THE RESIDUAL SPECTRUM OF INNER FORMS OF Sp(2)

TAKANORI YASUDA

Volume 232 No. 2 October 2007



PACIFIC JOURNAL OF MATHEMATICS
Vol. 232, No. 2, 2007

THE RESIDUAL SPECTRUM OF INNER FORMS OF Sp(2)

TAKANORI YASUDA

Let G be the unitary group of the hyperbolic hermitian space with rank
two over a quaternion division algebra over a totally real number field. We
determine the irreducible decomposition of the residual discrete spectrum
of G. Finally we give expected description of Arthur parameters associated
to these representations.

1. Introduction

Let k£ be a number field and A its adele ring. Let G be a semisimple group de-
fined over k. We write L?(G (k)\G(A)) for the Hilbert space of square-integrable
functions on G(k)\G(A). The space L%(G(k)\G(A)) of cuspidal elements of
LZ(G(k)\G(A)) is contained in the discrete spectrum of LZ(G(k)\G(A)), and
the orthogonal complement of L%(G(k)\G(A)) in the discrete spectrum is called
the residual spectrum. In this paper we take as G the unitary group of the two-
dimensional hyperbolic hermitian space over a quaternion division algebra D over
k. It is an inner form of Sp(2). We determine the irreducible decomposition of its
residual spectrum, as a first example of a nonquasisplit group.

For G = Sp(2), the irreducible decomposition of its residual spectrum has been
determined by Kim [1995]. Kon-no [1994] described it using theta correspondence
in the case that k is totally real. We have a decomposition:

L*(Sp(2, k)\ Sp(2, A)) = L*(Sp(2)) ® L*(Py) ® L*(P) & L*(P»),

along constant terms [Mceglin and Waldspurger 1995, Prop.11.2.4]. Here Py is a
Borel subgroup, P; and P, are Siegel and non-Siegel maximal parabolic subgroups,
respectively. Then the residual spectrum can be described as

L3(Po) & L3 (P1) @ L3(Py).

Here Lfl( -) denotes the discrete spectrum of L%(-). Similarly, the residual spec-
trum of our G coincides with Lfl(P), where P is a proper parabolic subgroup of
G. P corresponds to P; via the inner twist. Therefore we can make considerable
use of the technique of decomposition of Lfi(Pl). Generally, the residual spectrum
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is spanned by residues of the Eisenstein series associated with the cuspidal repre-
sentations of the Levi factors of parabolic subgroups. A calculation of the poles of
such Eisenstein series reduces to a calculation of normalization factors of certain
intertwining operators. In the case of Sp(2) the Langlands—Shahidi normalization
was used, where its normalization factors are written by automorphic L-functions.
Therefore we can define the normalization factors for P as an analogy of the case
of P1 .
The residual spectrum for G has a further decomposition,

L2(P)oo ® L2(P)1,

where LEZ(P)OQ (resp. Lﬁ(P)l) is the space spanned by the residues of the Eisen-
stein series of infinite dimensional (resp. one-dimensional) cuspidal representations
of a Levi factor M of P. The irreducible decomposition of LZ(P)OO is obtained
by the Langlands classification (Theorem 4.1(2)); it is written in the form of the
unique irreducible quotient of Indggggn with an infinite dimensional cuspidal rep-
resentation 7w of M satisfying some conditions. Then the representation replacing
7 with the Jacquet-Langlands correspondence of 7 appears in L?I(Pl) [Kim 1995,
Th. 3.3]. L%(P)l contains the trivial representation (Theorem 4.1(1)). Every other
irreducible constituent is described by the theta lift of the trivial representation
of the unitary group of a (—1)-hermitian space over D (Theorem 4.1(3)). This
representation has a local component contained in Indggzzg (Xl - 17%) o v for any
place v of k, where x, is a quadratic character of kS and v is the reduced norm of
D. On the other hand, any irreducible constituent of Lé(Po) except for the trivial
representation is the theta lift of the trivial representation of an orthogonal group;
see [Kon-no 1994]. And this representation has a local component contained in
Indiﬁ’ii:ﬁ“) (x| - 17Y?%) o det for any v. It is interesting that the representations of
Theorem 4.1(3) do not have a multiplicity of one, unlike the case of Sp(2).

By Arthur’s conjecture, an irreducible constituent of the residual spectrum should
give the corresponding Arthur parameter. I expect that the Arthur parameters for
the residual spectrum of G are contained in those for the residual spectrum of
Sp(2). It seems that the Arthur parameters for LEZ(P)OQ appear for L?I(Pl), and
those for Lfi(P)l appear for L(Zi(PO). I give the expected description of the Arthur
parameters in Section 5.

2. Preliminaries

Let k be a number field with adele ring A = A;. We write A, Ay for the infinite
and finite components of A, while | |4 denotes the idele norm of A*. For any
place v of k we write k, for the completion of k at v, and | |, for the v-adic norm.
If v is finite, O, denotes the maximal compact subring of k,. If ¢ is a nontrivial
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character of A, trivial on k, and v is a place of k, ¥, denotes the v-component of
v

Let D be a quaternion division algebra over k. We write v, t, and ¢ for the
reduced norm, the reduced trace, and the main involution of D, respectively. We
write D_ = {x € D|7(x) = 0}. Also we write Sp for the set of places v of k at
which D is ramified, and sp for the number of its elements, which is finite and
even. We denote by M(n, R) the algebra of all n x n-matrices over a ring R. Let
W = D®? be the free left module over D with rank two, and we equip it with the
hermitian form ( , ) given by

((x1,31), (x2, y2)) =x1'y2+ y1 %2 (x1,x2,y1,2€ D).

