(09)) p (x5, (0107), x5,(0207)) 1.
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2B. Extension of Rao’s cocycle to GSp(X). F* is embedded in GSp(X) via

I,
x.—n(x):(o ;}).

Using this embedding we define an action of F* on Sp(X): (g,A) — g =
i(x"DHgi(r). Let F* x Sp(X) be the semidirect product corresponding to this
action. For «, 8, y, § € Mat,»,(F) and g = (;‘ ’g) € GSp(X), define

[ “ P Sp(X

and note that g =i(Ag) p(g). The map g — 1(g) = (A4, p(g)) is an isomorphism
between GSp(X) and F* x Sp(X).

From the theory of the Weil representation (see [Mceglin et al. 1987, page 36]),
we know that for any A € F*, we can define a map v, : Sp(X) — {%1} such that
(g,€)— (g, €)= (g)‘, ev,\(g)) is an automorphism of Sp(X). In 2B, we compute
vx. We shall also show there that (1, (g,€)) — (g, €)* defines an action of F*
on Sp(X). Here we just want to show how this computation enables us to extend
c(-,-)toa2-cocycle ¢( -, -) on GSp(X) and hence write an explicit multiplication
formula of GSp(X), the metaplectic double cover of GSp(X). We define the group
F* x Sp(X) using the multiplication

(a, (g, €D) (b, (h, &) = (ab, (g, €’ (h, 2)).

We also define a bijection from GSp(X) x {£1} to F* x Sp(X) by i(g,€) =
(Ag, (p(8), €)), whose inverse is given by 1! (%, (h, €)) = (i(A\h, €). We use T
to define a group structure on GSp(X) x {£1}. A straightforward computation will
show that the multiplication in GSp(X) is given by

(g, €1)(h, €2) = (gh, v, (p(®) c(p(&)™", p(h)e1€2)).

Thus,
é(g. ) = vy, (p(@)c(p@™, p(h))

serves as a nontrivial 2-cocycle on GSp(X). We remark here that Kubota [1969]
(see also [Gelbart 1976]) used a similar construction to extend a nontrivial double
cover of SL;(F) to a nontrivial double cover of GL;(F). For n = 1, our construc-
tion agrees with Kubota’s.

Computation of v, (g). Barthel [1991] extended Rao’s unnormalized cocycle to
GSp(X). One may compute v, (g) using Barthel’s work and Rao’s normalizing
factors. Instead, we compute vy (g) using Rao’s (normalized) cocycle. Fix A € F*.
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Since (g, €) — (g, €)* is an automorphism, v;, satisfies

c(g”, ")

(2-3) v (g)va(h)vy(gh) = W

We shall show that this property determines v;.
We first note that

(2-9) (/3 tf—l)kz(g 34131)’ x((g tf—l)k)fx((ﬁ tf*))'

For S € {1, 2, ..., n} define ag(A) € P by

r e, i€, ref, iesS,
ei-as<x>={ ot e?‘-as<x>={e; l
1

e;, otherwise, eF, otherwise.

Note that as = as(—1). One can verify that
(2-10) T =as(\)ts = tsas(A 7).

Since x (a S(k)) =!5!, we obtain, using (2-9) and (2-10), the Bruhat decomposition,
and the properties of x presented earlier, that Q; = Q; and that, for g € 2},

(2-11) x(gh =1 x(g).

Lemma 2.1. For p € P, g € Q; we have

(2-12) v (P)ua(@vi(pg) = (x(p), M)
and
2-13) v () v (P) v (gp) = (x(p), 1Y) 1.

