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GROMOV–WITTEN INVARIANTS OF A QUINTIC THREEFOLD
AND A RIGIDITY CONJECTURE

JUN LI AND ALEKSEY ZINGER

We show that a widely believed conjecture concerning rigidity of genus-
zero and genus-one holomorphic curves in Calabi–Yau threefolds implies
a relation between the genus-one GW-invariants of a quintic threefold in
P4 and the genus-zero and genus-one GW-invariants of P4. This relation
is a special case of a general formula for the genus-one GW-invariants of
complete intersections obtained in a previous paper. In contrast to the gen-
eral case, this paper’s derivation is more geometric and makes direct use
of the rigidity property. Thus, it provides further evidence for the rigidity
conjecture in low genera. On the other hand, this paper also suggests a
potential way of disapproving the less commonly believed generalization of
the rigidity conjecture to arbitrary genus.

1. Introduction

Suppose γ → Pn is the tautological line bundle, a ∈ Z+, and

L = γ ∗ ⊗a.

If s ∈ H 0(Pn
; L) is a generic holomorphic section,

Y ≡ s−1(0)

is a smooth hypersurface in Pn . It has long been known how to express the genus-
zero Gromov–Witten invariants of Y in terms of the genus-zero GW-invariants
of Pn; see (1-1) below for a special case. The latter can be computed using the
classical localization theorem of [Atiyah and Bott 1984]. In [Li and Zinger 2005],
we prove a genus-one analogue of (1-1) for an arbitrary hypersurface Y . The proof
itself is rather simple. However, it relies on the constructions of reduced genus-
one GW-invariants in [Zinger 2005b] and of Euler classes of certain natural cones
in a setting more general than in [Zinger 2007]. The latter in fact constitutes most
of [Li and Zinger 2005].
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In this paper, we rederive a genus-one analogue of (1-1) for a quintic threefold
Y in P4, i.e. for a = 5 in the above notation, in a direct, albeit more laborious,
way from a certain rigidity property for genus-zero and genus-one J -holomorphic
curves in a quintic threefold; see the next subsection. While it is not known whether
the rigidity property is satisfied, it is widely believed to be the case for curves of low
genus (at least 0 and 1 and likely up to genus 2 or 3). Our derivation generalizes
to arbitrary Calabi–Yau complete-intersection threefolds in projective spaces. It
can be used for Fano complete-intersection threefolds as well, but in such cases
it can be obtained by taking ν = 0 in Section 2.2 of [Li and Zinger 2005]. In the
Calabi–Yau cases, this cannot be done and this paper’s derivation is different from
the one given there.

Quintic threefolds, as well as other Calabi–Yau manifolds, play a prominent
role in theoretical physics. As a result physicists have made a number of important
predictions concerning CY-manifolds. Some of these predictions have been veri-
fied mathematically; others have not. This paper indicates that one of them fits in
nicely with known mathematical facts.

If X is a Kähler manifold, g and k are nonnegative integers, and A ∈ H2(X; Z),
we denote by Mg,k(X, A) the moduli space of (equivalence classes of) stable holo-
morphic maps from genus-g curves with k marked points in the homology class A.
Let

Mg(X, A)= Mg,0(X, A).

If ι : Y → Pn is an inclusion and ` is the homology class of a line in Pn , let

Mg,k(Y, d)=

⋃
ι∗ A=d`

Mg,k(Y, A).

If Y is a Calabi–Yau threefold, the virtual, or expected, dimension of Mg(Y, d) is
zero. The virtual degree of Mg(Y, d) is the genus-g degree-d GW-invariant of Y .
If Y is a quintic threefold, we denote this invariant by Ng(d).

Let

πd
g : Ug(P

n, d)→ Mg(P
n, d) and evd

g : Ug(P
n, d)→ Pn

be the semiuniversal family and the natural evaluation map. In other words, the
fiber of πd

g over [C, u] is the curve C, while

evd
g
(
[C, u; z]

)
= u(z) if z ∈ C.

We define a section sd
g of the sheaf πd

g∗
evd∗

g L → Mg(P
n, d) by

sd
g
(
[C, u]

)
= [s ◦ u].

If Y = s−1(0), Mg(Y, d) is the zero set of this section.
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If a = 5, it has long been known that

(1-1) N0(d)=
〈
e
(
πd

0∗
evd∗

0 L
)
, [M0(P

4, d)]
〉
.

The moduli space M0(P
4, d) is a smooth orbivariety and

(1-2) πd
0∗

evd∗

0 L → M0(P
4, d)

is a locally free sheaf, i.e. a vector bundle. Furthermore,

dimC M0(P
4, d)= 5d + 1 and rk C π

d
0∗

evd∗

0 L = 5d + 1.

Thus, the right-hand side of (1-1) is well-defined. It can be computed via the
classical localization theorem of [Atiyah and Bott 1984]. The complexity of this
computation increases quickly with the degree d , but a closed formula has been
obtained in [Bertram 2000], [Gathmann 2002], [Givental 1999], [Lee 2001], and
[Lian et al. 1997].

If g > 0, the sheaf πd
g∗

evd∗
g L → Mg(P

4, d) is not locally free and does not
define an Euler class. Thus, the right-hand side of (1-1) does not even make sense
if 0 is replaced by g > 0. Instead one might try to generalize (1-1) as

(1-3) Ng(d)
?
=

〈
e
(
R0πd

g∗
evd∗

g L − R1πd
g∗

evd∗

g L
)
, [Mg(P

4, d)]vir 〉,
where Riπd

g∗
evd∗

g L → Mg(P
4, d) is the i-th direct image sheaf. The right-hand

side of (1-3) can be computed via the virtual localization theorem of [Graber and
Pandharipande 1999]. However,

N1(d) 6=
〈
e
(
R0πd

1∗
evd∗

1 L − R1πd
1∗

evd∗

1 L
)
, [M1(P

4, d)]vir 〉,
according to low-degree checks by T. Graber and R. Pandharipande and indepen-
dently by S. Katz (personal communications).

Let
M0

g(P
4, d)=

{
[C, u] ∈ Mg(P

4, d) : C is smooth
}
.

We denote by M0
g(P

4, d) the closure of M0
g(P

4, d) in Mg(P
4, d). If g > 0,

then M0
g(P

4, d) is one of the many irreducible components of the moduli space
Mg(P

4, d).

Theorem 1.1. If d is a positive integer, L = γ ∗⊗5
→ P4,

πd
1 : U1(P

4, d)→ M0
1(P

4, d) and evd
1 : U1(P

4, d)→ P4

are the semiuniversal family and the natural evaluation map, respectively, then the
Euler class of the sheaf

πd
1∗

evd∗

1 L → M0
1(P

4, d)
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is well-defined. Furthermore, if Y satisfies the Rigidity Assumption (page 422),
then

(1-4) N1(d)=
1
12 N0(d)+

〈
e(πd

1∗
evd∗

1 L), [M0
1(P

4, d)]
〉
.

The moduli space M0
1(P

4, d) is not a smooth orbifold. Nevertheless, it deter-
mines a fundamental class in H10d(M

0
1(P

4, d); Q), as its singularities are fairly
simple. The sheaf

(1-5) πd
1∗

evd∗

1 L → M0
1(P

4, d)

is not locally free. Nevertheless, its Euler class is well-defined. In other words,
the Euler class of every desingularization of this sheaf is the same, in the sense
described in Section 1.2 of [Zinger 2007]. The last expression in (1-4) can be
computed via the classical localization theorem. Of course, the singularities of the
space M0

1(P
4, d) cause additional complications. However, since these singular-

ities can be understood, these complications can be handled. A desingularization
of M0

1(P
4, d), i.e. a smooth orbifold M̃0

1(P
4, d) and a map

π̃ : M̃0
1(P

4, d)→ M0
1(P

4, d),

which is biholomorphic onto M0
1(P

4, d), is constructed in [Vakil and Zinger 2006].
This desingularization of M0

1(P
4, d) comes with a desingularization of the sheaf

(1-5), i.e., a vector bundle

Ṽ → M̃0
1(P

4, d) such that π̃∗Ṽ = πd
1∗

evd∗

1 L.

In particular, 〈
e(πd

1∗
evd∗

1 L), [M0
1(P

4, d)]
〉
=

〈
e(Ṽ), [M̃0

1(P
4, d)]

〉
.

The localization theorem of [Atiyah and Bott 1984] is directly applicable to the
right-hand side of this equality.

Using Theorem 1.1 and the desingularization constructed in [Vakil and Zinger
2006], we have computed the numbers N1(d) for d = 1, 2, 3, 4. The results agree
with those predicted in [Bershadsky et al. 1993]; see Section 1.3 in [Li and Zinger
2005] for more details.

From the point of view of symplectic topology as described in [Fukaya and Ono
1999] and [Li and Tian 1998], the numbers Ng(d) can be interpreted as the Euler
class of a vector bundle, albeit of an infinite-rank vector bundle over a space of the
“same” dimension. As in the finite-dimensional case, this Euler class is the num-
ber of zeros, counted with appropriate multiplicities, of a transverse (multivalued,
admissible) section.

In brief, we prove (1-4) by slightly perturbing the complex structure J0 on P4,
then expressing each of the three terms appearing in (1-4) as the number of zeros
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of a transverse section of a vector bundle and comparing the results for the two
sides of (1-4). There are a vector bundle F → X, possibly of infinite rank, and
a section ϕ of F associated to each of three terms. The zero set of ϕ is easy to
describe. However, ϕ is not transverse to the zero set. We determine the number
CZ(ϕ) of zeros of ϕ + ε, for a small generic multisection ε, that lie near each
stratum Z of ϕ−1(0). These numbers in turn determine the contribution of each
J -holomorphic curve in Y to the three numbers in (1-4). We will see that every
such curve contributes equally to the two sides of (1-4).

Theorem 1.1 follows immediately from Propositions 1.3–1.5 and separately
from Propositions 2.1–2.3. The first three propositions are easier to state and can
be deduced from the last three propositions. While the statements of Propositions
2.1–2.3 are more technical, they are easier to prove.

Formula (1-4) also follows from Theorem 1.3 in [Li and Zinger 2005] and
Theorem 1.1 in [Zinger 2005b], whether or not the Rigidity Assumption holds.
Thus, Theorem 1.1 provides additional evidence for the genus-zero and genus-one
cases of the Rigidity Conjecture; see the next subsection. On the other hand, the
methods of [Li and Zinger 2005] and [Zinger 2005b] should extend to give relations
between higher-genera GW-invariants of complete intersections and of projective
spaces without any assumptions, while the methods of this paper should extend to
deduce such relations directly from the Rigidity Conjecture. If the two formulas
disagree in some genus g, the Rigidity Conjecture must be false in genus g and in
all higher genera.

1A. Rigidity properties. Throughout the rest of the paper, Y will denote a quintic
threefold in P4. If J is an almost complex structure on Y , (6, j) is a Riemann
surface, and u :6 → Y is a J -holomorphic map, let

DJ,u : 0(6; u∗T Y )→ 0
(
6;3

0,1
J, j T

∗6⊗ u∗T Y
)

be the linearization of ∂ J -operator at u; see Section 2A.

Definition 1.2. An almost complex structure J on Y satisfies the genus-g rigidity
property if for every smooth connected genus-g Riemann surface (6, j) and non-
constant J -holomorphic map u :6 → Y

(JY 1) u(6) is a smooth curve;
(JY 2) ker DJ,u ⊂ 0(6; u∗T u(6)).

If J satisfies the genus-g rigidity property, all genus-g J -holomorphic curves in Y
are smooth and isolated. We denote by J(Y ) the space of all C1-smooth almost
complex structures on Y , with the C1-topology, and by J

g
rig(Y )⊂J(Y ) the subspace

of almost complex structures that satisfy the genus-g rigidity property.
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Rigidity Conjecture. For all g and all Calabi–Yau threefolds Y , J
g
rig(Y ) is dense

in J(Y ).

Rigidity Assumption. If Y is a quintic threefold, the closure of J0
rig(Y )∩ J1

rig(Y )
in J(Y ) contains J0.

We note that J
g
rig(Y ) is open in J(Y ). Thus, the g = 0, 1 cases of the Rigidity

Conjecture imply our Rigidity Assumption.

Since the expected dimension of the moduli space Mg(Y, d; J ) of genus-g
degree-d J -holomorphic maps into Y is zero, it is easy to show that the property
(JY 1) of Definition 1.2 is satisfied by a generic almost complex structure J . But
despite years of attempts, this has not been shown to be the case for (JY 2), even
for g = 0. Nevertheless, this is believed to be case, though with some hesitation
for g above 2 or 3. (If u :6→ Y is an embedding, denote by Nu →6 the normal
bundle to u. In order to prove the rigidity conjecture, it is sufficient to show that for
a generic almost complex structure J on Y , for every J -holomorphic embedding
u : 6 → Y of a Riemann surface, and for every branch cover f : 6̃ → 6, the
operator D⊥

J,u◦ f on f ∗Nu induced by DJ,u◦ f is injective. If (JY 2) is to be proved
only up to genus g, it is sufficient to consider covers 6̃ of genus up to g. If J
is a holomorphic and Nu → 6 is generic (of degree 2g(6)− 2), then D⊥

J,u◦ f is
injective for every f if and only if the genus of 6 is 0 or 1. The expectation is that
this kind of generic situation can be achieved using a nonintegrable J .)

For each J ∈ J(Y ), let Sd
g(Y ; J ) be the set of J -holomorphic genus-g degree-d

(simple) curves in Y . If J ∈ J
g
rig(Y ), this set is finite. By Propositions 1.3 and

1.4 below, the number of elements in Sd
g(Y ; J ), counted with appropriate signs, is

independent of J ∈ J
g
rig(Y ) for g = 0, 1. We denote this number by ng(d).

If σ ∈ Z+, let m(σ ) denote the number of degree-σ covers of an elliptic curve
by elliptic curves.

Proposition 1.3. For all d ∈ Z+,

N0(d)=

∑
σ |d

n0(d/σ)
σ 3 .

Proposition 1.4. For all d ∈ Z+,

N1(d)=
1
12

∑
σ |d

n0(d/σ)
σ

+

∑
σ |d

m(σ )
n1(d/σ)
σ

.

Proposition 1.5. If d, L, πd
1 , and evd

1 are as in the statement of Theorem 1.1, then

〈
e(πd

1∗
evd∗

1 L), [M0
1(P

4, d)]
〉
=

1
12

∑
σ |d

σ 2
− 1
σ 3 n0(d/σ)+

∑
σ |d

m(σ )
n1(d/σ)
σ

.
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We do not prove these three propositions as stated, since this is not necessary for
the proof of Theorem 1.1. Instead, we prove the less elegant and more notationally
involved Propositions 2.1–2.3, which also imply Theorem 1.1. Propositions 1.3,
1.4, and 1.5 can be derived from Propositions 2.1, 2.2, and 2.3, respectively; see
the end of Section 2B.

2. Preliminaries

2A. Review of key definitions. In this subsection, we give geometric definitions
of the three terms that appear in (1-4). The construction of the Gromov–Witten
invariants described below is a slight variation on that of [Fukaya and Ono 1999]
and [Li and Tian 1998], but it is easy to see the only difference is in the presentation.
Below we use the term multisection, or multivalued section, of a vector orbibundle
as defined in Section 3 of [Fukaya and Ono 1999].

If X is a smooth submanifold of Pn , we denote by Xg(X, d) the space of equiva-
lence classes of stable degree-d smooth maps from genus-g Riemann surfaces to X .
Let X0

g(X, d) be the subset of Xg(X, d) consisting of stable maps with smooth
domains. The spaces Xg(X, d) are topologized using L p

1 -convergence on compact
subsets of smooth points of the domain and certain convergence requirements near
the nodes. Here and throughout the rest of the paper, p denotes a real number
greater than two. The spaces Xg(X, d) can be stratified by the smooth infinite-
dimensional orbifolds XT(X) of stable maps from domains of the same geometric
type. The closure of the main stratum, X0

g(X, d), is Xg(X, d).
If J is an almost complex structure on Pn , let

00,1
g (X, d; J )→ Xg(X, d)

be the bundle of (T X, J )-valued (0, 1)-forms. In other words, the fiber of the space
00,1

g (X, d; J ) over a point [b] = [6, j; u] in Xg(X, d) is

00,1
g (X, d; J )

∣∣
[b]

= 00,1(b; T X; J )
/

Aut(b),

where
00,1(b; T X; J )= 0

(
6;3

0,1
J, j T

∗6⊗ u∗T X).

Here j is the complex structure on6, the domain of the smooth map u. The bundle
3

0,1
J, j T

∗6⊗ u∗T X over 6 consists of (J, j)-antilinear homomorphisms:

3
0,1
J, j T

∗6⊗ u∗T X =
{
α ∈ Hom(T6, u∗T X) : α ◦ j = −J ◦α

}
.

The total space of the bundle 00,1
g (T X, d; J ) → Xg(X, d) is topologized using

L p-convergence on compact subsets of smooth points of the domain and certain
convergence requirements near the nodes. The restriction of 00,1

g (T X, d; J ) to
each stratum XT(X) is a smooth vector orbibundle of infinite rank.
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We define a continuous section of the bundle 00,1
g (T X, d; J )→ Xg(X, d) by

∂̄J
(
[6, j; u]

)
=

1
2

(
du + J ◦ du ◦ j

)
.

By definition, the zero set of this section is the moduli space Mg(X, d; J ) of
equivalence classes of stable J -holomorphic degree-d maps from genus-g curves
into X . The restriction of ∂ J to each stratum of Xg(X, d) is smooth. For each
element [b] = [6, j, u] of Xg(X, d), we put

DJ,bξ =
1
2

(
∇

Xξ+J ◦∇
Xξ◦ j

)
+

1
2(∇

X
ξ J )◦du◦ j if ξ ∈0(b; T X)≡0(6; u∗T X),

where ∇
X denotes the Levi-Civita connection of a J -compatible metric on X .

The linear operator DJ,b describes the restriction of a linearization of ∂ J at [b]

to a finite-codimensional subspace of the tangent bundle of the stratum XT(X) of
Xg(X, d) containing [b].

The section ∂ J : Xg(X, d) → 00,1
g (X, d; J ) is Fredholm; that is, its lineariza-

tion at every point of ∂−1
J (0) has finite-dimensional kernel and cokernel. The in-

dex of ∂ J at a point of X0
g(X, d) is the expected dimension of the moduli space

Mg(X, d; J ). If X = Y , this expected dimension is 0. By definition,

(2-1) Ng(d)=
±
∣∣{∂ J + ε}−1(0)

∣∣,
where ε is a small multivalued perturbation such that ∂ J + ε is transverse to the
zero set along each stratum XT(Y ) of Xg(Y, d) and

±
∣∣{∂ J + ε}−1(0)

∣∣
is the number of elements in the finite set {∂ J +ε}−1(0), counted with appropriate
multiplicities. By the transversality condition,

{∂ J + ε}−1(0)⊂ X0
g(Y, d).

The smallness condition implies in particular that the set {∂̄J + ε}−1(0) is close
to ∂̄−1

J (0). Since the set ∂̄−1
J (0) is compact, it follows that the set {∂ J + ε}−1(0) is

also compact. Let Ad
g(∂ J ) denote the set of all perturbations ε of ∂ J that satisfy

the two conditions above. Such perturbations will be called ∂ J -admissible. Below
we will refer to the number in (2-1) as the Euler class of the tuple

Vd
g(∂; J )≡

(
Xg(Y, d), 00,1

g (Y, d; J ), π; ∂ J ,Ad
g(∂ J )

)
.

This Euler class depends on the Fredholm homotopy class of the section ∂ J .
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We now describe the last term in (1-4) in a similar way. If L → P4 is as in
Theorem 1.1, let 0g(L, d)→ Xg(P

4, d) be the cone such that the fiber of 0g(L, d)
over [b] = [6, j; u] in Xg(P

4, d) is the Banach space

0g(L, d)
∣∣
[b]

= 0(b; L)
/

Aut(b), where 0(b; L)= L p
1 (6; u∗L),

and the topology on 0g(L, d) in defined analogously to the topology on 0g(P
4, d).

Let ∇ denote the hermitian connection in the line bundle L→ P4 induced from the
standard connection on the tautological line bundle over P4. If (6, j) is a Riemann
surface and u :6 → P4 is a smooth map, let

∇
u

: 0(6; u∗L)→ 0
(
6; T ∗6⊗ u∗L

)
be the pullback of ∇ by u. If b = (6, j; u), we define the corresponding ∂-operator
by

(2-2) ∂∇,b : 0(6; u∗L)→ 0
(
6;3

0,1
i, j T ∗6⊗u∗L

)
, ∂∇,bξ =

1
2

(
∇

uξ+ i∇uξ ◦ j
)
,

where i is the complex multiplication in the bundle u∗L. Let

Vd
g =

{
[b, ξ ] ∈0g(L, d) : [b] ∈ Xg(P

4, d), ξ ∈ ker ∂∇,b ⊂0g(b; L)
}
⊂0g,k(L, d).

The cone Vd
g → Xg,k(P

4, d) inherits its topology from 0g(L, d).

Let M0
1(P

4, d; J )⊂ M1(P
4, d; J ) denote the closed subset containing the set

M0
1(P

4, d; J )=
{
[C, u] ∈ M1(P

4, d; J ) : C is smooth
}
,

defined in [Zinger 2004b]. If the almost complex structure J is close enough to J0,
M0

1(P
4, d; J ) is the closure of M0

1(P
4, d; J ) in M1(P

4, d; J ). In such a case,
M0

1(P
4, d; J ) is a smooth orbifold of dimension 10d , while ∂M0

1(P
4, d; J ) is a

finite union of smooth orbifolds of dimension at most 10d −2. On the other hand,
Vd

1 |M0
1(P

4,d;J ) is a complex vector orbibundle of rank 5d . The last term in (1-4)
is the number of zeros, counted with appropriate multiplicities, of any continuous
multisection ϕ of the cone Vd

1 over M0
1(P

4, d; J ) such that ϕ−1(0) is contained
in M0

1(P
4, d; J ) and ϕ|M0

1(P
4,d;J ) is smooth and transverse to the zero set; see

Sections 1.2 and 1.3 in [Zinger 2007]. Proposition 3.1 in the same reference guar-
antees that a section ϕ satisfying the two conditions exists. In our case, it is more
convenient to think of ϕ as sd

1 +ε, where ε is a multivalued perturbation of sd
1 . We

denote by Ad
1(s; J ) the set of all perturbations ε of sd

1 such that sd
1 +ε satisfies the

two conditions above. Such perturbations ε will be called sd
1 -admissible. Let

Vd
1(s; J )≡

(
M0

1(P
4, d; J ),Vd

1 , π; sd
1 ,Ad

1(s)
)
.

