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We introduce two-colored maps of n-manifolds into m-manifolds, develop
the theory of their singular fibers, and study these fibers for the case m =4
andn =3,5.

1. Introduction

Following the pioneering work of Thom [1954] on the cobordisms for embeddings
of manifolds, Koschorke [1981] and Rimanyi and Sztics [1998] introduced the no-
tion of cobordisms of singular maps with positive codimension. The codimension
of amap f: M — N between manifolds is dim N —dim M. In particular, “univer-
sal singular maps” were constructed by using the Pontrjagin—Thom construction
in [Rimanyi and Sztics 1998]. (Each singular map can be pulled back from the
universal singular maps.) For the negative codimension case, Ikegami and Saeki
[2003] defined and studied the cobordism group of Morse functions on surfaces.
Then Kalmar [2007] generalized this result for fold maps of oriented 3-manifolds
into the plane.

Saeki [2004] developed the theory of the fibers of smooth maps with negative
codimension. For a smooth map f: M — N, the fiber over g € N is a map germ
along the inverse image

fr M, £ (@) — (N, g).

When ¢ € N is a regular value of f, we call f: (M, f~'(¢)) = (N, q) a regular
fiber; otherwise, we call it a singular fiber. In the negative codimension case, the
inverse image is not a discrete set but a complex of positive dimension, and Saeki’s
book shows the topology of the fibers plays an essential role. He constructed the
cochain complex of the fibers, and showed that the cohomology classes of this
complex induce cobordism invariants of smooth maps. As an important example,
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he showed this: For each stable map of an orientable closed 4-manifold into a con-
nected 3-manifold, the number of singular fibers of 112 type (as depicted in Figure
1) and the Euler number of the 4-manifold have the same parity. Saeki uses the
symbol “III®” instead of “[I1'2”. Note that the modulo two Euler number is one
of the unoriented cobordism invariants of 4-manifolds; see [Milnor and Stasheff
1974] for detalils.

Saeki’s Euler number formula was generalized for nonorientable 4-manifolds
in [Yamamoto 2006a]. As an “integral lift” of the formula, Saeki and Yamamoto
[2006] obtained the signature formula of oriented closed 4-manifolds.

Here, we consider the fibers of smooth maps from a global point of view. More
precisely, we study the fibers of two-colored maps. Roughly speaking, a two-
colored map is a map equipped with a two-color painting for the complements of
the discriminant in the target; see Section 2 for details. We introduce an equiva-
lence relation among the fibers of two-colored maps and the notion of two-colored
cobordism between two-colored maps. We also develop the theory of fibers of
two-colored maps, in which we construct the cochain complex of the fibers of two-
colored maps by using the adjacencies of the fibers. We prove that cohomology
classes of the cochain complex induce two-colored cobordism invariants of two-
colored maps.

This paper is organized as follows. In Section 2, we give some fundamental
definitions concerning two-colored maps. In Section 3, we construct the theory
of fibers of two-colored maps. In Section 4, we study two-colored stable maps of
n-manifolds into 4-manifolds for » =3 and n = 5. As an application of our theory,
we prove two theorems:

Theorem 1.1 [Yamamoto 2006a]. Let N be a connected 3-manifold satisfying
H'(N;Z7Z,) =0, andlet f: M — N be a stable map of a closed 4-manifold. Then
x (M) = [I22(f)] 4+ A7 ()] + [T+ [T, ()]

+ I (O] + M)+ [T*()] - (mod 2),

where x (M) is the Euler number of M and | (f)| is the number of singular fibers
of type F for f, as depicted in Figure 1.

Theorem 1.2 [Sziics 1986]. Let N be a connected 3-manifold with H' (N; Z») =0,
and let g: S — N be a stable map of a closed surface. Then

X =T+ Y,  ind(gig) (mod2),

Whitney umbrella
points q

where T (g) is the number of triple points of g and ind(q; g) € Z, is the index of
the Whitney umbrella point g € N of g; see Section 4.1 for details.
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Figure 1. The singular fibers in the formula of Theorem 1.1.

Throughout this paper, assume that all manifolds are connected and that all
manifolds and maps are of the class C*°. Call p € M a critical pointof f: M — N
if the rank of the Jacobi matrix of f at p is less than the dimension of the target;
otherwise call it a regular point. (In this sense, there are no regular points if the
dimension of the source is less than that of the target.) Denote the set of critical
points of f by S(f). For a finite set P, let | P| denote the number of elements in
P. For a topological space X, the symbols idy, x (X), and X respectively denote
the identity map on X, the Euler number of X, and the topological closure of X.
The symbol “=” denotes an appropriate isomorphism between algebraic objects.

The paper is based on the author’s doctoral thesis [ Yamamoto 2006b]. Omitted
proofs may be found there or in [Saeki 2004].

2. Preparation

Let f: M — N be a smooth map with dimM + 1 > dim N.

Definition 2.1. The map f is two-colorable if there exists a pair of disjoint non-
empty open subsets R and B in N\ f(S(f)) such that

2-1)  N\fS(f))=RUB and RNB=030R=03B= f(S(f)).

If f has no critical values, it is also two-colorable. Call the pair (R, B) satisfying
the condition (2-1) a two-color decomposition or a coloring of f.

Figure 2 shows examples of two-colored maps, where the shadowed regions
indicate R.

Proposition 2.2. f: M — N is two-colorable if and only if f,[S(f)] =0 €
H;_l (N; Zy) = H'(N; Z3), where [S(f)] denotes the homology class represented
by S(f).

Proof. Fix go € N\ f(S(f)). Foreach g € N\ f(S(f)), choose a regular curve

y connecting go with g and intersecting f(S(f)) transversely at finitely many
points. We prove that the parity of the intersection number of y and f(S(f)) does



382 TAKAHIRO YAMAMOTO

A A A

Y=, y = 23, y =23 — 3z.

Figure 2. Examples of two-colored maps.

not depend on the choice of y. For another curve Y’ connecting go with ¢ and
intersecting f(S(f)) transversely at finitely many points, we see

#y N LS +HYHIN SN =y Uy T-[f(S(NI=0  (mod 2),

where [y Uy'T-[f(S(f))] is the modulo two intersection number of the homology
classes represented by a circle y Uy’ and by f(S(f)). Put

={g e N\ f(S(f)) : #(y N f(S(f))) is even}

={g e N\ f(S(f) : #(y N f(S(f))) is odd}.
It is obvious that R and B are disjoint nonempty open subsets. Conversely, by
the assumption that f is two-colorable for each circle intersecting f(S(f)) trans-

versely at finite points, the intersection number of the circle and f(S(f)) is always
even. Now Poincaré duality implies that f,[S(f)] =0. U

Note that f: M — N is two-colorable if N = R" or M is orientable.

