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The interior and boundary regularity of weakly intrinsic biharmonic maps
from 4-manifolds to spheres is proved.

1. Introduction

The regularity problem of harmonic maps has been intensively studied for a long
time. Hélein [1991] proved that any weakly harmonic maps from a closed Rie-
mannian surface to a compact Riemannian manifold without boundary is smooth.
Later Qing [1993] proved the boundary regularity for weakly harmonic maps from
compact Riemannian surface with boundary. However, when the domain dimen-
sion is greater than 2, Riviere [1995] constructed everywhere discontinuous weakly
harmonic maps into spheres. This implies that there is no hope of getting any reg-
ularity results for weakly harmonic maps in higher dimensional cases. Therefore,
it is of interest to study higher order energy functionals that enjoy better regularity
properties.

Let M be a Riemmanian manifold and N be a compact Riemannian mani-
fold without boundary that is isometrically embedded in RX. We say that u is
a weakly intrinsic biharmonic map if it is a critical point of the functional F(v) =
fM|(Av)T|2 for v e W>2(M, N), where (Av)T is the component of Av in R
that is tangent to N at v(p) € N for all p € M. (Sometimes it is called the ten-
sion field 7(v) in the literature.) If the critical point u is smooth, we say u is an
intrinsic biharmonic map. It is intrinsic in that the definition is independent of the
choice of isometric embedding of the N into RX. If u € W>2(M, N) is a weakly
harmonic map, then (Au)” = 0, and therefore u is obviously a minimizer of F. In
other words, the class of all weakly intrinsic biharmonic maps can be regarded as
an extension of the class of all weakly harmonic maps in W22(M, N). Another
functional considered by Chang, Wang, and Yang [1999¢] is Fg(v) = [ MlAv|2,
whose critical point is called a weakly extrinsic biharmonic map. Unlike a intrinsic
biharmonic map, it depends on the choice of the embedding.
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The interior regularity of weakly intrinsic and extrinsic biharmonic maps from a
bounded domain in R* to a compact Riemannian manifold without boundary was
established by C. Wang [2004]. And in recent paper of Lamm and Riviére [> 2008],
they successfully rewrite the Euler—Lagrange equation of a weakly intrinsic and
extrinsic biharmonic map into a conservation law, which simplifies the proof of
interior regularity. However, it remains unclear whether this method can be used
to prove the boundary regularity.

Here, we use the idea from [Chang et al. 1999c] to prove the interior and
boundary regularity of weakly intrinsic biharmonic maps from four-dimensional
Riemannian manifolds to S” in R"*, that is, if u € W22(M, S") is weakly intrinsic
biharmonic, then it is intrinsic biharmonic. Moreover, if u has smooth Dirichlet
boundary data on d M, then it is smooth up to the boundary.

The paper is arranged as follows. In Section 2, we introduce necessary notations
and derive the explicit Euler-Lagrange equations of a weakly intrinsic biharmonic
map to S¥; the equations make up a fourth-order nonlinear elliptic system. As
in [Chang et al. 1999c], by exploiting the special structure of the nonlinearity of
these Euler—Lagrange equations, we are able to rewrite them as A%y = a linear
combination of several special types of “divergence forms.” From this, we can
obtain the crucial L? estimate which is key to the proof of interior Holder regularity
of u. In Section 3, we prove that if u is Holder continuous, it must be smooth. The
proof is based on an interesting observation in [Chang et al. 1999b] that if u is
continuous, the coefficients of the nonlinear terms can be made very small by a
specific scaling. Then by an iteration process, we prove that second derivatives of
u are Holder continuous. Now standard regularity theory implies that u is smooth,
hence completing the proof of the interior regularity theorem. In Section 4, we
prove the boundary regularity theorem by modifying the method of proof of interior
regularity. For simplicity, we assume throughout the paper that the domain of the
intrinsic biharmonic map is a flat Euclidean ball. The proof in the general case is
essentially the same.

The author thanks Professor Alice Chang, Professor Paul Yang, and Professor
Lihe Wang for their helpful suggestions.

2. Interior Holder regularity

Here, we consider the interior Holder regularity of a weakly intrinsic biharmonic
map u. Since this is a local property, we may assume without loss of generality that
u: (B, g)— S" C R"! where B is a 4-dimensional unit ball in R* with Euclidean
metric and S” is canonically embedded in R"*! with the induced standard metric.
A, V, and div denote the Laplacian, gradient, and divergence.
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2.1. The functional F. Let u € W22(B, S") be a weakly intrinsic biharmonic
map. Write u(x) = (u'(x), ..., u" ! (x)) € R**! for x € B. It is well known that

(Aw)DHY* = Au® +u®|\Vul?> fora=1,2,...,n+1.

Therefore, by straightforward calculations, we have

F = [ (8uP = 9u,
B
And its Euler-Lagrange equation is

(1) Al = — (Z(muﬂ)2 + A(VEPP) + 2V AuP - VuP) —|—2|Vu|4)u°‘
B

—2div(|Vu|*Vu®) fora=1,2,...,n+1.

We say that u € W>2(B, S") is weakly intrinsic biharmonic if and only if it satisfies
Equation (1) weakly.

2.2. Divergence forms. Now, we are going to write the right hand side of Equa-
tion (1) into a linear combination of certain types of “divergence forms.” Using
notations in [Chang et al. 1999c], we define

T = div(Vu® Au® P — cP))

or div((u? — P)(VVvul, vubf),
Ty = A(u® — c®)|VuP %)

or A((w” — cP)Au)

or Aw®w? — Py Aub),
T3 = Adiv(w®? — P)vub)),

where ¢? are constants and the 8 are summed from 1 to n + 1.
In our case, we have to consider one more type, namely,

Ty = div(|Vu > @*Vu? — uPvu®) P — cP)).

Proposition 2.1. The right hand side of Equation (1) can be written as a linear
combination of T; terms forl =1, 2, 3, 4.