This tuple will be the focus of Section 4.
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Remark. Since Y is a semipositive symplectic manifold, one can define the num-
bers Ng(d) without using the infinite-rank orbibundles 00,1

g (Y, d; J ); see [Ruan
and Tian 1997]. However, there would be no effect on the proofs of Propositions
1.3–1.5 and 2.1–2.3, and the construction described above appears more natural in
the present context, even though it involves more complicated objects.

2B. Components of the proof. We now set up additional notation that allows us to
state more notationally involved, but also easier-to-prove, versions of Propositions
1.3–1.5.
By Theorems 1.6 and 2.3 in [Zinger 2004b], there exists δ(d) ∈ R+ with the
property that if J is an almost complex structure on P4 such that ‖J − J0‖C1 ≤

δ(d), then J is genus-one d`-regular in the sense of Definition 1.4 in [Zinger
2004b]. This regularity condition implies that the moduli spaces M0,k(P

4, d; J )
and M1,k(P

4, d; J ) have the same stratification structure as the moduli spaces

M0,k(P
4, d)≡ M0,k(P

4, d; J0) and M1,k(P
4, d)≡ M1,k(P

4, d; J0),

respectively. In addition, by Theorem 1.2 in [Zinger 2007], δ(d) ∈ R+ can be
chosen so that the Euler class of the cone

Vd
1 → M0

1(P
4, d; J )

is well defined and

(2-3)
〈
e(Vd

1), [M
0
1(P

4, d; J )]
〉
=

〈
e(Vd

1), [M
0
1(P

4, d)]
〉
,

if ‖J − J0‖C1 ≤ δ(d).

If J is an almost complex structure on P4 and [6, u] ∈ M1(P
4, d; J ), we put

sd
1
(
[6, u]

)
= [s ◦ u] ∈ 0(L, d)

∣∣
[6,u]

.

If J is ∇s-equivalent to J0, i.e.

∇s ◦ J0 = ∇s ◦ J ∈ 0
(
P4

; HomR(T P4,L)
)
,

then sd
1 ([6, u]) ∈ Vd

1 |[6,u]. Thus, in such a case, we obtain a continuous section
of the cone

Vd
1 → M0

1(P
4, d; J ),

which restricts to a smooth section over each stratum of M0
1(P

4, d; J ). Note that

(2-4)
{
sd

1

∣∣
M0

1(P
4,d;J )

}−1
(0)= M0

1(Y, d; J )= M0
1(P

4, d; J )∩ M1(Y, d; J ).

Since the (∇, J0)-holomorphic section s of page 417 is transverse to the zero
set in L, the (i, J0)-linear map

∇s : T P4
→ L



GROMOV–WITTEN INVARIANTS AND A RIGIDITY CONJECTURE 427

does not vanish along Y = s−1(0). Let Us be a small neighborhood of Y in P4 such
that ∇s does not vanish over Us . The kernel of ∇s over Us is then a rank-three
complex subbundle of (T P4, J0)|Us , which restricts to T Y along Y . We denote this
subbundle by T̃ Y . If J is an almost complex structure on P4 such that

(J1) J = J0 on P4
− Us and

(J2) J (T̃ Y )= T̃ Y and J = J0 on T P4
|Us/T̃ Y ,

then J0 and J are ∇s-equivalent. Thus, every almost complex structure JY on
Y extends to an almost complex structure J on P4 which is ∇s-equivalent to J0.
Furthermore, such an extension can be chosen so that

(2-5) ‖J − J0‖C1 ≤ 2
∥∥JY − J0|T Y

∥∥
C1 .

We denote by Jrig(s) the set of almost complex structures J on P4 such that J
is ∇s-equivalent to J0 and JY ≡ J |T Y is an element of J0

rig(Y )∩ J1
rig(Y ). By the

above and the Rigidity Assumption (page 422), the C1-closure of Jrig(s) in J(P4)

contains J0.

From now on, we assume that J ∈ Jrig(s) is an almost complex structure on P4

sufficiently close to J0. For g = 0, 1, we put

Sd
g(Y ; J )= Sd

g(Y ; JY ) for all d ∈ Z+ and Sg(Y ; J )=

∞⊔
d=1

Sd
g(Y ; J ).

If κ ∈ Sg(Y ; J ), let dκ denote the degree of κ in P4. If κ ∈ S0(Y ; J ) and q
is a positive integer, let M

q
1(κ, d) be the subset of M1(κ, d) consisting of stable

maps [C, u] such that C is an elliptic curve E with q rational components attached
directly to E and u|E is constant. Figure 1 shows the domain of a typical element
of M3

1(κ, d), from the points of view of symplectic topology and of algebraic ge-
ometry. In the first diagram, each shaded disc represents a sphere; the integer next
to each rational component Ci indicates the degree of u|Ci . In the second diagram,
the components of C are represented by curves, and the pair of integers next to
each component Ci shows the genus of Ci and the degree of u|Ci . For stability
reasons, the restriction of u to each rational component must be nonconstant. We
denote by M

q
1(κ, d) the closure of M

q
1(κ, d) in M1(κ, d). Note that

(2-6) dimC M
q
1(κ, d)=

{
2d, if q = 0;

2d + 1 − q, if q ∈ Z+.

If q ∈ Z+, M
q
1(κ, d) is a smooth orbivariety. In contrast, M0

1(κ, d) is a singular
orbivariety, if d > 2; its structure is described in Section 4B.



428 JUN LI AND ALEKSEY ZINGER

d1

d2

d3

(1, 0)

(0, d1)

(0, d2)

(0, d3)

d1 + d2 + d3 = d

Figure 1. Domain of a typical element of M3
1(κ, d).

For each q ∈ Z+, let [q]= {1, . . . , q}. If d = (d1, . . . , dq) is a q-tuple of positive
integers and κ ∈ S0(Y ; J ), we put

(2-7) M0(κ, d)

=

{
(b1, . . . , bq) ∈

i=q∏
i=1

M0,1(κ, di ) : ev0(bi )= ev0(b j ) for all i, j ∈ [q]

}
,

where ev0 : M0,1(κ, di ) → κ is the evaluation map corresponding to the marked
point. Let

M
q
0(κ, d)=

⊔
di>0∑

di =d

M0
(
κ, (d1, . . . , dq)

)
.

The spaces M
q
0(κ, d) are smooth orbivarieties. We note that

(2-8) dimC M
q
0(κ, d)= 2d + 1 − 2q.

There is a natural node-identifying immersion

(2-9) ιq : M1,q × M
q
0(κ, d)→ M

q
1(κ, d),

where M1,q is the moduli space of genus-one curves with q marked points. It
descends to an immersion(

M1,q × M
q
0(κ, d)

)/
Sq → M

q
1(κ, d),

where Sq is the q-th symmetric group; the latter immersion restricts to a diffeomor-
phism on the preimage of M

q
1(κ, d). The immersion (2-9) is illustrated in Figure 2.

In this figure, we represent an entire space of stable maps by the domain of a typical
element of the space. We shade the components of the domain on which the maps
are nonconstant. The vertical bar indicates that the three marked points are mapped
to the same point in κ , as specified by (2-7). Let

πP , πB : M1,q × M
q
0(κ, d)→ M1,q ,M

q
0(κ, d)

be the projection maps.
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M1,3 ×

Figure 2. The node-identifying immersion (2-9) for M3
1(κ, d).

For each κ ∈ S0(Y ; J ), we denote by NY κ the normal bundle of κ in Y . If q ∈ Z+

and [b] = ([bi ])i∈[q] is an element of M
q
0(κ, d), let

0(b; T Y )=
{
ξ = (ξi )i∈[q] ∈

⊕
i∈[q]

0(bi ; T Y ) : ξi (y0(bi ))= ξ j (y0(b j )) for i, j ∈[q]
}
,

where y0(bi ) is the marked point of the component map bi . Since JY ∈ J0
rig(Y ), by

the Index Theorem the cokernel H 1
J (b; T Y ) of the operator

(2-10) 0(b; T Y )→ 00,1(b; T Y ; J )≡
⊕

i∈[q]

00,1(bi ; T Y ; J )

taking DJ,b
(
(ξi )i∈[q]

)
to (DJ,bi ξi )i∈[q] is a vector space of dimension 2d − 2. It is

naturally isomorphic to the cokernel H 1
J (b; NY κ) of the operator

0(b; NY κ)→ 00,1(b; NY κ; J ), D⊥

J,b
(
(ξi )i∈[q]

)
= (D⊥

J,bi
ξi )i∈[q],

induced by the operator DJ,b. These cokernels induce a vector orbibundle over
M

q
0(κ, d), which will be denoted by W

0,q
κ,d . If q = 1, this bundle is the pullback by

the forgetful map

π̃ : M1
0(κ, d)≡ M0,1(κ, d)→ M0(κ, d)

of the vector bundle defined in a similar way. We denote this last vector bundle
by W0

κ,d . We have

(2-11) rk W
0,q
κ,d = 2d − 2 for all q ∈ Z+ and rk W0

κ,d = 2d − 2.

It is straightforward to see that the cokernel bundle for the operators DJ,b over
M

q
1(κ, d), for q ∈ Z+, is given by

(2-12) ι∗qW
1,q
κ,d ≈ π∗

P E∗
⊗π∗

Bev∗

0T Y ⊕π∗

BW
0,q
κ,d ,

where E → M1,q is the Hodge line bundle and

ev0 : M
q
0(κ, d)→ κ
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is the natural evaluation map, corresponding to the marked point common to all
factors. We note that

(2-13) rk W
1,q
κ,d = 2d + 1.

On the other hand, similarly to the genus-zero case, the cokernel H 1
J (b; T Y ) of the

operator DJ,b for
b ∈ M0

1(κ, d)⊂ M1(κ, d)

is naturally isomorphic to the cokernel H 1
J (b; NY κ) of the operator D⊥

J,b induced
by DJ,b. The cokernels H 1

J (b; NY κ) have the expected rank for all b ∈ M0
1(κ, d)

and thus form a vector bundle over M0
1(κ, d), which we denote by W1,0

κ,d . We have

rk W1,0
κ,d = 2d and(2-14)

ι∗qW1,0
κ,d ≈

(
π∗

P E∗
⊗π∗

Bev∗

0 NY κ ⊕π∗

BW
0,q
κ,d

)∣∣
ι−1
q (M0

1(κ,d))
for all q ∈ Z+.(2-15)

We are now ready to reformulate Propositions 1.3–1.5.

Proposition 2.1. If d and L are as in Theorem 1.1, s ∈ H 0(P4
; L) is a transverse

section, and Y = s−1(0), there exists δ(d) ∈ R+ with the following property. If
J ∈ Jrig(s) and ‖J − J0‖C1 ≤ δ(d), then

N0(d)=

∑
κ∈S0(Y ;J )

〈
e(W0

κ,d/dκ ), [M0(κ, d/dκ)]
〉
,

where W0
κ,d/dκ → M0(κ, d/dκ) is the cokernel bundle corresponding to the almost

complex structure J , as above.

Proposition 2.2. If d , L, s, and Y are as in Proposition 2.1, there exists δ(d) ∈ R+

with the following property. If J ∈ Jreg(s) and ‖J − J0‖C1 ≤ δ(d), then

N1(d)=

∑
κ∈S1(Y ;J )

±
∣∣M0

1(κ, d/dκ)
∣∣ + ∑

κ∈S0(Y ;J )

(〈
e(W1,0

κ,d/dκ ), [M
0
1(κ, d/dκ)]

〉
+

d/dκ
12

〈
e(W0

κ,d/dκ ), [M0(κ, d/dκ)]
〉)
,

where W0
κ,d/dκ → M0(κ, d/dκ) and W1,0

κ,d/dκ → M0
1(κ, d/dκ) are the cokernel bun-

dles corresponding to the almost complex structure J , as above.

Proposition 2.3. If d , L, s, and Y are as in Proposition 2.1 and Vd
1 → X1(P

4, d)
is the cone corresponding to the line bundle L → P4 with its standard connection,
there exists δ(d)∈ R+ with the following properties. If ‖J − J0‖C1 ≤ δ(d), then the
moduli space M0

1(P
4, d; J ) carries a rational fundamental class of dimension 10d,

the Euler class of the cone

Vd
1 → M0

1(P
4, d; J )
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is a well-defined element of H 10d(M0
1(P

4, d; J ); Q), and〈
e(Vd

1), [M
0
1(P

4, d; J )]
〉
=

〈
e(Vd

1), [M
0
1(P

4, d)]
〉
.

If in addition J ∈ Jreg(s),〈
e(Vd

1), [M
0
1(P

4, d; J )]
〉

=

∑
κ∈S1(Y ;J )

±
∣∣M0

1(κ, d/dκ)
∣∣ + ∑

κ∈S0(Y ;J )

(〈
e(W1,0

κ,d/dκ ), [M
0
1(κ, d/dκ)]

〉
+

d/dκ − 1
12

〈
e(W0

κ,d/dκ ), [M0(κ, d/dκ)]
〉)
,

with W0
κ,d/dκ → M0(κ, d/dκ) and W1,0

κ,d/dκ → M0
1(κ, d/dκ) as in Proposition 2.2.

In the last two propositions, the moduli space M0
1(κ, d/dκ), for κ ∈ S1(Y ; J ),

contains m(d/dκ) elements: the m(d/dκ) equivalence classes of the degree-d/dκ
covers of the elliptic curve κ by an elliptic curve. Since the order of the automor-
phism group of such a cover is d/dκ ,

±
∣∣M0

1(κ, d/dκ)
∣∣ = ±

m(d/dκ)
d/dκ

.

The sign is determined by viewing the zero-dimensional suborbifold M0
1(κ, d/dκ)

of X1(Y, d) as a transverse zero of the section ∂̄J . This sign is the same as the sign
of κ as an element of the set Sdκ

1 (Y ; J ). In particular,

(2-16)
∑

κ∈S1(Y ;J )

±
∣∣M0

1(κ, d/dκ)
∣∣ =

∑
σ |d

m(σ )
n1(d/σ)
σ

,

where n1( · ) is as in Section 1A.

If κ ∈ S0(Y ; J ), the orientations of the vector bundles

W0
κ,d/dκ → M0(κ, d/dκ) and W1,0

κ,d/dκ → M0
1(κ, d/dκ)

are determined by the linearizations of the sections ∂ J over X0(Y, d) and X1(Y, d).
According to E. Ionel and T. Parker (seminar talk), a spectral-flow argument can
be used to show that

(2-17)

〈
e(W0

κ,σ), [M0(κ,σ)]
〉
= ±

〈
e
(
R1πσ0∗

evσ∗

0 (Oκ(−1)⊕Oκ(−1))
)
, [M0(κ,σ)]

〉
,〈

e(W1,0
κ,σ), [M

0
1(κ,σ)]

〉
= ±

〈
e
(
R1πσ1∗

evσ∗

1 (Oκ(−1)⊕Oκ(−1))
)
, [M0

1(κ,σ)]
〉
,

where σ = d/dκ and the sign agrees with the sign of κ as an element of Sdκ
0 (Y ; J ).

By localization,

(2-18)
〈
e
(
R1πσ0∗

evσ∗

0 (Oκ(−1)⊕ Oκ(−1))
)
, [M0(κ, σ )]

〉
=

1
σ 3 ;
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see Section 27.5 of [Hori et al. 2003]. Using the desingularization of M0
1(κ, σ )

constructed in [Vakil and Zinger 2006], one can show that

(2-19)
〈
e
(
R1πσ1∗

evσ∗

1 (Oκ(−1)⊕ Oκ(−1))
)
, [M0

1(κ, σ )]
〉
=

1
12
σ − 1
σ 2 .

Propositions 1.3–1.5 follow from Propositions 2.1–2.3 via (2-16)–(2-19).

Since Theorem 1.1 follows immediately from Propositions 2.1–2.3, we do not need
to deduce Propositions 1.3–1.5 from Propositions 2.1–2.3. We prove Propositions
2.2 and 2.3 in Sections 3 and 4, respectively; see also Propositions 2.5 and 2.6.
The proof of Proposition 2.1 is very similar to the proof of Proposition 2.2, but
simpler, and we omit it.

2C. Summary of the proof of Proposition 2.2. A key notion in our argument,
which is also used in the proof of Proposition 2.3, is Definition 2.4 below. For
its purposes, we will call either of the two tuples Vd

g(∂; J ) and Vd
1(s; J ), defined

in Section 2A, a generalized vector bundle. The first tuple involves an infinite-
rank bundle over an infinite-dimensional space; the second one involves finite-
dimensional objects, albeit nonsmooth ones. Nevertheless, both are generalizations
of a rank-n vector bundle F over an n-dimensional complex compact manifold X,
with a choice of a section ϕ and of an appropriate subset A(ϕ) of 0(X; F) of second
category. Such a collection of data can also be considered to be a generalized vector
bundle.

Definition 2.4. Suppose V =
(
X,F, π;ϕ,A(ϕ)

)
is a generalized vector bundle.

Subset Z of ϕ−1(0) is a regular set for V if there exists CZ(V) ∈ Q and a dense
open subset AZ(ϕ) of A(ϕ) with the following properties. For every ν ∈ AZ(ϕ),

(a) there exists εν ∈ R+ such that tν ∈ A(ϕ) for all t ∈ (0, εν), and

(b) there exist a compact subset Kν ⊂ Z, open neighborhood Uν(K ) of K in X

for each compact subset K ⊂ Z, and εν(U ) ∈ (0, εν) for each open subset U
of X such that

(2-20) ±
∣∣{ϕ+ tν}−1

∩ U
∣∣=CZ(V) if t ∈

(
0, εν(U )

)
and Kν⊂ K ⊂U ⊂Uν(K ).

Every connected component of ϕ−1(0) is regular. However, a regular subset of
ϕ−1(0) need not be closed. For example, if ϕ is a holomorphic section of a rank-k
algebraic vector bundle F over a k-dimensional compact algebraic variety X, every
Zariski open subset of ϕ−1(0) is regular. The sections ∂ J and sd

1 that play a central
role in this paper are in a sense generalized holomorphic sections.

If Z is a regular set for the generalized vector bundle V, we will call the number
CZ(V) the ϕ-contribution of Z to the Euler class of V. Note that if ϕ−1(0) =
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i∈I Zi is a partition of ϕ−1(0) into regular sets, the Euler class of V, or its

Poincaré dual, is the sum of ϕ-contributions:

(2-21) e(V)=

∑
i∈I

CZi (V).

We prove Theorem 1.1 by expressing each of the three terms appearing in (1-4)
in the form (2-21) and show that we end up with the same terms on the two sides
of (1-4).

If d , s, and Y are as in the previous subsection and J ∈ Jrig(s),

(2-22) M1(Y, d; J )=

⊔
κ∈S0(Y ;J )

M1(κ, d/dκ) t

⊔
κ∈S1(Y ;J )

M0
1(κ, d/dκ).

For any κ ∈ S0(Y ; J ), σ ∈ Z+, and subset % of Z̄+
≡ Z+

∪ {0}, let

M
%

1(κ, σ )=

⋂
q∈%

M
q
1(κ, σ ) −

⋃
q∈Z̄+−%

M
q
1(κ, σ ).

Proposition 2.5. If d , L, s, and Y are as in Proposition 2.1, J ∈ Jrig(s) is taken
sufficiently close to J0, and κ ∈ S1(Y ; J ), then

CM0
1(κ,d/dκ )

(
Vd

1(∂; J )
)
=

±
∣∣M0

1(κ, d/dκ)
∣∣.

If κ ∈ S0(Y ; J ),

C
M

{0}

1 (κ,d/dκ )

(
Vd

1(∂; J )
)
=

〈
e(W1,0

κ,d/dκ ), [M
0
1(κ, d/dκ)]

〉
.

Proposition 2.6. If d, L, s, Y , and J are as in Proposition 2.5, κ ∈ S0(Y ; J ), and
% is a subset Z̄+ different from {0}, then

CM
%

1 (κ,d/dκ )
(
Vd

1(∂̄; J )
)
=


d/dκ

12
〈
e(W0

κ,d/dκ ), [M0(κ, d/dκ)]
〉

if % = {1},

0 if % 6= {1}.

One consequence of Propositions 2.5 and 2.6 is that most boundary strata of
the moduli space M1(Y, d; J ) do not contribute to the number N1(d). In fact,
we will show that only the strata M0

1(Y, d; J ) and M1
1(Y, d; J ) contribute to the

number N1(d).

We now outline the proofs of Propositions 2.5 and 2.6. Let

ν ∈ 0
(
X1(P

4, d);00,1
1 (P4, d; J )

)
be a small generic multisection such that

ν ∈ 0
(
Xs;0

0,1
1 (Y, d; J )

)
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for a small neighborhood Xs of M1(Y, d; J ) in X1(P
4, d) and vanishes outside

of Us . By definition, N1(d) is the number of elements expu ξ ∈ X1(P
4, d) such

that (u, ξ) solves the system

(2-23)
{
∂ J expu ξ + ν(expu ξ)= 0,
s ◦ expu ξ = 0,

u ∈ M1(P
4, d; J ), ξ ∈ TuX1(P

4, d).