Proof. We prove (2-12) only. (2-13) follows in the same way. We use (2-8), (2-5),
(2-11) and (2-3):

Ce(ph gt (x(ph),x(gh)
v (p) (@ ua(pg) = c(p. 2) = (x(p),x(g))F
_ (. x(@n)

(x(p), x(9) ,

= (x(p), M) .. O

Lemma 2.2. There exists a unique t, € F*/F** such that vy (p) = (x (», t,\)Ffor
all p e P.
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Proof. Substituting p’ € P for g in (2-12) we see that v, |, is a quadratic character.
Since N, the unipotent radical of P, is isomorphic to a vector space over F, it
follows that N> = N. Thus, v | v 1s trivial. We conclude that v, |, is a quadratic
character of GL,,(F) extended to P. Every quadratic character of GL,, (F') is of the
form g > x (det g), where yx is a quadratic character of F*. The nondegeneracy of
the Hilbert symbol implies every such character of F* has the form x (a) =(a, t,) F,
where 1, € F* uniquely determined by x up to multiplication by squares. U

Lemma 2.3. For o € Qj we have v,(0) = (x(a),t,\)»j)Fv,\(rS), where S C
{1,2,...,n}is suchthat |S| = j. In particular, if |S| = |S’| then vy (ts) = v, (Ts).

Proof. An element o € ©; has the form o = ptgp’, where p, p’ € P and |S| = j.

Substituting ¢ = tgp’ in (2-12) yields vx(ptsp’) = va(p)va(Tsp)(x(p). M)F
while substituting g = 75 and p = p’ in (2-13) yields v, (tsp’) = vy (ts)vi(p’) -

(x(p"), M) F . Using these two equalities together with (2-3) and Lemma 2.2, we

obtain v, (ptsp’) = (x(pp), 1Lr7) Lva(ts). Since |S| =|S'| implies prsp~! =1y,

for some p € P, the last argument shows that v, (ts) = v, (Ts). Il

It is clear now that, once we compute ¢, and v, (ts) forall § € {1,2,...,n}, we
will find the explicit formula for v,.

Lemma 24. 1, = A and v, (ts) = (A, )\)I:\(IS\—I)/;

Proof. Let k be a symmetric matrix in GL,, (F). Put

k —1I, cp I, k N
= , nr = ,
Pe=\o k! “=\o 1,
and note that x(n;) = 1, x(pr) = detk, and that

(2-14) TART = N_3—1TPk.

We are going to compute v, (T) v, (n;7) vy (tngt) in two ways: First, by Lemma
2.3 and by (2-14), we have v, () vy (niT) V) (T T) = VA (T) VA(T) V). (M_pj—1TP) =
vy (n_g-1Tpi). Since

(2-15) x(thgt) = x(n_g-11tpr) = det(k),

we obtain, using Lemma 2.3 again,

(2-16) v (D) v () vy (T T) = (detk, 5 A") i (7).
Second, by (2-8) we have

C(‘L’, nk‘c)

(2_17) U}\(‘[)U)\(l’lkf)v)\(fl’lkf) = m
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We shall compute the two terms on the right side of (2-17), starting with c(z, n 7).
Let p and [ be the factors in (2-2), where o1 = 7, 0o = n; 7. Recall that the Leray
invariant is stable under the action of Sp(X) on Lagrangian triplets, see [Rao 1993,
Theorem 2.11]. Hence,

g(V*, Vit V¥iur) ) = q(V*, V, V¥ (=Latn_p)) = q(V*, V, Vn_y).
We conclude that p = k, [ = 0. Using (2-2), and (2-15) we observe that
(2-18) c(r,mt) = (=1, detk) hp (k).

We now turn to ¢(t*, (nxt)*). Let p and [ be the factors in (2-2), where o1 = t*

and o, = (n,7)*. Note that (2-9) and (2-10) imply (nk7)* = nyurlo,t, and hence
q((V*, vt V*((nkr)*)‘l) =q(V*, V, Vn_y).
Therefore p = mk and [ = 0, and so we get
o(t, (uo)*) = (x (M), x (Do) 1 (=1 x (2 (1)) php (M),

We recall (2-14) and note now that

k Ak
‘L')”(nk‘t))” = (‘rnkt)A = (n_kfmcpk)A =n_y-1Ayt (0 k‘l) .

