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GROMOV-WITTEN INVARIANTS OF A QUINTIC THREEFOLD
AND A RIGIDITY CONJECTURE

JUN L1 AND ALEKSEY ZINGER

We show that a widely believed conjecture concerning rigidity of genus-
zero and genus-one holomorphic curves in Calabi-Yau threefolds implies
a relation between the genus-one GW-invariants of a quintic threefold in
P* and the genus-zero and genus-one GW-invariants of P*. This relation
is a special case of a general formula for the genus-one GW-invariants of
complete intersections obtained in a previous paper. In contrast to the gen-
eral case, this paper’s derivation is more geometric and makes direct use
of the rigidity property. Thus, it provides further evidence for the rigidity
conjecture in low genera. On the other hand, this paper also suggests a
potential way of disapproving the less commonly believed generalization of
the rigidity conjecture to arbitrary genus.

1. Introduction
Suppose y — P" is the tautological line bundle, a € Z*, and
£ = y*8a
If s € HO(P"; £) is a generic holomorphic section,
Y =571(0)

is a smooth hypersurface in P”. It has long been known how to express the genus-
zero Gromov—Witten invariants of Y in terms of the genus-zero GW-invariants
of P"; see (1-1) below for a special case. The latter can be computed using the
classical localization theorem of [Atiyah and Bott 1984]. In [Li and Zinger 2005],
we prove a genus-one analogue of (1-1) for an arbitrary hypersurface Y. The proof
itself is rather simple. However, it relies on the constructions of reduced genus-
one GW-invariants in [Zinger 2005b] and of Euler classes of certain natural cones
in a setting more general than in [Zinger 2007]. The latter in fact constitutes most
of [Li and Zinger 2005].
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In this paper, we rederive a genus-one analogue of (1-1) for a quintic threefold
Y in P*, ie. for a = 5 in the above notation, in a direct, albeit more laborious,
way from a certain rigidity property for genus-zero and genus-one J-holomorphic
curves in a quintic threefold; see the next subsection. While it is not known whether
the rigidity property is satisfied, it is widely believed to be the case for curves of low
genus (at least 0 and 1 and likely up to genus 2 or 3). Our derivation generalizes
to arbitrary Calabi—Yau complete-intersection threefolds in projective spaces. It
can be used for Fano complete-intersection threefolds as well, but in such cases
it can be obtained by taking v = 0 in Section 2.2 of [Li and Zinger 2005]. In the
Calabi—Yau cases, this cannot be done and this paper’s derivation is different from
the one given there.

Quintic threefolds, as well as other Calabi—Yau manifolds, play a prominent
role in theoretical physics. As a result physicists have made a number of important
predictions concerning CY-manifolds. Some of these predictions have been veri-
fied mathematically; others have not. This paper indicates that one of them fits in
nicely with known mathematical facts.

If X is a Kédhler manifold, g and k are nonnegative integers, and A € H(X; Z),
we denote by ﬁg,k (X, A) the moduli space of (equivalence classes of) stable holo-
morphic maps from genus-g curves with k marked points in the homology class A.
Let

Mo (X, A) =M o(X, A).

If t: Y — P" is an inclusion and ¢ is the homology class of a line in ", let

M. d)= | Meu(r. A).
L A=dl

If Y is a Calabi—Yau threefold, the virtual, or expected, dimension of ﬁg(Y ,d) is
zero. The virtual degree of ﬁg(Y, d) is the genus-g degree-d GW-invariant of Y.
If Y is a quintic threefold, we denote this invariant by N, (d).

Let

ngf (U, (P, d) — ﬁg([p", d) and evg (U (P, d) — P

be the semiuniversal family and the natural evaluation map. In other words, the
fiber of ng over [6, u] is the curve 6, while

CVZ([C& u;z1) =u(z) ifz €.
We define a section sg,’ of the sheaf Jrg*evg*il — M, (P", d) by
s¢(16. ul) = [s ou).

IfY =s~10), ﬁg(Y, d) is the zero set of this section.
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If a =5, it has long been known that
(1-1) No(d) = (e(nfevi L), [Mo(P*, d)1).
The moduli space Mo (P*, d) is a smooth orbivariety and
(1-2) JTO*CVO*£ — Mo(P*, d)
is a locally free sheaf, i.e. a vector bundle. Furthermore,
dime Mo(P*, d) =5d+1  and  rkenwfevi* € =5d+1.

Thus, the right-hand side of (1-1) is well-defined. It can be computed via the
classical localization theorem of [Atiyah and Bott 1984]. The complexity of this
computation increases quickly with the degree d, but a closed formula has been
obtained in [Bertram 2000], [Gathmann 2002], [Givental 1999], [Lee 2001], and
[Lian et al. 1997].

If g > 0, the sheaf Ty evd*ﬂ - M ([|3’4 d) is not locally free and does not
define an Euler class. Thus the right- hand side of (1-1) does not even make sense
if 0 is replaced by g > 0. Instead one might try to generalize (1-1) as

(13)  Ne(d) = (e(ROnf.ev¥*e — R'md evi ), [0, (P4, d)]'™)

where R ng*evg*ﬂ — S_th(ﬂj"‘, d) is the i-th direct image sheaf. The right-hand
side of (1-3) can be computed via the virtual localization theorem of [Graber and
Pandharipande 1999]. However,

Ni(d) # (e(ROn{ ev{*€ — R'xw{ evi*L), [, (P, d)]""),

according to low-degree checks by T. Graber and R. Pandharipande and indepen-
dently by S. Katz (personal communications).
Let
MY (P*, d) = {[6. u] € M, (P*, d) : 6 is smooth}.
We denote by MY (P4, d) the closure of MY(P4, d) in M, (P4, d). If g > 0,

then EDTO(I]:"4 d) is one of the many 1rredu01ble components of the moduli space
M, (P4, d)

Theorem 1.1. If d is a positive integer, £ = y*®> — P4,
U (P d) - MOPH, d)  and  ev?d : 4 (P, d) — P*

are the semiuniversal family and the natural evaluation map, respectively, then the
Euler class of the sheaf
ml evi* e — MI(P?, d)
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is well-defined. Furthermore, if Y satisfies the Rigidity Assumption (page 422),
then

(1-4) Ni(d) = 5 No(d) + (e(f ev{* L), ) (P*, d)]).

The moduli space ﬁ?(ﬂm4, d) is not a smooth orbifold. Nevertheless, it deter-
mines a fundamental class in Hjgg (ﬁ?(ﬂj"‘, d); Q), as its singularities are fairly
simple. The sheaf

(1-5) mi evi* & — MUP*, d)

is not locally free. Nevertheless, its Euler class is well-defined. In other words,
the Euler class of every desingularization of this sheaf is the same, in the sense
described in Section 1.2 of [Zinger 2007]. The last expression in (1-4) can be
computed via the classical localization theorem. Of course, the singularities of the
space ﬁ?(ﬂj"‘, d) cause additional complications. However, since these singular-
ities can be understood, these complications can be handled. A desingularization
of ﬁ?(ﬂj"‘, d), i.e. a smooth orbifold ﬁT?(P“, d) and a map

7 MOP*, d) - MUP*, d),

which is biholomorphic onto SDT?(IFD“, d), is constructed in [Vakil and Zinger 2006].
This desingularization of ﬁ?(ﬂm“, d) comes with a desingularization of the sheaf
(1-5), i.e., a vector bundle

I — iﬁt?(ﬂj"‘, d) such that 79 = nld*evf*ﬂ.
In particular,
(el evi* L), [MO(P*, d))) = (e(V), (IMV(P*, d))).

The localization theorem of [Atiyah and Bott 1984] is directly applicable to the
right-hand side of this equality.

Using Theorem 1.1 and the desingularization constructed in [Vakil and Zinger
2006], we have computed the numbers N;(d) for d =1, 2, 3, 4. The results agree
with those predicted in [Bershadsky et al. 1993]; see Section 1.3 in [Li and Zinger
2005] for more details.

From the point of view of symplectic topology as described in [Fukaya and Ono
1999] and [Li and Tian 1998], the numbers N, (d) can be interpreted as the Euler
class of a vector bundle, albeit of an infinite-rank vector bundle over a space of the
“same” dimension. As in the finite-dimensional case, this Euler class is the num-
ber of zeros, counted with appropriate multiplicities, of a transverse (multivalued,
admissible) section.

In brief, we prove (1-4) by slightly perturbing the complex structure Jo on P*,
then expressing each of the three terms appearing in (1-4) as the number of zeros
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of a transverse section of a vector bundle and comparing the results for the two
sides of (1-4). There are a vector bundle § — X, possibly of infinite rank, and
a section ¢ of § associated to each of three terms. The zero set of ¢ is easy to
describe. However, ¢ is not transverse to the zero set. We determine the number
@ () of zeros of ¢ + ¢, for a small generic multisection ¢, that lie near each
stratum % of ¢~'(0). These numbers in turn determine the contribution of each
J-holomorphic curve in Y to the three numbers in (1-4). We will see that every
such curve contributes equally to the two sides of (1-4).

Theorem 1.1 follows immediately from Propositions 1.3—1.5 and separately
from Propositions 2.1-2.3. The first three propositions are easier to state and can
be deduced from the last three propositions. While the statements of Propositions
2.1-2.3 are more technical, they are easier to prove.

Formula (1-4) also follows from Theorem 1.3 in [Li and Zinger 2005] and
Theorem 1.1 in [Zinger 2005b], whether or not the Rigidity Assumption holds.
Thus, Theorem 1.1 provides additional evidence for the genus-zero and genus-one
cases of the Rigidity Conjecture; see the next subsection. On the other hand, the
methods of [Li and Zinger 2005] and [Zinger 2005b] should extend to give relations
between higher-genera GW-invariants of complete intersections and of projective
spaces without any assumptions, while the methods of this paper should extend to
deduce such relations directly from the Rigidity Conjecture. If the two formulas
disagree in some genus g, the Rigidity Conjecture must be false in genus g and in
all higher genera.

1A. Rigidity properties. Throughout the rest of the paper, ¥ will denote a quintic
threefold in P*. If J is an almost complex structure on Y, (X, j) is a Riemann
surface, and u : ¥ — Y is a J-holomorphic map, let

D, :T(Z:u'TY) - (3 A T*S @u*TY)
be the linearization of d j-operator at u; see Section 2A.

Definition 1.2. An almost complex structure J on Y satisfies the genus-g rigidity
property if for every smooth connected genus-g Riemann surface (X, j) and non-
constant J-holomorphic map u : ¥ — Y

(Jy1) u(X) is a smooth curve;

(Jy2)ker Dy, CT'(Z; u*Tu(X)).

If J satisfies the genus-g rigidity property, all genus-g J-holomorphic curves in Y
are smooth and isolated. We denote by $(Y) the space of all C'-smooth almost
complex structures on Y, with the C'-topology, and by }fig(Y) C $(Y) the subspace
of almost complex structures that satisfy the genus-g rigidity property.
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Rigidity Conjecture. For all g and all Calabi—Yau threefolds Y, }flg(Y ) is dense
in $(Y).

Rigidity Assumption. If Y is a quintic threefold, the closure of $3,(Y) N}, (Y)
in $(Y) contains Jj.

We note that }flg(Y) is open in $(Y). Thus, the g = 0, 1 cases of the Rigidity

Conjecture imply our Rigidity Assumption.

Since the expected dimension of the moduli space ﬁg(Y ,d; J) of genus-g
degree-d J-holomorphic maps into Y is zero, it is easy to show that the property
(Jy1) of Definition 1.2 is satisfied by a generic almost complex structure J. But
despite years of attempts, this has not been shown to be the case for (Jy2), even
for g = 0. Nevertheless, this is believed to be case, though with some hesitation
for g above 2 or 3. (If u : ¥ — Y is an embedding, denote by N, — % the normal
bundle to u. In order to prove the rigidity conjecture, it is sufficient to show that for
a generic almost complex structure J on Y, for every J-holomorphic embedding

. ¥ — Y of a Riemann surface, and for every branch cover f : £ — X, the
operator D+ Tuoy ON f*N, induced by Dy ¢ is 1n]ect1ve If (Jy2) is to be proved
only up to genus g, it is sufficient to consider covers % of genus up to g ItfJ
is a holomorphic and N, — X is generic (of degree 2g(X) — 2), then D+ Juof is
injective for every f if and only if the genus of X is 0 or 1. The expectation is that
this kind of generic situation can be achieved using a nonintegrable J.)

For each J € $(Y), let Ef‘g’(Y‘ J) be the set of J-holomorphic genus-g degree-d
(simple) curves in Y. If J € } (Y ), this set is finite. By Propositions 1.3 and
1.4 below, the number of elements in 97”’ (Y; J), counted with appropriate signs, is
independent of J € }g (Y) for g =0, 1 We denote this number by n,(d).

If o € ZT, let m(a) denote the number of degree-o covers of an elliptic curve
by elliptic curves.

Proposition 1.3. Foralld € 7™,
no(d/o)
No(d) =Y ———.

3
o
old

Proposition 1.4. Foralld € 7™,

Nid) = — Z

old old

no(d/o) ni(d/o)
+> m(o) ——
Proposition 1.5. Ifd, £, 77.'1d , and evﬁl are as in the statement of Theorem 1.1, then
1 o n (d/a)
D no(d/G)-i—Z (0)—"—

old old

(el evi* L), MY(P*, d)]) =
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We do not prove these three propositions as stated, since this is not necessary for
the proof of Theorem 1.1. Instead, we prove the less elegant and more notationally
involved Propositions 2.1-2.3, which also imply Theorem 1.1. Propositions 1.3,
1.4, and 1.5 can be derived from Propositions 2.1, 2.2, and 2.3, respectively; see
the end of Section 2B.

2. Preliminaries

2A. Review of key definitions. In this subsection, we give geometric definitions
of the three terms that appear in (1-4). The construction of the Gromov—Witten
invariants described below is a slight variation on that of [Fukaya and Ono 1999]
and [Li and Tian 1998], but it is easy to see the only difference is in the presentation.
Below we use the term multisection, or multivalued section, of a vector orbibundle
as defined in Section 3 of [Fukaya and Ono 1999].

If X is a smooth submanifold of P", we denote by X, (X, d) the space of equiva-
lence classes of stable degree-d smooth maps from genus-g Riemann surfaces to X.
Let Z{g(X ,d) be the subset of X,(X, d) consisting of stable maps with smooth
domains. The spaces X, (X, d) are topologized using Lf -convergence on compact
subsets of smooth points of the domain and certain convergence requirements near
the nodes. Here and throughout the rest of the paper, p denotes a real number
greater than two. The spaces X (X, d) can be stratified by the smooth infinite-
dimensional orbifolds X7 (X) of stable maps from domains of the same geometric
type. The closure of the main stratum, f{g (X,d),is X4(X, d).

If J is an almost complex structure on P, let

Tyl (X, d: J) — Xg(X. d)

be the bundle of (7' X, J)-valued (0, 1)-forms. In other words, the fiber of the space
F(g)’l(X, d; J) over a point [b] =[X, j; u] in Xo(X, d) is

ro'(X. d; Dy = r%Yp; TX; J)/Aut(b),
where
r'b; TX; J) =T (85 AT T E @uTX).
Here j is the complex structure on X, the domain of the smooth map u. The bundle

A(}”]J.T*Z ®u*T X over X consists of (J, j)-antilinear homomorphisms:

A(}”IJ.T*E @u*TX ={a e Hom(TZ, u*TX) a0 j=—Joa}.

The total space of the bundle Fg’l (TX,d; J) — X;(X,d) is topologized using
L?-convergence on compact subsets of smooth points of the domain and certain
convergence requirements near the nodes. The restriction of Fg’l(TX ,d; J) to
each stratum X4 (X) is a smooth vector orbibundle of infinite rank.
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We define a continuous section of the bundle Fg’l (TX,d; J) — X,(X,d) by
51([2, J; u]) = %(du +Jodu oj).

By definition, the zero set of this section is the moduli space ﬁg(X ,d; J) of
equivalence classes of stable J-holomorphic degree-d maps from genus-g curves
into X. The restriction of 9, to each stratum of X,4(X,d) is smooth. For each
element [b] = [Z, j, u] of X¢(X, d), we put

Dyyk=5(V¥E+T0V¥E0))+5(V¥T)oduoj if €T (b; TX)=T(Z; u*TX),

where V¥ denotes the Levi-Civita connection of a J-compatible metric on X.
The linear operator D describes the restriction of a linearization of 3, at [b]
to a finite-codimensional subspace of the tangent bundle of the stratum X4 (X) of
X4(X, d) containing [b].

The section 9 : X, (X d) — T91(X,d; J) is Fredholm; that is, its lineariza-
tion at every point of 37 7 1(0) has ﬁmte dimensional kernel and cokernel. The in-
dex of 8, at a point of %O(X d) is the expected dimension of the moduli space
m (X, d; ). It X =Y, thlS expected dimension is 0. By definition,

(2-1) Ng(d) = *|{a;+¢}”

where ¢ is a small multivalued perturbation such that 8 ; + ¢ is transverse to the
zero set along each stratum Xg (Y) of X4 (Y, d) and

{9, +e}7 (0]

is the number of elements in the finite set {37 +¢}~!(0), counted with appropriate
multiplicities. By the transversality condition,

{0, +¢e}71(0) Cc XY, d).

