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We study the evolution of submanifolds moving by mean curvature and an
external force field. We prove flow has a long-time smooth solution for all
time under almost optimal conditions. Those conditions are that the second
fundamental form on the initial submanifolds is not too large, the external
force field and all of it derivatives are bounded, and the field is convex with
its eigenvalues satisfying a pinch inequality.

1. Introduction

We study the flow

dF;
(1-1) — = —(Hy —wy)eq = — foeq

dt
where F, := F(-, 1) : M" — R"**isa family of smooth immersions, M; = F;(M),
M is a compact oriented submanifold in R"**, H is the mean curvature vector
of M, with respect to the unit normal field e, fora =n+1,...,n+k, wisa
given smooth function in Rk Vo is the standard gradient field of w in Rtk and
wo = (Vo, ey).

This flow generalizes the well-known mean curvature flow, that is, the case

o = const, and it comes directly from the study of the Ginzburg—Landau vortex.
As was shown in [Jian and Xu 2003; Jian and Liu 2006], there are two models that
both reduce to the Ginzburg—Landau system of parabolic equations

Vo - - — BV,
=AV,+VoVV,+ AV, +
ot g2

in R™ x (0, 0o), where ¢ is a small positive parameter and w, A, and B are known
functions. One is a simple equation simulating inhomogeneous type I1 supercon-
ducting materials [Chapman and Richardson 1997], and the other simulates three-
dimensional superconducting thin films having variable thickness [Chapman et al.

(1-2) (1— V)
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1996]. An important problem in Ginzburg—Landau superconductors is to study the
vortex dynamics, that is, the convergence of V. and of their zero points (which,
roughly, are called vortexes) as ¢ — 0.

When m =2 and the initial vortex consists of finite isolated points, it was proved
in [Jian and Xu 2003; Jian and Song 2001; Lin 1996] that the vortex dynamics of
the Dirichlet problem for (1-2) is described by the ODE system

%—)tc = — Vo).
When m > 2 and the initial vortex consists of a filament or even a codimension
k submanifold, Jian and Liu [2006] proved that as ¢ — 0, the vortex of Cauchy
problem for (1-2) is approximated by the evolution of the initial vortex according
to flow (1-1) on the time internal in which the flow is smooth. Similar results were
obtained for Neumann problem in [Lin 1998] and for case of Vo = 0 in [Jerrard
and Soner 1999; Lin 1998]. Therefore, it is important in physics to consider the
long-time existence of the flow (1-1).

On the other hand, mean curvature flow has been strongly studied in recent
decades. It is well known that the flow must blow up in finite time unless the initial
submanifolds are graphic; see [Chen and Li 2001; 2004; Huisken 1984; 1990; Jian
2006; Jian et al. 2005; Smoczyk and Wang 2002; Wang 2002] for details. Hence
it is natural to ask, for what kind of functions does w have long-time existence?

Higher codimension mean curvature flow, that is, (1-1) without an external force
field, has been studied in [Chen and Li 2001; 2004; Jian 2006; Smoczyk and Wang
2002; Wang 2002]. There have also been many studies of mean curvature flow for
hypersurfaces; see [Huisken 1984; 1990; Jian et al. 2005] for example. All those
papers show that mean curvature flow must blow up so that a singularity occurs in
finite time, unless the initial surfaces are entire graphs or graphic submanifolds.

We concentrate on the long-time existence of (1-1). Here is our main result:

Theorem 1.1. If there exist positive constants C, C3, A, A with . < 2X such that
(i) AEI> < V3o (0)EE; < MEI* and |V w(x)| < C3 for all § € R and for all
x € R
(i) |A]?> < C on My,
(iii) the constants C, C3, A, and A satisfy 5C32 +C3+ (A —20)C'? < 0; and
(iv) |Viw(x)| is uniformly bounded for all x e R * and i = 1,2, ...,
then the flow (1-1) has a smooth solution for all time t € [0, 00).