Hence, c(z*, (nx71)*) = (A", A")p(—1, A" detk) .hp (Ak), or, using (2-3):

(2-19) c(t*, (mer)*) = (=1, detk) p hp (Ak).
Using (2-16), (2-17), (2-18) and (2-19) we finally get
hr(\k)
vy (7) (detk, nA") . = .
A ( A )F hF(k)
By substituting £ = I,, in the above, we get v, (t) = (X, )\)’}(n_l)/z, and we can

rewrite it as
. hp(Ak)
P hp(k)

(2-20) (detk, ,A") (h, w02,
To find #,, we note that for any y € F* we can put k, =diag(1, 1, ..., y) in (2-20)
and obtain (y, LA")F = (A, )02 00 a5 (1) P2. For both even
and odd n, this is equivalent to (y, A)r = (y, ) r. That the last equality holds for
all y € F* implies that t;,, = A (mod (F*)?).

We are left to compute v, (ts) for S C {1, 2,...,n}. For such S, define st €
Sp(Xs) by analogy with T € Sp(X). We can embed Sp(X) in Sp(X) in a way that
maps st to tg. We may now use (2-7) and repeat the computation of v, (7). ]
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Joining Lemma 2.3, and Lemma 2.4, we write the explicit formula for v,. For
g € 2; we have

(2-21) vi(g) = (x(g), MVH1) L, 1)U/,

One can easily check now that v, (g)v,,(g*) = v;,(g) and conclude that the map
(A (g.€) — (g, €)* defines an action of F* on Sp(X), namely ((g,€)*)" =
(g, €)*. Lastly, comparing (2-21) and (2-4), keeping (2-3) in mind, we note that

(2-22) v_1(9) =vo1(g H=clg. g7 ).

This fact will play an important role in the proof of the uniqueness of Whittaker
models for Sp(X).

3. Uniqueness of the Whittaker model

3A. Statement of the main results. Let yr be anontrivial character of F. Let Z’ be
the group of upper triangular unipotent matrices in GL,,(F). Let Z be the subgroup
of Sp,, (F) that consists of elements of the form ((z, b), (0, z=1)) in which z € Z’
and b € Mat,,(F) satisfy b = z7'b z. We shall continue to denote by ¥ the
character of Z given by ¥ (z) = ¥ (bn.n) + Zf;ll Z¢.i+1)). Let Z be the inverse
image of Z in Sp,, (F). From (2-5) it follows that Z ~ Z x {£1}. We define a
character of Z by (z, €) — € (z) and continue to denote it by .

Let (7, V;) be a smooth representation of Sp,,(F). By a Whittaker func-
tional on 7 with respect to i, we mean a linear functional w on V, satisfying
w(n(z) v) =Y(@w) forall v e V,, z € Z. Define Wy 4 to be the space of
Whittaker functionals on 7 with respect to ¥. We define 7 as the (smooth) dual
representation to 7.

Theorem 3.1. If (w, V) is an irreducible admissible representation of Sp,, (F),
then
dim(Wy ) - dim(W; 1) < 1.

The proof of this theorem will show:

Theorem 3.2. Suppose (w, V) is an irreducible admissible representation of
Sp,, (F). If, from the existence of a nontrivial Whittaker functional on w with
respect to \r, one can deduce the existence of a nontrivial Whittaker functional on
7 with respect to Y1, then dim(Wy ) < 1.

Corollary 3.3. If (w, V) is an irreducible admissible unitary representation of
Sp,, (F), then dim(Wy ) < 1.

