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Consider the first order linear difference equation
Auk)+ p(k)u(t(k))=0, keN,

where Au(k) =u(k+1)—u(k),p: N> Ry, t: N> N,7(k) <k—2and
limy_, 1o (k) = 400. Optimal conditions for the oscillation of all proper
solutions of this equation are established. The results lead to a sharp oscil-
lation condition, when k — t(k) — +o00 as k — +oo. Examples illustrating
the results are given.

1. Introduction

The first systematic study for the oscillation of all solutions to the first order delay
differential equation

(1-1) u'(t)+ pt)u(z(t)) =0,
where

pELwRi;Ry), teCRRY), T() <tforteRy andt 1121 (1) = 400,
— 400

in the case of constant coefficients and constant delays was made by Myshkis
[1972]. For the differential equation (1-1) the problem of oscillation is investigated
by many authors. See, for example, [Elbert and Stavroulakis 1995; Koplatadze and
Chanturiya 1982; Koplatadze and Kvinikadze 1994; Ladas et al. 1984; Sficas and
Stavroulakis 2003] and the references cited therein.

Theorem 1.1 [Koplatadze and Chanturiya 1982]. Assume that

t
1
(1-2) liminf/ p(s)ds > —.
T e

t—+00 (1)
Then all solutions of Equation (1-1) oscillate.

MSC2000: primary 39A11; secondary 39A12.
Keywords: difference equation, proper solution, positive solution, oscillatory.

15


http://pjm.berkeley.edu
http://dx.doi.org/10.2140/pjm.2008.235-1

16 G. E. CHATZARAKIS, R. KOPLATADZE AND I. P. STAVROULAKIS

It is to be emphasized that condition (1-2) is optimal in the sense that it cannot
be replaced by the condition

t
(1-3) liminf/ p(s)ds = l
t——+00 (1) e

For example, if t(t) =t—§ort(¢t)=atort(t) =t*, where § >0, « € (0, 1), exam-
ples can be given such that condition (1-3) is satisfied, but (1-1) has a nonoscillatory
solution.

The discrete analogue of the first order delay differential equation (1-1) is the
first order difference equation

(1-4) Au(k) + p(k) u(z (k) =0,

where
Autk) =uk+1)—u(k), p:N—> R4,

(1-3) t:N—> N, tk)<k—1, lim t(k)=4o0.
k—+00

By a proper solution of (1-4) we mean a function u : N,, — R with ngp =
min{t(k) : k € N,} and N, = {n,n + 1, ...}, which satisfies (1-4) on N,, and
sup{lu(i)| :i > k} > O for k € N,,.

A proper solution u : N,, — R of (1-4) is said to be oscillatory (around zero) if
for any positive integer n € N, there exist ny, ny € N, such that u(ny) u(ny) <0.
Otherwise, the proper solution is said to be nonoscillatory. In other words, a proper
solution u is oscillatory if it is neither eventually positive nor eventually negative.

Oscillatory properties of the solutions of (1-4), in the case of a general de-
lay argument t(k), have been recently investigated in [Chatzarakis et al. 2008a;
2008b], while the special case when t(k) =k —n, n > 1, has been studied rather
extensively. See, for example, [Agarwal et al. 2005; Bastinec and Diblik 2005;
Chatzarakis and Stavroulakis 2006; Domshlak 1999; Elaydi 1999; Ladas et al.
1989] and the references cited therein. In this particular case, (1-4) becomes

(1-6) Au(k) + p(k)utk—n)=0, keN.
For this equation Ladas, Philos and Sficas established the following theorem.

Theorem 1.2 [Ladas et al. 1989]. Assume that

(1-7) }(iinjnf.; PG > (n” )"H.

Then all proper solutions of (1-6) oscillate.
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This result is sharp in the sense that the inequality (1-7) cannot be replaced by
the nonstrong one for any n € N. Hence, Theorem 1.2 is the discrete analogue of
Theorem 1.1 when 7(t) =1t — é.

An interesting question then arises whether there exists the discrete analogue
of Theorem 1.1 for (1-4) in the case of a general delay argument t(k) when
limy, 4 0o (k — 7 (k)) = +o00.