Writing X := {(x, 0) € D®?}, Y := {(0, ¥) € D®?} we obtain a polarization of W.
Let G be the unitary group of this form, so that

G(R) = {gGGL(2,D®kR)‘g<(1) (1))*8’: ((1) (1))}

for any commutative k-algebra R. Here we write *(q; ;) = (‘aj,;) for (a; ;) €
M(2, D ® R). G is nonquasisplit and is an inner form of Sp(2) with respect to
a quadratic extension k" of k such that all v € Sp do not split fully in £’/ k. Fix a
k-parabolic subgroup P and its Levi factor M as

= )ee]. wefor=(3 o)

where D> is regarded as an algebraic group over k in the natural way. P is the
unique proper parabolic subgroup of G up to G(k)-conjugate. We write again v
for the character of M corresponding to the reduced norm via m. U denotes the
unipotent radical of P, so that

U:{u(y)::((l) i})‘yeD_}.

Here D_ is also regarded as an algebraic group over k in the natural way. The
k-split component of the center of M is

A= {a(t) - ((’) t(_)l)

The element « of the character group X*(A) of A is defined by a(a(t)) = 1>. Itis
the unique positive root of A with respect to P, and «” = a is the attached coroot.
The Weyl group Wi of A in G is equal to {1, wg}, where

01
w0:<1 O).

xeDX},

teGm}.
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We fix a maximal compact subgroup K =[], K, of G(A) such that

G(©,) if v € Sp and v is nonarchimedean,
Od)NGR) if v ¢ Sp and v is real,
Ud)NGO) if v is complex,

OW®)NGR) ifveSpand v is real,

K, =

and K, is an A-good maximal compact subgroup if v € Sp and v is nonar-
chimedean. Here O(v®?) is the orthogonal group of a quadratic form W @ R >
(x1, x2) = v(x1) + v(x2). Then we have the Iwasawa decomposition G(A) =
P(A)K. We write K » for [[,1.. Kv C G(Ax).

v|oo

3. Decomposition of the L2-inner product

We will make use of the results of [Meeglin and Waldspurger 1995], henceforth
abbreviated [MW]. Let (M, B1) and (M, P») be two cuspidal pairs [MW, II.1.1].
For their Paley—Wiener sections ¢1 € Py ) and ¢, € Py p,) [MW, 1L1.2], 6,
and 64, denote the pseudo-Eisenstein series, respectively [MW, I1.1.10]. They are
elements of L>(G (k)\G(A)) and if (M, ;) and (M, %B,) are not G (k)-conjugate,
they are orthogonal. If (M, 13) and (M, 3,) are G (k)-conjugate then the L2-inner
product between them is described as follows [MW, Theorem I1.2.1].

(3-D (0. 0p,) = A1, ¢2) () d,

TePi
Re(m)=Ao

where

A(p1, $2) () = Z (M(w, 7)1 (7)), p2(—w(TT))).
weW (M,B1),(M,F2))

Here all notation follows [MW]. W((M, B1), (M, *PB>)) is a subset of Ws and
M (1, ) is the identity, and

(M (wo, ﬂ)¢1(ﬂ))(g)=/U(A) $1()(wy ' ug)du (g € G(A)).

This integral converges absolutely at 7 € B such that (Re(), ) > 0 and A is
chosen in this area. We have to extend M (wy, ) to (Re(), a”) > 0 analytically
and rewrite Equation (3-1).

For a cuspidal pair (M, ‘R), = € B, and ¢ € Py, ), ¢ () belongs to the space
AU (A)M(k)\G(A))r (defined in [MW, II.1.1]). Here & is decomposed into a
restricted tensor product &), 77, as a (Lie M (Ax) QrC, M (Ax) NKyo) x M (A f)-
module. If 7 is infinite dimensional then it has a multiplicity of one in the space
Ao(M (k)\M (A)) of cuspidal forms on M (k)\ M (A) by Jacquet—Langlands theory.
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Also if 7 is one-dimensional it has a multiplicity of one clearly. Thus we have

AUAM(K)\G(A))x = Indf 47 = X) Ind} ") 7,
v

as (Lie G(Ax) ®r C, K) X G(A y)-modules. We have a decomposition:
M(w09 7T) = ®‘UM(wOa nv)7
where M (wo, m,) is defined by

[M (wo, 7,)¢1(g) = f . )¢u<w51ug> du (g € G(ky). ¢y € Ind3(") ).
Ulky

Their elementary properties are found in [Knapp and Stein 1980] for the archi-
medean case and [Silberger 1979] for the nonarchimedean case. This allows us
to deduce analytic properties of M (wq, w) from those of the local components
M (wg, ,). We define the normalization factor for M (wyg, 7,) by

L, 0, m,)
(3-2) r(wo, Ty, Y) = = . ,
ng(l’ nv)gwo O, 7y, Y)
Lwo(S, 7y) = L(s, 7Tv)Lkv (2s, wnv),
gwo(sv T[Ua WU) = E(S, nvv Wv)gkv (255 a)ﬂv’ Wv),

where L(s, my), €(s, 7y, ¥p) denote the L and e-factor defined by Godement and
Jacquet [1972], and Ly, (s, wy,) and &, (s, ox,, ¥y) denote the Hecke L and e-
factor. For any v ¢ Sp, this normalization factor coincides with the Langlands—
Shahidi normalization factor which is considered in [Shahidi 1990]. Let Re(w,)
denote the local analogue of Re(r).

