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WITTEN GENUS AND STRING COMPLETE INTERSECTIONS

QINGTAO CHEN AND FEI HAN

We prove the vanishing of the Witten genus of generalized string complete
intersections in products of complex projective spaces. Our result general-
izes a known result of Landweber and Stong.

1. Introduction

Let M be a 4k-dimensional closed oriented smooth manifold. Let E be a complex

vector bundle over M. For any complex number ¢, set
A(E)=C|M~+tE+t*A*E)+---,
S(E)=C|M+tE+*S*(E)+---,

where for any integer j > 1, A/(E) is the j-th exterior power of E and S/(E) is

the j-th symmetric power of E; see [Atiyah 1967]. Set E=E—Cx®),
Let g = €™ with T € H, the upper half plane. Witten [1988] defined

Oy (E) = (X) S, (E)
n>1

and then defined ¢w (M), now called the Witten genus, for M as
ow (M) = (A(M) ch(8,(TM ®C)), [M]),

where Z(M ) is the A-characteristic class of M and [M] is the fundamental class
of M. (See [Zhang 2001] for definitions of A and ch by curvature in Chern—Weil
theory.) Let {:I:Zn\/—_lx j for 1 < j <2k} be the formal Chern roots of TM ® C.
From [Liu 1996; 1995b], the Witten genus can be written using Chern roots as

2k

(1-1) ow (M) = (l_[xjg((o ?) M),
Xj,

where 6 (v, 7) is the Jacobi theta function; see page 252 below. The Witten genus,
which he introduced for studying two-dimensional supersymmetric quantum field
theory, can be viewed as the loop space analogue of the A genus.
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By the Atiyah-Singer index theorem, when M is spin, pw (M) € Z[[q]l; see
[Hirzebruch et al. 1992]. Moreover, if the spin manifold M is string, that is,
p1(TM)/2=0— p;(TM)/2 is a cohomology class in H*(M, Z), twice of which
is the first integral Pontryagin class p; (T M) — or even weaker, if the first rational
Pontryagin class p;(M) = 0, then ¢w (M) is a modular form of weight 2k with
a g-series expansion of integer coefficients; see [Hirzebruch et al. 1992]. (For a
study of the Witten genus of spin® manifolds, see [Zhang 1992].)

Let V(4,,) be a nonsingular 4k-dimensional generalized complete intersection in
the product of complex projective spaces CP"' x CP*2 x - - - x CP", which is dual to
[T,=1 O y—1 dpgXg) € H* (CP" x CP™ x - - - x CP™, Z), where x, € H*(CP", Z)
for 1 <g < is the generator of H*(CP"¢, Z) anddp, forl <p <tand1<g <s
are integers. Let P, : CP" x - - - x CP" — CP" for 1 < g < s be the ¢-th projection.
Via,,) 1s the intersection of the zero loci of smooth global sections of line bundles

“;Zqu*(@(dpq)) for 1 < p <t, where 0(d,,) = 0(1)%a is the dpq-th power of the
canonical line bundle O(1) over CP".

Here we have somewhat abused the terminology of complete intersection from
algebraic geometry. We don’t require that the integers d,, be nonnegative, so V4,
might not be an algebraic variety. However, by transversality, V4, ) can always
be chosen to be smooth. V() is a representative in CP"! x - x CP" of the
virtual submanifold (Z;Zl digXg: - Z:;:l dig Xq)’ in the sense of [Hirzebruch
et al. 1992]. Putting certain conditions (Proposition 3.1 below) on the data n, for
I<g<sanddp, forl <p<tand1<gq <s, the complete intersection V4 L) Can
be made string. When applied systematically, this generates many nice examples
of string manifolds, whose Witten genus we study here. See also [Gorbounov and
Malikov 2004; Gorbounov and Ochanine 2006] for a study of elliptic genera of
complete intersections and the Landau—Ginzburg/Calabi—Yau correspondence.