Proof of the corollary. We show that the conditions of Theorem 3.2 hold in this
case. Indeed, if (m, V) is an irreducible admissible unitary representation of
Sp,, (F), one can realize the dual representation in the space V;, which is identical
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to V as a commutative group. The scalars act on \7;, by A-v = Av. The action of 7
in this realization is given by 77 (g) = 7 (g). It is clear now that if L is a nontrivial
Whittaker functional on 7 with respect to ¥ then L, acting on V., is a nontrivial
Whittaker functional on 7 with respect to . g

Since every cuspidal representation 7 is unitary, it follows from Corollary 3.3
that dim(W ) < 1. Furthermore, assume now that 7 is an irreducible admissible
representation of Sp,,(F). Then 7 is a subquotient of a representation induced
from a cuspidal representation of a parabolic subgroup. Let H be a parabolic
subgroup of Sp,,(F). It is known [Mceglin et al. 1987, page 39] that if g and
h commute in Sp,, (F) then (g, €1) and (4, €2) commute in Sp,, (F). Therefore,
My, the inverse image of the Levy part of H, is isomorphic to

GL,, (F) x GL,,(F) % - - - x GL,, (F) x Spy (F).

Suppose that for 1 <i <r, the representation o; of GL,, (F') is cuspidal, and that
7’ is a cuspidal representation of Sp,; (F). Denote by ¥; and v’ the restrictions of
¥ to the unipotent radicals of GL,, and Sp,, (F), respectively, embedded in M.
Note that dim(Wy, y,) <1 and dim(W5' ) < 1. Let t be the representation of My
defined by

(diag(g17 825+, 8r> h, tgr_l’ tgfj—ll’ T tgfl)’é) =
Qi) oi(gi)yy (det gi) @ (h, €),

where yy is the Weil index of v (for details on yy see [Rao 1993, appendix]).
We extend T from My to H, letting the unipotent radical act trivially. Define
Ind(H, Sp,,(F), T) to be the corresponding induced representation. One may use
the methods of [Rodier 1973], extended in [Banks 1998] to a nonalgebraic setting,
and conclude that

MWy 7 55 00.p) = HiM(Worr ) TTEZ] dim(Wo ).

Now, if V, € V; C Ind(H, Sp,,,(F), ), are two Sp,, (F) modules then clearly
the dimension of the Whittaker functionals on V| and V, with respect to i is not
greater then dim(Wlnd(ﬁ,m,r),w)' It follows now that dim(W, ) < 1. Thus,
we proved

Theorem 3.4. Let w be an irreducible, admissible representation of Sp,,,(F). Then
dim(Wy y) < 1.

Proof of Theorem 3.1. Define on Sp,, (F) the map

g "g=o00('9)o; ",
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where

60=<€0 Eo) ey =diag(1,—1,1..., (=1)"*') € GL,(F).
n

We note that o, I = ‘o9 = 00, and that oy € GSp,,,(F) with similitude factor —1.
Hence, g — ‘g is an antiautomorphism of Sp,,, (F') of order 2 of. We now extend
T to Spy, (F). A similar lifting was used in [Gelbart et al. 1979] for GL,(F).

Lemma 3.5. The map (g,€) — %(g,€) = (%g, €) is an antiautomorphism of
Sp,,(F) of order 2. It preserves both Z and Y and satisfies ?(sz,l(F ), 6) =
(Sp, (F), €).

Proof. We note that if g € Sp,, (F) then ‘g = —Jg~'J. Hence,

Ty — €n 0 _In 0 -1 _In 0 €n 0 !
§=\loe/)\ 0o 1,)8 Lo 1,)J\oe) -
Thus, the map

(g.6) > ("g ec(g, g Hv_1(g ) e(pe, D e(ped. pHelpe, pH),

€n 0 ~ —In 0 —1 —In 0
= P prmy
be (o e,,)e and g (0 In)g 0 1,)°

is an antiautomorphism of Sp,, (F'). We now show that

where

c(g, g Hv_1(g N e(pe, &) c(pe&, p7 ) e(pe, p7H =1

Indeed, c¢(pe, g)c(peg, p;])c(pe, p;l) =1is a property of Rao’s cocycle noted in
(2-6). The fact that c(g, g Hv_i(g"H) =1lisa consequence of the calculation of
v, (g) and is noted in (2-22). The remaining assertions of this lemma are clear. [

Let S(Sp,, (F)) be the space of Schwartz functions on Sp,, (F). For i € Sp,,,(F)
and ¢ € S(Sp,,(F)), we define A(h)¢, p(h)¢, and ¢ by

(p()p)(e) =d(gh), (MM)P)(Q) =dh™'g)., Tdp(g)=0("g).