In the present paper optimal conditions for the oscillation of all proper solutions
of (1-4) are established and a positive answer to the above question is given.

2. Some auxiliary lemmas

Let ko € N. Denote by Uy, the set of all proper solutions of (1-4) satisfying the
condition u (k) > 0 for k > k.
Remark 2.1. We will suppose that U, = @, if (1-4) has no solution satisfying the
condition u (k) > 0 for k > k.

Lemma 2.2. Assume that ko € N, Uy, # &, u € Uy, (k) <k — 1, © is a nonde-
creasing function and

k—1
@2-1) lim inf p(i)=c>0.
k—+o00
i=t(k)
Then
k 4

(2-2) lim sup 8D =,

k—+o00o Uk+1) 7 ¢
Proof. By (2-1), for any € € (0, ¢), it is clear that

k-1
(2-3) Y pli)y=c—e for ke N,
i=t(k)

Since u is a positive proper solution of (1-4), then there exists k1 € Ny, such that
u(r(k)) >0 for ke Ng,.
Thus, from (1-4) we have
utk+1) —u(k) = —pu(z(k)) <0

and so u is an eventually nonincreasing function of positive numbers.
Now from inequality (2-3) it is clear that, there exists k* > k such that

k*—1 k*

. c—¢& . c—¢&

2-4) E p() < > and E p(@) > —
=k i=k



18 G. E. CHATZARAKIS, R. KOPLATADZE AND I. P. STAVROULAKIS

c—¢&

This is because in the case where p(k) < <%, it is clear that there exists k* > k
such that (2-4) is satisfied, while in the case where p(k) > <%, then k* =k, and

2
therefore
k-1 k—1 B
Z p@) = Zp(i) (by which we mean) =0 < ¢ 5 £
i=k i=k
and

k* k
> pi) =Y pi) = pth) = —=.
i=k =k

That is, in both cases (2-4) is satisfied.

Now, we will show that t(k*) < k — 1. Indeed, in the case where p(k) > %,
since k* = k , it is obvious that 7(k*) < k — 1. In the case where p(k) < 5%,
then k* > k. Assume, for the sake of contradiction, that t(k*) > k — 1. Hence,

k <t(k*) <k*—1 and then

k*—1 k*—1 c—e

L . |
D P =) pi) <
i=t(k*) i=k

This, in view of (2-3), leads to a contradiction. Thus, in both cases, we have
tk*) <k-—1.
Therefore, it is clear that

k—1 k-1 k=1

. . . c—e c—¢

(2-5) E pli) = E p(l)—E pli)=(c—¢)— ;=5
i=t(k*) i=t(k*) i=k

Now, summing up (1-4) first from k to k* and then from 7 (k*) to k — 1, and using
that the function « is nonincreasing and the function t is nondecreasing, we have

k* k*
(k) —uk*+1) =Y pu(r() = (Zp(z’))u(r(k*)) > ¢ > “u(z k),

i=k i=k

or
c—E¢&
(2-6) u(k) = ——u(r k"),
and then
k—1 k—1
u(r (k) —uk)= " piu(r@) z( > p(i))u(r(k—l)) > Souk-1)),
i=t(k*) i=t(k*)

or
2-7) u(z(k) = C;’;u(r(k— ).
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Combining inequalities (2-6) and (2-7), we obtain
u(tk—1)) - 4

u(k) “(c—¢)?
and, for large k, we have
u(z) _ 4
uk+1) ~ (c—e)?’
Hence,
. u(z (k) 4
lim sup < o
ko too uk+1) = (c—#)
which, for arbitrarily small values of ¢, implies (2-2). (]

Lemma 2.3. Assume that ko € N, Uy, # @, u € Uy, , 1(k) <k —1, T is a nonde-
creasing function and condition (2-1) is satisfied. Then

k—1
4
(2-8) lim u(k) exp<k Zp(i)) =400 forany A > .
k——+o00 im1 C

Proof. Since all the conditions of Lemma 2.2 are satisfied, for any y > 4/c?, there
exists k1 € Ny, such that

u(t(k))
(2-9) m <y for ke N, .