Proof. At any point p € B, we choose a normal coordinate x = (xp, ..., X4)
at p and let u; be the i-th covariant derivative of u. We name S; = u®(AubH?,
S = Zu“uf(Auﬂ)j, and S3 = u®A|VuP|*. Note that the j are summed from 1 to
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4. Then
15 =uufl(auP); = (u* (AuP); — uP (Au®) ;)i
= (u"‘(Auﬁ)j — uﬁ(Au"‘)j — u‘}‘(Auﬂ) + uf(Auo‘))u’f
+ (uo-‘(Auﬂ) - uﬁ(Auo‘))uﬂ
_ (( “(DuP); —uf (Bu) ) — ut (Auf) +u (Au®) —cﬂ)>
j
(u A uP —uP A%y “)(u —cﬂ)-i-(u (Auﬂ)—uﬁ(Au )) ’/3
= ((u"(auP) =P (Au)) @ = cP))
Ji
—2((us(aufy — u (Au)) W — ),
— ((u"(Auﬂ) — u’g(Au"‘))uf)j + (u‘}’(Auﬂ) — uf(Au"‘))uf
— (u“Azuﬂ — u’SAzua)(uﬂ —cP
= — ((u*(au?) —uP (Au))ul)  + (s (Auf) — uf} (Au))uf]
— (u‘”Azu’3 — uﬁAzu‘”‘)(u’8 — P+ (1 + T; terms).
By [Chang et al. 1999c¢], we know that
S1+ 83 = (u*AuP — uP Au®)AuP + (T, terms for £ = 1, 2, 3),
= ((u"Au —uﬂAu“)u ) — (u AuP —uﬁAu“)u
— (u*(AuP); —uP (Au®) ) ul} + (Ty terms),
= — 18— 18 — (AP —uP A?u*) P — P) + (T, terms),
S1+ S+ S5 = (T, terms) — ¥ A%u? — uP A2u®) WP — P)
But by (1), we get that
u? A2uf —uP A2u® = —2div(|Vu P Ve u® — pu®u®
— (=2div(IVul*Vu*)u — puuf)
= —2div(|Vu*VuP)u® + 2 div(|Vu|*Vu®)u?
= 2(|Vu|2(uﬂu? — u“uf))j

Hence we have

right side of (1) = — (A + 2| Vu|"u® — 2div(|Vu>Vu®)
= (Ty terms) +2(|Vu|* (P us — u“uf))j(uﬂ — Py —2|Vutu®
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= (T, terms) + 2(|Vu|2(u5u‘}‘ — u"‘u’;))j(uﬂ —cP)

—2|Vu|2(u°‘uf —u’gu‘})(uﬁ —cﬂ)j
= (T, terms) — 2(|Vu*(uu — uPu%) (P — cP))
= (T, terms for £ =1, 2, 3, 4).

J

The third equality follows from u%|Vu|? = (u“uf - uﬁujf)(uﬂ —cPy;. O

2.3. Holder continuity of u.

Theorem 2.1. If u € W>2(B, §*) is weakly intrinsic biharmonic, then it is locally
Holder continuous on B with exponent 8 for some 8 € (0, 1).

To prove this, we first need standard L7 elliptic estimates:

Lemma 2.1. Suppose B, is a Euclidean ball in R* of radius r > 0 and v e W>?(B,)
is a weak solution on B, of one of

A%y =div(F),
A%y = AG,
A%v = A(div H),

withv=0and dv/dn =0 on 0 B,. Then for any 1 < q < o0, the solution v satisfies
the corresponding member of

H VSUHLq(B,.) SWFE I pacs,) »
H VZUHL‘J(B,) 5 ”G”Lq(Br) P
IVVllacs,) S IH lLacs,) -

For any B, and p > 1, we define

Ew B, = ( /B v2ul) 4 /B wur) "

Mp(u)(B,)E<f |u—ﬂ|”)l/p whereﬁ:)( "
B, B,
Dyt = (0 | 1vurr)”".

B,

The following is the main technical lemma:

Lemma 2.2. Let u € W>2(B, S") be a weakly intrinsic biharmonic map. Then for
any py suchthat2 < py <4 and 1/po=1/p1 — 1/4 and for any 0 < B < 1, there
exists T < 1/4 and ¢ > 0 such that if E(u)(B) < ¢, then

(M () + D, () (Br) < T (M py(u) + D, () (B).



48 YIN BON KU

Proof. We fix some 1/2 <r < 1 to be chosen later. Let v = u — h where A>h% =0
on B, and h* = u® and 0h%/0n = ou®/dn on dB,. Write v = Z?:l v; such
that A%v; = (T; terms) on B, and v; = dv;/on =0on 0B, fori =1,2,3,4. By
Proposition 2.1 and Lemma 2.1, we get

IV3uillLrs s,y + V202l e,y + IV V3l o8, + 1V V4l 03 B,

S Ivullv2ullu — + [ IVulPlu ~ +[Ivalle el oy g,

1/2

c| ||LP3 (B, | ”Lﬂz(B,)
+ || IVul|?lu — C|(Z u*vuf — uﬁVu“)z)

a.B.j

o3 s,

where 1/py =1/p3—1/4, 1/p1=1/py —1/4and ¢ = (c!, ..., c"*!). Then by
Sobolev imbedding theorem, we get

2 2
IVUll Lo sy S [IVullV2ullu =l oy g, + [Vl = ]| 1,
+ [ IVullu — | HLFI(B,.) + [[1Vallu — ¢l Vu| HLPs(B,)'
Using the Holder inequality, we have, for 1/pg =1/p; — 1/4,
IVVllLr g,y S = cllizro | Vil s IVull 25,
2
+ llu —cllros) IVullps g )+l = clliros) IVull Lacs,)
3
IVl lu = €llrogs,).
Applying the Sobolev imbedding theorem again to the left hand side, we get
lvllzeos,) + IVUllLr (B,
<