These maps are elements of S(Sp,, (F)). We give S(Sp,, (F)) an algebra structure,
called the Hecke algebra, by the convolution. Given (i, V), a representation of
Sp,, (F), we define as usual a representation of this algebra in the space V; by

(@) = / 6 (g)m () v ds.

Spa, (F)

The following theorem, known as the Gelfand—Kazhdan Theorem in the context
of GL,(F) (see [Gel’fand and Kazhdan 1975; Bernstein and Zelevinskii 1976]),
will be used in the proof of Theorem 3.1.
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Theorem 3.6. Suppose D is a functional on S(Sp,,(F)) with D()»(Zl),o(m)(ﬁ) =
lﬁ(ZZZl_l)D(qb) forall ¢ € S(Sp,,,(F)) and 21, z1 € Z. Then D is T invariant, that
is, D("¢) = D(¢) for all ¢ € S(Sp,, (F)).

We will prove this theorem in Section 3B. Here we use it for:

Proof of Theorem 3.1. Since any irreducible admissible representation of Sp,,, (F)
may be realized as a dual representation, the proof amounts to showing that if
Wr .y # 0 then dim W; -1 < 1. We shall use an argument similar to the one in
[Soudry 1987, Theorem 2.1]. Let w be a nontrivial Whittaker functional on (i, V)
with respect to ¥. Suppose w; and w; are two nontrivial Whittaker functionals on
7 with respect to 1//_1. The proof will be achieved once we show that w; and w;
are proportional.
For ¢ € S(Sp,,,(F)), let m*(¢) w be a functional on V,; defined by

@w)o= [ p@ule ) de

SpZn (F)

Note that ¢ € S(Sp,,(F)) implies w*(¢)w is smooth even if w is not. Thus,
7*(¢)w lies in € V. By a change of variables we have

(3-1) A (" (@) w) =7*(A(h)¢)w.
Now define R; and R», two functionals on S(Sp,, (F')), through
Ri(¢) = wi (7 (@) w).

Using (3-1), the facts that w, w;, w, are Whittaker functionals, and by changing
variables, we observe for all z € Z that

R(M2)¢) =V ' @DRi(®),  Ri(p(@)¢) =1V (@)Ri($).
From Theorem 3.6 it follows that R;(¢) = R;(%). Hence,

(3-2) Wi (7 (W7 (@) w) = i (7 (T (h)p)w)).
Using a change of variables again, we also have
(3-3) 7 (F ) w = 7*(7¢) (7" (Thyw) .

Joining (3-2) and (3-3) we obtain
; (7 (@) w) = Bi (7 (79) (7* Chyw)).

In particular, if 7*(¢) w is the zero functional for some ¢ € S(Sp,, (F)), then, for
all h € Sp,, (F), w;(7*("¢)(w*(Th)w)) = 0. Here, for all f € S(Sp,,(F)), we
have
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0 = Wy ( f FW; (7 (CP)(r* (Th) w)) dh).
Spy, (F)

By the definition of 7*(¢) w and by changing the order of integration, we have,
for all v e V,

/S - J Wi (7*(Fp) (2 * (Th) w)) ()dh = 7 (T¢) (7™ () w) (v).
P2,

The last two equalities yield that if 7*(¢)w = O, then, for all v € V; and f €
S(SPZn(F))9 _
Wi (7 () (™ (fHw)) (v) = 0.

Because 7 is irreducible one can conclude that
7 (S(Spy, (F)w) = V;.

Indeed, since n*(S(Sp2n(F ))w) is an Sp,,, (F), invariant subspace we only have
to show that 77*(S(Sp,, (F))w) # {0}, which is clear.
Hence, changing variables once more, we see that for all £ € V; we have
0=w;(7("p)E) = / To(e~Hwi( (g~ HE)dg.