Throughout this paper, flow (1-1) is denoted by (1-1)’ in the case k = 1, that is, the
case of hypersurfaces.
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Theorem 1.2. Suppose that the assumptions of Theorem 1.1 are satisfied except
that (1-1) is replaced by (1-1) and (iii) is replaced by

(iiiY the constants C, Cs, X, and A satisfy C3/> + C3 + (A —21)C'/? < 0.
Then the flow (1-1) has a smooth solution for all time t € [0, 00).

Remark 1.3. From the proof of Theorems 1.1 and 1.2, we realize this: Instead
of “for all x € R™*” it is sufficient to suppose that assumptions (i) and (iv) hold
for “for all x € M;, where M, is any solution of (1-1) on any finite time interval
[0, T7".

The following theorem generalizes the convexity preservation of mean curvature
flow in [Huisken 1984].

Theorem 1.4. Let T > 0, and let M; be a smooth solution of flow (1-1) on the time
interval [0, T1. If V3w =0 and My is convex, then M, is convex for all t € [0, T].

Physically, w is a density function and actually has the form
w= %(clxl2 +... +cn+1x3+1)

for ¢; > 0, (see [Chapman and Richardson 1997] for example), but Theorems 1.1
and 1.2 cannot be applied directly to this special case, because |Vw| is not yet
known to be bounded uniformly. However, we can give the long-time existence
for this w in the case of hypersurfaces.

Corollary 1.5. Suppose w = %(clxl2 +...+ cn+1x3+l), where c; are positive con-
stants, and let M = max c¢; and m = minc;. If M < 2m and |A|* < 2m — M on M,
then for any T > 0 the flow (1-1) has a smooth solution for all t € [0, T.

We point out that Corollary 1.5 generalizes [Liu and Jian 2007, Theorem 1.3],
which studies (1-1)’ for the special case w = %c|x|2. That theorem also shows that
flow (1-1)" must blow up in finite time either if ¢ < 0 or if ¢ > 0 and |A]> > ¢
on My, which means that the both convexity of w, as in assumption (i), and the
smallness of the initial |A|?, as in assumptions (ii) and (iii)’, are necessary. Also
see Remark 3.4.

In Section 2, we will give notations and preliminaries. In Section 3, we give the
proofs of Theorems 1.2 and 1.4 and Corollary 1.5. Finally, in Section 4, we prove
Theorem 1.1.

2. Preliminaries

We use the following notations throughout. (-, -) denotes the usual inner product
in R"**. If M is given as in Section 1 and F denotes its parametrization in R"*¥,
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the components of the metric {g;;} are given by

dF(x) 0F(x)

f M.
8xi ’ 8)6]' > orx e

gij(x) = <
Let V denote the Levi-Civita connection on M, and let V denote the standard
gradient in R"+k We use Latin letters i, j, k, -+ for tangent indices and use Greek
letters «, B, y, - - - for normal ones. Repeated Latin indices are to be summed from
1 to n, and repeated Greek indices sum from 1 to k. Indices are raised and lowered
by g and 8ij, respectively. We identify V € T, M with DF (V) € TF(X)[R”“‘ . We
alsouse (-, - ) to denote the scalar product on M when there is no risk of confusion.
The second fundamental form in the direction ¢, the norm of the second fun-
damental form, and the mean curvature on M in the direction e, are respectively

heij(x) = — (ea, ViV F), |A* = gV g"hgirhaj, and Hy = g" hy;.

Let R;j; denote the curvature tensor, let Réa ik denote the normal curvature ten-
sor, and recall Ricci’s equation and Gauss’s equation giving these curvatures on a
submanifold of Euclidean space:

2-1) Ri_ﬁij = haikhgjxk — hajihgixk  and  Rjju = haikheji — hajihain-

Of course, R* is zero for a hypersurface. Also, we can write the Weingarten
equation and the Codazzi equation respectively as

(2-2) Vieg = hiy;ViF +Cle,,
(2-3) haik,j = haij k.,
where Cl?;g is the connection coefficient of the normal connection and Cl?/ﬂ = —Clﬁ ”

We will also use the following basic facts.