S(EPu) + E*(uw) + EW)(B) llu —cllprocs,) -

2
V2ul gy IVl 4, + 1VUl s+ 1 V0l L05,)) X i =€l Lrogs,)

Now, with this key estimate, the proof proceeds exactly the same as in [Chang et al.
1999c¢]. But we write it down for the sake of completeness.
Set ¢ = u and we choose r with 1/2 <r < 1 such that

1/p 1/p 1/p 1/p
(/ ju—a™) O+(f |Vul™) ls(fm_mp") °+(/|Vu|m) ;
9B, B, B B

Then for any 7 with 0 < 7 < 1/4 and x € B, the above justifies the second < in

a 1/p 1/p
waeol s [ - [ 2 (fu-am) " ([ pvur) ™
2B, 2B, 0n B B

= (Mp,(u) + D), (u))(B).
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For any 7 < 1/4, this in turn justifies the final step in

(Mp,(u) + Dp, (u))(Br)

1/po I/p
_ (‘c_4/ |u—ﬁ|f’0) —|—<rp‘_4/ |Vu|p1) ]
B, B

=7 YP |y —ullprocn,) + TP IVullze s,
ST N =hO s, + 7P IVl e s,
ST (llmqsy + 18 =hO s,

+ 7P (1Yol s, + VR Lo 8,
STV EP () + E2(u) + E)(B) llu —ull ooy + T sup |VA(X)]
< 1=4P1 g —ullpro(py + T(Mpy (1) + Dp, (u))(B),

€B,
where E(u)(B) < ¢.
If we choose 7 sufficiently small, and then & small, we get
(Mpy(u) + Dp, () (Br) < TV (Mp,(u) + Dp, (u))(B). O

Proof of Theorem 2.1. Take any point x € B. Suppose B,(x) C B is such that
E(u)(B,(x)) <¢&. By Lemma 2.2, we know that

(M py () + Dp, () (Brp (X)) < T/ (Mpy () + Dp, () (Brp (x)).

Note that E (u)(Bs(x)) < ¢ forall s < p. So we can apply the Lemma 2.2 iteratively
and get

(M py(u) + Dy, (1)) (B, (x)) < T (M, () + D, () (Br,(x)) for j €N.

From this, it can be shown that D, (Bs(y)) < Cs” for some C > 0, for all y near x,
and sufficiently small s > 0; see [Giaquinta 1983]. Then it follows that u is locally
Holder continuous with exponent 8 = y /4 in B using Morrey’s condition; again
see [Giaquinta 1983]. O

3. Higher interior regularity

Here we show that a weakly intrinsic biharmonic map u is smooth on B once it is
continuous on B, hence completing the proof of interior regularity.

3.1. Two remarks. In fact, we consider a more general class of elliptic system and
prove the following theorem:

Theorem 3.1. If u is a weak continuous solution of the system

g}
8)6,'

4
A*u® = f*(x, Du, D*u)+ Y —““(x, Du, D’u) on B,
i=1
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where
|f%x, P, M)| < A (1+ |P[*+ M),

g7 (x, P, M)| < a1+ PP + | MPPP?),
then u € Cz’ﬁ(B)for some B € (0, 1).

According to classical regularity theory, once the solution is C>#(B), it is smooth
on B. Since the Euler—Lagrange equation satisfied by u is included in this class,
we have the following:

Corollary 3.1. If u is a continuous weakly intrinsic biharmonic map on B, then it
is smooth on B.

Combining this with the result in Section 2, we finally get the main interior
regularity theorem:

Theorem 3.2. If u € W>2(B, S") is a weakly intrinsic biharmonic map, then
ueC®(B,S".

Two remarks: First, to show that u is C># (B) we only need to show that u;(x) =
(u(rx) —u(0))/c(r) belongs to C>#(B), where c(r) = |u — u(0)||poo(p,) +r. We
may assume u1(x) to be small when u is continuous on B and r is sufficiently
small. Then we get

4 ~
~ 0g*
2) A2u; =f"‘(x,Du1,D2u1)+Z £ (x, Duy, D’uy),
i=1 dxi
where
4
F e poMY = (e CT) p )
f ('xa ) ) C(r)f (r'x’ r ’ ’,.2 )’
3
~o _r o c(r) c(r)
&, P M) = 58 (rx, ==P, 2 M).

Thus u; is a weak continuous solution of the same type of equations with fe,

g and acdst satisfying the following growth conditions:

|f%x, P, M) < 2 (14w | PI* 4w M),

3) N -
18%(x, P, M)| < Ra(1+ pa| PP + | M),
where A; = e, wy = c(r)?, ho = c(r)'/4xs and pr = c(r)V/*. So ):j
and p; for j = 1,2 can be made arbitrarily small as r is small. This important
observation allows us to reduce the proof of Theorem 3.1 to a scaling argument.
Second, the theorem holds if we replace Au by any elliptic systems.
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3.2. Proof of Theorem 3.1. First of all, we need the following lemma:

Lemma 3.1. Suppose v is a weak solution of the Equation (2) satisfying the growth
conditions (3). And suppose

1/2
@) i lollps <8 and /|D2v|2dx+</|Dv|4dx> +/|v|2dx§1.
B B B

Then there exists an ry > 0 such that for r < ry,

12
(5) r4/ |D2(v—h)|2dx+r4<f |D(v—h)|4dx> +f lv— h|2dx
B, B, B,
SAT+AS+8,

where h : B,, — RX is such that A>h = 0 in B,,, and h = v and dh/dn = dv/dn
on By,.