Spy, (F)

For g € Sp,, (F), define “g = Te~! and for ¢ € S(Sp,, (F)), define “¢(g) =
¢ (“g). We have just seen that if 7%(¢) w = 0 then

(@) (“p))w; = 0.

This and the equality 7 *(S(Sp,, (F))w) = V; show the following linear maps are
well defined. For i = 1,2, define S; : V; — V3 by S;(7*(@)w) = ((7)*(“¢)) ;.
One can easily check that S; and S, are two intertwining maps from 7 to h —
’f;(oo h~loy). The last representation is clearly isomorphic to & — 7 (op h=lop),
which, due to the irreducibility of 7, is itself irreducible. Schur’s Lemma guaran-
tees now the existence of a complex number ¢ such that S, = ¢S;. Thus, for all
¢ € S(Sp,,(F)) and for all £ € V;, we have

| @@ (i he)ds =o
Spy, (F)
We can now conclude that w; and w; are proportional. O

3B. Proof of Theorem 3.6. Put G = Sp,,(F) and define H = Z x Z. Let ¥ be
the character of H defined by J(m,nz) = W(nl_lng). H acts on G by (ny,ny) -
g= nlgnz_l. For g € G, we denote by H, the stabilizer of g in H. It is clearly
a unimodular group. Let Y be an H orbit, that is, a subset of G of the form
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H-g=ZgZ, where g is a fixed element in G. Let S(Y) be the space of Schwartz
functions on Y. H acts on S(Y) by

(h-p) (k) =p(h™" - k)g~" (h).

With this notation, the proof of Theorem 3.6 goes almost word for word as
[Soudry 1987, proof of Theorem 2.3]. The main ingredient of that proof was
[Bernstein and Zelevinskii 1976, Theorem 6.10], which asserts that the following
four conditions imply Theorem 3.6:

(i) The set {(g,h-g)| g € G, h € H} is a union of finitely many locally closed
subsets of G x G.

(ii) For each h € H, there exists hz € H suchthat h- Tg = “(hz-g) forall g € G.

(ii1) T is of order 2.

(iv) Let Y be an H orbit. Suppose that there exists a non zero functional on S(Y)
satisfying D(h - ¢) = D(¢) for all ¢ € S(Y) and h € H. Then Y =Y and
D(*¢) = D(¢) for all ¢ € S(Y).

Of these four conditions, only the forth requires some work. To make Soudry’s
proof work in our context, we have only to change [Soudry 1987, Theorem 2.2] to
Theorem 3.7. Fix g € G. If for all h EHg’ we have J*I(h) = 1, then there exists
an h8 € H such that h - g = Tg and ¥~ (h) = 1.

Before we prove this theorem, we state and prove its analog for Sp,, (F). After

the proof, we give a short argument which completes the proof of Theorem 3.7.

Lemma 3.8. For a fixed g € Sp,,(F) one of the following holds

A. There exist ny,ny € Z such that nign, = g and ¥ (n1ny) # 1
B. There exist ny, ny € Z such that nigny = g and ¥ (nny) = 1.

Proof. Because t preserves both Z and v, it is enough to prove this Lemma
only for a complete set of representatives of 7\ 5P2(F) /, We recall the Bruhat
decomposition: Sp,, (F) =J,,cw ZTwZ, where W is the Weyl group of Sp,,, (F)
and T is the group of diagonal elements in Sp,, (F). We realize the set of Weyl
elements as {wgrg |oes, SC {1,2,...,n}}, where, for o € S,, we define
we € GL,(F) by (ws);,j = 6i,5(j) and w, € Sp,,(F) by

w_wUO
T7N0 w, )

Thus we may take {d~'w, 'gs|d €T, o €S,, SC{1,2,...,n}} as a complete
set of representatives of A\SPx(F) /o where