Call the pair (f, (R, B)) of a two-colorable map f and a coloring (R, B) of f a
two-colored map or a colored map. For a two-colored map | (f, (R, B)), there exists
another two-colored map (f, (R B)) where R = B and B = R. We regard these
to be distinct two-colored maps. Call the latter two-colored map the two-colored

conjugate of (f, (R, B)).

Definition 2.3. Let (f;, (R;, B;)): M; — N; be two-colored maps and ¢; € N; for
i =0, 1. Say the fibers over gy and g; are C™ equivalent (or C° equivalent) if
there exist open neighborhoods U; of g¢; € N; for i = 0,1 and diffeomorphism

(or homeomorphism) germs ®: (f~'(Up), f~(q0)) = (f~'(U1), f~'(g1)) and
o: (Ug, qo) — (U1, q1) such that the following diagram is commutative:

Fo ' (Uo). fo " (q0) —— (A~ W), A (1)

(2-2) fol lfl

(UO’ CIO) - (Uls QI)
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Denote the C* equivalence (or cY equivalence) relation by p*° (or o).

Also, say the fibers over gg and g, are two-colored C* equivalent (or two-
colored C° equivalent) if they are C* equivalent (or C° equivalent) and the dif-
feomorphism (or homeomorphism) germ ¢ : (Uyp, go) — (Uj, ¢1) in diagram (2-2)
satisfies (Up N Rg) = U1 N R;. Denote the two-colored C* equivalence (or two-
colored C° equivalence) relation by cp®> (or cp?).

For a two-colored map (f, (R, B)): M — N, there exists a point ¢ € N such
that the fiber of (f, (R, B)) over ¢ is not two-colored C* equivalent to the fiber
of the two-colored conjugate of (f, (R, B)) over gq; see Figure 5 and 6. Call the
latter fiber the two-colored conjugate of the original fiber.

For a two-colored Thom rnap] (f, (R, B)): M — N and a two-colored C° class
%, denote the set of points whose fibers are of type & in N by F(f, (R, B)).

Lemma 2.4. %(f, (R, B)) is a C° submanifold of N of constant codimension un-
less it is empty. This codimension does not depend on the choice of (f, (R, B)).

3. Cochain complex of the singular fibers of two-colored maps

We construct the theory of the fibers of proper® two-colored Thom maps.
To construct the universal complex of the singular fibers of two-colored maps,
fix an integer £ € Z. For ¢, introduce

(1) the set ct of the fibers of two-colored Thom maps of codimension ¢, and

(2) an equivalence relation cp among fibers in ct.

The set ¢t and the equivalence cp must each satisfy certain conditions.

The set ct must be closed under adjacency relations and the two-colored con-
jugation. That is, if a fiber is in c7, so are all nearby fibers and its conjugate.

The equivalence cp is weaker than the two-colored C° equivalence. Namely,
each cp class is a union of two-colored C° classes. This implies that for each
proper two-colored Thom map (f, (R, B)) and each cp class F, F(f, (R, B)) is
a C° submanifold of constant codimension unless it is empty. The codimension of
% is defined to be the codimension of &( f, (R, B)). Denote it by « (F).

Also, cp must satisfy the following condition.

Condition 3.1. Suppose (fi, (R;, B;)): M; — N; are proper two-colored Thom
maps and ¢g; € N; for i = 0, 1. Suppose the fibers over go and g; are in ¢t and
are equivalent with respect to cp. There exist open neighborhoods U; of ¢; in

LA Thom map f: M — N is a map stratified with respect to the Whitney regular stratification
of M and N so that it is a submersion on each stratum and satisfies certain regularity conditions,
see [Gibson et al. 1976] for details. A two-colored Thom map is a Thom map equipped with a
coloring.

2 A continuous map is proper if for each compact subset, the inverse image is also compact.
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N; for i = 0,1 and a homeomorphism ¢: Uy — U, satisfying ¢(qo) = ¢ and
©WUo NF(fo, (Ro, Bo))) = U1 NF(f1, (R, By)) for each cp class F.

Call a proper two-colored Thom map (f, (R, B)): M — N a ct-map if all of
its fibers are in ct.

For each k € Z, let C*(ct, cp) be the formal Z,-vector space spanned by cp
classes of codimension « in ct. Note that C*(ct, c¢p) may possibly contain infin-
itely many terms. If there are no such fibers, put C*(ct, cp) =0.

Define a Z;-linear map §, : C“(ct, cp) — C*tl(ct, cp) by

5e(F)= ) na(9.

K (9)=Kk+1

Here n% (%) € Z, is the number modulo two of components of &( f, (R, B)) that are

locally adjacent to the component 4( f, (R, B)) for a ct-map (f, (R, B)) satisfying

%(f, (R, B)) # @. The coefficient ns (%) € Z, is well defined by Condition 3.1.
Since 8,41 0 6, = 0, we obtain a cochain complex

6(ct, cp) = (C*(cT, €p), 8-

Call the resulting cochain complex the universal complex of the singular fibers for
proper ct-maps of codimension £ with respect to the equivalence relation cp, and
denote by H* (ct, cp) its cohomology group in dimension k.

Remark 3.2. Define a homomorphism
Vie: C¥(ct,cp) > C¥(ct,cp), Fir> F,

where ¥ denotes the cp class represented by the fiber of the two-colored conjugate
of %. Note that y, is an involution, that is, Y o Y = idcr(cr,cpy, and ¥ = {yic}«
is a cochain map. The quotient of this involution induces a certain universal com-
plex of the singular fibers for proper 7-maps of codimension ¢ with respect to the
equivalence relation p constructed in [Saeki 2004], where t denotes the set of the
fibers of Thom maps and p is an equivalence relation among elements in 7.

Definition 3.3. Let

be a k-dimensional cochain of €(ct, cp). For a ct-map (f, (R, B)): M — N,
denote by c(f, (R, B)) the set of points ¢ € N such that the fiber over ¢ is in &
with ng # 0. If ¢ is a cocycle, c(f, (R, B)) is a Zp-cycle of closed support of
codimension k in N. In addition, if M is closed and x > 0, then c(f, (R, B)) is a
Zy-cycle in the usual sense.