The smallness condition implies in particular that the set {87 + &}71(0) is close
to 8]1(0). Since the set 3]1(0) is compact, it follows that the set (07 +¢)710) is
also compact. Let &d‘;(f_) 7) denote the set of all perturbations & of 9, that satisfy

the two conditions above. Such perturbations will be called 3 ;-admissible. Below
we will refer to the number in (2-1) as the Euler class of the tuple

V9@ )= (XY d). T (V. d: 1), 71 3, 45(0))).

This Euler class depends on the Fredholm homotopy class of the section 9.
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We now describe the last term in (1-4) in a similar way. If £ — P* is as in
Theorem 1.1, let [, (£, d) — X, (P*, d) be the cone such that the fiber of T'y (£, d)
over [b] =[2%, j; u] in %g(ﬂj"‘, d) is the Banach space

I (L, d)|[b] =TI'(b; S)/Aut(b), where I'(b; £) = Lf(E; u*g),

and the topology on I'; (£, d) in defined analogously to the topology on Fg(P4, d).
Let V denote the hermitian connection in the line bundle £ — P* induced from the
standard connection on the tautological line bundle over P*. If (X, j) is a Riemann
surface and u : ¥ — P* is a smooth map, let

VTS u'e) > T(Z; T*S Qu*L)

be the pullback of V by u. If b= (X, j; u), we define the corresponding d-operator
by

(2-2) v : (2 u* L) - I'(Z; Ag’le*E ®u*L), dvpéE=3(V'E+iViEoa ),
where i is the complex multiplication in the bundle u*£. Let
Ve ={[b.£]€T4(L.d): [b] € X;(P*. d), £ ekerdy,, CT,(b: £)} C T (L. d).

The cone °V§ — X, «(P*, d) inherits its topology from I' ¢(£,d).

Let ﬁ??(l]]’4 ,d; J) C M, (P*, d; J) denote the closed subset containing the set
MYP*, d; J) = {[6, u] € M (P*, d; J) : 6 is smooth},

defined in [Zinger 2004b]. If the almost complex structure J is close enough to Jy,
ﬁ?(ﬂj’d', d; J) is the closure of Dﬁ?([lj"‘, d; J) in ﬁl(ﬂj"‘, d; J). In such a case,
IMY(P*, d; J) is a smooth orbifold of dimension 104, while 39(P*, d; J) is a
finite union of smooth orbifolds of dimension at most 10d — 2. On the other hand,
°V[11 |§m(l)(ﬂj,4, a0 is a complex vector orbibundle of rank 5d. The last term in (1-4)
is the number of zeros, counted with appropriate multiplicities, of any continuous
multisection ¢ of the cone °V‘li over ﬁ?(ﬂm“, d; J) such that ¢~1(0) is contained
in 2)3?(1)(|]3>4, d; J) and (p|9ﬁ?("34»d;1) is smooth and transverse to the zero set; see
Sections 1.2 and 1.3 in [Zinger 2007]. Proposition 3.1 in the same reference guar-
antees that a section ¢ satisfying the two conditions exists. In our case, it is more
convenient to think of ¢ as sf + ¢, where ¢ is a multivalued perturbation of sf. We
denote by sﬁ‘l’ (s; J) the set of all perturbations ¢ of sfl such that sii + ¢ satisfies the
two conditions above. Such perturbations & will be called sf -admissible. Let

Vi(s; J)= (MUP*, d; 1), V], 73 5], 4 (s)).

This tuple will be the focus of Section 4.
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Remark. Since Y is a semipositive symplectic manifold, one can define the num-
bers N (d) without using the infinite-rank orbibundles Fg'l(Y, d; J); see [Ruan
and Tian 1997]. However, there would be no effect on the proofs of Propositions
1.3-1.5 and 2.1-2.3, and the construction described above appears more natural in
the present context, even though it involves more complicated objects.

2B. Components of the proof. We now set up additional notation that allows us to
state more notationally involved, but also easier-to-prove, versions of Propositions
1.3-1.5.

By Theorems 1.6 and 2.3 in [Zinger 2004b], there exists §(d) € R with the
property that if J is an almost complex structure on P* such that ||J — Jo|lc1 <
8(d), then J is genus-one df-regular in the sense of Definition 1.4 in [Zinger
2004b]. This regularity condition implies that the moduli spaces ﬁo,k(ﬂﬂ, d; J)
and ﬁl,k(ﬂj"‘, d; J) have the same stratification structure as the moduli spaces

Mo x (P, d) = Mo (P* d; Jo) and Iy (P*, d) =My (P4, d; o),

respectively. In addition, by Theorem 1.2 in [Zinger 2007], §(d) € R can be
chosen so that the Euler class of the cone

Vi — MmYP*, d; J)
is well defined and
(2-3) (erD), MY, d5 D) = (e(V), (P, D)]),
if |J — Jollcr = 8(d).
If J is an almost complex structure on P*and [, u] € ﬁl(ﬂj"‘, d; J), we put
s{(IZ,ul) =[soul € T(E, d)| 5.
If J is Vs-equivalent to Jy, i.e.
VsoJy=VsolJ el (P* Homg(TP*, £)),

then sf([E, ul) °V‘1’|[g,u]. Thus, in such a case, we obtain a continuous section
of the cone
V4 — MOP, d; J),
which restricts to a smooth section over each stratum of ﬁ?([@‘*, d; J). Note that
@4 st |gman]  O=T. d: J) =P, d; HNDM (Y. d; J).
(P4, d;
Since the (V, Jp)-holomorphic section s of page 417 is transverse to the zero

set in £, the (i, Jp)-linear map

Vs:TP* — ¢
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does not vanish along Y = s71(0). Let U, be a small neighborhood of Y in P4 such
that Vs does not vanish over U;. The kernel of Vs over Uy is then a rank-three
complex subbundle of (T P4, Jo) |u,, which restricts to TY along Y. We denote this
subbundle by TY. If J is an almost complex structure on P* such that

(J1) J = Jy on P* — U, and
(J2) J(TY)=TY and J = Jy on TP*|y;, /TY,

then Jyp and J are Vs-equivalent. Thus, every almost complex structure Jy on
Y extends to an almost complex structure J on P* which is Vs-equivalent to Jp.
Furthermore, such an extension can be chosen so that

(2-5) IJ = Joller < 2| Jy = Jolry | 1

We denote by $g(s) the set of almost complex structures J on P* such that J
is Vs-equivalent to Jy and Jy = J|7y is an element of }?ig(Y) N }r‘ig(Y). By the
above and the Rigidity Assumption (page 422), the C'-closure of Prig(s) in F(Ph
contains Jy.

From now on, we assume that J € $s(s) is an almost complex structure on P4
sufficiently close to Jy. For g =0, 1, we put

o0
FUY; J)=FL(Y; Jy) foralldeZ* mdsﬁaen:jﬁygnJy

If Kk € Fe(Y; J), let d denote the degree of « in P* If k € $o(Y; J) and ¢
is a positive integer, let im‘f(/c, d) be the subset of M (x, d) consisting of stable
maps [6, u] such that € is an elliptic curve E with g rational components attached
directly to E and u|g is constant. Figure 1 shows the domain of a typical element
of zm-}’ (x, d), from the points of view of symplectic topology and of algebraic ge-
ometry. In the first diagram, each shaded disc represents a sphere; the integer next
to each rational component ¢; indicates the degree of u|¢,. In the second diagram,
the components of € are represented by curves, and the pair of integers next to
each component ¢; shows the genus of €¢; and the degree of u|¢,. For stability
reasons, the restriction of u to each rational component must be nonconstant. We
denote by 9 («, d) the closure of 97 (k, d) in M (x, d). Note that

2d, if g =0;

2-6 dime MY (k, d) =
(2-6) ime D (k. ) bd+1—% ifg ez,

IfgeZ", ﬁ? (x, d) is a smooth orbivariety. In contrast, ﬁ?(/c, d) is a singular
orbivariety, if d > 2; its structure is described in Section 4B.
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d> di+dry+ds=d
0,dy)
d, 0, d>)
d3
(1, 0) (Oa d3)

Figure 1. Domain of a typical element of S)ﬁ? (k,d).

Foreachq € Z*, let [q]={1,...,q}. fd=(d\, ..., d,) is a g-tuple of positive
integers and k € $o(Y; J), we put

2-7) Mo(k, d)
i=q__
={ @1, b € TT Mo, di) s evo(by) =evo(by) forall i, j € [q1},
i=1

where evy : 97?0,1 (k, d;) — « is the evaluation map corresponding to the marked
point. Let

Mi,dy= || Mok, (d,....dy).
i
The spaces ﬁg (k, d) are smooth orbivarieties. We note that
(2-8) dime M (k, d) =2d + 1 —2q.
There is a natural node-identifying immersion

(2-9) ty My g x ME e, d) — M (k, d),

where ‘/ITLLq is the moduli space of genus-one curves with ¢ marked points. It
descends to an immersion

(Mg x ME (e, d)) [ Sg — M (e, d),

where S, is the g-th symmetric group; the latter immersion restricts to a diffeomor-
phism on the preimage of ,‘Jﬁ‘f (x, d). The immersion (2-9) is illustrated in Figure 2.
In this figure, we represent an entire space of stable maps by the domain of a typical
element of the space. We shade the components of the domain on which the maps
are nonconstant. The vertical bar indicates that the three marked points are mapped
to the same point in «, as specified by (2-7). Let

Tp, TR :J17L1,q X ﬁg(/(, d) — Ml,q, ﬁ(q)(/c, d)

be the projection maps.
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./‘7L1,3 X -

Figure 2. The node-identifying immersion (2-9) for ﬁ? (x,d).

For each k € $o(Y; J), we denote by Ny« the normal bundle of k in Y. If g € Z*
and [b] = ([b;])ie[q] 1s an element of zmg (k,d), let

L TY)={§ = (&)iciq) € .EP] T(bi; TY) & (yo(bi)) =&;(yo(b))) for i, j €[q]},
i€lg

where yo(b;) is the marked point of the component map b;. Since Jy € }?ig(Y ), by
the Index Theorem the cokernel H]l (b; TY) of the operator

(2-10) Cb; TY) - TN b TY; )= @ 10 b TY: )
i€lq]

taking D 5((§)iciq)) 10 (Dy.5,E)iclq) is a vector space of dimension 2d — 2. It is
naturally isomorphic to the cokernel H} (b; Nyk) of the operator

'(b; Nyk) = IOV 0; Nyk: 1), Dy, (Eietq) = (D74, Eiclq)s

induced by the operator D; ;. These cokernels induce a vector orbibundle over
ﬁg («, d), which will be denoted by Wg:g. If ¢ = 1, this bundle is the pullback by
the forgetful map

7 My, d) = Mo, 1 (k, d) — Mo(k, d)

of the vector bundle defined in a similar way. We denote this last vector bundle
by °W2’ 4- We have

(2-11) rkw&g =2d—2 forallqeZ* and rkWS’d =2d -2.

It is straightforward to see that the cokernel bundle for the operators D, ; over
ﬁ({ (k,d), for g € ZT, is given by

(2-12) W~ E @ mheviTY @ myWed,
where E — t/l7t1,q is the Hodge line bundle and

evo: M (k, d) — «
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is the natural evaluation map, corresponding to the marked point common to all
factors. We note that

(2-13) kW =2d + 1.

On the other hand, similarly to the genus-zero case, the cokernel H} (b; TY) of the
operator D for
beMV(k,d) C M (x,d)

is naturally isomorphic to the cokernel H} (b; Nyk) of the operator DJL’ , induced
by Dj . The cokernels H Jl (b; Nyk) have the expected rank for all b ﬁt?(/c, d)
and thus form a vector bundle over ﬁ? (x, d), which we denote by W,l(:g. ‘We have
(2-14) kWS =2d  and

1 0
(2-15) Wy (nP[E*®nBeVONyKEBnB°WK D, @) forall g € Z*.

We are now ready to reformulate Propositions 1.3—1.5.

Proposition 2.1. If d and £ are as in Theorem 1.1, s € H 0([P"‘; £) is a transverse
section, and Y = s~1(0), there exists 8(d) € R with the following property. If
J € $rig(s) and | J — Jolicr < 8(d), then

No@d)y= > (e(W? ). Mok, d/dy)]),
keSo(Y;J)

where °W2’ djd, Mok, d /dy) is the cokernel bundle corresponding to the almost

complex structure J, as above.

Proposition 2.2. Ifd, £, s, and Y are as in Proposition 2.1, there exists §(d) € RT
with the following property. If J € $reg(s) and || J — Jollc1 < 8(d), then

M@= Y F|mlwd/dol+ 3 (e}, Mk, d/d)

e (Y;J) eSo(Y;J)
= e +d/d

(WS, 4/ Do, d/d,)])),

where °WK dide ™ Mo (k, d/d.) and W d/d — imo(lc d/d,) are the cokernel bun-
dles corresponding to the almost complex structure J, as above.

Proposition 2.3. If d, £, s, and Y are as in Proposition 2.1 and °V‘11 — X1 (P4, d)
is the cone corresponding to the line bundle £ — P* with its standard connection,
there exists 8§(d) € RT with the following properties. If || J — Jollc1 < 8(d), then the
moduli space ﬁ?(ﬂj’“, d; J) carries a rational fundamental class of dimension 10d,
the Euler class of the cone

V4 — mUP*, d; J)
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is a well-defined element of H'%(ONY(P*, d; J); Q), and
(e(v), DRYP*, d; 1) = (eV]), DRI(P*, d)]).
If in addition J € $reg(s),
(e(V), MO(P*, d: D))
= Y EFed/dol+ Y (e ). e, d/do))

keF (Y J) keSo(Y;J)
d/d, —1

12
with OWB,d/dK — Mok, d/d,) and W/l:g/dx — ﬁ?(/{, d/d,) as in Proposition 2.2.

(WO 40, Do, d/d,)])),

In the last two propositions, the moduli space Sﬁ?(/c, d/d.), for k € $1(Y; J),
contains m(d/d,) elements: the m(d/d,) equivalence classes of the degree-d/d,
covers of the elliptic curve « by an elliptic curve. Since the order of the automor-
phism group of such a cover is d/d,

+ 0 m(d/d,)

M (k,d/d)| = ———.

|9 (k. d/d)| d/d,
The sign is determined by viewing the zero-dimensional suborbifold Dﬁ? (k,d/dy)
of X1 (Y, d) as a transverse zero of the section ;. This sign is the same as the sign

of k as an element of the set SP'IIK (Y; J). In particular,

(2-16) Y =m0, d/dy)| =Zm(o)nl(d/0),

o
ked(Y;J) old

where n1(-) is as in Section 1A.

If « € Fy(Y; J), the orientations of the vector bundles
W 4q. = Mok, d/d) and WyS, — M (k. d/d)

are determined by the linearizations of the sections 9 over Xo(Y,d)and X (Y, d).
According to E. Ionel and T. Parker (seminar talk), a spectral-flow argument can
be used to show that

(WD ). Mok, 0)]) = H(e(R'm,evi* (O (1) B O, (— 1)), [Mo(k, o)1),

2-17) . .
(e(WeD), ) (k,0)]) = £{e(R'n{,ev]* (O (= 1) @0 (—1))), M (k, 0)]),

where o = d/d, and the sign agrees with the sign of « as an element of El’g‘ (Y; J).
By localization,

- 1
(2-18) (e(R'75,ev§" (O (=1) @ O (=1))), Mo (e, )]) = —;
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see Section 27.5 of [Hori et al. 2003]. Using the desingularization of Wi?(/{, o)
constructed in [Vakil and Zinger 2006], one can show that

2-19 R evP* (0. (—1) @ 0. (—1 o _lo—1
( - ) <€( 146V ( K(_ )@ /c(_ )))s[ 1(’(,0')])—5 o2

Propositions 1.3—1.5 follow from Propositions 2.1-2.3 via (2-16)—(2-19).

Since Theorem 1.1 follows immediately from Propositions 2.1-2.3, we do not need
to deduce Propositions 1.3—1.5 from Propositions 2.1-2.3. We prove Propositions
2.2 and 2.3 in Sections 3 and 4, respectively; see also Propositions 2.5 and 2.6.
The proof of Proposition 2.1 is very similar to the proof of Proposition 2.2, but
simpler, and we omit it.

2C. Summary of the proof of Proposition 2.2. A key notion in our argument,
which is also used in the proof of Proposition 2.3, is Definition 2.4 below. For
its purposes, we will call either of the two tuples Vg (5 ; J) and °V‘11 (s; J), defined
in Section 2A, a generalized vector bundle. The first tuple involves an infinite-
rank bundle over an infinite-dimensional space; the second one involves finite-
dimensional objects, albeit nonsmooth ones. Nevertheless, both are generalizations
of a rank-n vector bundle § over an n-dimensional complex compact manifold X,
with a choice of a section ¢ and of an appropriate subset 5{(¢) of I' (X; ¥) of second
category. Such a collection of data can also be considered to be a generalized vector
bundle.

Definition 2.4. Suppose ¥ = (X, §, 7; ¢, sd(¢)) is a generalized vector bundle.
Subset % of ¢~ (0) is a regular set for " if there exists 6z (V) € @ and a dense
open subset s (@) of A (¢) with the following properties. For every v € sl (@),

(a) there exists €, € R* such that v € sl(¢) for all ¢ € (0, €,), and

(b) there exist a compact subset K, C %, open neighborhood U, (K) of K in X
for each compact subset K C %, and €,(U) € (0, €,) for each open subset U
of X such that

(2200 e +1v} ' NU|=%x(V) ifte(0,€,(U))and K, CK CU CU,(K).