Set

dyy dip -+ dis
(1_2) D= d21 d22 T dZS
dzl dt2 T dts

and let m, be the number of nonzero elements in the g-th column of D. The main
result of this paper is this:

Theorem 1.1. If my, +2 < n, for 1 <q < s and V(dpq) is string, then the Witten
genus ¢w (Via,,)) vanishes.

Our result generalizes the known vanishing of the Witten genus of string nonsin-
gular complete intersections of hypersurfaces with degrees dj, ..., d; in a single
complex projective space, a result due to Landweber and Stong which is described
by Hirzebruch, Berger, and Jung [1992, Section 6.3] by applying the properties of
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the sigma function. Stolz [1996] used this as evidence of his celebrated conjecture.
In the special case we treat, our result is broader than theirs, since we don’t require
that the dy, ..., d, are all positive.

Explicitly expanding @Q(T%C), we get

A(M) ch(©,(TM ®C)) = A(M) + A(M)(ch(TM & C) — 4k)q* +- - - .
Therefore it’s not hard to obtain this corollary from Theorem 1.1:

Corollary 1.2. Ifmy+2 <n, for 1 <q <s and V(a,,) is string, then
(A(Vidy): Viypl) =0 and  (A(Vig,,)) ch(T Vg, ® C), [Via,)]) = 0.

Let M be a 12-dimensional oriented closed smooth manifold. The signature of
M can be expressed by the A-genus and the twisted A-genus as

(1-3) (LM} = (8A(M) ch(Te M) — 32A(M)}12;

see [Alvarez-Gaumé and Witten 1984; Liu 1995a]. See [Zhang 2001] for a defini-
tion of L by curvature in Chern—Weil theory. This formula and its higher general-
ization have an application to the Rokhlin—Ochanine divisibility of the signature;
see [Ochanine 1981; Liu 1995a]. Combining Corollary 1.2 and (1-3), we obtain:

Corollary 1.3. If m; +2 < n, for 1 < q < s and Viq,,) is 12-dimensional and
string, then the signature of V(a,,) vanishes.

Let M be a 16-dimensional oriented closed smooth manifold. From [Chen and
Han 2006] we have the formula

(14)  {(L(M) ch(TeM)} 1O = —2048 {A(M) ch(Te M) — 48A (M)} ' .

Corollary 1.4. If my;+2<n,4,1<q <s, V(dpq) is 16-dimensional and string, then
the twisted signature Sig(V(a,,), T) vanishes.
This is proved by combining Corollary 1.2 and (1-4) for the twisted signature

Sig(M, T) 2 (L(T M) ch(Tc M), [M]).

2. Some preliminaries

This section reviews some tools and the knowledge that we will apply in Section 3
to prove Theorem 1.1. We start with results on residues in complex geometry. See
[Griffiths and Harris 1994, Chapter 5] for details.

Let U be the ball {z € C* : ||z|| < ¢}, and let f1,..., f; € O(U) be functions
holomorphic in a neighborhood of the closure U of U. We assume that each f;(z)
has an isolated common zero at the origin. Set

D; = (f;)=divisorof f; and D=D;+---+ D;.
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Let
_g@dzi A Ndzg

f1@) - f5(2)

be a meromorphic s-form with polar divisor D. The residue of w at the origin is

Respo = (5 =)" [
eSiow = | ———— w
) 2nd—1/ Jr

where [ is the real s-cycle defined by I' = {z : | fi(z)| = ¢ for 1 <i < s} and ori-
ented by d(argf1) A--- Ad(argf;) > 0.

Let M be a compact complex manifold of dimension s. Suppose that D; for
i=1,...,s are effective divisors, the intersection of which is a finite set of points.
Let D= Dj+ - -+ Dy. Let w be a meromorphic s-form on M with polar divisor
D. For each point P € D1 N---N Dy, we may restrict w to a neighborhood of Up
of P and define the residue Respw as above. Then ([Griffiths and Harris 1994,
Chaper 5]), one has:

Lemma 2.1 (Residue theorem).

Z Respw =0.