Also, for any n € Ny,

" Auk) " u(k) " u(k)
Zu(k+1):,;kl<1_u(k+l)):(n_kl)_ZeXp<lnu(k+1))

k=kj k=ki

n

u(k) __" wk)  u(n41)
5(”_k1)_]§(1+1n u(k+1)>_ g};ln Wkt D o

or
n

Z Au(k) <In un+1)
ulk+1) — u(ky)

k=k,
Moreover, from (1-4), we have

NAuk) o u(z (k)
gmkﬂ)__,;hp(k)mmn'

Combining (2-9) with the last two relations, we obtain

u(n+1) = ulky) exp(—y > p(k))‘

k=kj
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—+00
Now, by (2-1), it is obvious that ) p(i) = +oo. Therefore, for A > 4/02, the last
inequality yields

n
nl}l}rloou(n +1) exp(k kzk p(k)) = 400,
=K1

or
k—1
li k A ) ) =
Jim )exp( Zk p(,)> +oo,
i=k
which implies (2-8), since

k—1 k—1
Y p) =Y pl). O
i=1

i=k;
Next, consider the difference inequality
(2-10) Au(k) +q(k) u(o(k)) <0,

where
g:N—->Ry, o:N—-> N and Ilim o(k)=+o0.

k—+o00
In the sequel the following lemma will be used, which has recently been estab-
lished in [Chatzarakis et al. 2008a].

Lemma 2.4. Assume that (2-1) is satisfied, and for sufficiently large k
ok)y=t(k)=k—-1, pk) = q(k)

and u : Ny, — (0, 400) is a positive proper solution of (2-10). Then, there exists
ki € Ny, such that Uy, # & and u,. € Uy, is the solution of (1-4), which satisfies the
condition

0 <us(k) <u(k) for ke Nyg,.

By virtue of Lemma 2.4, we can formulate Lemma 2.3 in the following more
general form, where the function 7 is not required to be nondecreasing.

Lemma 2.5. Assume that ko € N, Uy, # @, u € Uy, ©(k) < k — 1 and condition
(2-1) is satisfied. Then, for any A > 4/c?, condition (2-8) holds.

Proof. Since u : Ny, — (0, 400) is a solution of (1-4), it is clear that u is a solution
of the inequality

Au(k) + p(k)u(o(k)) <0 for ke Ny,

where o (k) = max{r(i) : 1 <s <k, s € N} and k; > kg is a sufficiently large
number.
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First we will show that

k—1
(2-11) lim inf > pi)=c.
i=o (k)

Assume that (2-11) is not satisfied. Then there exists a sequence {k; }+ | of natural
numbers such that o (k;) #t(k;) i=1,2,...) and

kj—1
(2-12) lim inf Z pi)=c <c.
J=too i=o(kj)
Also, from the definition of the function o, and in view of o (k;) # t(k;), for any
k;, there exists k; < k; such that o (k) = o (k;) for k; <k < k;, lim;_, ;o0 k] = +00
and o (k}) = t(k!). Thus

ki—1 ki—1 ki—1 ki—1
dYopth= Y pih= > p= Y. pl) (=12,...),
j=t(k) j=o (k) j=0o (ki) j=o (k)

and, by the virtue of (2-12), we have

ki—1 ki—1
lim inf i) < limi ) = .
lim inf > p(j) < liminf > p=c<c
j=t(k) j=o (k)

In view of (2-1), the last inequality leads to a contradiction. Therefore (2-11) holds.
Now, by Lemma 2.4, we conclude that the equation

Au(k) + p(k) u(o (k)) =0
has a solution u,. which satisfies the condition
(2-13) 0 <uy(k) <u(k) for ke Ny,

where k| > kg is a sufficiently large number. Hence, taking into account that the
function o is nondecreasing, in view of Lemma 2.3, we have

k—1
Jim s (k) exp(x Z} p(i)) =
1=
where A > 4/c?. Therefore, by (2-13), we get

lim u(k) ex ki (i) ) =4o0 foran A>i Il
Pt p ._p = y a2
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Lemma 2.6 (Abel transformation). Let {a;};' and {b;}}'Y be sequences of non-
negative numbers and

+00
(2-14) Zai < +00.
i=1

Then

k k
Zai bi =A1b1 — Ags1 b1 — Z Ait1(bi —biy1),
i=1 i=1

where A; = j;of aj.