SINGULAR FIBERS OF TWO-COLORED MAPS AND COBORDISM INVARIANTS 385

Lemma 3.4. Let ¢ and ¢’ be k-dimensional cocycles of 6(ct, cp). If they are
cohomologous, the Z5-cycles c(f, (R, B)) and ¢'(f, (R, B)) are homologous in N
for each ct-map (f, (R, B)): M — N.

Proof. There exists a (k —1)-dimensional cochain d of 6(ct, cp) such thatc — ¢’ =
8,_1d. Since c(f) — ' (f) = ad(f), the result follows. O

Definition 3.5. Let [c] be a k-dimensional cohomology class of €(ct, cp). For a
proper ct-map (f, (R, B)): M — N, define [c¢(f, (R, B))] € H;_K(N, Z5) to be
the homology class represented by the cycle c(f, (R, B)) of closed support. When
M is closed and « > 0, regard [c(f, (R, B))] as an element of H,_ (N, Z).
Define
@f.(r.B) - H(cT,cp) = H*(N, Z3)

by ¢(s,r.8)([c]) = [c(f, (R, B))]*, where [c(f, (R, B))]* € H*(N, Z) is the
Poincaré dual of [c(f, (R, B))] € H,_ (N, Z). When M is closed and x > 0,
regard ¢z, (r,)) as a homomorphism into the cohomology group HX (N, Z;) of
compact support.

We now introduce the suspension of two-colored Thom maps.

Definition 3.6. For a proper two-colored Thom map (f, (R, B)): M — N, con-
sider
fxidr: M xR— N xR.

Note that S(f x idr) = S(f) x R and f x idr(S(f) x R) = f(S(f)) x R. We
obtain a two-colored map (f x idr, (R xR, B xR)): M xR — N x R. Call
(f xidg, (R x R, B x R)) the suspension of (f, (R, B)). Similarly, call the fiber
of (f xidg, (R xR, B x R)) over (¢,0) € N x R the suspension of the fiber of
(f, (R, B))overg e N.

In what follows, assume that ct consists of certain fibers of proper two-colored
Thom maps of n-manifolds into p-manifolds for a fixed dimension pair p —n = ¢.
In this case, write ct = ct(n, p). We consider ct(n, p) and ct(n+ 1, p+1) and
their associated equivalence relations cp,, , and cp, 11, p+1, respectively. In addition
to Condition 3.1, impose

(1) the suspension of each fiber in ct(n, p) is also in ct(n+ 1, p+ 1), and
(2) if two fibers are equivalent with respect to cp,, ,, their suspensions are also
equivalent with respect to ¢pu 41, p+1-

For each k € Z, the suspension induces

S Co(et(n+1, p+ 1), cppy1,p+1) = C(ct(n, p), cpn,p),

where s, (%) is the (possibly infinite) sum of all cp,,, classes whose suspensions
are in & of codimension . Note that s, is a well-defined Z;-linear map.
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Lemma 3.7. The system of Z,-linear maps {s,} defines the cochain map

{se}:Clct(m+1, p+ 1), cont1,pr1) = 6(ct(n, p), con,p).

Let us introduce an equivalence relation between ct-maps.

Definition 3.8. Two ct-maps (f;, (R;, B;)): M; — N fori =0, 1 of closed mani-
folds into N are ct-cobordant if there exist a compact manifold W whose boundary
is the disjoint union of My and M, and a ct-map (F, (R, B)): W — N x [0, 1]
such that (f;, (R;, B;)) =(F, (R, B))|m, : M; — N x{i}. Call the map (F, (R, B))
a ct-cobordism between ( fy, (Rg, Bg)) and ( f1, (Ry, By)).

Note that ct-cobordance is an equivalence relation among ct-maps into N. For
a manifold N, denote by Cob,,(N) the set of ct-cobordant equivalence classes
among ct-maps of closed manifolds into N. We remark that Cob.;(N) has no
natural group structure.
Proposition 3.9. Iftwo ct-maps (f;, (R;, Bi)): M; — N of closed manifolds into
N fori =0, 1 are ct-cobordant, then for each x

@(fo.(Ro,Bo)) mse, = P(fi.(R1, B s, © Ims,, — H(N; Z5),

where s.,: H (ct(n + 1, p + 1), cont1,p+1) = H*(ct(n, p), cpn,p) denotes the
homomorphism induced by the suspension.

Proof. Let (F, (R, B)): W— N x]0, 1] be a ct-cobordism between ( fy, (Ro, Bo))
and (f1, (Ry, B1)). Take from €(ct(n+ 1, p+ 1), cpon41,p+1) any k-dimensional
cocycle ¢, and put ¢ =5, (c) € C*(ct(n, p), cpy,p). Then 0= (8.c)((F, (R, B))) =
dc((F, (R, B))) = c((f1, (R1, B1))) x {1} = c((fo, (Ro, Bo))) x {0}, since c is a
cocycle. O

Thus, for each [c] € H*(ct(n+ 1, p+1), cpp1,p+1), We oObtain a map
[c]: Cober (N) — H*(N; Z3), (f. (R, B)) > ¢(s.(r,B) ([ScxC))-

Each elementin H* (ct(n+1, p+1), cpp41,p+1) induces act(k +n—p+1, k+1)-
cobordism invariant among ¢t (k +n — p, k)-maps (f, (R, B)): M*T"~P — N¥,
where k =1,2, ..., p.

Remark 3.10. Assume ct is big enough. Then, for each smooth map f: M —
R" of a closed manifold, define ¢y by ¢7 7 7)), where (f, (R, %)) isNa ct-map
approximating f whose coloring for unbounded regions in R" \ f(S(f)) is in R.
We can show that this is well defined, and it defines a bordism® invariant of smooth
maps into R". Also, it induces a cobordism invariant of the source manifold.

3 Two smooth maps fj: M; — N fori = 0, 1 of closed manifolds are bordant if there exist
a compact manifold W whose boundary is the disjoint union of My and M| and a smooth map
F:W — N x[0, 1] such that f; = F|p, : Mj — N x {i} fori =0, 1; see [Conner and Floyd 1964]
for details.
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4. Stable maps of n-manifolds into 4-manifolds forn =3 and n =5

Let us study the universal complex of the singular fibers of two-colored C stable
maps* of n-manifolds into 4-manifolds for n =3 and n = 5.

