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LEFT-SYMMETRIC SUPERALGEBRAIC STRUCTURES ON
THE SUPER-VIRASORO ALGEBRAS

XIAOLI KONG AND CHENGMING BAI

We classify the compatible left-symmetric superalgebraic structures on the
super-Virasoro algebras satisfying certain natural conditions.

1. Introduction

Left-symmetric algebras (also called pre-Lie algebras, quasiassociative algebras, or
Vinberg algebras) are a class of natural algebraic systems appearing in many fields
in mathematics and mathematical physics. They were first mentioned by A. Cayley
[1890] as a kind of rooted tree algebra and later arose again from the study of
convex homogeneous cones [Vinberg 1963], affine manifolds and affine structures
on Lie groups [Koszul 1961], and deformation of associative algebras [Gersten-
haber 1963]. They play an important role in the study of symplectic and complex
structures on Lie groups and Lie algebras [Andrada and Salamon 2005; Chu 1974;
Dardié and Medina 1996b; 1996a; Lichnerowicz and Medina 1988], phase spaces
of Lie algebras [Bai 2006; Kupershmidt 1994; 1999a], certain integrable systems
[Bordemann 1990; Svinolupov and Sokolov 1994], classical and quantum Yang—
Baxter equations [Diatta and Medina 2004; Etingof and Soloviev 1999; Golubchik
and Sokolov 2000; Kupershmidt 1999b], combinatorics [Ebrahimi-Fard 2002],
quantum field theory [Connes and Kreimer 1998], vertex algebras [Bakalov and
Kac 2003], and operads [Chapoton and Livernet 2001]. [Burde 2006] gives a
survey.

The super version of left-symmetric algebras, the left-symmetric superalgebras,
also appeared in many other fields; see for example [Chapoton and Livernet 2001;
Gerstenhaber 1963; Vasil’eva and Mikhalév 1996]. To our knowledge, they were
first introduced by Gerstenhaber [1963] to study the Hochschild cohomology of
associative algebras.

On the other hand, the Virasoro and super-Virasoro algebras are not only a class
of important infinite-dimensional Lie algebras and Lie superalgebras but are also of
considerable interest in physics. For example, they are the fundamental algebraic
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structures in conformal and superconformal field theory. As Kupershmidt [1999a]
pointed out, a compatible left-symmetric algebra structure on the Virasoro algebra
can be regarded as the “nature of the Virasoro algebra”; in fact, on the Virasoro
algebra V" given there, such an algebraic structure satisfies

(1-1) cc=xuc=cx,u =0 and xpx,= f(m,n)x,u+, +w@n,n)c,

where f(m, n) and w(m, n) are two complex-valued functions, and {x,,, c | m € Z}
is a basis of the Virasoro algebra %" satisfying

3

(1-2)  [c,x,]=0 and [xp, X4] = (M — 1) Xpin + ~—=(m

12

The condition (1-1) is natural since it means that the compatible left-symmetric
algebra is still graded and c is also a central extension given by w (m, n). Moreover,
in [Kong et al. 2007], we proved that any compatible left-symmetric algebraic
structure on the Virasoro algebra V" satisfying (1-1) is isomorphic to one of the
examples given in [Kupershmidt 1999a].

In this paper, we study the compatible left-symmetric superalgebraic structures
on the super-Virasoro algebras. Motivated by the study in the case of the ordinary
Virasoro algebra, we classify such left-symmetric superalgebras satisfying some
natural conditions like (1-1). The paper is organized as follows. In Section 2,
we give some necessary definitions, notations, and basic results on left-symmetric
superalgebras and the super-Virasoro algebras. We also give the classification of
compatible left-symmetric algebraic structures on the ordinary Virasoro algebra
satisfying (1-1). In Section 3, we study the compatible left-symmetric superalge-
braic structures on the centerless super-Virasoro algebras satisfying certain natural
conditions. In Section 4, we discuss the nontrivial central extensions of the left-
symmetric superalgebras obtained in Section 3 whose supercommutator is a super-
Virasoro algebra.

Throughout, all algebras are over the complex field C and the indices m, n,l € Z
andr,s,t € Z+0 for 6 =0 or 8 = 1/2, unless otherwise stated.