Note that
∂∇,expu ξ

sd
1 (expu ξ)= 0

if (u, ξ) solves the first equation, due to our assumptions on ν. If u ∈M0
1(P

4, d; J )
and ν is sufficiently small, the first equation has a unique small solution ξν(u)
in 0+(u), the orthogonal complement of TuM1(P

4, d; J ) in TuX1(P
4, d). Plug-

ging this solution into the second equation, we obtain

(2-24) 0 = s ◦ expu ξν = sd
1 (u)+π

⊥

T Y ξν(u) ∈ Vd
1 ,

where π⊥

T Y is the projection map T P4
→ T P4/T Y , defined on a neighborhood of

Y in P4. Since all solutions of the system (2-23) are transverse, so are the solutions
of (2-24). Thus, the zeros of a generic perturbation ν of the section ∂̄J that lie close
to M0

1(Y, d; J ) correspond to the zeros of a perturbation of the section sd
1 that lie

close to M0
1(Y, d; J ). In Section 3B, we show that the number of these zeros that

lie near each component M0
1(κ, d/dκ) of M0

1(Y, d; J ) is the Euler class of the
bundle W1,0

κ,d/dκ over M0
1(κ, d/dκ).

We next look for solutions near M
{1}

1 (Y, d; J ); i.e., we assume u ∈M
{1}

1 (Y, d; J ).
Note that

(2-25) M1
1(Y, d; J )≈ M1,1 × M0,1(Y, d; J ).

We denote by πB and πP , respectively, the projection maps onto M0,1(Y, d; J )
and M1,1. Let

π̃B : M1
1(Y, d; J )→ M0(Y, d; J )

be the composition of πB with the forgetful map M0,1(Y, d; J ) → M0(Y, d; J ).
The bundle T X1(Y, d) contains the line subbundle L ≡ π∗

P L P,1 ⊗π∗

B L0, where

L P,1 → M1,1 and L0 → M0,1(Y, d; J )

are the universal tangent line bundles at the marked points. If u ∈ M1
1(Y, d; J ) and

υ ∈ Lu is small, we denote by uυ the element expu υ of X1(Y, d). Let

evP : M1
1(Y, d; J )→ Y

be the composition of πB with the evaluation map at the marked point. This map
sends an element [C, u] of M1

1(Y, d; J ) to the value of u on the principal compo-
nent of C.
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In this case, we work with the analogue of (2-23) intrinsic to Y , i.e. we look for
solutions of the equation

(2-26) ∂ J expuυ ξ + ν(expuυ ξ)= 0,

where u ∈ M
{1}

1 (Y, d; J ), ξ ∈ 0(υ; T Y )≡ 0(u∗

υT Y ).

This equation usually does not have a small solution in ξ for a fixed uυ , as there
is an obstruction bundle

0
0,1
− (u; T Y ; J )= π̃∗

B H 1(u∗

B T Y )⊕π∗

P E∗
⊗ ev∗

P T Y ⊂ 0
0,1
1 (Y, d; J ),

where u B is the restriction of u to the bubble components. Taking the projec-
tions (π0,1

−,B ⊕ π
0,1
−,P) and π0,1

+ of (2-26) onto 00,1
− (u; T Y ; J ) and its complement

0
0,1
+ (u; T Y ; J ) in 00,1

1 (Y, d; J ), respectively, we obtain

(2-27)


π

0,1
+ ∂ expuυ ξ +π

0,1
+ ν(expuυ ξ)= 0 ∈ 0

0,1
+ (u; T Y ; J ),

π
0,1
−,B∂ expuυ ξ +π

0,1
−,1ν(expuυ ξ)= 0 ∈ π̃∗

B H 1(u∗

B T Y ),

π
0,1
−,P∂ expuυ ξ +π

0,1
−,0ν(expuυ ξ)= 0 ∈ π∗

P E∗
⊗ ev∗

P T Y.

If ν and υ are sufficiently small, the first equation has a unique small solution
ξν(u, υ) in 0+(u; T Y ). With appropriate choices of neighborhood charts and of
the perturbation ν, the value of the left-hand side of the middle equation in (2-27)
at ξ = ξν(u, υ) depends only on u B , and the system (2-27) is equivalent to

(2-28) π
0,1
−,P∂ expuυ ξν(u, υ)+π

0,1
−,Pν(expuυ ξν(u, υ))= 0 ∈ π∗

P E∗
⊗ ev∗

P T Y,

u B ∈ Z0, υ ∈ L,

where Z0 is the zero set of a section of the first component of the bundle00,1
− (·, T Y )

over M0(Y, d; J ). In particular, ±
|Z0| = N0(d).

Equation (2-28) is equivalent to

(2-29) Duυ +π
0,1
−,Pν(u)= 0 ∈ π∗

P E∗
⊗ TevP (u)Y, u B ∈ Z0, υ ∈ L,

where Du ∈ Hom(L0, Tev0(u B)Y ). The image of Du in Tev0(u B)Y is precisely the
tangent line at ev0(u B) to the rational curve Im u B , as long as the differential of
the map u B does not vanish at the marked point. Thus, for each u B ∈Z0, the number
of solutions of (2-29) is the number of times π0,1

−,Pν(u) lies in E∗
⊗ TevP (u) Im u B .

We conclude that

(2-30) C
M

{1}

1 (Y,d;J )

(
Vd

1(∂; J )
)

=

∑
u B∈Z0

〈
c(π∗

P E∗
⊗ ev∗

P T Y )c(π∗

P E∗
⊗ ev∗

P T Im u B)
−1, [π̃−1

B (u B)]
〉
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=

∑
u B∈Z0

〈
c1(E

∗)(c1(T Y )− c1(T Im u B)), [M1,1] × [P1
]
〉

= −
1
24
(0 − 2)

∑
κ∈S0(Y ;J )

(d/dκ) · ±
∣∣Z0 ∩ M0(κ, d/dκ)

∣∣
=

∑
κ∈S0(Y ;J )

d/dκ
12

〈
e(W0

κ,d/dκ ), [M0(κ, d/dκ)]
〉
,

as claimed in Proposition 2.6.
We analyze the contribution to the number N1(d) from the complement of

M
{0}

1 (P4, d; J ) and M
{1}

1 (P4, d; J ) in M1(Y, d; J ) in a similar way, but we en-
counter one of two key differences. If % = {0, 1} and u ∈ M

%

1(Y, d; J ), Du = 0.
Equation (2-29) has no solutions near M

%

1(Y, d; J ) if ν is generic. On the other
hand, if % is any other subset of Z̄+ containing 0 and at least one other element,
the analogue of the set Z0 is empty for dimensional reasons. Thus,

CM
%

1 (Y,d;J )
(
Vd

1(∂; J )
)
= 0

if {0} ( % ⊂ Z̄+, as claimed.
The computation of the contribution from M0

1(Y, d; J ) to the number N1(d) can
also be carried out in Y , instead of P4. However, the version of the computation
presented here is meant to indicate why the cone Vd

1 should enter into the Gromov–
Witten theory of Y .

We supply more details of the proof of Propositions 2.5 and 2.6 in Section 3.
In particular, in order to use the gluing and obstruction-bundle setup described
in [Zinger 2004a], we stratify the moduli spaces that appear in the statements
of Propositions 2.5 and 2.6 according to the bubble type, or the dual graph, of
stable maps. The notion of contribution to the Euler class used in this paper is
a direct adaptation, to the orbifold and multisection setting of [Fukaya and Ono
1999] and [Li and Tian 1998], of the analogous notion used in [Zinger 2003] and
[Zinger 2005a]. However, in the present case, we can get by with far less detailed
understanding of the behavior of the bundle sections involved.

2D. Notation: genus-zero maps. We now summarize our notation for bubble maps
from genus-zero Riemann surfaces, with one marked point, and for related objects.
For more details on the notation described below, the reader is referred to Section 2
in [Zinger 2004a].

In general, moduli spaces of stable maps can be stratified by the dual graph.
However, in the present situation, it is more convenient to use linearly ordered sets:

Definition 2.7. (1) A finite nonempty partially ordered set I is a linearly ordered
set if for all i1, i2, h ∈ I such that i1, i2 < h, either i1 ≤ i2 or i2 ≤ i1.
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(2) A linearly ordered set I is a rooted tree if I has a unique minimal element,
i.e., there exists 0̂ ∈ I such that 0̂ ≤ i for all i ∈ I .

We use rooted trees to stratify the moduli space M0,1(P
4, d; J ) of degree-d J -

holomorphic maps from genus-zero Riemann surfaces with one marked point to P4.

If I is a linearly ordered set, let Î be the subset of the nonminimal elements
of I . For every h ∈ Î , denote by ιh ∈ I the largest element of I smaller than h:

ιh = max
{
i ∈ I : i < h

}
.

A genus-zero P4-valued bubble map is a tuple b = (I ; x, u), where I is a rooted
tree, and

x : Î → C = S2
− {∞} and u : I → C∞(S2

; P4)

are maps such that uh(∞)= uιh (xh) for all h ∈ Î . Such a tuple describes a Riemann
surface 6b and a continuous map ub :6b → P4. The irreducible components 6b,i

of 6b are indexed by the set I and ub|6b,i = ui . The Riemann surface 6b carries a
marked point, i.e. the point (0̂,∞) ∈ 6b,0̂, if 0̂ is the minimal element of I . The
general structure of genus-zero bubble maps is described by tuples T = (I ; d),
where d : I → Z is a map specifying the degree of ub|6b,i , if b is a bubble map of
type T. We call such tuples bubble types.

If T is a bubble type, let UT(P
4
; J ) be the subset of M0,1(P

4, d; J ) consisting
of stable maps [C, y1, u] such that

[C, y1, u] = [(6b, (0̂,∞)), ub],

for some bubble map b of type T. Section 2.5 of [Zinger 2004a] describes a space
U(0)

T (X; J ) of balanced stable maps, not of equivalence classes of such maps, such
that

UT(X; J )= U(0)
T (X; J )

/
Aut(T)∝ (S1)I ,

for a natural action of Aut(T) on (S1)I . This space is convenient to use in gluing
constructions.

2E. Notation: genus-one maps. We next set up analogous notation for genus-one
stable maps; see Section 2.2 in [Zinger 2004b] for more details. In this case, we
also need to specify the structure of the principal component. Thus, we index the
strata of M1(P

4, d; J ) by enhanced linearly ordered sets:

Definition 2.8. An enhanced linearly ordered set is a pair (I,ℵ), where I is a
linearly ordered set, ℵ is a subset of I0×I0, and I0 is the subset of minimal elements
of I , such that if |I0|> 1,

ℵ =
{
(i1, i2), (i2, i3), . . . , (in−1, in), (in, i1)

}
for some bijection i : {1, . . . , n} → I0.
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Figure 3. Some enhanced linearly ordered sets.

An enhanced linearly ordered set can be represented by an oriented connected
graph. In Figure 3, the dots denote the elements of I . The arrows outside the
loop, if there are any, specify the partial ordering of the linearly ordered set I . In
fact, every directed edge outside of the loop connects a nonminimal element h of
I with ιh . Inside of the loop, there is a directed edge from i1 to i2 if and only if
(i1, i2) ∈ ℵ.

The subset ℵ of I0 × I0 will be used to describe the structure of the principal
curve of the domain of stable maps in a stratum of the moduli space M1(P

4, d; J ).
If ℵ=∅, and thus |I0|= 1, the corresponding principal curve6ℵ is a smooth torus,
with some complex structure. If ℵ 6= ∅, the principal components form a circle of
spheres:

6ℵ =

( ⊔
i∈I0

{i} × S2
)/

∼ , where (i1,∞)∼ (i2, 0) if (i1, i2) ∈ ℵ.

A genus-one P4-valued bubble map is a tuple b =
(
I,ℵ; S, x, u

)
, where S is a

smooth Riemann surface of genus one if ℵ = ∅ and the circle of spheres 6ℵ

otherwise. The objects x , u, and (6b, ub) are as in the genus-zero case, except
the sphere 6b,0̂ is replaced by the genus-one curve 6b,ℵ ≡ S. Furthermore, if

ℵ = ∅, and thus I0 = {0̂} is a single-element set, u0̂ ∈ C∞(S; P4). In the genus-
one case, the general structure of bubble maps is encoded by the tuples of the form
T= (I,ℵ; d). Similarly to the genus-zero case, we denote by UT(P

4
; J ) the subset

of M1(P
4, d; J ) consisting of stable maps [C, u] such that [C, u] = [6b, ub], for

some bubble map b of type T as above.
If T = (I,ℵ; d) is a bubble type as above, set

I1 =
{
h ∈ Î : ιh ∈ I0

}
, T0 =

(
I1, I0,ℵ; ι|I1, d|I0

)
,

and
Aut∗(T)= Aut(T)/{g ∈ Aut(T) : g · h = h for all h ∈ I1},

where I0 is the subset of minimal elements of I . For each h ∈ I1, we put

Ih =
{
i ∈ I : h ≤ i

}
and Th =

(
Ih; d|Ih

)
.
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h1h2 h3 h4

h5

≈

h1 h2

h3 h4

h5

Figure 4. An example of the decomposition (2-31).

The tuple T0 describes bubble maps from genus-one Riemann surfaces with the
marked points indexed by the set I1; see Section 2.2 in [Zinger 2004b]. We have a
natural isomorphism

(2-31) UT(P
4
; J )≈

{(
b0, (bh)h∈I1

)
∈ UT0(P

4
; J )×

∏
h∈I1

UTh (P
4
; J ) :

ev0(bh)= evιh (b0) for all h ∈ I1

}/
Aut∗(T).

This decomposition is illustrated in Figure 4, which represents an entire stratum of
bubble maps by the domain of the stable maps in that stratum. The right-hand side
of the figure represents the subset of the cartesian product of the three spaces of
bubble maps, corresponding to the three drawings, on which the appropriate eval-
uation maps agree pairwise, as indicated by the dotted lines and defined in (2-31).

Let FT → UT(P
4
; J ) be the bundle of gluing parameters, or of smoothings at

the nodes. This orbibundle has the form

FT =

( ⊕
(h,i)∈ℵ

Lh,0 ⊗ L i,1 ⊕
⊕
h∈ Î

Lh,0 ⊗ Lh,1

)/
Aut(T),

for certain line orbibundles Lh,0 and Lh,1. Similarly to the genus-zero case,

(2-32) UT(P
4
; J )= U(0)

T (P4
; J )

/
Aut(T)∝ (S1) Î ,

where

(2-33) U(0)
T (P4

; J )=
{(

b0, (bh)h∈I1

)
∈ UT0(P

4
; J )×

∏
h∈I1

U(0)
Th
(P4

; J ) :

ev0(bh)= evιh (b0) for all h ∈ I1
}
.

The line bundles Lh,0 and Lh,1 arise from the quotient (2-32), and

FT = F̃T
/

Aut(T)∝ (S1) Î , where F̃T = F̃ℵT ⊕

⊕
h∈ Î

F̃hT,
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F̃ℵT → U(0)
T (P4

; J ) is the bundle of smoothings for the ℵ nodes of the circle
of spheres 6ℵ and F̃hT → U(0)

T (P4
; J ) is the line bundle of smoothings of the

attaching node of the bubble indexed by h.
Suppose T = (I,ℵ; d) is a bubble type such that di = 0 for all i ∈ I0, i.e. every

element in UT(P
4
; J ) is constant on the principal components. In this case, the

decomposition (2-31) is equivalent to

UT(P
4
; J )≈

(
UT0(pt)× UT̄(P

4
; J )

)/
Aut∗(T)

⊂
(
M1,k × UT̄(P

4
; J )

)/
Aut∗(T),

(2-34)

where k = |I1| and

UT̄(P
4
; J )=

{
(bh)h∈I1 ∈

∏
h∈I1

UTh (P
4
; J ) : ev0(bh1)= ev0(bh2) for all h1, h2 ∈ I1

}
.

Similarly, (2-33) is equivalent to

(2-35) U(0)
T (P4

; J )≈ UT0(pt)× U(0)
T̄
(P4

; J )⊂ M1,k × U(0)
T̄
(P4

; J ),

where

(2-36) U(0)
T̄
(P4

; J )

=

{
(bh)h∈I1 ∈

∏
h∈I1

U(0)
Th
(P4

; J ) : ev0(bh1)= ev0(bh2) for all h1, h2 ∈ I1

}
.

We denote by

πP : UT(P
4
; J )→ M1,k/Aut∗(T) and πP : U(0)

T (P4
; J )→ M1,k

the projections onto the first component in the decompositions (2-34) and (2-35).
Let

evP : UT(P
4
; J ),U(0)

T (P4
; J )→ P4

be the map sending each stable map (6, u) to its value on the principal component
6P of 6, i.e., the point u(6P).

If T = (I,ℵ; d) is as in the previous paragraph, let

χ(T)=
{
i ∈ Î : di 6= 0; dh = 0 for all h < i

}
,

F̃T =

⊕
i∈χ(T)

F̃h(i)T → U(0)
T (P4

; J ), where h(i)= min{h ∈ Î : h ≤ i} ∈ I1.

The subset χ(T) of I indexes the first-level effective bubbles of every element
of U(0)

T (P4
; J ). For each element b = (6b, ub) of U(0)

T (P4
; J ) and i ∈ χ(T), let

Di b =
{
dub|6b,i

}∣∣
∞

e∞ ∈ TevP (b)P
4, where e∞ = (1, 0, 0) ∈ T∞S2.
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The complex span of Di b in TevP (b)P
4 is the tangent line to the rational compo-

nent 6b,i at the node of 6b,i closest to a principal component of 6b. If the branch
corresponding to 6b,i has a cusp at this node, then Di b = 0.

Let E → M1,k denote the Hodge line bundle, that is, the line bundle of holomor-
phic differentials. For each i ∈ χ(T), we define the bundle map

DJ,i : F̃h(i)T → π∗

P E∗
⊗J ev∗

P T P4,

over U(0)
T (P4

; J ) by{
DJ,i (υ̃)

}
(ψ)= ψxh(i)(b)(ṽ) ·J Di b ∈ TevP (b)P

4

if ψ ∈ π∗

P E, υ̃ = (b, ṽ) ∈ F̃h(i)T, b ∈ U(0)
T (P4

; J ), and xh(i)(b) ∈ 6b,ℵ is the node
joining the bubble 6b,h(i) of b to the principal component 6b,ℵ of 6b. For each
υ ∈ F̃T, we put

ρ(υ)=
(
b; ρi (υ)

)
i∈χ(T) ∈ F̃T, where ρi (υ)=

∏
h∈ Î
h≤i

vh ∈ F̃h(i)T,

if υ =
(
b; vℵ, (vi )i∈ Î

)
, b ∈ U(0)

T (P4
; J ), (b, vℵ) ∈ F̃ℵT, (b, vh) ∈ F̃hT if h ∈ I1,

and vi ∈ C if i ∈ Î − I1.
These definitions are illustrated in Figure 5 on page 461. While the bundle maps

DJ,i and ρ do not necessarily descend to the vector bundle FT over UT(P
4
; J ),

the map

DT : FT → π∗

P E∗
⊗ ev∗

P T P4/Aut∗(T), DT(υ)=

∑
i∈χ(T)

DJ,iρi (υ),

is well-defined.
Let Ṽd

1 → U(0)
T (P4

; J ) be the vector bundle such that the fiber of Ṽd
1 over a point

b = (6b, ub) in U(0)
T (P4

; J ) is ker ∂∇,b, where ∇ is the standard connection in line
bundle L = γ ∗⊗5 over P4; see Section 2A, as well as Section 3.3 in [Zinger 2007].
If b = (6b, ub) ∈ U(0)

T (P4
; J ), ξ = (ξh)h∈I ∈ 0(b; L), and i ∈ χ(T), let

D̃T,iξ = ∇e∞
ξi ∈ Lev0(b),

as in Section 2.2 in [Zinger 2007]. We next define the bundle map

DT : Ṽd
1 ⊗ F̃T → π∗

P E∗
⊗ ev∗

PL

over U(0)
T (P4

; J ) by{
D̃T(ξ ⊗ υ̃)

}
(ψ)=

∑
i∈χ(T)

ψxh(i)(b)(ṽi ) · D̃T,iξ ∈ LevP (b)

if ξ ∈ Ṽd
1 |b ⊂ 0(b; L), υ̃ = (b; ṽi )i∈χ(T) ∈ F̃T|b, and ψ ∈ EπP (b).
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The bundle map D̃T induces a linear bundle map over UT(P
n
; J ):

DT : Vd
1 ⊗ FT → π∗

P E∗
⊗ ev∗

PL
/

Aut∗(T),

where
FT =

( ⊕
i∈χ(T)

π∗

P L P,h(i) ⊗π∗

i L0

)/
Aut∗(T),

L P,h → M1,k is the universal tangent line bundle at the marked point xh , L0 →

UT′(P4
; J ) is the universal tangent line bundle at the special marked point (i,∞)

for any bubble type T′ of rational stable maps, and

πi : UT(P
4
; J )→ UT′

i
(P4

; J )

is the projection map sending each bubble map b = (6b, ub) to its restriction to
the component 6b,i .

Finally, if T is any bubble type, for genus-zero or genus-one maps, and K is
a subset of UT(P

4
; J ), we denote by K (0) the preimage of K under the quotient

projection map U(0)
T (P4

; J ) → UT(P
4
; J ). All vector orbibundles we encounter

will be assumed to be normed. Some will come with natural norms; for others,
we implicitly choose a norm once and for all. If πF : F → X is a normed vector
bundle and δ : X → R is any function, possibly constant, let

Fδ =
{
υ ∈ F : |υ|< δ(πF(υ))

}
.

If � is any subset of F, we take �δ =�∩ Fδ.

3. Genus-one Gromov–Witten invariants

3A. Setup. Our next goal is to prove Propositions 2.5 and 2.6. We start by clari-
fying the setup described after Proposition 2.6. We also specify the open subsets of
admissible perturbations of the ∂ J -operator to be used in proving the propositions;
see Definition 2.4.

Let Us be the neighborhood of Y in P4 and T̃ Y the subbundle of T P4
|Us as in

Section 2B. We set

Xs =
{
[6, j; u] ∈ X1(P

4, d) : u(6)⊂ Us
}
.