Proposition 2.1 [Huisken 1984; Schniirer and Smoczyk 2002]. For any hypersur-
face M in R"*!, we have

(2-4) V,’VjF: —hijl),

(2-5) Viv =hlV,F,

(2-6) Vihij = Vjhi,

(2-7) V;V,H = Ahi; — Hhbhy + |APhy;,
(2-8) 2hUV;VH = A|A]* —2|VA]* - 2Z,

where v is the outer normal vector of M,

Z=HCo—I|Al*, and Co=g"g"¢" hithyjhi; =tr(AY).
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Proposition 2.2 [Schniirer and Smoczyk 2002; Wang 2002]. Suppose flow (1-1)
holds fort € [0, T) with T < co. Then

dgi; dol/ L
(2-9) = —2fohaij and = =2 fuhaug™ g
hold on M, for all t € [0, T). In particular, for the flow (1-1), we have

2
|A]

dhij I
(2—10) — :V,-ij—fhihlj and

P =2hYV;V; f +2fCo.

Here and below, we let f = f, = f; for a hypersurface.
The following theorem for short time existence of (1-1) is well known from the
theory of PDE and the technique of De Turk [Hamilton 1996].

Theorem 2.3 [Hamilton 1996]. The flow (1-1) is a system of qusilinear parabolic
equations, and there exists a maximal time 0 < T < oo such that (1-1) admits a
smooth solution on [0, T).

3. The case of hypersurfaces

Here we prove Theorems 1.2 and 1.4 and Corollary 1.5. The key step is to calculate
the evolution equations of |A|>.

Proposition 3.1. Suppose flow (1-1) holds for t € [0, T) with T < 00, then this
equation is satisfied on M, for allt €0, T):

dIAP

(3-1) T

= A|AP? = 2|VAP +2|A|* = 207 (V; VW) (V, F, v)
+2|APV?0 (v, v) —4hV BV 0(ViF, Vi F) — (Vo, V|A]?).

Proof. By the second of (2-10), we have d|A)?/dt = 2hijViij +2fCo. By the
notation f = f, = f1 and using (2-8), we have

2hINV f =20V, Vi H - 20 ViV (Vo, v)
(3-2) = A|A? =2|VA]> —2Z —2h7V;V;(Vo,v).
It follows from (2-5) that
ViV;(Vw,v) = Vi((V;V,v) + (Vo, V;v))
= Vi((V;Vw,v) +h}(Vo, ViF))
= (V;V,;Vw,v) +h(V;Vw, V/F)
+h(V;Vw, ViF)+ ', (Vo, V;ViF) + Vi, (Vo, VF).
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Using (2-4) and (2-6), we obtain

(3-3) ViV;(Vw,v) = (V;V;Vo,v) +h(V;Vw, V|F)
+h(ViVo, ViF)+ (Vo, Vhi) = Bihy (Vo, v),

which implies
20NV (Vw, v) =207 (V;V; Vo, v) + 407 B (ViVw, Vi F)
+ (Vo, VIAP) = 20" s hif(Vo, v).

This, together with (3-2), the second of (2-10), and the definitions of f, Cyp, and
Z, gives

d|A? y _
(3-4) 1] = A|A? = 2|VAP +2|A|* =20 (V;V;Vw, v)
—4h R ViV, ViF) — (Vo, VIA]?).
But
(ViV;Vo,v) = V;(V;Vo,v)) — (V;Vo, V;v)
=V;(V20(V,F,v)) — (V;Vo, V,v)
= (V;VZ0)(V;F,v)
+V2w(V;V;F,v) + (V;Vo, Viv) — (V;Vo, V,v)
(3-5) = (ViV’w)(V;F,v) —hij Vi (v, v),

where we have used (2-4) for the last equality. Inserting this equality to (3-4), we
get the desired equality (3-1). U

Proposition 3.2. With the same assumptions as in Proposition 3.1, the second fun-
damental form satisfies this tensorial evolution equation on M, for all t € [0, T):

dh;; -
(3-6) d—tf = Ahjj —2Hh g + | AR — (Vi Vi) (V, F, v)

+hi Vo, v) —hiV (Y F, ViF) — h'V?o(V, F, V/F)
— (Vo, Vhij) + 2050 (Vo, v).