4.1. Stable maps of 3-manifolds into 4-manifolds. By using the transversality
theorem of Mather [1970], the following is proved.

Proposition 4.1. A proper smooth map f: M — N of a 3-manifold into a 4-
manifold is C* stable if and only if f satisfies these conditions:

(1) (Local condition). For each p € M, there exist local coordinates (a, b, x)
about p and (X, Y, Z, W) about f(p) € N such that
(a, b, x,0) if p is a regular point,

XO . YO N ZO ) WO =
(Xof. f f ) (a,b,ax,x?) if p is a Whitney umbrella point.

(ii) (Global condition). For each q € f(M), the preimage f~'(q) consists of at
most four points, and the germ (f, f~'(q)) is right-left equivalent to one of
these seven germs:

@) f~Y(q) = @, whose fiber we call &,

(b) a single immersion, whose fiber we call I ;

(c) the normal crossing of two immersion germs, whose fiber we call 21

(d) the normal crossing of three immersion germs, whose fiber we call 31 ;

(e) the map germ corresponding to a Whitney umbrella point, whose fiber we
call WU,

(f) the normal crossing of four immersion germs, whose fiber we call 41 ;

(g) the transverse crossing of a Whitney umbrella germ and an immersion
germ, whose fiber we call WU M I.

Remark 4.2. Since (3, 4) is in the nice range in the sense of Mather [1971], the
characterization of C stable maps of 3-manifolds into 4-manifolds gives the char-
acterization of C° stable maps.

Consider the set %9’&(3, 4) of all fibers of proper two-colored stable maps of
3-manifolds into 4-manifolds. The set of all C*° stable maps is open and dense in
C*°(M, N) with respect to the Whitney C* topology if dimM =3, dim N =4,

4 Amap f: M — N is C® stable (or C¥ stable) if the C* sf-orbit (or CO st-orbit) of f is
open in C®°(M, N) with respect to the Whitney C*° topology, where C°°(M, N) denotes the set
of smooth maps M — N. The C* H-orbit (or c? A-orbit) of f is as follows: Let Diff(N) (or
Homeo(N)) denote the group of self-diffeomorphisms (or self-homeomorphisms) of N. The group
Diff(M) x Diff(N) (or Homeo(M) x Homeo(N)) acts on C*°(M, N) by (&, ¥)g =Wogo o1
where (®, W) € Diff(M) x Diff(N) (or (®, ¥) € Homeo(M) x Homeo(N)) and g € C®°(M, N).
The C*° H-orbit (or cO A-orbit) of f is the orbit through f with respect to this action. Note that a
proper C® stable map is also a Thom map.
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Figure 3. Two-colored C° equivalence classes of a Whitney um-
brella point.

and M is compact. Furthermore, if N satisfies H 1(N ; Z) = 0, each smooth map
is approximated by a two-colored stable map. C@Ef’gr(& 4) is big enough.

Classify the elements of %9&(3, 4) by the equivalence relation c,og 4- Now let
(f, (R, B)): M — N be a two-colored map whose fiber over gg € N is o equiv-
alent to @. Define the c,og’ 4 class of the fiber over gg to be of type A if g is in
R; if go is in B, call it of type B. Let the fiber of (f, (R, B)) over q; € N be co
equivalent to WU. Then the c,og 4 Class of the fiber over g is type A if the inside
the umbrella is in R and is type B if the outside of the umbrella is in R; see Figure
3. The CY classes of @ and WU have two types A and B with respect to c,og’ 4
whereas the other classes do not have such two types. We denote the two-colored
C equivalence class of @ and WU of type A by @4 and WU, respectively, and
adopt analogous notation for B replacing A.

We obtain the universal complex (C* (%Efgr(& 4), cpg, 4)s 8i)ic, where the C* are
defined as

C'= (@4, 25), C*=(I), C* = (41, WU h 1),
c!' =), C?= (31, WU4, WUg), C*=0 otherwise.
The coboundary operations of the cochain complex are in Table 1.

Proposition 4.3. The cohomology groups of (C* (‘69’&(3, 4), c,og’ 4)s 8 are as
follows:

o H° =7, generated by [@ 4 + Dp];
o H'={0};
o H>={0};
e H3X7, generated by [WU4 + 31 = [WUp + 31].
Here [x] denotes the cohomology class represented by the cycle .

The third cohomology class of Proposition 4.3 implies Theorem 1.2.
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k  generator(s) k  generator(s)

0 6o(@4)=0, 3 5BIH=wUMI,
8o(Dp) =0, 853(WU,) =WU M,

1 61)=0, S3(WUp)=WUMI,

2 52I)=WUs+ WUsg,

Table 1. Generators for the coboundary groups of C(%(Efgr(l 4), pg’ 4)-

Proof of Theorem 1.2. Denote the set of bordism classes of p-manifolds into a
connected 3-manifold N by n,(N). Note that we can choose the representative of
the bordism class to be a two-colored stable map. On the other hand, we have

4-1) nay(N) =ny =75 = (w2)z,,

where n, denotes unoriented cobordism group of 2-manifolds and w; denotes the
i-th Stiefel-Whitney class. See [Conner and Floyd 1964] and [Milnor and Stasheff
1974] for details of the first and second isomorphisms in (4-1), respectively. The
representative of ny(/N) can be chosen to be a two-colored map of a surface into a
small neighborhood of a point in N; hence it can be considered as a map into R3.
For [c] € H(€¥0,(3,4). pj ;). we have the map [c]: ny(R®) — H*(R3, Z,) = Z,;
see Remark 3.10. The immersion boy: RP? — R3, constructed by Boy, represents
the generator of 715(R?); the immersion has a triple point and no Whitney umbrella
points, and so [c](boy) = 1; see [Francis 1987] for details. Therefore the map [c]
is a projection. O

4.2. Stable maps of 5-manifolds into 4-manifolds. The characterization of proper
C® stable maps of 5-manifolds into 4-manifolds is well known; see [Saeki and
Yamamoto 2006] or [ Yamamoto 2007, Proposition 3.3] for details.

Remark 4.4. The characterization of C* stable maps of 5-manifolds into 4-mani-
folds also gives a characterization of C° stable maps of this kind, since (5, 4) is in
the nice range in the sense of Mather; see [du Plessis and Wall 1995] for details.