Let ν be a multisection of the bundle 00,1
1 (P4, d) such that

(ν1) for every open neighborhood U of M1(P
4, d; J ) in X1(P

4, d), there exists
εν(U) > 0 such that {∂ J + tν}−1(0) is contained in U for all t ∈ (0, εν(U));

(ν2) ν(b) ∈ 0(6;3
0,1
J, j T

∗6⊗ u∗T̃ Y )/Aut(b) if b = [6, j, u] ∈ Xs , and ν(b)= 0
if b 6∈ Xs ;
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(ν3) for some εν >0 and for all t ∈ (0, εν), the multisection ∂̄J +tν does not vanish
on X1(Y, d) − X0

1(Y, d) and is transversal to the zero set in 00,1
1 (Y, d; J )

along X0
1(Y, d).

The middle condition implies that ∂∇,u{s ◦u} = 0 if [6, j, u] ∈ {∂ J + tν}−1(0).
It can be shown, by slightly modifying the proof of Corollary 3.11, that the finite-
dimensional conditions (ν3a)–(ν3c) stated below imply (ν3).

If ν is a section of the bundle 00,1
1 (P4

; d) over X1(P
4, d) as in (ν1) and (ν2),

for every κ ∈ S0(Y ; J ), we define a section of the bundle W1,1
κ,d/dκ → M1

1(κ, d/dκ)

(where W1,1
κ,d/dκ is as in Section 2B) by setting

π1
ν,κ(b)= [ν(b)],

where [ν(b)] is the (0, 1)-cohomology class of ν(b). For each q ∈ Z+, we define
a section of the bundle

ι∗qW̃
1,q
κ,d/dκ ≡ π∗

P E∗
⊗π∗

Bev∗

0 NY κ ⊕π∗

BW
0,q
κ,d/dκ → M1,q × M

q
0(κ, d/dκ)

by

(3-1) π̃q
ν,κ(b)= π⊥

κ [ν(ιq(b))],

where
π⊥

κ : W
1,q
κ,d/dκ → W̃

1,q
κ,d/dκ

is the projection map corresponding to the quotient of ι∗qW
1,q
κ,d/dκ by π∗

P E∗
⊗π∗

Bev∗

0Tκ;

see (2-12). Finally, we define a section of the bundle W1,0
κ,d/dκ → M0

1(κ, d/dκ) by
setting

π0
ν,κ(b)=

{
π̃

q
ν,κ(ι

−1
q (b)) if b ∈ M

q
1(κ, d/dκ), q ∈ Z+,

[ν(b)] otherwise;

see (2-15). This section is well-defined on M
q1
1 (κ, d/dκ)∩ M

q2
1 (κ, d/dκ).

We denote by Ãd
1(∂̄, J ) the space of multisections ν as in (ν1) and (ν2) such

that, for all κ ∈ S0(Y ; J ),

(ν3a) the section π0
ν,κ does not vanish on M0

1(κ, d/dκ) − M0
1(κ, d/dκ) and is

transversal to the zero set on M0
1(κ, d/dκ);

(ν3b) the section π1
ν,κ does not vanish on M1

1(κ, d/dκ);

(ν3c) the section π̃1
ν,κ does not vanish on M1

1(κ, d/dκ) − M1
1(κ, d/dκ) and is

transversal to the zero set on M1
1(κ, d/dκ).

By (2-6), (2-8), (2-13), and Lemmas 4.1 and 4.2, these conditions are satisfied
by a dense open path-connected subset of sections ν.
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3B. Proof of Proposition 2.5. We will focus on the last case of Proposition 2.5,
which follows from Proposition 3.1. The claim in the first case is clear, since the
finite set M0

1(κ, d/dκ) consists of transverse zeros of the section ∂ J over X1(Y, d).
The proof of Proposition 3.1 applies to this case as well, except there is no gluing
to be done.

Let s and Y be as in Proposition 2.5. For every bubble type T and every rational
J -holomorphic curve κ in Y , we put

UT;κ =
{
[C, u] ∈ UT(P

4
; J ) : u(C)= κ

}
.

Proposition 3.1. Suppose d , Y , and J are as in Proposition 2.5, ν ∈ Ãd
1(∂̄; J ) is

a generic perturbation of the ∂̄J -operator on X1(P
4, d), κ ∈ S0(Y ; J ), and T =

(I,ℵ; d) is a bubble type such that
∑

i∈I di = d and di 6= 0 for some minimal
element i of I . If |I |> 1 or ℵ 6= ∅, for every compact subset K of UT;κ , there exist
εν(K ) ∈ R+ and an open neighborhood U (K ) of K in X1(Y, d) such that

{∂ J + tν}−1(0)∩ U (K )= ∅ for all t ∈ (0, εν(K )).

If |I | = 1 and ℵ = ∅, for every compact subset K of UT;κ , there exist εν(K ) ∈ R+

and an open neighborhood U (K ) of K in X1(Y, d) with the following properties:

(a) the section ∂̄J + tν is transverse to the zero set in 00,1
1 (Y, d; J ) over U (K ) for

all t ∈ (0, εν(K ));

(b) for every open subset U of X1(Y, d), there exists ε(U ) ∈ (0, εν(K )) such that

±
∣∣{∂ J + tν}−1

∩ U
∣∣ =

〈
e(W1,0

κ,d/dκ ), [M
0
1(κ, d/dκ)]

〉
if π0 −1

ν,κ (0)⊂ K ⊂ U ⊂ U (K ) and t ∈ (0, ε(U )).

In other words, the contribution from the main stratum M0
1(κ,d/dκ) of M0

1(κ,d/dκ)
to the number N1(d), as computed via the section ∂ J , is the Euler class of the vector
bundle W1,0

κ,d/dκ over M0
1(κ, d/dκ). None of the boundary strata of M

{0}

1 (κ, d/dκ)
contributes to N1(d).

We fix a J -compatible metric gP4 on P4 and proceed as in Section 4.1 of [Zinger
2004b]. For each sufficiently small element υ = (b, v) of F̃T∅, let

b(υ)=
(
6υ, jυ; uυ

)
, where uυ = ub ◦ qυ,

be the corresponding approximately holomorphic stable map. Here

qυ :6υ →6b

is the basic gluing map constructed in Section 4.1 of [Zinger 2004b]. Since di 6=

0 for some minimal element i of I , i.e. the stable map b is nonconstant on the
principal curve of the domain 6b of b, the linearization DJ,b of the ∂̄J -operator
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at b is surjective, since ‖J − J0‖C1 ≤ δ(b). Thus, if υ is sufficiently small, the
linearization

DJ,υ : 0(υ; T P4)≡ L p
1 (6υ; u∗

υT P4)−→

00,1(υ, T P4
; J )≡ L p(6υ;3

0,1
J, j T

∗6υ ⊗ u∗

υT P4)

of the ∂̄J -operator at b(υ), defined via the J -compatible connection ∇
J in T P4

corresponding to the Levi-Civita connection of the metric gP4 , is also surjective.
In particular, we can obtain an orthogonal decomposition

(3-2) 0(υ; T P4)= 0−(υ; T P4)⊕0+(υ; T P4)

such that the linear operator

DJ,υ : 0+(υ; T P4)→ 00,1(υ; T P4
; J )

is an isomorphism, while

0−(υ; T P4)=
{
ξ ◦ qυ : ξ ∈ 0−(b; P4)

}
, where 0−(b; T P4)= ker DJ,b.

The L2-inner product on 0(υ; T P4) used in the orthogonal decomposition is de-
fined via the metric gP4 on P4 and the metric gυ on 6υ induced by the pregluing
construction. The Banach spaces 0(υ; T P4) and 00,1(υ; T P4

; J ) carry the norms
‖ · ‖υ,p,1 and ‖ · ‖υ,p, respectively, which are also defined by the pregluing con-
struction. These norms are equivalent to the ones used in [Li and Tian 1998]. In
particular, the norms of DJ,υ and of the inverse of its restriction to 0+(υ; T P4)

have fiberwise uniform upper bounds, i.e. dependent only on [b] ∈ UT(P
4
; J ), and

not on υ ∈ F̃T∅.

Lemma 3.2. If T is a bubble type and ν is an admissible perturbation of the ∂̄J -
operator on X1(P

4, d) as in Proposition 3.1, for every precompact open subset K
of UT(P

4
; J ), there exist δK , εK ,CK ∈ R+ and an open neighborhood UK of K in

X1(P
4, d) with the following properties:

(1) for all υ = (b, v) ∈ F̃T∅
|K (0) ,

‖DJ,υξ‖υ,p ≤ CK |υ|
1/p

‖ξ‖υ,p,1 for all ξ ∈ 0−(υ; T P4) and

C−1
K ‖ξ‖υ,p,1 ≤ ‖DJ,υξ‖υ,p ≤ CK ‖ξ‖υ,p,1 for all ξ ∈ 0+(υ; T P4);

(2) for all υ = (b, v) ∈ F̃T∅
|K (0) and t ∈ [0, δK ], the equation

∂̄J expuυ ξ + tν(expuυ ξ)= 0, ξ ∈ 0+(υ; T P4), ‖ξ‖υ,p,1 ≤ εK ,

has a unique solution ξtν(υ), and ‖ξtν(υ)‖C0 ≤ CK (t + |υ|
1/p);
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(3) there exist a smooth bundle map ζν : F̃T∅
→ 0̃(T P4, d) over U(0)

T (P4
; J ) and

a continuous function εν : FT ∅
→ R such that for all υ = (b, v) ∈ F̃T∅

|K (0)

and t ∈ [0, δK ],∥∥ξtν(υ)− ξ0(υ)− tq∗

υζν(b)
∥∥

C0 ≤ CK
(
t + εν(υ)

)
t and lim

υ→b
εν(υ)= 0;

(4) the map

φT,tν : FT ∅
δK

∣∣
K → X0

1(P
4, d), [υ] → [b̃tν(υ)],

where b̃tν(υ) =
(
6υ, jυ; expuυ ξtν(υ)

)
, is an orientation-preserving diffeo-

morphism onto
{
∂̄J + tν}−1(0)∩ X0

1(P
4, d)∩ UK .

The first claim of the lemma is a special case of Lemma 4.1 in [Zinger 2004b].
The second statement is obtained by expanding the equation at uυ and applying
the Contraction Principle; see Section 3.6 in [Zinger 2004a]. The uniqueness part
means that there is a unique solution for each branch of the multisection ν. In (3),
0̃(T P4, d) denotes the Banach bundle over the space U(0)

T (P4, d; J ) such that

0̃(T P4, d)
∣∣
(6b,ub)

= 0(6b; u∗

bT P4).

Let Pυ and Pb, respectively, denote the inverses of DJ,υ on0+(υ; T P4) and of DJ,b

on 0+(b; T P4). The Banach space 0+(b; T P4) is the orthogonal complement of
0−(b; T P4) in

0(b; T P4)≡ L p
1 (6b; u∗

bT P4);

see Section 3.1 in [Zinger 2004a]. Taking the difference of the expansions for the
equations in (2) describing ξtν(υ) and ξ0(υ) and applying Pυ , one finds that∥∥ξtν(υ)− ξ0(υ)− t Pυν(uυ)

∥∥
C0 ≤ CK (t + |υ|

1/p)t.

On the other hand, a direct computation shows that

‖Pυν(uυ)− q∗

υPbν(ub)
∥∥

C0 ≤ C(b)‖ν(uυ)− DJ,υq∗

υ Pbν(ub)
∥∥
υ,p + ε̃ν(υ)

≤ C(b)‖ν(uυ)− q∗

υν(ub)
∥∥
υ,p + ε̃′

ν(υ)≤ εν(υ);

see Section 4.1 in [Zinger 2004a] for a similar computation. These two bounds
imply (3) of Lemma 3.2, with ζν(b)= Pbν(ub). Finally, the proof of (4) is similar
to Sections 3.8 and 4.3-4.5 of [Zinger 2004a].

Lemma 3.3. Suppose T and ν are as in Lemma 3.2. For every precompact open
subset K of UT(P

4
; J ), there exist δK , εK ,CK ∈ R+, an open neighborhood UK

of K in X1(P
4, d), and injective vector-bundle homomorphisms

φ̃T,tν : π∗

FT Vd
1

∣∣
F∅TδK

→ 0(L; d),

covering the maps φT,tν of Lemma 3.2, with the following properties:
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(1) requirements (1)-(4) of Lemma 3.2 are satisfied;

(2) lim(υ,w)→(b,w∗) φ̃T,tν(υ;w)= w∗ for all b ∈ K and w∗
∈ Vd

1 ;

(3) sd
1 (φT,tν(υ))≡ [s ◦ expuυ ξtν] ∈ Im φ̃T,tν , and for all [υ] = [b, v] ∈ FT ∅

δK

∣∣
K∣∣φ̃−1

T,tνs
d
1
(
φT,tν(υ)

)
− φ̃−1

T,0sd
1
(
φT,0(υ)

)
− t{∇s}ζν(b)

∣∣ ≤ CK
(
t + εν(υ)

)
t,

where εν : FT ∅
→ R is a continuous function such that lim

υ→b
εν(υ)= 0 for all

b ∈ UT(P
4
; J ).

Proof. (1) We need to construct a lift φ̃T,tν that has the desired properties. For each
element υ = (b, v) of F̃T∅

δK

∣∣
K (0) , t ∈ [0, δK ), and ξ ∈ 0(b; L), define

Rυξ ∈ 0(υ; L)≡ L p
1

(
6υ; u∗

υL
)

by
{

Rυξ
}
(z)= ξ

(
qυ(z)

)
for all z ∈6υ

and
Rυ,tνξ ∈ 0(b̃tν(υ); L)≡ L p

1

(
6υ; {expuυ ξtν(υ)}

∗L
)

by {
Rυ,tνξ

}
(z)=5{ξtν(υ)}(z)

{
Rυξ

}
(z) for all z ∈6υ,

where 5{ξtν(υ)}(z)
{

Rυξ
}
(z) is the ∇-parallel transport of

{
Rυξ

}
(z) along the ∇

J -
geodesic

γ{ξtν(υ)}(z) : [0, 1] → P4, τ → expuυ (z) τ {ξtν(υ)}(z).

We denote the image of
0−(b; L)≡ ker ∂∇,b

under the linear map Rυ,tν by 0̃−(b̃tν(υ); L). If δK is sufficiently small, the L2-
orthogonal projection

π̃υ,tν : 0(b̃tν(υ); L)→ 0̃−(b̃tν(υ); L),

defined with respect to the metric gυ on 6υ , restricts to an isomorphism on

0−

(
b̃tν(υ); L

)
≡ ker ∂

∇,b̃tν(υ)
;

see Section 3.2 in [Zinger 2007]. Let π̃−1
υ,tν be the inverse of this isomorphism. We

set
φ̃T,tν([υ; ξ ])= [π̃−1

υ,tνRυ,tνξ ] for all ξ ∈ 0−(b; L).

(2) By our assumptions on ν,

∂
∇,b̃tν(υ)

(
s ◦ expuυ ξtν(υ)

)
= 0 H⇒ sd

1
(
φT,tν(υ)

)
∈ Im φ̃T,tν .

It remains to prove the estimate in part (3) of the lemma. If εK is sufficiently small,
υ ∈ F̃T∅

δK
|K (0) , ξ ∈ 0(υ; T P4), and ‖ξυ‖υ,p,1 < εK , we define N s

υξ ∈ 0
(
υ; L

)
by

5−1
ξ(z)s

(
expuυ (z) ξ(z)

)
= s(uυ(z))+ ∇s

∣∣
uυ (z)

ξ(z)+
{

N s
υξ

}
(z) for all z ∈6υ .
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The quadratic term N s
υ varies smoothly with υ; moreover N s

υ0 = 0 and

(3-3)
∥∥N s

υξ1 − N s
υξ2

∥∥
C0 ≤ Cs

(
‖ξ1‖C0 + ‖ξ2‖C0

)
‖ξ1 − ξ2‖C0

for some Cs ∈ R+ and for all ξ1, ξ2 ∈0(υ) such that ‖ξ1‖υ,p,1, ‖ξ2‖υ,p,1<εT,ν(K ).
If ξ ∈ 0−(b; L),〈〈

sd
1
(
φT,tν(υ)

)
, Rυ,tνξ

〉〉
=

〈〈
5−1
ξtν(υ)

sd
1 (φT,tν(υ)), ξ ◦ qυ

〉〉
.

Thus, the estimate in (3) of Lemma 3.3 follows from (3-3) and the estimate in (3)
of Lemma 3.2. �

Corollary 3.4. Suppose T and ν are as in Lemma 3.2. For every precompact open
subset K of UT(P

4
; J ), there exist δK , εK ,CK ∈ R+, an open neighborhood UK

of K in X1(P
4, d), and for each t ∈ (0, ε(K )) a sign-preserving bijection

{∂̄J + tν}−1(0)∩X1(Y, d)∩UK →
{
u ∈ M0

1(P
4, d; J )∩UK : {sd

1 + tϑt }(u)= 0
}
,

where ϑt ∈ 0(M0
1(P

4, d; J )∩ UK ; Vd
1) is a family of smooth sections such that

lim
υ→b,t→0

ϑt(υ)= [{∇s}Pbν(b)] for all b ∈ K and∣∣∇X φ̃
−1
T,0sd

1φT,0(υ)
∣∣ ≤ CK |X | for all b ∈ K , υ ∈ FT ∅

δK

∣∣
b, X ∈ ker DJ,b,

where φT,0 and φ̃T,0 are as in Lemma 3.3.

Proof: The section ϑt is given by

tϑt
(
φT,0(υ)

)
= φ̃T,0φ̃

−1
T,tν

(
sd

1 (φT,tν(υ))
)
−sd

1 (φT,0(υ)) for all [υ]∈FT ∅
δK

|K (0) .

This corollary is immediate from Lemma 3.3, with the exception of the last es-
timate. This estimate follows from the behavior of the various terms involved in
defining ϑt ; see Sections 3.4 and 4.2 in [Zinger 2004a].

For each κ ∈ S0(J ; Y ), UT;κ is a smooth suborbifold of UT(P
4
; J ). We denote

its normal bundle by NκT. Its fiber at [b] ∈ UT;κ is the quotient

0−(b; T P4)/0−(b; T Y ),
where

0−(b; T Y )≡ 0−(b; T P4)∩0(b; T Y )= 0−(b; T κ),

by the assumption (JY 2) on JY . We identify NκT with the L2-orthogonal comple-
ment of 0−(b; T Y ) in 0−(b; T P4). Let

ϕT;κ : NκTδκ → UT(P
4
; J )

be an orientation-preserving identification of neighborhoods of UT;κ in NκT and
in UT(P

4
; J ) and let

ϕ̃T;κ : π∗

NκTFT
∣∣
NκTδκ

→ FT and ϕ̃T;κ : π∗

NκTVd
1

∣∣
NκTδκ

→ Vd
1
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be lifts of ϕT;κ to vector-bundle isomorphisms restricting to the identity over UT;κ .
The section sd

1 is smooth on UT(P
4
; J ) and its differential along UT;κ , i.e. the

homomorphism j0 in the long exact sequence

(3-4) 0 → 0−(b; T Y )
i0
→ 0−(b; T P4)

j0
→ 0−(b; L)

d0
→ H 1

J (b; T Y )→ 0,

is injective on NκT. We denote the image bundle of j0 by V+ ⊂ Vd
1 and its

L2-orthogonal complement in Vd
1 by V−. Let π+ and π− be the corresponding

projection maps.

Lemma 3.5. Suppose T is a bubble type as in Lemma 3.2 and κ ∈ S0(Y ; J ). For
every precompact open subset K of UT;κ , there exist

(a) δK , δ
′

K ∈ R+ and an open neighborhood UK of K in X1(P
4, d),

(b) an orientation-preserving diffeomorphism

φT,κ : NκTδ′K
×K FT ∅

δK
→ M0

1(P
4, d; J )∩ UK ,

(c) and a lift φ̃T,κ : π∗

NκT⊕FT Vd
1 → Vd

1 of φT,κ to a vector-bundle isomorphism,

such that the following property is satisfied. If ϑt ∈ 0(M0
1(P

4, d; J )∩ UK ; Vd
1) is

a family of smooth sections such that

|ϑt(u)| ≤ C and
∣∣φ̃−1

T,κϑtφT,κ(X, υ)− φ̃−1
T,κϑtφT,κ(X ′, υ)

∣∣ ≤ C |X − X ′
|

for some constant C ∈ R+ and for all X, X ′
∈ NκTδ′K

and υ ∈ FT ∅
δK

∣∣
K , then there

exists ε ∈ R+ such that for all t ∈ [0, ε), b ∈ K , and υ ∈ FT δK |b, the equation

π+φ̃
−1
T,κ

(
{sd

1 + tϑt }φT,κ(b; X, υ)
)
= 0

has a unique solution X = X t(υ) ∈ NκTδ′K
|b. Furthermore,

lim
t→0
υ→b

t−1π−φ̃
−1
T,κ

(
sd

1φT,κ(b; X t(υ), υ)
)
= 0 for all b ∈ K .