(pS = ‘L’SC(,Zsr = <_MSC MS
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and where, for § € {1,2, ..., n}, Mg € Mat,x,(F) has (Ms); ; = d; jdies-
Denote by wy the k x k invertible matrix with elements (wi); j = 8iyjk+1-

Suppose that ki, k», ..., kp, k are non negative integers such that k + Zf’zl ki =n.
Suppose also that ay, az, ...,a, € F* and n € {£1}. For

(3-4) w, = diag(wg,, Wiy, - - - Wk, s Ly Whys Wiy -+ - Wy s 1),

(3-5) d =diag(aiex,, aréxy, - - - apék,, nl, al_lek,,az_lekz, ces a;lekp, nly),

and S={n—k—+1,n—k,...,n}, one checks that
"d N, ) =d "W, s,

Thus d~"w, g is of type B.
We shall show that all other representatives are of type A. We will prove that in
all the other cases one can find ny, n, € Z such that

(3-6) Wodmd ™' W, " = gsny'gg,
(3-7) Y(niny) # 1.
We shall use the following notations and facts: Denote by E, , the n x n matrix

defined by (Ej )i j =8p,i84,;. Fori, j €{l,2,...,n}, i # j we define the root
subgroups of Sp,, (F) through

I, +xE; ; 0
Uij= M"(X)=<n " ) xeF}:F,
b ”’ 0  I,—xEj; |
I, xE;j+xEj;
Vij= Ui,j(X):((’; * ’ij ”’)IxeF}:F,
I, xE;;
Vii= vi,i(x)z((’)1 In”’) |xeF}:F.

If i < j, we call U; ; a positive root subgroup; if j =i + 1, we call U; ; a simple
root subgroup; and if j > i + 1, we call U; ; a nonsimple root subgroup. We
call 'U; ; = Uj,; the negative of U; ;. The group S, acts on the set {U,;j | i, ] €
{1,2,...,n}, i #j} by

(3-8) Wotti j(X) Wy " = o (i),o () (X)

and on the set {V; ; | i, j €{1,2,...,n}} by

(3-9) We vy, j (D) Wy = Vo (i).o() (X).
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T acts on each root subgroup via rational characters:
(3-10) du; j(x)d™" =u; j(xdid; "),
(3—11) dvi,j(x)d_l :vi,j(xd,-dj),

where d = diag(d,, d3, .. ., dy, dl_l, dz_l, . d‘l). We also note that

>'n

(3-12) @i (X))@ = v (x) ifi e,
(3-13)  @svi ()@ =u; j(x) ifiesS,j¢s,
(B-14)  gsui j(Opg ' =u; ;i (x) ifieS, jes,i#j,

(3-15) psui (g =uji(—x) = u; j(x)7 ifi¢gS, jgS,i#]j.

Consider the representative d —1wa—1¢;s_ Assume first that S is empty. If there
exists a simple root subgroup Uy x+1 taken by o to the negative of a nonsimple root
subgroup, we choose 11 = uy x+1(x) and np = ‘u(,(k),g(kJrl)(dkd,;rllx). For such a
choice, by (3-8), (3-10) and (3-15), Equation (3-6) holds. Also, since ¥ (nny) =
Y(n1) = Y¥(x), it is possible, by choosing x properly, to satisfy (3-7). Next, if
there exists a nonsimple positive root subgroup U; ; taken by o to the negative of
a simple root subgroup, we choose n; = u; ;j(x) and np = ‘ug(i),g(j)(didj_lx) and
repeat the argument. Thus, d _lwa_]gog is of type A unless o has the following
two properties: first, if o takes a simple root to a negative root, then it is taken
to the negative of a simple root; second, if o takes a nonsimple positive root to a
negative root, then it is taken to the negative of a nonsimple root. An easy argument
shows that if o has these two properties, w, must be as in (3-4) with k = 0. We
assume now that w, has this form. To finish the case S = @, we show that unless
d has the form (3-5), with k = 0 and ki, k2, ..., k, corresponding to w,, then
d _lwo_lcpg is of type A. Indeed, suppose that there exist dy and di; that belong
to the same block in w, such that dy # —di+1. Then we choose n; = uy g+1(x)
and n, = tug(k),o(kﬂ)(dkd,;llx). For such a choice (3-6) holds as before, and
Y(ning) =¥ (x(1+ dkdkjrll)). Hence it is possible to choose x so (3-7) holds.