- m)61n+n,0-

2. Preliminaries and fundamental results

Let (A, -) be an algebra over a field F. A is said to be a superalgebra if the under-
lying vector space of A is Z>-graded, thatis, A = A5 ® Az, and Ay - Ag C Agyp,
for o, B € Z,. An element of Aj is called even and an element of A7 is called odd.

Definition 2.1. A Lie superalgebra is a superalgebra A = A5® A7 with an operation
[, ] satisfying the conditions

(2-1 la, b] = —(=1)*’[b, al,
(2-2) [a, [b, ¢l =1la, b], c] + (=1)*[b, [a, c]]
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where a € Ay, be Ag, ce A,and a, B € Z5.

Definition 2.2. A superalgebra A is called a left-symmetric superalgebra if the
associator

(2-3) x,y,2)i=x-y)-z—x-(y-2)
of A satisfies
24) .y, 20=DP(y,x,2) forallx €Ay, y€Ap, z€ A, o, pels.

Obviously, if A= A® Aj is a Lie superalgebra or a left-symmetric superalgebra,
then Ag is an ordinary Lie algebra or a left-symmetric algebra, respectively. Letting
A be a left-symmetric superalgebra, it is easy to show that the supercommutator

(2-5) [x,yl=x-y—(=1)*Py.x forallx € Ay, y€Ap, a,fEZs

defines a Lie superalgebra 9(A), which is called the subadjacent Lie superalgebra
of A, and A is also called the compatible left-symmetric superalgebraic structure
on the Lie superalgebra 9(A).

On the other hand, we recall the definition of the super-Virasoro algebras. There
are two super-Virasoro algebras that correspond to N = 1 [Ramond 1971] and
N =2 [Neveu and Schwarz 1971a; 1971b] superconformal field theory. In fact, let
6 =0 or 1/2, which corresponds to the Ramond case or the Neveu—Schwarz case,
respectively. Let V' = 75 @ FV'7 denote a super-Virasoro algebra with a basis
{Lpn,Gr,clmelZ, reZ+0}. The superbrackets are defined as

(Lo, Lnl = (m —n)Lypsn + g(nﬂ — )8 4n.05
[Ln. G = (5 =) Gr.

(2:6) .
[Gr. G] = 2Ly s + 5 (417 = D0,

[W(),C]=[WT,C]=O,

where the even subspace 77 is spanned by {L,,, ¢ | m € Z} and the odd subspace
SV is spanned by {G, | r € Z+ 6}. Obviously, ¥V is nothing but an ordinary
Virasoro algebra. A class of compatible left-symmetric algebraic structures on the
Virasoro algebra satisfying (1-1) were given in [Kupershmidt 1999a]. Such left-
symmetric algebras were classified in [Kong et al. 2007].

Theorem 2.3 [Kong et al. 2007]. Any compatible left-symmetric algebraic struc-
ture on the Virasoro algebra SV satisfying (1-1) is isomorphic to one of the (mu-
tually nonisomorphic) left-symmetric algebras given by the multiplication

2-7) L,L,= —n(+en)

< 3 _ _ -1 2
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for all m,n € Z, where c is an annihilator and Ree > 0, e ! ¢ 7 or Ree =0,
Ime > 0.

3. Compatible left-symmetric superalgebraic structures on the centerless
super-Virasoro algebras

Let PV =7 6EBEFA°V 1 be a centerless super-Virasoro algebra with a basis {L,,, G, |

meZ, r € Z+0}, and let the superbrackets be given by (2-6) with ¢ =0. Theorem

2.3 motivates us to consider the compatible left-symmetric superalgebraic struc-

tures on V" that also satisfy the “graded” condition, that is, the multiplications of

the compatible left-symmetric superalgebraic structures on FV that satisfy
Ly-L,= f(m,n)Lyin, Ly -G,=gm,r)Gyyr,

(3-1)
Gy Ly =h(r,m)Gyr, Gr-Gs=d(r,s)L, s,

where f, g, h, and d are C-valued functions. Then the supercommutators give the
super-Virasoro algebra PV if and only if f(m,n), g(m,r), h(r,m), and d(r, s)
satisfy
fm,n)— f(n,m)=m—n,
(3-2)
d(r,s)+d(s,r) =2, gm,r)y—h(r,m)=m/2—r.