Proof. Using the Sobolev inequality and integration by parts, we have

1/2
r4/ |D2(v—h)|2dx+r4(/ |D(v—h)|4dx) +/ lv— h|*dx
B, B, B,
2

1
§r04/ |D2(v—h)|2dx+r04</ |D(v—h)|4dx) +/ lv — h|2dx
B By, By,

o

5/ |D2(v—h)|2dx§f |A(v—h)|2dx
B,

0 By,

5/ (Ailv = Al + Xt v = Rl D|* + Ay |v — || D*v|*)dx
B

0

+/ (221D — h)| + dapt2| D(v — B)|| D] + Aapea| D(v — h) || D*v[*?)dx.
B

o

By [Chang et al. 1999a] we have the estimate
|(u —h)(x)| S osc()(B1) + | Dull g, ) < llullpoecs,) +1

if we choose ry > 1/2 such that

f |Du|4do§/|Du|4dx.
0B, B

0
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Using this estimate and the interpolation inequality, we get

left side 5/ <8l2)~»%+8%|v—h|2+(5+1)5\1(|Du|4+|D2u|2))dX
By, "1

] ~
+/ (8—2x§+g§|1)(v—h)|2)dx

By, 2

o [ D=+

([ s
0

By, 3
- 3/2
+)»2,LL2<8§/ |D(v—h)|4dx+iz(/ |D2u|2dx) )
B"O 83 Br()
From this, by choosing a suitable ¢;, we obtain the required estimate (5). g

Using Lemma 3.1, we can prove an important corollary:

Corollary 3.2. For any 0 < B < 1 and sufficiently small A; with p; > 0, there exists
0 <t < 1/4 such that if v is a weak solution of Equation (2) with growth conditions
(3) that satisfies conditions (4), then there exists a second-order polynomial p(x) =
%xAx + Bx + C such that

|D2<v—p>|2dx+ )(|D<v—p>|4dx —f v — pldx < 7%,

Also |A|+ |B|+ |C| < Co, where Cy is a universal constant.

Proof. Let h be the biharmonic vector in the previous lemma, then

5 N2 4, W4
© Mo, S [ Gui+ubdo < ([ widx) "+ ([ puftar)” < co
0By, B By

Let p(x) be the second-order Taylor polynomial of 4 at O, that is, let p(x) =
%xDzh(O)x + Dh(0)x + h(0). By Lemma 3.1, we have, for T < 1/4,

f|D2(v—p)|2dx+ f|D<v—p>|4dx —f v — pPdx
)(|Dz(v—h)|2dx+ )[|D(v—h)|4dx —f lv— h|%dx
+)( |D2(h—p)|2dx+($f |D(h — p)|4dx —)[ |h — p|*dx
B:

< Ct 8+ 13+ 68) +sup|D?h|t?  (by Lemma 3.1)

<Ct 3T+ 134+8)+Cot?  (by (6)).
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Now, first take T small such that the second term is less than or equal to 72#/2,
and then take A, ;; small (so that § is also small) such that the rest is bounded by
728 /2. Then the result follows. O

Proof of Theorem 3.1. First we prove this claim: There exists € > 0, 0 < A;,
wi < 1, and &y > 0 such that if |u| < 1 and u is a weak solution of Equation (2)
with growth condition (3) and ; has Ui < &, then for each k € N there is a second
order polynomial pi(x) = %xAkx + Bix + Cj such that

1
M | 1D poPd+ (o f

4 1/2 1 2
IDG—poldx) "+ og | lu-pPdx
Brk Brk T

Brk
< TZﬁk

and |Ag| 4+ | Br| + |Ci| < 6, where € is a universal constant.
We prove this claim by induction on k. Using Corollary 3.2, the case k =1 is
true. To verify the inductive step, assume the claim is true for k and define

(= p)(rtx)
wi(x) = W

Then we get
Azwk = F%(x, Dwy, D*w;) + Z—(x Dwy, D*wy),

i=1
where

F%x, P, M) =t Pk fecky Dpi(thx) + TPk P D? pr(thx) + P M)
+1 2 PM(Dega ") (Dy pi) (tx),
G¥(x, P, M) = t""Pkge(ckx Dpr(c*x) + t 1Pk P D2 py(vFx) + P ).
Next we check the growth conditions (3):
|F(x, P, M)| <T@ P (R (14 8y (6% + r* PR P
+ 211 (6% + TP M ?)) + £6)
55»(1 +8MIT(6+3;3)1<|P|4+2M1r(2+ﬂ)k|M|2)7
G (x, P, M)| < T P55 (1 4 4o (€3 + 24Pk PPy
+ 2/12((63/2 + T3/f5k/2|M|3/2))
< 12(1 +4M2r(4+25)k|P|3 +2M2T(1+ﬂk/2)|M|3/2)_

for A j» uj and T sufficiently small. Now we verify the conditions (4) for wy:

26t PR gl oo g,y = 2001l = pell ooy < 2001 (1+6) <38,
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if w is initially chosen to be small. Also, we have

1/2
/|D2wk|2dx+ /IDwk|4dx +f|wk|2dx
B

=/)D2(M—Pk)(l’ x)‘ . + /‘D(u—pk)(r x) dx>1/z
B

T Bk T Bk

+/ (u — po)(z*x) 20
B

TPk

_ 1 2,2 1 o )1/2
= (kalD (u — pr)l dx+(t4k kalD(u pi)|dx

1
+W f lu — pk|2dx)
Brk

by the induction hypothesis. So conditions (4) for wy are satisfied.
Therefore, we can apply the Corollary 3.2 to wy, that is, there exists a second
order polynomial g (x) = %xAx + Bx 4+ C such that

<1

— 1

1
f|D2(wk—q)|2dx+(gf DG~ q)i'dx) —f i — g dx <7
B

and |A| 4+ |B| + |C| < Co. Then define pyy1(x) = pr(x) + > Pkg(x/7%). By a
change of variable, we get

1 12
| 10— penP+ (st | 1D prolax)
B k+1 T B

k1

_ 2 2(k+1
+.L-4(k+l)f lu — pry1|*dx < T2EFDE,
B k+1

r

This proves the inequality (7) for kK + 1. Now, it remains to show that |Az41| +
|Bii1] 4 |Crs1] < €. Initially, we set € = (3Cp)/(1 —4~#). From the induction
step, we know that for j < k, we have

|Aj1l < 1A+ 17 Co,
1Bj1| < |Bjl+ 7P/ ¢y,
ICjsl = ICj1+ TPV Co.
This implies
|Aj1]+|Bjs1] +1Cj1l < 1A+ 1B +1C; 1 + 3P Cy.