We may now assume |S|> 1. We show thatif n ¢ S then d_lwglgog is of type A.
Indeed, if o (n) € S (so o (n) #n), then, for all x € F, if we choose n1 = v, ,(x) and
np = vg(n),g(n)(—xd,%), then (3-9), (3-10), and (3-12) imply Equation (3-6) holds.
Clearly, there exists x € F such that ¥ (n1ny) = ¥ (n1) = ¥ (x) # 1. Suppose now
thatn ¢ S # @ and o (n) ¢ S. In this case, we can find 1 <k <n — 1 such that

(3-16) ok)yeS and o(k+1)¢S.
We choose

(3-17) ny=ugi+1(x) and np= va(k),a(k+1)(—xdkd;:+11)-
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By (3-8), (3-10) and (3-13), Equation (3-6) holds, and since {(n1ny) = ¥ (n;) =
Y (x), we can satisfy (3-7) by properly choosing x. We assume now n € S. We also
assume o (n) € S, and otherwise we use the last argument. Fix n; = v, ,(x) and
ny = va(n),g(n)(—xd,f). One can check using (3-9), (3-11), and (3-12) that (3-6)
holds. Note that

X, o(n) #n,
W(mm)_{x(d,%—l), o (n) =n.

Hence, d71w071g03 is of type A unless o(n) = n and d, = £1, and so we now
assume that of o (n) and d,,. If S = {n}, we use a similar argument to the one we
used for S = @ but this time analyze the action of 0 on {1,2,3,...,n—1}.

We are left with the case o (n) =n,d, =+1,and S D {n}. f c(n — 1) ¢ S we
repeat an argument we used already. We choose 1 <k <n —2, ny, and nj as in
(3-16) and (3-17). We now assume o (n — 1) € S. We choose n| = u,_1 ,(x) and
ny, = ua(n,l),n(—xdn,ldn_l). Using (3-8), (3-10) and (3-14), we observe that (3-6)
holds. Also

=, on—1)#n-—1,
‘”(”1”2)_{x(dn_1d,:1—1>, on—1=n-1.

Thus, unless o(n — 1) =n — 1 and d,_; = d, = +1, d~'w, 'ps is of type A.
Therefore, we should only consider the case c(n) =n,o(n—1)=n—1,d,—1 =
d, = %1, and {n — 1,n} € S. We continue in the same course. If § = {n —
1, n}, we use similar argument we used for S = @, analyzing the action of o on
{1,2,3,...,n—=2}. If S 2 {n —1, n}, we show that unlessoc(n —2) =n—-2¢€ §
and d,_» =d,—1 =d, = £1 we are in type A etc. ]

We now complete the proof of Theorem 3.7. We define types A and B for
Sp,, (F) by analogy with the definitions given in Lemma 3.8 and show that each
element of >\ 5P=(F) /— is either of type A or of type B. Given g = (g, ¢€) €
Sp,, (F), if g is of type A, then there are ny, ny € Z such that nygn, = g and
l/f(nll’lz) ;ﬁ 1. Let Y_l,' = (I’l,‘, 1). Clearly ﬁlgﬁz = § and lﬁ(ﬁlﬁz) = 1//(1’11”2) ;é 1.
If g is not of type A, then by Lemma 3.8 it is of type B. There are ny, n, € Z such
that nygn, = “g and ¥ (nny) = 1. Define n; as before. Note that ¢ (1) =
Y (niny) = 1. From Lemma 3.5 it follows that ;g 7o =" g. This proves Lemma
3.8 for Sp,, (F), which is Theorem 3.7. O
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