Proof. It is a combination of (2-7), the first of (2-10), (3-3), and (3-5). O

Proof of Theorem 1.4. Applying the maximum principle for tensors [Hamilton
1982] to Equation (3-6), we see that the positivity of {A;;} is preserved by the flow
(1-1) if the term V; V2w = 0. This means that the surface M, is always convex
along the flow if V3w = 0 and M is convex. O
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Lemma 3.3. Suppose that M; is the solution of (1-1) on [0, T) and the assump-
tions (1), (ii), and (iii)" in Theorem 1.2 are satisfied. Then |A|> < C on M, for all
tel0,T).

Proof. Taking a local orthonormal basis e; fori = 1...n on M,, Equation (3-1)
gives

diAP

ph < AJAP 4 2|A1F =20 (Vi Vi) (e, v) + 2| APV 0 (v, v)

—4h;ijh ;i V(e e)) — (Vo, VIAP).
This, together with assumption (i), implies

diAP

yr < AJAP+2|A1* +2]A|C3 +2|A A

(3-7)

—4hiih ;i Vw(e;, e)) — (Vo, VIA]?).
Next, we estimate — 4h;;h jl§2w(e,-, ¢;). Since

—4hijhj NV w(ei, e)) = —4hijhji(AE (e, e)) + Vw(e;, e/) — AE(e;, €)))
= —4|APh —4hih ;i (V2w — LE)(e;, €),
where E is the unit matrix, we have
—4hijh iV o(er, 1) < — 4| AP +4lhijhji| |(Vo — LE) (e, €)]
< —4JAPA+4(—LIA]

= —41|A]%.

Therefore (3-7) becomes

dIAI

(3-8) < AJAP +2|A1* +2|1A4|C3 +2(h = 2M)|A > = (Vo, VIA]P).

Now assumption (iii)’ means that C satisfies

202 +2CY2C3+2(x —21)C <0,
which, by the continuity of the limit, implies
(3-9) 2a% 4+2/aC3+2(k —20)a <0

foralla € (C—4§, C) and for some § € (0, C). Using (3-9) and Hamilton’s maximum
principle one easily obtains that |A|2 < C on M, for all t € [0, T). Otherwise,
by assumption (ii), we can choose the first time #y such that a(fy) = C, where
a(t) = maxy, |A|%. Then there exists a time #; < o such that C —§ < a(t) < C for
t €[t1, 1), and so a(t;) < C. Hence (3-9) yields

2a%(t) + 23/a(t)C3 +2(h = 20)a(t) <0 forall ¢ € [11, 1p).
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Therefore, applying Hamilton’s maximum principle [1982] to Equation (3-8) on
the time interval [¢{, fp], we have a(t) <a(t;) < C forall t € [t, ty). This contradicts
a(to) =C. O

Remark 3.4. The convexity condition on w, as in assumption (i), and the condition
of initially small |A|?, as in assumptions (ii) and (iii)’, are necessary. In fact, if
Vo = cx with either ¢ < 0, or ¢ > 0 and |A|?> > ¢ on My, we have proved in [Liu
and Jian 2007] that |A|?> must blow up in finite time, and the flow exists only for
a finite time. For this special example, assumption (i) is equivalent to ¢ > 0 and
assumptions (ii) and (iii)’ are equivalent to |A|> < ¢. This shows the assumptions
for Theorem 1.2 are almost optimal.

Proof of Theorem 1.2. From Lemma 3.3 we see that |A|? is bounded uniformly if
assumptions (i), (ii), and (iii)’ are satisfied. Thus, if we can prove that IV"AI?<C,,
is bounded when ¢+ — T, then by a well-known theorem of partial differential
equations, the flow (1-1)" can be extended to [0, T + ¢) for some small ¢ > O,
where T < oo is the maximal time interval for which (1-1)" has a smooth solution.
This shows that the maximum time interval must be [0, 00).