PeDiN---NDg

We also need some facts about the Jacobi theta functions. Although we are
going to use only one of them, we list for completeness all their definitions and
transformation laws.

The four Jacobi theta functions are defined below; see for example [Chan-
drasekharan 1985].

0(v, 1) =2¢'"sin(rv) [ [[(1 = ¢¥) (1 = 2™V Tg2 ) (1 — e V1020

—18

J

[(1_ 2])(1+e2n\/7v 2])(1+e 271’\/71) 2])]

=

61(v, ) = 2q1/4 cos(mv)

Il
—

J

92(]}, ‘[) = l_[[(l _qzj)(l _eZJT\/leqzj—l)(l _e—zﬂﬁquj—l)] ,
j=1

o0
05(v, 1) = l_[[(l _q2j)(1 +€2nﬁvq2j—l)(l +e—2nﬁvq2j—l)] ’

3

Tit

where g =e™'", 7 is in the upper half plane H, and v € C. They are all holomorphic
functions for (v, 7) € C x H. Let 0/(0, 7) = (3/0v)0 (v, r)|U:0. The Jacobi theta
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functions satisfy the following relations [Chandrasekharan 1985]:

O(v+1,7)= —09(v, 1), Ov+rt,7)= —ée‘z’m’@(v,r),
i (v+1,7)= —6,(v, 1), O (v+71,7)= ée—z’”"el(v, 1),
H(w+1,7)=0(v, 1), Hv+1,7)= — 5672”"”92(11, 7),
630+ 1,7) = 030, 7), 63(v+17,7) = Cllefzf”'v@(v, ).

Therefore it’s not hard to deduce how the theta functions vary along the lattice
I'={m+nt|m,ne”Z}. Wehave

(2-5) O(v+m,7)=(—1)"0(v, 1)
and
(2-6) O(v+nt,7)= — ée—zﬂiwﬂ"—”f)e(v + -1z, 1)

_ le—Zﬂi(v—i-(n—l)t)(_1)6—27ri(v+(n—2)t)9(v (-1 1)
q q

— (_l)nLne—Zm'[(v+(n—1)t)+(v+(n—2)t)+--~+v]0(v’ ‘L')
q
— (_1)11ie—Zninv—nin(n—l)t0<v’ )
q"
_ (_1\n ,—2minv—mwin’t
=(=D"e (v, 7).
Similarly, we have

O(v+m, 1) =(—D)"01(v,7), O (v+nT,T) =€ TTINTG (y T):
6(v+m, ) =6,(v, T), 0,(v+nT, T) = (—1)"e TN () 1)

03(v+m, 1) = 65(v, 1), O3(v +nT, T) = ¢TIV () 1),

3. Proof of Theorem 1.1

Leti: V,,) — CP" x CP" x - .- x CP" be the inclusion. It’s not hard to see that

t K
i*Tr(CP" x CP" x -+ x CP") = TV, P i*(@(@) ”q*@(dm>)>’

p=1 g=1
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where we forget the complex structure of the line bundles ®f1:1 P70(d)q) for

1 < p <t. Therefore for the total Stiefel-Whitney class, we have

t s
P (Ta(CP X CP™ x - x CP™)) = (T Vig,,)) [ | *w () P{0,y)),
p=1 q=1

or more precisely

(3-7) i*(l‘[a +xq)nq+1> = w(TVia,,)) 1_[ ,-*(1 + deqxq> (mod 2).
q=1 p=1 q=1

By (3-7), we can easily see that

s

t
wi(TVig,)) =0 and wy(TVig, ) =Y (ng+1—Y dpg)i*xgs (mod 2).
gq=1 p=1

As for the total rational Pontryagin class, we have

t s
i* p(Ta(CP" x CP"™ x - -+ x CP™)) = p(TV(g,,)) [ | i*p(@ Py @<dpq>>’
p=1 g=1

or
s ! s 2\—1
P(Via,,) = 1_[(1 + (i*x,)?)" ! 1_[<1 + (Z dpqi*xq> ) :
g=1 p=1 g=1

Hence we have

P1Via,)) = Z(nq +1)(i*x,)* — Z(Z dpqi*xq>2

g=1 p=1l g=1

N t t
=Yg+ 1=2 a2 )@ 5= Y (D dpdpi*nii*x).
q=1 p=1

I<u,v<s p=1

uFEv

Let iy : H*(V(g,), @) — H*T¥(CP" x CP™ x --- x CP", Q) be the push
forward. Thus if py(V(4,,)) = 0, then