Lemma 3.1. For any v, the normalized intertwining operator
N (wo, 70, ¥r0) = r(wo, 7, Y0) ™' M (wo, 77,
is holomorphic for (Re(my), a”) > 0.

Proof. If v ¢ Sp and 7, is infinite dimensional then the lemma has already been
shown by Kim [1995, p. 133-134]. If v € Sp, then 7, is square-integrable modulo
the center, and therefore M (wy, 7,,) is holomorphic and nonzero for (Re(r,), a*) >
0. Since r(wy, 7y, ¥ry) does not vanish for (Re(r,), «”) > 0, the lemma follows.
Assume that v ¢ Sp and m, = x, o v, where y, is a quasi-character of k. We
write B for the Borel subgroup of GL(2) consisting of upper triangular matrices.
Identifying M (k,) with GL(2, k), 7, is the unique irreducible subrepresentation
of IndM(k”)(le . |;1/2 ® Xxvl - |11)/2) [Jacquet and Langlands 1970]. We fix a set of

B(ky)
positive roots of the root data for Sp(2). r; and r, denote the reflection attached
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to the short and long simple roots, respectively. We may assume that wg = rpri7;.
By the functional equation we have

M (wo, pls]) = M (ra, rirapls]) o M(r1, rapls]) o M(ra, pls]),

where p[s]:= xol - 1o /> & x| - [1/***. Tt is known that
~1/2 ~1/2
LG+ 1ol o Den 6ol 102 v
Y (r2, rir2pls)),
Li, (s, xol 1o ")

Ly, s +1, x2)ex, (25, X0, ¥o)
Ly, (25, x2)

M(rq, rapls]),

and
1/2 1/2
Li, (s + 1, xol - 1o er, (s, xol - 1o ¥o)
— M2, pls)),
Lkv(s’ Xl 1)
are holomorphic in the region Re(s) > 0. Since N (wq, p[s], ¥ ) is the composition
of these three maps we obtain the lemma. |

Take a ¢ (1) = Q), ¢ (m)y € Py sp). Let S be a finite set of places of k including
all the archimedean places such that at every v ¢ S, D, m, and v are unramified
and ¢ (), is the K,-fixed vector with ¢ (), (1) = 1. For any v ¢ S we have the
Gindikin—Karpelevich formula [Langlands 1971, p.45]:

M(w, 7))@ (m)y = r(w, my, Yy)P (7).

Therefore
M (wo, M) () = Q) r(wo, Ty, Yu) N (o, Ty, Y)@ (1), @ Q) r(wo, Ty, Y)@ (1)
veS vgS
= r(wo, )N (wo, 1) (),
where

}’(U)(), 77) L= Hr(UJ(), Ty, WU)s

N(wo, M@ (1) : = @ N(wo, Ty, Y1) (v @ &) ¢ (7).

vesS vegS

From Lemma 3.1, M(wy, 7) is continued for (Re(), @”) > 0 and the poles of
M (wq, ) coincide with those of r(wq, ) in this region.

Proposition 3.2. Suppose that M (wg, ) has a pole 7’ for (Re(r), a”) > 0.

. . e . . ;. 1/2

(1) If ‘B consists of infinite dimensional representations, rt' is equal to mo|v|,~,
where mg is an irreducible self-dual cuspidal representation of M (A) whose
standard L-function L(s, my) does not vanish at s = 1/2. It is simple.
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(ii) If ‘B consists of one-dimensional representations then w' is equal to |v|134/2 or
(k| - |l‘/2) ov where k' k is a quadratic extension such that all v € Sp do
not split fully in k' / k. It is simple.

Proof. (i) From Shahidi’s nonvanishing theorem [1981, Theorem 5.1] and the
Jacquet-Langlands theory, the only pole of r(wy, 7) for (Re(), &) > 01is 7p|v |X 2
where wy, is trivial and L (s, 7o) does not vanish at s = 1/2. Note that wr, =1px(4)
implies 7g is self-dual.

(ii) Let m = x ov. L(s, m,) is described as follows [Jacquet and Langlands 1970].
Li,(s+1/2, xo)Li, (s —1/2, x») 1f v & Sp,

L(s,my) =1 Li,(s+1/2, xv) if v € Sp and v is finite,
2Q2m)~STYIP (s +1/2) if ve Sp and v is real.

Thus a factor of r(wg, ) related to the poles is

-1
( [T i (-172. xu)> Lie(1/2. 00 - Li 0. D) - Li(l x D™

UESD
Here Ly (-, -) denotes the Hecke L-function. We can calculate its poles easily. [J
Write & () = n0|v|11/2 for mg satisfying the condition of Proposition 3.2(i). Sim-
ilarly write &; = |v|i{2 and Gg (k') = (wr//k| - |}4/2) ov for wy /i satisfying the con-

dition of Proposition 3.2(ii). From [Harish-Chandra 1968, Lemma 101], M (wy, )
is bounded on any region of the form

{m eP|0<(Re(n),a’) <R}, 0<ReR.

Thus we can apply the residue theorem to (3-1). From Proposition 3.2 we have the
following.

Theorem 3.3. Let (M, By) and (M, *B>) be cuspidal pairs, and 0, ($1 € Py, ,))
and 0y, (¢2 € Py sp,)) pseudo-Eisenstein series.

1) If P2 = wo(P1) and one of S(my), S1 and S (k') is contained in Py, which
is denoted by S, then

(3-3) {0y, Op,) =/ 1 Re(mrd A(d1, $2) () dit + ¢(N(wo, 6)¢1(6), $2(6))
for some nonzero constant c.