In [Yamamoto 2007, Theorem 3.2], we obtained the list of C®° classes of fibers
of proper stable maps of 5-manifolds into 4-manifolds. For proper stable maps of
closed 5-manifolds into 4-manifolds, the classification of the fibers with respect to
the C™ equivalence and that with respect to the C” equivalence coincide; see [Ya-
mamoto 2007] for details.

Let us classify the fibers of proper two-colored stable maps of 5-manifolds into
4-manifolds with respect to the two-colored C° equivalence cpg’ 4- (It is more sen-
sitive than ,02 4-) Such equivalence splits some C O classes into two types A and B.
For the C° class %, denote the c,og’ 4 Class of type x by F, forx = A, B.
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Lo L8 Lo

Figure 4. The fibers nearby I fori =0, 1, 2.

For each proper map f: M — N of an n-manifold into an (n—1)-manifold,
each regular fiber is a disjoint union of trivial S' bundles, and the number of circle
components in the inverse image is constant on each region in N\ f(S(f)). Assign
each region the number of circles in the inverse image of a point in the region.

Let (f, (R, B)): M — N be a proper two-colored stable map of a 5-manifold
into a 4-manifold.

Let O be a CY class of codimension zero, and let the fiber over qo € N be C 0
equivalent to O. Say the cpgy 4 Class of the fiber over g is type A if go is in R, and
say it is of type B if g is in B.

Let € be a CY class of codimension one, and let the fiber over ¢g; € N be C°
equivalent to €. Locally, €( f) is adjacent to two regions in N\ f(S(f)); see Figure
4. If ¢ is I' or T, the difference between the associated numbers of such regions
is one. Then say the c,ogv 4 Class of the fiber over g is type A if the region having
larger associated number is in R, and adopt like language for B replacing both A
and R. If € = I2, the difference between the associated numbers of such regions
is zero; see Figure 4. The C° class of 12 does not have two types with respect to
c,og’ 4

Let # be a C° class of codimension two, and let the fiber over g, € N be C°
equivalent to &. Locally, &( f) is adjacent to four regions in N \ f(S(f)) unless
Fis . Let & = 11°°, !, TI"!, I3, or II°. Define the cpd 4 class of the fiber
over ¢, to be of type A if the two of such regions in R have the same associated
number, and define the class to be of type B otherwise; see Figure 5. In Figures 5,
6, and 7, the numbers attached to the regions are the associated numbers when the
number of circle components in the inverse image of the center is zero. plus Spt

Let F = II*. Define the c,og 4 class of the fiber over g5 is type A (or B) if two
of such regions having the larger associated number are in R (or B); see Figure
6. By a similar argument to the cases of I’ and T', the 1% have two types. In this
way, the C 0 classes INIO’O, ﬁo’l, ﬁl’l, I~I3, ﬁ“, and TI% have two types with respect to
cpg’ 4 However, the other CY classes of codimension two do not have two types;
see Figure 7 for example.
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Figure 7. Codimension 2 strata that cannot be divided into two types.
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[Yamamoto 2006b] shows that, in the case ¥ = 3, the CY classes

000 foo! ol bt
o3, me4, e, mh3, a4, ',
me, me, e, m', Im'2, md, m, mv7, 1m*,
me, e, me, mé, I, m/, Ime¢
have two types with respect to cpg 45 in the case k = 4, the classes with two types
are
0000 {0001 {O00L1 [{OLLI - yLLLL
V003 [0.04 ({005 [0.13 {014 [{O.15 [yLL3 fylle [jLLs,
[V00a  [yola  fylla
V33, V34 W3S, V44, %S, V55, 1v3e, fvbe, [v5e
V08, 00 010 011 {012 013 {015 [{0.17 {021
AR LAIHS (AR UM ivaREIS (A NER (vaRENS s NERE (v RENS ok
VO Ve, [0 i y0e [vle VO VLS VO Ve Ve
v+ for x =27, ...,40,
VB, V4, V46, V47, V40, V30, V34, V35, IV, 1V38, 159, [V,
V02, V66, V67 (V68 V70, (V71 V72, V™, V76, V77, V86, [V,
| VN VAN V2 VAT YA VA (YA VAN AA (VA A8
Ve, IVA, IV7, IV8, IVE, IV¢, IV,
The other C° classes of codimension three and four do not have two types.
Consider the set C(%Efgr(S, 4) consisting of all fibers of proper two-colored stable

maps of 5-manifolds into 4-manifolds. %9&(5, 4) is big enough as well as the set
0

€S (3, 4.

Definition 4.5. Two fibers of proper Thom maps of n-manifolds into (n—1)-mani-

folds (for n > 2) are two-colored C° equivalent modulo m circle components if one

of them is two-colored C° equivalent to a disjoint union of the other one and Im

copies of the fiber of the trivial S bundle for some nonnegative integer /. Denote
this equivalence relation by Cpr(z),n—l (m).

We obtain the cochain complex
GBS (5. 4), cp3 4(2)) = (CK(6F (5. 4). cp 4(2)). 8-

C” (%Efgr(S ,4), c,og’ 4(2)) consists of all the c,ogy 4(2) classes of the fibers of codi-
mension k in the list of [Yamamoto 2006a, Theorem 3.2]. The coboundaries are
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given in the following lists of equations. In these, the symbol %, (or %,) denotes
the c,og 4(2) class of F such that the number of circle components of & is odd (or
even). Denote ¥, + %, by F. The item 6, (%,.) can be obtained by interchanging
%, with 94, in the item 8, (F,): if 6, (F,) =%, +---,then §.(F.) =%, +---. We
remark that §, (y, (%)) = y, (8, (F)). We begin with the case x =0, where

80(040) =13, + 1y ,+1 ,+12.
Next, the generators for k = 1 are
511G ) =105 + 13! + 102+ 10 .,
i1y ) =105 + 05! + 12+ 104,
§1(12) =02 + "2 4 116

For k = 2, the generators are
8o (I°)) = M50 + 00 + M 1 4 MG + MO02 1T + 100G,
S ) =my b i + 02+ 106 + M%) + ML + 1004
Sy =1L +my ! + Iy I L+ I 2 4 L 4+ )+ 108,
8>(T1%2) = M1% 12 4-1T1% 4- 1112,
Sy (I12) = 112 4 1010 + M4 + 1129,
8> (122 = M*22 4 11122 4 111>° + 1%,
80, ) =M% + 10y + M1 + 100,70 + W23 4+ 18, + 1005, + 105, + 100,