s 7 !
i!pl(V(dpq)) = lll*<Z(nq + 1 — Zd;q)xj — Z (Z dpudvauXv)) = Oa
p=1

qg=1 1<u,v<s p=1

uFv
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that is,
t s s t t
(l_[ <Z dpqx4)> <Z(I/Lq +1- ngzyq)xs - Z (Z dpudpvxuxv>> =0
p=1 g=1 g=1 p=1 1<u,v<s p=1

uFv

in H*+4(CP" x CP™ x --- x CP", Q). If my +2 < n, for 1 < g <5, then
the left hand side of the above equality should not only be a zero element in the
cohomology ring but should also be a zero polynomial. Note that the polynomial
ring is an integral domain. Therefore at least one of its factors should be zero. But
[T=1 (25— dpgxy) is nonzero. This means

N

t t
Z(nq +1-— de,q)xg — Z (Z dpudpvxuxv) =0,
p=1

q=1 1<u,v<s p=I1

uFv

and consequently these identities hold:

t
ng+1-> dy, =0 forl<gq<s,
p=1

(3-8) t
deudpv=0 for 1 <u,v <sandu #v.
p=1
Note that ny +1—= 3" _dy, =ng+1=3_ dp, (mod?2) forl <gq <s.
Hence the first of (3-8) implies that w, (T V(dpq)) =0.

In summary:

Proposition 3.1. If m, +2 <n, for 1 <q <s, then p1(Va,,)) = 0 implies V,,)

is spin. Therefore if my +2 < ng for 1 < q <, then Vg, ) is string if and only if

any of the following holds:

) p1(Va,,) =0.

(2) Equation (3-8) is satisfied.

(3) The matrix D defined in (1-2) satisfies HcoquH2 =ng+1forl<q=<s,and
any two of its columns are orthogonal, that is,

D'D =diag(n +1,...,n,+1).

Proof of Theorem 1.1. Denote the fundamental class of Vig,,) in Hay(Via,,), Z)
by [Via,,)]- Then according to (1-1) and the multiplicative property of the Witten
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genus, up to a constant scalar,

S

s . t 1
(i*x,)"a ™! dpgi*xg)”
o Vidp)) = (( l—[ W 1_[ G(Zq 1 dpgi™g,7) [Vid,)]
=1 ( 770.7) ) p=l ( )

0'(0,7)

s ng+1 ¢ .
- (( 1_[ h) ( 1_[ 0 y=1 dpgg, )\ 7! )) [CP"' xCP"x - - - xCP™]
' (75) (i)

07(0,7) p=1

1 005 _y dpgg,T)
(Hq lanq+ )(Hp 1%)
s 0(x,,7)\ et
Hq:l ( 9’(8,r) )
00 _,d ,T)
= 0 1_[5 (Q(Xq,f))n‘i+l .
g=1\0'(0,7)

The second equality above follows from Poincare duality. Now, set

= coefficient of x|' - - - x{* in

X)) = ﬁ 9(22:1 dpgXq, f)

0(xq,T) )"q+1
0’(0, 7)

and g (xq) = (9/(0 )

glxy, ...,
p=1

for 1 < g <'s, and define

. g(xy, ..., x)dxy A Adxg

fl(xl) to fs(xs)

Then up to a constant scalar,

(3-9) ew (Via,,)) =Res,,...0®

By (2_5)’

oY _,d +d,,
Xs)=l_[ (Zq_l pgXq T dpl f)

1, x2,...,
g1 +1,x 50.7)

p=1

— (_1)d11+~-~+d,1 ﬁ 9(2;:1 dPQXCIv ‘L’)