Furthermore, the functions f(m,n), g(m,r), h(r,m), and d(r, s) define a left-
symmetric superalgebra with a basis {L,,, G, | m € Z, r € Z + 0} if and only if
they satisfy the equations
(Lins Lns L) = (=D)L, Ly, L)), (L, Lnys G) = (=D (Ly, L, Gy),
(Lm, Gr, L) = (=D (G,, L, Ly),  (Lm, Gr, G5) = (=1)"'(G,, L, Gy),
(G, Gy, L) = (=D'"(G,, G, Ly), (G, Gs,G) = (=" (G, G, G)).

These equations are equivalent to the equations

(m—n)fm+n,l)=fm,Dfmn+l)—fm,Dfn,m+1D),
(m—n)gm+n,r)y=gn,r)gm,n+r)—gim,r)gn, m+r),
(m/2—r)h(m+r,n)=h@r,n)gm,n+r)— f(m,n)h(r,m+n),
m/2—r)dm—+r,s)=d(r,s)f(m,r+s)—g(m,s)d(r,m+s),
2f(r+s,m)=h(s,m)d(r,m+s)+h(r,m)d(s,m+r),
28(r+s,t)=d(s,t)h(r,s +t)+d(r,t)h(s,r +1).

(3-3)

Proposition 3.1. Any compatible left-symmetric superalgebraic structure V on
Sl satisfies (3-1) if and only if the functions in (3-1) satisfy (3-2) and (3-3).
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By Theorem 2.3, we only need to consider the case that

(3-4) Fm,my = RCEEE

where Ree > 0, ¢! ¢ /7 orRee =0, Ime > 0.

Theorem 3.2. For a fixed € satisfying Ree >0, €' ¢ Z orRee =0, Ime >0
and f (m, n) satisfying (3-4), there is exactly one solution satisfying (3-2) and (3-3)
given by

—(5 +7r)(1+2er)

g(m,r)= )
(3-5) +2e(m+r)
—m(1 +em) 14 2es
h(r,m) = ————, dir,s) = ———,
14+2e(m+r) 14+e(+s)

form,neZ andr, s € 46, which define a compatible left-symmetric superalgebra
Veon V.

Proof. 1t is easy to verify that f(m, n) given in (3-4) and g(m, r), h(r, m), and
d(r, s) given in (3-5) satisfy (3-2) and (3-3). On the other hand, set

. 1+2e(m+r)
G(mvr)_g(m’r) 1+2€r ’

. 14+2e(m+r) . 14€(r+s)
H(r’m)_h(r9m) 1+€m ’ D(r7s)_d(r’s) 1+2€S .

Then we only need to prove that

Gm,r)=—m/2 —r, H(r,m)=—m, D(r,s)=1.
We rewrite equations (3-2) and (3-3) involving g(m, r), h(r, m), d(r, s) as
(3-6) Gm,r)(1+2er)— H(r,m)(14+em) =m/2—r)(1+2e(m+r)),
(3-7) D(r,s)(1+2es)+D(s,r)(1 +2er) =2+ 2¢€(r +s),
and
(3-8) m—-—n)Gm+n,r)y=Gn,r)Gm,n+r)—Gm,r)G(n,m+r)
3-9) m/2—r)Hm+r,n)=H@, n)Gm,n+r)+nH(@, m+n),
(3-10) m/2—r)Dm—+r,s)=—@+s)D(r,s)—G@m,s)D(,m+s),
(3-11) —2m=H(s,m)D(r,m+s)+ H(@r,m)D(s,m+r),
(3-12) 2G(r+s,t)=D(s,t)H(r,s +t)+ D(r,t)H(s, r +1).
Letting » = s in equation (3-7), we have

(3-13) D(s,s)=1 forallseZ+0.
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In fact, D(r,s) # 0 for all r, s € Z + 0. Otherwise, assume there exist r; and s

such that D(r1, s1) =0. Letting r =s =r; and m = s1 — r in (3-11), we have
—(s1—r1) = H(ry,s1 —r1)D(ry, s1) =0.