Every connected component of ¢~'(0) is regular. However, a regular subset of
¢~ 1(0) need not be closed. For example, if ¢ is a holomorphic section of a rank-k
algebraic vector bundle § over a k-dimensional compact algebraic variety X, every
Zariski open subset of ¢! (0) is regular. The sections 9 and sfl that play a central
role in this paper are in a sense generalized holomorphic sections.

If # is a regular set for the generalized vector bundle ", we will call the number
@ (V") the @-contribution of % to the Euler class of V'. Note that if e~ 1(0) =
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Ll;c;%: is a partition of ¢~1(0) into regular sets, the Euler class of ¥, or its
Poincaré dual, is the sum of g-contributions:

(2-21) e(V) =) 6x,(V).
iel
We prove Theorem 1.1 by expressing each of the three terms appearing in (1-4)

in the form (2-21) and show that we end up with the same terms on the two sides
of (1-4).

If d, s, and Y are as in the previous subsection and J € $iq(s),

222 M= || WMkd/dyu || M d/do.
k€S (Y3 ) K€L (Y;T)
For any k € $o(Y; J), 0 € ZT, and subset g of Z+ = 7+ U {0}, let
sm‘f(;c, o) = ﬂ ﬁi’(/{, o) — U ﬁi’(/{, o).
qee qeZ+—o
Proposition 2.5. If d, £, s, and Y are as in Proposition 2.1, J € $,is(s) is taken
sufficiently close to Jy, and k € $1(Y; J), then
Cont(e.asa) (V105 D)) = = |M e, d/di) |-

Ifk e Fo(Y; J),

G (V@ ) ={e(Wy5 ). DR, d/d)]).

M (e, d /di)

Proposition 2.6. Ifd, £, s, Y, and J are as in Proposition 2.5, k € $9(Y; J), and
o is a subset 7™ different from {0}, then
d/d,
ot eayay (V1@ D) =1 12

(e(WD 440, Mok, d/d)]) if e = {1},
0 if o # {1}.

One consequence of Propositions 2.5 and 2.6 is that most boundary strata of
the moduli space ﬁl(Y, d; J) do not contribute to the number N;(d). In fact,
we will show that only the strata i)ﬁ(l)(Y, d; J) and EUI% (Y, d; J) contribute to the
number N;(d).

We now outline the proofs of Propositions 2.5 and 2.6. Let
veT(X(P* d); TV (P, d; J))
be a small generic multisection such that

ve (X TV, d; )
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for a small neighborhood X; of M (Y,d; J) in X;(P*, d) and vanishes outside
of AUs. By definition, N;(d) is the number of elements exp, & € X1 (P*, d) such
that (u, &) solves the system

{51 exp, & + v(exp, £) =0,

ueM (P d; ), € e T,%(P*, d).
soexp, & =0,

(2-23)

Note that

0v,exp, &5 (€xp, §) = 0
if (u, &) solves the first equation, due to our assumptions on v. If u € 93??([]3’4, d; J)
and v is sufficiently small, the first equation has a unique small solution &, (u)
in I'y (u), the orthogonal complement of Tuﬁl(ﬂj’d', d; J) in T,%,(P*, d). Plug-
ging this solution into the second equation, we obtain

(2-24) 0=soexp, & = s (u) + & () e V9,

where JTTLY is the projection map TPP* — TP*/TY, defined on a neighborhood of
Y in P*. Since all solutions of the system (2-23) are transverse, so are the solutions
of (2-24). Thus, the zeros of a generic perturbation v of the section d; that lie close
to 9)??( Y,d; J) correspond to the zeros of a perturbation of the section sf that lie
close to sm(f(Y ,d; J). In Section 3B, we show that the number of these zeros that
lie near each component EUI?(K, d/d,) of EUI?(Y ,d; J) is the Euler class of the
bundle W}C:g/dk over ﬁ?(/c, d/dy).

We next look for solutions near imﬁ” (Y,d;J);i.e., weassume u € smﬁ” Y,d;J).
Note that

(2-25) MY, d; J) ~ My x Mo (Y, d; J).

We denote by mp and mp, respectively, the projection maps onto Q_ﬁo,l Y,d; J)
and /17t1,1. Let

7MY, d; J) — Mo(Y, d; J)
be the composition of g with the forgetful map ﬁo,l ,d;J) — ﬁo(Y, d; J).
The bundle 7X; (Y, d) contains the line subbundle £ =3 Lp 1 ® 7w} Lo, where

Lpy— My and Lo— Mo (Y, d;J)

are the universal tangent line bundles at the marked points. If u € E)Tﬂ (Y,d; J)and
v € ¥, is small, we denote by u,, the element exp, v of X;(Y, d). Let

evp :ﬁ}(Y,d; J)y—>Y

be the composition of w5 with the evaluation map at the marked point. This map
sends an element [€, u] of sm} (Y, d; J) to the value of u on the principal compo-
nent of 6.



GROMOV-WITTEN INVARIANTS AND A RIGIDITY CONJECTURE 435

In this case, we work with the analogue of (2-23) intrinsic to Y, i.e. we look for
solutions of the equation

(2-26) 3, exp,, &+ v(exp, &) =0,
where u € MV (Y, d; J), £ eT(u; TY) =T WTY).

This equation usually does not have a small solution in & for a fixed u,, as there
is an obstruction bundle

O u; TY; ) =75 H w3 TY) @ E @evibTY c TNV, d; J),
where upg is the restriction of u to the bubble components. Taking the projec-

tions (ng”IB @® 712”113) and 712’1 of (2-26) onto F(l’l (u; TY; J) and its complement
Fg’](u; TY;J)in F?’I(Y, d; J), respectively, we obtain

yrg’lc’sexpuU £ +71J(:’1v(expuU £=0eTV w; TY; J),
(2-27) npdexp, £+m\viexp,, £) =0e 7 H yTY),
nﬁ’},,é exp,, &+ ng”BV(eXpuu E)=0enpE*QeviTY.

If v and v are sufficiently small, the first equation has a unique small solution
& (u,v) in 'y (u; TY). With appropriate choices of neighborhood charts and of
the perturbation v, the value of the left-hand side of the middle equation in (2-27)
at £ =&,(u, v) depends only on u g, and the system (2-27) is equivalent to

(2-28) ng”lpf_)expuv & (u,v) + ng”lpv(expuv & (u,v) =0enE*®@evpTY,
ug €%y, ve s,

where % is the zero set of a section of the first component of the bundle ro! -, TY)
over ﬁo(Y, d; J). In particular, +1%0| = No(d).
Equation (2-28) is equivalent to

(2-29) D, v —I—ng’}v(u) =0€npE* Q@ Toy,)Y, up €%o, ve,

where %, € Hom(Lo, Tevyu,)Y). The image of 9, in Teyyuy) Y is precisely the
tangent line at evo(up) to the rational curve Imup, as long as the differential of
the map u p does not vanish at the marked point. Thus, for each u € %, the number
of solutions of (2-29) is the number of times ng’,lpv(u) lies in E* ® Teypu) Imup.
We conclude that

dq.
(2-30) (gm{ll)(y‘d;/)(on(a’ J))

= Y (@ @evpTY)e(npE ®@eviT Imup) ™', [#5' (up)])

MBGQZ()
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= Y (@) (TY) =i (T Imug)), Ll 1] x [P'])

upe%y
| _
=—5,0-2 3" @/do)- |2 n Mot d/dy)|
keSo(Y;J)
d/d, T
= Y LW ). Dot d/dy)),
keFo(Y;J)

as claimed in Proposition 2.6.

We analyze the contribution to the number N(d) from the complement of
932{10}(|]3’4, d; J) and Qﬁ{ll}(ﬂj"‘, d; J) in ﬁﬂY, d; J) in a similar way, but we en-
counter one of two key differences. If o = {0, 1} and u € E)ﬁf(Y, d;J), D, =0.
Equation (2-29) has no solutions near S)JT?(Y, d; J) if v is generic. On the other
hand, if o is any other subset of Z* containing 0 and at least one other element,
the analogue of the set % is empty for dimensional reasons. Thus,

Gome v,y (V135 1) =0

if {0} C o C Z™, as claimed.

The computation of the contribution from zm?(y ,d; J) to the number N (d) can
also be carried out in Y, instead of P*. However, the version of the computation
presented here is meant to indicate why the cone °V‘11 should enter into the Gromov—
Witten theory of Y.

We supply more details of the proof of Propositions 2.5 and 2.6 in Section 3.
In particular, in order to use the gluing and obstruction-bundle setup described
in [Zinger 2004a], we stratify the moduli spaces that appear in the statements
of Propositions 2.5 and 2.6 according to the bubble type, or the dual graph, of
stable maps. The notion of contribution to the Euler class used in this paper is
a direct adaptation, to the orbifold and multisection setting of [Fukaya and Ono
1999] and [Li and Tian 1998], of the analogous notion used in [Zinger 2003] and
[Zinger 2005a]. However, in the present case, we can get by with far less detailed
understanding of the behavior of the bundle sections involved.

2D. Notation: genus-zero maps. We now summarize our notation for bubble maps
from genus-zero Riemann surfaces, with one marked point, and for related objects.
For more details on the notation described below, the reader is referred to Section 2
in [Zinger 2004a].

In general, moduli spaces of stable maps can be stratified by the dual graph.
However, in the present situation, it is more convenient to use linearly ordered sets:

Definition 2.7. (1) A finite nonempty partially ordered set [ is a linearly ordered
set if for all i1, i», h € I such that i;, i» < h, either iy <i ori <ij.
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(2) A linearly ordered set I is a rooted tree if I has a unique minimal element,
i.e., there exists 0 € I such that 0 <i foralli € /.

We use rooted trees to stratify the moduli space ﬁo,l(ﬂj"‘, d; J) of degree-d J-
holomorphic maps from genus-zero Riemann surfaces with one marked point to P4,

If I is a linearly ordered set, let I be the subset of the nonminimal elements
of I. For every h € I, denote by ¢, € I the largest element of I smaller than £:

Lh=max{ielzi<h}.

A genus-zero P*-valued bubble map is a tuple b = (I; x, u), where [ is a rooted
tree, and
x:I—>C=8—{oo} and u:I— C®(S%P"

are maps such that uj, (co) =u,, (x;) forall h € I. Sucha tuple describes a Riemann
surface X, and a continuous map uyp : Xp —> P4, The irreducible components Xy ;
of X, are indexed by the set I and u,|5x,; = u;. The Riemann surface X, carries a
marked point, i.e. the point (6, o0) € Eb’(), if 0 is the minimal element of 7. The
general structure of genus-zero bubble maps is described by tuples I = (I; d),
where d : I — 7 is a map specifying the degree of uy|x,;, if b is a bubble map of
type J. We call such tuples bubble types.

If J is a bubble type, let WUg (P*; J) be the subset of ﬁm (P4, d; J) consisting
of stable maps [6, y;, u] such that

[€, y1, u] = [(Zp, (0, 00)), up],

for some bubble map b of type J. Section 2.5 of [Zinger 2004a] describes a space
%éo ) (X; J) of balanced stable maps, not of equivalence classes of such maps, such
that

WUg (X; J) = U (X; 1) /Aut(T) o< (SH,
for a natural action of Aut(7) on (S')!. This space is convenient to use in gluing
constructions.

2E. Notation: genus-one maps. We next set up analogous notation for genus-one
stable maps; see Section 2.2 in [Zinger 2004b] for more details. In this case, we
also need to specify the structure of the principal component. Thus, we index the
strata of 901 (P4, d; J) by enhanced linearly ordered sets:

Definition 2.8. An enhanced linearly ordered set is a pair (I, R), where [ is a
linearly ordered set, R is a subset of I x [y, and I is the subset of minimal elements
of I, such that if || > 1,

N={(1,02), (2,83), .., (i1 in), (ins 1)}

for some bijection i : {1,...,n} — Ip.
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Figure 3. Some enhanced linearly ordered sets.

An enhanced linearly ordered set can be represented by an oriented connected
graph. In Figure 3, the dots denote the elements of /. The arrows outside the
loop, if there are any, specify the partial ordering of the linearly ordered set /. In
fact, every directed edge outside of the loop connects a nonminimal element / of
I with (. Inside of the loop, there is a directed edge from i to i, if and only if
(i 1, i2) €N,

The subset X of Iy x Iy will be used to describe the structure of the principal
curve of the domain of stable maps in a stratum of the moduli space 9t (P4, d; J).
If R =, and thus || =1, the corresponding principal curve Xy is a smooth torus,
with some complex structure. If X # &, the principal components form a circle of
spheres:

T = ( L] (i} x 52)/ ~ . where (i1, 00) ~ (iz, 0) if (i1, i2) € ®.

iEIo

A genus-one P*-valued bubble map is a tuple b = (I, N; S, x, u), where S is a
smooth Riemann surface of genus one if X = & and the circle of spheres Xy
otherwise. The objects x, u, and (X, up) are as in the genus-zero case, except
the sphere %, 5 is replaced by the genus-one curve X, = S. Furthermore, if
R = @, and thus Iy = {6} is a single-element set, uy € C*™(S; P4). In the genus-
one case, the general structure of bubble maps is encoded by the tuples of the form
J =(I, R; d). Similarly to the genus-zero case, we denote by WUg (P*; J) the subset
of ﬁl(ﬂﬂ"‘, d; J) consisting of stable maps [6, u] such that [€, u] = [X, up], for
some bubble map b of type I as above.
If 7 = (I, R; d) is a bubble type as above, set

Li={he [:y ¢ I}, To= (I, 1o, X; tly,, dlpy),
and
Aut*(T) = Aut(T) /{g € Aut(T) : g-h = h for all h € I},

where [y is the subset of minimal elements of /. For each & € I, we put

ILi={iel:h<i} and I,=(I);dl).
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]’l2 hl h3 h4

hs

Figure 4. An example of the decomposition (2-31).

The tuple I describes bubble maps from genus-one Riemann surfaces with the
marked points indexed by the set /;; see Section 2.2 in [Zinger 2004b]. We have a
natural isomorphism

@31 g% )~ [ (bo, (binen) € g, (B 1) x [T Us, (B 1) :
]’lEI]
evo(by) = ev,, (bo) for all h € I } /Aut* (7).

This decomposition is illustrated in Figure 4, which represents an entire stratum of
bubble maps by the domain of the stable maps in that stratum. The right-hand side
of the figure represents the subset of the cartesian product of the three spaces of
bubble maps, corresponding to the three drawings, on which the appropriate eval-
uation maps agree pairwise, as indicated by the dotted lines and defined in (2-31).

Let T — g (P*; J) be the bundle of gluing parameters, or of smoothings at
the nodes. This orbibundle has the form

FT = ( D Lio®Lii®P Lro® Lh,l)/AUt(g)s
(h,i)er hel

for certain line orbibundles Lj, o and L ;. Similarly to the genus-zero case,

(2-32) g (P J) =L @ J)/Aut(@) o ($H,

where

2-33) P (P J) = {(bo. (bw)ner) € Ug, (P ) x Il ug ®*; )
€l

evo(by) =ev,, (bo) for allh € I}.

The line bundles Lj, o and Ly arise from the quotient (2-32), and

FT =FT [Aut(T) o (S, where  FT = FT B @ FnT,
hel
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FnT — Oug))([@“; J) is the bundle of smoothings for the & nodes of the circle
of spheres Xy and FnT — ougf’)([@“; J) is the line bundle of smoothings of the
attaching node of the bubble indexed by 4.

Suppose I = (I, N; d) is a bubble type such that d; = 0 for all i € Iy, i.e. every
element in Ug (P*; J) is constant on the principal components. In this case, the

decomposition (2-31) is equivalent to
03 Uz (P4 J) ~ (Ug, (pr) x Uz (P J)) [ Aut™(T)
C (M x Uz (P J)) /Aut*(F),

where k = |I;| and

AU (P4 J) = {(bh)he,l e TT Ug, (P*; J) :evo(bn,) = evo(by,) for allhl,hzell}.
hEIl

Similarly, (2-33) is equivalent to

2-35) Uy (P J) g, (pr) x AP B T) C Ay x UG BT,
where

2-36) wP@*: )

- {(bh)he,1 e T UL @ J) : evolbr,) = evolby,) for all by, by € I }
]’l€1]

We denote by
wp U (P J) = My /Aut*(T) and  7p UL (PH T) — Mg

the projections onto the first component in the decompositions (2-34) and (2-35).
Let

evp 1 Uz (P J), uL @4 J) - Pt
be the map sending each stable map (X, «) to its value on the principal component
Y.p of %, i.e., the point u(Xp).
If ¥ = (I, N; d) is as in the previous paragraph, let
x(@) ={iel:di#0; dy=0forallh <i},

37 = FniyT — U (P4 J),  where h(i) =minfh e [ :h <i} e,
iex(T)

The subset x(9) of I indexes the first-level effective bubbles of every element
of UL (P*; 7). For each element b = (55, up) of UL (P*; J) and i € x (), let

Dib = {duyls,, }| €0 € TevpiyP*,  Where eos = (1,0, 0) € Tos S°.
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The complex span of %;b in Tey, ) P* is the tangent line to the rational compo-
nent ¥ ; at the node of X ; closest to a principal component of X;. If the branch
corresponding to X, ; has a cusp at this node, then %;b = 0.