Proof. Since (2-14) is satisfied, we have

k+1

k k
Y Aiibi—bip) =) Aiibi— Y Ab;
i=1 i=1 i=2

k
= Aoby — Acsibei + Y _(Aip1 — Aib;
i=2
k
= Aoby — Agt1bi41 — Z aib;
i=2
k
= A1by — Agibei — Y _aib,
i=1

or

k k
Zaibi = A1b) — Apy1bpyr — ZAH—l(bi —biy1). O

i=1 i=1
Koplatadze, Kvinikadze and Stavroulakis established the following lemma. For
completeness, we present the proof here.

Lemma 2.7 [Koplatadze et al. 2002]. Let ¢, ¥ : N — (0, 400), ¥ be nonincreas-
ing and suppose

(2-15) lim (k) =400,
k—+00
(2-16) liminf (k) ¢(k) =0,
k—~400

where ¢(k) =inf{@(s) : s > k, s € N}. Then there exists an increasing sequence of
natural numbers {ki};;of such that

Jim k; = +00, pki) =gk), P k)@k) =y ki) ¢(k;)
k=1,2,...,ki;i=1,2,...).
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Proof. Define the sets E| and E; by

ke Ey < @) =opk),
ke Ey < @(s)Y(s)> k) y(k) fors e{l,..., k).

According to (2-15) and (2-16), it is obvious that

2-17) sup E; = +o00 (i=1,2).
Show that
(2-18) sup E1 N Ey = +00.

Let ko € E, be such that ko ¢ E1. By (2-16) there is k; > ko such that ¢ (k) = @(k;)
for k = ko, ko+ 1, ...,k and ¢(k;) = ¢(k;). Since v is nonincreasing, we have

pk) Y k) = @k) Y (ki) for k=1,... k.

Therefore k; € E1 N E;. The above argument together with (2-17) imply that (2-18)
holds. .

Remark 2.8. The analogue of this lemma for continuous functions ¢ and y was
proved first in [Koplatadze 1994].
3. Necessary conditions of the existence of positive solutions

The results of this section play an important role in establishing sufficient condi-
tions for all proper solutions of (1-4) to be oscillatory.

Theorem 3.1. Assume that ko € N, Uy, # &, (1-5) is satisfied,

k-1
3-1 lim inf i)=c>0,
(3-1) lim in ,;@ p(i)
and
k—1
(3-2) lim sup Z pi) < 4oo.
k=00t (k)

Then there exists A € [1, 4/ 2] such that
(3-3) k=1 +oo 2()-1
lim sup(}clinlgexp((k + &) Z p(l)) Z p@) exp(—()» +¢) Z p(l))) <1.

e—>0+ i=1 i=k =1
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Proof. Since Uy, # &, Equation (1-4) has a positive solution u : Ny, — (0, 4-00).
First we show that

k—1
(3-4) lim sup u (k) exp (Z p(z)) < 400.
k——+00 i=1

Indeed, if k1 € Ni,, we have

X Au(i) u(i +1) u(l+1)
> B ke =Y ex p(n =)~ &=k

i=ki i=ky i=k;
k .
u@+1) _utk+1)
z;(l—kln o )—(k—k]) ==

or

2": Au@) _ | uk+1)
S T k)

By (1-4), and taking into account that the function u is nonincreasing, we have

k .
ZAMLE,-(;)— Z ()u(f(l)) Z 0.

i=k| i=k i=ki

Combining the last two inequalities, we obtain

k

u(k + 1) exp ( > p(i)> < u(ky),

i=k;

that is, (3-4) is fulfilled. On the other hand, since all the conditions of Lemma 2.5
are satisfied, we conclude that condition (2-8) holds for any A > 4/c?. Denote by
A the set of all A for which

T(k)—1

(3-5) Jim u (k) exp (A ; p(i)) =

and Ao = inf A. In view of (1-5), (2-8) and (3-4), it is obvious that Aq € [1, 4/¢c?].
Thus, it suffices to show, that for A = ¢ the inequality (3-3) holds. First, we will
show that for any ¢ > 0