(i1) Otherwise,

(01, 0p,) = / A(¢1, $2) () dr.
P |Re(r)=0
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4. The residual spectrum of G

We are now ready to determine the irreducible decomposition of the residual dis-
crete spectrum of G.

For a (—1)-hermitian right D-space (V, h), G(V) denotes the unitary group of
(V, h) and G(V4) the group of its adelic points. Set W =V ®p W and ( , )) =
%‘E(/’lv ®(,)). Then (W, ((, ))isa symplectic space over k. We will define the
WEeil representation wy, v of G(V4) x G(A) in Section 4.1.

Theorem 4.1. Let k be a totally real number field. The irreducible constituents of
the residual spectrum of G consist of the following representations.

(1) The trivial representation 1 a).

(ii) The unique irreducible quotient JS () o Ind% (|| 1/2). Here v runs over
P P(A) A

infinite dimensional irreducible self-dual cuspidal representations of M(A)
whose standard L-functions L(s, ) do not vanish at s = 1/2.

(iii) The theta lift R(V') from the trivial representation of G (V') under the Weil rep-
resentation wy, y. Here V runs over local isometry classes of (—1)-hermitian
right D-spaces with dimension one.

In the cases (1) and (2), the multiplicity of each representation is one. In the case
(3), the multiplicity of each representation is 2°° 2.

The proof of the theorem occupies the rest of this section. It is known that the
discrete term, which is the second term on the right hand of (3-3), expresses the
inner product for the residual spectrum [Mceglin and Waldspurger 1995, VI]. In
other words, the residual spectrum of G is isomorphic to the direct sum of the
images of intertwining operators for all & = &1, G () and Se (k') appearing in
Proposition 3.2.

First assume that & = G1. We have that at each v, ImN (wg, &, ) is isomorphic to
16, by the Langlands classification. Thus the representation of Theorem 4.1(1)
is obtained. Next assume that & = &(mg). For v &€ Sp, the proof of Proposition
3.2 in [Kim 1995] shows that Indggiz;(%v has a unique irreducible quotient and
ImN (wg, &,) is isomorphic to this quotient. If v € Sp, &, is tempered so that
ImN (wg, &,) is also isomorphic to the unique irreducible quotient of Indgglle;Gv.
Therefore, all images of N(wg, &) are given by the representations of Theorem
4.1(2). We remark that the above results for & = &1 and &(mg) do not need the
fact that k is totally real.

4.1. Construction by theta correspondence. Finally assume that S = Sg (k). At

each place v write I (s, xy) = Indgf;]fﬁ;((xvl -[3)ov), where y, is a character of k;°

and s € C. Writing wy; /¢, for the v-component of wy' /¢, ImN (wo, Gok )y, Y¥y)isa
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subrepresentation of I (—1/2, wy; /«,). We will describe the irreducible constituents
of I(—1/2, wy /k,) by using the theta correspondence.

(-1)-Hermitian spaces over quaternion algebras. We will review some basic facts
about (—1)-hermitian spaces. The main involution ¢ of D is of the first kind and
of symplectic type [Scharlau 1985, p. 304]. For any place v we again write ¢ for
the involution of D, := D ®; K, induced by the main involution of D, which
also becomes of the first kind and of symplectic type. Therefore, from Remarks
(iii) in the same location we can identify the local involution ¢ with the local main
involution.

Let F be a local field and R be a quaternion algebra over F' with the main
involution ¢. For I' = (y; ;) € M(m, R) such that (‘y;;) = —TI" (resp. (‘y;;) =T,
a (—1)-hermitian (resp. hermitian) form on a right (resp. left) R-module R®"
(the set of column (resp. row) vectors) is defined by ((v;), (v})) — ’(‘v[)F(v})
(resp. ((w;), (w;.)) — (w1 w})). We denote this form by (I'). Similarly
for B € M(m, F) such that A = A (resp. A = —A) we can define a quadratic
(resp. symplectic) form (B) on F®" (the set of column (resp. Tow) vectors).

e The case R =M(2, F). To observe (—1)-hermitian modules over M(2, F) we
make use of an available theory which is called hermitian Morita theory. This
implies an equivalence between the category of (—1)-hermitian (right) R-modules
and the category of quadratic F-spaces. We will describe the correspondence in
this theory ([Knus 1991] § 1.9, [Scharlau 1985] p.361,362).

Let (V, h) be a (—1)-hermitian right R-module. Set

(10 , (01 _
e_<00),e_(1 0>€M(2,F)_R,

and Ty = Ty ) := Ve. A bilinear form by = by ;) on Ty over F is defined by

0 0

/ —
hive, ve) = (b(v,h)(ve, v'e) 0

) e M2, F) forv, v e V.
Then (Ty, by) is the quadratic space corresponding to (V, k) in hermitian Morita
theory. We define det V as the determinant of (T, by). For two (—1)-hermitian
modules (Vy, k1), (V,, hy) and an isometry o : (Vy, h1) — (V3, hy), the restriction
UlTv] : Ty, — Ty, becomes an isometry from (7v,, by,) to (Ty,, by,) as quadratic
F-spaces. Therefore, the unitary group of (V, &) is isomorphic to the orthogonal
group of (Ty, by).

In particular, consider the case of (—1)-hermitian free module with rank one.