LetE — J(7L1, x denote the Hodge line bundle, that is, the line bundle of holomor-
phic differentials. For each i € x(J), we define the bundle map

Dyi: g;?h(i)g — JT;;[E* Ry ev“}T[FD“,
over OILEOJE))([P"‘; J) by
{9560 )W) = Va0, ) ) -5 Dib € Teyp ) P*

if y € 5, O = (b, ) € FniyT, b € UL (P*; J), and x,)(b) € Ty is the node
joining the bubble X ;) of b to the principal component X x of ;. For each
veFT, we put

p() = (b: pi(V)),y ) €FT. where pi(v) = [] vs € Fa)7.
hel
h<i

if v=(b; vn, W0),f)s b €UT P J), (b, vy) € FnT, (b, vy) € FyT if h e I,
andv; e Cifiel—1I.

These definitions are illustrated in Figure 5 on page 461. While the bundle maps
D;; and p do not necessarily descend to the vector bundle &T over WUg (P ),

the map
Gy : FT > npE* @evp TP /Aut(T), Dg(w)= D D).

iex(J)
is well-defined.

Let °¢7f — Ong-) ) (P*: J) be the vector bundle such that the fiber of °l~/‘il over a point
b= (2p, up) in Oufqo)([l)“; J) is ker 5v,b, where V is the standard connection in line
bundle £ = y*®3 over P*; see Section 2A, as well as Section 3.3 in [Zinger 2007].
It b= (Zp, up) € UL (P4 J), € = (Enes € T(b; £), and i € x(7), let

D3, = Ve & € Levyt)s
as in Section 2.2 in [Zinger 2007]. We next define the bundle map
Dg:TIQFT — nhE* @evih L
over Ou;g)(lp“; J) by

[DrE@D)} (W) = Z Y 6 (01 - D18 € Levpity

iex ()
if & € V9], CT(b; L), D= (b; 0i)icym) € T |y, and ¥ € Erp i)
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The bundle map D7 induces a linear bundle map over Ug (P"; J):
Dy : V| ®FT — 7pE* ®evpL/Aut*(9),

where
5T = ( @D 7HLp i ®77,~*L0>/A11t*(g),
iex(@)
Lpp— m 1.k 1s the universal tangent line bundle at the marked point x;, Lo —
WUg (P*; J) is the universal tangent line bundle at the special marked point (i, 00)
for any bubble type I’ of rational stable maps, and

T Ug (P ) — %g;(ﬂ:b4; J)

is the projection map sending each bubble map b = (X, up) to its restriction to
the component X ;.

Finally, if J is any bubble type, for genus-zero or genus-one maps, and K is
a subset of AUz (P*; J), we denote by K © the preimage of K under the quotient
projection map mg‘.”(um“; J) = Ug(P*: J). All vector orbibundles we encounter
will be assumed to be normed. Some will come with natural norms; for others,
we implicitly choose a norm once and for all. If 7z :§ — X is a normed vector
bundle and § : X — R is any function, possibly constant, let

Fs={veF: vl <dz)}.
If © is any subset of §, we take Q5 = Q2N Fs.

3. Genus-one Gromov—Witten invariants

3A. Setup. Our next goal is to prove Propositions 2.5 and 2.6. We start by clari-
fying the setup described after Proposition 2.6. We also specify the open subsets of
admissible perturbations of the 9 ;-operator to be used in proving the propositions;
see Definition 2.4.

Let U; be the neighborhood of Y in P* and TY the subbundle of T[P’4|US as in
Section 2B. We set

X ={[Z, j;ule X1 (P, d) 1 u(X) C Uy}
Let v be a multisection of the bundle F(l)‘l (P*, d) such that

(v1) for every open neighborhood AU of ﬁl(ﬂj"‘, d; J) in X,(P*, d), there exists
€,(W) > 0 such that {3 + tv}~1(0) is contained in AU for all ¢ € (0, €,(W));

(v2) v(b) €T(Z; AYT*S @u*TY) /Aut(b) if b =X, j, u] € X,, and v(b) =0
ifb ¢ X,
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(v3) for some €, > 0 and for all € (0, ¢,), the multisection d; +7v does not vanish
on X;(Y,d) — %?(Y, d) and is transversal to the zero set in F?’I(Y, d; J)
along %?(Y, d).

The middle condition implies that dy , {s ou} =0if [X, j, u] € {3 +tv}~1(0).
It can be shown, by slightly modifying the proof of Corollary 3.11, that the finite-
dimensional conditions (v3a)—(v3c) stated below imply (v3).

If v is a section of the bundle F?’l([lj"‘; d) over ¥ (P*, d) as in (v1) and (v2),
for every k € $9(Y; J), we define a section of the bundle °W’i,” :i Jde ™ ﬁi (k,d/dy)

(where °W,1”11 /4, 18 as in Section 2B) by setting

7y (b) = [V(B)],

where [v(b)] is the (0, 1)-cohomology class of v(b). For each ¢ € Z*, we define
a section of the bundle

L;ﬂftz/dK =B ® mpevgNyk EBT[;OWS:ZMK — My g x Mk, d/dy)
by
(3-1) 7l (b) =7 (g ()],

where

1 .ogrlg l.q
e Waa, = Weaa,

is the projection map corresponding to the quotient of ¢ ‘WII(ZZ /4, DY mpE*@mpevy Tk,
see (2-12). Finally, we define a section of the bundle W}C:g 4, ™ ﬁ?(/{, d/d,) by
setting

Ay (b)) ifbeM{(c,d/dy), g €7,

70, (b) =
’ [v(b)] otherwise;

see (2-15). This section is well-defined on MY (k, d/d) NI (e, d/dy).
We denote by sﬂ‘f(é, J) the space of multisections v as in (v1) and (v2) such

that, for all k € $y(Y; J),

(v3a) the section 713,( does not vanish on ﬁ?(/{, d/d) — im?(/c, d/d) and is
transversal to the zero set on sm?(x, d/d,);

(v3b) the section nvl’,( does not vanish on ﬁ} (x,d/d,);

(v3c) the section ﬁvly,{ does not vanish on ﬁ}(/{, d/d.) — im}(/c, d/d) and is
transversal to the zero set on zm} (k,d/dy).

By (2-6), (2-8), (2-13), and Lemmas 4.1 and 4.2, these conditions are satisfied
by a dense open path-connected subset of sections v.
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3B. Proof of Proposition 2.5. We will focus on the last case of Proposition 2.5,
which follows from Proposition 3.1. The claim in the first case is clear, since the
finite set sm?(/c, d/d,) consists of transverse zeros of the section 9 over X1(Y, d).
The proof of Proposition 3.1 applies to this case as well, except there is no gluing
to be done.

Let s and Y be as in Proposition 2.5. For every bubble type I and every rational
J-holomorphic curve « in Y, we put

Uge = {[6, ul € Ug(P*; J) 1 u (@) =k}

Proposition 3.1. Suppose d, Y, and J are as in Proposition 2.5, v € &E‘f (0; J) is
a generic perturbation of the 5j-operat0r on X1(P*,d), k € Po(Y: J), and T =
(I,R; d) is a bubble type such that ) _,_; d;i = d and d; # O for some minimal
elementi of 1. If |I| > 1 or R # O, for every compact subset K of Ug-,, there exist
€,(K) € RT and an open neighborhood U (K) of K in X1(Y, d) such that

B, +0) " O NUK)=2  forallt € (0, €,(K)).

If|I| =1 and X = @, for every compact subset K of Ug.,, there exist €,(K) € RT
and an open neighborhood U (K) of K in X (Y, d) with the following properties:

(a) the section dj +1tv is transverse to the zero set in F?’I(Y, d; J) over U(K) for
allt € (0, €,(K));

(b) for every open subset U of X1(Y, d), there exists e(U) € (0, €,(K)) such that
@, + 00 U= (e(WG ) DRk, d/d)])
ifn) 710) CK CUCU(K)and 1 € (0, e(U)).

In other words, the contribution from the main stratum sm? (x,d/d,) of ﬁ? (x,d/dy)
to the number N;(d), as computed via the section 97, is the Euler class of the vector
bundle ‘th /d, OVer ﬁ?(/{, d/d,). None of the boundary strata of 93?50} (k,d/d,)
contributes to Ny (d).

We fix a J-compatible metric gps on [P* and proceed as in Section 4.1 of [Zinger
2004b]. For each sufficiently small element v = (b, v) of FT 2, let

b(v) = (EU, Jus uv), where u,, = u o qy,
be the corresponding approximately holomorphic stable map. Here
Gy Xy = Xp

is the basic gluing map constructed in Section 4.1 of [Zinger 2004b]. Since d; #
0 for some minimal element i of I, i.e. the stable map b is nonconstant on the
principal curve of the domain X of b, the linearization Dy, of the d;-operator
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at b is surjective, since ||J — Jollc1 < 8(b). Thus, if v is sufficiently small, the
linearization

Dy, :T(u; TPY = LY (Sy; ul TP —
rOYw, TP% J) = LP(2y; AS TS, @ uj TPY)

of the 9,-operator at b(v), defined via the J-compatible connection V/ in TP*
corresponding to the Levi-Civita connection of the metric gps, is also surjective.
In particular, we can obtain an orthogonal decomposition

(3-2) C(v; TPY =T_(v; TPY @ Ty (v; TPY
such that the linear operator
Dy, : T (uv; TPY — % (v; TP J)
is an isomorphism, while
F_(v;TPY ={t0q, :£ eT_(b; PY}, where I_(b; TP*) =ker D,

The L>-inner product on I'(v; TP*) used in the orthogonal decomposition is de-
fined via the metric gps on P* and the metric g, on X, induced by the pregluing
construction. The Banach spaces I"(v; TP* and 'O (v; TP*; J) carry the norms
Il - |lv,p,1 and || - ||, p, respectively, which are also defined by the pregluing con-
struction. These norms are equivalent to the ones used in [Li and Tian 1998]. In
particular, the norms of Dy, and of the inverse of its restriction to I'y (v; TP%
have fiberwise uniform upper bounds, i.e. dependent only on [b] € AUg (P*; J), and
not on v € ¥J2.

Lemma 3.2. If T is a bubble type and v is an admissible perturbation of the 9 ;-
operator on X1(P*, d) as in Proposition 3.1, for every precompact open subset K
0f%g(|]3>4; J), there exist 8§k, eg, Cx € RT and an open neighborhood Uy of K in
X1 (P*, d) with the following properties:

(1) forallv= (b,v) € @gglmo),

IDs.vEllv.p < CklU|YPNENw 1 foralle eT_(v; TPY  and
Ce'Elvpr <IDvENw.p < CxlEllvpa  forallé € To(v; TP,

2) forallv=(b,v) € 93@®|K<o> andt € [0, 8k, the equation
d; exp,, € +1v(exp, £) =0, &€l (v; TPY), |IEllyp1 <ex,

has a unique solution &, (v), and &, (v)llco < Cx (1 + [v]'/7);
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(3) there exist a smooth bundle map ¢, FT? > f‘(T[FD“, d) over oug.")(um‘*; J) and
a continuous function &, : FT2 — R such that for all v = (b, v) € FT?| 0
andt € [0, k],

[0 () = €0(v) = 19560 (B) | o < Ci (1 +2u(W)t and  lim &, (v) =0;
(4) the map
b5 FT5 | — X)PHd), [Vl > [bn V)],
where Btv(v) = (EU, Jus €Xpy,, Ew(u)), is an orientation-preserving diffeo-
morphism onto {3; + tv}~1(0) N XY (P*, d) N Uk.

The first claim of the lemma is a special case of Lemma 4.1 in [Zinger 2004b].
The second statement is obtained by expanding the equation at u,, and applying
the Contraction Principle; see Section 3.6 in [Zinger 2004a]. The uniqueness part
means that there is a unique solution for each branch of the multisection v. In (3),
['(TP*, d) denotes the Banach bundle over the space Ouéf) )(P4, d; J) such that

C(TP )| g, 0y = T (Ss up TPY.

Let P, and Py, respectively, denote the inverses of Dy, on 'y (v; T P*) and of D I.b
on 'y (b; TP*). The Banach space ', (b; TP*) is the orthogonal complement of
I_(b; TP* in

L(b; TP*) = LY (Zp; up TPY;
see Section 3.1 in [Zinger 2004a]. Taking the difference of the expansions for the
equations in (2) describing &, (v) and &y(v) and applying P,, one finds that

& () = Eo(v) — 1 Pyv(uy)|| o < Cx (2 4 [0]/P)1.
On the other hand, a direct computation shows that
I Pyv(uy) — g Pov(up) || co < C(B) v (uy) — Dyug)s Pov(up) || v.p TEVW)
< COIvy) = givup)|, , +&,@) < & (V);

see Section 4.1 in [Zinger 2004a] for a similar computation. These two bounds
imply (3) of Lemma 3.2, with ¢, (b) = P,v(up). Finally, the proof of (4) is similar
to Sections 3.8 and 4.3-4.5 of [Zinger 2004a].

Lemma 3.3. Suppose I and v are as in Lemma 3.2. For every precompact open
subset K ofoug(ﬂ:"“; J), there exist §g, €x, Cx € RT, an open neighborhood Uk
of K in X1(P*, d), and injective vector-bundle homomorphisms

iy . d .
O 1y JT§T°V1 |9;zg51< — I'(g; d),

covering the maps ¢ ;, of Lemma 3.2, with the following properties:
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(1) requirements (1)-(4) of Lemma 3.2 are satisfied;
(2) limey, w)— b, w*) d;g,w(v; w) = w* forall b € K and w* € V%;

3) s{(¢7.1v(V)) =[s oexp,, &1 € Im g1y, and for all [v] = [b, v] € FT§ |,

165 1,51 (67.0(V)) — b5 57 (¢7.0(0)) — 1{Vs)2u(B)] < Ck (1 + 20 (W))1,
where ¢, : FT? — R is a continuous function such that hn}) ey(v) =0 forall
b e Ug(P*; J).
Proof. (1) We need to construct a lift gi;g,,v that has the desired properties. For each
element v = (b, v) of %gi ’K“’)’ t €[0,6k), and & € I'(b; £), define

RE€T(w; &) =LY (Zy;ulL) by {RuE}(2)=&(qu(z)) forall ze X,
and
Rywé € T(byy(v); £) = LY (Zu: {exp,, (L)} L)
by
{RU,WS}(Z) = H{gw(u)}(z){Ruf}(Z) forall z € Ev,

where T, )y { Rué } (2) is the V-parallel transport of {R,&}(z) along the V-
geodesic

View [0, 11— P 1 — exp, () {0 (1)} ().
We denote the image of
I'_(b; £) =kerdy,,

under the linear map R, ;, by T'_ (b, (v); £). If 8¢ is sufficiently small, the L>-
orthogonal projection

Fuao: Db (0): £) = T (b (v); £),
defined with respect to the metric g, on X,,, restricts to an isomorphism on
I (b(v): &) =kerdy ;)

see Section 3.2 in [Zinger 2007]. Let 7, ,v be the inverse of this isomorphism. We
set

$7.0 (Vs ED) =7, Run€]l  forallg e (b; £).
(2) By our assumptions on v,
Oy j w(soexp, En@) =0 = s{(¢g.(V)) €Img .

It remains to prove the estimate in part (3) of the lemma. If € is sufficiently small,
veFTy g0, & €T (v TP*), and [|&,]lv,p.1 < €. we define N3§ € I'(v; £) by

Hg(lz)s(expuv(z) E(Z)) =s5(uy(2)) + VS|MU(Z)§(Z) + {Nf,é}(Z) forallz € &,.
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The quadratic term N; varies smoothly with v; moreover N0 = 0 and

(3-3) INSEL = NJE || co < Cs(lIE1 I co + €21l co) 1E1 — E2llco
for some Cy € R and for all &1, & € I'(v) such that ||& lo,p,15 182110, p,1 < €70 (K).
If&el_(b; L),

(51 (¢7.00()), Ru1u8) = (11| )51 (@700 (), E 0 00,

Thus, the estimate in (3) of Lemma 3.3 follows from (3-3) and the estimate in (3)
of Lemma 3.2. 0

Corollary 3.4. Suppose I and v are as in Lemma 3.2. For every precompact open
subset K ofong(I]:"4; J), there exist g, €x, Cx € RT, an open neighborhood Uk
of K in X1(P*, d), and for each t € (0, €(K)) a sign-preserving bijection

{0, + 0071 O)NX (Y, d) N Uk — {u e MUP*, d; )N Uk = {s{ +19:}(u) =0},
where ¥; € F(Sﬁ?(l]j’4, d; J)YNUkg; °V‘11) is a family of smooth sections such that

libm Oz?,(v) =[{Vs}Pyv(b)] forallb e K and
—>0,1—

v

|Vxds os{dg.0()| < Cx|X|  forallbe K, veFTy

b X ekerDyp,

where ¢g.0 and ¢ o are as in Lemma 3.3.

Proof: The section v is given by

19:(5.0(V)) =7.005 , (51 @5.00 (V) =5 (p7.0(v))  forall [VIEFT] |go.

This corollary is immediate from Lemma 3.3, with the exception of the last es-
timate. This estimate follows from the behavior of the various terms involved in
defining ¥; see Sections 3.4 and 4.2 in [Zinger 2004a].