T(k)—1
(3-6) Jim u( (k) exp((xo +e) ) p(i)) =

i=1
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Indeed, if Ao € A, it is obvious from (3-5) that condition (3-6) is fulfilled. If
Ao € A, according to the definition of X, there exists Ay > Ag such that Ay — Ao
when k - +ooand Ay € A, k=1,2,.... Thus, condition (3-5) holds for any
A = Ar. However, for any ¢ > 0, there exists Ay = Ax(e) such that Ag < Ay < Xo+e.
This insures the validity of (3-5) and (3-6) for any ¢ > 0.

Similarly, we show that for any ¢ > 0,

T(k)—1

(3-7) lim inf (7 (k)) eXP(()»o —¢) ; p(i)) =0.

Hence, by virtue of (1-5), (3-6) and (3-7), it is clear that for any ¢ > 0, the functions

T(k)—1
(3-8) @ (k) = u(z(k)) eXp((Ko +e) Z p(i))

i=1

and
k—1
y(k) = exp(—zs > p(i))
i=1

satisfy the conditions of Lemma 2.7 for sufficiently large k. Hence, there exists an
increasing sequence {k,-};;of of natural numbers satisfying lim; _, ; ~ k; = +00,

(3-9) Vi) ok) <y k) @k) for k* <k <k,
where k* is a sufficiently large number, and

(3-10) k) =pk) >(=12,...),
Now, given that

T(i)—1 T(s)—1

u(r(i))exp((ko+8) 3 p(l)) > inf{u(r(s)) exp(ho+e) Y p():s =i, s € N}

=1 =1
=¢(i),
Equation (1-4) implies

+0o0 +o0 T(i)—1
u(rk)) = Y pu@= > p(i)&(i)exp(—(st) > p(l))

i=t(k)) i=t(k) I=1
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that is,
kj—1 i—1 i—1
u(rk)) = Y. p(i)a(i)exp(—zez p(l)> exp(ZeZ p(l))
i=t(kj) =1 1=1

T(i)—1
x exp<—<x0+s> > p(l))
=1
t(i)—1

+00
+ Zp(i)@“(i)exp(—(xom > p(z>),

i=k; I=1

for j =1,2,.... Thus, by (3-9), and using the fact that the function ¢ is non-
decreasing, the last inequality yields

kj—1
G-11) u(zk)) = Fk;) exp(—ze 3 p(1)>
=1

kj—1 i—1 T(i)—1
x Y p(i)exp(zeZpa)) eXP(—()»o-i-S) > p(l))
i=t(k;) I=1 I=1

+00 t(i)—1
+ok) Y p(i)exp(—(xom > p(l)) G=1.2...).
i=k; =1

Also, in view of Lemma 2.6, we have

kj—1

i—1 T(i)—1
(3-12) Ikj,e)= p(z‘)exp(stpm) eXP(—()»0+8) Zp(l))
I=1 =1

i=t(kj)
T(kj)—1

+o0 T(i)—1
=exp(2e > p(z‘)) > P(i)exp<—(?»o+8) > p(l))
i=1 i=t(k;) =1

+o0 T(i)—1
—exp(zs > p(i)) > P(i)eXP<—()»o +e) ) p(l))
i=1 i=k; I=1
kj—1 i i—1
+> (exp<28 > p(l)) - exp(28 > p(1)>>
i=k; I=1 I=1

T(i)—1

+00
x Zp(i)exp(—(xom > p(n) (G=12..).
i=1 I=1
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Given that
i i—1
exp<28 Z p(l)> — 6Xp(28 Z P(l)) >0,
=1 =1

inequality (3-12) becomes

T(kj)—1

+o00 7(i)—1
I(kj, &) > exp(ze >, p(i)) > p(i)exp(—(st) > p(l))
=1

i=1 i=t(k;)

kj—1 +00 7(i)—1
—exp(zs > p(i)) > p(i)exp(—(xo +e) Y p(l)).
i=1 i=k; =1

Therefore, by (3-11), we take

ki—1 (kj)—1

u(z(k))) = <z<kj)exp(—28 > p(l)> exp(ze > p(l))
lzl

I=1
T(i)—1

+00
x Y p(i)exp(—(xo+s) Zp(l))
=1

i=t(k;)
Thus, (3-8) and (3-10) imply

T(kj)—1

+o00 7(i)—1
exp((xo+e> > p(z‘)) > P(i)exp(—()»o+s) Zp(l))
i=1 =1

i=t(kj) k-1

< exp<28 Z p(i)) .