Hence we have

3Co

[Aks1] 4+ 1Bryr] + Crprl| < T <.
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This complete that proof of the claim for k + 1.
Now, similarly to the proof of Theorem 2.1, this result implies that u € C>#(B),
hence finishing the proof of Theorem 3.1. O

4. Boundary regularity

Here we will investigate the boundary regularity of weakly intrinsic biharmonic
maps u. The main is this:

Theorem 4.1. Suppose u € W>2(B*, S") is a weakly intrinsic biharmonic map
such that u|yge C"P(dB, S™), and du/dn|ype C'~1P(3B, S*) forl e N and B €
(0, 1). Thenu € C"F(B, S").

Since the interior regularity has already been established in previous section, we
concentrate on the neighborhood of the boundary d B. Without losing generality,
we may assume that u : (Q7, g) — $" C R**!, where QF is the upper-half ball
of radius r, that is, Q = {(x,#) € R* |t > 0, |x|> +*> < r}. Then, the Dirichlet
boundary conditions become

) u(r,0) € CHA(T), 8 and - 9(x,0) € CITMAEY, S,
where I'; is the flat part of 9Q].

4.1. Boundary C%# regularity. To prove the main theorem, we first need to prove
the boundary C%# regularity of u, a consequence of this theorem:

Theorem 4.2. Let u € W>(QT, S") be a weakly intrinsic biharmonic map sat-
isfying (8). Then u € C%P (U, S), where U is a neighborhood of T for some
s €(0,1)in Q7.

Proof. First, for any r > 0 we define

1/p

1/p
M) (@) = ()( w—u©l”) " and D)) = (ﬂ’f [Vul?)
QF QF
Suppose 1/2 <ry <1 and 0 < 7 < r/4, with both 7 and r; to be chosen later. Let

hy : @ — R""! be such that A%k =0 in Q and h; = u and dh;/dn = du/on
on 89::. For pg and p; as in Section 2, we have

Mpo(u)(gzj) + D, (u)(gzj) = (fmlu _ u(0)|p0>1/170 n <r"‘ fQ+|VM|pl)l/pl

1/ 1/
< (f we=mim) " (e | va—np)”"
Q7 Qf
1/ /
e (f_m=mo) " (e )
Qf Qf
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Similarly to Section 2, we get the key estimate on Qﬁl:

/ |V (u _h1)|p1 S (E3 +E2+E)(Qj;)pl (/ |u _M(O)IPO)PI/PO‘
QF oF

1 r

Apply this and the Sobolev inequality, we get
1/po 1/p1
My ()(R)+ Dy, () () S +()[ [y —h1 ©)1) +<r’” )( Vi)
3 I o 1/po
i (B + E2@) + @)@ O )

Now we apply the above inequality to u(t*~'x) for k=2, 3, .. .. Then by a change
of variable, we get

1/po 1/p1
My @50+ Dy 0@ S Im=mon) (e | i)

1/po
| 47 4/Po (E3(u)+E2(u)+E(u))(QT)()[+ '”_“(O)|p°) ",

25

where fy : QF — R"*! is such that A% =0 in Q) and hi(x) = u(r*"'x) and
Oy (x)/dn =3 (u(r*~'x))/dn on 3, for some ry € (r1/2, r1] to be chosen later.
Now define fzk(x) = h1(t*"'x). We have

M p, () (R25) + D p, (u)(227,)

< =4/ po (E ) —|—E2(u) 4 E(u))(QT)(f . |u —M(0)|p0>1/l70

Q
k=1

~ 1/p ~ 1/p
H(f_m=duim) " (e |9t —ior)
Qf Qf
~ ~ 1/po ~ 1/p1
(= ho) " (e 9i)
Q7 Qf

<t™MPo (B3 (u)+ E*(u) + E(”))(QD(X

Q+
k=1

U 1/p)
(L m=mo) " (2 ongm) e supivd
Q Q

Qf

1/
u—u@) "

ST (B () + E*(u) + E) () M, (u) ()
+ My, (h)(2]0) + D, (h1)(R1) + T sup| Ve
Qf

where ¢y = hy — hi. Note that A2¢, = 0 in Q! and ¢y = 3¢ /dn =0 on I',.
Therefore, by Schauder theory (see [Agmon et al. 1959]), we know that ¢ is
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smooth on Q+,. Moreover, let G be the Green function of A2 on Q;’; satisfying
Dirichlet boundary conditions. By Green’s identity and that ¢ = d¢y/0n = 0 on
Iy, we get

I(AG
= [ (TP w00 - A6 0 T ) da ).
QAT

So for x € QF, we have the estimate

Ik
suplVul S [ (igul+ |58 )ao
AT, on

Qf

=/Q \ (I —h) @ O+ V(@ = h) (T x) ) do (x).
IR\,
Now we choose r; such that
f |(u—h1>(r’<—1x>|da(x)§f | —hy) ()l
FAT Qf
/ IV ((u —hy) (e x))ldo (x) < / IV ((u — ) ("))
AQA\L QF

Applying these estimates and the Holder inequality, we get

sup| Vete| 5 ( / | = k)" 1x>|1’° /IV((u—fn)(r" 1x))V’l)

Qf

f|u(r"“x>—u(0>|'”° "+ / |V<u<r"“x>)|f’l)
of of

1/po 1/pi
+(/Ql+|hl(r“x>—h1(0>|f’°) +(/§2T|V(h1(r“x>)|m)
S My, (u)(QF,) + Dy, ) (2
o+ My () (2 )) + Dy, () ().
Therefore, we have
My, (u) (R, )+D,,1(u)(ssz)
TP (B (u) + E*(u) 4+ E ) (QF) My, ) (2F)
+ (M () (27, ) + Dy, ) (2))
+ My, (h) (i) + Dy, (h1) ()
+Mp0(h])(£2 )+Dp1(h1)(S2 ) fork=1,2,.
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By the definition of /| and the boundary assumption on u, we can deduce from
Schauder theory that 4; € C1#(Q+,, §"), and so for k € N, we have