Proof. (1) The desired maps φT,κ and φ̃T,κ are just the compositions φT,0◦ϕ̃T,κ and
φ̃T,0 ◦ ϕ̃T,κ , respectively. For each b ∈ K , X ∈ NκT|b, and υ ∈ FT ∅

|b sufficiently
small, we define Ñs(X) and Ñ ′

s(X, υ) in Vd
1 |b by

ϕ̃−1
T,κ

(
sd

1ϕT,κ(b; X)
)
= sd

1 (b)+ j0 X + Ñs(X)= j0 X + Ñs(X),(3-5)

φ̃−1
T,κ

(
sd

1φT,κ(b; X, υ)
)
= ϕ̃−1

T,κsd
1ϕT,κ(b; X)+ Ñ ′

s(X, υ).(3-6)

Since j0 is the derivative of sd
1 on UT(P

4
; J ), there exists CK ∈ R+ such that

(3-7)
Ñs(0)= 0,∣∣Ñs(X)− Ñs(X ′)

∣∣< CK
(
|X | + |X ′

|
)
|X − X ′

| for all X, X ′
∈ NκTδ′K

|K .
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For Ñ ′
s( · , · ), we similarly have

(3-8)
∣∣Ñ ′

s(X,υ)
∣∣ ≤ CK |υ|

1/p,
∣∣Ñ ′

s(X,υ)− Ñ ′

s(X
′,υ)

∣∣< CK |υ|
1/p

|X − X ′
|

for all X, X ′
∈ NκTδ′K

|K and υ ∈ FT ∅
δK

|K . The first of these estimates is clear
from Lemma 3.2(2). The second bound follows from the analogous bound on the
behavior of the vector field ξ0(υ) of Lemma 3.2(2); see Section 4.2 in [Zinger
2004a].

(2) If ϑt is a family of smooth sections as in the statement of the lemma, by (3-5)
and (3-6),

(3-9) π+φ̃
−1
T,κ

(
{sd

1 + tϑt }φT,κ(b; X, υ)
)

= j0 X +π+ Ñs(X)+π+ Ñ ′

s(X, υ)+ tπ+ϑ̃t(X, υ),

where
ϑ̃t(X, υ)= φ̃−1

T,κ

(
ϑtφT,κ(b; X, υ)).

By (3-7)–(3-9) and the Contraction Principle, there exist δ, δ′ ∈ R+, dependent
on j0 and CK , and ε,C ′

∈ R+, dependent on j0, CK , and C , such that for all
t ∈ [0, ε), b ∈ K , and υ ∈ FT ∅

δ |b, the equation

π+φ̃
−1
T,κ

(
{sd

1 + tϑt }φT,κ(b; X, υ)
)
= 0

has a unique solution X = X t(υ) ∈ NκTδ′ |b. Furthermore,

(3-10)
∣∣X0(υ)

∣∣ ≤ C ′
|υ|

1/p and
∣∣X t(υ)− X0(υ)

∣∣ ≤ C ′t.

(3) By (3-5)–(3-8) and (3-10),
(3-11)∣∣π−φ̃

−1
T,κ

(
sd

1φT,κ(b; X t(υ), υ)
)
−π−φ̃

−1
T,κ

(
sd

1φT,κ(b; X0(υ), υ)
)
≤ C ′′

(
t +|υ|

1/p)t.

On the other hand, as can be seen from Lemma 3.6 below,

(3-12) π−φ̃
−1
T,κ

(
sd

1φT,κ(b; X0(υ), υ)
)
= 0

for all υ ∈ FT ∅
|K sufficiently small. The last claim of the lemma follows from

(3-11) and (3-12). �

Proof of Proposition 3.1. (1) By Corollary 3.4, if t ∈ R+ and U (K ) are sufficiently
small, there is a one-to-one correspondence between {∂ J + tν}−1(0)∩ U (K ) and
the set {

u ∈ M0
1(P

4, d; J )∩ U (K ) : {sd
1 + tϑt }(u)= 0

}
,

where ϑt ∈0(M0
1(P

4, d; J )∩UK ; Vd
1) is a family of smooth sections as in Lemma

3.5. In addition,

lim
υ→b
t→0

ϑt(υ)= [{∇s}Pbν(b)] for all b ∈ K .
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The homomorphism d0 in the long exact sequence (3-4) restricts to an isomorphism
on V− and vanishes on V+. By definition of d0 and Pb,

d0([{∇s}Pbν(b)])= π0
κ,ν(b) for all b ∈ UT;κ .

Thus, by Lemma 3.5,

{∂ J + tν}−1(0)∩ U (K )= ∅ if π0 −1
κ,ν (0)∩ K = ∅.

The case |I | > 1 or ℵ 6= ∅ of Proposition 3.1 now follows from the assump-
tion (ν3a).

(2) If |I | = 1 and ℵ = ∅, by the assumption (ν3a) and Lemma 3.5, the section
∂ J + tν is transverse to the zero set on U (K ) and

±
∣∣{∂ J + tν}−1

∩ U (K )
∣∣ =

±
∣∣π0 −1
κ,ν (0)∩ K

∣∣.
Since π0 −1

κ,ν (0)⊂ UT;κ = M0
1(κ, d/dκ),

±
∣∣{∂ J + tν}−1

∩ U (K )
∣∣ =

±
∣∣π0 −1
κ,ν (0)

∣∣ =
〈
e(W1,0

κ,d/dκ ), [M
0
1(κ, d/dκ)]

〉
,

provided π0 −1
κ,ν (0)⊂ K and t and U (K ) are sufficiently small. �

We conclude this subsection with Lemma 3.6, which was used in Lemma 3.5.

Lemma 3.6. Suppose T is a bubble type as in Lemma 3.2 and κ ∈ S0(Y, J ). For
every precompact open subset K of UT;κ , there exist δ ∈ R+, an open neighbor-
hood U of K in X1(P

4, d), and an orientation-preserving diffeomorphism

φ′

T,κ : FT ∅
δ |K → M0

1(κ, d/dκ)∩ U ⊂ M0
1(P

4, d; J ).

Proof. If T = (I,ℵ; d), we have

UT;κ = UT′(κ; J0)≈ UT′(P1
; J0) and FT |UT;κ

= FT ′
→ UT′(P1

; J0),

where T′
= (I,ℵ; d ′) and d ′

i = di/dκ . Thus, Lemma 3.6 is the P1-analogue of the
t = 0 case of Lemma 3.2(4). �

3C. Proof of Proposition 2.6. This proposition follows directly from the next:

Proposition 3.7. Suppose d, Y , and J are as in Proposition 2.5, ν ∈ Ãd
1(∂; J )

is a generic perturbation of the ∂ J -operator on X1(P
4, d), κ ∈ S0(Y ; J ), and

T = (I,ℵ; d) is a bubble type such that
∑

i∈I di = d and di = 0 for all minimal
elements i of I . If | Î | > 1 or ℵ 6= ∅, for every compact subset K of UT;κ , there
exist εν(K ) ∈ R+ and an open neighborhood Uν(K ) of K in X1(Y, d) such that

{∂ J + tν}−1(0)∩ Uν(K )= ∅ for all t ∈ (0, εν(K )).

If | Î | = 1 and ℵ = ∅, for every compact subset K of UT;κ , there exist εν(K ) ∈ R+

and an open neighborhood U (K ) of K in X1(Y, d) with the following properties:
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(a) the section ∂ J + tν is transverse to the zero set in 00,1
1 (Y, d; J ) over U (K ) for

all t ∈ (0, εν(K ));

(b) for every open subset U of X1(Y, d), there exists ε(U ) ∈ (0, εν(K )) such that

±
∣∣{∂ J + tν}−1

∩ U
∣∣ =

d/dκ
12

〈
e(W0

κ,d/dκ ), [M0(κ, d/dκ)]
〉

if π̃1 −1
ν,κ (0)⊂ K ⊂ U ⊂ U (K ) and t ∈ (0, ε(U )).

In simpler words, none of the strata of M
q
1(κ, d/dκ) with q ≥ 2 contributes to

the number N1(d). Neither does any of the boundary strata of M1
1(κ, d/dκ). On

the other hand, M1
1(κ, d/dκ) contributes the Euler class of the bundle W̃1,1

κ,d/dκ ; see
Section 3A.

We will proceed similarly to Section 3B, but run the gluing construction in Y ,
instead of P4, and make use of the assumption (JY 2) from the start. We will also
use the family of metrics on P1 provided by Lemma 2.1 in [Zinger 2003], which
we now restate:

Lemma 3.8. There exist rP1 > 0 and a smooth family of Kähler metrics

{gP1,q : q ∈ P1
}

on P1 with the following property. If Bq(q ′, r) ⊂ P1 denotes the gP1,q -geodesic
ball about q ′, the triple (Bq(q, rP1), J0, gP1,q) is isomorphic to a ball in C1 for
all q ∈ P1.

In this case, the operators DJ,b|0(6b;u∗

bT Y ) are not surjective for b ∈ U(0)
T;κ , where

U(0)
T;κ is the preimage of UT;κ under the quotient projection map

U(0)
T (P4

; J )→ UT(P
4
; J ).

Thus, in contrast to the case of Lemma 3.2, we encounter an obstruction bundle
in trying to solve the ∂̄J -equation near UT;κ , as in Sections 3.3-3.5 of [Zinger
2004a]. Sections 3.3-3.5 in [Zinger 2003] describe a special case of an analogous
construction in circumstances similar to the present situation.

First, we describe a convenient “exponential” map for Y defined on a neighbor-
hood of each smooth curve κ ∈ S0(Y ; J ). We identify the rational curve κ with P1.
For each b ∈ UT;κ , let gY,b be a J -compatible extension of the metric

gκ,b ≡ gP1,evP (b)

on κ provided by Lemma 3.8 to a Riemannian metric on a neighborhood of κ in Y .
We identify the normal bundle NY κ of κ in Y with the gY,b-orthogonal complement
of T κ in T Y |κ . Let

expb : T κ → κ and ẽxpb : π∗

T κNY κ → NY κ
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be the exponential map with respect to the metric gκ,b and a lift of expb to a vector
bundle homomorphism restricting to the identity over κ . For example, ẽxpb can be
taken to be the gY,b-parallel transport along the gκ,b-geodesics. For each q ∈ κ and
ξ ∈ TqY sufficiently small, let

expb ξ = expgY,b,expb,q ξ−

(
ẽxpb,ξ−ξ+

)
if ξ = ξ− + ξ+ ∈ T κ ⊕ NY κ = T Y,

where expgY,b
is the exponential map for the metric gY,b. One useful property of

this “exponential” map is that expb ξ ∈ κ if ξ ∈ T κ ⊂ T Y .
For each element b = (6b, ub) of U(0)

T;κ , we identify the cokernel H 1
J (b; T Y ) of

the operator
DJ,b : 0(b; T Y )→ 00,1(b; T Y ; J )

with the space00,1
− (b;T Y ) of (J, j)-antilinear u∗

bT Y -valued harmonic forms on6b.
The elements of 00,1

− (b; T Y ) may have simple poles at the nodes of 6b with the
residues adding up to zero at each node. If Hb,P denotes the one-dimensional vec-
tor space of harmonic antilinear differentials on the principal component(s) 6b,P

of 6b,

0
0,1
− (b; T Y )= 0

0,1
− (b; T κ)⊕0

0,1
− (b; NY κ)= Hb,P ⊗ TevP (b)κ ⊕0

0,1
− (b; NY κ).

This decomposition is L2-orthogonal. Furthermore, 00,1
− (b; NY κ) is isomorphic to

the cokernel H 1
J (b; NY κ) of the operator

D⊥

J,b : 0(b; NY κ)→ 00,1(b; NY κ; J )

induced by the operator DJ,b via the quotient projection map

π⊥

κ : T Y |κ → NY κ = T Y |κ

/
T κ.

We note that if ℵ = ∅ and | Î | = 1, 00,1
− (b; T Y ) is a subspace of 00,1(b; T Y ; J ).

We are now ready to proceed with the pregluing construction. For each small
enough element υ = (b, v) of F̃T∅, let

b(υ)=
(
6υ, jυ; uυ

)
be the corresponding approximately holomorphic stable map, as on page 444. In
the present case, the linearization DJ,b of the ∂̄J -operator at b is not surjective.
Thus, the linearization DJ,υ of the ∂̄J -operator at b(υ), defined via the Levi-Civita
connection of the metric g̃Y,b, is not uniformly surjective. An approximate cokernel
of DJ,b is given by

(3-13) 0
0,1
− (υ; T Y )= 0

0,1
− (υ; T κ)⊕0

0,1
− (υ; NY κ),

with the vector spaces 00,1
− (υ; T κ) and 00,1

− (υ; NY κ) explicitly describable from
0

0,1
− (b; T κ) and00,1

− (b; NY κ), respectively, via the basic gluing map qυ :6υ →6b.
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In fact, we can simply take

(3-14) 0
0,1
− (υ; NY κ)=

{
q∗

υη : η ∈ 0
0,1
− (b; NY κ)

}
.

While we can define the space 00,1
− (υ; T κ) in the same way from 0

0,1
− (b; T κ), in

the ℵ = ∅, | Î | = 1 case it is more convenient to take

0
0,1
− (υ; T κ)=

{
Rυη : η ∈ 0

0,1
− (b; T κ)

}
,

where Rυη is a smooth extension of η such that Rυη is harmonic on the neck
attaching the only bubble 6b,h of 6b and below a small collar of the neck and
vanishes past a slighter larger collar. For an explicit description of Rυη, see the
construction at the beginning of Section 2.2 in [Zinger 2003]. We observe that

(3-15) 〈〈ηκ , η̃〉〉υ,2 = 0, 〈〈∂ J uυ, η̃〉〉υ,2 = 0, 〈〈DJ,υξ, η̃〉〉υ,2 = 0,

for all ξ ∈ 0(υ; T κ), ηκ ∈ 0
0,1
− (υ; T κ) and η̃ ∈ 0

0,1
− (υ; NY κ), where 〈〈 · , · 〉〉υ,2

is the L2-inner product of the metric gY,b on Y . This inner product is independent
of the choice of a metric on 6υ compatible with the complex structure jυ on 6υ ,
though we will always view 6υ as carrying the metric gυ induced by the pregluing
construction. If ℵ = ∅ and | Î | = 1, 00,1

− (υ; T Y ) is a subspace of 00,1(υ; T Y ; J ),
and we denote its L2-orthogonal complement by 00,1

+ (υ; T Y ). Let

π
0,1
υ;κ , π̃

0,1
υ , π

0,1
υ;+

: 00,1(υ; T Y ; J )→ 0
0,1
− (υ; T κ), 00,1

− (υ; NY κ), 0
0,1
+ (υ; T Y )

be the L2-projection maps.
As in Section 3B, if υ is sufficiently small, we can also obtain a decomposition

(3-16) 0(υ; T Y )= 0−(υ; T Y )⊕ 0̃+(υ; T Y )

such that the linear operator

DJ,υ : 0+(υ; T Y )→ 00,1(υ; T Y ; J )

is injective, while

0−(υ; T Y )=
{
ξ ◦ qυ : ξ ∈ 0−(b; T Y )

}
.

In this case, DJ,υ denotes the linearization of the ∂̄J -operator at b(υ) with the
respect to the “exponential” map chosen above. In (3-16), we can take the space
0̃+(υ; T Y ) to be the L2-orthogonal complement of 0−(υ; T Y ), and we do so
unless ℵ = ∅ and | Î | = 1. If ℵ = ∅ and | Î | = 1, we can choose 0̃+(υ; T Y ) in such
a way that

(3-17) 〈〈DJ,υξ,η〉〉υ,2 = 0 for all ξ ∈ 0̃+(υ; T Y )∩0(υ; T κ), η ∈ 0
0,1
− (υ; T Y ),
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the operator

DJ,υ : 0̃+(υ; T κ)≡ 0̃+(υ; T Y )∩0(υ; T κ)

−→ 0
0,1
+ (υ; T κ)≡ 0

0,1
+ (υ; T Y )∩00,1(υ; T κ)

is an isomorphism, and the intersection of 0̃+(υ; T Y ) with the L2-orthogonal
complement of 0−(υ; T Y ) has codimension one in both spaces. The subspace
0̃+(υ; T Y ) of 0(υ; T Y ) is constructed by restricting the procedure described in
Section 2.3 of [Zinger 2003] to the line Hb,ℵ ⊗ TevP (b)κ .

Similarly, let 0+(υ; NY κ) be the L2-orthogonal complement of

0−(υ; NY κ)=
{
ξ ◦ qυ : ξ ∈ 0−(b; NκY )

}
in 0(υ; NY κ)≡ L p

1 (6υ; u∗
υNY κ). If υ is sufficiently small, the linear operator

D⊥

J,υ : 0+(υ; NY κ)→ 00,1(υ; NY κ; J )

is injective. The key properties of this setup are described in Lemma 3.9:

Lemma 3.9. If T, ν, and κ are as in Proposition 3.7, for every precompact open
subset K of UT;κ , there exist δK ,CK ∈ R+ and an open neighborhood UK of K in
X1(Y, d) with the following properties:

(1) for every [b̃] ∈ X0
1(Y, d)∩ UK , there exist υ ∈ F̃T∅

δK
|K (0) and ζ ∈ 0̃+(υ; T Y )

such that ‖ζ‖υ,p,1 <δK and [expb(υ) ζ ] = [b̃], and the pair (b, ζ ) is unique up

to the action of the group Aut(T)∝ (S1) Î ;

(2) for all υ = (b, v) ∈ F̃T∅
δK

|K (0) ,

‖∂̄J uυ‖υ,p ≤ CK |υ|
1/p

;

C−1
K ‖ζ‖υ,p,1 ≤ ‖DJ,υζ‖υ,p ≤ CK ‖ζ‖υ,p,1 for all ζ ∈ 0̃+(υ; T Y );

C−1
K ‖ξ‖υ,p,1 ≤ ‖D⊥

J,υξ‖υ,p ≤ CK ‖ξ‖υ,p,1 for all ξ ∈ 0+(υ; NκY );

(3) for all υ = (b, v) ∈ F̃T∅
δK

|K (0) , ξ ∈ 0(υ; NκY ), and η ∈ 0
0,1
− (υ; NκY ),∣∣〈〈D⊥

J,υξ, η〉〉υ,2
∣∣ ≤ CK |υ|

1/p
‖ξ‖υ,p,1‖η‖υ,1.

In the first claim of Lemma 3.9,

expb(υ) ζ =
(
6υ, jυ; expb,uυ ζ

)
.

This statement is a variation on (2) of Lemma 4.4 in [Zinger 2004b] and holds for
the same reasons. The first estimate in (2) and (3) of Lemma 3.9 can be obtained
by direct computations. The two remaining estimates are proved analogously to
the corresponding estimates of Lemma 3.2.
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Corollary 3.10. Suppose ν, T, and κ are as in Proposition 3.7. If q ∈ Z+ and K is
a compact subset of UT;κ ⊂ M

q
1(κ, d/dκ) such that

π̃q −1
κ,ν (0)∩ K = ∅,

then there exist εν(K ) ∈ R+ and an open neighborhood Uν(K ) of K in X1(Y, d)
such that

{∂ J + tν}−1(0)∩ Uν(K )= ∅ for all t ∈ (0, εν(K )).

Proof. (1) As usually, for all ζ ∈ 0(υ; T Y ) sufficiently small,

5−1
ζ {∂ J + tν} expb(υ) ζ = ∂ J uυ + DJ,υζ + Nυζ + t Nν,υζ + tν|uυ ,

where 5ζ denotes the parallel transport with respect to the Levi-Civita connection
of the metric gY,b along the geodesics of the map expb. The nonlinear terms satisfy

‖Nυζ − Nυζ ′
‖υ,p ≤ CK

(
‖ζ‖υ,p,1 + ‖ζ ′

‖υ,p,1
)
‖ζ − ζ ′

‖υ,p,1

‖Nν,υζ − Nν,υζ ′
‖υ,p ≤ CK ‖ζ − ζ ′

‖υ,p,1
(3-18)

for all ζ, ζ ′
∈0(υ; T Y ); see Section 3.6 in [Zinger 2004a] for example. Our choice

of the map expb also implies that

(3-19) Nυζ ∈ 00,1(υ; T κ) for all ζ ∈ 0(υ; T κ)⊂ 0(υ; T Y ).

(2) Suppose υ = (b, υ) ∈ F̃T∅
|K (0) , ζ ∈ 0+(υ; T Y ), and

(3-20) {∂ J +tν} expb(υ) ζ = 0 H⇒ ∂ J uυ+DJ,υζ+Nυζ+t Nν,υζ+tν|uυ = 0.

From (2) of Lemma 3.9 and (3-18), we then obtain

(3-21) ‖ζ‖υ,p,1 ≤ CK
(
|υ|

1/p
+ t

)
.

On the other hand, applying the projection map π⊥
κ to both sides of (3-20), we get

(3-22) D⊥

J,υζ
⊥

+ N⊥

υ ζ + t N⊥

ν,υζ + tν⊥
|uυ = 0 ∈ 00,1(υ; NY κ; J ),

if ζ = ζ t
+ ζ⊥

∈ 0(υ; T κ)⊕ 0(υ; NY κ), N⊥
υ ζ = π⊥

κ Nυζ , N⊥
ν,υζ = π⊥

κ Nν,υζ ,
ν⊥

= π⊥
κ ν. By (3-18), (3-19), and (3-21),∥∥N⊥

υ ζ
∥∥
υ,p =

∥∥π⊥

κ

(
Nυ(ζ t

+ ζ⊥)− Nυζ t)∥∥
υ,p ≤ CK

(
|υ|

1/p
+ t

)
‖ζ⊥

‖υ,p,1.

Thus, by (2) of Lemma 3.9, (3-18), and (3-22),

(3-23) ‖ζ⊥
‖υ,p,1 ≤ CK t,

provided δK is sufficiently small. Combining (3) of Lemma 3.9, (3-18), (3-22),
and (3-23), we obtain∣∣〈〈ν|uυ , η〉〉υ,2∣∣ ≤ CK

(
|υ|

1/p
+ t

)
‖η‖υ,1 for all η ∈ 0

0,1
− (υ; NY κ).
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Since the section π̃q
κ,ν of the bundle ι∗qW̃

1,q
κ,d/dκ does not vanish over the compact

set K , it follows that
{∂ J + tν}−1(0)∩ Uν(K )= ∅

if t and Uν(K ) are sufficiently small. �

By Lemma 4.2, the spaces M
q
1(κ, d/dκ) with q ≥ 2 are contained in M0

1(κ, d/dκ).
In particular, if T is a bubble type as in the first claim of Proposition 3.7,

UT;κ ⊂
(
M0

1(κ, d/dκ)− M0
1(κ, d/dκ)

)
∪

(
M1

1(κ, d/dκ)− M1
1(κ, d/dκ)

)
.