For each k € $y(J; Y), WUg., is a smooth suborbifold of WUg (P*; J). We denote
its normal bundle by N*J. Its fiber at [b] € Ug- is the quotient

T_(b; TPY/T_(b; TY),
where
T_(b;TY)=T_(b; TPHNT(b: TY) =T_(b; Tk),

by the assumption (Jy2) on Jy. We identify N*J with the L>-orthogonal comple-
ment of ['_(b; TY) in T_(b; TP*). Let

Q7. NT 5. — Uz (P*; )

be an orientation-preserving identification of neighborhoods of Ug., in N“J and
in Uz (P*; J) and let

~ Lk ~ R d d
(pg";/( . n‘N"Kgg‘;T ngaK = @T and (pg;,{ . n,N'KOjon N’(gax —> o'/‘l
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be lifts of 7., to vector-bundle isomorphisms restricting to the identity over Uy .

The section sf is smooth on Ug (P*; J) and its differential along Ug., i.e. the

homomorphism jj in the long exact sequence

G4) 0T BT LT (b TPHY B T_b; )% Hb: TY) — 0,

is injective on N“J. We denote the image bundle of jy by V', C °Vf and its
L?-orthogonal complement in °Vf by V_. Let w4+ and m_ be the corresponding
projection maps.

Lemma 3.5. Suppose T is a bubble type as in Lemma 3.2 and k € $o(Y; J). For
every precompact open subset K of WUg. ., there exist

(a) ég, 5/1( € R* and an open neighborhood Uk of K in X, (P4, d),
(b) an orientation-preserving diffeomorphism
/4 8 14
b7 N Ty xx FT5 — MY(P*, d; )N Uk,
(c) and a lift (;Eg,,( : ”}Kﬂ@%TDV? — °V‘11 of @7 « to a vector-bundle isomorphism,

such that the following property is satisfied. If ¥, € F(Dﬁ?([@“, d; J)NUkg; °V‘11 ) is
a family of smooth sections such that

9@ <C and |¢5  Didg.(X,v) — b5\ D7, (X, 0)| < C|X —X|

for some constant C € R and for all X, X' € N¥ Ts, and v € @TS( \K, then there
exists € € R" such that for allt € [0,¢€),b € K,and v € FT sy b, the equation

T dy (Is] + 10} (b: X, v)) =

has a unique solution X = X,(v) € N* g,;/]( |p. Furthermore,

lim 1 m_¢5 ! (s (b; X, (V),0)) =0 forall beK.
t— ’
v—b

Proof (1) The desired maps ¢, and qS .« are just the compositions ¢g go@g , and
¢>J 00 QT ks respectlvely For each b € K, X € N“T |, and v € FT?|,, sufficiently
small, we define N, (X) and NS(X, v) in °Vd|b by

(3-5) G (507, (0; X)) = s{ (B) + joX + Ny(X) = joX + Ny(X),

3-6) &5l (s{g.(b: X, v) = g5 L stog o (b; X) + N/(X, v).

Since jy is the derivative of sf on AUg (P*; J), there exists Cx € RT such that
Ns(0)=0

3-7) . N
|Ns(X) = Ny(X")| < Ck (IXI+1X'])IX — X'| forallX, X e NT s k-
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For N +(+,-), we similarly have

(3-8) |N/(X,v)| < Cklv|"?, | N{(X,v) = N/(X',v)| < Ckv]"?|X - X'|
for all X, X' € N¥T 5l |k and v € @T{i |k. The first of these estimates is clear
from Lemma 3.2(2). The second bound follows from the analogous bound on the

behavior of the vector field £y(v) of Lemma 3.2(2); see Section 4.2 in [Zinger
2004a].

(2) If ¥, is a family of smooth sections as in the statement of the lemma, by (3-5)
and (3-6),

(-9 7y (Is] + 19 )7 (b: X, )
= joX + 7y Ny(X) + 7, N.(X, v) + 17, 0:(X, v),
where
9(X, V) = ¢ (919« (b: X, V).
By (3-7)—~(3-9) and the Contraction Principle, there exist §, 8" € R, dependent

on jo and Ckg, and ¢, C' € RT, dependent on jy, Cg, and C, such that for all
tel0,e),beK,and v € @T?lb, the equation

g (Is + 19/} (b; X, v)) =0
has a unique solution X = X,(v) € N“J ¢ |p. Furthermore,
(3-10) |Xo()| < C'v"P and  |X,(v) — Xo(v)| < C't.

(3) By (3-5)—(3-8) and (3-10),
(3-11) )
75 (57 7.0 (b3 Xi (v), V) =75 (5] 7. (b3 Xo(V), v)) < C" (¢ +v|"/P)z.

On the other hand, as can be seen from Lemma 3.6 below,

(3-12) T_3 L (57 h7. (b: Xo(v), v)) =0
for all v € FT 9|k sufficiently small. The last claim of the lemma follows from
(3-11) and (3-12). O

Proof of Proposition 3.1. (1) By Corollary 3.4, if t € R* and U (K) are sufficiently
small, there is a one-to-one correspondence between {3, +1v}"10)NU(K) and
the set

{ue MYUP*, d; I)NUK) : {s{ + 19} w) = 0},
where 9 € F(S)JT?(IFD“, d; J)NUkg; °Vf) is a family of smooth sections as in Lemma
3.5. In addition,

lin}y U (v) =[{Vs}Pyv(b)] forall beK.

t—0
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The homomorphism 9 in the long exact sequence (3-4) restricts to an isomorphism
on V' _ and vanishes on ¥",.. By definition of d¢g and P,

00 ([{Vs}P,v(b)]) = n,g’v(b) for all b € Ug..
Thus, by Lemma 3.5,
{0+ ' ONUK) =2 ifr), ' (0)NK =2.
The case |I| > 1 or X # & of Proposition 3.1 now follows from the assump-
tion (v3a).

2) If [I] =1 and X = @, by the assumption (v3a) and Lemma 3.5, the section
97 + tv is transverse to the zero set on U (K) and

o, +0v) ' NUEK)| = F|xl o) NK|.
Since 70 71(0) C Uge = Mk, d/dy),
@+ UK | = Flrd THO)] = (e(W, 0 DR, d/do)]),

provided 71,9’])_ 1(0) € K and ¢ and U (K) are sufficiently small. O
We conclude this subsection with Lemma 3.6, which was used in Lemma 3.5.

Lemma 3.6. Suppose T is a bubble type as in Lemma 3.2 and k € $y(Y, J). For
every precompact open subset K of AUg.,., there exist § € RT, an open neighbor-
hood U of K in X1(P*, d), and an orientation-preserving diffeomorphism

By FTL |k — Mk, d/d)NU C MOUPH, d; ).
Proof. If T = (I, R; d), we have

U =Ug(c; Jo) = Ug (P; Jo) and  FT|ay,, = FT' — Uz (P'; ),

Tk

where 7' = (I, X; d’) and d] = d; /d,. Thus, Lemma 3.6 is the P!-analogue of the
t =0 case of Lemma 3.2(4). O

3C. Proof of Proposition 2.6. This proposition follows directly from the next:

Proposition 3.7. Suppose d, Y, and J are as in Proposition 2.5, v € &i‘f(é; J)
is a generic perturbation of the 5J-Opemtor on %1([94, d), k € $o(Y; J), and
T = (I, R; d) is a bubble type such that ) _,_,; d; = d and d; = 0 for all minimal
elements i of 1. If |f| > 1 or R # O, for every compact subset K of Uz, there
exist €,(K) € RT and an open neighborhood U, (K) of K in X,(Y, d) such that

0,4t} ' O)NU(K)=2  forallt € (0, €,(K)).

If |f| = 1 and X = &, for every compact subset K of WUg.,, there exist €,(K) € RT
and an open neighborhood U (K) of K in X (Y, d) with the following properties:
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(a) the section d j +1tv is transverse to the zero set in F?’l (Y, d; J) over U(K) for
all t € (0, €,(K));

(b) for every open subset U of X1(Y, d), there exists e(U) € (0, €,(K)) such that
/ «

o, +0vy ' nu|= <e(°W0d/d) [0k, d/d)])

ift),-'(0) C K CU CU(K) andt € (0, €(U)).

In simpler words, none of the strata of ﬁ‘f (x,d/d,) with g > 2 contributes to
the number N (d). Neither does any of the boundary strata of ﬁ}(/c, d/d,). On
the other hand, 93?% (x, d/d,) contributes the Euler class of the bundle ﬂ/i 31 /d, > S€e
Section 3A.

We will proceed similarly to Section 3B, but run the gluing construction in Y,
instead of P*, and make use of the assumption (Jy2) from the start. We will also
use the family of metrics on P! provided by Lemma 2.1 in [Zinger 2003], which
we now restate:

Lemma 3.8. There exist rp1 > 0 and a smooth family of Kdhler metrics
{gprg:q P

on P! with the following property. If B4(q',r) C P! denotes the gp1 4-geodesic
ball about q', the triple (By(q, rp1), Jo, gp1 4) Is isomorphic to a ball in C! for
all g € P.

In this case, the operators D »|r (s, uiTy) are not surjective for b € OIL( ) » Where
OU,(O) is the preimage of Ug., under the quotient projection map

WP (@4 J) - Ug (P ).

Thus, in contrast to the case of Lemma 3.2, we encounter an obstruction bundle
in trying to solve the 9 J-equation near Ug.,, as in Sections 3.3-3.5 of [Zinger
2004a]. Sections 3.3-3.5 in [Zinger 2003] describe a special case of an analogous
construction in circumstances similar to the present situation.

First, we describe a convenient “exponential” map for ¥ defined on a neighbor-
hood of each smooth curve k € Fo(Y; J). We identify the rational curve « with P!
For each b € Ug.,, let gy, be a J-compatible extension of the metric

8ic,b = 8P! evp(b)

on « provided by Lemma 3.8 to a Riemannian metric on a neighborhood of x in Y.
We identify the normal bundle Ny« of « in Y with the gy ;-orthogonal complement
of Tk in TY|,. Let

exp,: Tk — k and €xp,:nj, Nyk — Nyk
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be the exponential map with respect to the metric g, ; and a lift of exp,, to a vector
bundle homomorphism restricting to the identity over «. For example, €Xp,, can be
taken to be the gy ,-parallel transport along the g, ,-geodesics. For each g € x and
& € T,Y sufficiently small, let

expy, & = €XDgy ) expyy & (e’ﬁ)b@&) ifE=&6 +&, €eTk®Nyk=TY,

where exp,, , is the exponential map for the metric gy,. One useful property of
this “exponential” map is thatexp, § ex it e Tk CTY.
For each element b = (X, up) of %éo;)K, we identify the cokernel H} (b; TY) of
the operator
Dy, :T(b;TY) = T% b TY; ))
with the space ro! (b;TY) of (J, j)-antilinear uj;, T Y -valued harmonic forms on X,,.
The elements of I"(i’l(b; TY) may have simple poles at the nodes of ¥, with the
residues adding up to zero at each node. If ¥}, p denotes the one-dimensional vec-

tor space of harmonic antilinear differentials on the principal component(s) X p
of Zb,

T b 7Y) =T b: Ti) @ T (b; Nyi) = % p ® Teyp ik ST (b: Nyk).

This decomposition is L2-orthogonal. Furthermore, Fo_’l(b; Nyk) is isomorphic to
the cokernel H Jl (b; Nyk) of the operator

Dy, : T'(b; Nyk) — T (b; Nyk; J)
induced by the operator D j; via the quotient projection map
mg&:TY|e — Nyk =TY|[Tk.

We note that if 8 = & and |f| =1, Fo_’l(b; TY) is a subspace of rolp, y: J).
We are now ready to proceed with the pregluing construction. For each small
enough element v = (b, v) of FT 2, let

b(v) = (Evv Jus ”v)

be the corresponding approximately holomorphic stable map, as on page 444. In
the present case, the linearization D, of the d;-operator at b is not surjective.
Thus, the linearization Dy ,, of the 9 s-operator at b(v), defined via the Levi-Civita
connection of the metric gy, is not uniformly surjective. An approximate cokernel
of Dy j is given by

(3-13) %' w; 7Y) =% (v; T) % (v; Ny«),

with the vector spaces l"(i’l(u; Tk) and Fo_’l(v; Ny«) explicitly describable from
Fg’l(b; Tk)and ro! (b; Nyk), respectively, via the basic gluing map g, : X, — Xp.
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In fact, we can simply take
(3-14) I (s Nyw) = {gin:n e T2 b; Nyio) .

While we can define the space ro! (v; Tk) in the same way from ro! (b; Tk), in
the 8 = &, |I| = 1 case it is more convenient to take

I (s Ti) = {Ron :n € T8 (b5 Tio) ),

where R,n is a smooth extension of n such that R,n is harmonic on the neck
attaching the only bubble X; ;, of ¥; and below a small collar of the neck and
vanishes past a slighter larger collar. For an explicit description of R, n, see the
construction at the beginning of Section 2.2 in [Zinger 2003]. We observe that

(3-15) (e M2 =0, (Bsup, Mv2=0, (Dy&, iNv2=0,

for all £ € T'(v; Tk), ne € T (v; Tk) and 7 € T (v; Nyk), where (-, - Yoo
is the L2-inner product of the metric gy, on Y. This inner product is independent
of the choice of a metric on X, compatible with the complex structure j, on X,
though we will always view X,, as carrylng the metric g, induced by the pregluing
construction. If X = @ and |I| =1,1% (v TY)is a subspace of T%\(v; TY; J),
and we denote its L?-orthogonal complement by re ¥ Y(w; TY). Let

aob 70 20l T Y ) — T (s Twe), T2 (us Nywo), T (s TY)

UK’

be the L2-projection maps.
As in Section 3B, if v is sufficiently small, we can also obtain a decomposition

(3-16) FTw;TY)=T_(v;TY)®T,.(v; TY)
such that the linear operator
Dy :Ty(u;TY) = T%w; TY; J)
is injective, while
F_(u;TY)={60q,: £ €T_(b;TY)}.

In this case, D;, denotes the linearization of the 9 s-operator at b(v) with the
respect to the “exponential” map chosen above. In (3-16), we can take the space
f‘+(v; TY) to be the Lz-orthogonal complement of I'_(v; TY), and we do so
unless 8 = @ and |f| =1.If R=@ and |f| =1, we can choose I, (v; TY) in such
a way that

(3-17) (D& 2 =0 forall § € (i TY)NT(; Tw), n € T (v; TY),
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the operator

Djy:Ty(u;Tk) =T, (v; TY)NT(v; Tk)

— TN w; Ti) =13 (u; TY)NT% (u; Ti)
is an isomorphism, and the intersection of I'y (v; TY) with the L2-orthogonal
complement of I'_(v; TY) has codimension one in both spaces. The subspace
[ (v; TY) of I'(v; TY) is constructed by restricting the procedure described in

Section 2.3 of [Zinger 2003] to the line #j, x ® Teyv, )k -
Similarly, let I'; (v; Ny«x) be the L?-orthogonal complement of

I (v; Nyk) = {E 0 gy 1 & €T (b; N Y)}
in I'(v; Nyk) = Lf(ZU; u}Ny«k). If v is sufficiently small, the linear operator
Dy, : T4 (v; Nyk) = %' (u; Nyk; J)
is injective. The key properties of this setup are described in Lemma 3.9:

Lemma 3.9. If J, v, and k are as in Proposition 3.7, for every precompact open
subset K of Ug.,, there exist 5k, Cx € R* and an open neighborhood Uk of K in
X1(Y, d) with the following properties:

(1) for every [b] € X0(Y, d) N Uk, there exist v € FT§, |go and ¢ € T4 (v: TY)
such that ||C ||y, p,1 < 8k and [epr(u) ¢ =1[b], and the pair (b, ¢) is unique up
to the action of the group Aut(J) o (§ .
() forallv=(b,v) € FT5 | g0,
18,10 llv.p < Cklvl"P;
Cx 1ot < IDswtllvp < Cillgllvpa forall § €Ty(v: TY);
Cx'lE v p1 < IID},USIIU,p < Ckll§llv.pa forall § € Ty (v; NcY);

(3) forallv=(b,v) € FT; |go, & € T(v; NY), and n e T%' (v N, Y),

[ (DT & Mva| < CxlvPIE v p 10,1

In the first claim of Lemma 3.9,

eXPpvy § = (Ev’ Jus €XPpu, g_)_

This statement is a variation on (2) of Lemma 4.4 in [Zinger 2004b] and holds for
the same reasons. The first estimate in (2) and (3) of Lemma 3.9 can be obtained
by direct computations. The two remaining estimates are proved analogously to
the corresponding estimates of Lemma 3.2.
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Corollary 3.10. Suppose v, T, and k are as in Proposition 3.7. If g € Z+ and K is
a compact subset of Ug., C Dﬁ‘f (x,d/d,) such that

7 O NK =2,

then there exist €,(K) € RT and an open neighborhood U, (K) of K in X1(Y, d)
such that
(0, +tv} N O)NU(K)=2 forall t € (0, €,(K)).