M, (h1) () + Dy, ()(QF) < C¥

for some constant C > 0 independent of k and some sufficiently small . Now first
choose t small. Then for sufficiently small E (u)(QT) for k € N, we have

12 + k=18
Alpo(u)(g2 )+Dp1(”)(9 )< ) ( po(u)(Qrk 1)+Dp1(u)(th71)+CT )
Now we can apply this inequality iteratively and get

Q) Mp,)( QL)+ Dy, ()(QE) < % (Mp, ) (Q]) + Dy, (w) ()

c C k
+5 5+ )3 P

for all k¥ € N. In fact, we can apply the argument to all x € I'; for some s € (0, 1)
and obtain the estimate (9) for x. Then by a standard argument we can prove that
u € COP(u, $™), where 9 is a neighborhood of I'y in Q1 O

4.2. Proof of Theorem 4.1 for | = 1. This case is in fact a consequence of this
theorem:

Theorem 4.3. Let u € W>2(QT, §") be a weakly intrinsic biharmonic map satis-
fying (8) for 1 = 1. Then u € C“-P (U, §"), where U is a neighborhood of T for
some s € (0, 1) in Qf

First, for any r > 0, we define

1/po
My, (@) = (o fmw —u(©) = Vu @) ",

j 24

1/p
D), )(@) = (fmm —vu©)) ",

We have to rewrite the right side of the Euler-Lagrange equation again so as to
obtain the right estimate. First, from the proof of Proposition 2.1 and [Chang et al.
1999c¢], we observe that

A%u® =T terms + Au®|Vul?) forl=1,2,4.

Now we rewrite each of these terms in the following way:
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Type T; terms:
(IA) = div(Vu® Au® WP — cP) = div((Vu® — a®) Aul (u? - P)
+div(@®Aul P — Py,
(IB) = div((Vu?, VVuly(uP — ¢P)) = div((u? — P)((Vu® — a®), VVuP))
+div(w? — Py (a?, VVuP).
Type T> terms:
(IA) = A((u? = P Vil ?) = A(W? = PY(Vul, Vu® — a®))
+ A(wP — Py (vuP, aP)),
(IIB) = A(u® W” — P)YAuP) = A div(u® w? — P)(Vu® — a%))
— A (Vu® —a®, VuPy)
— A((uP = Py (vu®, Vuf —aPy).
Term of the form A((u? — ¢#)Au®) do not appear.
Type T4 terms:
AV) = div(|Vu|* @*VuP — uP vu®)uf — cP))
= div(|Vu > u® (Vu? = a?) (P = cP)) + div(@? | Vu|u® WP — cP))
— (div(IVulPuP (Vu® — a®) P — cP)) + div@? | Vu?u® WP — cP))).

Au®|Vu|?) terms:

(V) = A@®|Vul®) = div(V@®|Vul*))
= div(Vu®|Vu|?) + 2 div(u® (VVu?, VuP))
= A(u? = P VuP|?) = 2div(w? — P)(VuP, vVuPy)
+2AwW* (VuP —aP, vuPy)) = 2div(Vu® (VuP — a?, vuP))
—2divw®(Vu? —a?, vvuPy).
Then
(V) = (ITA) term + (IB) term + 2A (u® (Vu? — a?, VuPY)
—2div(Vu*(VuP — aP, vuPy)
—2div®(Vuf —aP, vvuby),

where af = Z?:l af d/dx; is any constant vector field and ¢? is any constant.
Now we are ready to prove this technical lemma:
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Lemma 4.1. For any r € (0, 1), the estimate

/|V(u—h)|P1<((E2+E)(u)(9+)p1+max|u—c|"‘ /qu—aV"
QV

|a|f ju—el”)

holds on 0, where h : QF — RK s such that A*h = 0 in QF and such that
h=u and dh/dn = du/dn on I}

Proof. Using Lemma 2.1 in Section 2 and the Holder inequality, we get
IV =Ml S (IA) + (IB) + (ITA) + (IIB) + (IV)' + (V) terms,
where

(IA)Y = IAull 2o IVu —allpr o) +lalll Aull 2o e — cll L oy
2 2
(IB) =V ull 2@y IVu — all oy + lalll VZull 2o e — ¢l (o
(ITA)Y = ||V”||L4(Q;f) IVu—allpn @h T+ lal ||V”||L4(Q;r) llu—cllpn @)

2
(B = (maxlu = DIVt = all o) + IVul s g I V2t = all ooy

AVY = [ Vul, o0 Vi = all oy +lallVal2y o0 = ll o g
(V) = (1B) + (TAY
(||Vu||L4(Q+) + ||VM||L4(er) + ||v2u||L2(Q,+)) IVu —allr Q-

After grouping terms, it is easy to obtain the required estimate. O

Proof of Theorem 4.3. Suppose 1/2 <r; <1 and 0 <t < r;/4, but both t and r;
are otherwise to be chosen later. Define /1 as in previous section. By the Sobolev
inequality, we have

My, () Q) + D), () ()
< =4/m ()[m IV (u — h1)|m)”p' + M), (h)(Q) + D), (h)(QF)
T4/ ((E2’1+ E)w)(Q) + %?xm —u(0)|)
x (D), )(2]) +Vu(0)| My, u)(Q])) + My, (h) () + D, (1) (7).