Thus, Corollary 3.10, along with the regularity assumptions (ν3a) and (ν3c), im-
plies the first claim of Proposition 3.7.

Corollary 3.11. Suppose ν, T, and κ are as in Proposition 3.7. If ℵ = ∅ and Î has
one element, there exist, for every compact subset K of UT;κ containing π̃1 −1

ν,κ (0),
some εν(K ) ∈ R+ and an open neighborhood U (K ) of K in X1(Y, d) with the
following properties:

(a) the section ∂ J + tν is transverse to the zero set in 00,1
1 (Y, d; J ) over U (K ) for

all t ∈ (0, εν(K ));

(b) for every open subset U of X1(Y, d), there exists ε(U ) ∈ (0, εν(K )) such that

±
∣∣{∂ J + tν}−1

∩ U
∣∣ =

d/dκ
12

〈
e(W0

κ,d/dκ ), [M0(κ, d/dκ)]
〉

if K ⊂ U ⊂ U (K ), t ∈ (0, ε(U )).

Proof. (1) By Corollary 3.10 and the assumption (ν3a) on ν, it can be assumed that
the compact set K is disjoint from M0

1(κ, d/dκ). Thus, if h is the unique element
of Î ,

(3-24)
∣∣D(1)

J,hυ
∣∣ ≥ CK |υ| for all [υ] = [b, v] ∈ FT |K ;

see Lemma 4.2. By Lemma 3.9 and the proof of Corollary 3.10, we need to deter-
mine the number of solutions [υ, ζ ] of the equation

(3-25) ∂̄J uυ + DJ,υζ + Nυζ + t Nν,υζ + tν = 0,

with υ ∈ F̃T∅
δK

|K (0) , ζ ∈ 0̃+(υ; T Y ), ‖ζ‖υ,p,1 ≤ εK . In this case, 00,1
− (υ; T Y ) is a

subspace of 00,1(υ; T Y ; J ), and the middle estimate in (2) of Lemma 3.9 implies
that

C−1
K ‖ζ‖υ,p,1 ≤ ‖π

0,1
υ;+

DJ,υζ‖υ,p ≤ CK ‖ζ‖υ,p,1 for all ζ ∈ 0̃+(υ; T Y ).

Thus, the linear operator

π
0,1
υ;+

DJ,υ : 0̃+(υ; T Y )→ 0
0,1
+ (υ; T Y )
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is an isomorphism. It then follows from the Contraction Principle, the first estimate
in (2) of Lemma 3.9, and (3-18) that the equation

π
0,1
υ;+

(
∂̄J uυ + DJ,υζ + Nυζ + t Nν,υζ + tν

)
= 0, ζ ∈ 0̃+(υ; T Y ), ‖ζ‖υ,p,1 ≤ εK ,

has a unique solution ζυ ∈ 0̃+(υ; T Y ), provided υ ∈ F̃T∅
δK

|K (0) is sufficiently small.
Furthermore,

(3-26)
∥∥ζυ‖υ,p,1 ≤ CK

(
|υ|

1/p
+ t

)
.

Thus, the number of solutions [υ, ζ ] of (3-25) is the same as the number of solu-
tions of

(3-27) 9tν(υ)≡ t−1
·π

0,1
υ;−

(
∂ J uυ + DJ,υζυ + Nυζυ + t Nν,υζυ + tν

)
= 0,

[υ] ∈ FT ∅
δK

|K (0),

where

π
0,1
υ;−

= π
0,1
υ;κ ⊕ π̃0,1

υ : 00,1(υ; T Y ; J )→ 0
0,1
− (υ; T κ)⊕0

0,1
− (υ; NY κ)

is the L2-projection map.

(2) With our choice of the space 00,1
− (υ; T κ),

(3-28) π
0,1
υ;κ∂ J uυ = RυDJ,hυ ∈ 0

0,1
− (υ; T κ);

see Section 4.1 in [Zinger 2003]. Furthermore,

(3-29) π
0,1
υ;κNυζ = 0 for all ζ ∈ 0(υ; T κ),

since the supports of all elements of η ∈ 0
0,1
− (υ; T κ) are disjoint from the support

of Nυζ , for ζ ∈ 0(υ; T κ), due to our choice of the “exponential” map. By (3-18),
(3-26), (3-28), (3-29), and the same argument as in the proof of Corollary 3.10,

(3-30)

∥∥π̃0,1
υ 9tν(υ)− Rυ π̃1

κ,ν(b)
∥∥
υ,2 ≤ CK

(
|υ|

1/p
+ t

)
+ ‖ν(uυ)− Rυν(b)‖υ,2,∥∥π0,1

υ;κ9tν(υ)− Rυ
(
π1
κ,ν;κ(b)+ t−1DJ,hυ

)∥∥
υ,2

≤ CK
(
|υ|

1/p
+ t

)
+ ‖ν(uυ)− Rυν(b)‖υ,2,

where Rυη = q∗
υη for η ∈ 0

0,1
− (b; NY κ) and

π1
κ,ν;κ(b)= πκπ

1
κ,ν(b)≡ π1

κ,ν(b)−π
⊥

κ π
1
κ,ν(b) ∈ 0

0,1
− (b; T κ).

Since

lim
t→0,|υ|→0

(
|υ|

1/p
+ t

)
+ ‖ν(uυ)− Rυν(b)‖υ,2 = 0,
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by (3-24), (3-30), and the same cobordism argument as in Section 3.1 of [Zinger
2003], the number of solutions of (3-27) is the same as the number of solutions of
the system {

π̃1
κ,ν(b)= 0 ∈ W̃1,1

κ,d/dκ ,

π1
κ,ν;κ(b)+ DJ,hυ = 0 ∈ π∗

P E∗
⊗π∗

Bev∗

0T κ,

with [υ]=[b, v]∈FT →M1
1(k, d/dκ), if the interior of the compact set K contains

the finite set π̃1 −1
ν,κ (0). Since DJ,h does not vanish on π̃1 −1

κ,ν (0), the number of
solution of this system is

±
∣∣π̃1 −1
ν,κ (0)

∣∣ =
〈
e(W̃1,1

κ,d/dκ ), [M
1
1(κ, d/dκ)]

〉
=

〈
e
(
π∗

P E∗
⊗π∗

Bev∗

0 NY κ
)
e(π̃∗

BW0
κ,d/dκ ), [M1,1 × M0,1(κ, d/dκ)]

〉
= −

1
24

(
− 2(d/dκ)

) 〈
e(W0

κ,d/dκ ), [M0(κ, d/dκ)]
〉
,

as claimed in Proposition 3.7. �

4. On the Euler class of the cone Vd
1 → M0

1(P
4, d; J)

4A. The structure of the moduli spaces M0
1(P

n, d; J). In this section, we prove
Proposition 2.3 by constructing a perturbation ϑ of the section sd

1 of the cone Vd
1

over M0
1(P

4, d; J ) and counting the number of zeros of the multisection sd
1 + tϑ

for a small t ∈ R+ that lie near each stratum of

(4-1) sd −1
1 (0)∩ M0

1(P
4, d; J )= M0

1(Y, d; J )

=
⊔

κ∈S0(Y ;J )
M0

1(κ, d/dκ) t
⊔

κ∈S1(Y ;J )
M0

1(κ, d/dκ).

Since the finite set M0
1(κ, d/dκ) consists of transverse zeros of sd

1 , for κ ∈S1(Y ; J ),

(4-2) CM0
1(κ,d/dκ )

(
sd

1
)
=

±
∣∣{sd

1 + tϑ}
−1(0)∩ Uκ

∣∣ =
±
∣∣M0

1(κ, d/dκ)
∣∣,

if Uκ is a small neighborhood of M0
1(κ, d/dκ) in M0

1(P
4, d; J ). The second equal-

ity in (4-2) holds for every multisection ϑ of Vd
1 and every t ∈ R sufficiently small.

Thus, the key to proving Proposition 2.3 is computing the sd
1 -contribution from

each stratum of the moduli space M0
1(κ, d/dκ). This is achieved by Proposition

4.5 and Corollary 4.7.

In this subsection, we describe the structure of the moduli space M0
1(P

n, d; J ),
with J sufficiently close to J0. Lemmas 4.1 and 4.2 are special cases of Lem-
mas 2.3 and 2.4, respectively, in [Zinger 2007]. In turn, the latter two lemmas
follow immediately from Theorems 1.6 and 2.3 in [Zinger 2004b].
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Lemma 4.1. If n, d ∈ Z+, there exists δn(d) ∈ R+ with the following property.
If J is an almost complex structure on Pn , such that ‖J − J0‖C1 < δn(d), and
T = (I,ℵ; d) is a bubble type such that

∑
i∈I di = d and di 6= 0 for some minimal

element i of I , then UT(P
n
; J ) is a smooth orbifold,

dim UT(P
n
; J )= 2

(
d(n + 1)− |ℵ|− | Î |

)
and UT(P

n
; J )⊂ M0

1(P
n, d; J ).

Furthermore, there exist δ ∈ C(UT(P
n
; J ); R+), an open neighborhood UT of

UT(P
n
; J ) in X1(P

n, d), and an orientation-preserving homeomorphism

φT : FT δ → M0
1(P

n, d; J )∩ UT,

which restricts to a diffeomorphism FT ∅
δ → M0

1(P
n, d; J )∩ UT.

Lemma 4.2. If n, d ∈ Z+, there exists δn(d) ∈ R+ with the following property.
If J is an almost complex structure on Pn , such that ‖J − J0‖C1 < δn(d), and
T = (I,ℵ; d) is a bubble type such that

∑
i∈I di = d and di = 0 for all minimal

elements i of I , then UT(P
n
; J ) is a smooth orbifold,

dim UT(P
n
; J )= 2

(
d(n + 1)− |ℵ|− | Î | + n

)
,

and
M0

1(P
n, d; J )∩ UT(P

n
; J )= UT;1(P

n
; J ),

where

UT;1(P
n
; J )=

{
[b] ∈ UT(P

n
; J ) : dimC Span(C,J ){Di b : i ∈ χ(T)}< |χ(T)|

}
.

The space UT;1(P
n
; J ) has a stratification by smooth suborbifolds of UT(P

n
; J ):

UT;1(P
n
; J )=

m=|χ(T)|⊔
m=max(|χ(T)|−n,1)

Um
T;1(P

n
; J ),

where

Um
T;1(P

n
; J )=

{
[b] ∈ UT(P

n
; J ) : dimC Span(C,J ){Di b : i ∈χ(T)} = |χ(T)|−m

}
,

with dimension

2
(
d(n + 1)− |ℵ|− | Î | + n +

(
|χ(T)| − n − m)m

)
≤ dim M0

1(P
n, d; J )− 2.

The space
F1T∅

≡
{
[b, υ] ∈ FT ∅

: DT(υ)= 0
}

is a smooth oriented suborbifold of FT . Finally, there exist δ∈C(UT(P
n
; J ); R+),

an open neighborhood UT of UT(P
n
; J ) in X1(P

n, d), and an orientation-pre-
serving diffeomorphism

φT : F1T∅
δ → M0

1(P
n, d; J )∩ UT,
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h1h2 h3 h4

h5

tacnode

χ(T)= {h1,h4,h5}, ρ(υ)= (υh1,υh3υh4,υh3υh5)

F1T∅
=

{
[b;v1,v2,v3,v4,v5] : vh ∈ C∗

DJ,h1vh1 + DJ,h4vh3vh4 + DJ,h5vh3vh5 = 0
}

Figure 5. An illustration of Lemma 4.2.

which extends to a homeomorphism

φT : F1Tδ → M0
1(P

n, d; J )∩ UT,

where F1T is the closure of F1T∅ in FT .

We illustrate Lemma 4.2 in Figure 5. As before, the shaded discs represent the com-
ponents of the domain on which every stable map [b] in UT(P

n
; J ) is nonconstant.

The element [6b, ub] of UT(P
n
; J ) is in the stable-map closure of M0

1(P
n, d; J )

if and only if the branches of ub(6b) corresponding to the attaching nodes on the
first-level effective bubbles of [6b, ub] form a generalized tacnode. In the case of
Figure 5, this means that either

(a) for some h ∈ {h1, h4, h5}, the branch of ub|6b,h at the node ∞ has a cusp, or

(b) for all h ∈ {h1, h4, h5}, the branch of ub|6b,h at the node ∞ is smooth, but the
dimension of the span of the three lines tangent to these branches is less than
three.

If κ ∈ S0(Y ; J ), we put

UT;κ;1 = UT;κ ∩ UT;1(P
4
; J )⊂ M0

1(κ, d/dκ),

Um
T;κ;1 = UT;κ ∩ Um

T;1(P
4
; J )⊂ UT;κ;1.

By the n = 1 case of Lemma 4.2,

UT;κ;1 = UT;κ = U
|χ(T)|−1
T;κ;1 ∪ U

|χ(T)|
T;κ;1 if |χ(T)| ≥ 2.

The last space may be empty. In particular, M
q
1(κ, d/dκ)⊂ M0

1(κ, d/dκ) if q ≥ 2.

Let

M0
0,1;1(P

4, d; J )=
{
[P1, u] ∈ M0

0,1(P
4, d; J ) : du|∞ = 0

}
.

In other words, M0
0,1;1(P

4, d; J ) is the subset of M0
0,1(P

4, d; J ) consisting of the
elements [P1, u] such that the differential of u vanishes at the marked point of P1,
which we always take to be ∞. The image of a generic element in M0

0,1;1(P
4, d; J )

is a rational curve J -holomorphic curve in P4 with a cusp at the image of the
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marked point. We denote by M0,1;1(P
4, d; J ) the closure of M0

0,1;1(P
4, d; J )

in M0,1(P
4, d; J ). If κ ∈ S0(Y ; J ), we put

M0
0,1;1(κ, d/dκ)= M0

0,1;1(P
4, d; J )∩ M0,1(κ, d/dκ),

M0,1;1(κ, d/dκ)= M0,1;1(P
4, d; J )∩ M0,1(κ, d/dκ),

M1;0
1;1(κ, d/dκ)= M1,1 × M0

0,1;1(κ, d/dκ),

M1
1;1(κ, d/dκ)= M1,1 × M0,1;1(κ, d/dκ).

By Lemma 4.2,

M1
1(κ, d)∩ M0

1(κ, d)= M1
1;1(κ, d) for all d ∈ Z+.

We note that

(4-3) dimC M0,1;1(κ, d)= 2d − 2 and dimC M1
1;1(κ, d)= 2d − 1.

4B. The structure of the cone Vd
1 → M0

1(P
4, d; J). We next describe the struc-

ture of the cone Vd
1 near each stratum UT(P

4
; J ) and Um

T;1(P
4
; J ) of M0

1(P
4, d; J ).

We then state several regularity conditions that we will require the perturbation ϑ
of sd

1 to satisfy. The first lemma stated is a special case of Lemma 3.2 in [Zinger
2007].

Lemma 4.3. If d , L, and Vd
1 are as in Proposition 2.3, there exists δ(d) ∈ R+

with the following property. If J is an almost complex structure on P4, such that
‖J − J0‖C1 < δn(d), and T = (I,ℵ; d) is a bubble type such that

∑
i∈I di = d and

di 6= 0 for some minimal element i of I , then the requirements of Lemma 4.1 are
satisfied. Furthermore, the restriction Vd

1 →UT(P
4
; J ) is a smooth complex vector

orbibundle of rank 5d. Finally, there exists a smooth vector-bundle isomorphism

φ̃T : π∗

FT ∅
δ

(
Vd

1

∣∣
UT(P4;J )

)
→ Vd

1

∣∣
M0

1(P
4,d;J )∩UT

,

covering the homeomorphism φT of Lemma 4.1, such that φ̃T is the identity over
UT(P

4
; J ) and is smooth over FT ∅

δ .

For every κ ∈ S0(Y ; J ), the family of boundary operators d0 in the long exact
sequence (3-4), with b ∈ U(0)

T;κ and T as in Lemma 4.3, induces a surjective bundle
homomorphism

d1,0
κ,d/dκ : Vd

1 → W1,0
κ,d/dκ

over M
{0}

1 (κ, d/dκ). The first two regularity conditions on a perturbation ϑ of the
section sd

1 over M0
1(P

4, d; J ) are that, for every κ ∈ S0(Y ; J ),

(ϑ1a) the section d1,0
κ,d/dκϑ |M0

1(κ,d/dκ )
is transverse to the zero set in W1,0

κ,d/dκ ;

(ϑ1b) the section d1,0
κ,d/dκϑ does not vanish on M

{0}

1 (κ, d/dκ)− M0
1(κ, d/dκ).
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By Lemma 4.3, the n = 1 case of Lemma 4.1, and (2-15), the collection of
multisections ϑ of Vd

1 that satisfy (ϑ1a) and (ϑ1b) is open and dense in the space
of all multisections of Vd

1 .

The next lemma, which is the analogue of Lemma 4.3 for the strata Um
T;1(P

4
; J )

of Lemma 4.2, is a special case of Proposition 3.3 and Lemma 3.4 in [Zinger 2007].
For any b ∈ Um

T;1(P
4
; J ), we put

F1Tb =
{
υ̃ = (υ̃i )i∈χ(T) ∈ FTb :

∑
i∈χ(T)

DJ,i υ̃i = 0
}
.

Lemma 4.4. If d , L, and Vd
1 are as in Proposition 2.3, there exists δ(d) ∈ R+

with the following property. If J is an almost complex structure on P4 such that
‖J − J0‖C1 < δ(d), then the requirements of Lemmas 4.2 and 4.3 are satisfied
for all appropriate bubble types. Further, if T = (I,ℵ; d) is a bubble type such
that

∑
i∈I di = d and di = 0 for all minimal elements i of I , the restriction

Vd
1 → UT(P

4
; J ) is a smooth complex vector orbibundle of rank 5d + 1. In

addition, for every integer

m ∈
(

max(|χ(T)| − 4, 1), |χ(T|
)
,

there exist a neighborhood U m
T of Um

T;1(P
4
; J ) in X1(P

4, d) and a topological
vector orbibundle

Vd;m
1;T → M0

1(P
4, d; J )∩ U m

T

such that Vd;m
1;T → M0

1(P
4, d; J ) ∩ U m

T is a smooth complex vector orbibundle
contained in Vd

1 and

Vd;m
1;T |Um

T;1(P
4;J ) =

{
ξ ∈ Vd

1 |b : b ∈ Um
T;1(P

4
; J ); DT(ξ ⊗ υ̃)= 0 for all υ̃ ∈ F1Tb

}
.

There also exists a continuous vector-bundle isomorphism

φ̃m
T : π∗

F1Tδ

(
Vd;m

1;T

∣∣
UT;1(P4;J )∩U m

T

)
→ Vd;m

1;T

∣∣
M0

1(P
4,d;J )∩U m

T
,

covering the homeomorphism φT of Lemma 4.1, such that φ̃m
T is the identity over

Um
T;1(P

4
; J ). Finally, if T and T′ are two bubble types as above and m,m′

∈ Z+,
then

Vd;m′

1;T′

∣∣
Um

T(P
4;J )∩U m′

T′

⊂ Vd;m
1;T

∣∣
Um

T;1(P
4;J )∩U m′

T′

if m′
≥ m.

If [b] ∈ Um
T;κ;1, we put

0−(b; L; 0)=
{
ξ ∈ 0−(b; L) : D̃T,iξ = 0 for all i ∈ χ(T)

}
,

Ṽd
1;T|b =

{
[ξ ] ∈ Vd

1;T|b : DT,iξ = 0 for all i ∈ χ(T)
}

⊂ Vd;m
1;T .
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In this case, the standard analogue for b of the long exact sequence (3-4) has six
terms. However, replacing the fourth term by the kernel of the outgoing map at the
fourth term, we get

(4-4) 0 →0−(b; T Y )
i0

−→0−(b; T P4)
j0

−→0−(b; L)
d0

−→ H 1
J (πB(b); T Y )→ 0.

By Theorem 1.6 in [Zinger 2004b], the linear operator

D̃P4

T,i :
{
ζ ∈ 0−(b; T P4) : ζ |6b,ℵ = 0

}
→ TevP (b)P

4, ζ → ∇
J
e∞
(ζ |6b,i ),

is surjective for every [b] ∈ UT(P
4
; J ), with T as in Lemma 4.2 and i ∈ χ(T), if

J is sufficiently close to J0. It follows that the homomorphism

j̃0 : 0−(b; T P4)→ 0−(b; L)
/
0−(b; L; 0),

induced by the map j0 in (4-4) is surjective for every [b] ∈ UT;κ . Thus, the family
of boundary operators d0 in (4-4) with [b] ∈ UT;κ induces a surjective bundle
homomorphism

(4-5) d
1,q
κ,d/dκ : Ṽd

1;T → π∗

BW
0,q
κ,d/dκ ⊂ W1,0

κ,d/dκ

over UT;κ;1, if UT;κ ⊂ M
q
1(κ, d/dκ). Furthermore,

(4-6) d
1,q
κ,d/dκ = π∗

Bd
0,q
κ,d/dκ ,

where d
0,q
κ,d/dκ is the surjective bundle homomorphism over UT̄;κ ⊂ M

q
0(κ, d/dκ)

defined similarly to d
1,q
κ,d/dκ .

We now state additional regularity conditions on a perturbation ϑ of sd
1 . We will

require that for every κ ∈ S0(Y ; J ):

(ϑ2a) the sections d1,1
κ,d/dκϑ |M1,1×M0

0,1;1(κ,d/dκ )
and d1,1

κ,d/dκϑ |∂M1,1×M0
0,1;1(κ,d/dκ )

are

transverse to the zero set in π∗

BW0,1
κ,d/dκ ;

(ϑ2b) the section d1,1
κ,d/dκϑ does not vanish on M1

1;1(κ, d/dκ)− M1;0
1;1(κ, d/dκ);

(ϑ2c) for q ≥ 2, the section d
1,q
κ,d/dκϑ does not vanish on M

q
1(κ, d/dκ).