Proof. (1) As usually, for all ¢ € I'(v; TY) sufficiently small,
1_[gl{éJ + tv} CXPph(v) = 5]“1) + DJ,U§ + Ny¢ +th,v§ +tV|uU,

where I, denotes the parallel transport with respect to the Levi-Civita connection
of the metric gy ; along the geodesics of the map exp;. The nonlinear terms satisfy

INw = NoZllo.p < Cx (18 v p1 + 18 o p ) 1S = N, put
”Nv,vé- _NU,UC/”U,[) = CK”; _§/||v,p,l

forall ¢, ¢’ e T'(v; TY); see Section 3.6 in [Zinger 2004a] for example. Our choice
of the map exp,, also implies that

(3-18)

(3-19) Ny € TN v; Tk) forall ¢ € T(v; Tk) C T'(v; TY).

(2) Suppose v = (b, v) € FT?|x0, { € 4 (v; TY), and

(3-20) {341V} expy & =0 = 0 uy+Dy,uE+ Nyl +tNy v +1v]y, =0.
From (2) of Lemma 3.9 and (3-18), we then obtain

(3-21) 1¢v.p.1 < Cr (IV]'7 +1).

On the other hand, applying the projection map JTKL to both sides of (3-20), we get
(3-22) D7 ¢+ Ny¢ + Ny ¢ +tvh,, =0e % (u; Nyk; ),

if { =¢"+ ¢t eT(v; Te) ®T(v: Nyk), NF¢ =aENE, Niyg =N, o8,
vt =nxtv. By (3-18), (3-19), and (3-21),

|| Nj_;‘ || v,p = ||7TI£_(NU(§[ + é‘J_) - NU;-[) || v,p
Thus, by (2) of Lemma 3.9, (3-18), and (3-22),

< Cx (V1P + 1) g v, o1

(3-23) ¢ w.p1 < Cket,

provided &k is sufficiently small. Combining (3) of Lemma 3.9, (3-18), (3-22),
and (3-23), we obtain

[luys M w2| < Cx (1017 +1) Il forall n € T (v; Nyk).
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Since the section 7, of the bundle LZC\W}(”Z J4, does not vanish over the compact
set K, it follows that
{0+ O NU(K) =2

if ¢ and U, (K) are sufficiently small. O

By Lemma 4.2, the spaces ﬁ‘f (x,d/d,) with g > 2 are contained in Q_ﬁ(l) (k,d/dy).
In particular, if J is a bubble type as in the first claim of Proposition 3.7,

Uge C (M, d/de) — Mk, d/d)) U (M (e, d/d) — M| (k, d/d)).

Thus, Corollary 3.10, along with the regularity assumptions (v3a) and (v3c), im-
plies the first claim of Proposition 3.7.

Corollary 3.11. Suppose v, I, and k are as in Proposition 3.7. If R = & and I has
one element, there exist, for every compact subset K of Ug., containing frul, . 1(0),
some €,(K) € RY and an open neighborhood U(K) of K in X{(Y, d) with the
following properties:

(a) the section 37 +tv is transverse to the zero set in F?’l (Y, d; J) over U(K) for
allt € (0, €,(K));

(b) for every open subset U of X1(Y, d), there exists e(U) € (0, €,(K)) such that
d/d,
12

ifKCUCU((K),te(0,eU)).

o+ )T NU| = = e (W 4 ) Mok, d/d)])

Proof. (1) By Corollary 3.10 and the assumption (v3a) on v, it can be assumed that
the compact set K is disjoint from ﬁ? («,d/d,). Thus, if h is the unique element
of I ,

(3-24) |25 v] = Cxlul  forall [v] = [b, v] € FT|x;

see Lemma 4.2. By Lemma 3.9 and the proof of Corollary 3.10, we need to deter-
mine the number of solutions [v, ¢] of the equation

(3-25) 5JMU+DJ,U§+NU§+tNU,U{+tv:0’

with v € FT5 [0, ¢ €T (i TY), ¢ lu.p.1 < e€k. In this case, T (v TY) is a
subspace of %! (v; TY; J), and the middle estimate in (2) of Lemma 3.9 implies
that

Cx' ¢ lopa < 1Tk Dyvtllvp < Cklltllupy forall ¢ € Ty(us TY).
Thus, the linear operator

moi Dy i Ty TY) - T3 (v TY)
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is an isomorphism. It then follows from the Contraction Principle, the first estimate
in (2) of Lemma 3.9, and (3-18) that the equation

ng;i(éJuv+DJ,u§+Nu§ +th,u§ +tV) =0, e f‘+(U; TY), ||§||v,p,l <€k,

has a unique solution ¢, € ' (v; TY), provided v € @f*@”i |k is sufficiently small.
Furthermore,

(3-26) |ollv,p.1 < Cr (lv]V7 +1).

Thus, the number of solutions [v, {] of (3-25) is the same as the number of solu-
tions of

(327 W) =t"" eyl (3,0 + Dywty + Noby + Ny w8y +10) =0,
[v] € FT5 |k,

where

01 _ _0,1

70! =l @l T Wi TY; 1) — T2 (Wi Ty @ T (us Nyw)
is the L?-projection map.
(2) With our choice of the space ro! (v; Tk),
0,15 0.1, . .
(3-28) JTU;KHJMU =R, Djpvell (v; Tk);
see Section 4.1 in [Zinger 2003]. Furthermore,
(3-29) myeNye =0  forall ¢ € I'(v; Tk),
since the supports of all elements of n € ro! (v; Tk) are disjoint from the support

of Ny¢, for ¢ € I'(v; Tk), due to our choice of the “exponential” map. By (3-18),
(3-26), (3-28), (3-29), and the same argument as in the proof of Corollary 3.10,

|70 W) = R, B) |, , < Cr (107 +1) + v (uy) = Ryv(B)lv2,
(3-30) |7y Wi () = Ry(m} . &) +17' D 0) ],
< Cx (IvI"P +1) + v(y) = Ryv(®)llv.2,
where R,n =g}n forn e ro! (b; Nyk) and
Tl D) =menl () =m) () —wtnl () e TV s Ti).
Since

lim  ([v|"?+1) + lv(uy) — Ryv(®)llv2 =0,

t—0,|v|—0
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by (3-24), (3-30), and the same cobordism argument as in Section 3.1 of [Zinger
2003], the number of solutions of (3-27) is the same as the number of solutions of

the system
AL b)=0eWyy, .
D) +Dypv=0€mpE*@mgzeviTk

KVK

with [u]=[b, v] eFT — M| 1(k, d/d,), if the interior of the compact set K contains
the finite set JT 1(0) Slnce D, does not vanish on 71 1(0) the number of
solution of this system is

i) O] = (Wl ). DR (e, d/do)])
= (e(7pE* @ mpevgNyk)e@ WY 4/g) LM 1 x Mo 1 (k. d /d,)])
= —31(—2d/d) (e(W 4/4.)- Mo, d/d)]),

as claimed in Proposition 3.7. 0

4. On the Euler class of the cone V¢ — MY(P4, d; J)

4A. The structure of the moduli spaces ﬁ‘l)(ﬂj’”, d; J). In this section, we prove
Proposition 2.3 by constructing a perturbation ¢+ of the section sf of the cone °V‘f
over ﬁ?(ﬂj"‘, d; J) and counting the number of zeros of the multisection sfl + 10
for a small ¢+ € R™ that lie near each stratum of

@1 s¢ 7o)y MY, d; 1) = MUY, d; J)

= I MOk, d/d) v | Mk, d/d).
keSo(Y;J) keS1(Y;J)

Since the finite set zm‘l) (x, d/d,) consists of transverse zeros of sfl, fork eF1(Y; J),

(4-2) Contgeayan (51) = T|ls{ #1917 O N U | = =Y

if U, is a small neighborhood of sm?(x, d/d) in ﬁ?(ﬂj"‘, d; J). The second equal-
ity in (4-2) holds for every multisection ¥ of °V‘f and every ¢ € R sufficiently small.
Thus, the key to proving Proposition 2.3 is computing the sf -contribution from
each stratum of the moduli space ﬁ?(/{, d/d,). This is achieved by Proposition
4.5 and Corollary 4.7.

In this subsection, we describe the structure of the moduli space ﬁ?(ﬂ:‘)”, d;J),
with J sufficiently close to Jyp. Lemmas 4.1 and 4.2 are special cases of Lem-
mas 2.3 and 2.4, respectively, in [Zinger 2007]. In turn, the latter two lemmas
follow immediately from Theorems 1.6 and 2.3 in [Zinger 2004b].
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Lemma 4.1. Ifn,d € 7", there exists §,(d) € R" with the following property.
If J is an almost complex structure on P", such that ||J — Jollc1 < 8,(d), and
T = (I,R; d) is a bubble type such that )", , d; = d and d; # 0 for some minimal
element i of 1, then Ug (P"; J) is a smooth orbifold,

dimUg (P"; J) =2(d(n+ 1) — R = |1]) and Uz (P"; J) C MIP", d; J).

Furthermore, there exist § € C(WUg(P"; J); RT), an open neighborhood Us of
WUg (P J) in X (P", d), and an orientation-preserving homeomorphism

b5 : FTs — MVU(P", d; J)N Uy,
which restricts to a diffeomorphism @T? — DJT?(IP”, d; J)yNUg.

Lemma 4.2. Ifn,d € 7", there exists §,(d) € R" with the following property.
If J is an almost complex structure on P, such that ||J — Jollc1 < 8,(d), and

= (I, R; d) is a bubble type such that ) ;_,; d; = d and d; = 0 for all minimal
elements i of 1, then Ug (P"; J) is a smooth orbifold,

dim g (P"; J) =2(d(n + 1) — 8| — | 7] +n),

and e
MUP", d; J) NUg(P"; T) =Ug. 1 (P"; J),
where
Ug.1 (P"; J) = {[b] € Ug (P"; J) : dime Spanc_;{Dib :i € x(T)} < [x (D)}
The space Ug.1(P"; J) has a stratification by smooth suborbifolds of Ug (P"; J):
m=|x(7)|
WUg1 (P"; J) = L] Uz, (B3 ),
m=max(|x (7)|—n,1)

where

ug, (P"; J) = {[b] € Ug (P"; J) : dime Span ¢ ;) {Dib i € x ()} =[x (T)| —m},
with dimension
2(d(n+1) — I8 = | +n+ (Ix (@] —n—m)m) <dimMP", d; J) —
The space
F'T? ={[b,v] € FT? : Dz (v) =0}

is a smooth oriented suborbifold of T . Finally, there exist § € C(Ug (P"; J); RY),
an open neighborhood Ug of Ug (P"*; J) in X1(P", d), and an orientation-pre-
serving diffeomorphism

b7 F'T7 — MUP", d; J)N Uy,
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Y,

oo . :
hs F'T? ={[b;vi,v2,v3,v4,05] : v € CF
D 1.1, Vhy + D g hy Vs Vhy + D s Vs Vs = 0}

h2 4

X (T) ={h1,h4,hs}, p(V) = (Un,, Uny Unys Uny Uns)

Y

tacnode

Figure 5. An illustration of Lemma 4.2.

which extends to a homeomorphism
b7 F'Ts — MNP, d; J)NUg,
where F'T is the closure of F' T2 in FT.

We illustrate Lemma 4.2 in Figure 5. As before, the shaded discs represent the com-
ponents of the domain on which every stable map [b] in Ug (P"; J) is nonconstant.
The element [ X, up] of Ug (P"; J) is in the stable-map closure of im(])(IP”, d; J)
if and only if the branches of u;(X;) corresponding to the attaching nodes on the
first-level effective bubbles of [X;, u;] form a generalized tacnode. In the case of
Figure 5, this means that either

(a) for some h € {h1, ha, hs}, the branch of u;|5, , at the node oo has a cusp, or

(b) forall i € {h1, ha, hs}, the branch of u,|x, , at the node oo is smooth, but the
dimension of the span of the three lines tangent to these branches is less than
three.

If «k € Fo(Y; J), we put
Ug,i;1 = Wy N Uzt (P ) C MYk, dfdl),
U iy =Ugze VUL (PH T) C U1

By the n = 1 case of Lemma 4.2,

Ty —1 g .
oug;/{;l = Ou?T;/c = %g(J)‘ Uq”“lg)'(fjil if |X(g)| = 2.

skl
The last space may be empty. In particular, ﬁ’f (k,d/d.) C ﬁ? (k,d/dy) if g = 2.
Let
MY 1 (P d; ) ={[P', ul e MY | (P*, d; J) : dulo = 0}.

In other words, 9)?8’1; | (P4, d; J) is the subset of 97(8’1([@4, d; J) consisting of the
elements [P!, u] such that the differential of u vanishes at the marked point of P!,
which we always take to be oco. The image of a generic element in 93?87 111 (P4, d; J)
is a rational curve J-holomorphic curve in P* with a cusp at the image of the
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marked point. We denote by S_ﬁo,l;l(ﬂj"‘, d; J) the closure of Uﬁgy];l([lj"‘, d;J)
in Mo (P, d; J). If k € Fo(Y; J), we put

M. 1.1 (. d /) =G 1. (P d: T) N Mo 1 (k. d /dy),
Mo,1:1(k, d/d) = Mo, 1.1 (P, d; J) N Mo,1(k, d/dy),
Mk, d/de) = My x MY 1. (k, d/d,),
M. (k. d/de) = My x Mo,1.1(k, d/d).
By Lemma 4.2,
Mk, d) Mk, d) =M. (k,d)  foralld eZ".
We note that

(4-3) dime Mo, 1;1(k, d) =24 —2 and  dime M}, (k, d) =2d — 1.

4B. The structure of the cone °V‘11 - ﬁ?([ﬂ"‘, d; J). We next describe the struc-
ture of the cone °Vf near each stratum Ug (P*; J) and oug;l (P4 ) ofﬁ?(ﬂj’“, d; J).
We then state several regularity conditions that we will require the perturbation %

of sf to satisfy. The first lemma stated is a special case of Lemma 3.2 in [Zinger
2007].

Lemma 4.3. Ifd, £, and °V‘11 are as in Proposition 2.3, there exists §(d) € R
with the following property. If J is an almost complex structure on P*, such that
I1J —Jollct <6,(d), and T = (1, R; d) is a bubble type such that Zie[ di =d and
d; # 0 for some minimal element i of I, then the requirements of Lemma 4.1 are
satisfied. Furthermore, the restriction °V§l — WUg (P4; J) is a smooth complex vector

orbibundle of rank 5d. Finally, there exists a smooth vector-bundle isomorphism
O d d
b7 : ”Wf (on |%(P4;1)) - OVl |§z‘f(nﬂ>4,d;1)ng’
covering the homeomorphism ¢g of Lemma 4.1, such that ¢ is the identity over
WUg (P*; J) and is smooth over @T?.

For every k € $y(Y; J), the family of boundary operators 9 in the long exact
sequence (3-4), with b € mgf’},{ and J as in Lemma 4.3, induces a surjective bundle
homomorphism

LO L qrd 1,0
0.d/d, (VT =~ OWK,d/d,(

over E)LTI{IO} (x, d/d,). The first two regularity conditions on a perturbation ¥ of the
section sf’ over ﬁ?(ﬂj"ﬂ d; J) are that, for every k € $o(Y; J),

(¥ 1a) the section Dizg/dkmm?(&d/dk) is transverse to the zero set in Wllc:?i/dk;

(9 1b) the section Dizg/dkﬁ‘ does not vanish on zm{f’}(x, d/de) — 931(1)(/(, d/dy).
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By Lemma 4.3, the n = 1 case of Lemma 4.1, and (2-15), the collection of
multisections ¢ of °V‘11 that satisfy (¢} 1a) and (9 1b) is open and dense in the space
of all multisections of °V‘ll.