XS 11 G 11 RS 11 Gl 11 Gl 1 RS 11 A
8o (T4 ) =T + 100y + 10 % + 100 + 24 4+ MY, + 00y, + 10, + 10037,

+IE 4+ 100,

8,0, ) = MY + 1M1, + 100, + 1> + 1Y, + 1Y, + 103, + 1005,
8(I1) = M6 4 116 4 1T11* 4- 111,
8y (I7) = M*7 4+ 11"7 + 10113 4 101" 4 1010 + 1120
8114 ) = MY + M3 +10,% + ¢ + 11, + 100 .
For k¥ = 3, the generators are

(%% = VR0 4+ VG001 + V0002 L V50 L V94,
850" = VG001 4 VG001 L [V0.012 1 [§0.06 1[990 4 G e
+ IV + VG,
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5 (IHOI 1)_IV0] 1]+I 0.1, 11+IV0112+IV016
+IVO b v b+ VS VD
5 (IHI 1, 1)_IV0111+IV01 11+IV1 ”2+IV1 16+IV1 1a+IVBo’
53(IH )—IVO 1, 3+IV0 1,3 +IV023+IV08 +IV09 -|—IV09 +IVO 11 +IV0 14
+IV%}07+1V2’23+1V2’24+1V3’” +IVEE LIV IV IV
S ) =1V + VR + IV + VLS + 1V + 1V +IV}4101 + v
+IVET+IVEB 4 1V) 24+1V36+1V3“ +IV”’ +IVy 1V,
S(MGY) = VE L4+ VG LA+ V024 4 V0 D VG0 v + IV‘j; B
+IV°21+IV022+IV4“ +IVY +1VY
63(1’1“11]4,’40)=I"\"](A,’1(;4+I"\"/(I)ile,4+f\“]1,24+IV] 10+IV1 ]O+IV1 11 +IV1 13
+IVE2 + 1V 22+IV46+IV4“ +IVES +IVE
S ) =1V + VS +1v,:% + 1V + V28 4+ IV 4+ V2 4 v
+IV IV,
§3(M0Y ) =1V + IV +1V," + IV + V2 + VR, + VY,
+ﬁ/‘§§o +IVE LIV + IV + IV +1VY
S(IY ) = VG104 IV O+ 1V 04 1V 10 V21041938, +1'V3310+1V53+1V;40
FIV A+ IV + VS VY, + VS IVS + VO 1V, + 1V,
83(II!! )_IVOH+IV0”+IV1”+IV111+IV2“+IVBH+IVA’
HIVE +IVEE + IV, + VS +1VY , +1V),
S(ME,) =Vy 2 + VG 2 + 1V 4 v +IV2 RLvE, +1V38,
+IV69 +IVY + 1V
S(MGY) = Vi L+ VR 4 1V02a + IVGD + 1V +1V0 41V,
§3(IL) =1V LA Vo LV 20 V8 IV D LIV LD IV IV 4+IVS,
S, ) = IV‘},{’O +IVYD +IVED +1IVLD V2P 4 IVE 4+ IV, 4+ IV 1V
+IVY  + 1TV,
§3(M4 ) =1V5 +IV3 +1VEd +1VE + V2 1V,
83 (ITIZ’O) =IVyS + VO +IVE + 1V +1IV2e + 1V +1V), ,
HIVY IV IV IV + 1V



SINGULAR FIBERS OF TWO-COLORED MAPS AND COBORDISM INVARIANTS 395
85I, ) =IVOT + VG, + IV, + IV 4+ V2 41V + 1V,
+IVYy , +IVY  +IVE+IVS , + 1V
(33 (ITIS,O,Z) — IAVO’O’O’Z + IA\'IO,O,l,Z + I"\“]O,O,6 + I"\“](E),Z,a + I"\“lg,c + I"V{Z},d’
55 (1022 = [V0.1:22 4 [02:6 4 [{72.2.0 | 020 4 2.,
53(1“1‘12,1,2) — VL2 [{yO0L12 4 116 +I"\“](1),2,a +ﬁ,(1),14 _HA\‘,;,zo _H“\‘,%,s’
85 (T1122) = [V01:22 4 [1:2:6 4 {220 4 {214 4 120,
S3(M0 12 = (V016 4 [V02a 4 {yL2a L V014 L Y20 4 Ve
(33 (ﬁ’I(Z),Z,Z) — I'VO,Z,Z,Z + I'{II,Z,Z,Z + I'{;Z,Zﬁ + I’{,g,ZO’
SIS =1y + VG + V029 4 100 10 4 1V5 D 4 1v0 16 4 v
FIVOE IV + VRS +IVE
§3(I%0) = [V 1.6 4 V014 4 [0 4 [0 L V! 4 IV 41V,
(Y7 = IVO LT 4 IV B VG 4 V018 L V019 L V0204 IV 4+ 1VO +1VE,
SUY) =1IVE L + VG L+ VIS VLD 4 v D V16 L v, T
+IVA H IV +1VE +1VE,
S3(IMI10) = IV 16 f [V I4 L V0 L [Vhe L VA L V42 4 V4
ST = VO T4 IV D IV D VB L [V L V)20 L V7 V8 L VS,
S3(M23) = V023 L V123 L V28 V20 L V2L V217 V36
FIV2E V2 VA 1 IV,
S3 (24 = V0244 V124 L [V210 L V21 L V218 [922 L VA6 L [V2e 41V,
S3(I127) = IVO25 4 IVE25 L V215 L V217 V221 L V30 L [v2e 4 [VE2)
83(IM20) = V26 4 V126 L V214 L [V2e 1 [V30 L 1V8T
63(1?1%’7)=IAVO’2’7+IA\71’2’7+IA\J/§’13+ﬁ/2'18+Iﬁ\72’19+I~\d/%’20+f\76’7+IA\J/})O4+I§/})O9,
SAE ) =1IVED + Vi D+ v D+ VD + V28 4 v+ 1V,
+IVY, + IV + IV + VY, + VP + VD,
S3(IIM4 = VO 14 L VI L V4 L IVE L IVH 11V 41V,
ST ,) = VG2 + VG +IVED 4 IV D+ V215 IV, + IV, + V3,
FIVEHIVE LIV LIV L VS L IV + 1V + 1V + 1V,
S3(IM1%) = V16 L V116 L V8T L V78 L V70 4 1VE2 4 1VE7 4 V8
+ IV IV IV L TVY,
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S ) =1V + Vi T+ Vv T+ VY + V27 4 10 + 1V
FIVE VY +IVE + IV +1VY
S(ILE) =IVO B LIV B L IVY +1V3) +IV78+IV81 +IV84+IV91 +IVIO 41V,
S3(M)°) =TVO P IVE LIV +1VY, + IV IV +IVE + IV 1V 10 4 1V2,
5 (IIIZO) 7020 4 71,20 4 (/80 4 R8T
SN =IV52 +IVE2 + 1V + IV +IVEH 41V + IV, + 1V,
+IVE, + IV, + IVE + IV + IV +1VY  + 1V + 1V,
S(M2) = V02 4 IV 2 4 VS 4 IV + IVO 4 IV 4 IV + TVS IV
+IVE + IV 4+ VY +IVE 4+ IVE IV + IV 1V,
S =IVOB + V' B 4L V2 + VY + IV + VY, + 1V,
+IVE IV IV,
S = VO L VI L IVH L IV 4+ IVE + IV + IV V2
+IVY A+ VY, + IV + IV 4 1V,
S(MP) =IVOP VIS L V) 4 IV + VD + 1V IV VIO L V104
§3(M120) = V02 4 IVE26 L IV + IV + VI 4 VIO 4 1V]99,
83 (M%) = V024 4 [V12e L V0 L V2P L IV 4 IVE,
83(IM) = IVOC 41V IV 41V 4 IV +1V7,
~ 0. 0.8 | Rl o R ~
S3(IMI8) = IVE +IVE + 1V, + 1V + IV + 1V +1VY  + 1V,
+IVE, + VY +1IVY,
Proposition 4.6. The cohomology groups of (C* (‘68%(5 ,4), c,og’ 4(2)), 8¢ are as
follows:
e H'x=7, generated by [04 + Og];
o H'=7,87, generated by [13 ,+1%,  +1), ,+1} 1= ,+1 +1} ,+1} ]
and [ + 1 + 121 = [1 +1), +I2] 1 +Il +12] [10 +Il +121;
o H>={0};
o H>Z=7, generated by [II1>>2 + 127 + M2 + 112 + 113 | + 1015, + 1125 +
11%] = [[[1>22 4+ 127 + 012 + A1) + M, + 10 + 012 + 10120,
where [x] denotes the cohomology class represented by the cocycle .