To estimate |V A|?, the boundedness of |V*w| is necessary but is not enough,
because we want to calculate the time derivative of Flkj Because the connection is
not a tensor, but the difference of two connections is, d Ff‘j /dt is a tensor. Adopting
normal coordinates and using the first of (2-9), we have

k
diy, 14 < 1k<3gzz _i_@_ag_u»
dt BxJ 0x; 0x;

2dt
1 0 (d 0 d
= 38" (g o) + 3y (o) = 5 ()
N G A VRN A RN )
= =" (g Ui + g (Pl = 50 (i),
Noting that 0; f = 0; H — V2w (d;,v) —hii(Vw, 3;) and repeating the arguments of
Huisken [1984], we obtain the following result.

Lemma 3.5. Suppose that M, is the solution of (1-1) on [0, T) for T < oco. If
assumptions (i), (i), and (iii)’ of Theorem 1.2 are satisfied and IViw| is uniformly
bounded on M, fori =1, ..., m, then |V’”*3A|2 is uniformly bounded on M,.

Using Lemma 3.5, we complete the proof of Theorem 1.2. 0

Proof of Corollary 1.5. For the special case o = %clxlz +...+ %cn+1x2 we have

n+1°
_ = _
Vo= (c1x1, ..., Chy1Xn41), Vo =1(cdij), Viw=0.

Let M = maxc;, and m = minc;. Applying Lemma 3.3 we find, if M < 2m and
|A|? < 2m — M on My, that |A|> < 2m — M as long as flow (1-1)’ exists. To get the
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long-time existence we must estimate the higher derivatives of |A|?. But Lemma
3.5 can not be applied directly, because |Vw| may turn to be infinite if the surface
expands to infinity. However, we can prove that the surface will not expand to
infinity in finite time. First we need a theorem.

Lemma 3.6 [Schniirer and Smoczyk 2002]. Let F be a smooth immersed solution
of (1-1Y, and let F be an immersed solution of this evolution equation. If F is con-
tained in a connected component of R™ '\ F or in the closure of such a component
at the beginning of the evolution, then this remains true during the evolution.

Since |A|? < 2m — M on My, we will prove that if the initial surface is a center
sphere, the sphere will expand to infinity as t — oo.

Lemma 3.7. Suppose that My = S" (R) is the initial surface of the flow (1-1)" and
w, m, and M are as above. Let s(t) := %lFt |> whereF, is the position vector of M,.
If|1A|? < 2m — M on My, then C = 2ms(0) —n) > 0and s > ((n+ C)/(2m))e*™
forallt > 0.

Proof. Note that
ds _(dF
dt — \dt’

Since v = F /| F| holds on the spheres, we have

= 1 = 1
(Vo,v) = —(Vo, F) = —
|F| |F|

F) = —(H— (Yo, W) (F.v) = —n+ (Vo, v)(F, v).

1
@@Ff +. et ) 2 rml FIP = mlF|

Hence ds/dt > —n+2ms. Therefore s > (n+C)/(2m))e*™ forall t > 0if C > 0.
Now by the initial condition, we have

1,, 1 n? n
dm—M>|AP=-H*=-"1_=_"_
m=M> A= n|FI2 - 2500)
which implies 2s > n/(2m — M) and C > 0. This proves Lemma 3.7. 0

So for initial hypersurface M", we can find a large enough center sphere to
contain it, while |A|> < 2m — M is satisfied on the sphere. As a consequence
Lemma 3.6 and Lemma 3.7, imply that M; will not expand to infinity in finite
time. This with the above discussion finishes the proof of Corollary 1.5. g

4. Higher codimension case

Here we will prove Theorem 1.1. As the hypersurface case, the key step is to
derive the evolution equation of |A|?. For this purpose, we want to calculate the
evolution equation of the second fundamental form tensor. In the following, for
x € M" we take an orthonormal basis ey, --- , ey, €41, , €4k Of R"+* such
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that {e, - - - , e,} is a basis of Ty M" and {e,+1, - - - , en+r} (denoted by {ey}) is the
unit normal vector.