The next lemma, which is the analogue of Lemma 4.3 for the strata owq" | (P4 J )
of Lemma 4.2, is a special case of Proposition 3.3 and Lemma 3.4 in [Zinger 2007].
For any b € oILQ’”-;I([P"*; J), we put

T, ={0=Oicyen €3Tp: Y Dyi0: =0}
iex ()

Lemma 44. Ifd, £, and OVf are as in Proposition 2.3, there exists §(d) € R
with the following property. If J is an almost complex structure on P* such that
IJ — Jollct < é(d), then the requirements of Lemmas 4.2 and 4.3 are satisfied
for all appropriate bubble types. Further, if T = (I, R; d) is a bubble type such
that ) ,.,di = d and d; = O for all minimal elements i of I, the restriction
°V‘11 — AUg(P* J) is a smooth complex vector orbibundle of rank 5d + 1. In
addition, for every integer

m & (max(|x(T)] -4, 1), 1x (7).

there exist a neighborhood Uz of Gug;l(uﬂ; J) in %1(P*, d) and a topological
vector orbibundle

Vi - MUP d; Ty N U
such that OV?%" — EITIO([P’“ d; J) N Ug is a smooth complex vector orbibundle
contained in °Vd and
VGl @0y =1 €VTlp b UG, (P ); Dy ®0) =0 forall o € F'T}.
There also exists a continuous vector-bundle isomorphism
rd d;m d;m
7 770‘17 (OV |0u7 1 (P4 J)ﬂUL") - 0V1;87|ﬁ?(uw4,d;1)nU§"’

covering the homeomorphism ¢g of Lemma 4.1, such that d~>$ is the identity over
%g;l(ﬂﬂ; J). Finally, if T and T’ are two bubble types as above and m, m’' € 7™,
then

on m

if m">m.

d;m
w4 HNUy cVy |oum

If [b] € Ou’” «:1> We put

G (PN

F_(b; £;0)={§ e _(b; 2)-55g,-.§=0forauiex(g)}
Viglp = {161 € Vi.5lp : Dy & =0foralli € x(T)} V7.
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In this case, the standard analogue for b of the long exact sequence (3-4) has six
terms. However, replacing the fourth term by the kernel of the outgoing map at the
fourth term, we get

@4) 0—>T_(b; TY)—S T_(b; TP*) 2 T_(b; £) =% H! (m5(b); TY) — 0.
By Theorem 1.6 in [Zinger 2004b], the linear operator

~ o4

D5 {r eT_(b:; TPY 1¢I5, =0} = Toy, Pt ¢ — V] (&ls,),

is surjective for every [b] € WUg (P*; J), with T as in Lemma 4.2 and i € x(9), if
J is sufficiently close to Jy. It follows that the homomorphism

Jjo:T_(b; TP — T'_(b; £) /T_(b; £; 0),

induced by the map jo in (4-4) is surjective for every [b] € Ug.,. Thus, the family
of boundary operators 0y in (4-4) with [b] € Ug., induces a surjective bundle
homomorphism

l.g LSd * 0,g 1,0
(4-5) Odsd, * Visg = T8 Widsa, © Wicasa,

over Ug .1, if g, C ﬁ[f (x,d/d,). Furthermore,
Lq 0.9
(4-6) 0 d/d, = TB % d/d, s
where Dg’fl Jdy is the surjective bundle homomorphism over Ug., C ﬁg (k,d/dy)
defined similarly to Oi”g Jd,-

We now state additional regularity conditions on a perturbation ¢ of sf . We will
require that for every k € Fo(Y; J):

. 1,1 1,1 _
(v2a) the sections Dk,d/d,(ﬁl/ml_lximg,l;l(/(,d/dk) and DKad/dxﬁlaJul,]Xmg,l;l(/(yd/dx) are

transverse to the zero set in nEOWSZ le Jd
(92b) the section Di;}i/dkﬁ does not vanish on ﬁ%;] (x,d/d.) — S)II}E?(K, d/d,);
(92c) for g > 2, the section Di’,z 14,V does not vanish on M (k, d/d,).

By Lemma 4.4, (2-6), and (2-11), the collection of multisections ¢+ of °V‘f that
satisfy (¢/2a) and (¥2c) with ¢ > 4 is open and dense in the space of all multi-
sections of °Vf. By (2-8), (2-11), (4-3), and (4-6), the collection of multisections
¥ of V‘f that satisfy one of the three remaining conditions, i.e. (¥#2b), (92c) with
q =2, or (¢¥2c) with ¢ = 3, is nonempty and open in the space of all multisections
of °V‘1’ , but not dense. Nevertheless, by considering the decompositions of the inter-
sections of the corresponding subspaces of ﬁ?(/c, d/d,) analogous to (2-9), it is
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straightforward to see that the intersection of these three open sets is still nonempty.
Alternatively, note that

dime (M}, (k, d/d) — My (e, d/dy)) = 2(d [d) =2 =Tk Wy,
dime M3 (k. d/dic) = 2(d /d) =2 =tk W5,
dime Mi(x, d/d) NI (e, d /dy) < 2(d/d,) — 3.

Furthermore, the space ﬁ% (e, d/d,) —Dﬁ}i?(/(, d/d,) has two irreducible compo-

R

nents. One is contained in E)JI%(K, d/d,), while the other intersects ﬁf(/c, d/d) in
subvariety of complex dimension 2(d/d, ) — 3. Thus, if ¢ is a generic multisection
that satisfies (2c) with g = 2, its restrictions to

(4-7) M1, (k. d/d) — M\, djd)  and D (k, d/d,)

have finite zero sets, divided equally between positive and negative zeros. These ze-
ros can be removed in pairs by modifying ¥ outside of the boundary strata of (4-7).

It remains to state one more regularity assumption on . If I= x(T)=1{h}is
a single-element set, for every [b] € Ug.,.1, We put

T_(b; TP TY) = [¢ € T_(b; TPY) : DY ¢ € Tevpn Y )
T_(b; TP* Ti) = [¢ € T_(b; TPY) : DY ¢ € Tovp iy} CT—(b; TP TY).
Since d{uplz,,}loc = 0 by Lemma 4.2, the subspaces
I_(b; TP* TY), T_(b; TP* Tk) C T_(b; TP

are in fact independent of the choice of connection V’ in TP*. Furthermore, by
Theorem 1.6 in [Zinger 2004b],

4-8) T_(b; TP TY)/T_(b; TP*; Ti) = Nyklepy  Via ¢ — [Df ,¢].

By the paragraph following Lemma 4.4 and condition (Jy2) of Definition 1.2, we
have

(4 9) Im j0|F_(b;T[FD4;TY) = kerbo N F_(b, £, 0),
ker jo C T_(b; TP*; Tk),

where jo and 0¢ are as in (4-4). Let
Hj(g(b); TY) =T_(b; £ 0)/Im jolr_irps70)-

The vector spaces I:IJ1 (mp(b); TY) and the quotient projection maps induce a vector
bundle over 93?}%?(/(, d/d), which we denote by Qllc’,z: Jde> and a surjective bundle
homomorphism

L1 Lgd _opds] 1,1

O aa. Vo =Vg1 > Qlaa,-
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On the other hand, the boundary operators g in (4-4) induce a surjective bundle
homomorphism

1,1 0,1
i O e ”ZOWx,d/dK
over M\ (k, d/d,). By (4-8) and (4-9),
kerm," ~ mj(Ly ®eviyNyk).

We also have a surjective bundle homomorphism

T, Qi’,ali/d,( — w(Li ®evyNyk).
It is induced by the map
(4-10) Jjot = (=2n D[V ¢ls,,] € Ny,

where ¢ € I'(b; TP?), jo¢ € ['_(b; £;0). Thus, we obtain a splitting of Q}(:tll/dk
over Dﬁﬁ?(/c, d/d,):

4-11) Ao @S Q0. = Th(LE®eviNyk) ®TEWYY

‘We note that
(4-12) tk Qg =2d

foralld e ZT.

Our final regularity condition on ¥ is that, for every k € $y(Y; J),
(93) the section 511(:;/[11(19 does not vanish over sm}fl’(x, d/d,).

By Lemma 4.4, (4-3), and (4-12), the collection of multisections ¥ of °l/‘1’ satis-
fying (¥3) is open and dense in the space of all multisections of °l/’f. Denote by
&i‘f (s; J) the collection of multivalued perturbations of the section sf of °V‘f over
ﬁ?(ﬂj’d', d; J) that satisfy the regularity conditions (9 1)—(©3). By the above, this
is a nonempty open, but not dense, subset of the space of all multisections of °Vf.

It is possible to use a dense open collection of perturbations in the statement of
Proposition 4.5 below. However, using such a collection would needlessly compli-
cate its proof by enlarging the zero set of the sections i’,g Ja.Y by homologically

trivial subspaces of ﬁ?(/c, d/d,). This would also require stating the analogue
of (¢3) for the g = 2, 3 cases of (J2c).

4C. Proof of Proposition 2.3. In this section, we prove Proposition 2.3; it follows
immediately from (4-1) and (4-2) plus Proposition 4.5 and Corollary 4.7 below.
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Proposition 4.5. Suppose J, d, £, and “V‘f are as in Proposition 2.3, ¥ € &if (s; J)
is a regular perturbation of the section sf 0f°V‘11 on ﬁo(ﬂ:"4 d; J), k € Fo(Y; J),
and T = (I,R; d) is a bubble type such that ) ;_;d; =d. If |I| > 1 or R #
&, for every compact subset K of WUg.., there exist €3(K) € RT and an open
neighborhood U (K) of K in ﬁ?([@“, d; J) such that

s+ 'O NUK)Y =@ forall t € (0, e5(K)).

If |11 =1 and X = O, for every compact subset K of WUg.,, there exist €y(K) €
R and an open neighborhood U (K) of K in ﬁ?(ﬂm“, d; J) with the following
propetrties:

(a) the section sf + t9 is transverse to the zero set in °Vf over U(K) for all
t € (0, e9(K));

(b) for every open subset U ofﬁ?(ﬂj"‘, d; J), there exists e(U) € (0, €3 (K)) such
that

s + 0} U= (e ), [im‘l)(:c,d/d,()]>—%mig?(m/dx)(aizg/dkﬂ)

zf{ Kd/d 9} 1(0)—9ﬁ{;1(lc,d/d,c)CKCUCU(K), t € (0, e(U)).

In other words, the sf -contribution from the main stratum zm?(x, d/d,) of the
space ﬁ? (x,d/d,) to the number

(e, MYP, d; I))),

as computed via a perturbation from the open collection &iﬁl (s; J), is the Euler class

of the vector bundle “Wl’?l /d, Over ﬁo (k, a’ /d ) minus the 01’2 /d, ¥ -contribution to

the latter Euler class from the zeros of 9" d Jd, ¥ that lie in BSJIO(K d/d,). Since
Kd/d,(lﬂimo(/c d/d,) 18 transverse to the zero set in Mk, d/d,),

“og d/d, }_ 0) N (x, d/dy)|
1,0 — 10
= <e(OWK’d/dK)’ [i):n(l)(l(’ d/dl()]) - (gaﬁ?(lc,d/d,() (Dk,d/d,( '(9) s
by Definition 2.4. None of the boundary strata of ﬁ? («, d/d,) contributes to the
Euler class of °V‘1’ .

Proof. (1) If J is a bubble type such that d; # 0 for some minimal element i € /,
the conclusion of Proposition 4.5 follows by the same argument as in the proof of
Lemma 3.5 and at the end of Section 3B. The key difference in the case |/| =1,
R = & is that the section 0,1(:2 /4,0 may vanish on aﬁ?(/c, d/d,). In addition, by
the regularity assumptions, (¢+1b), (¢#2b), and (¢/2c), the condition

{0r9,0. 017 © — MOk, d/de) © M}k, d/d)
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implies
—1
o) ©NMk. d/dy)]
1,0 770 1,0

={e(W, dyd,)s [ (e, d/di ) - m};?(x,d/d,()(ak,d/d,(ﬁ)'
(2) If I is a bubble type such that d; = 0 for all minimal elements i € I and |i |=1,
or more generally | x (9)| = 1, nearly the same argument still applies. In this case,
F'J = FT and the conclusions of Lemmas 3.5 and 3.6 are still valid. The key
difference is that the normal bundle of Ug.,. in %;I(P“; J) is not given by the

cokernels of the homomorphisms iy in the long exact sequence (3-4). Instead, up
to the action of the automorphism group of b, the fiber of N“J at [b] € Ug.,.1 is

N“T =T_(b; TP* 0)/T_(b; TY; 0),
where
F_(b; TP 0) = {¢ e T_(b; TP : D, ¢ =0},
F_(b;TY;0)={¢el_(b;TY):DF "L =0} CT_(b; T),
if i is the unique element of x (J). The reason for this is that
Uz, (P T) = {b € Ug(P*; T) : d{upls,,} =0},
by Lemma 4.2. Since the linear operator

ShifeeT_b:Te): ¢l5,, =0} = Topmpk, ¢ — Vi (¢lx,,)s

is surjective, the image of the homomorphism jj in the long exact sequence (4-4)
on I'_(b; TP*; 0) is the same as on I'_(b; TP*; T«k). Thus the analogue of the
bundle V'_ of page 449 in this case 1s the bundle QK 4,4, defined on page 465.
The section of V'_ induced by ¢ is b d ja V- Its composition with the map 7,
in (4-11) is ok . d /a. V- Thus, Proposition 4.5 in this case follows from the regularity
assumptions (¢#2b) and (¥ 3), by the same argument as in Section 3B.

(3) Finally, suppose I = (I, R; d) is a bubble type such that d; = 0 for all minimal
elements i € I and |I | > 2. In this case, the dimension of the fibers of F!T J may
not be constant over Ug-. | (P*; J). Thus, we modify the setup of the second part of
Section 3B by working directly with the normal bundle to the smooth submanifold
F1T 2y, in FT?q s, gy Let y — PFT be the tautological line bundle and

V=g (mpE* Q@ evi TP — PFT.
We define the section ag of y* ® V over PFJ by
{ag (b, @)iex@)} B, ¥) = Z De.i (b, Ya, 0i) € TevpryP*

iex(T)
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if (b, (V)iex@)) €y and (b, ¥) € Ey, ). With our assumptions on J, this section
is transverse to the zero set and thus

aw (P J) = agz' (0)
is a smooth suborbifold of PFJ. For a similar reason, so is

Upye = UL NPT,

Let NJ denote the normal bundle of U, in U (P4 ). Up to the action of the
automorphism group of [b, [U]] € Uy.,, we have

Tlip,on = (b; TP* ©) /T_(b; TY; D),

where
P TPS0) = {c €T (i TPY Y (Y, 0D ¢ =0 forall Y € Ex,p) )
iex(J)
(b TY;0)={¢ €T (b; TY) : Y (Y 0D ;2 =0 for allys € Erpi))
iex(J)

cTl'_(b; Tk).
Thus, there is a natural surjective bundle homomorphism
V_ =iy V] )W T) = mpWyd , if g (P 1) C MLPH, d: ),

where j, : N“T — rr"’;&gﬂ/‘f is the injective bundle homomorphism induced by the
maps jo in (4-4). We put

F = nﬁgg@T — PZT,
F1Z={(b, 101 v) € F7: (b, [0]) € W (P J); [p(w)] = [0]}.
The smooth orbifold &' © is diffeomorphic to %!J< by the projection map
(b, [0]; v) — (b; v).

Furthermore, -2 — a;(P*; J) is a fiber bundle of smooth varieties. We can
thus apply the same argument as in the proof of Lemma 3.5 and the end of Section
3B, along with the regularity assumption (¢+2b), to show that

(s¢ 10y 'O NUK)=2  forall t € (0, €9(K))
if U(K) and ¢t are sufficiently small. Il

It remains to to compute the 0" d /4. V" contribution to the Euler class of the bundle
°WK d/d, OVer Mo (e, d/dye) from the set

Few = (005,09} O =Mk, d/de) = [0} 0 9} O €MDk d/do).
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This contribution is computed by counting the zeros of the section DK d/a. v F1v,
for a generic section v of W 2 Jd> that lie near %, ;. First, let
L :OW,I(’LII/dK — npE* @ mpevyNyk

denote the (quotient) projection map; see (3-1). Our regularity assumptions on v

will be that the affine map

Voo :TpLlp1 ®mpLo— npE* @ mieviNyk,
(4-13) .
Yo (b v) =4, v(b) + (3} 4 9 Hbv,

over ¥, » is transverse to the zero set and all zeros of vy, lie over
g0 =% 5N (M mY . (k,d/dy)
o, = LK, 1,1 X2 4.1 (K, /dy)).

Since the set Vs, V(O) is finite, it follows that it lies over a compact subset Ky,
of ZZ’,S ¢+ By the regularity assumption (¥2a), these conditions are satisfied by
sections v in a dense open subset of the space of all sections of Wk d /d,- We put

%0 =% N(0My 1 x Sﬁo’l;l(/c, d/dy)).

Lemma 4.6. Suppose J, d, £, yd 9 e &if(s; J), and k € So(Y; J) are as in
Proposition 4.5 and in Lemma 4.4. If T = (I, N; d) is a bubble type such that
d; = 0 for all minimal elements i of 1 and I = {h} is a single-element set, then
there exist § € C(WUgy:1; R, UL, and ¢}q as in the n = 1 case of Lemma 4.2,
g € C(FT; R), and a vector bundle isomorphism

Y AW 1,0
q)g . 7T93T5 (OWK,d/dK |OLLJ)‘";K;1) - C\M/‘/c,d/dk 71(K,d/d,()ﬂU%’

covering the homeomorphism d)}q and restricting to the identity over Ug.,.1, all
such that lim, -0 e(v) = 0 and

7L, 5 (0,50, P15 W) — {70, 00 Db} o ()| < £)]p()]
forallv= (b,v) € FTY.
In this case, 8 = & or KX contains one element, and

Miy X MY, (e dfde)  ifR =0,

WU -
el {M/Ll 1 X 93701 ((k,d/d) otherwise.

In either case, by Lemma 4.2, the normal bundle % F'T of Uy T 1N i)ﬁo(/c d/d,)
1SFT. IfR =,

FT =npLp1®nzLo and p(v) =v.
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Otherwise, FT is the direct sum of 7wy Lp 1 ® myLo with the line of smoothings
of the node of X x, which in this case is a sphere with two points identified. If
veFT, p(v)isthe mjLp 1 ® myLo-component of v.

Lemma 4.6 follows fairly easily from constructions in [Zinger 2004b; 2007].
However, its proof is notationally involved, and we postpone it until the next sub-
section.

Corollary 4.7. Suppose d, £, V4, J, 0 € &i“ll(s; J),and k € Fo(Y; J) are as in
Propo_sition 4.5. If v is a generic perturbation of the section 011(32 / .U of W,l(zg Jdy
over zm?(x, d/dy,), there exist €, € R" and an open neighborhood U of 0%, s in
f)ﬁ(l)(/c, d/d,) such that

L o+ ONU=02  forall1e(0,e).