6'(0, 7)
p=1
and 1 1
_ Q(XI+1,'E) m+ _ n1+1 O(Xl,f) nt
f‘(x‘H)_( 0'(0, 7) ) =D (9/(0 r)) ‘
Thus

gxi+1,...,x5) =(— 1)(d11+ +di)—(n1+1) g(x1, ..., Xy)
S+ - fi(xs) SfreeD) - folxg)”
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By (3-8), (di1 +- - +di) — (m+ 1) = (@} +---+d*) — (m+1) =0 (mod 2).
Thus one obtains that

glx1+1,...,x5) _ g(xy, ..., x5)
S1xe+1) - fi(xg) fl(xl)"'fs(xs)'

Similarly, we have

(3-10) gOxn, o Xg o x) gl X)
fix) e fag+ D filxs) — filxn) - fi(xg)

On the other hand, by (2-5) and (2-6),
1 0(g=1 dpgXq +dpiT. )

gx1+71,x2,...,x) = Lll 0'(0, 7)

forl1 <gq <s.

t s
(_l)dple—Znid,,l(Zzzl dpgxg)—mid? T | Q(Z(Fl dpgXxq, T)
1 6’0, 7)

p

S
— (_1)d11+..-+dﬂe—27‘[i er:l dP](Z;:l dpqxq)—n’ir(Z;:1 dil) ) Q(Zqzl dquq, 'L')
0’0, 1)

. t s : r 2
= (= 1yttt =2 Lot It Qg ¥ =TT Q1 ) g (3, )

and
_ (Bt r))m“
R
— (_e—2nix1—m'r 0 (x1, T)>nl+1
6’0, 1)
. . +1
— (1t —2m(n1+1)xl—mr(n1+1>(9(x1, T))'“
(=D e 0'(0, 7)
— (_1)n1+1672ﬂi(n1+1)xl77Ti‘[(n1+l)fl (-xl)-
Therefore
(3_11) g(X1+'L',...,Xs) :(_1)d11+~~-+d,17n171 g(xl,-..,xs)
J1(x147) - fi(xs) filxr) -+ fo(xg)

t s t
xexp(—2mi Y dpi (Y dpgxq) —mit( Y df,]) +27i(ny + Dxy +mwit(ng +1)).
p=1 g=1 p=1

However, di; +---+diq —n1 — 1 Ed121 —i—---—i—dtz1 —n; — 1 (mod 2), and the
argument of exp in (3-11) is equal to

t t K t
mit((m+1D— Y dy)+2mi((m + 1) — Y dy)xi —2mi Y (3 dpidpgxy)-
p=1 p=1 qg=2 p=1
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Therefore by (3-8), we have dj; +---+d;; —n; —1=0 (mod 2), and
t s t
=210 Y dp1 (Y dpgxg) —wit(Y dyy) +2mi(ny + Dxy 4+ mit(ng +1) =0.
p=1 q=1 p=1
Consequently, by (3-11), we obtain that

glxi+rt, ..., x5) _ glxy, ..., Xy5)
fl(xl‘i‘f)"'fs(xs) fl(xl)"'fs(xs)‘

Similarly, one also obtains that

(3-12) X1, oy Xg Ty X)L g(X . X)
Sixr) e fag+T) -0 i) filx) - fs(xg)

Therefore from (3-10) and (3-12), we see that w can be viewed as a meromor-
phic s-form defined on the product (C/I')*, an s-tori which is a compact complex
manifold.

6 (v, t) has the lattice points m + nt, m, n € Z as its simple zero points [Chan-
drasekharan 1985]. We therefore see that w has pole divisors

for1 <gq <s.

{0} x (C/T)*~1 (C/T) x {0} x (C/T)*72,...,(C/T)*~! x {0}.

So (0,0, ..., 0) is the unique intersection point of these polar divisors.
Therefore by the residue theorem on compact complex manifolds, we directly
deduce Resg o oo =0. O

..........
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