Proposition 4.1. Suppose flow (1-1) holds for t € [0, T) with T < oo. Then we
have these equations on M, forallt € [0, T):

dhy;i _ _
(4-1) — — Ahgij = — Hghgithaji — (V;V?0)(e;, eq) +hpi; Vi (eg, eq)
s s d
~ hatj V2w (er, e) = hait Voo (ej. o) +hpijles. )

+ (Vo, eg) (hgithaji + hpjihair) — (Vo, Vhgij)
- haim (hymjhykk - hymkhykj) - hamk(hymjhyik - hymkhyij)
- hﬁik(_hﬂkmhajm + hﬂjmhakm)-

Proof. Because both sides are tensorial, we may calculate in normal coordinates.
Since V;V; F = —hyjjeq, then by flow (1-1) we have

dhyij d
o - E(V]VIF, ey)
dey
= —(V;Vi(—Hpep + wgep), ea) — (V; V; F, 0 —)
d
4-2) = (V,;Vi(Hgep), ea) — (V;Vi(wpep), eq) + hpijles, ; ).

By Weingarten Equation (2-2), we have
V;Vieg = (Vihgi)e; — hgithyjie, + (V,;C, gley + ClﬂV ey
= (Vjhgier — hgithyjie, + (V;Clpe, +c,ﬂh j1er +C”3CJ"V
(4-3) = hgir,jer — hpithyjiey + (V;Clp)ey +ClCl e
This, together with (2-2), implies
V;Vi(Hgeg) = (V;ViHg)eg + (VjHg)Vieg + (ViHg)Vieg + HgV;V,eg
(4-4) = (V;ViHp)es + (VjHp)hpire; + (V; Hp)Clge,
+ (ViHg)hgjie; + (Vi HgClg)e, + HgV;Viep.
Hence,
(4-5) (V;Vi(Hgep), ea) = V;ViHy + VjHpCig + ViHpCSy
- Hﬁhajlhﬂil + HgV;Cis + HgCl,CY,.
Note that
;hakk’ij =V;ViHy + VjHgCis + ViHgCy o
ik

14
+H,3VjCl‘-’/‘3+H,3CiﬁC —2hgp—— i,
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the last term of which is zero because Ff = Ff‘l. Then we use this equation to
rewrite (4-5) as
(4-6) (VjVi(Hgep), eq) =Y hakk,ij — Hghajihgii-

k

Simon’s identity gives
4-7) Y hakk,ij = Dhgij — (hpik Ré_qjk + hamk Rmijic + haim Rnkjk)-
X

Putting (4-7) in (4-6) and using (2-1), we obtain
(4-8) (V;Vi(Hgep), eq) = Ahyij — Hghgjihgit — haim (hymjhyik — hymihyi;)
- hamk(hymjhyik - hymkhyij) - hﬁik(_hﬂkmhozjm + hﬁjmhakm)-

Next, we use (2-2) to calculate the term V;V;(wgeg) in (4-2). Since
V;Vi(wgeg) = V;Vi(Vo — (Vo, ex)ex)
= VJ-V,-§(1) -V; (§za)(e,-, er)ek
— hpir(Vo, eg)ex — hgir(Vo, ex)ep)
= VjV,Va) -V, (§2w(e,~, ey))er + hﬂjkaa)(ei, exeg
+ V;(hgir(Vo, eg)ex — hgikhy ik (Vo, eg)e,
+Vi(hgir)(Vo, exeg +hgix Vi e, ex)eg
— hﬁ,-khyjk(§w, ey)ep +hﬁik(§a), ex)Vjeg,
we have
(VjVi(wpep), ea) = (V; ViV, e4) + hajt Vol(ei, e) + hair Vo e, &)
—(Vo, eg) (hpikhajk + haixhpji)
+ (Vjhaix + CSghgin) (Vo e)
= (V;ViVo, e0) + hojx Vo (e, e0) + hait Ve (e, e)
—(Vo, eg) (hpikhajk + haixhpjr) + haik, j (Vo ex).
Due to the Codazzi equation (2-3), we have
(Vi Vi(wpep), ea) = (V;ViVo, e0) + hajx Vo (e, e0) + hait Ve (e, er)
— (Vo, eg) (hpikhajk + haikhgjr) + (Vo, Vhg;)
(4-9) = (V,;Va?)(ei, eq) — hgij Vi (eq, €p)
+hajk Vo (e, e0) + hait Ve e, er)
—(Vo, eg) (hpikhajk + haichgjx) + (Vo, Vhgi)).
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Now (4-1) follows from (4-2), (4-8), and (4-9). U
Proposition 4.2. Suppose flow (1-1) holds for t € [0, T) with T < oco. Then we
have this equation on M, for allt € [0, T):

d|A?