The third cohomology class of Proposition 4.6 implies Theorem 1.1.
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Proof of Theorem 1.1. By using arguments similar to those in the proof of Theorem
1.2, the set of bordism classes of 4-manifolds into N is

(4-2) na(N) Zng =7, ® 7> = (wa)z, ® (w1)z,.

We can choose the representative of the bordism class by two-colored stable map
into R? as well. For [c] € H? ((fogr(S, 4), c,o274(2)), we get the map [c]: ns(R?) —
H3(R3,Z,) = Z,; see Remark 3.10. One generator of na(R3) is represented by
the stable map S,: RP2XRP? — R3 constructed by Saeki [1992, Example 3.7].
Salscs,) has 27 triple points. One is 11222, and the others are not any of 127,
ITIIQ, ITIB, ITIZS, or IT126, and so [c](S;) = 1. The other generator is represented by
the stable map K, : CP? — R3 constructed by Kobayashi [1997]. K,|s(k,) has two
triple points. One is [1'2 and the other is ITIO*O’O, and so [c](K,) = 1. Therefore,
the map [c] is the projection onto the first component. O

Remark 4.7. The quotient cochain complex <€(<€Efgr(5, 4), c,og’ 4(2))/y is isomor-
phic to the cochain complex <€(Ef’gr(5, 4), ,og’ 4(2)), where E/’gr(S, 4) is the set of all
singular fibers of proper stable maps of 5-manifolds into 4-manifolds and pg’ 4+(2)
is the C° equivalence modulo two regular fiber components. ‘6(8’&(5, 4), pg, 4(2)
also contains an interesting application; see [ Yamamoto 2007] for details.

Acknowledgments

The author would like to thank adviser Go-o Ishikawa for helpful advice and
encouragement; Osamu Saeki for helpful comments, discussions, and constant
encouragement; Akiko Neriugawa for useful advice on English grammar and for
support and encouragement; and finally the referee for careful reading and for many
essential comments which improved the paper.

References

[Conner and Floyd 1964] P. E. Conner and E. E. Floyd, Differentiable periodic maps, Ergebnisse
der Mathematik 33, Academic Press, Publishers, New York, 1964. MR 31 #750 Zbl 0125.40103

[Francis 1987] G. K. Francis, A topological picturebook, Springer, New York, 1987. MR 88a:57002
Zbl 0612.57001

[Gibson et al. 1976] C. G. Gibson, K. Wirthmiiller, A. A. du Plessis, and E. J. N. Looijenga, Topo-
logical stability of smooth mappings, Lecture Notes in Math. 552, Springer, Berlin, 1976. MR 55
#9151 Zbl 0377.58006

[Ikegami and Saeki 2003] K. Ikegami and O. Saeki, “Cobordism group of Morse functions on sur-
faces”, J. Math. Soc. Japan 55:4 (2003), 1081-1094. MR 2004g:57046 Zbl 1046.57020

[Kalmar 2007] B. Kalmdr, “Cobordism group of fold maps of oriented 3-manifolds into the plane”,
Acta Math. Hungar. 117:1-2 (2007), 1-25. MR 2356183

[Kobayashi 1997] M. Kobayashi, “Two stable maps of C2P into R3”, Mem. College Ed. Akita Univ.
Natur. Sci. 51 (1997), 5-12. MR 98g:57049 Zbl 0884.57026


http://www.ams.org/mathscinet-getitem?mr=31:750
http://www.emis.de/cgi-bin/MATH-item?0125.40103
http://www.ams.org/mathscinet-getitem?mr=88a:57002
http://www.emis.de/cgi-bin/MATH-item?0612.57001
http://www.ams.org/mathscinet-getitem?mr=55:9151
http://www.ams.org/mathscinet-getitem?mr=55:9151
http://www.emis.de/cgi-bin/MATH-item?0377.58006
http://dx.doi.org/10.2969/jmsj/1191418765
http://dx.doi.org/10.2969/jmsj/1191418765
http://www.ams.org/mathscinet-getitem?mr=2004g:57046
http://www.emis.de/cgi-bin/MATH-item?1046.57020
http://dx.doi.org/10.1007/s10474-007-5101-2
http://www.ams.org/mathscinet-getitem?mr=2356183
http://www.ams.org/mathscinet-getitem?mr=98g:57049
http://www.emis.de/cgi-bin/MATH-item?0884.57026