For a
F:(O‘ p )eM(z,F),
y —a
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we define M(T") € Sym,(F) ={X e M(2, F) |'X = X} as

M) = ( Y _“) — JT.
—a —p
For a (—1)-hermitian right R-module, (V, h) = (R, (I')), one has that a quadratic
space (F®2, (M(T))) is isometric to (Ty, by). Note that det V =det M (") =det T.
Hermitian Morita theory also implies the equivalence between the category
of hermitian left R-modules and the category of symplectic F-spaces. Writing
(Wg, hr) for the hermitian left R-module

0 1,
R@2
(R, <(12 0>>>,
the Morita correspondence of (Wr, i) is isometric to (eWF, sw,) where sw, is
defined by

0 sw,(ew, ew’)

he(ew, ew') = <0 0

) e M2, F) for w, w’' € Wr.

Also, we have an isomorphism between the unitary group G(Wp) of (W, hr) and
Sp(eWF) by restriction to eWp.

e The case that R is the quaternion division algebra over F. For a (—1)-hermitian
right R-space (V, h), the determinant detV € F* /(F )2 is defined as the reduced
norm of a matrix expression of A.

Proposition 4.2 [Scharlau 1985, Theorem 3.6, 3.7].

(a) Let F be nonarchimedean.
(1) The isometry class of any regular (—1)-hermitian right R-space is deter-
mined by its dimension and determinant.
(1) There exists a regular (—1)-hermitian right R-space with any dimension
and determinant except for dimension 1 and determinant —1.

(b) Let F be real and archimedean.
(1) The isometry class of any regular (—1)-hermitian right R-space is deter-
mined by its dimension.
(i1) There exists a regular (—1)-hermitian right R-space with any dimension.

The next proposition is a statement about the local-global property with regard
to (—1)-hermitian spaces. For a (—1)-hermitian right D-space (V, h), the deter-
minant det V € k*/(k*)? is defined as the reduced norm of a matrix expression of
h. For y € D_\{0}, let kgyy ={cek™| (yz, c)y=1forallv ¢ Sp}, where (, ),
is the Hilbert symbol at v. A group homomorphism A is defined by

klé,y g {(Vz: C)vtvesy € {E1}P.
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Let {41} be regarded as the subgroup of {£1}*? via the diagonal embedding. Note
that the number of elements of k75, /A~ ({£1}) is 2272,

Proposition 4.3 [Scharlau 1985, Theorem 10.4.6, Remark 10.4.6]. Let (V, h) be a
(—1)-hermitian right D-space.

@) If dimp V =1 and h = (y) for some y € D_\{0}, then for any c € kg’y, (cy)
is locally isometric to (y). For any a € A~ ({%1}), (ay) is globally isometric
to (y). Moreover

ay)laeks /A~ (£1))

is the set of classes locally isometric to (y), so this set contains 2°°~% ele-
ments.

(ii) In general, for every dimension there exists exactly 2°°~2 classes locally iso-
metric to (V, h).

Local theta correspondence. Let (V, h) be a (—1)-hermitian right D-module with
dimension m. We denote by G (V) the unitary group of V and, if R is a k-algebra,
by G (Vg) the group of R-valued points of G(V). For a place v, let (V,, h,) be a
(—1)-hermitian space over D,. We define G (V,) similarly, but we often use G (V,)
for the group of k,-valued points of G(V,) by an abuse of notation. Let (W, ( , )y)
denote the completion of the hermitian space (W, { , )) over D at v. We define the
Weil representation of G(V,) x G (k) as follows.

Let W, := V, ®p, Wy and ( , )y := 37(hy ®{, )»). Then (W, ((, )v) is a
symplectic space over k,, of dimension 8m.

e The case v ¢ Sp. A homomorphism

W, =V,@W,2vQwt> ve'e®ee'w+ ve®ew € Vye @y, eW,

becomes an isometry between (W,, { , )),) and (Vye Q, eW,, %bvv ® (—sw,)).
On the other hand, a homomorphism

0 (Vae, 3bv,) x Sp(eW,, —sw,) = Mp(Vye ® eW,)

is given in [Kudla 1994], where Mp(V,e ® eW,) denotes the metaplectic group.
From this and Section 4.1 we have a homomorphism G (V) x G (k,) = Mp(W,).
Therefore the Weil representation wy, of Mp(W,) induces a representation wy, =
wy, v, of G(V,) x G(ky), which is realized on the space ¥(V,) of Schwartz—Bruhat
functions on V, =V, ® X,.

e The case v € Sp. A homomorphism G(V,) x G(k,) = Mp(W,) is given in
[Kudla 1994]. The Weil representation wy, of Mp(W,) induces a representation
wy, = wy,.v, of G(V,) x G(k,), which is realized on #(V,) = F(V, ® X,).
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For all places v we have defined the Weil representation wy, of G(V,) x G(k,).
Some explicit formulae involving wy, are as follows. Let ¢ € ¥(V,) and v € V,,.

con(§ ) DB = (1) det Vi v(@)ilalfl pva) (@ € D* (k)
con((y 7)o = e Gh s @) (be D,)

.« wy, (M) =@~ 'v) (he GV))

We will describe constituents of 1(—1/2, x,). Let (V,, hy) be a (—1)-hermitian
(free) right module over D, with rank m. xy, denotes the quadratic character
of k¢ defined by xv,(x) = ((—1)"detV,, x),. For v ¢ Sp the description of the
irreducible constituents of /(—1/2, x,) has been obtained by Kudla, Rallis, and
Soudry [Kudla et al. 1992]. Therefore we will restrict to v € Sp.

e The case of nonarchimedean v € Sp. Consider the reducible points of 1 (s, xy),
where y, is a quadratic character of k.