i=t(kj)
From the last inequality, and taking into account that (3-2) is satisfied, we have

T(kj)—1

+00 T(i)—1
(3-13) hmsupexp((xow) > p(i)) > p(i)exp(—(st) Zp(l))
=1

J=oo i=1 i=t(k;)
<exp(2eM),

where

k—1
M = lim sup Z p(@).
k—+o00 i=t(k)

Hence, for any ¢ > 0, (3-13) gives

k—1 +00 T(@i)—1
lim +iggexp((xo +e) ) p(i)) IO exp(—(xo +e) ) p(l)) < exp(2eM).

i=1 i=k =1
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which implies

k—1 +0o0 T(i)—1
lim sup(ggggexp((xwe) Zp(z‘)) Zp(i)exp(—(xo+e) ; p(l)>> <1

e—>0+ i=1 i=k
O

Remark 3.2. Condition (3-2) is not a limitation since, as proved in [Chatzarakis
et al. 2008a], if 7 is a nondecreasing function and

k
lim sup Z p@)>1,
k—+00 i=t(k)

then U, = &, for any kg € N.

Remark 3.3. In (3-1), without loss of generality, we may assume that ¢ < 1. Oth-
erwise, for any ko € N, we have Uy, = & [Chatzarakis et al. 2008a].

Theorem 3.4. Assume that all the conditions of Theorem 3.1 are satisfied. Then

k—1 1
(3-14) lim inf p@) <-—.
4 e

Proof. Since all the conditions of Theorem 3.1 are satisfied, there exists A = Ag €
[1, 4/c] such that the inequality (3-3) holds.
Assume that the condition (3-14) does not hold. Then, there exists k; € N and

gy > 0 such that
k—1

> )= ! for ke Ny,.
i=t(k)
Therefore, for any ¢ > 0,
k—1 +00 T(i)—1
(3-15) I(k.e)= eXP(()»o +e)y. p(i)) > pl) exp(—(xo +e) Y p(l)>
i=1 =k =1

k—1

> em(M) exr>((ko +e)) p(i))
i=1

i—1

400
X Zp(i) exp(—(ko+8)2p(l)> for k € Ny, .
i=k =1

Defining Z};ll p() = a;_1, we will show that

+o00

lim inf exp((ko + &)ax—1) Y _ p(i) exp(—(ro+&)a;_1) =
koo i—k

1
hot+e’
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Indeed, since

k—1
lim inf p@i)=c>0,

it is obvious that ;Of p(i) = 400, that is, lim; _, 4 o, a; = +00. Therefore

+00
exp((ho+&)ax—1) ) p(i) exp(—(ho +&)ai—1)
i=k Yoo
= exp((ho+&)ar—1) Y _ (@i —a;1) exp(—(ho +&)a; 1)
i=k

+00 ai
=exp((Ao+&)ak—1) E exp(—(Ag+8&)ai—1) / ds
i=k ai-1

+oo g
> exp((Ao +&)ai—1) Zf exp(— (Ao +¢&)s)ds
j—k Y di-1

+o0
=exp((Ag+&)ai—1) / exp(—(Ag+€)s)ds =

l+e )
Hence, by (3-15), we obtain
1 Ao(1
lim sup(liminfl(k, 8)) > — -exp(m) >1+¢p.
e—04+ ‘k—>+o00 Ao e
This contradicts (3-3) for A = Ag. Il

4. Sufficient conditions of the proper solutions to be oscillatory

Theorem 4.1. Assume that conditions (1-5), (3-1), (3-2) are satisfied and that, for
any x €[1,4/c,

4-1

¢ k—1 +00 T(i)—1

lim sup (}(iminf(exp((k—l—e) Z p(i)) Z p@) exp(—()»-i-é?) Z P(l)i))> > 1.
=0+ —Tee i=1 i=k =1

Then all proper solutions of Equation (1-4) oscillate.