The last inequality follows from Lemma 4.1 by setting ¢® = u%(0) and af =
Vuf(0). Now we apply the above inequality to u(t*~'x) for k = 2,3, ..., and



REGULARITY OF INTRINSIC BIHARMONIC MAPS TO SPHERES 61

then by a change of variable, we get
M., () (75 + D), () ()
STYP((E*+ E)u)(Q)) + max |u — u(0)])
Qrk—l
X (D), ) () + [Vu0) [ My, u)(R);-))
1
+ 7 (M), () (RF) + D), () (@),
where Ay is defined on Q;’; in previous section and ry is to be chosen later. Repeat-
ing the proof method of Theorem 4.2, we consider ﬁk (x) = h; (¥ 'x). Then we

have

M, (h) () + D), (h)(2)
< M), (p)(Q) + D), (p)(QF) + M), (h) () + D), (h)(Q)
<t sgyvzcm + (M, (h)(QF) + D, (h) (7))t

where ¢ = hy—hy. Again note that by Schauder theory, we know that ¢y is smooth
on QF,, and so V2¢y is well defined. As before, by a Green function argument,
we have the estimate

1
Fsélyvzcm S M), ) (QF) + D), () (i)

+ M), (h)(QF )+ D), (h) (R ).
Combining these results, we get

M), )(@%) + D), ()( %)
< 1
~ 4/po

((E*+ E)u) () + max lu —u(0)))

x (D), ) (RF) + [ Vu(0) | My, ) ()
+ (M), () (QF ) + D, )(QF )+ M, (h)(QF)
+ D), (h)(R2) + M, (h) () + D), (h)(Q7F).

By Schauder theory, we know that ; € C-#(Q+,), and we know by Theorem 4.2
that u € C%#(Q+,). Therefore, we have

M, (h)(Qf) + D), (h)(QF) S o,
M, (u)(QF) SPED,

max |u — u(0)] < 7P*=D
Q+
k=1
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for k = 2,3,... and t sufficiently small. With these estimates, we first choose
ko € N such that (kg — 1)8 — 4/po > 1, then choose t small, and finally, for
E (u)(Qf) sufficiently small, we get

My, ()(25) + Dy, ()(&y, ><—( L @)+ D)y (@) + CT DA

for some constant C > 0 independent of k and k > k¢. Then iteratively applying
the above inequality we get

(10) M), ) + D, ()(QF) < T~ (M,,o<u><sz )+ D, )(QF)
+c+(27+2cz+ ) S fork > ko.

Again, as in the proof of Theorem 2.1, we can apply the argument to all x € '
and obtain the estimate (10) for x. Then by a standard argument it can be shown
that u € C1A (U, ™). O

4.3. Proof of Theorem 4.1 for | > 2. Again, by standard regularity theory, it suf-
fices to prove the case [ = 2. As in Section 3, we consider a larger class of elliptic
systems. In this section, we will prove this:

Theorem 4.4. Suppose u € C1F(QF,, §") is a weak solution on Qf of the elliptic
system

0g;"

4

A2 = f%(x, Du, D2u)+2:8 (x, Du, D?u)
N Xi
i=1

with growth conditions
£ G, Py M) < 2 (L4 |PI* I MP),

(11)
8% (x, P, M)| < (14| P>+ |M|P/?)

and Dirichlet boundary data satisfying (8) for | = 2. Then u € C>P (U, S™), where
AU is a neighborhood of T's in Qf' for some s € (0, 1).

Since the Euler-Lagrange equation of the intrinsic biharmonic map u# belongs
to this class of elliptic system and, by the previous section, we already know that
uecChp (ﬁl), we see Theorem 4.4 implies Theorem 4.1.

As in Section 3, to show that u € C># (W), it suffices to show that u;(x) =
(u(rx)—u(0))/c(r, K) belongs to C*# (W), where c(r, K) =K (|lu — u(0) || oo (5,)+
r) for some K > 1 and r > 0. Since u is continuous, c(r, K) becomes arbitrarily
small as » — 0. Therefore, by a computation in Section 3, we know u satisfies
the same type of elliptic system

Ot

(12) 2u® = f*(x, Du, Dzu)—i—z ~(x. Du, D*u) inQf
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with growth conditions

1fo, Py M) < X (1+ g | P+ | M),

(13) ~ -
18%Cx, P, M)| < o(1 + pa| PP + o | M%)

where A1 = c(r, K)Y2A1, w1 =c(r, K)Y2, dy=c(r)Y*rs, and py = c(r, K)V/4.
So A jand p; for j = 1,2 can be made arbitrarily small as r goes to zero. Also
note we can assume u|ci5qr,)> |Ulc2sqr), and [du/9n|cisr)) to be very small
if we fix a large enough K.

To prove Theorem 4.4, we need a lemma.

Lemma 4.2. Suppose v is a weak solution of Equation (12) with growth conditions
(13) and Dirichlet boundary data satisfying (8) for | = 2. Also suppose

mi(lv —h|Loo(Q:5)) <39,

14 1/2
(14) /|D2v|2dx+</ |Dv|4dx) +/ lv2dx < 1
Qf Qf Qf

for some ry € (0, 1] and h : Qg — RX such that A*h = 0 in Q:g and such that
h=v and dh/dn = dv/dn on IQ}. Then for 0 < r < ro,

12 oy
r |D2(v—k)|2dx+r4</ |D(v—k)|4dx) +/ lv—kPdx <32 +32+6.
B, B, B,

The proof of Lemma 4.2 is similar to that of Lemma 3.1 and is therefore omitted.

Proof of Theorem 4.4. First let wo =u, po =0, and hy = h where 5 : Q:g — REH!
is such that A*h =0 in ;! and such that h = u and 0h/dn = 0u/dn on 9} for
some rg € (0, 1), to be chosen later. Let T € (0, ry) also to be chosen later. For
k € N, we define
(= po (Tt
k= W’

where pi(x) = pr—1(x) + T g (x/Th) for gro1(x) = 32Dy (0)x +
Dhy_1(0)x + hx—1(0) and hy_; : F  — R""! such that A%y =0 in Q|
and hy_1 = wy_1, 0hy_1/dn = dwy_/9n on 89,*}(71 for some r,_1 € (ro/4, r0/2),
also to be chosen later.

Notice that by definition #;(0) = 0 and Dh;(0) =0 for all k € N. So p;(x) =
$xD?h(0)x + Dh(0)x +h(0) and pi(x) = px_1(x) + 3P xD*hi_1(0)x for k > 2.
Also, it can be shown that x D*h;_;(0)x = 0 and D(dhi_,/dn)(0)x = 0 for all
xely, , fork>2.