Lemma 4.4. () If x, = 1 then 1(£3/2, x,) is reducible. 1 (s, x,) is irreducible
forreal s # £3/2.

(1) If xy # 1 then 1(£1/2, x,) is reducible. 1(s, xy) is irreducible for real s #*
+1/2.

Proof. The local Jacquet-Langlands correspondence of yx,ov is o9 = xyodet ® &y,
where &s; denotes the Steinberg representation of GL(2, k). By Proposition 2.1 in
[Mui¢ and Savin 2000] the Plancherel measure of x, coincides with the Plancherel
measure of x,odet® ds;. Therefore, the poles and zeros of (s, x,o v) coincide
with the poles and zeros of

L(1—s,00)Li(1 =25, w3 ) L1+, 00) L (1 + 25, w5,)
L(—s., 6) L (=25, way ) L(s, 00) Li (25, o)

’

respectively. Since © (0, x,0v) = 0, the reducible points of I (s, x,) coincide with
the poles of (s, xyov) [Silberger 1979]. All the poles are s = +3/2 if x, =1 and
s==21/2if x, # 1. O

In Proposition 3.2(ii), the local component wy /¢, at v of wy/x is not trivial.
Therefore we want the description of constituents of /(—1/2, x,) with a nontrivial
chi,, using theta correspondence. We write ¥(V,)g(v,) for the G(V,)-coinvariant
space of S(V,). Let R(V,) denote the image of the map

FVu) 3¢ = [Gky) 3 g = wy, (8)(0)] € 1(m —3/2, xv,).

This map induces an isomorphism ¥ (V)G (v,) = R(V,); see [Mceglin et al. 1987,
Chap.3 IV Th.7]. Let (V,, h)) be a 1-dimensional (—1)-hermitian space with

v
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det V; # —1. (V,/, b)) denotes the 2-dimensional (—1)-hermitian space given by
det V' = —det V,. Proposition 4.2 guarantees the existence and uniqueness of
(V/, k) and (V. h").

Proposition 4.5. (i) R(V,) and R(V)') are the unique irreducible subrepresenta-
tions of I(—1/2, xv;) and I1(1/2, xv;), respectively.

(i) N(wo, (vl -1/>) o v, W) induces an isomorphism 1(1/2, xv1)/R(V]) =
R(V)).

Proof. The Jacquet module I(—1/2, xy;)p of I(—1/2, xv;) along P is

Govgl - 1/ ov+ Govgl- 1% 0w
in the Grothendieck group. On the other hand, R(V,)p = ( xvl lv 1/ 2) ov. Since
I(—1/2, xv;) has at most one proper G (k,)-invariant space, the former of (i) fol-
lows. Similarly the latter of (i) is proved. From the Langlands classification we
obtain (ii). O

o The case of real archimedean v € Sp. We have G (k,) >~ Sp(1, 1). The reducible
points of / (s, 1) have been obtained, as follows.

Lemma 4.6 [Johnson 1990, Corollary of Lemma 5.4]. If s =£(2n+1)/2 (n e N)
then I (s, 1) is reducible, otherwise I (s, 1) is irreducible. In particular I (£1/2,1)
are irreducible.

Since v(D)) = [R{j_, we need not take the signed character in this lemma. Let
$0(V,) denote the subspace of ¥(V,) of functions of the form ¢™" V@) P(x) where
P is a polynomial on V, (= k?“m). This space is a (g,, K,)-module where g, =
Lie G (k,) ®rC. Fix an isomorphism V, = DSB’". We set h, =Lie O*(2m)®rC and
a maximal compact subgroup L, = O (v®")N O*(2m) of O*(2m) where O (V®™)
is the orthogonal group of v®™ (m times direct sum of the norm form on D,). We
write H’O(Vv)(hv,Lv) for the (h,, L,)-coinvariant space of FO(V,). R(V,) denotes
the image of the map

V) 3¢ [Gky) 3 g > wy,(8)(0)] € I(m—3/2, xv,).

This map induces an isomorphism H)O(Vv)(bv,Lv) ~ R(V,) as (gy, K,)-modules
[Zhu 1992, Theorem II]. Let (V,, k) be a (—1)-hermitian space with dimension
one. By Proposition 4.2 it is determined uniquely. From the above lemma and the
Langlands classification we have the following.

Proposition 4.7. N (wo, | - |/%, ) induces an isomorphism I1(1/2,1) ~ R(V.)(=
1(—=1/2,1)).
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We go back to a general place v. Let (V,, h,) be a (—1)-hermitian right D,-
module with rank m. For B € D, _, let Qg = {v € V, | hy(v,v) = B}. Also we
write v, g for the character of U (k,) given by v, g(u(b)) = wv(%{r(bﬂ)).

Suppose k, is nonarchimedean. Set

FVo)p =F(Vy)/Span{wy, ()¢ — Y p()p |9 € F(Vy), u € Uky)}.

The next two lemmas are shown by an argument similar to the proof of [Rallis
1987, Lemma 4.2].

Lemma 4.8. If Qg = ¢ then R(V,)g = 0. If v(B) # 0 and Qg # ¢ then
dim R(Vy)pg = 1.

Suppose that k, is real. 1°°(s, xv,) denotes the smooth induced representation
including I (s, xv,) with its Fréchet topology. Let the topology of ¥(V,) be given
by the usual one. The map i : POV, = R(V,) C I((m — 3)/2, xv,) extends to a
continuous map

i:F(Vy) = R (Vy) CI®((m—3)/2, xv,),

where R*(V,) is the image of ¥(V,). For e D, _, let R"O(Vv)l’g be the space of all
continuous linear functionals u on R*(V,) such that pu(r (X)®) =dr, g (X)u(P)
forall X eu=Lie U(R) and all & € R*(V,,). Here d, g :u— Cis the differential
of ¥, g and r denotes the action on R*(V,).