398 TAKAHIRO YAMAMOTO

[Koschorke 1981] U. Koschorke, Vector fields and other vector bundle morphisms — a singularity
approach, Lecture Notes in Math. 847, Springer, Berlin, 1981. MR 82i:57026 Zbl 0459.57016

[Mather 1970] J. N. Mather, “Stability of C° mappings. V. Transversality”, Advances in Math. 4
(1970), 301-336. MR 43 #1215¢ Zbl 0207.54303

[Mather 1971] J. N. Mather, “Stability of C*° mappings. VI: The nice dimensions”, pp. 207-253
in Proceedings of Liverpool Singularities Symposium, I (1969/70), Lecture Notes in Math. 192,
Springer, Berlin, 1971. MR 45 #2747 Zbl 0211.56105

[Milnor and Stasheff 1974] J. W. Milnor and J. D. Stasheff, Characteristic classes, Princeton Uni-
versity Press, NJ, 1974. Annals of Mathematics Studies, No. 76. MR 55 #13428 Zbl 0298.57008

[du Plessis and Wall 1995] A. du Plessis and T. Wall, The geometry of topological stability, London
Mathematical Society Monographs. New Series 9, The Clarendon Press Oxford University Press,
New York, 1995. Oxford Science Publications. MR 97k:58024 Zbl 0870.57001

[Rimdnyi and Szfics 1998] R. Rimdnyi and A. Sziics, “Pontrjagin-Thom-type construction for maps
with singularities”, Topology 37:6 (1998), 1177-1191. MR 99g:57031 Zbl 0924.57035

[Saeki 1992] O. Saeki, “Notes on the topology of folds”, J. Math. Soc. Japan 44:3 (1992), 551-566.
MR 93f:57037 Zbl 0764.57017

[Saeki 2004] O. Saeki, Topology of singular fibers of differentiable maps, Lecture Notes in Math.
1854, Springer, Berlin, 2004. MR 2005m:58085 Zbl 1072.57023

[Saeki and Yamamoto 2006] O. Saeki and T. Yamamoto, “Singular fibers of stable maps and signa-
tures of 4-manifolds”, Geom. Topol. 10 (2006), 359-399. MR 2007f:57058 Zbl 1107.57019

[Sziics 1986] A. Sziics, “Surfaces in R3”, Bull. London Math. Soc. 18 (1986), 60-66. MR 88a:57060
7Zbl 0563.57015

[Thom 1954] R. Thom, “Quelques propriétés globales des variétés différentiables”, Comment. Math.
Helv. 28 (1954), 17-86. MR 15,890a Zbl 0057.15502

[Yamamoto 2006a] T. Yamamoto, “Classification of singular fibres of stable maps of 4-manifolds
into 3-manifolds and its applications”, J. Math. Soc. Japan 58 (2006), 721-742. MR 2007m:57035

[Yamamoto 2006b] T. Yamamoto, Cobordism invariants and the singular fibres of two colored maps,
PhD thesis, Hokkaido University, 2006, Available at http:/hd1.handle.net/2115/8465.

[Yamamoto 2007] T. Yamamoto, “Euler number formulas in terms of singular fibers of stable maps”,
pp. 427-457 in Real and complex singularities (Sydney, 2005), edited by A. Harris et al., World
Sci. Publ., Hackensack, NJ, 2007. MR 2336698 Zbl 05179100

Received April 20, 2007. Revised November 7, 2007.

TAKAHIRO YAMAMOTO
FACULTY OF MATHEMATICS
KYUSHU UNIVERSITY
HAKOZAKI, FUKUOKA 812-8581
JAPAN

taku_chan@math.sci.hokudai.ac.jp


http://www.ams.org/mathscinet-getitem?mr=82i:57026
http://www.emis.de/cgi-bin/MATH-item?0459.57016
http://www.ams.org/mathscinet-getitem?mr=43:1215c
http://www.emis.de/cgi-bin/MATH-item?0207.54303
http://www.ams.org/mathscinet-getitem?mr=45:2747
http://www.emis.de/cgi-bin/MATH-item?0211.56105
http://www.ams.org/mathscinet-getitem?mr=55:13428
http://www.emis.de/cgi-bin/MATH-item?0298.57008
http://www.ams.org/mathscinet-getitem?mr=97k:58024
http://www.emis.de/cgi-bin/MATH-item?0870.57001
http://dx.doi.org/10.1016/S0040-9383(97)00093-1
http://dx.doi.org/10.1016/S0040-9383(97)00093-1
http://www.ams.org/mathscinet-getitem?mr=99g:57031
http://www.emis.de/cgi-bin/MATH-item?0924.57035
http://www.ams.org/mathscinet-getitem?mr=93f:57037
http://www.emis.de/cgi-bin/MATH-item?0764.57017
http://www.ams.org/mathscinet-getitem?mr=2005m:58085
http://www.emis.de/cgi-bin/MATH-item?1072.57023
http://dx.doi.org/10.2140/gt.2006.10.359
http://dx.doi.org/10.2140/gt.2006.10.359
http://www.ams.org/mathscinet-getitem?mr=2007f:57058
http://www.emis.de/cgi-bin/MATH-item?1107.57019
http://dx.doi.org/10.1112/blms/18.1.60
http://www.ams.org/mathscinet-getitem?mr=88a:57060
http://www.emis.de/cgi-bin/MATH-item?0563.57015
http://dx.doi.org/10.1007/BF02566923
http://www.ams.org/mathscinet-getitem?mr=15,890a
http://www.emis.de/cgi-bin/MATH-item?0057.15502
http://projecteuclid.org/getRecord?id=euclid.jmsj/1156342035
http://projecteuclid.org/getRecord?id=euclid.jmsj/1156342035
http://www.ams.org/mathscinet-getitem?mr=2007m:57035
http://hd1.handle.net/2115/8465
http://www.ams.org/mathscinet-getitem?mr=2336698
http://www.emis.de/cgi-bin/MATH-item?05179100
mailto:taku_chan@math.sci.hokudai.ac.jp

	1. Introduction
	2. Preparation
	3. Cochain complex of the singular fibers of two-colored maps
	4. Stable maps of n-manifolds into 4-manifolds for n=3 and n=5
	Acknowledgments
	References