By Lemma 4.4, (2-6), and (2-11), the collection of multisections ϑ of Vd
1 that

satisfy (ϑ2a) and (ϑ2c) with q ≥ 4 is open and dense in the space of all multi-
sections of Vd

1 . By (2-8), (2-11), (4-3), and (4-6), the collection of multisections
ϑ of Vd

1 that satisfy one of the three remaining conditions, i.e. (ϑ2b), (ϑ2c) with
q = 2, or (ϑ2c) with q = 3, is nonempty and open in the space of all multisections
of Vd

1 , but not dense. Nevertheless, by considering the decompositions of the inter-
sections of the corresponding subspaces of M0

1(κ, d/dκ) analogous to (2-9), it is
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straightforward to see that the intersection of these three open sets is still nonempty.
Alternatively, note that

dimC

(
M1

1;1(κ, d/dκ)− M1;0
1;1(κ, d/dκ)

)
= 2(d/dκ)− 2 = rk W0,1

κ,d/dκ ;

dimC M3
1(κ, d/dκ)= 2(d/dκ)− 2 = rk W0,3

κ,d/dκ ;

dimC M2
1(κ, d/dκ)∩ M3

1(κ, d/dκ)≤ 2(d/dκ)− 3.

Furthermore, the space M1
1;1(κ, d/dκ)−M1;0

1;1(κ, d/dκ) has two irreducible compo-
nents. One is contained in M2

1(κ, d/dκ), while the other intersects M2
1(κ, d/dκ) in

subvariety of complex dimension 2(d/dκ)−3. Thus, if ϑ is a generic multisection
that satisfies (ϑ2c) with q = 2, its restrictions to

(4-7) M1
1;1(κ, d/dκ)− M1;0

1;1(κ, d/dκ) and M3
1(κ, d/dκ)

have finite zero sets, divided equally between positive and negative zeros. These ze-
ros can be removed in pairs by modifying ϑ outside of the boundary strata of (4-7).

It remains to state one more regularity assumption on ϑ . If Î = χ(T) = {h} is
a single-element set, for every [b] ∈ UT;κ;1, we put

0−(b; T P4
; T Y )=

{
ζ ∈ 0−(b; T P4) : D̃P4

T,hζ ∈ TevP (b)Y
}

0−(b; T P4
; T κ)=

{
ζ ∈ 0−(b; T P4) : D̃P4

T,hζ ∈ TevP (b)κ
}

⊂ 0−(b; T P4
; T Y ).

Since d{ub|6b,h }|∞ = 0 by Lemma 4.2, the subspaces

0−(b; T P4
; T Y ), 0−(b; T P4

; T κ)⊂ 0−(b; T P4)

are in fact independent of the choice of connection ∇
J in T P4. Furthermore, by

Theorem 1.6 in [Zinger 2004b],

(4-8) 0−(b; T P4
; T Y )/0−(b; T P4

; T κ)≈ NY κ|evP (b) via ζ → [D̃P4

T,hζ ].

By the paragraph following Lemma 4.4 and condition (JY 2) of Definition 1.2, we
have

(4-9)
Im j0|0−(b;T P4;T Y ) = ker d0 ∩0−(b; L; 0),

ker j0 ⊂ 0−(b; T P4
; T κ),

where j0 and d0 are as in (4-4). Let

H̃ 1
J (πB(b); T Y )= 0−(b; L; 0)

/
Im j0|0−(b;T P4;T κ).

The vector spaces H̃ 1
J (πB(b); T Y ) and the quotient projection maps induce a vector

bundle over M1;0
1;1(κ, d/dκ), which we denote by Q1,1

κ,d/dκ , and a surjective bundle
homomorphism

d̃1,1
κ,d/dκ : Ṽd

T;1 = Vd;1
T;1 → Q1,1

κ,d/dκ .
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On the other hand, the boundary operators d0 in (4-4) induce a surjective bundle
homomorphism

π+

κ : Q1,1
κ,d/dκ → π∗

BW0,1
κ,d/dκ

over M1;0
1;1(κ, d/dκ). By (4-8) and (4-9),

kerπ+

κ ≈ π∗

B(L
∗

0 ⊗ ev∗

0 NY κ).

We also have a surjective bundle homomorphism

π−

κ : Q1,1
κ,d/dκ → π∗

B(L
∗

0 ⊗ ev∗

0 NY κ).

It is induced by the map

(4-10) j0ζ → (−2π J )
[
∇

J
e∞
ζ |6b,h

]
∈ NY κ,

where ζ ∈ 0(b; T P4), j0ζ ∈ 0−(b; L; 0). Thus, we obtain a splitting of Q1,1
κ,d/dκ

over M1;0
1;1(κ, d/dκ):

(4-11) π−

κ ⊕π+

κ : Q1,1
κ,d/dκ → π∗

B(L
∗

0 ⊗ ev∗

0 NY κ)⊕π∗

BW0,1
κ,d/dκ .

We note that

(4-12) rk Q1,1
κ,d = 2d

for all d ∈ Z+.

Our final regularity condition on ϑ is that, for every κ ∈ S0(Y ; J ),

(ϑ3) the section d̃1,1
κ,d/dκϑ does not vanish over M1;0

1;1(κ, d/dκ).

By Lemma 4.4, (4-3), and (4-12), the collection of multisections ϑ of Vd
1 satis-

fying (ϑ3) is open and dense in the space of all multisections of Vd
1 . Denote by

Ãd
1(s; J ) the collection of multivalued perturbations of the section sd

1 of Vd
1 over

M0
1(P

4, d; J ) that satisfy the regularity conditions (ϑ1)–(ϑ3). By the above, this
is a nonempty open, but not dense, subset of the space of all multisections of Vd

1 .

It is possible to use a dense open collection of perturbations in the statement of
Proposition 4.5 below. However, using such a collection would needlessly compli-
cate its proof by enlarging the zero set of the sections d1,0

κ,d/dκϑ by homologically
trivial subspaces of M0

1(κ, d/dκ). This would also require stating the analogue
of (ϑ3) for the q = 2, 3 cases of (ϑ2c).

4C. Proof of Proposition 2.3. In this section, we prove Proposition 2.3; it follows
immediately from (4-1) and (4-2) plus Proposition 4.5 and Corollary 4.7 below.
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Proposition 4.5. Suppose J , d, L, and Vd
1 are as in Proposition 2.3, ϑ ∈ Ãd

1(s; J )
is a regular perturbation of the section sd

1 of Vd
1 on M0

1(P
4, d; J ), κ ∈ S0(Y ; J ),

and T = (I,ℵ; d) is a bubble type such that
∑

i∈I di = d. If |I | > 1 or ℵ 6=

∅, for every compact subset K of UT;κ , there exist εϑ(K ) ∈ R+ and an open
neighborhood U (K ) of K in M0

1(P
4, d; J ) such that

{sd
1 + tϑ}

−1(0)∩ U (K )= ∅ for all t ∈ (0, εϑ(K )).

If |I | = 1 and ℵ = ∅, for every compact subset K of UT;κ , there exist εϑ(K ) ∈

R+ and an open neighborhood U (K ) of K in M0
1(P

4, d; J ) with the following
properties:

(a) the section sd
1 + tϑ is transverse to the zero set in Vd

1 over U (K ) for all
t ∈ (0, εϑ(K ));

(b) for every open subset U of M0
1(P

4, d; J ), there exists ε(U )∈ (0, εϑ(K )) such
that

±
∣∣{sd

1 + tϑ}
−1

∩ U
∣∣ =

〈
e(W1,0

κ,d/dκ ), [M
0
1(κ, d/dκ)]

〉
− CM1;0

1;1(κ,d/dκ )

(
d1,0
κ,d/dκϑ

)
if

{
d1,0
κ,d/dκϑ

}−1
(0)− M1

1;1(κ, d/dκ)⊂ K ⊂ U ⊂ U (K ), t ∈ (0, ε(U )).

In other words, the sd
1 -contribution from the main stratum M0

1(κ, d/dκ) of the
space M0

1(κ, d/dκ) to the number〈
e(Vd

1), [M
0
1(P

4, d; J )]
〉
,

as computed via a perturbation from the open collection Ãd
1(s; J ), is the Euler class

of the vector bundle W1,0
κ,d/dκ over M0

1(κ, d/dκ) minus the d1,0
κ,d/dκϑ-contribution to

the latter Euler class from the zeros of d1,0
κ,d/dκϑ that lie in ∂M0

1(κ, d/dκ). Since
d1,0
κ,d/dκϑ |M0

1(κ,d/dκ )
is transverse to the zero set in M0

1(κ, d/dκ),

±
∣∣{d1,0

κ,d/dκϑ
}−1

(0)∩ M0
1(κ, d/dκ)

∣∣
=

〈
e(W1,0

κ,d/dκ ), [M
0
1(κ, d/dκ)]

〉
− C∂M0

1(κ,d/dκ )

(
d1,0
κ,d/dκϑ

)
,

by Definition 2.4. None of the boundary strata of M0
1(κ, d/dκ) contributes to the

Euler class of Vd
1 .

Proof. (1) If T is a bubble type such that di 6= 0 for some minimal element i ∈ I ,
the conclusion of Proposition 4.5 follows by the same argument as in the proof of
Lemma 3.5 and at the end of Section 3B. The key difference in the case |I | = 1,
ℵ = ∅ is that the section d1,0

κ,d/dκϑ may vanish on ∂M0
1(κ, d/dκ). In addition, by

the regularity assumptions, (ϑ1b), (ϑ2b), and (ϑ2c), the condition{
d1,0
κ,d/dκϑ

}−1
(0)− M0

1(κ, d/dκ)⊂ M1;0
1;1(κ, d/dκ)
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implies

±
∣∣{d1,0

κ,d/dκϑ
}−1

(0)∩ M0
1(κ, d/dκ)

∣∣
=

〈
e(W1,0

κ,d/dκ ), [M
0
1(κ, d/dκ)]

〉
− CM1;0

1;1(κ,d/dκ )

(
d1,0
κ,d/dκϑ

)
.

(2) If T is a bubble type such that di = 0 for all minimal elements i ∈ I and | Î | = 1,
or more generally |χ(T)| = 1, nearly the same argument still applies. In this case,
F1T = FT and the conclusions of Lemmas 3.5 and 3.6 are still valid. The key
difference is that the normal bundle of UT;κ;1 in UT;1(P

4
; J ) is not given by the

cokernels of the homomorphisms i0 in the long exact sequence (3-4). Instead, up
to the action of the automorphism group of b, the fiber of NκT at [b] ∈ UT;κ;1 is

NκT = 0−(b; T P4
; 0)

/
0−(b; T Y ; 0),

where

0−(b; T P4
; 0)=

{
ζ ∈ 0−(b; T P4) : D̃P4

T,hζ = 0
}
,

0−(b; T Y ; 0)=
{
ζ ∈ 0−(b; T Y ) : D̃P4

T,hζ = 0
}

⊂ 0−(b; T κ),

if h is the unique element of χ(T). The reason for this is that

UT;1(P
4
; J )=

{
b ∈ UT(P

4
; J ) : d{ub|6b,h } = 0

}
,

by Lemma 4.2. Since the linear operator

Dκ
T,h :

{
ζ ∈ 0−(b; T κ) : ζ |6b,ℵ = 0

}
→ TevP (b)κ, ζ → ∇

κ
e∞

(
ζ |6b,h

)
,

is surjective, the image of the homomorphism j0 in the long exact sequence (4-4)
on 0−(b; T P4

; 0) is the same as on 0−(b; T P4
; T κ). Thus, the analogue of the

bundle V− of page 449 in this case is the bundle Q1,1
κ,d/dκ defined on page 465.

The section of V− induced by ϑ is d̃1,1
κ,d/dκϑ . Its composition with the map π+

κ

in (4-11) is d1,1
κ,d/dκϑ . Thus, Proposition 4.5 in this case follows from the regularity

assumptions (ϑ2b) and (ϑ3), by the same argument as in Section 3B.

(3) Finally, suppose T = (I,ℵ; d) is a bubble type such that di = 0 for all minimal
elements i ∈ I and | Î | ≥ 2. In this case, the dimension of the fibers of F1T may
not be constant over UT;1(P

4
; J ). Thus, we modify the setup of the second part of

Section 3B by working directly with the normal bundle to the smooth submanifold
F1T∅

|UT;κ;1 in F1T∅
|UT;1(P4;J ). Let γ → PFT be the tautological line bundle and

V = π∗

PFT

(
π∗

P E∗
⊗ ev∗

P T P4)→ PFT.

We define the section αT of γ ∗
⊗ V over PFT by{

αT

(
b, (ṽi )i∈χ(T)

)}
(b, ψ)=

∑
i∈χ(T)

DT,i
(
b, ψxh(i) ṽi

)
∈ TevP (b)P

4
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if
(
b, (ṽi )i∈χ(T)

)
∈ γ and (b, ψ) ∈ EπP (b). With our assumptions on J , this section

is transverse to the zero set and thus

U1(P
4
; J )≡ α−1

T (0)

is a smooth suborbifold of PFT. For a similar reason, so is

U1;κ ≡ U1 ∩ PFT
∣∣
UT;κ

.

Let NκT denote the normal bundle of U1;κ in U1(P
4
; J ). Up to the action of the

automorphism group of [b, [υ̃]] ∈ U1;κ , we have

NκT|[b,[υ̃]] = 0−(b; T P4
; υ̃)

/
0−(b; T Y ; υ̃),

where

0−(b; T P4
; υ̃)=

{
ζ ∈ 0−(b; T P4) :

∑
i∈χ(T)

(ψxh(i) ṽi )D̃
P4

T,iζ = 0 for allψ ∈ EπP (b)
}
,

0−(b; T Y ; υ̃)=
{
ζ ∈ 0−(b; T Y ) :

∑
i∈χ(T)

(ψxh(i) ṽi )D̃
P4

T,iζ = 0 for allψ ∈ EπP (b)
}

⊂ 0−(b; T κ).

Thus, there is a natural surjective bundle homomorphism

V− ≡ π∗

PFTVd
1
/

jκ(NκT)→ π∗

BW
0,q
κ,d/dκ if UT(P

4
; J )⊂ M

q
1(P

4, d; J ),

where jκ : NκT → π∗

PFTVd
1 is the injective bundle homomorphism induced by the

maps j0 in (4-4). We put

F = π∗

PFTFT → PFT,

F1 ,∅
=

{(
b, [υ̃]; υ

)
∈ F∅

:
(
b, [υ̃]

)
∈ U1(P

4
; J ); [ρ(υ)] = [υ̃]

}
.

The smooth orbifold F1,∅ is diffeomorphic to F1T∅ by the projection map(
b, [υ̃]; υ

)
→ (b; υ).

Furthermore, F1 ,∅
→ U1(P

4
; J ) is a fiber bundle of smooth varieties. We can

thus apply the same argument as in the proof of Lemma 3.5 and the end of Section
3B, along with the regularity assumption (ϑ2b), to show that

{sd
1 + tϑ}

−1(0)∩ U (K )= ∅ for all t ∈ (0, εϑ(K ))

if U (K ) and t are sufficiently small. �

It remains to compute the d1,0
κ,d/dκϑ-contribution to the Euler class of the bundle

W1,0
κ,d/dκ over M0

1(κ, d/dκ) from the set

Zκ,ϑ ≡
{
d1,0
κ,d/dκϑ

}−1
(0)− M0

1(κ, d/dκ)=
{
d1,1
κ,d/dκϑ

}−1
(0)⊂ M1,0

1;1(κ, d/dκ).
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This contribution is computed by counting the zeros of the section d1,0
κ,d/dκϑ + tν,

for a generic section ν of W1,0
κ,d/dκ , that lie near Zκ,ϑ . First, let

π⊥

−;κ : W̃1,1
κ,d/dκ → π∗

P E∗
⊗π∗

Bev∗

0 NY κ

denote the (quotient) projection map; see (3-1). Our regularity assumptions on ν
will be that the affine map

(4-13)
ψϑ,ν : π∗

P L P,1 ⊗π∗

B L0 → π∗

P E∗
⊗π∗

Bev∗

0 NY κ,

ψϑ,ν(b; υ)= π⊥

−;κν(b)+ {d̃1,1
κ,d/dκϑ}|bυ,

over Zκ,ϑ is transverse to the zero set and all zeros of ψϑ,ν lie over

Z0
κ,ϑ ≡ Zκ,ϑ ∩

(
M1,1 × M0

0,1;1(κ, d/dκ)
)
.

Since the set ψ−1
ϑ,ν(0) is finite, it follows that it lies over a compact subset Kϑ,ν

of Z0
κ,ϑ . By the regularity assumption (ϑ2a), these conditions are satisfied by

sections ν in a dense open subset of the space of all sections of W1,0
κ,d/dκ . We put

∂Zκ,ϑ = Zκ,ϑ ∩
(
∂M1,1 × M0

0,1;1(κ, d/dκ)
)
.

Lemma 4.6. Suppose J , d , L, Vd
1 , ϑ ∈ Ãd

1(s; J ), and κ ∈ S0(Y ; J ) are as in
Proposition 4.5 and in Lemma 4.4. If T = (I,ℵ; d) is a bubble type such that
di = 0 for all minimal elements i of I and Î = {h} is a single-element set, then
there exist δ ∈ C(UT;κ;1; R+), U 1

T, and φ1
T as in the n = 1 case of Lemma 4.2,

ε ∈ C(FT ; R), and a vector bundle isomorphism

8T : π∗

FT δ

(
W̃1,1
κ,d/dκ |UT;κ;1

)
→ W1,0

κ,d/dκ

∣∣
M0

1(κ,d/dκ )∩U 1
T
,

covering the homeomorphism φ1
T and restricting to the identity over UT;κ;1, all

such that lim|υ|→0 ε(υ)= 0 and∣∣π⊥

−;κ8
−1
T

(
{d1,0
κ,d/dκϑ}(φ1

T(υ)
)
−

{
π−

κ d̃1,1
κ,d/dκϑ |b

}
ρ(υ)

∣∣ ≤ ε(υ)
∣∣ρ(υ)∣∣

for all υ = (b, v) ∈ FT ∅
δ .

In this case, ℵ = ∅ or ℵ contains one element, and

UT;κ;1 =

{
M1,1 × M0

0,1;1(κ, d/dκ) if ℵ = ∅,
∂M1,1 × M0

0,1;1(κ, d/dκ) otherwise.

In either case, by Lemma 4.2, the normal bundle F1T of UT;κ in M0
1(κ, d/dκ)

is FT . If ℵ = ∅,

FT = π∗

P L P,1 ⊗π∗

B L0 and ρ(υ)= υ.
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Otherwise, FT is the direct sum of π∗

P L P,1 ⊗ π∗

B L0 with the line of smoothings
of the node of 6b,ℵ, which in this case is a sphere with two points identified. If
υ ∈ FT , ρ(υ) is the π∗

P L P,1 ⊗π∗

B L0-component of υ.

Lemma 4.6 follows fairly easily from constructions in [Zinger 2004b; 2007].
However, its proof is notationally involved, and we postpone it until the next sub-
section.

Corollary 4.7. Suppose d , L, Vd
1 , J , ϑ ∈ Ãd

1(s; J ), and κ ∈ S0(Y ; J ) are as in
Proposition 4.5. If ν is a generic perturbation of the section d1,0

κ,d/dκϑ of W1,0
κ,d/dκ

over M0
1(κ, d/dκ), there exist εν ∈ R+ and an open neighborhood U of ∂Zκ,ϑ in

M0
1(κ, d/dκ) such that{

d1,0
κ,d/dκϑ + tν

}−1
(0)∩ U = ∅ for all t ∈ (0, εν).

Furthermore, for every compact subset K of Z0
κ,ϑ , there exist εν(K ) ∈ R+ and an

open neighborhood U (K ) of K in M0
1(κ, d/dκ) with the following properties:

(a) the section d1,0
κ,d/dκϑ + tν is transverse to the zero set in W1,0

κ,d/dκ over U (K )
for all t ∈ (0, εν(K ));

(b) for every open subset U of M0
1(κ, d/dκ), there exists ε(U ) ∈ (0, εν(K )) such

that

±
∣∣{d1,0

κ,d/dκϑ + tν}−1
∩ U

∣∣ = −
d/dκ − 1

12

〈
e(W0

κ,d/dκ ), [M0(κ, d/dκ)]
〉

if Kϑ,ν ⊂ K ⊂ U ⊂ U (K ), t ∈ (0, ε(U )).

Proof. (1) Let T = (I,ℵ; d) be a bubble type such that
∑

i∈I di = d and di = 0 for
all minimal elements i of I . By the regularity assumption (ϑ2b), if

Zϑ,T ≡ {d1,0
κ,d/dκϑ}

−1(0)∩ UT;κ;1 6= ∅,

then Î = {h} is a single-element set, while |ℵ| ∈ 0, 1.

(2) We denote by NϑT the normal bundle of Zϑ,T in UT;κ;1. Similarly to the
proof of Lemma 3.5, using the homeomorphism φ1

T of Lemma 4.2 and the bundle
isomorphism 8T of Lemma 4.6, we can obtain an identification of neighborhoods
of Zϑ,T in NϑT ⊕ FT and in M0

1(κ, d/dκ),

φT;ϑ : NϑTδ ×Zϑ,T FT δ → M0
1(κ, d/dκ),

and a lift of φT;ϑ to a bundle isomorphism,

8T;ϑ : π∗

NϑT×Zϑ,T
FT δ

(
W̃1,1
κ,d/dκ |Zϑ,T

)
→ W0,1

κ,d/dκ .



472 JUN LI AND ALEKSEY ZINGER

For (b; X, υ) ∈ NϑT ×Zϑ,T FT δ, we put

s(b; X, υ)=8−1
T;ϑ

(
{d1,0
κ,d/dκϑ}φ1

T(b; X, υ)
)
∈ W̃1,1

κ,d/dκ

∣∣
b;

ν̃(b; X, υ)=8−1
T;ϑ

(
ν(φ1

T(b; X, υ))
)
∈ W̃1,1

κ,d/dκ

∣∣
b.