Hence r; = s1. This contradicts (3-13).
Letm =0and r =s in (3-10) and (3-6),r =s = —t in (3-12), m = —2s,r =
in (3-6) and (3-10), and m = —2s # 0, r = 3s in (3-10). We know that
G, s) = —s, G(2s,—s) =0,
(3-14) H(s,0)=0, H(s, —2s) =2s,
D(—s,s)=D@Bs,s)=1 foralls e Z+6.
Letting m = —2(n+r) in (3-9) and m +r +s =0in (3-11), we have
O=m+2r)H(—2n—r,n)+nH(@r, —n —2r),
(3-15)
—2m=H(—m—r,m)+ H(r,m).
Letting » = s in (3-11), we have —m = H (r, m)D(r,m +r). So
(3-16) H(r,m)=—m/D(r,m+r).
By (3-13)—(3-16), we have
D(—2n—r,—n—r)=D(r, —n —r),
(3-17)
1/Dr,m+r)+1/D(—m —r, —r) = 2.

Letting —n —r = s and m +r = s in (3-17), we have D(r, s) = D(2s +r, s) and
D(—s,—r) = D(—s,—2s —r) for all r, s € Z+ 6. Thus by induction, we know
that

(3-18) D(r,s) =DQks+r,s) and D(—s,—r)=D(—s, —2ks—r)

for all k € Z. Therefore, D(r,r) = D((2k + 1)r,r) = D(r, 2k + 1)r) = 1 for all
keZ. Letr =s in (3-12). Then by (3-16) and (3-18), we have

2s.1) = D(s. 1) H = D(s, )t — 51,
G(2s,1) (s,t)H(s,s+1) (s, t)D(s, 35+1) s—t
Letting m = 2s in (3-6), we have
(3-19) H(t,2s)=—2s foralls,teZ+06.

Case 1. 6 = 1/2. Then D(0,+0) = D(£6,0) = 1. Hence D(k + 6,46) =
D(+60,k +0) = 1. Thatis, D(r,£1/2) = D(£1/2,r) =1 forall r € Z + 6.
Assume that for any |r| < |s1|, we have D(ry, s;) = 1. Then

D(ri,s51) =DRksy+r1,51) =1 and D(sy,r) = D(sy, 2ks; +r1) = 1.
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For any r € Z + 6, there exist k € Z, ry € Z+ 6, and |r1| < |s1| such that r =
2ksy +ry. Therefore D(r, s1) = D(s1, r) =1 for all » € Z+ 6. Hence by induction,
we know that D(r,s) = 1 for any r,s € Z 4+ 6. Therefore H(r,m) = —m and
Gm,r)=—m/2—rforallmeZandr e Z+6.

Case 1.6 =0. Let m = =2t #0 and s =r = 2¢ in (3-11). Then by (3-19), we
have 2t = H(2t, —2t)D(2t, 0) = 2t D(2t, 0). Therefore

(3-20) D2t,0)=1 and D(0,2t)=1 forallreZ.
Letting r =0 and m = s # 0 in (3-10) and (3-11), we have

m/2=—-mD(0, m) — G(m, m),
(3-21)
—2m = H(@m,m)+ H(0, m).

So
2

o L m___ g 2m7
H(m,m) = —2m—HO,m)==2m+ g ==2m— s mr .

By (3-6), we have H(m, m) = —m and G (m, m) = —3m/2, or

—m —3m —4em?
(3-22) H(m, m) = m and G(m, I’I’l) = w

In fact, the latter case cannot hold for any m # 0. Otherwise, assume that there
exists a nonzero integer m satisfying (3-22) with m replacing m. Then

l _ G(ml,ml) . 1+€m1

D = — = .
©,m1) 2 m 14+2em;
Letting m = —s =m; and r =0 or —m in (3-10), we have
% =m1 D0, —my) — G(my, —my),
3 DO, —my) = 2m1 — G(my, —my) D(—my., 0).

2

Hence (3/2)D(0, —m) =2—D(0, —m) D(—=m, 0)+(1/2) D(—m,, 0). By (3-7),
we have D(0, —m ;) =1 and D(—m,0) =1, or

3— €mg

D@O,—m;))=——— and D(—m,0)=—1—em,.