Lemma 4.9. If Qg = ¢ then R°°(Vv)/ﬁ = 0. Ifv(B) # 0 and Qg # ¢ then
dim R°°(Vv):3 =1

Global theta correspondence. For a (—1)-hermitian right D-module (V, h) we
write wy = wy, v for the Weil representation of G(V4) x G(A) on the space F(V4)
of Schwartz—Bruhat functions on V4. For any 8 € D_, we define a character g
of U(A) by

Vp(u(b)) = l—[ Yo pu(by)) () = (u(by)) € U(A)).

Let {(V,, hy)} be a collection of (—1)-hermitian right D,-modules with rank
one for all v, and let IT = ), R(V,) (if it can be defined). IT is regarded as a
representation of (Lie G(A) ®r C, K) X G(Af), whose action is written by r.
We write W g(IT) for the space of linear functionals x on IT which satisfy

p(r@) f) = vp)u(f) (feMueU(Ay),
p(r(X) f) =dypg(X)n(f) (X eLieU(Ax))

where dg is the differential of the restriction of the character ¥g to U(Ax). For
each archimedean place v, R*(V,) denotes the closure of R(V,) in I*°(1/2, xv,)

(4-1)
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as in the previous subsection. Let

> = ( X Rw(vv)) ® ( X R(vv>),
v:arch v:nonarch
which is a representation of G(A). Let W;?f(l'[oo) be the space of all linear func-
tionals u on IT* which satisfy (4-1) and whose restrictions to R*°(V,) lie in
R“(Vv);g. Let °W,°3°(H) be the subspace of Wg(IT) spanned by the restrictions
of functionals in Wgo(l"loo). We have the following proposition which is the same
as Proposition 2.1 in [Kudla et al. 1992].

Proposition 4.10. Suppose that {(V,, hy)} is given by the completions at all v of
some (—1)-hermitian right D-module (V, h) with rank one and detV # 0. We
write TI(V) = @, R(V,). Let Oy = {p € D_\{0} | h(x, x) = cp for some x € V
and some ¢ € kB’ﬂ}.

@) If B Oy and B # 0 then W3 (T1(V)) = 0.
(i) If B € Oy then dim WF(TI(V)) = 1.

A(G(k)\G(A)) denotes the space of automorphic forms on G (k)\G(A). For
f € A(G(k)\G(A)), the B-th Fourier coefficient Wg(f) is defined by

W(f)(g) = / fug)¥p™") du.
UN\U(A)
Denote by Wﬁ the linear functional on A(G(k)\G(A)) defined by f +— Wg(f)(1).
It satisfies
Weru) f) =vyp@)We(f) (ueU(A)).

Let (V, h) be a (—1)-hermitian space over D. We write A*° (G (k)\G(A)) for the
space of smooth automorphic forms without the K -finiteness condition. Let r again
denote the right regular action on A(G(k)\G(A)) or on A*(G(k)\G(A)).

By a parallel argument to the first part of the proof of Theorem 2.2 in [Kudla
et al. 1992], we have that if A, B : [1(V) — A(G(k)\G(A)) are two intertwining
operators then A and B both extend to continuous G (A)-intertwining operators
A%, B® : TI(V)*® — A®(G(k)\G(A)). Since W,g can extend to a continuous
linear functional on A*°(G(k)\G(A)), we conclude that both Ag = Wﬁ o A and
Bg = Wﬁ o B lie in 0l/tfgo(l'l(V)). As in the observation just before Lemma 2.5
in [Kudla et al. 1992], we have the following results. If 8 ¢ Oy and 8 # 0, then
Ag = Bg = 0 by Proposition 4.10(i). If B € Oy, there is a cg € C such that
Ag = cgBg by Proposition 4.10(ii). Moreover, if both B; and B, lie in the same
orbit in Oy then cg, = cg,.

Proposition 4.11. Suppose that {(V,, h,)} is as in the assumption of Proposition
4.10. Then dim Hom(IT(V), A(G(k)\G(A))) < 25072,
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Proof. From the definition of Oy and Proposition 4.3(i), Oy has 2?2 orbits. By
the preceding observation and the next lemma, the proposition is proved. O

Lemma 4.12. (It is not necessary to impose the assumption of Proposition 4.10.)
If E: 11 > A(G(k)\G(A)) is an intertwining operator satisfying Wﬁ o E =0 for
all B € D_\{0} then E = 0.

This is shown by the same argument as [Kudla et al. 1992, Lemma 2.5].

Next consider the equality of the relation in Proposition 4.11. For ¢ € ¥(V4) and
g€ G(A), we let

1¢(g)=/ 0(g.1; ¢)dl,
G(VO\G(Va)

with the usual theta kernel

0. L) =Y wy(@¢l 'x).
xeV (k)
Since G (V) is anisotropic, I4(g) is well-defined and Iy € A(G(k)\G(A)). This
defines an intertwining operator Iy from ¥(Vy4) to A(G(k)\G(A)). Itis G(V,)-
invariant for all nonarchimedean places and (h,, L,)-invariant for archimedean
places. Therefore the image Im/y of the intertwining operator is isomorphic to
a quotient of IT(V). Since IT(V) is irreducible, Im/y is isomorphic to IT(V).
Applying the square integrability criterion, and by Proposition 6.9 in [Kudla et al.
1992], we have that ImIy C L2(G(k)\G(A)). For B € D_\{0},

Wg(Ip)(g) = / Is(ug)¥p(u™") du

U(\U(A)

:/ du/ > wvu)¢d )Y ) dl
U(k)\U(A) G

(ViO\G(V4) xeV (k)

_ / Y ol x dl.
G

(ViO\G(V4) h(x,x)=8

In particular, if B is not represented by /& then Wg(ly) = 0. If B = h(x¢, xo) for
some xg € V\{0} then

Ws(I)(g) = / oy ()~ xo) dl.