We define Ns(X) and N ′
s(X, υ) in W̃1,1

κ,d/dκ |b by

s(b; X, 0)= s(b; 0, 0)+ jb X + Ns X = j |b X + Ns X;(4-14)

s(b; X, υ)= s(b; X, 0)+ N ′

s(X, υ),(4-15)

where jb : NϑT → π∗

BW0,1
κ,d/dκ |b ⊂ W̃1,1

κ,d/dκ |b is the derivative of s. Thus,

(4-16)
Ns(0)= 0,∣∣Ns(X)− Ns(X ′)

∣∣< CK
(
|X | + |X ′

|
)
|X − X ′

| for all X, X ′
∈ NϑTδ.

By the continuity ϑ , there exists ε ∈ C(FT ; R+) such that lim|υ|→0 ε(υ)= 0 and

(4-17)

∣∣N ′

s(X, υ)
∣∣ ≤ ε(υ),∣∣N ′

s(X, υ)− N ′

s(X
′, υ)

∣∣ ≤ ε(υ)
∣∣X − X ′

|

for all X, X ′
∈ NϑTδ, υ ∈ FT δ. We also have some C ∈ C(Zϑ,T; R) such that∣∣ν̃(b; X, υ)

∣∣ ≤ C(b)∣∣ν̃(b; X, υ)− ν̃(b; X ′, υ)
∣∣ ≤ C(b)|X − X ′

|
(4-18)

for all b ∈ Zϑ,T, X, X ′
∈ NϑTδ, υ ∈ FT δ.

(3) Let π−;B : W̃1,1
κ,d/dκ → π∗

BW0,1
κ,d/dκ be the natural projection map; see (3-1). Let

K be a precompact open subset of Zϑ,T. Since the homomorphism

jb : NϑT → π∗

BW0,1
κ,d/dκ

is an isomorphism by the regularity assumption (ϑ2a), by (4-14)–(4-18) and the
Contraction Principle, the equation

π−;B
(
s(b; X, υ)+ t ν̃(b; X, ν)

)
= 0

has a unique small solution X = X t(υ) ∈ NϑTb for all t ∈ [0, δK ), υ ∈ FT δK |b,
and b ∈ K . Furthermore,

(4-19)
∣∣X t(υ)

∣∣ ≤ CK
(
t + ε(υ)

)
.
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(4) By the above, the number of zeros of d1,0
κ,d/dκϑ + tν, for t ∈ (0, δK ), in a small

neighborhood UK of K in M0
1(κ, d/dκ) is the number of solutions of the equation

9t(b; υ)≡ t−1π⊥

−;κ

(
s(b; X t(υ); υ)+ t ν̃(b; X t(υ); υ)

)
= t−1π⊥

−;κN ′

s
(
υ; X t(υ)

)
+π⊥

−;κ ν̃
(
b; X t(υ); υ

)
,

since d1,0
κ,d/dκϑ |UT;κ;1 is a section of π∗

BW0,1
κ,d/dκ and thus π⊥

−;κNs X = 0 for all X ∈

NϑTδ. By the estimate of Lemma 4.6, (4-19), and the smoothness of ν

(4-20)
∣∣9t(b; υ)−

(
π⊥

−;κν
(
b)+ t−1

{π−

κ d̃1,1
κ,d/dκϑ}|bρ(υ)

)∣∣ ≤ CK
(
t +ε(υ)

)
|ρ(υ)|.

By the regularity assumption (ϑ3), the section π−
κ d̃1,1

κ,d/dκϑ does not vanish over
Zϑ,T. Suppose T is a bubble type as in the |ℵ| = 1 case in (1) above. By our
assumptions on ν, the affine map

(4-21) FT → π∗

P E∗
⊗π∗

Bev∗

0 NY κ, υ → π⊥

−;κν
(
b)+ {π−

κ d̃1,1
κ,d/dκϑ}|bρ(υ),

which factors through ψϑ,ν , does not vanish over the compact set ∂Zκ,ϑ . Thus,
9t(b; υ) 6= 0 for all t ∈ R+ and υ ∈ FT |∂Zκ,ϑ sufficiently small. This concludes
the proof of the first statement of Corollary 4.7.

(5) Finally, suppose T is a bubble type as in the |ℵ| = 0 case in (1). If K is a
compact subset of Z0

κ,ϑ containing Kϑ,ν , by (4-20), the regularity assumption (ϑ3),
and the same cobordism argument as in Section 3.1 of [Zinger 2003], the number
of solutions of 9t(b; υ) = 0 with t ∈ R+ and υ ∈ FT |K sufficiently small is the
number of zeros of the affine map in (4-21), i.e. ±

|ψ−1
ϑ,ν(0)|. Since π−

κ d̃1,1
κ,d/dκϑ does

not vanish over Zκ,ϑ ,

±
∣∣ψ−1

ϑ,ν(0)
∣∣ =

〈
c(π∗

P E∗
⊗π∗

Bev∗

0 NY κ)c(π∗

P L P,1 ⊗π∗

B L0)
−1, [Zκ,ϑ ]

〉
=

〈
π∗

P(−2λ+ψP,1)+π
∗

B(c1(ev∗

0 NY κ)+ψ0), [Zκ,ϑ ]
〉
,

where λ and ψP,1 are the usual tautological classes on M1,1. The space Zκ,ϑ is
the zero set of the section d1,1

κ,d/dκϑ of the bundle π∗

BW0,1
κ,d/dκ over M1

1;1(κ, d/dκ).
Since this section is transverse to the zero set by (ϑ2a),

±
∣∣ψ−1

ϑ,ν(0)
∣∣ =

〈
π∗

P(−2λ+ψP,1) ·π
∗

Be(W0,1
κ,d/dκ ), [M1,1 × M0,1;1(κ, d/dκ)]

〉
= −

1
24

〈
e(W0,1

κ,d/dκ ), [M0,1;1(κ, d/dκ)]
〉
.

We note that a generic fiber of the forgetful map

π̃ : M0,1;1(κ, d/dκ)→ M0(κ, d/dκ)
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consists of 2(d/dκ)− 2 points, corresponding to the branch points a degree-d/dκ
cover P1

→ κ . We conclude that for every compact subset K of Zκ,ϑ contain-
ing Kϑ,ν

±
∣∣{d1,0

κ,d/dκϑ + tν}−1
∩ U

∣∣ =
±
∣∣ψ−1

ϑ,ν(0)
∣∣ = −

1
24

〈
π̃∗e(W0

κ,d/dκ ), [M0,1;1(κ, d/dκ)]
〉

= −
1

24

(
2(d/dκ)− 2

) 〈
e(W0

κ,d/dκ ), [M0(κ, d/dκ)]
〉
,

provided that U is a sufficiently small neighborhood of K in M0
1(κ, d/dκ) and

t ∈ (0, δ(U )). �

4D. A genus-one gluing procedure. In this subsection, we prove Lemma 4.6. We
review the genus-one gluing procedure of Section 4.2 in [Zinger 2004b] and its
extensions to the spaces 0−(b; T P4) and 0−(b; L). As a result, we will be able to
describe the behavior of the boundary operator d0 in the long exact sequence (3-4)
for [b̃(υ)] ∈ M0

1(κ, d/dκ) with υ ∈ F̃T∅ sufficiently small.
Let T = (I,ℵ; d) be a bubble type as in the statement of Lemma 4.6. If υ =

(b, v) ∈ F̃T∅
δ is small gluing parameter, let

b(υ)= (6υ, jυ; uυ), where uυ = ub ◦ q̃υ,

be the (second-stage) approximately J -holomorphic map. Here

q̃υ = q̃υ0;2 :6υ →6b

is the basic gluing map constructed in Section 4.2 of [Zinger 2004b]. In the present
case, there is no first stage in this usually two-stage gluing construction, as there is
only one level of bubbles (in fact, only one bubble) to attach. The key advantage
of this gluing construction is that the map q̃υ is closer to being holomorphic than
in the gluing construction used in Section 3. In particular,∥∥∂̄J uυ

∥∥
υ,p ≤ C(b)

∣∣ρ(υ)∣∣.
If b ∈ UT;κ;1, then dub,h|∞ = 0 and this estimate improves to

(4-22)
∥∥∂̄J uυ

∥∥
υ,p ≤ C(b)

∣∣ρ(υ)∣∣2
.

This is immediate from the definition of the map q̃υ .

We extend the metric gY,b introduced on page 452 to a metric gP4,b on the
bundle T P4. Let ∇

J be the J -compatible connection corresponding to the Levi-
Civita of the metric gP4,b. As in Section 3C, let

0
0,1
− (b; T P4)= H0,1

b,P ⊗ TevP (b)P
4
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be the space of u∗

bT P4-valued harmonic (0, 1)-forms on 6b. If υ = (b, v) and
b ∈ UT;κ;1 are as above, we put

0
0,1
− (υ; T P4)=

{
Rυη : η ∈ 0

0,1
− (b; T P4)

}
⊂ 00,1(υ; T P4),

where Rυη is a smooth extension of η such that Rυη is nearly harmonic on the
neck attaching the only bubble 6b,h of 6b and below a small collar of the neck
and vanishes past a slighter larger collar; see Section 4.2 in [Zinger 2004b]. Let

π
0,1
υ;−

: 00,1(υ; T P4)→ 0
0,1
− (b; T P4)

be the L2-projection map. We denote its kernel by 00,1
+ (υ; T P4). By the same

argument as in Section 2.3 in [Zinger 2003], we have a decomposition

0(υ; T P4)= 0−(υ; T P4)⊕ 0̃+(υ; T P4),

where
0−(υ; T P4)=

{
Rυζ ≡ ξ ◦ q̃υ : ζ ∈ 0−(b; T P4)

}
,

such that
DJ,υ : 0̃+(υ; T P4)→ 0

0,1
+ (υ; T P4)

is an isomorphism with fiber-uniformly bounded inverse and 〈〈DJ,υζ, η〉〉υ,2 = 0
for all ζ ∈ 0̃+(υ; T κ)≡ 0̃+(υ; T P4)∩0(υ; T κ), η ∈0

0,1
− (υ; T P4). Analogously

to (4-22), we also have

(4-23)
∥∥DJ,υζ

∥∥
υ,p ≤ C(b)

∣∣ρ(υ)∣∣‖ζ‖υ,p,1 for all ζ ∈ 0−(υ; T P4).

Furthermore,

(4-24)
∣∣π0,1
υ;−

DJ,υRυζ + 2πρ(υ)J RυD̃P4

T,hζ
∣∣ ≤ C(b)

∣∣ρ(υ)∣∣2
‖ζ‖b,p,1

for all ζ ∈ 0−(b; T P4); see Lemma 4.4(5) in [Zinger 2004b]. Due to the assump-
tion that dub,h|∞ = 0, we do not need to require that ζ |6b,ℵ = 0. We also get
a slightly sharper bound, though this is not essential. The estimate (4-24) is the
fundamental fact behind the estimate of Lemma 4.6.

Similarly to Section 3C, the restriction of the homeomorphism φ1
T of Lemma

4.2 can be taken to be of the form

φ1
T([υ])=

(
[b̃(υ)]

)
,

where b̃(υ)= (6υ, jυ; ũυ), ũυ = expb,uυ ζυ , ζυ ∈ 0̃+(υ; T κ), and

(4-25) ‖ζυ‖υ,p,1 ≤ C(b)|ρ(υ)|2.

The last estimate follows from (4-22) by the usual argument.
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We denote by

5J
υ : 0(υ; T P4)→ 0̃(υ; T P4)≡ L p

1 (b̃(υ); T P4)

the ∇
J -parallel transport in T P4 and by

5υ : 0(υ; L)≡ L p
1 (b(υ); L)→ 0̃(υ; L)≡ L p

1 (b̃(υ); L)

the ∇-parallel transport in L along the geodesics γζυ in κ of the metric gκ,b. By
(4-23)–(4-25) and the same argument as in Section 4.3 of [Zinger 2007], there
exists an isomorphism

R̃υ : 0−(b; T P4
; 0)→ 0̃−(υ; T P4)≡ ker DJ,b̃(υ)

such that

(4-26)
∥∥R̃υζ−5J

υ Rυζ
∥∥
υ,p,1 ≤C(b)

∣∣ρ(υ)∣∣2
‖ζ‖b,p,1 for all ζ ∈0−(b; T P4

; 0).

Similarly, there exists an isomorphism

R̃υ : 0−(b; L; 0)→ 0̃−(υ; L)≡ ker ∂
∇,b̃(υ)

such that∥∥R̃υξ −5υRυξ
∥∥
υ,p,1 ≤ C(b)

∣∣ρ(υ)∣∣2
‖ξ‖b,p,1 for all ξ ∈ 0−(b; L; 0),(4-27)

where again Rυξ = ξ ◦ q̃υ .

We next describe a convenient family of finite-dimensional spaces

0(b; T P4
; L)⊂ 0(b; T P4),

parameterized by b ∈ U(0)
T;κ;1, such that the homomorphism

j0 : 0(b; T P4
; L)→ 0−(b; L; 0)

is an isomorphism. For every b ∈ U(0)
T;κ;1, let

0−,+(b; T P4
; NY κ)≈ ev∗

P NY κ and 0−,+(b; T P4
; κ)

be the L2-orthogonal complements of 0−(b; T P4
; T κ) in 0−(b; T P4

; T Y ) and of
0−(b; T κ; 0) in 0−(b; T P4

; 0), respectively. The map in (4-10) induces a surjec-
tive homomorphism

π̃−

κ : 0−(b; L; 0)→ ev∗

P NY κ,

which restricts to an isomorphism on j0(0−,+(b; T P4
; NY κ)) and vanishes on

j0(0−,+(b; T P4
; κ)), where j0 is as in (4-4). Let 0−,+(b; L; 0) be the L2-orthog-

onal complement of j0(0−,+(b; T P4
; κ)) in ker π̃−

κ . We set

0+,−(b; T P4
; NP4Y )=

{
ζ ∈ 0(b; NP4Y ) : π⊥

Y ◦ ζ ∈ 0−,+(b; L; 0)
}
,
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where the normal bundle NP4Y of Y in P4 is identified with the gP4,b-orthogonal
complement of T Y in T P4 and

π⊥

Y : T P4
→ L ≈ NP4Y

is the quotient projection. Then, the map

π⊥

Y :0(b;T P4
;L)≡0−,+(b;T P4

;κ)⊕0−,+(b;T P4
;NY κ)⊕0+,−(b;T P4

;NP4Y )

−→ 0−(b; L; 0)

is an isomorphism. Furthermore, since

0−,+(b; T P4
; κ)⊕0−,+(b; T P4

; NY κ)⊂ 0−(b; T P4),

the map

db : 0+,−(b; T P4
; NP4Y )→ H 1

J (πB(b); NY κ), ζ → [π⊥

κ DJ,bζ ],

is also an isomorphism, by the definition of the boundary operator d0 in (4-4).
We now use the subspace 0(b; T P4

; L) of 0(b; T P4) to construct an analogous
subspace 0̃(υ; T P4

; L) of 0̃(υ; T P4) for υ ∈ F̃T∅
δ sufficiently small. For every

ζ ∈ 0−,+(b; T P4
; NY κ)⊕0+,−(b; T P4

; NP4Y ),

we define R̃υζ ∈ 0̃(υ; T P4) by

π⊥

Y R̃υζ = R̃υπ⊥

Y ζ ∈ 0̃−(υ; L) and R̃υζ −5J
υ Rυζ ∈ 0(6υ; ũ∗

υNP4Y ),

where again Rυζ = ζ ◦ q̃υ . By (4-26) and (4-27),

(4-28)
∥∥R̃υζ −5υRυζ

∥∥
υ,p,1 ≤ C(b)

∣∣ρ(υ)∣∣2
‖ζ‖b,p,1 for all ζ ∈ 0(b; P4

; L).

Let 0̃−,+(υ;T P4
;κ), 0̃−,+(υ;T P4

;NY κ), 0̃+,−(υ;T P4
;NP4Y ), and 0̃(υ;T P4

;L)

denote the images of0−,+(b; T P4
; κ), 0−,+(b; T P4

; NY κ), 0+,−(b; T P4
; NP4Y ),

and 0(b; T P4
; L) under R̃υ . By (4-28), the map

π⊥

Y : 0̃(υ; T P4
; L)→ 0̃−(υ; L)

is injective and thus an isomorphism. Furthermore, since

0̃−,+(υ; T P4
; κ)⊂ 0̃−(υ; T P4),

by the definition of the boundary operator d0 in (3-4) the map

dυ : 0̃−,+(υ; T P4
; NY κ)⊕ 0̃+,−(υ; T P4

; NP4Y )→ H 1
J (b̃(υ); NY κ)

given by
ζ → [π⊥

κ DJ,b̃(υ)ζ ]
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is surjective and thus an isomorphism. We set

0̃
0,1
−,+(υ; T P4

; NY κ)=
{
π⊥

κ DJ,b̃(υ)ζ : ζ ∈ 0̃−,+(υ; T P4
; NY κ)

}
⊂ 0̃0,1(υ; NY κ)≡ L p(b̃(υ); NY κ);

0̃
0,1
+,−(υ; T P4

; NP4Y )=
{
π⊥

κ DJ,b̃(υ)ζ : ζ ∈ 0̃+,−(υ; T P4
; NP4Y )

}
⊂ 0̃0,1(υ; NY κ).

It follows from above that the projection map

π̃0,1
υ : 0̃

0,1
−,+(υ; T P4

; NY κ)⊕ 0̃
0,1
+,−(υ; T P4

; NP4Y )→ H 1
J (b̃(υ); NY κ)

is an isomorphism.

The space 00,1
− (b; NY κ) of u∗

b NY κ-valued harmonic (0, 1)-forms on6b splits as

0
0,1
− (b; NY κ)=0

0,1
−;P(b; NY κ)⊕0

0,1
−;B(b; NY κ)=Hb,P⊗ev∗

P NY κ⊕0
0,1
−;B(b; NY κ).

Here 00,1
−;P(b; NY κ) and 00,1

−;B(b; NY κ) are the subspaces of 00,1
− (b; NY κ) consist-

ing of the differentials supported on the main components 6b,ℵ of 6b and on the
only bubble component 6b,h of 6b, respectively. Let

π
0,1
b;P , π

0,1
b;B : 0

0,1
− (b; NY κ)→ 0

0,1
−;P(b; NY κ), 0

0,1
−;B(b; NY κ)

denote the projection maps. If η ∈ Hb,P ⊗ev∗

P NY κ , we define Rυη ∈00,1(υ; NY κ)

as above by identifying NY κ with the gY,b-orthogonal complement of T κ in T Y ⊂

T P4. If η ∈ 0
0,1
−;B(b; NY κ), let Rυη = q̃∗

υη. We denote by

0̃
0,1
−;P(υ; NY κ), 0̃

0,1
−;B(υ; NY κ)⊂ 0̃0,1(υ; NY κ)

the images of 00,1
−;P(b; NY κ) and 00,1

−;B(b; NY κ) under the map R̃υ ≡5J
υ Rυ . Let

π̃
0,1
υ;P : 0̃0,1(υ; NY κ)→ 0̃

0,1
−;P(υ; NY κ) and π̃

0,1
υ;B : 0̃0,1(υ; NY κ)→ 0̃

0,1
−;B(υ; NY κ)

be the L2-projection maps. By (4-24), (4-25), and (4-28), we have

(4-29)
∣∣π̃0,1
υ;P DJ,b̃(υ) R̃υζ + 2πρ(υ)J R̃υπ⊥

κ D̃P4

T,hζ
∣∣ ≤ C(b)

∣∣ρ(υ)∣∣2
‖ζ‖b,p,1

for all ζ ∈ 0
0,1
−,+(υ; T P4

; NY κ). In particular, the projection map

π̃
0,1
υ;P : 0̃

0,1
−,+(υ; T P4

; NY κ)→ 0̃
0,1
−;P(υ; NY κ)

is an isomorphism. We denote its inverse by Sυ;P . The projection map

π̃
0,1
υ;B : 0̃

0,1
+,−(υ; T P4

; NP4Y )→ 0̃
B,1
−;1(υ; NY κ).

is also an isomorphism, since the map db is. We denote its inverse by Sυ;B .
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Finally, let

Tυ = π̃0,1
υ ◦ (Sυ;P ⊕ Sυ;B) ◦ R̃υ : 0

0,1
− (b; NY κ)→ H 1

J (b̃(υ); NY κ).

The maps Tυ with υ ∈ F̃T∅
δ induce a bundle isomorphism

8T : π∗

FT ∅
δ

(
W̃1,1
κ,d/dκ |UT;κ;1

)
→ W0,1

κ,d/dκ

∣∣
M0

1(κ,d/dκ )∩U 1
T
,

covering φ1
T|FT ∅

δ
. This isomorphism extends continuously over FT δ − FT ∅

δ , as
can be seen directly from the definition.

If ϑ(υ) ∈ 0̃−(υ; L), we can find a unique

ζϑ(υ)= ζ−

ϑ (υ)⊕ ζ 0
ϑ(υ)⊕ ζ+

ϑ (υ)

∈ 0̃−,+(υ; T P4
; κ)⊕ 0̃−,+(υ; T P4

; NY κ)⊕ 0̃+,−(υ; T P4
; NP4Y )

such that π⊥

Y ζϑ(υ)= ϑ(υ). By (4-29),

(4-30)
∣∣π0,1

b;P T −1
υ d0ϑ(υ)+ 2πρ(υ)J π⊥

κ D̃P4

T,h R̃−1
υ ζ 0

ϑ(υ)
∣∣ ≤ Cϑ(b)

∣∣ρ(υ)∣∣2
.

On the other hand, by the definition of the map π−

k in Section 4B,

(4-31) π−

k d̃1,1
κ,d/dκϑ(b)= −2π J π⊥

κ D̃P4

T,hζ
0
ϑ(b).

The estimate of Lemma 4.6 follows from (4-28), (4-30), (4-31), and the continuity
of the section ϑ .
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