Proof. Assume that u : Ny, — (0, 4-00) is a positive proper solution of (1-4). Then
Uy, # 9. Thus, in view of Theorem 3.1, there exists Ag € [1, 4/ ¢?] such that the
condition (3-3) is satisfied for A = Ag. But this contradicts (4-1). O

Using Theorem 3.4, we can similarly prove:



30 G. E. CHATZARAKIS, R. KOPLATADZE AND I. P. STAVROULAKIS

Theorem 4.2. Assume that conditions (1-5) and (3-2) are satisfied and
k—1 |

(4-2) lim igi;o LOESS

Then all proper solutions of Equation (1-4) oscillate.

Remark 4.3. It is to be pointed out that Theorem 4.2 is the discrete analogue of
Theorem 1.1 for the first order difference equation (1-4) in the case of a general
delay argument 7 (k).

Remark 4.4. The condition (4-2) is optimal for (1-4) under the assumption that
lim (k—t(k)) = +o0,
k— 400

since in this case the set of natural numbers increases infinitely in the interval
[t(k), k — 1] for k — +o0.

Now, we are going to present two examples to show that the condition (4-2) is
optimal, in the sense that it cannot be replaced by the nonstrong inequality.

Example 4.5. Consider (1-4), where
t(k) =[akl, plk) =K"= (k+ 1)) [ak],

(4-3) 1
ae(0,1), *=—In""«a,

with [ak] the integer part of ak.
It is obvious that

Kk —k+1)) > A for k— +o0.
Therefore
-2 -2 oA
4-4) k(k™ —(k+1)"[ak]" > — for k— +o0.
e

Hence, in view of (4-3) and (4-4), we have

k—1 k—1
.. . AL € . . . - . )Ll
%clgllgf E p(l)=;}(lgl+lgof E X'(’ — @@+ D )[ei] i

i=t(k) i=[ak]
= A1 1
= — liminf —=—In—=-
e k—+oo i e a e
i=[ak]
or
k—1
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Observe that all the conditions of Theorem 4.2 are satisfied except the condition
(4-2). In this case, it is not guaranteed that all solutions of (1-4) oscillate. Indeed,

it is easy to see that the function u = k= is a positive solution of (1-4).

Example 4.6. Consider (1-4), where
) t(k)=[k"], p()=(n""k—In""(k+ 1)) In*[k"],
ac(,1), r=—In"lq,

with [k*] the integer part of k“.
It is obvious that

kIn'™ k(In™*k —In"(k + 1)) > o fork — +00.

Therefore
AL T —H -2 A
(4-6) kInk In*"[k*](In""k—In""*(k+1)) > — fork — +o0.
e
On the other hand,
— ko ds Ink
25 Ins s~ ™ inge]”
arrrl ; s Ins ko] § Ins n[k*]
which tends to In(1/«) as k — +o0, and
k—1 k—1 k—1
1 Lod d Intk —1
Yo [ e e
el Ini i Jim1S Ins ke]—1 8 Ins In[k¥] —1
which also tends to In(1/«) as k — +o0. Together these two bounds imply
L |
lim r =In—.
k=00 [ku]z ni o

Hence, in view of (4-5) and (4-6), we obtain

k—1 k—1
lim inf p() =liminf Y In*[*](In™"i —In7*G + 1))
k—+o00 | k—+o00 |
i=[k¥] i=[k%]
k—1
A 1
= = liminf Cini I [An~" i —In~*( 4 1) ——
e k—+oo A i Ini
i=[k%]
k—1
1 A1 1
= — liminf —— =—In—=-.
e k—+oo i Ini e o e

i=[k%]
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We again observe that all the conditions of Theorem 4.2 are satisfied except (4-2).
In this case, it is not guaranteed that all solutions of (1-4) oscillate. Indeed, it is
easy to see that the function u = In~* k is a positive solution of (1-4).
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