(410 =

= A|A]? = 2|VA? = 2hy;(V;Vw) (e, eq)
+ 2hgiihpiiViw(eq, eg) — dhyirhgi i Viw(e), ex) — (Vo, VIA?)
+2 ) (X haikhymk = hamhyit)* +2 Y (X haijhamk).
k

. i ik o
o, y,1,m 1, ],k,m

Proof. We calculate in normal coordinates. Because |A]? = gij gkl haikhalj,

dIA]? _ dg™ dhaij
R thaijhakj +2ﬁhaij~

Hence by the second of (2-9), (4-1), and (4-11), we have

4-11)

d|AP
dt

=2hyijAhgij +4(Hp — wp)hikhaijhakj — 2Hghaijhpithaji
— 2h4i; (V; V) (e, eq) + 2hqijhpiiViw(eg, eq)
— dhgijhak; Ve ei, ex) + 2haijhpijles, ddita) +4hgijwphpichaejk
— (Yo, VIAP) = 2haijhaimhymi Hy + 2haijhaimhymihy g
—2hgijhamk (Bymjhyik — hymkhyij) — 2haijhpic(hgijhaix — hgichai))-

Observing that 2hy;;hgij{eg, dey/dt) is zero by symmetry and that 2h4;; Ahgij =
A|A]? —=2|VA|?, we have
d|A?
dt

= AJAP = 2|VA* = 2h4i; (V;V?0) (e, €a) + 2haijhpi; Vo (ep, €)
— 4hgijhaij Vo (ei, ex) — (Yo, VIAP) 4 2hgijhaimhymihyij
—2hgijhamk (Bymjhyik — hymkhyij) — 2haijhpic(hgijhaix — hgichai))-
But the last three terms can be calculated as follows:

2hozijhozimhymkhykj - 2haijhozmkhymjhyik
+ 2hgijhamkhymihyij — 2haijhgic(hpijhoir — hgichai)
= 4haijhaimhymkhykj - 4haijhamkhymjhyik + 2hozijh)/mkhamkhyij-

Since

2haijhaimhymkhykj - 2haijhamkhymjhyik

= 2hotijhaikhymkhymj - 2hozijhotmkhymjhyik
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= 2haijhymj (haikhymk - hamkhyik)
= hozijhymj (hotikhymk - hamkhyik) + hamjhyij (hamkhyik - hamkhozik)
= Z (Z haikhymk - hocmkhyik)2

k

o,y,i,m
and Zhaijhymkhamkhyij =2 Zi,j,k,m(z haijhamk)z, we are done. U
o
Lemma 4.3. Suppose that M, is the solution of (1-1) on [0, T') and that assump-
tions (1), (ii) and (iii) of Theorem 1.1 hold. Then |A|?> < C on M, forallt €10, T).

Proof. The proof is almost the same as that of Lemma 3.3 in the case of hypersur-
faces. It follows from Schwarz inequality that

2 Y (O haijham)* <2 ) T he D b0 =21A1%

o o

i,j.k,m i,j,k,m
2 2 4
D O haithymk = hamkhyin)* <4 Y (C haihym)® < 41A1%.
o,y,i,m k o,y,i,m

Consequently, using the same technique as from (3-7) to (3-8), we obtain

2 _ _

(4-12) d'd% < AAPR — (Vo, VIAP) + 10| A* +2|A|Cs 4+ 2(h — 20) | A,

The result follows by the arguments below (3-8) of Lemma 3.3. (]

Proof of Theorem 1.1. Using Lemma 4.3 and repeating the proof of Theorem 1.2,

one easily proves Theorem 1.1. U
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