1 —26m1
Since € # 0 and €' ¢ Z, we know that 1/D (0, m) + 1/D(—m, 0) # 2, which
contradicts (3-17). Hence H(m, m) = —m and G(m, m) = —3m/2 for all m € Z.
By (3-21) and (3-6), we have H (0, m) = —m and G (m, 0) = —m/2. Letting r =0
and m # 0 in (3-8) and (3-9), we have

n*—m?*=—nG(m, n)+mG (n, m), (m/2)H (m, n) =—nG(m, n)—n(m+n).
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So H(m,n)+2G(n,m) =—2(m+n). By (3-6), (3-13), and (3-16), we know that
H(m,n)=—-nand G(n,m)=—n/2—mand D(m,n) =1forallm,neZ. 0O

4. Compatible left-symmetric superalgebraic structures on the
super-Virasoro algebras

We now consider the central extensions of the left-symmetric superalgebras ob-
tained in Section 3 whose supercommutator is a super-Virasoro algebra V.

Let A be a left-symmetric superalgebra, and let w : A x A — C be a bilinear
form. It defines a multiplication on the space A = A @ Cc by the rule

4-1) (x+rc)-(y+puc)=x-y+w(,y)c forall x,ye A, A, uecC.
Let

(4-2) B(x,y,2) =wx-y,2) —o,y-2).

Then it is easy to show that A is a left-symmetric superalgebra if and only if
(4-3) B(x,y.2)= (=D B(y,x,2)

forall x € Ay, y € K,g, and z € A, where a, 8 € Z,. The algebra A is called a
central extension of A. By construction, the bilinear form

(4-4) Qx,y) =wx, y) — (—D%w(y, x)

for all x € Za, y € A pand z € A, where «, B € Z,, defines a central extension of
the Lie superalgebra G(A).

Let the left-symmetric superalgebra V. on a centerless Virasoro algebra FV'
be given through Theorem 3.2. Since a super-Virasoro algebra ¥V is a central
extension of a centerless super-Virasoro algebra FV', it is natural to consider the
central extension V, = V. @ Cc of V. such that V, is a compatible left-symmetric
superalgebraic structure on the super-Virasoro algebra ¥V with ¢ being the anni-
hilator of V¢, that is, the products of V. are given by

Ly Ly = f(m,n)Lyin + (L, Ln)c,

Ly-G,=gm,r)Guir+ (L, Gy,
(4-5) Gy Ly =h(r,m)Guir + (G, Ly)c,

G, Gy =d(r,s)Lrys +(G,, Gy)e,

c.c=c-L,=L,,-c=c-G,=G,-c=0,

where the functions f(m, n), g(m, r), h(r, m), and d(r, s) satisfy (3-4) and (3-5).
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For convenience, set
(4 6) w(Lm» Ln)=§0(my n), (L, Gr)=‘/f(m, l’),
o (G, Lm)=/0(r’m), (G, Gy) =0o(r,s).

So the supercommutators of V, give a super-Virasoro algebra ¥V if and only if
o(m,n), y(m,r), p(r,m), and o (r, s) satisfy
9m, n) —@(n,m) = 13(m* =m0,
4-7) o(r,s) +0o(s, 1) = 54r* — )840,
Y(m,r)—p(r,m)=0.
By (4-3), we have
B(Li, L, L) = (=1)**B(Ly, Ly, L1),
B(Lw, Ly, Gy) = (=1)"*B(Ly, L, G)),
B(Lw, Gr, L) = (=1)"'B(Gy, Ly, L),
B(Lw, Gy, Gy) = (=)*'B(G,, L, Gy),
B(Gr, Gy, Lm) = (=1) "' B(Gy, Gy, L),
B(G,, Gy, G) = (-D"'B(G,, G,, G).
These are equivalent to the equations
(4-8) m—nypm+n,l)=fn,Dem,n+1)— f(m,Den,m+1),
(4-9) (m—n)y(m+n,r)=gn,r)ym,n+r)—gm,r)ym,m+r),
(4-10) (% —rypm+r,n)=h(@r,n)Yy(m,n+r)— f(m,n)p(r,m+n),
4-11) 7 —r)om+r,s)=d(r, s)pm,r+s)—g(m,s)o(r,m+s),
(4-12) 20(r+s,m)=h(s,m)a(r,m+s)+h(@r,m)o(s,m—+r),
(4-13) 2 (r+s,t)=d(s,t)p(r,s+1t)+dr, t)p(s,r +1).
Proposition 4.1. Any compatible left-symmetric superalgebraic structure V on

SV satisfies (4-5) if and only if the functions in (4-5) satisfy (3-4), (3-5) and (4-7)—
(4-13).