To prove Theorem 4.4, it suffices to prove that

1 121
| 10wmporax (L | ipa-portar) CJp | epPar<e
o T Jay v Ja
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for all k € N and |Ag| + | Bx| + |Cx| < € for some constant ¢ independent of &,
where pi(x) = %xAkx + Bix + Cy.

We prove this claim by induction on k. First consider when k = 1. By the dis-
cussion at the beginning of this section, we may assume without loss of generality

that
1/2
/|u|2dx+</ |Du|4dx) +/ \D?ul?dx <1,
Qf Qf Qf

8 llu — hO”LDO(Q;B) <39,

/
lersiamy Wl + e | <3
for small § and &’ to be chosen later. Then we have
f |D*(u— p1)Pdx + (Ur“f |D(u— pl)r‘dx —f ju— pi|*dx
Qf
5)( |D2(u—h0)|2dx+<r—14f |D(u—h0)|4dx —)[ lu — hol?dx
of
1
02— aoldx+ (L 1060 - aoitar)”
Qf T Jaot
+ LA ko= qol2dx
= - 0—40
<Cit 3T +A34+8)+ 3[110]@/3(Q+ ) 2% (by Lemma 4.2)
<Cit 803+ 03 4+8) 4+ Cr8' 0P,
Let A;, 8, and 8’ be small enough that
- - 28 28
(15) Cit 82 +33+49) < % and 't < —

Therefore, the claim is true for k = 1. Now assume the claim is true for k. Similarly,
we have

1
f |D2<wk—qk)|2dx+(—4f |D(wi — qi)[* dx —f lwi — qi|*dx
QF T Jaof

1
= [ ipron—mopax+ (J f1pon—mortax)”
of T
2 2 1 4, \?
+ | 1020 —goPdx+ (=5 | 1D — g ldx)
Qf v Jat

1 2 1 Y
L fm|wk P+ fmmk g 2dx
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4 2 2 4 4 172
=[x / 1D (uy — ) Pdx + 7 (/ DGy~ hp)ld)
QF Qf
2 2 1 4 1/2
+ | 1020 —goPdx+ (=5 | 1D — g ldx)
QF T Jof

+/ |wk—hk|2dx]+i4f i — qilPdx.
ot T Jof

To use Lemma 4.2, we must verify conditions (14) for wy. First, by the induction
hypothesis, we have

1,2
/|D2wk|2dx+(/ |Dwk|4dx> +/ lwy[2dx < 1.
Qf Qf Qf

Therefore, the second condition of (14) is satisfied. Second, by the computation in
Section 3, the first condition of (14) for w; becomes

2+p)k |

8uit lwi = hicll ooty < 6.

It is easy to see that for k > 0,
hi(x) = (i (x) = pr(z*2)) [T 3K,

where /iy, Q} — R"*! is such that A2k =0 on Q;t and such that hy = u(tx)
and afzk/an = 8(u(rkx))/8n on BQj;. So the condition is equivalent to

8t llue(2x) = ()l o) < 8-
By definition, ||u|| Loo(97) < 1 for any k. By the Schauder estimates, we have
||hk(x)||L00(Q,+k) N |”|C|_ﬁ(§1) <6

So by an initial choice of small w1 and &, condition 4.3 is satisfied. Now we can
apply Lemma 4.2 for wy and get

1
f |Dz<wk—qk>|2dx+(—4f |D(wi — qi)[* dx —f lwi — qi|*dx
Qt T

sclr—8(1%+i§+a>+)( | D2 (i — g dx

‘f

1
(i 1p—anrtax) " i g
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'L'Z’B

< T | ID2 0~ g P
(5 ipt——gortax) "+ LA - gupa
'L'4 QF 74 QF

+){ | D2 Pdx + (%f |th|4dx —f Vi 2dx,
Qf T

where Ay (x) = ((ho — o) (t¥x)) /T @tP*  Define ¢ = hy — hy.. Note that A2¢y =
in Q* and ¢ = d¢/0n = 0 on I';,. Therefore by Schauder theory, ¢y is smooth
on QF -, and so we have

1 1 12
f |D2<wk—qk>|2dx+—4f |wk—qk|2dx+(—4)( |D(w — o)l *dx)
Qf T Jaf

< Clr’g()»2+)»2+8)+3[h0] 28 + 2sup| D3¢y |

C2B(QF,) o
ot

‘L'2'B

28
<—+4+ L + 172 sup|D3qbk|2.
2 4 ar

The first and third term of the last inequality follow from Equation (15).
As before, we can estimate | D3¢ | as follows:

Ao 12
sup|D3¢k|zsc3( [ wpdos([ 1o )
o 05\ oQ\I, On

Qt,

2 4, \/? > ~ 4 \/?
504(f g | dx—i—(/ |Duy| dx) +/ ] dx+</ Dty | dx) )
Qf Qf Qf Qf

< Ca(1+20h0]gp g7 )

< C4(142C28").

Then by an initial choice of small 7, we can assume that T2C4(142Cy8") < 8 /4.
Therefore we get

| 2
f 1D —g) Pdx-+( f D—qoitdx)  + f i — i Pl < 728
Qf T Jof T Jaf

By change of variable, we get

2 2 1 4, \'?
fm D% = pro)Pdx + (=g fg DG = pig)dx)

okt k1

1 2 28(k+1)
+mfg+ |u — pr1l"dx <t .

k1
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This finishes the proof for k + 1. Finally, we need to show that |Ag| + | Bx| + | Ck|
has a bound that is independent of k. Note that C; = u(0) and By, = Du(0) for all
k. So it suffices to consider Ay. First, we know that

db 14 12
|Dzhk(0>|2=|D2¢k<0>|zsc4</ |¢k|2do+(/ ﬂ\da) )
QI aQir,, | 0N

which is less than or equal to C4(142C»8"). So | D?hi(0)| < Cs for some constant
Cs independent of k. The desired k-independence then follows by definition:

Cst?
1—18

|Ax| = |D*ho(0)| + 7P| D*h 1 (0)| 4 2P| D*hp(0)| + - - - < | D*ho(0)] + .0
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