Furthermore, for every compact subset K ofiig’ﬂ, there exist €,(K) € R" and an
open neighborhood U (K) of K in ﬁ? («, d/d,) with the following properties:

(a) the section Dll(:g/d,(ﬂ + tv is transverse to the zero set in th/d,( over U(K)
forallt € (0,€,(K));

(b) for every open subset U ofﬁ?(lc, d/d,), there exists €(U) € (0, €,(K)) such
that

d/de —1
12

ifKy,CKCUCcCU(K), te(0,eU)).

Hogg e+ nU|=- (e 44, Mo (k, d/d)))

Proof. (1) Let 7 = (I, R; d) be a bubble type such that ) ;_; d; =d and d; =0 for
all minimal elements i of /. By the regularity assumption (92b), if

%o.g = (0,0,4.9) 0 NUg,et # 2,
then [ = {h} is a single-element set, while |R| € 0, 1.

(2) We denote by N YJ the normal bundle of % 9.9 in Ug.,.1. Similarly to the
proof of Lemma 3.5, using the homeomorphism qb}q of Lemma 4.2 and the bundle
isomorphism ®g of Lemma 4.6, we can obtain an identification of neighborhoods
of £y 5 in NVT @ FT and in MY (k, d/dy),

G790 : NPTy xor, . FT5 — Mk, d/d,),
and a lift of ¢g., to a bundle isomorphism,

ok il 0,1
Qg TTNOT xep, 5 FT s (OWK,d/dK |%m) - Wk,d/dk'
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For (b; X, v) € N’ xg,, FTs, we put

s(b; X, v) = ), (005 4 M1l (b: X, v)) € Wil
D(b; X, v) = D5, (v(@5(b; X, v)) €W gy,

b
-

We define Ny(X) and N, (X, v) in ﬂ/i:;/dkb by

(4-14) s(b; X, 0) = 5(5;0,0) + jy X + Ny X = jl5X + Ny X;
(4-15) s(b; X,v) =s(b; X, 0)+N;(X, v),

where jj, : NPT — nZWS:;/dK l» C Wi:}i/dk |» is the derivative of 5. Thus,

N(0) =0,

(4_16) I / I / 9
|Ns(X) = Ng(X))| < Ck (IXI+1X'])|X — X'| forall X, X € N"T,.

By the continuity ¢, there exists ¢ € C(%T; RT) such that lim;,—o €(v) = 0 and

|N{(X,v)| e(v),

(4-17)
|N/(X,v) = NJ(X', v)| <e(v)

X —X'|

forall X, X' e N?T 5, v e FTs. We also have some C € C(%p.9; R) such that

[D(b; X, v)| < C(b)

(4-18) B . , ,
[D(b; X, v) —v(b; X', v)| < CB)|X — X'|
forall b € 2219,9‘, X, X' e Nﬁgg, (VNS ng.

3) Letn_.p: ‘WL:LMK — n;wgzj,/dk be the natural projection map; see (3-1). Let
K be a precompact open subset of Zy . Since the homomorphism

.U or %0170, 1
Jp : NVT —>JTBOW‘Kyd/dK

is an isomorphism by the regularity assumption (¢+2a), by (4-14)—(4-18) and the
Contraction Principle, the equation

7T_;B(S(b; X,v)+1tv(b; X, v)) =0

has a unique small solution X = X,(v) € N?J, for all t € [0, k), v € FT s, b,
and b € K. Furthermore,

(4-19) | X: (V)] < Ck (t +e(v)).
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(4) By the above, the number of zeros of DK d/dy % +tv, fort € (0, 6g), in a small
neighborhood Uk of K in QﬁO(K d/d) is the number of solutions of the equation
W, (b;v) =17k (s(b: X, (v): v) + 19 (b; X, (v); V)
=t"'nk N/(v; X, (v)) + 72, (b; X, (v); v),

since Dtg/dkﬁl%;m is a section of n;wggj,/dk and thus nf;KNSX =0forall X €
N?T 5. By the estimate of Lemma 4.6, (4-19), and the smoothness of v

(4-20) | W, (b v) — (v (B)+17 w0 by, PHop ()] < Ci (E+(W)) o (V).

By the regularity assumption (#3), the section 7, D,lc d/a,0 does not vanish over
%s.9. Suppose I is a bubble type as in the |X| = 1 case in (1) above. By our
assumptions on v, the affine map

4-21)  FT - mpE*@mpeviNyk, v — whv(b) + (w0, 00 PHop (),

which factors through ¥y ,, does not vanish over the compact set 0%, ». Thus,
W, (b;v) #0forallt € RT and v € FT |a%, , sufficiently small. This concludes
the proof of the first statement of Corollary 4.7.

(5) Finally, suppose J is a bubble type as in the || = 0 case in (1). If K is a
compact subset of % .9 containing K ,, by (4-20), the regularity assumption (¢3),
and the same cobordism argument as in Section 3.1 of [Zinger 2003], the number
of solutions of W, (b; v) = 0 with r € R" and v € FT |k sufficiently small is the
number of zeros of the affine map in (4-21), i.e. + |1ﬁ;1 (0)]. Since n;ﬁ}(:;/dK ¥ does
not vanish over %, 3,

=y (0| = (crpE* @ mheviNyi) (s Lp 1 @ mhLo) ™", [%e.s])
= (Tp(=20+Pp.1) + 75 (c1 (Vg Nyk) + o), [Fio ),

where A and yp 1 are the usual tautological classes on A7L1,]. The space %, » is
the zero set of the section Oiz clz / dkz? of the bundle nEWS: le /d, OVer Sﬁi; (e, d/dy).
Since this section is transverse to the zero set by (¥2a),

ﬂw,;,hm\ = (n}i(—zxwp D Tpe(W 0 Ly x Do 121 (e, d/d))
— i WPy ). Mo,1:1 (k. d/d,)]).

We note that a generic fiber of the forgetful map

7 Mo 1:1(«, d/de) — Mok, d/dy)
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consists of 2(d/d, ) — 2 points, corresponding to the branch points a degree-d/d,
cover P! — k. We conclude that for every compact subset K of %, s contain-
ing Ky,

b, 0+ ) 0 U = Eyp L)) = — 2 (75 e 4. B0 11 (k. d /)
= —2(2(d/de) = 2) (e(W} 4 /0)- [Mo (e, d /d)]),

provided that U is a sufficiently small neighborhood of K in ﬁ?(/c, d/d.) and
1 €(0,86(U)). O

4D. A genus-one gluing procedure. In this subsection, we prove Lemma 4.6. We
review the genus-one gluing procedure of Section 4.2 in [Zinger 2004b] and its
extensions to the spaces I'_ (b; TP*) and I'_(b; £). As a result, we will be able to
describe the behavior of the boundary operator 0y in the long exact sequence (3-4)
for [b(v)] € MY (k, d/d,) with v € FT sufficiently small.

Let 5 = (I, R; d) be a bubble type as in the statement of Lemma 4.6. If v =
(b, v) € FT ? is small gluing parameter, let

b(v) = (Zy, jv; uy), where u, =upoqy,
be the (second-stage) approximately J-holomorphic map. Here
qv = évO;Z X, —> X

is the basic gluing map constructed in Section 4.2 of [Zinger 2004b]. In the present
case, there is no first stage in this usually two-stage gluing construction, as there is
only one level of bubbles (in fact, only one bubble) to attach. The key advantage
of this gluing construction is that the map ¢, is closer to being holomorphic than
in the gluing construction used in Section 3. In particular,

[9sus],, , = C®B)]p@)].

If b € Ug.y.1, then dup ploo = 0 and this estimate improves to
= 2
(4-22) |9susl,, , = CB|p)".

This is immediate from the definition of the map g, .

We extend the metric gy introduced on page 452 to a metric gps+, on the
bundle TP*. Let V’ be the J-compatible connection corresponding to the Levi-
Civita of the metric gps ;. As in Section 3C, let

r% (; TP*) = %) p ® Tev, 1) P*
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be the space of u}';TIP"‘—Valued harmonic (0, 1)-forms on X,. If v = (b, v) and
b € Ug.,. are as above, we put

F(i’l(v; T|]3’4) = {Run ne Fo_’l(b; T|]3’4)} - FO’I(U; T|]3’4),

where R,n is a smooth extension of n such that R,n is nearly harmonic on the
neck attaching the only bubble X, , of X, and below a small collar of the neck
and vanishes past a slighter larger collar; see Section 4.2 in [Zinger 2004b]. Let

ngl_ % v; TPY > Fg’l(b; TP
0

be the L2-projection map. We denote its kernel by I’ +’1(v; TP*). By the same
argument as in Section 2.3 in [Zinger 2003], we have a decomposition

['(v; TPY =T_(v; TPY @ Ty (v; TPY),
where
P TPY) =Rt =§0Gy: ¢ €T TPH},
such that
Dy :Ty(u; TP — T (v; TP

is an isomorphism with fiber-uniformly bounded inverse and (D ¢, n)v2 =0
forall { e Ty (v; Tk) = f‘+(v; TPHNT (v; Tk), n e l"(i’l(v; TP*). Analogously
to (4-22), we also have

(4-23) |Dsu¢]l,,, < CO|p@|I¢llp1 forall ¢ e T-(u; TPY.
Furthermore,

~ 4 2
(4-24) ol Dy RuE +2mp(W) T RYDY 1| < CB)|p)] 1€ 11p,p.1

for all ¢ € T_(b; TP*); see Lemma 4.4(5) in [Zinger 2004b]. Due to the assump-
tion that dup 4| = 0, we do not need to require that ¢|s, , = 0. We also get
a slightly sharper bound, though this is not essential. The estimate (4-24) is the
fundamental fact behind the estimate of Lemma 4.6.

Similarly to Section 3C, the restriction of the homeomorphism quf of Lemma
4.2 can be taken to be of the form

o5 () = (b)),
where b(v) = (2, Jus Uy)s Uy =€xpy, . v, Ly € f‘+(v; T«), and

(4-25) 1Zullv.p1 < CB) P W),

The last estimate follows from (4-22) by the usual argument.



476 JUN LI AND ALEKSEY ZINGER

We denote by
) : T (v; TP — T(v; TPY) = LT (b(v); TP*)
the V7 -parallel transport in 7P* and by
M, :T(v; £) = LY (b(v); £ — I'(v; &) = LY (b(v); £)

the V-parallel transport in £ along the geodesics y;, in k of the metric g. ;. By
(4-23)—(4-25) and the same argument as in Section 4.3 of [Zinger 2007], there
exists an isomorphism

R, :T_(b; TP* 0) > T_(v; TP*) =ker D, ;,,
such that

4-26) |Roc—TIJRuE |, <CB)|p@) [ IElls 1 forall ¢ €T (b: TR 0).

Similarly, there exists an isomorphism
R, : r-; L0 — f‘,(v; £) =ker 5V,1;(U)
such that

@-27) |Rog — TR, | < CB)|p@)|IElls 1 forall & € T_(b; £;0),

where again R, =£0q,.
We next describe a convenient family of finite-dimensional spaces
L(b; TP*; &) C T'(b; TPY),

parameterized by b € %;O.)K. |» such that the homomorphism

jo:T(b; TP* £) — I'_(b; £;0)

0)

is an isomorphism. For every b € %%.K.l, let

[_ . (b; TP* Nyk)~eviNyx and T__(b; TP* k)

be the L2—orth0gonal complements of I"_ (b; TP* Tk)in_(b; TP* TY) and of
I_(b; Tk;0) in T_(b; TP*; 0), respectively. The map in (4-10) induces a surjec-
tive homomorphism

7. :T_(b; £ 0) — ev} Nyk,
which restricts to an isomorphism on jo(I'— 1 (b; TP*; Nyk)) and vanishes on
jo(T_ 4 (b; TP*; k)), where jg is as in (4-4). Let I'_ , (b; £; 0) be the L2-orthog-
onal complement of jo(I'— 1 (b; TP* k)) in ker 7, . We set

Ty _(b; TP* NpsY) = {¢ € T(b; NpuY) ity 0 ¢ € T 4 (b; £ 0)},
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where the normal bundle Np+Y of Y in P* is identified with the gp+ p-orthogonal
complement of TY in TP* and

my : TP* - £~ NpiY
is the quotient projection. Then, the map

Db TPY L) =T (b; TP )T (b; TP Nyi)®T 1 _(b; TP*; NpsY)
—TI'_(b; £;0)

is an isomorphism. Furthermore, since

T (b; TP* k) ®T_ (b; TP* Nyk) C T_(b; TP*),
the map

0 : T4 —(b; TPY; Npa¥) — H ) (mp(b); Nyk), ¢ — [nDyscl,

is also an isomorphism, by the definition of the boundary operator 0¢ in (4-4).
We now use the subspace I"(b; TP*: £) of I'(b; TP*) to construct an analogous
subspace I'(v; TP*; £) of I'(v; TP*) for v € @9? sufficiently small. For every

¢ e T_ 1 (b; TP Nyk) @ Ty _(b; TPY; NpaY),
we define Rug € f‘(u; TP% by
Ty R =Rymy¢ eT_(v; £) and Ry —TT.R,¢ € T(Zy; i NpaY),
where again R, = ¢ o g,. By (4-26) and (4-27),
(4-28) |Ry,¢ — l'IuRuCHM1 < C(b)|p(v)\zlléllb,p,1 forall ¢ € T'(b; P*; £).

Let f‘_,+(v; TP*: k), f‘_,+(v; TP* Nyk), l:‘+,_(v; TP*; Np4Y), and f‘(v; TP £)
denote the images of I'_  (b; TP*; k), I'_  (b; TP*; Nyk), Ty _(b; TP*; NpaY),
and T'(b; TP*; £) under R,,. By (4-28), the map

n# : f‘(u; TP £) — I_(v; £)
is injective and thus an isomorphism. Furthermore, since
I_ . (v; TP* k) C T_(v; TPY),
by the definition of the boundary operator 0y in (3-4) the map
0y I:_,Jr(v; T[|3’4; Nyk) & f‘+,_(v; T[|3’4; NpsY) — H}(l;(v); Nyk)

given by
{— [nlg_D],};(U){]
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is surjective and thus an isomorphism. We set
f‘g”lJr(U; T[P’4; Nyk) = {nKLDJ’,;(U); :C € f‘_’+(u; T[P’4; Nyl{)}
C I (us Nyw) = LP (b(v); Ny«);
PO (U TP NpsY) = {1 D, ¢ 1 ¢ € Ty _(v; TP NpsY)}

C f‘o’l(v; Nyk).

It follows from above that the projection map

er’l : f‘0_”1+(v; TP Nyk) ® f’?r’}_(u; TP NpsY) — H}(I;(v); Nyk)
is an isomorphism.

The space Fg’l(b; Ny«) of uy Nyk-valued harmonic (0, 1)-forms on X, splits as
r%(b; Ny«) =F(i’;lp(b; NyK)GBFO_’;lB(b; Nyk) =?7€b,p®ev*13Ny/ceaFo_’;lB(b; Nyk).

Here F(i’;lp (b; Nyk) and F(i’;lB (b; Nyk) are the subspaces of ro! (b; Nyk) consist-
ing of the differentials supported on the main components X s of ¥, and on the
only bubble component X, , of X, respectively. Let

T b Tyt T2 (Bs Nyk) — TOL, (b Nyk), T2 by Nyk)

denote the projection maps. If n € ¥, p ®ev}, Nyk, we define R, € % (u; Nyk)
as above by identifying Nyx with the gy ,-orthogonal complement of T« in TY C
TP* Ifne F(i’;lB(b; Nyk), let R,n = G*n. We denote by

P20 (3 Nyi), T2 (w3 Nyi) € TN (s Nywo)
the images of FO_’;IP (b; Nyk) and F(i’;lB (b; Nyk) under the map I?U = HﬂRU. Let
~0 1 -T0 1(v Nyk) — F P(v Nyk) and 7r :f‘o’l(u; Nyk) — f‘o_’;lB(U; Nyk)
be the Lz-projection maps. By (4-24), (4-25), and (4-28), we have
@29 |72LD, 5 Rot +210(0) T Run DY 8| < CO) o) I 15,1
forall ¢ ro +(v TP*; Nyk). In particular, the projection map
App  TOL (i TPY Nyk) — T, (ui Nyk)
is an isomorphism. We denote its inverse by S,. p. The projection map
ﬁg}g : 9;’1_(1); T[|3’4; NpsY) — ff;i(v; Nyk).

is also an isomorphism, since the map 9, is. We denote its inverse by S,. .
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Finally, let
T, =70 0 (Su:p ® Suip) 0 Ry : T (b; Nyk) — Hj(b(v): Nyx).
The maps T, with v € F “6' Z induce a bundle isomorphism

Dy : 7T (OW,( d/d, |°u:¢:,<;1) OWK ,d /dy

I )

covering ¢i¢|9rf- This isomorphism extends continuously over @Tg — @T? , as
can be seen directly from the definition.

If 9(v) € _(v; £), we can find a unique

o (V) = g5 (V) B LHW) DL (V)
el (u; TP K)®T_  (u; TP*; Nyk) @ T4 _(v; TP*; NpaY)

such that 73 ¢y (V) = ¥ (v). By (4-29),

@30) | T, 000 () + 2np(0)d 7Y LR ()] < Co )| p )]
On the other hand, by the definition of the map 7, in Section 4B,

(4-31) T () = =21 mEDY ) b).

The estimate of Lemma 4.6 follows from (4-28), (4-30), (4-31), and the continuity
of the section 9.
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