G(Va)

Choosing a suitable ¢ we have Wg(ly) # 0. In particular, if Vi, ..., V, are not
isometric to each other then ly,, ..., Iy, are linearly independent. Thus we have
obtained the following theorem.

Theorem 4.13. Suppose that {(V,, h,)} is as in the assumption of Proposition 4.10.
Then dim Hom(IT(V), A(G (k)\G(A))) = 2272,
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Proposition 4.14. Suppose that there are no global (—1)-hermitian space (V, h)
such that {(V,,, hy)}y is given by the completions of (V, h). Then

Hom( I, A(G(k)\G(A))) =0.

Proof. Let E : I1 - A(G(k)\G(A)) be a nonzero intertwining operator. There
exists B € D_\{0} such that Eg = Wﬂ o E is nonzero by Lemma 4.12. Therefore for
any v, the restriction of Eg to R(V,) is nonzero. By Lemma 4.8 and 4.9 (8) >~ V,,.
This contradicts the assumption for {(V,, h,)}. O

Let {(Vy, hy)} be given by the completions at all v for some (—1)-hermitian right
D-module (V, h) with rank one and det V ## 0. We define the quadratic character

xv of A*/k* by xv =1, xv,. Since
—0(D_\{0}) = {o € k* | & (k))* for all v € Sp},

any oy / appearing in Proposition 3.2(ii) can be written by the form yy for some
V. By the definition of R(V,) we have

® R(Vy) € Indp () (xv] - 172 ow).
v

On the other hand, by Proposition 1.1, 1.2 in [Kudla et al. 1992] and Proposi-
tion 4.5, 4.7, any irreducible constituent of Indgiﬁg((xﬂ 712y 0 v) is written
by the form ), R(‘Z,) where {‘71,},, is a collection of (—1)-hermitian right D,-
modules with rank one and det \7,) = det V,, for all v. Therefore Proposition 4.14
and Theorem 4.13 conclude that the representations obtained by the images of
N (wo, (xv| - ll/z) o v) are exhausted by the representations given by Theorem

4.103).

5. Arthur parameters for residual spectrum

Here we give an expectation about the Arthur parameters for the residual spectrum
of G. The dual group G of G equals SO(5, C), which we realize as

1 1

G=1{geSL5,0) |g 1 lg = 1
—1 ~1
1 1

For each v we denote by W, the Weil group of k, and write LG, for the L-group
G x W, of G, = G ® k. We write &,, for the Langlands group introduced in
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[Kottwitz 1984]:

¢ . Wk, if k, is archimedean,
| Wi, x SU2, R) if k, is nonarchimedean.

A local Arthur parameter for G is a continuous homomorphism
V%, xSL2,C) — LG,
such that (i) ¥|w,, is semisimple and has bounded image, (ii) the composition

pry

we 516, 22wy
is the identity, and (iii) i restricted to SL(2, C) or SU (2) x SL(2, C) is analytic.

Expectation 5.1. Let 7 = ), 7, be a residual discrete representation appearing in
Theorem 4.1. The Arthur parameter v, associated to m, is given by the following.

(1) For 1G(a) we have Y1, |, = 15 x pry, and

da x
2y 2a x
a x PN
lﬁlm)(( —a)) = 2y 0 «x € LieG.
Y 2y —2a x
2y —4a
(2) For J [(,; (r) we have
Pr,
Vg ol = ! X Pry,
Ad(J) ¢!
and
a X
a X
a x o~
Iﬁ/ﬁ(n)((y _a>) = 0 € LieG.
y —a
y —a

Here ¢, is the Langlands parameter for mr,. Since m, is self-dual the image
of ¢, is contained in SL(2, C) x Wg,.

(3) For R(V) we have
XV,
C1l (&)
VRV le, = XV, X Pryy,
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and
2a 0| x
0 0] O
a x o~
¢R(Vv)(( —a>): 2y 0| 0 [0 —x | €LieG,
Y 00 0
—2y|0 —2a
where

ew) eaw)) = (0 1) if w e Wi, \ W,

10

for the quadratic extension k' of k attached to yy.

(cl(w) Cz(w)> 12 ifwe Wk/v,

Remark 5.2. The (global) Arthur parameter of 15(4) should coincide with that of
1sp2,4). For J 1? (7r) the unique irreducible quotient ngp(z)(JL (m)) of

Ind YV (JL ()| det )
occurs in the residual spectrum of Sp(2) where P; is the Siegel parabolic subgroup
of Sp(2) and JL () is the Jacquet-Langlands correspondence of 7 [Kim 1995].
The Arthur parameters of J g () and ngp(z) (JL (7)) should coincide. For R(V) the
theta lift of the trivial representation of the orthogonal group of a 2-dimensional
quadratic space with determinant det V occurs in the residual spectrum of Sp(2)
[Kon-no 1994] and its Arthur parameter should coincide with that of R(V).
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