If a central extension V. of V. given by w satisfying Equation (4-5) defines a
compatible left-symmetric superalgebraic structure on SV, then ¢(m, n) defines a
central extension of ¥V - By Theorem 2.3, we know that

(4-14) @(m,n) =3 (m> —m+ (€ — € HYm*)8in0-

Theorem 4.2. For a fixed € € C satisfyingRee >0, ¢ ' ¢ Z orRee =0, Ime > 0,
suppose the functions f(m, n), g(m, r), h(r, m), and d(r, s) satisfy (3-4) and (3-5),
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and suppose ¢(m, n) satisfies (4-14). Then there is exactly one solution satisfying
(4-7)—(4-13). It is given by
o(r,s) = 5;(4r> = 14 2(e — € )r)8, 450,
¢(m,r)=p(r,m)=0

formeZ andr,s € Z+6, and it defines a compatible left-symmetric superalgebra
Ve on V.

(4-15)

Proof. 1t is easy to verify that the ¢(m, n) given in (4-14) and the o (r, 5), ¢ (m, 1),
and p(r, m) given in (4-15) satisfy (4-7)—-(4-13).
On the other hand, let m =0 and r 4+ s # 0 in (4-11). Then we have

—ro(r,s)=d(, s)e0,r+5)—g(0,s)o(r,s) =so(r,s).

Hence o (r, s) =0 for all r +s # 0. Letting r =s and m = —2s in Equation (4-12),
we have 2¢(2s, —2s) =h(s, —2s)o (s, —s)+h(s, —2s)o (s, —s) =4so (s, —s). So
o (s, —s) = (1/24)(4s> — 14+ 2(e — e 1)s). Thus

o(r,s) =5 (4r* —142(c —€ )8, 150 forallr,seZ+6.

Next, we prove that ¥ (m,r) = p(r,m) =0forallm € Z and r € Z+ 6. There
are two cases.

Case 1.6 =1/2. Letting m = n = 0 in (4-10), we have
_rlo(r’ 0) =h(r70)w(0’ r)_f(oa O)Io(r’ O) =0.

So p(r,0) = 0. By (4-7), we know that ¥(0,r) = 0. Letting n = 0 in (4-9),
we have myr(m,r) =y (m,r)g0,r) — (0, m+r)g(m,r) = —ry(m,r). Hence
(m +r)y(m, r) =0. Therefore, we have

Y(m,r)=p@r,m)=0 forallmeZ, recZ+1/2.

Case 1I. 0 = 0. Letting n =0 and m = —r # 0 in (4-10), we have ¥ (0,0) =
p(0,0) =0. Letting m =n =0 and r # 0 in (4-10) and letting m = r = 0 and
n # 0 in (4-9), we have

p(r,0)=v(0,r)=0 and ¥ (n,0)=p0,n)=0 forallr,neZ,r,n+#0.
Letr =0, m,n #0in (4-9) and (4-10), we have

n m
ymm g, —vem el =0,
m n(l4en)

EW(n,m)+z/f(m,n)—1+2€n =0.

Since € # 0 and el ¢ 7, we have y(n,m) = p(n,m)=0forallm,n € Z. Il
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By Theorem 2.3, it is easy to show that the V, are mutually nonisomorphic for
all € € C satisfying Ree > 0, e ! ¢ Z or Ree =0, Ime > 0. Altogether, from
Theorem 2.3, Proposition 3.1, Theorem 3.2, Proposition 4.1, and Theorem 4.2, we
have the following conclusion.

Theorem 4.3. Any compatible left-symmetric superalgebra on a super-Virasoro
algebra satisfying (4-5) is isomorphic to one of the following (mutually noniso-
morphic) left-symmetric superalgebras given by the multiplications

Lo L= = T3Sl 2 n =+ e = m )b
e G- - BRAEDG,
G, G5 = %Lm + §(4r2 —142(e — € )r)8 450,

wherem,n€Z, r,s €Z+0, cis an annihilator, and Re € >0, ¢ ! ¢ 7 orRee=0,
Ime > 0.
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